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Abstract. We extend the definition of solutions of backward stochastic differential equations
to the case where the driving process is a diffusion corresponding to symmetric uniformly
elliptic divergence form operator. We show existence and uniqueness of solutions of such
equations under natural assumptions on the data and show its connections with solutions of
semilinear parabolic partial differential equations in Sobolev spaces.

1. Introduction

Connections between solutions of backward stochastic differential equations
(BSDEs) driven by strong solutions of 1t6 SDEs and viscosity solutions of semi-
linear second order (nondivergence) PDEs are well examined. We refer the reader to
[12] for a nice presentation of the theory and extensive bibliography of the subject.

The aim of the present paper is to extend the theory of BSDEs to the case where
the driving forward process is a time-inhomogeneous diffusion corresponding to
uniformly elliptic divergence form operator, and to show its connections with the
theory of solutions of semilinear divergence form PDEs in Sobolev spaces. We
impose no regularity assumption on the diffusion coefficient, so in general, our
forward process is not a semimartingale. Therefore the classical definition of solu-
tions of BSDEs is not applicable. Following [2, 9] we propose slightly more general
definition which make use of Fukushima’s decomposition of additive functionals
of time-inhomogeneous diffusions with divergence form generators (see [11, 16])
and seems to be well adjusted to problems with nonsmooth data. Our main theorem
says that under standard, in the L,-theory of PDEs, assumptions on the data of the
Cauchy problem there exists a unique solution of the associated BSDE and it is
represented in terms of the analytical solution in a similar way as in the case of
usual BSDEs and viscosity solutions. This strenghtens the corresponding results
from [2, 3, 9].
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394 A. Rozkosz

Let us now present and justify our definition of solutions of BSDEs and describe
more precisely the content of the paper.

Leta : [0,T] x RY - RY @ R? be a measurable, symmetric matrix valued
function satisfying

d
MEP < ) aVanEE < AEP, E= .. 80 eRY aT =dlT (LD

ij=1

for some 0 < A < A. Define the operator

d
Ar=(1/2) Y D@, x)Di)

i,j=1

and for given ¢ : RY - R, f: [0, T] x R? x R x RY — R consider the Cauchy
problem

{ (D; + ADu(t, x) = —F,(t,x), (t,x) € [0, T) x R4, (12)

u(T, x) = ¢(x), x e R4,

where
F,(t,x)= f(t, x,u(t,x), (cVu)(t, x))

and o is the symmetric square-root of a. Let Q = C([0, T']; R?) denote the space
of continuous R¥¢-valued functions on [0, 7] and let X be the canonical process on
it. Let us recall that given A; with a satisfying (1.1) one can construct a weak funda-
mental solution p(s, x, t, y) for A, and aMarkov diffusion X = {(X, P ;); (s, x) €
[0,T) x Rd} for which p is a transition density function, that is

Ps,x(Xt:)C,OS[SS):l» Ps,x(XtEF)Z/P(S,XJ,)’)G'}’, te(s,T]
r

for any Borel I' € R? (see [14, 19]). We will call X a diffusion corresponding to a.

Assume for the moment that a, f, ¢ are smooth and f, ¢ satisfy growth condi-
tions ensuring existence of a classical solution « to (1.2). Then by It6’s formula,
for each (s, x) € [0, T) x RY,

T T
u(r,xt>=¢<XT>+/ Fu(e,xe)de—/ < V0, Xg), dMyg >, 1 €[5, T]
t t

Ps x - a.s., where

MS,I:Xf_XA‘_AS,lv 0<s=<t<T (1.3)

R _ pl dy i _ d i

and Ay, = fsb(e,Xg)dG,b = b',...,b", b = (1/2)Zj=1 Dja" i =
1,...,d. Therefore, if we set

Y, Z0Y = (@, Xy), (oVu)(t, X;)), tels, T] (1.4)
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and

T
)7 = ¢(X1) +/ f6. X9, Yy, Zy")df, 1 €ls. T,
t

then

T
Yo = CDZT; —f < Z;’X,U_I(O, Xg)dMs9 >, te€l[s,T], Psx-a.s.
'
(15)

