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Abstract. Friendly walkers is a stochastic model obtained from independent one-dimen-

sional simple random walks {Sf} j=0.k =1,2,...,d by introducing “non-crossing condi-
tion”: S} <§<..< S;I, j=1,2,...,n and “reward for collisions” characterized by
parameters f, ..., B4 > 0. Here, the reward for collisions is described as follows. If, at

a given time n, a site in Z is occupied by exactly m > 2 walkers, then the site increases
the probabilistic weight for the walkers by multiplicative factor exp(S,,) > 1. We study the
localization transition of this model in terms of the positivity of the free energy and describe
the location and the shape of the critical surface in the (d — 1)-dimensional space for the

parameters (B, ..., Ba)-
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1. Introduction
1.1. The model
Friendly walkers is a stochastic model studied in connection with the Domany-

Kinzel model, directed percolation, wetting and various other models; See [2, 5,
7] and references therein. Roughly speaking, the d-friendly walkers (of the length
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n) is obtained from independent one-dimensional simple random walks {S;?} j>0s
k=1,2,...,d by introducing the following additional rules:

e Non-crossing condition; the walkers are conditioned to preserve the order Sjl. <

S? <...< S;‘.i, j =1,2,...,n. This restriction makes the walkers repel each
other to avoid violating the order.

e Reward for collisions; We introduce an attractive interaction among the walkers
characterized by parameters 8, ... , B4 > 0 as follows. If, at a given time n,
a site in Z is occupied by exactly m > 2 walkers, then the site increases the
probabilistic weight for the walkers by multiplicative factor exp(8,,) > 1.

The localization transition we will be discussing in this paper is the consequence
of the above two competing effects.

To give a precise definition of this model, we start by introducing a d-dimen-
sional random walk (S, P;) such that the coordinates {Sf}jzo, k=1,2,...,d,
are independent simple random walks on Z. To be consistent with the non-crossing
condition and to ensure the possibility of collisions for d > 2, we always take the
starting point x from the set;

k+1 k

%eN,j:l,...,d}, (1.1)

Zd< ey = (xk)z:1 VAR
where N = {0, 1,2, ...}. Ford = 1, we agree with the convention: Zl< =7' We
will refer to the number d as the “dimension” of the model. B

The reward for collisions is described by a parameter 8 = (82, 83, ..., Bd) €
[0, 00)?~! and the parameter comes into play with the random walk (S j» Py) as
follows. We define the multiplicity of a site z € Z for a state x € Z¢ by

mx,z)=t{1<k<d:x*=z. (1.2)

Fig. 1. An example of 3-friendly walkers.
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We then define
Xi= D> PBuspon (1.3)
z2€Z:m(S},2)=2
n—1
Ly=) xj, n=1, (1.4)
=0
Znd(B) = exp(L)1{S; € Z4, j = 1,2,...,n}, n>1, (1.5)
204(B) =1, (1.6)

where 1{- - - } denotes the indicator function.
In this paper, we are concerned with the existence and the the positivity of the
free energy:

1
Va(B) = lim ~InZ; ,(8).

where Z;" 4(B) is the partition function

Z% 4(B) = Pilzna(B)]. (1.7)

Note that z, 1 = 1 for d = 1 and hence trivially, v = 0. We sometimes drop
parameters d and 8 from the notations, if it does not generate confusion.

Definition 1.1. The system is said to be localized if y4(B8) > 0 and delocalized if
Va(B) =0.

Plausibility of this terminology might be explained as follows. Consider a proba-
bility measure 11, x € Z4, defined by

1
pn(dw) = ———Pjlzna(B) : dw]. (1.8)
" ZyaB) "
We look at the paths under this probability measure. Then, as is usual the case with
models in statistical mechanics, we see competition of energy (= —L,,, in this case)
and entropy.

e The entropy is maximized when the walkers travel separately as they would do if
B> = ... = B4 = 0, with only a small number of collisions which can be ignored
in a macroscopic scale. In this case, the “width” S,{H — S,{, 1<j<d-1,
should diverge as n ' oo (delocalization). On the other hand, this strategy does
not let the walkers pick up much reward, and therefore, can be optimal only when
Br’s are small so that the gain in entropy makes up the loss in energy.

