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Abstract This paper deals with the Saint-Venant torsion of elastic, cylindrically orthotropic bar whose cross
section is a sector of a circular ring shaped bar. The cylindrically orthotropic homogeneous elastic wedge-
shaped bar strengthened by on its curved boundary surfaces by thin isotropic elastic shells. An analytical
method is presented to obtain the Prandtl’s stress function, torsion function, torsional rigidity and shearing
stresses. A numerical example illustrates the application of the developed analytical method.
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1 Introduction

The Saint-Venant torsion of anisotropic linearly elastic bars has been the subject of several works from both
theoretical and numerical viewpoints. Books by Lekhnitskii [5,6], Milne-Thomson [8], Arutjujan and Abram-
jan [1], Sokolnikoff [13], Sadd [10], Sarkisyan [11, 12], Rand and Rovenski [9], Chabanjan [2] give the detailed
analysis of Saint-Venant torsion of anisotropic and orthotropic bars. The books mentioned above deal with
mainly the Saint-Venant torsion of Cartesian anisotropic and orthotropic bars. The torsion problem of cylin-
drically anisotropic and orthotropic bars is studied in books by Lekhnitskii [5,6], Rand and Rovenski [9] and
papers by Sods [14] and Ecsedi et al [4]. In paper [3], by the use of principle of minimum of potential energy
and principle of minimum of complementary energy, approximate analytical solutions are derived for the
torsion function and for the Prandtl’s stress function of the uniform torsion of cylindrically orthotropic solid
elliptical cross section.

Present paper deals with the Saint-Venant torsion of cylindrically orthotropic bar whose cross section
is a sector of hollow circle. The considered cylindrically orthotropic homogeneous elastic annular wedge-
shaped bar strengthened on its curved boundary parts by thin isotropic elastic shells. An analytical solution is
formulated to solve the Saint-Venant’s torsion problem for the cylindrically orthotropic bar which is reinforced
by thin isotropic elastic shells on its curved boundary surfaces. The developed solution gives the Prandtl’s stress
function, torsion function and the torsional rigidity of the compound cross section which consists of one solid
cross section and two open thin walled cross section.

2 Governing equations

At first, we consider the Saint-Venant torsion of the compound linear elastic bar which is constructed from
three cylindrical orthotropic beam components whose cross section is shown in Fig. 1.
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Fig. 1 Cylindrically orthotropic compound cross section

The cylindrical coordinate system Orgz has been used to formulate the governing equations of the uniform
torsion problem of compound annular wedge-shape bar. The cross section A can be divided into three parts as
A= A1 UAU Az, where

Al ={(r,@)IRo<r <R;,0<¢ <o} (1)
Ay ={(r,@)IlR1 <r <Ry, 0<¢ <} @)
Az ={(r,¢)IRy <r <R3, 0<¢ <a} 3

There are perfect connections between the beam components whose cross sections are A, Ay and A3.
From this fact it follows that axial displacement and radial shearing stress field are continuous on the whole
cross section A. The length of the compound bar is denoted by L. The material of the beam component
B; = A; x (0, L) (i =1,2,3) is cylindrically orthotropic with shear modulus G;,, G, (i = 1,2, 3). In the
present problem the Prandtl’s stress function formulation of the considered Saint-Venant torsion leads to the
next coupled boundary-value problem [2,4-6,9,11,12]

PUL 10 |6 2
ar? r or r2 9?2
U =0 Ry<r<R; ¢=0 and ¢ =« (®))

= —2G1§0 g1 = in A1 (4)

0> 13U, g2 d°U, G2y
ar? r or + r2 9¢? % &2 Go, ma ©
U,=0 Ri<r<R, ¢p=0 and ¢ =« 7
82U2 10U3 g% 32U3 3¢
Sy 2224837 0 G = in A 8
or? r or r2 9¢p? 3¢ 8 Gi, s ®)
U3=0 Ry<r<R; ¢=0 and ¢ =« ©))
Ui(Ro,9) =0 0O0<¢p=<a (10)
Us(R3,9) =0 0=<¢=<a (11)
Ui(Ri,9) =Uz(R1,9) 0=<¢=ua (12)
Us(R2,9) =U3(Rz2,9) 0=<¢ =<« (13)
1 oU 1 oU
T %2 R O<g<a (14)
Gy Or Gy Or
1 U 1 oU
vz _ 9v3 r=R 0<¢<a (15)