If, for instance, b is bounded, then {M ;} is a martingale additive functional (MAF)
of X of finite energy and {A; ;} is a continuous additive functional (CAF) of X of
zero energy, and so (1.3) is the Fukushima decomposition of the additive functional
(AF) {Xs; = X; — X}. We will prove in Section 2 that similar decomposition
holds for any measurable a satisfying (1.1). Moreover, the martingale part {M; ;}
of it is uniquely determined, does not depend on the starting point x and for any
(s,x) € [0,T) x R the process Mj . is an Ps x - square-integrable martingale on
[s, T'] with the co-variation process

(Mg, M{.), =/ a’,Xe)do, tels, T, i,j=1,....d. (1.6)
N

It is therefore reasonable, if ¢ is regular, to define a solution to the BSDE associ-
ated with (X, Ps ) as a pair of processes satisfying (1.5). If we assume only that
@ 1s square-integrable, one cannot expect that (1.5) holds for + = T. A natural
requirement in such a case is that Yts’x — @(X71)in Lo(Psx) ast 1 T. A precise
definition of solutions is given in Section 2.

In our main theorems we prove that if a satisfies (1.1), ¢ € ]Lz(Rd ), f is Lips-
chitz continuous in y, z, satisfies the linear growth conditionin y, z and f (¢, x, 0, 0)
€ Ly, p((0,T) x R%) for suitably chosen ¢, p, then there exist a unique solution
to the problem (1.2) and a unique solution to the BSDE (1.5), and moreover, (1.4)
holds for every (s, x) € [0, T) x R?. Let us note here that some results on solutions
to BSDEs with driving process being a time-homogeneous diffusion corresponding
to second order divergence form operator are given in [2, 3, 9]. In particular, in
[3] it is proved that (1.4) holds under the assumption that a is regular, so that the
driving process is in fact an It process. But let us remark, that the most interesting
results of [3] concern degenerate diffusions, which are not considered here. In [2, 9]
no regularity assumption on a is imposed. In [2], where as in [3] the Cauchy
problem is considered and uniform ellipticity of a is not required, (1.4) is proved
for quasi-every starting point. In [9] Cauchy-Dirichlet problem in bounded domain
is considered. It is shown there that under (1.1) a relation similar to (1.4) holds
for almost every starting point. Thus the main feature of our paper, compared with
[2, 9], is that the forward driving process is a time-inhomogeneous diffusion and,
what is more important, that we prove existence of solutions of BSDE (1.5) and
validity of the representation (1.4) for every starting point.

In proofs we combine some methods from PDE’s theory with methods of
BSDEs. On the one hand we use some standard facts from L, - theory of linear
PDEs and two deep results: Aronson’s upper estimate on the transition density of X
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and Nash’s continuity theorem [1, 8]. On the other hand we use stochastic calculus
and ideas from the theory of BSDE:s to prove a priori estimates on solutions of (1.2)
in a Sobolev space with weight, the weight being the transition density of X. The
advantage of using this space lies in the fact that if a solution « to (1.2) is in it, then
the integrals on the right-hand side of (1.5) are integrable under Py, which allows
to consider every starting point.

In the paper we will use the following notation.

D, =09/0t, D; = 9d/dx;, V= (Dy,..., Dy). C(‘)’O(Rd) is the set of infinitely
differentiable functions on R? with compact supports. I, (IL, (s, T)) is the Banach
space of functions on R4 (on (s, T) x Rd) that are pth-power summable on R4
((s, T) x R9). Wy (R?) is the Banach space consisting of all elements u of I, (RY)
having generalized derivatives D;u inIL,. W, (0, T) is the Banach space consisting
of all elements u of I,(0, T') having generalized derivatives D;u from L, (s, T).
By (-, )2, || - |2 we denote the scalar product and the norm in L, and by || - ||2.5.7
the norm in Ly (s, T).

2. Decomposition of diffusions

Given the family { Py ,; (s, x) € [0, T] x R?} corresponding to some @ and a prob-
ability measure 1 on a Borel o - field B of R? for some fixed s define the measure
Ps, by P () = f]Rd Ps x(-)v(dx) and set P = {Ps,, : v is a probability measure
on B}. Let us set now F; = o(X,, u € [s,t]) and define G as the completion of
JF7 with respect to the family 7 and G; as the completion of 7} in G with respect
to P.

We say that a family of random variables B = {Bs;, 0 < s <t < T} is an
additive functional AF of X on [0, T] if By, is G; - measurable for0 <s <t < T
and Py, (By; = By + By s <u <t <T)=1forevery (s,x) € [0, T) x R,
If, in addition, Ps y({w € Q : [s,T] > t — Bs;(w) is continuous})=1 for every
(s,x) € [0, T) x R¥ then B is called a continuous AF (CAF).