e The strategy for walkers to minimize the energy (i.e., maximize the reward) is
to travel together, so that they can collect as much reward as possible. In this
case, the “width” of the group of walkers should remain small as n oo (local-
ization). On the other hand, this strategy lowers the entropy considerably, and
therefore, can be optimal only when B;’s are large so that the gain in energy
exceeds the loss in entropy.
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Then problem now is to determine which strategy becomes “typical” depending
on the choice of B;’s. The answer to this question is believed to be given by the
positivity of the free energy mentioned above. In fact, it is known [3, 4] ford =2
that

0, if B <Inj,

B B .
{1+ /=571 > 0, if fo > Ing.

V2(B2) = { (1.9)

The corresponding pathwise descriptions are obtained by Isozaki and Yoshida [4]
as follows;

e For By < In(4/3), the width (SJZ. - S})’;:l diverges like /n, and, if properly
scaled (i.e., divided by 4/n), converges to Brownian meander if B < In(4/3)
and to reflecting Brownian motion if 8, = In(4/3).

e For > > In(4/3), the profile of the width (sz. — S})’}:l remains bounded and
converges to an exponentially mixing Markov chain.

For higher dimensions, we have a set of thermodynamic parameters (82, . .. , B4),
so that we should have a critical surface in [0, 00)4~! as the boundary between the
delocalization and localization region. In this paper, we describe the shape and
the location of the critical surface (Theorem 1.2) by studying how the free energy
depends on the parameters (Theorem 1.1). In some situation, the information we
obtain on the critical surface is good enough to determine exactly when localization
occurs, e.g., in d = 3 (cf. Figure2) and in Corollary 1.1 below.

Remark 1.1. Consider the measure w, without the reward for collisions, i.e., 8, =
... = B4 = 0. In this setting, Katori and Tanemura [6] recently proved a func-
tional central limit theorem for the process (S;)1< <, for arbitrary d > 2 with the
non-intersecting Brownian motion as the scaling limit. We expect the same limit
theorem for all g in the interior of the delocalized region.

Remark 1.2. Our original formulation of the friendly walkers was based on a
d-dimensional random walk conditioned to stay above diagonal. We remark that
the model can be reformulated in terms of a (d — 1)-dimensional nearest neigh-
bor random walk conditioned to stay in the first quadrant N?~!. Define a map
Yy :RY — Rl by

2_ 1 3 _ 2 d+1 _ \d
y-y y -y yo -y
Td(yl,yZ,...,yd):< T 3 )

Then (Y4S;j)j>1 is a (d — 1)-dimensional nearest neighbor random walk. The
non-crossing condition reads:

TS, e N j=1,2,... ,n. (1.10)

In this way, the friendly walkers model can be translated into a random walk in the
first quadrant with attractive interactions with the boundary aN¢~! = Uf;ll {x e
Ne=1: ¥l =0}
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1.2. Main results

Ford > 2andn > 1,avectork = (k,)!_; € {1,2,...,d}" is said to be a parti-
tion of d with length n, if ) ", _,, ., ku = d. The length of a partition k is denoted
by n(k). In particular, the number d in itself can be considered as a partition of d
with n(d) = 1. For a partition k of d, we introduce an event

n(k)
Ani =) St =8 if Zk +1<z<z<Zk (1.11)
a=1 u=1
In particular, And—{S1 —52 . .:Sff}.

