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Abstract. A percolation problem on Sierpinski carpet lattices is considered. It is obtained
that the critical probability P, of oriented percolation is equal to 1. In contrast it was already
shown that the critical probability p. of percolation is strictly less than 1 in Kumagai [9].
This result shows a difference between fractal-like lattice and Z¢ lattice.

1. Introduction

Percolation is studied as an important subject in statistical mechanics because this
is one of the simplest models which contains phase transitions of disordered media.
Percolation has close relations to disordered electrical networks, ferromagnetism,
epidemic models and so on. Percolation models were proposed by Broadbent and
Hammersley [1], and have been well studied in the last thirty years. See Grimmett
[7] to view the whole of this field.

Percolation problems had been studied mostly on Z lattice until recent years.
We note that Z¢ lattice has translation-invariances. In this paper we consider per-
colation on fractal-like lattices. Fractal-like lattices are graphs which correspond
to fractals. All of them have a kind of self-similarity, but most of them have no
translation invariances. The Sierpinski gasket and the Sierpinski carpet are well-
known examples of fractals. The former is a finite ramified fractal (that is, it can
be disconnected by removing a finite number of points) and the latter is an infinite
ramified fractal. See Mandelbrot [12] for details of fractals. In a previous paper
[14] we have analysed percolation on the Sierpinski gasket lattice, which has no
phase transition. The non-existence of phase transition is induced by the charac-
ter of finite ramified fractals. Now we focus on the Sierpinski carpet lattice. The
Sierpinski carpet lattice is a graph which corresponds to the Sierpinski carpet.

Let us define the Sierpinski carpet on R? as follows. For (i, j) € {0, 1, 2}?
we set an affine map W; ;) from [0, 11? to [i/3,G+ 1)/3]1 x [j/3,( + 1)/3]
which preserves the directions. Set T = {(i, j) € {0, 1, 221G, j) # (1, D)L It
is well-known (see Falconer [6] for example) that there exists a unique nonempty
compact set K C [0, 172 which satisfies the equation that K = U,er U, (K). We
call this K the Sierpinski carpet. Let us define the graph corresponding to K. Set
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0
Fig. 1.1. The Sierpinski carpet lattice

F" = Uzl,zz,m et Y oWn o0, ([0, 11%). We note that K can be constructed

as the limit of F". We write kA = {ka| a € A}. Set V" = Z?> N 3"F". We de-
note by ||x|| the Euclidean norm of x. For a vertex set W we define a bond set
EW) = {{u,v)| u,v € W,||lu —v|| = 1}. Here we wrote (u, v) as a bond with
endvertices u and v. Set a graph G = (V", E(V")). Note that V" and E(V") are
increasing sequences with respect to n. Set G = J,- G", that is G = (V, E)
where V = |2, V" and E = | ;2| E(V"). We call this G the Sierpinski carpet
lattice. We will define a family of Sierpinski carpet lattices in Section 3.

We consider bond percolation and oriented bond percolation on G. Let 0 <
p < 1. Each e € E is declared to be open with probability p and closed with
probability 1 — p independently. We denote by P, the product measure. Next let us
consider a sequence of vertices r = (vg, v1, - - - , Uyy) Wherev; € V for0 <i <m.
We say 7 is a path when (v; 1, v;) € Eforl <i < mandv; # v; fori # j.
We give a partial order on 72 such that (x1,x2) < (y1, y2) if and only if x| < y;
and x» < y,. We say m is an oriented path when 7 is a path and v;_; < v; for
1 <i <m.Wewrite u < v if and only if there exists a path & with vy = u, v, = v
and (v;_1, v;) areopenfor 1 <i <m.Wedenote C(v) ={u € V|v < u}. Wecall
C(v) the open cluster containing v, and we denote by C the open cluster containing
the origin. We define 6(p) = P, (|C| = oc0) where |C| means the number of ver-
tices in C. Set p, = inf{p| 6(p) > 0}. We write u — v if and only if there exists
an oriented path = with vg = u, v,; = v and (v;_, v;) are open for 1 <i < m.
We define C (v) ={u e V|iv— u}, Z’), ?(p) and P, in the same way as C(v),
C,6(p) and p.. We write p.(S.C.) and p. (S.C.) for p. and p; respectively when
we want to emphasize its dependence on the graph (the Sierpinski carpet lattice in
this case).