An AF B is called a continuous martingale AF (MAF), if it is a CAF of X such
that Eg (B, < 00, Ey By, =0forevery0 <s <t < T, x € RY (E, stands
for the expectation with respect to P ). Let us recall that if B is a MAF of X then
By is a ({G]}, Ps x)-martingale on [s, T].

For an AF B of X on [0, T] we define its energy e(B) by

T pT
e(B) = alirgoazf / 1i0,7(s + e <[l‘{d Es,stz,s_H dx) dsdt,
e 0 Jo

whenever the limit exists. We say that B is of finite energy (zero energy) if e(B)
exists and e(B) < oo (e(B) = 0).

A family of random vectors B = (B!, ..., B?) is called an AF (CAF, MAF,
etc.) of X if its each component B’ is an AF (CAF, MAF, etc.) of X.

In [16] (see also [11]) it is shown that for any continuous ¢ € W, with p = 2
ifd =1and p > d if d > 1 there is a unique continuous MAF of finite energy
M? and a CAF of zero energy A¥ such that

X0 =0(X) —o(Xy) = M{, + AT, tels T] 2.1)

s\t — s,t°
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and

t
(M¢ ) = / @V, V)0, Xe)db, tels, T] (2.2)

Ps x - a.s. The above decomposition can be extended to functions ¢ which are locally
in W,. In our paper we will need such extension only for coordinate functions.

Theorem 2.1. Let X be a diffusion corresponding to some a satisfying (1.1) and
fori =1,....d let {pin}nen C Cy° (RY) be a sequence of functions such that
@in(x) = x" if |x| < n. Then there exist CAFs M, A of X on [0, T'] such that

X —Xs =M+ A5y, tels, T], Psx-a.s. (2.3)
and

Ai

S,EAT, (s

Mi Mi.

n
SEAT () T s AT, (s)?

y =AU y LELSTL Poy-as. (24)
forj = 1, cod, (s,x) €[0,T) x RY, where ,(s) = inf{t > s :|X;| > n} and
M*"" (AY") is the MAF (CAF) of the decomposition of X%-». The decomposition
(2.3) is unique in the sense that if {i n}nen C Cgo(Rd), i=1,..., d are another
sequences of functions with the property that ; ,(x) = x' if x| < nand if N, B
are CAF's such that

Bi,n

i —
SATL(S) T TS, tAT,(s)?

X;—Xs = Ny, +Bss, N N

i _ n
ST, (S) T VS AT, ()

B tels,T]
Psx-asfori =1,...,d, (s,x) € [0,T) x RY, where N*" (B'"") is the MAF
(CAF) of the decomposition of XVin, then

M!,=N!, A, =B!, telsT), Py-as. (2.5)

s,1°
fori=1,...,d, (s,x)e€[0,T) x R

Proof. We first prove (2.5). Due to [16, Theorem 4.2] the AF X ¢in=Vin admits a
unique decomposition of the form (2.1) into a continuous MAF of finite energy
M¥¢in—Vin and a CAF of zero energy A% Vin_ Since X;’i"t'"M”(s) = XZ;’ZT”(S), it
follows from uniqueness that

‘ﬂi,n_‘//i.n _ i,n i,n _ in i,n _ (pi.n_‘whi,n
MS,I/\T,Z - Ms,tArn_Ns,t/\f,, - _(As,t/\r,[_Bs‘Mr,,) - _AS,T/\T,, s re [S’ T]
Py - a.s. Hence, again by uniqueness of the decomposition of X ¥#in~Vin,

Ai,n Bi,n

SEATH () — PstATy(5)?

Mi,n Ni,n

SAATa(s) = Vs tATa(s)? tels, Tl Ps,x -a.s.,

which gives (2.5), because t,(s) — o0Ps,-as. as n — oo. To prove exis-

tence, we observe that by the uniquenes of the decomposition (2.1), é:’ ATa(s) =

M;::'Lln(s), t € [s, T], P -a.s.forn € N.Therefore putting Mé’t = lim, 00 My,

Al =X, —M! forO<s<t<T,i=1,...,dwe get well-defined CAFs
satisfying (2.3), (2.4). o
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From (2.2), (2.4) and the fact that E; , ff all(t,X)dt <oofori=1,...,d
it follows that for any fixed (s, x) € [0, T') x R the process Mj,. is an ({G; }refs, 77,
Ps_x)-square-integrable martingale on [s, 7] with the co-variation process given by
(1.6).