Theorem 1.1. Letd > 2 and B = (B2, B3> - - ., Ba) € [0, 00)¢~ 1,

(a) The following limit exists and is independent of a partition K of d and an initial
configuration x € Z‘é;

1
Va(B) = lim —1In Pj[z,a(B) : Apkl. (1.12)
n—-oon
In particular,
o1
Ya(B) = lim —InZ; ,(B). (1.13)
n—oon
(b) It holds for any partition K of d that
n(k)
Va(B) = Zlﬁka(ﬁz,ﬂa oo Bry)- (1.14)
a=1
Although ¥, | < k < d are functions of (B2, B3, ..., Br), we often regard them

as functions of 8 = (B2, B3, ..., Ba).
Inequality (1.14) is the main point in this paper. It enables us to describe the

shape and location of the critical surface as follows. Let n be the first hitting time
to the diagonal set;

n=inf{n >1 : §, eZdlag} (1.15)

where Zgl ag. ={x eZ? x' = x2 = ... = x%}. We then introduce the following

power series in s € [0, 1];

Wea(Bar .. Ba-1) =Y 8" Pllzna(Ba, ..., Ba—1,0) : n = n] € (0, 00].

n>1

(1.16)

Theorem 1.2. For d > 2, define a concave, decreasing function ,8““ [0, 00)d—2
—> [—00, o0) by

_[m%. ifd =2,
P Pr. - Pa-1) = { n (Wia(Ba. .. . u_1)) € [—00.00), ifd = 3

(1.17)

Then, it enjoys the following properties;
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()

d
d+1

(®) Ya(Ba. ..., Ba) > Oifand only if Ba > BT (B2, ... . Ba-1).
©) va(Ba,...,Bq) >0if By > ,Blgm(,Bz, eov, Bk—1) for somek =2, ... ,d.

Remark 1.3. The important point here is not just the existence of the localization
transition, but the precise information on the location and the shape of the critical
surface. In fact, it is not difficult to prove by a simple perturbative argument that, if
all By’s are small (resp. large), then ¥4 (8) = 0 (resp. ¥4(B) > 0). The argument of
this kind, however, does not seem to provide any precise information on the critical
surface.

BSBS, ... Bi_) = B, where B =1In > 0. (1.18)

Remark 1.4. The meaning of B can best be explained by the following identity
whose proof is elementary:

P s e zdy = I

z€Z4

mx,z)+1

GD (1.19)

We see from (1.19) that, in Z,, with 8 = (ﬂ,’f)jfzz, the amount of the mass anni-
hilated by non-crossing restriction is exactly compensated by the creation due to
L,.

Remark 1.5. Part (a) of the above theorem can be made more precise;

crit ¢ p* * = /3;’ ifd =2,3,
Bi By Ba-1) { > Bh.ifd > 4.

The proof is based on the following observation. If 8 = (ﬂ,f)jfzz, then the process
(Y4Sj)j>1 referred to in Remark 1.2 is a reversible Markov chain under the mea-
sure (1.8). It is not difficult to see that the Markov chain is recurrent ford = 2, 3
and is transient for d > 4.

Consider now a special case 8y = (k—1)B2,k =2, ..., d, in which the reward for
a collision is propotional to the multiplicity. This is in fact the “friendly walkers”
in the sense of [5] (with p = exp(—p2) and T = 1 in notations there), for which
we have the following.

Corollary 1.1.

Va (B2,2B2, ..., (d —1)p2) >0 ifand only if f2 > In(4/3). (1.20)
Proof. The “if” part follows immediately from Theorem 1.2 (c). Suppose that
B2 < B3 Since B; > (k — 1)B5 = (k — 1) B2, we see that

B (B2, 282, ., (d = 2)B2) = B3, -  Biy)
> By
> (d—1)Bo,
and hence that ¥4 (82, 282, ..., (d — 1)B2) = 0 by Theorem 1.2(b). O
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B3
A

$(B2)

In2

delocalized

> B
ln%

Fig. 2. The delocalized phase for 3-friendly walkers.
2. Proof of Theorems

2.1. Proof of Theorem 1.1(a)

Since 1 = ) 1A, - (1.13) follows from (1.12). To prove (1.12), we will use the
following notations;

nd(A) = Pjlzna = A], foranevent A,
sz = Pjlzna: Sn =yl fory e Zi'

1
Step 1. Wefirstprovethat lim — In Zfl)d(An,d) exists. Note firstthat Z;, (A, 4) =
n—oon ’ ,

Zg!d(An,d) for any x € Zgiag.. We use this to show that n +— Zg,d(An,d) is super-

multiplicative; for any m,n > 1,

0 0.y 7y
Zm+n,d(Am+n,d) = Z Zm’dzn’d(An,d)
yer:l]iag,

=7 (M) Z8 y(Ana).