We explain studies of percolation on Sierpinski carpet lattices. Kumagai [9]
showed that p. < 1 for a family of Sierpinski carpet lattices (which includes the
Sierpinski carpet lattice) and studied under an assumption its critical phenomena
and uniqueness of infinite cluster for p > p.. Lii [11] gave an alternative proof
of p. < 1 using a Peierls argument. Shinoda [15] gave sufficient conditions and
necessary conditions to have p. < 1 for generalized Sierpinski carpet lattices.
Murai [13] studied an asymptotic behavior as d — oo of the critical probability
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of d-dimensional Sierpinski carpet lattices. Dekking and Meester [5] studied the
fractal percolation process (Mandelbrot percolation) on the Sierpinski carpet.

In this paper we study oriented percolation on Sierpinski carpet lattices. Ori-
ented percolation is significant as a model of disordered media because it has
close relations to media of semiconductors, contact processes and so on. On 72
we may regard this model as a one-dimensional contact process in discrete time.
See Durrett [4] and [7] for details. On Z¢ (d = 2), it is well-known that the criti-
cal probability p.(Z?) of percolation and that P, (Z?) of oriented percolation are
strictly less than 1. In particular, p.(Z?) = 1/2 has been shown by Kesten [9] and
Pe(Z?) < 2/3 has been shown by Liggett [10]. We shall determine the critical
probability P; (S.C.) of oriented percolation on the Sierpinski carpet lattice. By
definition p.(S.C.) < Pz (S.C.) is clear. We obtain the following result.

Theorem 1.1. The critical probability p;(S.C.) of oriented percolation on the
Sierpinski carpet lattice is equal to 1.

This result is interesting because it shows a difference between the Sierpinski car-
pet lattice and Z? lattice. Theorem 1.1 says that there exists no phase transition
of oriented percolation on the Sierpinski carpet lattice, in spite of the existence
of phase transition of percolation on it. This kind of extinction of phase transition
had been shown by Chayes [2] and Chayes, Pemantle and Peres [3] in the case of
the fractal percolation process on the unit square. Theorem 1.1 says also that the
contact process will die out if p < 1 on the Sierpinski carpet lattice.

We give a proof of Theorem 1.1 in Section 2. In Section 3 we consider this
problem on a family of Sierpinski carpet lattices, and give sufficient conditions for
non-existence of phase transition.

2. Proof of main theorem

In this section we shall prove the main theorem. In this proof, events of a cross-
ing in a rectangle play important roles. For a rectangle R C R?, we say left-right
crossing (respectively bottom-top crossing) of R exists if u — v for some u on
the left (respectively lower) side of R and some v on the right (respectively up-
per) side of R. We write L R(R) (respectively BT (R)) for the event. This event
depends on the configuration of {(u, v)| u, v € R}. For a positive integer k, we
write x;'(p) = Pp(LR([0, k - 3"] x [0, 3"])). Note that x}(p) is non-increasing
with respect to k. In order to show Theorem 1.1 it is enough to prove
lim x%(p) =0, (2.1)
n—o0
because for any n
{|f')| =o0} C LR([0,2-3"] x [0,3"]) UBT([0,3"] x [0,2-3"])
which implies ?( p) < 2x5(p) by symmetry. We will use the following lemmas.
Lemma 2.1. Let p < 1. There exist ko > 1 and ¢ > 0 such that

xp(p) e 2.2)

for any n.
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Lemma 2.2. Let k > 3. For any n and p,

() <24, () (2.3)
Lemma 2.3. For any n and p,
5THp) < x5 (p)? + 2x2(p). 2.4)
Lemma 2.4. For any n and p,
1
) <{1—a-p*P (2.5)

We give a proof of these lemmas one by one.
Proof of Lemma 2.1. For m > 1 we define a random variable
X, = inf{j| there exists w such that 0 < w < 3" and (0, w) — (m, j)}. (2.6)

For convenience we set X(')’ = 0, and we set X, = oo if the right-hand of (2.6) is
empty. X}, is non-decreasing with respect to m. Set V,, = ([0, m] x [0, 00)) NV
and E,, = E(V,,). Note that X}, is determined by the configuration of E,,. For any
configuration w,, of E,, we have
Py(X}, 11 = Xyl om) < p, 2.7
Py(Xp 1 =X, +1wn)>1—p (2.8)
It is clear that
n _ n n
X (p) = Pp(Xk_3n < 3 )
by definition. Let {Y;};=12,... be the sequence of independent random variables
with P(Y; = 1) =1— P(Y; =0) = 1 — p for any i. Then we have
kb3)l
Py(X} 3 <3") < P(Z Y, < 3”)
i=1
by (2.7) and (2.8). The event of right-hand side has been studied well as a
sum of independent random variables, such as random walks (see Spitzer [16] for

example). If 1/k < 1 — p then the probability decays exponentially with respect
to 3". O

Remark. Lemma 2.1 is true also on Z?2 lattice. In case of Z? lattice the conditional
probabilities in (2.7) and (2.8) are equal to p and 1 — p respectively.