Let us note also that e(M*") < oo, e(A"™) =0forn e N, i =1,...,d, so
following [7, Section 5.5] we may call M a MAF locally of finite energy and A
a CAF locally of zero energy.

We are now ready to give definition of the solution of the BSDE associated with
the Markov process (X, Ps x).

Definition. Let ¢ : RY - R, f:[0,T] x R x R x R¢ — R be measurable
functions and let (s, x) € [0, T) x RY. We say that a pair {(Y;"*, Z;"*); t € [s, T}
of {G]}i¢[s, 7] - progressively measurable processes is a solution to the BSDE (¢, f)
associated with (X, Ps ) if

(a) Y** is continuous on [s, T), fST |Z3¥ 2 dt < 00, Py -as.;
(b) (1.5) holds with [s, T') in place of [s, T'], where M is a (unique) CAF of the
decomposition (2.3);
(©) limyyr Eg oY — o(X7)|* = 0.
We say that the BSDE (¢, f) associated with (X, P ) has a unique solution if
for any its solutions (Y*¥, Z5%4) j = 1,2 we have ¥>"*! = Y**? 1 € [5, T),
P, -a.s. and zsxl =752 r @ P x-as.on (s, T) x Q.

3. Some limit theorems

In this section we collect some auxiliary results that will be needed in Sections 5
and 6.

Suppose we are given measurable functions a, : [0, T] x RY — R? @ R¢
satisfying (1.1) and such that a;/ — a'/ fori, j = 1,...,d almost everywhere
with respect to the Lebesgue measure. For n, k € N let gz),? e W»(0,T) denote a
unique weak solution to the problem

(k—D; — ANl = ¢in (0, T) x RY,  ¢(T,-) =00onR?,

where A} = (1/2) Z;{jzl D; (a,ij (t, x)D;), and let ¢ € W»(0, T) denote a weak
solution to the above problem with A; in place of A}.

Lemma 3.1. Let ¢ € Cgo(]Rd). Then kg — ¢ in W2(0,T) as k — oo and for
eachk € N, go,’z — @ in W(0,T) asn — oo.

Proof. For the first assertion see [18, Proposition 3.7]. The second one follows
from [8, Theorem III. 4.5]. O

Let (X, P{,) be a diffusion corresponding to a, and let
X — Xg =M, + A5, telsT]

be a decomposition of Theorem 2.1 given the family { P}, ; (s, x) € [0, T') x R4},

S,X

Itis known (see, e.g., [14, 19]) that L[X|P{', ] = L[X|Ps ] asn — o0, thatis the
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law of X under PY” . converges weakly to the law of X under Ps .. In fact, we have
the following stronger result.

Lemma 3.2. L[(X, M!)|P!,] = L[(X, M, )|Ps] in C([s, T]; R*) for each
(s,x) € [0,T) x R4,

Proof. Tt is sufficient to prove that for each (s, x) € [0, T) x R?
LIXE., MO P = LIXS., MY )| Py «] (3.D

in C([s, T]; Rz) for any ¢ € C(C)>o (Rd), where M™% denotes the martingale part
of the decomposition of X¢ of the form (2.1) under {P, ; (s, x) € [0, T) x R4},
For this purpose we fix ¢ € Cg° (R%) and define ¢y, @y as in Lemma 3.1. Let
Vi = kok, ¥y = key and let M9 (M "¢k ) be the martingale part of the decompo-

sition of X%k (X“’l’(l) under Ps x (Rg’fx). By [14, Lemma 1.3],

t
MY = Yt X,) — Yl Xo) — f kWi — ), X du.  (3.2)

Similarly, by It6’s formula, M mVE s given by the right-hand side of (3.2) with
Y in place of Y. For given AF Y and 6 € (0, T — s) let us use 5Yx,. to denote
the process Y sv(s+8) — Y5545, t € [s, T]. By Lemma 3.1 and Nash’s continuity
theorem (see, e.g., [1]), xp,’j — Y uniformly in compact sets in (0, 7] x R? as
n — 00. Hence

CIxe MUY P = LIXE., PMY)|Py (3.3)

inC([s, T]; RY). By Aronson’s estimates (see [1, 19]) there exists a constant C > 0
depending only on A, A, d, T such that

