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Abstract. Subordination of a killed Brownian motion in a bounded domain D C R? via an
«/2-stable subordinator gives a process Z, whose infinitesimal generator is —(—A|p)%/?,
the fractional power of the negative Dirichlet Laplacian. In this paper we study the properties
of the process Z, in a Lipschitz domain D by comparing the process with the rotationally
invariant o-stable process killed upon exiting D. We show that these processes have com-
parable killing measures, prove the intrinsic ultracontractivity of the semigroup of Z,, and,
in the case when D is a bounded C'-! domain, obtain bounds on the Green function and the
jumping kernel of Z,.

1. Introduction

Let X, be a d-dimensional Brownian motion in R? and let 7, be an « /2-stable
subordinator starting at zero, 0 < o < 2. It is well known that ¥; = X7, is a ro-
tationally invariant a-stable process whose generator is —(—A)%/2, the fractional
power of the negative Laplacian. The potential theory corresponding to the process
Y is the Riesz potential theory of order «.

Suppose that D is a domain in R¢, that is, an open connected subset of RY. We
can kill the process Y upon exiting D. The killed process ¥ ? has been extensively
studied in the last five years and various deep properties have been obtained. For
instance, when D is a bounded C!-! domain, sharp estimates on the Green function
of YP were established in [5] and [15], while the intrinsic ultracontractivity of the
semigroup corresponding to YD was proved in [4], [6] and [16].
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Potential theory of subordinate killed brownian motion in a domain 579

Let A|p be the Dirichlet Laplacian in D. The fractional power —(—A|p)*/ 2
of the negative Dirichlet Laplacian is a very useful object in analysis and partial
differential equations, see, for instance, [22] and [18]. There is a Markov process
Z corresponding to —(—A|p)®/? which can be obtained as follows: We first kill
the Brownian motion X at tp, the first exit time of X from the domain D, and
then we subordinate the killed Brownian motion using the « /2-stable subordinator
T;. Note that in comparison with Y the order of killing and subordination has
been reversed. The difference between the processes Y2 and Z can be explained
as follows: Look at a path of the Brownian motion in R4, and put a mark on it at
all the times given by the subordinator 7;. In this way we observe a trajectory of
the process Y. The corresponding trajectory of Z is given by all the marks on the
Brownian path prior to tp. There is the first mark on the Brownian path following
the exit time tp. If this mark happens to be in D, the process Y has not been killed
yet, and the mark corresponds to a point on the trajectory of ¥ ?, but not to a point
on the trajectory of Z. If, on the other hand, the first mark on the Brownian path
following the exit time 7p happens to be in D€, then trajectories of Z and Y are
equal.

Despite its importance, the process Z has not been studied much. In [12], a
relation between the harmonic functions of Z and the classical harmonic functions
in D was established. In [14] (see also [10]) the domain of the Dirichlet form of Z
was identified when D is a bounded smooth domain and o # 1.

In this paper we study the process Z and some of its potential-theoretic prop-
erties. One way to understand the process Z is to describe its killing and jumping
measures. It turns out that, at least when D is Lipschitz, the killing measure is com-
parable with the killing measure of the process Y ”. This fact, shown in Sections
2 and 3 of the paper, follows from an analysis of the lifetimes of processes Z and
YP In order to do that, we have to give a precise description of both processes in
terms of the underlying Brownian motion X, and the subordinator 7;. The process
Z, being a symmetric Markov process, has an associated Dirichlet form. By using
the comparability of killing measures of Z and Y, we show that the corresponding
Dirichlet forms are also comparable. This fact is then used in Section 4 to prove the
intrinsic ultracontractivity of the semigroup corresponding to Z. As a consequence
of this result we derive a lower bound on the Green function of Z in terms of the
first eigenfunction of the Dirichlet Laplacian A|p. In the last section we derive
upper bounds on the Green function of Z for C!*! domains. These bounds may not
be sharp, but they show that the behaviors of the Green functions of Z and Y ? are
very different. In the same vein we obtain bounds for the jump kernel of Z which
confirm that the jump kernel vanishes near the boundary of D.