Proof of Lemma 2.2. We sets = |(k—1)/2] where | x| means the greatest integer
not greater than x. Note that 2s 4+ 1 < k. We observe that

LR([0, k - 3" 1] x [0,3""1]) ¢ A% U A%
where
A" = LR([0, 3s +2)3"] x [0, 3"]),
= LR([3s + 1)3", 2s + D3 x [2-3", 3"H1)).

Here we used the property of G that there exists a hole with size 3" x 3" centered
at [(2s + 1)3"+1/2, 31 /2], Thus x} ! (p) < 2x% ,(p) follows. We note that
k + 1 < 3s + 2 when k > 3, and we have completed the proof. m]
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Proof of Lemma 2.3. We observe that

LR([0,2-3"T1] % [0,3"T1]) € (A% N A%) U AZ U A7

where
= LR([0,2-3"] x [0,3"]),
A% = LR([4-3",2.3"T1] % [2.3", 31y,
A5 = LR([0,5-3"] x [0,3"]),
= LR([3",2 3" x [2-3",3"F])).
We have (2.4) immediately from this relation. O

Proof of Lemma 2.4. Set E], = {{((m,w),(m + 1,w))| 0 < w < 3"} NE.If
LR([0,2-3"] x [0, 3"]) occurs, then at least one bond in E?sful)/z must be open

and so as in E”
|E"

G+ —1)2° We obtain (2.5) immediately because | E?yl_]) 2 ‘:

— on+l
3;1+1 /2 }_ 20 O
We give a proof of Theorem 1.1 by using of these lemmas.

Proof of Theorem 1.1. For p < 1 we pick kg and ¢ > 0 which satisfy (2.2). By
(2.3) we obtain

2k0 —5 n k0+5 2k0—56—3”’k0+5¢

(p) <207 (p) < - (p) <
for n > ko — 5. By this inequality and (2.4) we have
B (p) < x5 (p)? eV (2.9)

for some ¢ < oo and ¢ > 0. If lim infnﬁooxg’(p) < 1 then (2.1) follows

because lim,,_ o ce 3" = 0. Suppose that lim,, . x3(p) = 1. Pick N such
that x7 (p) > 1/2 for any n > N. By (2.9) and (2.5) we have

n+1(p) < x2(p)3/2{x2(p)1/2 23/2ce—3’11/1‘}
<31 = (1= ¥ + 232
forn > N. So we can pick N’ such that x”“(p) < xé‘(p)3/2 for any n > N’. This
contradicts to limy,— « X5 (p) =1. m]

3. On generalized Sierpinski carpet lattices

In this section we consider oriented percolation on a family of Sierpinski carpet
lattices in Z¢, d > 2. Let a and b be positive integers. We write L = 2a + b. For
i=C(y,0i2,...,ig) €e{0,1,...,L— l}d we set an affine map W¥; from [0, 119 to
[i1/L, (i1 +1)/L]x[ia/L, (ia+1)/L]x---x[ig/L, (ig+1)/L] which preserves
the directions. Set

Ta‘{hz{(il,iz,...,id)e{O,l,...,L—l}d‘|{j|a§ij§a+b—1}|§1}.
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Fig. 3.1. The graph of G3,

We take the unique nonempty compact set K¢ ap C [0, 119 which satisfies the
equation that Ka’ b= UiETdh \Ifi(Ka’ »)- We note that K i{l is called d-dimensional

Menger sponge (see [12] for example) Set Fd’” = Uh i dpeT?, W, oW, 0.0
W, ([0, 119). Set V' = 24 0 L" F' and Gdb — (v EQv). We define a
graph Gab = U Ga 3 that is Gib = (v4 e u’b) where ij - Vad,};n

n=1
and Ea = Use, E(V . b "'). As an example, the graph of G% 5 is illustrated in
Figure 3.1.

We consider bond percolation and oriented bond percolation on GZ’ b We give
a partial order on 74 such that (x1,x2, ... ,xq) < (Y1, Y2, ..., Yyq) if and only if
xi < yi for1 <i < d. We define 67 ,(p), pc(GZ ), ?Z’h(p) and Pz(G4 ) in
a similar fashion as in Section 1. In case of percolation, pC(GZ’ ») < 1 has been
shown for all @ and b in [9]. In contrast we obtain two theorems in case of oriented
percolation.