Step 2. We next show that

1 1
lim (— InZ¥ ;(Apk) — —In zfjd(An,k)> =0, @2.1)
n ’ n ’

n—o0

for any x € Z‘é. Note first that

R def. {zeZ‘é; Z,% >0}>0 forsomem > 1.
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If n > m, we have

Zyg(Bng) = Y ZZ% (D)

ZERr

> <m1n Z > Zg_m’d(An—m,k)-

ZER}

This, together with the similar argument with the role of x and 0 exchanged, proves

@.0).

Step 3. Lastly, we show that for any partition k of d,
.1 0 .1 0
nlgléo . InZ, ;(Ank) = nlgrolo . InZ, ;(Ap.a).
Since A, xk D Ay g4, itis enough to prove that

lim 2 1n 20 ng = lim —an d(Bna). (2.2)

n—oo n

1 1
Clearly, lim inf — In Z2 4> lim —In Zg 4(An,a). We have on the other hand that
n—oo n ’ n—-oon ’

Zgn,d(A2n,d) Z Zgn d(SZn =0)

> max z yz>d(sn =0)
yEZ

v

e P4 max (22’2)2
yeZ‘é ’

= e Pin=2(zZ, )2,
1 0 o1 0
which implies lim sup InZ, ;< lim —InZ, ;,(Ay q). |
n—00 ’ n—oon ’

2.2. Proof of Theorem 1.1(b)

Some details of the proof may look complicated at first sight. So we will first
sketch the outline. We divide the d walkers S!, ..., S9 into n(k) groups {S'};¢ e

ke
oa=1,...,n(K), where I} = {25;11 ky, + j} y ‘We want to factorize the ex-
]=

pectation P(?[zn,d (B) : A k] into a product of contributions from these groups to
get a lower bound of the form ]_[Z(:kf exp(nyy,) in a certain asymptotic sense. We
will implement the factorization by restricting the expectation to an event that for
¢ < j < n (£ large enough), each group {S}}ielg, 1 <« < n(k), stays within dis-
tance j¥ (1/2 < y < 1) from a certain number RY which satisfies RY « R?“H SO
that any two walkers in different groups do not collide for £ < j < n. This restric-
tion suppresses the interaction between different groups and leads to the desired
lower bound with the help of Lemma 2.2 below.
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Let us now go into the detail of the proof. We will use the following notation
in what follows;

ApaI {aj} b} = IS —ajl <bj, <j<n,iell,

for sequences {a;}, {b;}, £ > 1,and asubset I C Iy ={1,2, ..., d}. We start with
the following technical lemma.

Lemma 2.1. Let {a;};j>1 C N be such that ag = 0 and aj — aj_ € {0, 1}. Then,
Palzn,a : Aon(la, {aj}, (bj}) N Ay 4]
an
= (27)" Palzn-apa : Don-a, (Ui O (b)) 0 Anegyal. 23)

for any increasing positive sequence {b;};>1.

Proof. Let{tj}j>1 ={1 < j <n; aj —aj_1 = 0}. We define a random walk U
by
U] = (Sﬂ - Sllfl) +...+ (Stj — Stj71)~

On an event defined by

E,={Sj—-§a=0,1,...,Difl <j<nanda; —aj =1},
we have
SjZUj_aj—i-aj(l,],...,]), 1 <j<n.
Therefore,

Zn,d[S] = Zn—an,d[U] on &y,

AndNBn={Uj_, =Us_, =...=Ul_,}NEn,

n—ay n—ay

AonUafaj} Abj) N Ey = (IUS_, | <bj, 1<j<niel}NE,
S{IUjl <bj, 1<j<n—ani€clsdNE,.

Since U is independent of E, and has the same law as §, (2.3) follows from the
observation above. m|

We will use the following lemma whose proof is given in Section 2.4.