2. Subordinate killed Brownian motion

Let X! = (Q!, 7L, ]—}1, th, 9}, P}C) be a d-dimensional Brownian motion in R?,
and let T2 = (QZ, G2, Tt2, IP’Z) be an «/2-stable subordinator starting at zero,
0 < a < 2. We will consider both processes on the product space Q = Q! x Q2.
Thus we set F = Fl x G2, F, = J—',l x G2, and P, = IE”}( x P2, Moreover, we define
X(w) = X} ("), Ti(w) = T?(®?), and 6, (w) = 6} (w"), where w = (0!, w?) €



580 R. Song, Z. Vondracek

Q. Then X = (2, F, F;, X, 6;, Py) is a d-dimensional F;-Brownian motion, and
T = (R,G,T;, Py) is an «/2-stable subordinator starting at zero, independent of
X for every P,,. From now on, all processes and random variables will be defined
on .

Let A; = inf{s > 0 : Ty > t} be the inverse of T. Since (7}) is strictly
increasing, (A;) is continuous. Further, A7, =t and Ty, <s < Tq,.

We define a process Y subordinate to X by ¥; = Xr,. It is well known that Y is
a rotationally invariant a-stable process in R?. If uf‘/ % is the distribution of T; (e,
(/,L(tx/ 2, t > 0) is the one-sided «/2-stable convolution semigroup), and (#;, t > 0)
the semigroup corresponding to the Brownian motion X, then for any nonnegative

Borel function f on R, Ex(f (Y1) =Ex(f(X1)) = Ex(fooo f(Xs) M(tx/2(ds)) =

22 Py fous?(ds).

Let D C R? be a bounded domain, and let rg =inf{t > 0: Y, ¢ D} be the
exit time of Y from D. The process Y killed upon exiting D is defined by

Y
{Y,,t<rg _{XT,,Z<TD

r = Y
J9, t>1p

vP =
9, t=>1p

t
where 0 is an isolated point serving as a cemetery.
Let tp = inf{t > 0 : X; ¢ D} be the exit time of X from D. The Brownian
motion killed upon exiting D is defined as

{X,,t<rD

xP =
d, t>1p

t
We define now the subordinate killed Brownian motion as the process obtained
by subordinating X © via the «/2-stable subordinator 7. More precisely, let Z; =
(XP)r.,t > 0. Then

7, — XT,,Tt<TD_ XT,vt<AtD
"Tlo, Tzt |0, 1= A

where the last equality follows from the fact {T; < tp} = {t < A,}. Note that
A, is the lifetime of the process Z. Moreover, it holds that A, < 15. Indeed, if
s < Aqp, then Ty < tp, implying that Yy = X7, € D. Hence, s < ‘Eg. Therefore,
the lifetime of Z is less than or equal to the lifetime of Y.

On the next page is a very rough picture illustrating the differences between the
processes Z and Y P In this picture the curve is a Brownian path, the points on the
path marked by the little crosses, circles and squares represent a trajectory of Y,
the points on the path marked by the little crosses and circles represent a trajectory
of YP, and the points on the path marked by the little crosses represent a trajectory
of Z.

We compare now the semigroups corresponding to Y and Z. For any nonneg-
ative Borel function f on D, let

O f(x) = B [f (XN = B[ f (X)), t < th] =Ei[f(X7), t < T)]
R f(x) = B[ f(Z)] = Ex[f(XP)7,]1 = B[ f(X7,), t < Agp]
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Fig. 1. trajectories of Z and Y?.

Since A, < 'L’g, it follows that R; f(x) < Q; f(x) for all > 0.
The following result will be needed in order to compare the killing functions
of the processes Z and Y.

Proposition 2.1. Suppose that there exists C € (0, 1) such that Py(X; € D) < C
foreveryt > 0 and every x € dD. Then

1-0)(1—-R1(x)) =1—-0/1(x) <1 — R 1(x) 2.1
foreveryt > 0 and every x € D.

Proof. Let t)(0") = inf{t > 0, X} (') ¢ D}, ie., 7 (@) = tp(w). Then
.7-“{1[1) x G c Fzp- Indeed, for A € ]:rl}, and A> € G2, (A x Ay) N{tp <1t} =

(AN {ré <t} x A € .El x G = F;. Thus, Ay x Ay € Fr,,. Since such sets
generate F, 1 X G2, the claim follows.