—d)2 |y_x|2
p(s,x, t, y) < C(t —S) exp —m (34)

forall0 < s <t < T.Therefore, due to (2.2) and uniqueness of the decomposition
(2.1) we have

Eg MY —°M¢ )p = E; (MU %) p
— B, / ;mvm — ). V(i — ). Xy dt
< ACS™ IV Wik — ) 3.y 15.7-
Hence, by Doob’s inequality and Lemma 3.1,

Jim Eq. sup My —m?, % = o. (3.5)
—00

s<t<T
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Due to Lemma 3.1, w,? — Y in Wa(s, T) as n — o0, so in much the same way
as above we obtain

lim limsup E; , sup |8Msn’;l/k —Me
k=00 p—soo s<t<T ’ ’
< 4AC54/? Jim_lim sup IV = @357 = O. (3.6)

k=00 p—o0

Putting (3.3), (3.5), (3.6) together and using [5, Theorem 4.2] gives
LIXE . MP9)| P = LIXE . °ME )| Py . (3.7)
Since

e

s+6
E, (M¢. — M®)p = / (@Yo, Vo) (u, Xu) du
s

and

s+5
Ey (MY — M) = / (@n Ve, Vo) (u, X,) du,
s
we have also

hﬁ)lEsx sup |8Mf, ;p,t|2=0, hmhmsupE” sup |6M"(p M"‘p|

s<t<T 30 n—soo s<t<T
which yields (3.1) when combined with (3.7). O
As a corollary to the above lemma we get

Lemma33. IfF, > F, G\, — G, i=1,...,d inLy(s, T) then

T T
E[(X,/ F, 0, Xg)d@,/ < Gu(9, Xp), dM 9 >)| Py, ]

T T
i L[(va F(ev X@) de’/ < G(Qa X@)v dMS‘,@ >)|PS,X]

in C([s + 8, T1; R4*2) for each § € (0, T — ).

Proof. 1t suffices to repeat arguments from the proof of [15, Lemma 1.1] or [17,
Lemma 3.3]. m]

4. Uniqueness and a priori estimates for solutions of BSDEs

We will need the following assumptions.

(i) ¢ € La(RD);
(i1) fismeasurable andthereis L > Osuchthat|f (¢, x, y1, 21)—f(, x, y2, 22)|
< L(|ly1 — y2|+1z1 —z2]) forall (£, x) € [0, TIxR?, y;,y» € R, z1,20 €
R
(iii) there exist K > O and g € 1Lo(0, T) such that | f(z, x, y, 2)| < g(t,x) +
K(lyl + |z]) forall (t,x,y,2) € (0, T) x R x R x R%
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(iv) condition (iii) holds with g € (0, T) N L, ,(0, T), where L, ,(0, T)
is the space of measurable functions on (0, 7') x R having a finite norm
lullg,p = (fy (fa e, )|P dx)?/Pdr)"/4 and g, p are such that ¢, p €
(2,00] and (2/q) + (d/p) < 1.

Let H(Td)(Ps, x) denote the space of {G}};c[s, ] - progressively measurable d-
dimensional processes n on [s, 7] such that E j;T [n: |2 dt < o0.

Proposition 4.1. Assume (1.1)and (i), (ii), (iv). Then for every (s, x) € [0, T) xR¢
the BSDE (@, f) associatedwith (X, Ps x) has at most one solution in H(Tl +d) (P x)-

Proof. 1t follows from It6’s formula and Gronwall’s lemma in much the same way
as for BSDEs driven by Itd’s diffusions; see, e.g., the proof of [12, Theorem 2.1].
O

Let us remark that assumption (ii) in Proposition 4.1 can be relaxed. Namely,
it suffices to assume that
(ii’) f is measurable, Lipschitz continuous in z and satisfies the monotonicity con-
dition: (y1 — y2) -+ (f(t.x,y1.2) = f(t.x.y2.2) = L'Iy1 — y|* for some
L' >0.
Proposition 4.2. Under the assumptions of Proposition 4.1, if the pair (Y**, Z5*)
€ ]HI(THd)(PS, v) is a solution to the BSDE (¢, f), then there exist a constant C
depending only on K, T such that

T T
Es,x(sup 1Y + / |Zf’x|2dz)sclEs,x (|¢<XT>|2+ / |g<r,x,>|2dr).
S S

s<t<T
Proof. The proof in analogous to that of [12, Proposition 1.1], so we omitit. O