G_z(par _G_3¢8r

Equations (4), (6) and (8) formulate the strain compatibility conditions in terms of stress function U; =
Ui(r,¢) (i = 1,2,3). The boundary conditions (5), (7), (9), (10) and (11) express that the whole boundary
contour of cross section A is traction free. The continuity conditions of radial shearing stresses on the common
boundary curve of A| and A, on the common boundary curve of A, and A3 are formulated by Eqs. (12) and
(13). Equations (14) and (15) provide the continuity of the axial displacement over the whole cross section
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A. The relation between the Prandtl’s stress functions U; = U; (r, ¢) and torsion function w; = w; (r, ¢) are
described by the following systems of equations [2,5,6,9,11,12]
80)1' _ 13U,' 30),’ 8U,'

= —Fr— — Gwi’z (rnp)eAi (=1,2,3) (16)

Gjp— = ——%, i)
" or r ¢ i ap ar

Equation (16) is based on formulae of shearing stresses 7;,; = T;;;(r, ¢) and T;p; = Tip;(r, @) expressed in
terms of U; = U;(r, ¢) and w; = w; (r, ) (i = 1,2, 3) which are as follows

j dw; 10U;

Gz _ G, 220 _ 2000 (1 21,2,3) (17)
s ar r 0

Tigz 1 0w; aU; .

2 =G | —— =—— =1,2,3 18
0 i (r o —|—r> or G ) (18)

In Egs. (14), (15) ¥ denotes the rate of twist with respect to the axial coordinate z [5,6,8]. The relation
between the applied torque 7 and ¢ is as follows

T =05 (19)

where S is the torsional rigidity of the compound cross section A. According to Prandtl’s formulation of
uniform torsion we have [5,6,11,12]

S=2 /UldA+/U2dA+/U3dA . (20)
Al Az A3
Here, we note for isotropic beam component the shear modulus in radial and circumferential direction is

the same, that is
Gr=Gy=G 21

3 Cross section reinforced by thin elastic shells

Figure 2 shows the elastic cylindrically orthotropic cross section which is reinforced by thin isotropic elastic
shells on its curved boundary. In the present problem

Al={(r,@)|lRo<r <Ri=Ry+ti 0<¢<a} (22)
A3 ={(r,@)IRy<r<R3=Ry+1t 0<¢=<a} (23)

The thickness #; (i = 1,2) are small in comparison with Ry. Following Arutyunjan and Abramyan [1]
and Chabanjan [2] we assume that the stress function U; = U;(r, ¢) (i = 1, 3) is a linear function of the
radial coordinate r and satisfies the boundary conditions (10), (11), and the continuity conditions formulated
by Egs. (12) and (13). According to the above-mentioned requirements we have

U(R;,
Ui(r,¢) = %(r —Ro) (r.¢) €A 24)
U(R>,
Us(r, @) = —%(r —R3) (r,p) € A3 (25)

Here, we introduce the next designation U> (r, ¢) = U (r, ¢). Denote G; (i = 1, 3) the shear modulus of the
thin isotropic elastic shell whose thickness is #; (i = 1, 2). The shear modulus in radial and tangential direction
of cylindrically orthotropic cross section A; are represented by G, and G,. From Egs. (14) and (15) we obtain
the next boundary conditions for U = U (r, ¢) [1,2]

U

U(Ry, ¢) — 1 — =0 0<¢=<«a (26)
ar r=R
U

U(R2, ¢) + 2 — =0 0<¢=<a 27
or r=R>




4306 I. Ecsedi, A. Baksa

=3
R3
=a
RO Gr, GQD "0
T As
\f: G, 4 Gs
=0
o R A |7
Ry
Fig. 2 Orthotropic cross section reinforced by thin shells
Here
G G3
- — =tHh— 0O0<op< 28
1= lG(p W2 2G(p S¢p=a (28)

The solution of Saint-Venant’s torsion of cylindrically orthotropic annular wedge-shaped bar strengthened
by on its curved boundary surfaces by thin isotropic elastic shells is obtained from the next boundary value
problem