We want to show that TATD is F, i x G2- measurable. Note first that 7 and
T;, t > 0, are frll) x G%-measurable. Therefore, {T; < tp} € .7:1[1) x G2. Since
{A:, >t} ={T; < tp},itfollowsthat {A;, > t}is fr5 x G2-measurable. Clearly,
Asis Fo x G2 C .7-}11) x G%-measurable. Therefore, {TAID > st ={As > Ayl €

Fop X G2
For any nonnegative Borel function f on R?, let N (x, f) = E,(f(X,)). Since
p and TA are F, 1 x G? -measurable, and TA =1p + (TA — Tp), by an

extended vers1on of the strong Markov property (see [2], pp. 43—44)
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]EX[ID(XTATD)LFTD] = EX[ID(XtD+(TATD —‘[D))|fr[)] = NTArD —ID(XTDv lD) a.s.
2.2)

By using the assumption of the proposition, we get N;(y, 1p) = Py(X; € D) <
C for every t > 0 and every y € dD. From (2.2) we obtain that Py (XTAID €

D|F;,) < C as. for every x € D. Since .7-'{1[1) x G% C Frp, it follows that
P, (XTATD |.7:TI] x G%) < C a.s. Further,
D

=Pi(Ary <1, X1, €D)
= Pu[Px(Ar, <1, X7, € DIF}) X G)]

Py(Ary <t <TP) <Pu(Ary <1, Ay, < TP)

= Eill(a,y<nPx (X7, € DIFL x G)]
D
< CPy(Aq, <1).
It follows that
Pi(Ary <) =Pu(tpy <) +Px(Ar, <1 < 7))
<P.(th <)+ CPu(Ar, < 1),
hence

Pi(Ary <1) = Po(t) < 1) + Py(Ay <t < T)
<P.(th <1)+ CP.(A;, <1).

Since Py(A;, < t) = 1 — R;1(x) and Px(t[’; <1t =1-0/1x), (2.1
follows. O

A domain D C R is said to satisfy an exterior cone condition if there exist a
cone K with vertex at the origin and a positive constant rg, such that for each point
x € 0D, there exist a translation and a rotation taking the cone K into a cone K
with the vertex at x such that

K. N B(x,rg) C DN B(x,rp).

Here B(x, rg) denotes the ball of radius ry centered at x. We show now that the
condition in Proposition 2.1 is true for a bounded domain D C R¥ satisfying an
exterior cone condition. Let K (rg) = K, N B(x, rg) and K (rg) = K N B(0, rp).
Then we have for each x € 9D,

Py (X: ¢ D) = Px(X; € Kx(r0)) =Po(X; € K(r9)) .

By scaling,

1
Po(X; € K(r0)) =Po(X; € EK(”O)) > Po(X1 € K(r9)) =: C1 € (0, 1)
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forevery t € (0, 1], where for any p > 0, pK (r() is defined to be the set {px : x €
K (r)}. The last two displays show that P, (X; ¢ D) > Cy, for every t € (0, 1]
and every x € aD. Since D is bounded, there exists R > 0 such that for every
x € 0D, D C B(x, R). Hence,

Pe(X: ¢ D) = Po(IX:] > R) = Po(IX1| > R) =: C2 € (0, 1)

foreveryt > l andevery x € dD.Let C = 1 —min{C, C>}. Then C € (0, 1) and
P.(X; € D) < C forevery t > 0 and every x € dD.

It is well known (see [4], for instance) that the transition semigroup Q; cor-
responding to the killed stable process has a density with respect to the Lebesgue
measure. Let g(z, x, y) be this density. Let r(¢, x, y) be the density of R; and let
pP(t, x, y) be the transition density of the killed Brownian motion X 2. The density
r(t,x,y) is given by the formula

Ftxy) = /0 PP (s x ) w2 (ds) 2.3)

where (,u?/ 2,1 > 0) is the one-sided «/2-stable convolution semigroup. Let
Gp(x,y) and GYD(x, y) denote the Green functions of Z and Y D respectively.
The Green function of Z is given by

1
I'(a/2)

oo oo
Gp(x,y) =/ r(t,x,y)dt = / PP, x, i Vdr.  (2.4)
0 0

Proposition 2.2. Let D be a bounded domain in R,

(i) The transition density r(t, x,y) of Z is jointly continuous in (x,y) for each
fixed t. Further, r(t,x,y) < q(t,x,y) forallt > 0andall (x,y) € D x D.

(ii) Whend > 2 or « < 1 = d, the Green function Gp(x,y) is finite and con-
tinuous on D x D \ {(x,x),x € D}. When a« > 1 = d, the Green function
G p(x, y) is finite and continuous on D x D. Further, Gp(x,y) < Gé(x, y)
onD x D.