For fixed (s, x) € [0, T) x R? let £5(x, s, T) denote the Banach space of func-
tions on (s, T') x R? having a finite norm ||u||§;x’S’T = fSTfRd lu(t, y)|2p(s, x,t,y)
dt dy and let W, (x, s, T') denote the space of all elements u of £, (x, s, T) having
generalized derivatives D;ju in Lo(x,s,T) equipped with the norm

”u“%/\/'z(x,s‘T) = ”u”%xsT + “Vl"”%;x,s,T‘
From Proposition 4.2 and (3.4) we conclude that
T
Y31 + E f (Y4120 Py de < (T = )7 1013 + 1813.05.7)
N
4.1

for some C, depending on A, A, K, d, T. In case there exists a solution « to (1.2)
and (1.4) holds true, (4.1) gives estimates for |u(s, x)| and ||u ||y, s, T)- These
estimates will play a key role in the proof of existence of solutions to the BSDE
(¢, f). Notice also that if g, p satisfy the conditions formulated in assumption (iv)
then from Aronson’s estimate (3.4) and Holder’s inequality it follows that

lgll2;x,s,7 = C3ligllg,p (4.2)
for some C3 depending only on A, A, d, T and g, p.
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5. Linear problem

In this section we consider the problem
(Di +Au=—Fin(s,T) xR, w(T,)=¢onR’. (5.1)

We will seek solutions in the Banach space V (s, T') consisting of all elements of
W> (s, T) that are continuous in ¢ in the norm of L, and have a finite norm defined

by ”u”%/(sj) = sup; ., .7 llu(z, )”% + ”u”%Vz(s,T)'

Proposition 5.1. Assume (1.1) and let ¢ € 1Ly, F € Lo(s, T). Then there exists a
unique weak solution v € V (s, T) to the problem (5.1). If moreover

VHCI[s,T)xRY H — compact  sup ||F|a.c.r <00 (5.2)
(t,x)eH

then there is a version u of v that is continuous on [0, T) x R4 and the pair
Y7z = @, X)), (oVu)(t, X;)), te€ls,T) (5.3)
is a solution, in H(THd) (Ps.x), to the BSDE (¢, F) associated with (X, Ps x).

Proof. The first assertion is a well known classical result (see, e.g., [10, Theorem
6.2]). To prove the second, we first assume that F is bounded. By using a mollifi-
cation one can construct smooth functjpns ay : [s, T x R4 > RY QR4 satisfying

(1.1) with a,, in place of a such that @] — a'/,i, j =1, ..., d almost everywhere
and smooth bounded functions ¢, : R — R, f, : [s, T] x R — R such that
on = @inly, f, > Finlo(s, T) and || f|lco < || F|lco- Let u, denote a classical
solution to the problem

(Dy + Ay = —fuin [, T) x R, u,(T,) = g, onRY,
where A7 is defined as A but with a replaced by a,,. Then, by It6’s formula,
70 ZP0) = (ua(t, Xp), 0aVun(t, X)), 1 €[5, T] (54

is a solution to the BSDE (¢, f,) associated with (X, P{’ ), that is

T
yi = o —/ <Zy*", 0,10, Xg)dM?y >, t €[5, T1, P}, -as.,
t

(5.5)
where ’
O =t + [ f6. X0 a8
t
and M" = {M‘?’t, 0 <s <t < T}is a MAF from the decomposition of X under
{P{',; (s,x) € [0,T) x R4}. Let v € V(0, T) be a weak solution to (5.1). Since

¢n = ¢inly and f,, > FinLy(s, T), it follows from the energy inequality (see,
e.g., [10, Theorem 6.1]) that u,, — v in V (s, T). On the other hand, (1.1), (4.1),
(5.4) and (3.4) imply that

lutn (8 )P+ unlly, 17y < C2OVADYAT ="l @ull3+ 1 full3 s 7) (5:6)
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for (¢, x) € [s, T) x R%. Therefore {u,} is uniformly bounded on [s, 7' —§] x R4 for
each § € (0, T — s), and hence, by Nash’s continuity theorem (see, e.g., [1]), {¢,}
is uniformly bounded and equicontinuous in any compact subset of [s, T) x R¢.
Therefore there is a continuous version u of v such that u,, — u in any compact
subset of [s, T') x R?. From the above and Lemma 3.3 we conclude that