Lemma 2.2. Foranyd > 2, B8 € [0, oo)d_l and y > %,

{— o0 n—>00

| 0 .
lim lim ;ln Py [20.a(B) : Dna 0 Ao (12 {0}, (G + O7})] = va(B). 2.4)

Proof of Theorem 1.1(b). We introduce sequences {R‘]’.‘}jzo, a=1,2,...,n()of
N such that

R/‘.Eo, R§ =0, RY, =R {0, 1}, 1 <a<nk), j=>1
+1 +1 .
R;‘H—R?fR‘;.‘H—R‘}‘ , Il<a<snk)—1, j>1

2j7 +2 <RI —RY <2j7 +3, j=L, 1<a<nk) -1,
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forsome L > land y € (%, 1). Note that for j > Land 1 < a < o < n(k),

IR < (@ — D(2j" +3), (2.5)
LeZ:|RY —z| < j" + 1}N{z € Z: [RY —z| < j¥ + 1} =0. (2.6)

Then by the Markov property, we have

POlzna(B) : Anxl
n(k)
= B [ 2na(B) s Auic O () Aca (B (RS Y+ 1)
a=1
= Pg(i) |:Z13,d(,3)PdSz [Zn—[,d(ﬂ) :

n(k)

Aneer O () Mone (B RS AG + 07 +11) H

a=1
By (2.6) and independence of {($1,i=1,2,...,d,fort > L
n(k)
Pi | znmeaB) : Bumeac N () Aonme (I (R (G + 07 + 1))
a=1

n(k)
ry .
= l_[ P [Zn—i,ka (B) : An—t,ke N Aot (Ika, {Rip b (G +O7 + 1})] ,
a=1

where I'fx = (xi)ielg € ZF«. For any £ > L we can take y € Z‘é such that
PI[S; = y] > Oand

Iy =(RY,RY,...,RY) or (RY+1,RY +1,...,RY +1),  (27)
1 <o < n(k). Hence

Pzna(B) : Aux] = Plzea(B) : Se =yl

n(k)
rey .
<[] Pr [ane,ka (B) : An—t ke N Aot (Ikw (R p b G+ 07 + 1})] :
a=1
where we regard z,, x, as a function of 8 = (B2, B3, . .., Ba), although it is that of

(B2, B3, - .., Pk, )- By shifting the space by —Fﬁ‘yl, from (2.7) we have

re .
Pkaky I:Zn—l,ka B) : An—tky N AOn—t (Ika, {RY, ) AG + 07 + 1}>]

> PO [2n-taa(B) t Bumtk N Mot (Iios (RE 4G +071)]L @8)
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where R, = R — R{. By (2.3), applied to a; = R‘gﬂ ¢» e see that the last
displayed expectation is bounded from below by

o

— Rn,e
(7)™ PO [2n-e-rg b B :

At kS ke O Bonere, (I (011G +07)) ]

Since R";‘,(/n — 0,n — oo by (2.5)and y < 1, we have

N
liminf — In P9[z,.4(8) : Ank]
n—-oo n

n(k)
] ,
> Zhnnllo%f —In PR [2nia (B) : Duky N Ao (I, {03, (G + O7})].

a=1

for any £ > L. Therefore, (1.14) follows from Lemma 2.2. O

2.3. Proof of Theorem 1.2

We first show the following expansion formula for the generating function of
Plzna(B) : Analin = 1.

Lemma 2.3.

> 5" Pllzna(B) s Anal =Y [P W a(BI", (2.9)

n>1 m>1

where V’l;s,d(,B) is defined by (1.16). In particular, ¥4(B) is characterized by the
relation;

exp (—¥a(B)) = supls : P4 W, 4(B) < 1}. (2.10)

Proof. We set
no=0and n; =inf{k > nj_1: Sk € Zé’iag.},j > 1. (2.11)

We then see that if x € Z4 then

diag.’