Proof. (i) Note that pP (s, x, y) < Qms)~4?exp{—|x — y|?/2s} < Qmus)~4/?
for all x, y € D. It follows from the asymptotic behavior near zero of the den-
sity of ,uf‘/ 2 given in [20] that the integral fooo s’d/zultx/ 2(ds) is finite. So the
continuity of r(t, -, -) follows from the dominated convergence theorem. Since
R, f(x) < Q;f(x) for every x € D and every nonnegative Borel function f, we
getr(t,x,y) <gq(t,x,y) forally € D\ N(x) with N(x) having zero Lebesgue
measure. By continuity, the inequality holds forall x, y € D .

(ii) The fact that Gp(x, y) < G{)(x, y) follows immediately from r (¢, x, y) <
q(t, x,y). We now prove the continuity of G p by treating three cases separately.
(a) The case whend > 2orwhena <1 =d.Letx,y € D, |x —y| > 2n > 0.
Let (x,, y») be a sequence in D x D converging to (x, y) such that |x,, — y,| > .
Note that,

PPt X, y)t 7T < 2ty expl—|xy — yul* /20371
S Clt—d/2+(¥/2—1 exp{_n2/2t}
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which is integrable on (0, 00). The continuity now follows from the dominated con-
vergence theorem. (b) The case wheno = 1 =d.Letx,y € D, |[x —y| > 2n > 0.
Let (x,, y,) be a sequence in D x D converging to (x, y) such that |x,, — y,| > n.
Using the intrinsic ultracontractivity of the killed Brownian semigroup on a bound-
ed interval and Theorem 4.2.5 of [8], we know that there exists a T > 0 such that
foranyr > T,

3 _
PP, x,y) < 3¢ Ml go(x)po(y), x,y €D,

where —Ag < 0 and ¢y are the first eigenvalue and eigenfunction of the Dirichlet
Laplacian in D respectively. Thus in this case, the functions p? (¢, x,,, y,)r*/*~! =
pP(t, x,, y,)t~'/? is dominated by the function

et~} exp{—n2/2t}, t<T
cot~Le=hot t>T

gt) = {

which is integrable on (0, co). Now we can repeat the argument in the first case to
arrive at the claimed continuity. (c) The case when & > 1 = d. In this case, the
family of functions {p?(t, -, 3t*2=1 . x, y € D} is dominated by the function

o eqt=32+al2, t<T
() = cot 3/2Fe/2p=Rot 4 > T

which is integrable on (0, co). The continuity now follows from the dominated
convergence theorem. ]

3. The Dirichlet form of the subordinate killed Brownian motion

Recall that Y is a rotationally invariant a-stable process in R? with o € (0, 2). It
is well known that the Dirichlet form (€7, F) associated with Y is given by

@(x) —u(y))(wx) —vy)) J
X
Re JRd |x — y|dte

(u(x) — u(y))?

R Jra  |x — y|dte

1
EY (u,v) = EA(d, —) dy

]-':{ueLz(Rd): dxdy<oo},

where
ol (45%)

T2l gd2r(1 - %)

Ald, —a)

It follows from Remark 4 in Section 2.5.1 of [21] that F is the same as the space
Wa/Z‘Z(Rd).

Recall that, forany s € R, the classical Bessel potential space H* (R?) is defined
to be

H*(RY) = {u € S'(RY) : /Rd(l + 1615 14(8) 12 dE < oo},

where §'(R9) stands for the space of tempered distributions on R? and # stands
for the Fourier transform of u. Using Fourier analysis, one can easily show (cf.
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Example 1.4.1 of [11]) that the spaces We/2.2(R) and H*/2(R9) are the same.
Hence we have F = W*/22(R?) = H*/2(RY).

In this section we assume that D is a bounded domain in R?. The Dirichlet
space on L%(D, dx) of the killed rotationally invariant a-stable process Y2 is
(Y, HY*(D)) (cf. Theorem 4.4.3 of [11]), where

H?(D) = (f € HY>(RY) : f =0q.e. on D°}.