U 13°U  g*d*U , G
- . = -2G =@, A 29
orz  r or? +r2 92 v 8 G, (rg) € A2 @9
Ur,0)=U@r,a)=0 R <r<kRk (30)
oU
U(r,w)—ma—=0 r=R 0=<g¢=<a (31
r
oU
U(r,<p)+uza—=0 r=R 0=<¢=<a (32)
r

We look for the solution of the boundary value problem formulated by Eqgs. (29)—(32) in the next form

Urg) = ug(r)sinkep  hp = 2k — 1)2 (33)
k=1

Itisevident U = U (r, ) satisfies the boundary conditions (30). In order to obtain the expression of uy = uy(r)
we will use the next Fourier’s series representation of —2G,

8G A
~2G, =——* Z Sin Ag (34)

Substitution of Eq. (33) into Eq. (29) we obtain

d?up 1 dug Pk 8G, _
R Pk, 279 =oh (k=1,2,... 35
12 +r L i Pk = ghk ( ) (35)

The general solution of the ordinary differential equation (35) is as follows

8G
up(r) = agrP* + bpr P + cpr? o = —W k=1,2,...) (36)
a4 — pk)
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The constants a; and by can be computed from the boundary conditions (31) and (32). A detailed computation
gives

akzck%" bkz—ck%" k=1,2,...) (37)
he = w12 piR; 2PK 4 11y PR R +/L1ka2R2pk - R Rzkarl

+M1M2PkR2pk + szkR2p"R1 + MuDkRZpk+1 + RzpkHR (38)
hie = —papiRY + RRP = 2 RaRY? 4 2papa piRP? = REVR,

20 RY PRy — i peRY T — 200 2 pe RET? (39)
ho = 2ot prRY R — 200 RYPRIT 4y pe R RIS — RY R

—2M1M2ka§p"Rfk+2 + szkR2kaPk+3 ZMIRgpkHRka 4 Rgpk+1R{;k+3 40)

The determination of the torsional function of the cylindrically orthotropic cross section A; is based on the
coupled system of partial differential equations (17) and (18). In this section we use the next designation
w2 = w. According to Egs. (17) and (18) we have

dw 1 U ow r aU 2

& - —=———_7 41)
ar rG, d0¢ dp Gy, or

The solution of system of partial differential equation for w = w(r, ¢) is as follows
> b Crh
w(r, ¢) = Z (—krpk — Ky %ﬂ) COS Ak 42)
8 8
k=1

This solution is vanishes on the axis of symmetry of the cross section Ay (¢ = «/2). Since the size of
thickness of shell-like cross-sectional component is very small we assume that w; = w; (7, ¢) (i = 1, 3) can
be represented as

w1(r,9) =w(R1,¢) (r,p) € At w3(r¢) =w(R2,¢) (r,¢) € A3 (43)

The torsional rigidity of the compound cross section is obtained by the application of Eq. (20). A simple
computation gives the next results for S

S=81+8%+S3 (44)
where
Ry «
S :2//rU1(r, @)drde
2t _ A
_ Z ! (akR{’k +bRTT + cka) (3Ro + 2t1) sin’ %a (45)
Ry «a Prt+2 pit+2
R — R
S=2 rUg(r @)drdg = 42 O e
RyPET2 _grmtr 5 A
+by—2 L + — (R% — R}) | sin®? === 46
e G 2 (46)

R «

Sy = 2//rU3(r, p)drde
Ry O
Ak

o0
2t _
= E f (aka" + bk Ry TF + CkR%) (3Ry + 21y) sin® ozT (47)
k
=1
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Fig. 3 Prandtl’s stress function as a function of radial coordinate

600000 ‘
500000 - R RRREE e Le|oe=0ab Lo 4
. . : $= 3 Vl
400000 - LEEEETETETE REERE p=5 U] ) EEEEREE i
. . . p=% v I
300000 e e SR TIR | R 4
200000 - Freeeeeens Breeeeee b I TR 4
F 100000 SR fooceneeees e R S i
EN (U \_;_;_;-,‘«"—v —v-— v v: TiehT ; T T
& -100000 [ foree P b - e 4
| . . . .
-200000 [ j rrrrrrrrrr Do P . L 4
o ) ) ) )
-300000 [ 30 SEPRETRETS b b L A 4
-400000 ‘ L L w |
0.025 0.03 0.035 0.04 0.045 0.0 0.055

r[m]