Wo(B) L PXzna(Ba. B3. - .. Pae1.0) 01 = n]

does not depend on x. Therefore, by the Markov property,
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Pzna(B) : Apal

n
:Z Z P(?[Zn(ﬂ):nl=il9n2=i27-~~»nm:im]

m=10=ip<i| < <ip—1<ip=n

m=1

O=ip<i|<+<ip—1<im=n

m
< ] Plzi—iroy Bae - Ba1.0) s i = i — k1]
k=1

= Z ePam Z Wi (BYWi,(B) ... W, (B).
m=1

it jaes =1
Jit ot jm=n

The desired equality (2.9) is now immediately obtained by computing the gener-
ating function of the right-hand-side. By Theorem 1.1, exp(—) gives the radius
of convergence of the power series on the left-hand-side of (2.9). We therefore see
(2.10) from (2.9). |

Proof of Theorem 1.2. (b): By (2.10), the positivity of {;(8) is equivalent to that
Wy(ﬂ) > exp (—fy) for some s < 1. (2.12)

On the other hand, we have by monotone convergence theorem that
lim Wy (B) = Wi(B) = exp (—ﬁ,?“(ﬁz, e ﬂd_o) : (2.13)

If Bg > ﬂflrit(ﬂg, ..., Ba—1), then we see from (2.13) that (2.12) holds. Conversely,
if (2.12) holds true, then W1 (8) > exp(—pB4), and hence By > ﬁgrit(ﬁz, vee s Bd=1)-
(a): It is not difficult to see from (1.19) that

ZyB5, ... B =Z{(B5, ... .B)), n>1,

and hence that ¥4(85, ... , B)) = 0. We therefore have 8 < ﬁgm(ﬂ;‘, Bl
by part (b).
(c): This follows from part (b) and (1.14).

O
2.4. Proof of Lemma 2.2
We first introduce an event
®n,M = An,d N {nm —Nm—1 <M, 0<m< Tn}9 (2.14)
where n,,, m > 0 are stopping times defined by (2.11) and
7,(S) = max{m : n,, < n}. (2.15)

We will use the following lemma which relates 4 (8) with Pg[zn,d(ﬂ) :On ml
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Lemma 2.4.
. .1
Ya(B) = lim lim —1In Pg[zn,d(ﬂ) 1 Ou Ml (2.16)
M—ocon—>o0n

Proof. The firstlimit (in #) on the right-hand-side exists by the superadditivity while
the second one (in M) by monotonicity. To identify the limit, take any ¢ < ¥4(8).
Then, by Lemma 2.3, we can take a positive integer M = M (c) such that

M(c)
> e Plzna(Br. B3. .o Pa—1.0) t i =nlef > 1.

n=1

By the same procedure to show Lemma 2.3 we have

1
lim —In PY[zya(B) : Opm] = c.
n—-oon
This proves (2.16). O

Proof of Lemma 2.2. We write Ao e = Aon(Ig, {0}, (j + €)V) for simplicity.
By Lemma 2.4, our task is reduced to proving the following statement: for given
M > 0, there exists a constant L (M) such that if £ > L(M), then

1
Pz0.a(B) : Ay N Ag el > EP;;[zn,d(m D @uuml, n>1. (2.17)

Proof of (2.17). First we introduce spaces of d-dimensional finite paths W(n),
Wy (n), n > 1 defined by

Wn) = {w = {w;}j_, : [}

—wi_l=1,1<j<nl<i<d,
wo, Wy € Ziag
Win) = {w e Wn): wy =0, w; gzzgiag., l<j<n-—1}.
For w' € W(ny) and w” € W(ny), n1,ny > 1, w' - w” represent the path in
W(n1 + ny) defined by

, . .
W -w"); = w;, if0 <j <ny,
J / " " : .
Wy, +wj_n] —wy, ifny <j=<n+ns.

Recall that we have defined stopping times 7, by (2.11) and suppose that S, = 0.
Then we define w(m) € W1y — m-1), | <m < 1, as

w(m)] = S’?m—l"’j - S’lmfl ’ 0 = .] = NMm — Mm-1-

Itis clear that S; = (w(1) - w(2) - - - w(ty))j, for 0 < j < n. We introduce a map
r from Wy (n) to W4 (n) defined by

(rw); =wy—j —wp, 0=<j<n, weWin).