Here g.e. is the abbreviation for quasi-everywhere with respect to the Riesz ca-
pacity determined by (£Y, We/22(R9)) (cf. [11]). The space Hg/Z(D) can also
be characterized as the £Y -closure of Cy°(D), the space of smooth functions with

compact support in D. For u € H, a/ 2(D)

£ (u, v) =fD/D(um—u(y))(v(x)—v(y))JYoc,y)dxdy

+/Du(x)v(x)xy(x)dx,
where
T,y = lA(d, —a)|x — y| 7t 3.1)
Y (x) = A, a)/ mdy (3.2)

are the densities of the jumping and killing measures of Y°.

Recall that Z is the process obtained by subordinating the killed Brownian
motion on D with the one-sided «/2-stable process. Z is a symmetric Markov
process and so there is a Dirichlet form (£, D(£)) associated with Z. It follows
further from Theorem 1.18.10 of [21] that the domain D(E) of £ is the complex
interpolation space [L2(D), Hé (D)]a/2- It follows from Proposition 2.2 of [7] that,
when D is a bounded Lipschitz domain, [L2(D), H. (D)laj2 = H{'*(D). Recall
that Hilbert spaces are identified if they coincide in the set theoretical sense and if
they have equivalent norms. Therefore, there exists a constant C such that for any

oz /2 ( D)

CNEY u,u) + (u,u) < Eu,u) + w,u) < CEY (u,u) + (u, n)).

One immediate consequence of the comparability above is that for a Borel sub-
set A of D, A is polar for Z is equivalent to that A is polar for the killed rotationally
invariant -stable process Y2, which in turn is equivalent to that A is polar for the
rotationally invariant «-stable process Y.

Let PP be the transition semigroup corresponding to the Brownian motion
killed upon exiting D and recall that the corresponding transition density is de-
noted by pD(t, x, y). It follows from [3] and [17] (see also [13]) that the jumping
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measure J(dx, dy) and the killing measure « (dx) of the process Z have densities
J(x,y) and k (x) given by the following formulae respectively:

HLyﬁ=£ pP(t.x, y)v(dt) (3.3)
K(x) = /00(1 — PP1(x)) v(dr) (3.4)
0
Here 5
v(dt) = Lf"/z” dt
rd—a/2)

is the Lévy measure of the «/2-stable subordinator.

Itis easy to see from (3.3) that J (x, y) < JY (x, y) forevery x, y € D.Now we
are going to compare « (x) with k¥ (x). To do that we are going to use the following
simple result.

Lemma 3.1. Let (X;, P,) be a d-dimensional Brownian motion, and let tp be the
exit time of X from D. Then

—a/2

T —ap p ) )

K(x) =

for every x € R4,

Proof. Let F denote the P, -distribution function of tp. Note that 1 — P,D 1(x) =
P.(tp <t) = F(t). By using (3.4)

_ a/2 * —a/2-1
Kk(x) = —F(l ~a/2) /0 F ()t dt

a/2 Y B
F(l—a/2),/0 /5 t dtdF(s)

1 00 1 _
_ —a/2 _ a/2
~Ta —a/Z)/O $ARS) = gy Bt )

O

It was proved in [12] that x — Ex(rD_a/ 2) is continuous, hence « is a contin-
uous function. We will use this fact in the next result.

Proposition 3.2. Suppose that there exists C € (0, 1) such that Py(X; € D) < C
for everyt > 0 and every x € dD. Then

(1-0Cx) < I{Y(X) <k(x), foreveryx € D. (3.6)

Proof. By the proof of Lemma 4.5.2 in [11], there exists a sequence #, | 0 such
that

hm —/ S =R, 1(x))dx _f f)k(x)dx

hm—/f@M—Qwumh—/fmﬂamx
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for every f € Co(D). By Proposition 2.1 this implies that
/ FE)( - Oy dx < / Few? (0 dx < / Feowr()dx,
D D D

for every nonnegative f € Co(D). Since both « and x! are continuous, the last
relation implies that

1-0Ox)<k¥(x)<k(x), xeD.
O

Remark 3.3. Let §(x) be the distance between x and dD. When D is a bounded
Lipschitz domain, it follows easily from (3.2) that there exists a positive constant
C such that

CrlEe)) ™ =" () = 1) ™.