Fig. 4 Shearing stress 1, for five different values of polar angle

The analytical solution of isotropic homogeneous elastic wedge-shaped bar which was given by Madhavi A
and Madhavi Y [7] is recovered from the solution of Saint-Venant torsion problem presented in Sect. 3 of this
paper if

Ry=Ri, Ro=R;, Gi=G2=0, mi=u2=0, G, =G, =0G. (48)

4 Numerical example

The following data are used in the numerical example which illustrates the application of formulae of Sect. 3

R =0.03m 7 =0.0008m R, =0.05m 7 =0.0008m o= % (49)
G =45%x10°Pa G3=7.5x10°Pa (50)
G, =3x10%Pa G, =6x10%Pa ¥ =10 >rad/m (51)

The plots of the Prandtl’s stress function as a function of radial coordinate for five different values of polar
angle are shown in Fig. 3.

The plots of the shearing stress 1, for five different values of polar angle against radial coordinate are
presented in Fig. 4.

The illustration of the shearing stresses t,, as a function of radial coordinate for five different values of
polar angle are given in Fig. 5.

The contour lines of the Prandtl’s stress function are shown in Fig. 6.

The plots of the torsional function for five different values of polar angle against radial coordinate r are
presented in Fig. 7.
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Fig. 5 Shearing stress ., for five different values of polar angle
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Fig. 8 Contour lines of the torsion function

Table 1 Comparison of approximate solution presented in this paper with the exact analytical results

t = 0.0008 m

S = 0.580 6412242 Nm?
Sy = 52.119295 730 Nm?
S3 = 1.254489 661 Nm?

S =53.954426 61 Nm?

V =6.505579875 x 10*N
t = 0.008m

S1 = 50.124423 18 Nm?

S» = 34.793 060 94 Nm?

S3 = 81.627 664 Nm?2

S = 166.545 149 Nm?2

V =1.826756944 x 10°N
t=0.015m

S1 = 104.029 283 2 Nm*?
S» = 16.757 482 98 Nm?

$3 = 220.061291 Nm?

S = 340.848 057 Nm?

V =5.430432283 x 10°N

S1 = 0.580 641534 4 Nm?
Sy = 52.119287 530 Nm?
S3 = 1.254461 320 Nm?

S = 53.954390 38 Nm?

V =6.505579700 x 10*N

S1 = 50.124 423 82 Nm?

S> = 34.790 606 30 Nm?

S3 = 81.627 726 Nm?

S = 166.545 210 Nm?2

V =1.826546927 x 10°N

S1 = 104.029 280 8 Nm?

S, = 16.557478 73 Nm?

S3 = 220.061215Nm?

S = 340.647 974 Nm?2

V =5.430431167 x 10°N

The contour lines of the torsion function are shown in Fig. 8. The torsional rigidity of the beam components
B1, By, Bz and the whole compound cross section are as follows

S; = 0.3635213Nm?  S3 = 0.9494349Nm? S, = 43.47721 Nm? (52)
S = 44.79005 Nm? (53)

5 Comparison of approximate solution with exact analytical solution

Table 1 shows the effect of the thickness of outer and inner shell-layers to the accuracy of the solution given by
this paper. The accuracy of the solution is measured by the torsional rigidities S, S2 and S3 of the cross-sectional
components and a one value of Prandtl’s stress function

R+ R
V=uU (g g) . (54)
2 2
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The first column of Table 1 are derived from the solution of boundary value problem formulated by Egs.
(29-32). The second column of Table 1 contains the results of exact analytical solutions of torsional problem
which satisfy Egs. (4-15).

The following data are used for calculation of the results for Table 1

Ro=0035m R;=0055m 1 =t=1 a= % (55)
G =45x10°Pa G3=7.5x 10°Pa (56)
G, =3x10%Pa G, =6 x 10°Pa (57)

6 Conclusion

In the present paper, the Saint-Venant torsion of the compound cylindrically orthotropic wedge-shaped bar
has been studied. An analytical solution is given for the uniform torsion of the cylindrical orthotropic annular
wedge shaped bar whose curved boundary segments are strengthened by thin isotropic elastic shells. The
presented solution is valid for the vertex angle of compound cross section between 0 and 2. Closed form
formulae are derived for the Prandtl’s stress function, torsion function, shearing stresses and torsional rigidity.
Example illustrates the applications of the presented formulae.
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