Theorem 3.1. Letd =2 and a < b. Then P (G2 ,) = 1.

Theorem 3.2. Let2 < d < b. Then p;(G{,) = 1.

Theorem 3.1 says that on two-dimensional Sierpinski carpet lattices if the ratio of
its hole in Taz’ ; 18 not smaller than 1/ 32 then there is no phase transition. Theorem
3.2 says that for any d > 2 there exist d-dimensional Sierpinski carpet lattices on
which there is no phase transition. We do not know whether ﬁ(GZ p) = 1 forall
d,a and b or not. ’

Remark. We may define generalized Sierpinski carpet lattices in a different man-
ner. Set L = 3 and T4 = {0,1,2}4 \ {(1,1,...,1)}. Let K& be the unique
nonempty compact set which satisfies the equation that K¢, d = Uier Wi (K fc)
K d . 1s called d-dimensional Sierpinski carpet. Both K d 1.1 and K . are a generaliza-
tlon of the Sierpinski carpet in d dimensions. Let G¢, o be the graph corresponding
to K. 4 We note that Gd contains Z4~! lattice as a subgraph, and we observe that
pc(G ) < Pe(Z41y < 1 whend > 3.
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For arectangle R = [sy, 1] X [s2, 121 X -+ - X [sp, t,] C R? we denote by LR(R)
the event {u — v for some u, v € R with u; = s1, v{ = t1} where 1| and v; mean
the first coordinate of u and v respectively. Set x,’c’,l(p) = P,(LR([0,kL"] x
[0, 1L"19~1)). We notice that x; ;(p) depends on d, a and b but we omit to write
them. Note thatx}' ,(p) is non-inéreasing with respect to k and non-decreasing with
respect to /.

First we shall prove Theorem 3.1. Recall that d = 2 and @ < b in this case. It
is enough to show that

nlingoxg+b’a(p) =0. (3.1)

We have already shown this theorem in case of @ = b = 1 in Section 2. Also in
case of a = 1 and b > 2 we can prove (3.1) in exactly the same way. Hereafter we
assume that 2 < a < b. We will use the following lemmas.

Lemma 3.3. Let p < 1. There exist kg > 1 and ¢ > 0 such that
X 2a(p) <e7HY (3.2)
for any n.

Lemma 3.4. (i) Let k > 2a + 3. For any n and p,

xpt(p) < 2axjy, 4 (p). (3.3)
(ii) Let k > 4a + 2. For any n and p,
X (P) < 203, 0y o (P) + 2a — Dxfy 5, (p). (3.4)

Lemma 3.5. For any n and p,

Xy tha(P) < X 1p.a(P) + 2 X0 p2p.0(P) + (@ = Dz 0P} (3:5)

Lemma 3.6. For any n and p,

n+l
Xpap) < {1—(1—pY

Lemma 3.3 and Lemma 3.6 are obtained in exactly the same way as Lemma 2.1
and Lemma 2.4 respectively. We give a proof of Lemma 3.4 and Lemma 3.5 briefly.

Proof of Lemma 3.4. Letay; = || (k—1)/al/2] and ap = | (k — 1)/a]. Note that
201 + (a — 1)ay + 1 < k. We have the following relation:

ath. (3.6)

a
LR([0, kL") x [0,aL™ '] c | BY
j=0

where
Bj = LR([0, (¢1L +a +b)L"] x [0,aL"]),
B} = LR([(e1 L + (j — DaoL +a)L", (1L + joo L +a + b)L"]
x [(JL—a)L", GL+a)L"]) forl<j<a-—1,
B! = LR([(a1L + (a — DL + a)L", Rty + (@ — Day + L]
x [(aL —a)L", aL"t']).
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Thus we obtain

e (P) <265 L ai.a(P) (@ = Dxg 0, (P).
We note that x,’c”y (p) < fok/zj’l(p) holds for any k and [. So we have

XZ,ZI(P) < 20 Lvath.a(P) +2(@ = Dx{o,118)/21.0(P)-

Wenote thato L+a+b > | (oL +b)/2] holds for any k, a and b by the definition
of a1 and ap. If K > 2a 4 3 then | (aoL + b)/2] > k + 1 because

L‘“L;bj — k41> %Hk_lJL+b—l} (k41

a
k—a b—1
L+———(k+1
=z > L+ ———k+D
_ bk —2a*—3a
B 2a

and a < b. Thus we have proved (3.3). Let us prove (3.4) in a similar fashion.
Let 81 = [L(k — 1)/Ra)]/2] and B = [(k — 1)/(2a)]. Note that 28] + 2a —
1)B2+1 < k. We obtain

XA D) £ 26 Lo (P) + (20 = DXy 5, (P).