By using this and Proposition 3.2 it follows that there exists a constant C, such that

Gyl (BN ™ <k (x) < C28()) 7.
4. Intrinsic ultracontractivity

In this section we assume that D is abounded Lipschitz domain and Z is the subordi-
nate killed Brownian motion on D. The generator of Z is —(—A| D)“/ 2 where A 55
is the Dirichlet Laplacian in D. It is well known that if {—Az, k =0, 1, ...} are the
eigenvalues of A|p written in decreasing order and each repeated according to its
multiplicity, and if {¢y, k = 0, 1, ...} are the corresponding eigenfunctions, then
{(—(A)%%, k =0, 1, ...} are the eigenvalues of —(—A|p)%/? written in decreasing
order and each repeated according to its multiplicity, and {¢y,k = 0,1, ...} are
the corresponding eigenfunctions.
Similar to Theorem 4.1 of [4], we have the following result.

/2

Theorem 4.1. Foranyn > 0and f € Hy'" (D) N L*(D, dx), we have

fo2 log| fldx < nECf, £) +BMIFIZ+ 113 1og I fl2,
with
d
B(n) = —2—10gn+c
o

for some constant ¢ > 0.

Proof. Tt follows from Proposition 2.2 that r (¢, x, y) < ¢(¢, x, y), hence there ex-
istsac > Osuchthatr(z, x, y) < ¢t~/ Now we can repeat the proof of Theorem
4.1 of [4] to arrive at the conclusion. O

The following lemma appears on p.71 of [14]. The key ingredient in the proof
there is an inequality (inequality (4.1) of [14]) proved in [19]. We include an ele-
mentary proof based on the behavior of the killing function of Z.
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Lemma 4.2. There exists a constant C1 > 0 such that
Cy'E (u,u) < Eu,u) < C1EY (w,u), u e HY*(D).

Proof. Recall that the killing measures of Z and Y have densities  and «? re-
spectively, which are both of the order 6 (x) ™. This implies that there is a constant
c1 such that

/ u*(x)dx < ¢ / u®(x)k (x) dx 4.1)
D D
From the last section we know that there exists a constant ¢y > 0 such that

;N EY W)+ (u, w)) < Eu, )+, 1) < c2(EY (u, w)+u, w), u e HY*(D).

Therefore the 1-norms are equivalent to the 0-norms for both forms. Thus there is
a constant C such that
Cr'E u,u) < Eu,u) < C1E  (w,u), u e HY*(D).
0

Recall that for any domain D in R?, the quasi-hyperbolic distance between any
two points x| and x; in D is defined by

(x1, x2) 'nf/ ds
X1, Xx3) =1 —_—
pp(x1, X2 o e

where the infimum is taken over all rectifiable curves y joining x; to x; in D and
8(x) is the Euclidean distance between x and d D. Fix a point xo € D which we
call the center of D and we may assume without loss of generality that 6 (xg) = 1.

Lemma 4.3. There is a constant Co = C(D) > 0 such that for any g > 0

/ (pp(x0. 1) u? (x)dx < C2€(u, w), ue Hg/z(D)
D

Proof. Tt follows from Lemma 3.2 of [6] that there is a constant ¢ = ¢(D) > 0
such that for any g > 0

/ (pD(xo,x))ﬂuz(x)dx <& (u,u), u e Hg/Z(D).
D

Now the result follows from Lemma 4.2. O
Repeating the argument of Theorem 3.3 of [6](see also [1]), we get
Theorem 4.4. For any ¢ > 0 and any o > 0 we have

/2

1
/Df2 log Z-dx < e€(f. NN +B@ISI3 [ € Hy""(D)
with
B(e) = C3e™° + C4
for some positive constants Cz and Cy.

Combining Theorems 4.1 and 4.4 we get
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Theorem 4.5. For any ¢ > 0 and any o > 0 we have

/Df2 log %dx < nEC )+ BOIFIB+ 112 Tog I £l

a2

forall f € Hy'"(D)N L*(D, dx), with

d _
Be) = ——loge + Cse™ % + Cg
2a

for some positive constants Cs and Cé.
Using this and Corollary 2.2.8 of [8] we immediately get

Theorem 4.6. The semigroup corresponding to the subordinate killed Brownian
motion Z is intrinsic ultracontractive.

Here is an immediate corollary of the intrinsic ultracontractivity. Recall that the
Green function of the process Z is given by the formula (2.4).

Corollary 4.7. There exists a constant Cg such that for all x, y € D,

Gp(x,y) = Cspo(x)¢o(y),
J(x,y) = Csdo(x)o(y).