For & = (&) € [],,=1{—1. +1}, we define $¢ inductively by
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T v
Fig. 3. Examples of w and rw.

SE AW s 1 < <N Em=1, 1<m <1,
Sf = Si%mq + (rw(m))j—nm,l» 01 =<Jj=<0m En=—-1,1<m=r1,,
S5+ S — Sa, if j > n.

Now, let &1, &, ... be i.i.d. random variable on a probability space (2, G, Q)
such that Q(&, = £1) = 1/2. Note that z,(8)[S.] = z,,(,B)[S.E] and that § €
Opm Sé e ®,.m. We therefore have that

Pzua(B) i Ay N Agnel = Plzna(B) : Opar N Ao il

_ / OE) PVLzna(B) : Ot N {SE € Aon e}l

In what follows, we will assume that £ > 4M. We define U,,(S) = ng for
m=1,...,1,. We then see that

n d
Oum C [ [ WIS = Up (85| < M).
j=la=l

and hence that

Tn
(N Un(S5)] < (m + )Y = MYN Oy C{S* € Agne} N O p-

m=1

This implies that

/ Q@E)Pzn.a(B) : Onat NS5 € Aone}] = Plzna(B)pe(S) : Onul,
(2.18)
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\//w(lj \/\\\,\,."'/ \"\,\,.")’
rw(2)7 7 /w(é)

Fig. 4. Examples of S and S¢, in the case that 7, = 3,&, = 1,& = —l and & = 1.

where

T
pu(S) = Q (ﬂ{wm(sfn < (m+07 - M}) :
m=1
Since
Un(S5) = Un—1(S°) = (Un(S) = Un-1(5) &,

the process (Up, (SE))Z’: | is of independent increments bounded by M. We can
therefore use Azuma’s inequality [1, page85] together with observation (m + £)¥ —
M > (m¥ v £7)/2 and |U,,(S¢)| < mM to conclude that

1= pe(8) < D Q{Un(S)| > (m + 0 — M)

m=1
Tn

> 0{lUN(SH] > m? /2)

m=[eY /2M]

Z exp (—mzy—1/8>

m=[e7 /2M]
1/2,

IA

IA

IA

if £ is large enough. We now obtain (2.4) by plugging this into (2.18). O

3. Remarks

By the free energies we define the following regions;

Do = {B €[0,000" " : Ya(B) = 0},
Dy = {B €10,00)4 - yg(B) > ya(B), for any partition k # d of d},
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where Y = Z:’i‘i) Yy, . We call Dy the delocalized phase in accordance with

Definition 1.1 and D, the completely localized phase. For a partition k # d of d,
we define intermediate phase Dy as the interior of

{B €10,00)"""\ Dy : Ya(B) = Yi(B)}.

It is a very interesting problem to study the phases Dy, k # d.
In the case d = 3, there is one intermediate phase D2 1) = D1,2). We call the
region the phase of 2-walkers collision. D3 1y # ¥ if and only if

d
—¥3(B2, B3) =0, (3.D
0p3
for some 8, > ,BSrit and B3 > 0. We expect the condition holds for (82, B3) in a
small neighborhood of (85™, 0).
In the case d = 4, there are two intermediate phases D2 2), D3,1y = Dq1,3).
D2,2) # ¥ if and only if

d d
Ao 9 ) = 5 ) - 0, 3.2
2 Va2, B3, Pa) o Va(B2, B3, P4) (3.2)
for some 8, > ﬂ;rit and B3, B4 > 0. D(3,1) # ¥ if and only if
d d
Ao ) ) - ) ) == 0, 3.3
262 Va2, B3, Pa) 2P V4 (B2, B3, B4) (3.3)

for some (B2, B3, Ba) with ¥r3(B2, B3) > 2¢»(B2) and B4 > 0. We also expect that
the condition (3.2) holds for (82, 0, 0) € D(2,2), for sufficiently large _,32, and the
condition (3.3) holds for (0, B3, B4) in a small neighborhood of (0, 85™(0), 0).
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