T
cir o [ <z o0 X0 dMYy )P
‘ T T
= LlwC X0 + [ FO.X0d0, [ < Va0 Xo). dMoa =)1Pes]

in C([s + 68, T — 8]; R3) for every 6 € (0, (T — s)/2). Hence, by (5.5) and the
continuous mapping theorem,

T T
u(t, X;) = (P(XT)+/ F(@, Xe)dG—/ < Vu(0, Xg), dMsp >, 1€ (s, T)
t t

(5.7)
Ps x -a.s. Furthermore, (5.6) implies that {u, } is uniformly bounded in W» (x, s, T').
Therefore, it is weakly relatively compact in Wh(x, s, T'), and consequently, Vu €
L>(x, s, T). From this and the fact that F € £y(x, s, T) we conclude that

! t
/ F(0, Xp)do — 0, / < Vu(, Xp), dMs9 >— 0
N N

Ps x-as. ast | s, which together with continuity of # shows that (5.7) holds for
t = s, too. Thus, conditions (a), (b) of the definition of a solution of BSDE are
satisfied. Now set g(¢, y) = Ef,y{uz(t, y)—2u(t, y)(p(Xr)+(p2(XT)} and observe
that by the Markov property and (3.4),

Es,xlu(t’ X;) — W(XT)|2 = Es,xEs,x({uz(t7 X)) —2u(t, Xe)o(XT1)
+? (XDNFE ) = Esxg(t, X1)

< AC(t—S)_dﬂ/ g(t, y)dydy.
Rd

Let w € V (s, T) denote a weak solution to (5.1) with F = 0. Then

/ g(ay)dyzf W (t, y) — 2u(t, y)w(t, y) + ¢* () dy
R4 R4
= (M(t, ')a u(ta ) - (P)Z + (u(ta ')7 (p - w(tv ))2
_(M(t» ) — @, U)(t, ))2 - (gﬂ, UJ(t, ) - (P)Z,

which convergestoOast 1 T, since u, w € V (s, T). This shows (c), and the proof
of the theorem in the case of bounded F is complete. To prove the general case,
we now set f;, = (—n) V F A n and denote by u, the unique, in V (s, T), weak
solution to the problem

(D + Aup = —fyin[s, T) x RY,  u,(T,) = ¢ onRY,
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and by (Y**", Z**") a solution to the BSDE (¢, f,) associated with (X, Ps x).
Since we know already that (Y**", Z* ") is given by (5.4) with o, replaced by
o, from (4.1) we obtain the estimate (5.6) with ¢ in place of ¢, and F in place of
fn- Hence, by (5.2), {u,} is uniformly bounded on compact sets in [s, T') x R4 and
in Wh(x, s, T), and therefore the rest of the proof runs as before. m]

6. Semilinear PDEs and BSDEs

Our next theorem concerns analytical solutions of (1.2). We find interesting that
the main simple idea of its proof comes from the theory of BSDEs.

Theorem 6.1. Assume (1.1) and (i)—(iii). Then there exists a unique weak solu-
tion u € V(0,T) to the Cauchy problem (1.2). If moreover (iv) holds, then u €
Wi(x, s, T) for every (s, x) € [0, T) x R? and F = F, satisfies (5.2) with s = 0.

Proof. Fory > 0tobe determined later define the norm ||-||,, in V (0, T') by |||u|||)2/ =
SUpo<s<7 lltty (s, ~)|I% +lluy IIiO’T +AVu, ||§;O’T, where u,, (s, x) = eV 2u(s, x).
Clearly the norm || - ||, is equivalent to || - |y (o,7), so (V(0, T), [I - ll,,) is a Banach
space, which we denote by V, . Define the mapping ® : V,, — V,, by putting ® (1)
to be the solution to (5.1) with F, in place of F. Suppose that vy, v2 € V and set
v = ®(v;) — ®(v2). Multiplying v by the function v(s, x)e¥* and integrating by
parts gives

T T
e’ |lu(s, I3 + v / e, )13 dr + / e’ (a(t, )V, ), Vo(t, )2 dt

T
= 2/ e’ ((Fy, — Fy,)(t, "), v(t, )2 dt. 6.1)

Using (1.1), (ii) and the elementary inequality 2ab < e~ 'a® + eb® with ¢ =
(8A)~ A we see that

2((Fy, — F,)(t, ), v(t, )2 < 8ATVAL?|Ju(t, )13 + @A) " "All(vr — v2) (2, )13
+47 IV (01 — v2) (@, )3