Proof. The first inequality follows immediately from the intrinsic ultracontractivity
and Theorem 4.2.5 of [8]. Now we show the second inequality. Since the semigroup
of the killed Brownian motion in D is intrinsic ultracontractive, Theorem 4.2.5 of
[8] implies that there exists 7 > 1 such that forallt > T,

1
PPt x,y) > Ee—“’m(x)qbo(y), xy € D.
Thus

0
J(x,y) =c / pD(t, X, y)t_“/z_ldt
0

S S ot g (oo (vt
2 Jr
= 200(X)o(y).

O

Note that these lower bounds of Gp and J are of no use when x, y are away
from the boundary. The next result gives lower bound when x and y are away from
the boundary and it does not need the Lipschitz assumption.

Proposition 4.8. For any bounded domain D in R?, there exists a constant Cy =
Co(w, d) such that if x, y € D satisfy |x — y| < max{8(x)/2, 8(y)/2}, then

Gp(x,y) = Colx — y[*~, (4.2)
J(x,y) = Colx — y|7*74. (4.3)
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Proof. We prove the first inequality. The second is proved in the same way. Let
x,y € D such that |x — y| < max{d(x)/2, §(y)/2}. By using (2.4) and the formula
for the transition density of the killed Brownian motion X D we get that

1
T(e/2)

o0
Gp(x,y) = /0 p(s,x, y)s*/*ds

o0

1
—-——E , X1ns @/2-1 4 4.4
F(O{/Z) X/r p(s ™D y)s s, 4.4)

D

where p(s, x, y) denotes the transition density of the Brownian motion X. Since
| X7, —y| = 8(y) for each y € D, we obtain the estimate

1 o0
E X, a/2—1 d
F@/2) x/m p(s, Xep, y)s s

(Zﬂ)_d/z 00
< 7

[(a/2) Jo
<y
<2 —y* e

s~A/2He /271 axn(—8(y)?) 25} dss

The estimate (4.2) follows from (4.4) and the last display. |

5. Upper bounds on the Green function and the jumping kernel
For any bounded domain D in R?, we have seen that
Gp(x,y) <Gp(x.y), Jx,y) <J'(x.y). x,yeD.

Recall that G1) and J¥ are the Green function and jumping function of ¥ respec-
tively. These estimates are not useful near the boundary of D. Now we are going
to derive estimates that are useful near the boundary when D is a bounded C!!
domain.

Theorem 5.1. Suppose that D is a bounded C' domain in R?. Then there exists
a constant C1 such that forall x, y € D,

$o(x)¢o(y)

|x _ y|d+2_°‘ ’

$o(x)¢o(y)

lx — y|d+2+a .

Gp(x,y) = Ci
Jx,y) =C

Proof. The proof of these two inequalities are very similar. We only give the proof
of the first. It is well known that when D is a bounded C!:! domain, there exists a
constant ¢ such that

c7'8(x) < do(x) < c18(x), x € D.
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Now we can repeat the proof of Theorem 4.6.9 of [8] to get that the density p” of
the killed Brownian motion on D satisfies the following estimate

=yl
PPt x,y) < et TP Pgo(x)go (e @, 1> 0, %,y €D,
where c¢; is some constant independent of ¢, x, and y. Now using (2.4) we get that

le—yI?

Gp(x,y) < c2po(x)do(y) / a2 ey,
0
@0 (x)do(y)

3 |x _ y|d+2—a'

A

O
Remark 5.2. 1f we only assume that D is a bounded Lipschitz domain, then we can
get a similar upper bound for Gp with d + 2 replaced by some number u > d,

where © depends on the Lipschitz characteristics of D.

Remark 5.3. The estimates in the theorem above can also be written as

§(x)8(y)

Gp(x,y) =< sz, x,yeD
§(x)8(y)

J(x,y) < C2|x_ym, x,y €D,

for some positive constant C;.

Summarizing our estimates on the Green function and the jumping kernel, we
have the following:

Theorem 5.4. Suppose that D is a bounded C' domain in R?. Then there exist
positive constants Cz and C4 such that for all x,y € D,

§(x)8(y)
x — y[4me 7 Jx — y|dtEe

3(x)é(y)
|x — yldte’ |x — y|d+2+e

C38(x)8(y) = Gp(x,y) = C4min(

C38(x)8(y) = J(x,y) = Cqmin( )

Comparing the estimates on the Green function of Z with the estimates on the
Green function of Y 2 obtained in [5] and [15], we see that their boundary behaviors
are different.
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