We observe that k > 4a + 1 implies 81 > 1 and bk > 4a’ +2a implies oL +b >
k + 1. Thus we have obtained (3.4). |

Proof of Lemma 3.5. Lety = [(a+ b —2)/(a — 1)]. We have

xgié,a(l’) <X (P + 20X 4 (P) + (a = DX} 1420 (P)}-

We observe that a < b implies y > 2, and we have obtained (3.5) similarly to the
proof of Lemma 2.3. O

Proof of Theorem 3.1. Let p < 1. If we prove that there exist ¢ < oo and ¢ > 0
such that

Xy2p.a(P) + (@ = DXy i3 5,(p) < ce™HV, 3.7)

then by (3.5) and (3.6) we can prove (3.1) in the same way as the proof of Theorem
1.1 in Section 2. Let us prove (3.7). Let kg and ¢ > 0 satisfy (3.2). By using (3.3)
repeatedly we have

iapa(P) < Qa)ixg A(p) < Qa)ixg 1.(p) < Qa)le™™ ¢ (3.8)

where ¢ = ko — 3a — 2b. We have also xfa+3b’2a(p) < c/e’L"‘p/ for some ¢ < 0o
and (p/ > ( in the same way by (3.4),(3.2) and (3.8). |
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We turn to prove Theorem 3.2. Recall thatd > 2,a =land L =2+b > d+2
in this case. It is enough to show that lim,, , o x 1P = 0. Theorem 3.2 follows
immediately from the following two lemmas.

Lemma 3.7. Let p < 1. There exist ko > 1 and ¢ > 0 such that

xp(p) et (3.9)
for any n.

Lemma 3.8. Letk > d + 1. For any n and p,

XN (p) < dV a1 (p).
Proof of Lemma 3.7. Recall that Gf:z = th N[0, L"]d, and we regard Gf’ p N
([0, kL"] x [0, L"19~1) as a subset of [0, kL"] x G{;L”. We denote by IT the
set of the oriented paths on G?;,l’" starting at the origin. For = € I1 we define
Hrx)={ve Vad,h| 0 <wv; <kL"™and (v, v3, ..., v4) is a vertex of 7 }. We have

LR([0, kL"] x [0, L"1%71)
= U {u — vin H () for some u, v with u; =0, v; = kL"}.

mwell

Note that the length of = € IT is not more than (d — 1) L". The number of the paths
in IT is not more than 4~ D" We have

kLIl
fa(p) =dVEP(Y Y = @ - DL)
i=1

where ¥; is the random variable defined in the proof of Lemma 2.1. We can pick kg

sufficiently large to satisfy P(Zf.“’:Ll" Y; < d—1L") <e L"¢ande ¥ < d—@-D,

Then (3.9) follows. |
Proof of Lemma 3.8. Let E be the set of the oriented paths from (0,0, ... ,0) to
(1,1,..., 1) on Z4 1 that is, ¢ = (£',&%,... 6% € B if and only if &' =

0,0,...,0),& =(,1,...,)and & < &+l for1 <i < d — 1 with respect
to the partial order on 721 We write A+ x = {a + x| a € A). For £ € E we
set Re; = [0, L"]9" ! 4+ (L — 1)L"&". Lets = | (k — 1)/d]. Note that s > 1 and
ds + 1 < k. We observe that

d
LR(10. kL™ '] x [0, L") < (U As,i>

Eel Ni=l
where Ag ; = LR([((i — 1)sL + 1)L", (isL + 1 + b)L"] x R ;). We have

x]?(ljl(p) <d-1)! ~d~x;’L+b,1(P) = d!x;lL+b,1(p)
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because the number of the paths in E equals (d —1)!. Letus prove that s L+b > k+1
to complete this proof. If k > 3d/2 then

sL+b—(k+1) L’%IJLM—U«H)

k—d
TL+b—(k+1)

(b+2—dk—3d

v

d
2k — 3d
>
- d
> 0.
Suppose thatd + 1 < k <3d/2.Thens = l,andsL +b =2b+2>2d +2 >
k+1. m]
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