Hence, if weputy = 1+81~ ' AL2, then from (1.1), (6.1) we get [Jv]l, <27 [lvi—
V2l . Thus, ® is a contraction on V), and therefore has a unique fixed point #, which
is a unique solution to (1.2) in V (0, T). Moreover, if we set ug = 0 and u,41 =
@ (up) forn € NU{0}, thenu,, — uin V (0, T). Let us now fix (s, x) € [0, T) x R?
and assume (iv) holds. We will show that {u,} C Wh(x, s, T). For this purpose we
will prove that

Jun1 (5, )P+ttt Sy, o,y < C2AVATIT =)™ QI3+ | Fu, ||%;x(,%, ng
for n € N U {0}. Since |F,,| < g, it follows from Proposition 5.1 that u (-, X.),
oVui(-, X.) solves the BSDE (¢, F,,) associated with (X, P; ). From this and
(4.1) we see that (6.2) holds for n = 0. Hence, in particular, (5.2) holds with F,,; in
place of F. We can therefore use once again Proposition 5.1 to get (6.2) forn = 1.
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Working by induction we see that (6.2) holds forn € N, and so {u,} C Wh(x, s, T).
Let V), (x, s, T) denote the space W (x, s, T') equipped with the norm

T 12
biyorscr = ([ €0t 302 + 219t 0P p6s. 1.y
s

and let w, = u, — uy—1, n € N. Since the pair (w,+1(-, X.), o Vwy,41(-, X.))
solves the BSDE (0, F,, — Fy,_,), applying It0’s formula gives

T
" Ey w1t XOP + 7 Ey 1 / " w1 6, Xo)
t
T
+Es,x/ eV9 < aVw,110, X¢), Vw4109, Xg) > db
t
T
—2E, / "0 wns1(6, Xg) - (Fu, — Fuy_ )0, Xo) 6
t
T
<2LE,, f " w118, Xg) - (1wn] + [0 Vwa ) (8, X) d6
t

T
< 8A—1AL2EM/ " lwyi1(0, Xo)I* dO
t

T
+4—1Eu/ &7 (w6, Xo)I? + 1|Vun (6, X)) db.

t

Therefore

T
E,. f (w1 P + MV Pt X di
S
T
54—1f & (Jwn? + A Vunl?) (2, X) d,
S

that is flwuy+1lly ;5,7 < 2_1|||wn|||y;x)s)r. Hence, by elementary calculations,
Netnvm — unlly;xs,r < 27y — uglly;x,s,7 for n,m € N, which shows that
{un} is a Cauchy sequence in V), (x,s, T). In fact, since u, — u in V(0,T),
it follows from (3.4) that u, — u V), (x,s,T). Moreover, |lu — uilly.xs,7 <

lleer — uolly;x,s,7 = lu1lly;x s, 7> and hence, by (4.1),

ANl sy < Muallyxst < 20uillywst < Cllutlw, st
1/2 _ _
< &,V ATHYY2(T =97 P} + Igl3., )

with C’ = 2(1 v 1)Y/2e¥T/2_ From the above, (iv) and (4.2) we see that F,, satisfies
(5.2), and the proof is complete. O

Notice that from Theorem 4 in [6] one can deduce that the first assertion of
Theorem 6.1 still holds if we replace (ii) by (ii’).

The technique of equivalent norms used in the proof of Theorem 6.1 goes back
to [4]. Applications of this technique to backward or forward-backward SDEs can
be found in [13] and in references given in Remark 2.5 there.



406 A. Rozkosz

Theorem 6.2. If(1.1)and (i), (ii), (iv) are satisfied, then for each (s, x) € [0, T) x
R there exists a unique solution (Y**, Z5*) € H(THd)(PS,x) to the BSDE (¢, f)
associated with (X, Ps ;). Moreover, it is given by (5.3), whereu € V(0,T) is a
unique continuous solution to the problem (1.2).

Proof. Uniqueness follows from Proposition4.1. By Theorem 6.1, F), satisfies (5.2)
with s = 0, so to prove existence of solutions it suffices to put F' = F,, and repeat
the proof of Proposition 5.1. O

From Theorem 6.2 and (4.1), (4.2) we have

Corollary 6.3. Under the assumptions of Theorem 6.2 there is C4 depending only
oni, A\, K,d, T and q, p such that

s, )|+ [ullwy.s.ry < Cal(T = )" oll3 + gl )"

for (s,x) € [0,T) x RA.
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