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Abstract An holistic view is attempted towards prediction of the effect of residual stresses induced by full-
forward extrusion on fatigue life of workpieces during operation. To study the effect of constitutive model on
the accuracy of forming simulations, a combined nonlinear isotropic/kinematic hardening model as well as
the isotropic hardening part of the same model are calibrated based on five compression-tension-compression
uniaxial stress experiments. A full-forward extrusion finite elementmodel is developed adapting both the afore-
mentioned hardening plasticity models and the predicted residual stress states at the surface of the workpiece
are compared against that of a corresponding forming experiment. Results show residual stress predictions of
remarkable accuracy by the FE-models with the isotropic hardening model. The effect of residual stresses on
fatigue life of the workpiece is qualitatively studied by uncoupled multiscale simulations featuring gradient
crystal plasticity at the microscale. While the effective (homogenized) macroscale response indicates elastic
response during a macroscopically cyclic loading, plasticity accompanying reduction of residual stresses is
still present at the microscale within, e.g. grain boundaries.

Keywords Residual stress · Cold forming · Kinematic hardening · FE-simulations · Multiscale modeling

1 Introduction

Forward rod extrusion is a well-established method for manufacturing metal components such as screws, bolts
and axles in large series. Forming at room temperature allows a material and energy-efficient production of
high quality parts. Due to work hardening, a high material strength is achievable. However, inhomogeneous
plastic flow during forming causes residual stresses to remain within the formed parts. Depending on their
magnitude and stability [1], they may influence the parts operating behaviour [2]. Tensile residual stresses, for
example, are superimposing load stresses, resulting in reduced fatigue resistance [3]. Compressive residual
stresses on the other hand counteract crack initiation and growth [4].

If these stresses are taken into account already during the virtual product design, it is possible to shorten
the production cycle through the elimination of subsequent heat treatment steps. For an accurate numerical
computation of the forming process and the resulting part properties, a detailed modelling of the material
behaviour is necessary. For simple forming processes, an isotropic material model may be sufficient. However,
as soon as a load reversal occurs during the process, the Bauschinger effect leads to a reduction of the yield
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stress [5]. Therefore, a combined isotropic-kinematic hardening model is required for an accurate numerical
computation of forming processes.

The isotropic hardening behaviour is determined in uniaxial tests with tensile or compressive load. These
tests have the advantage of being comparatively simple to conduct and applicable to both sheet metal and bars.
Compressive tests are limited by buckling and bulging of the specimens [6], while in tensile tests, necking
and breaking of the material are critical. For the determination of combined isotropic-kinematic hardening
parameters, tests are carried out, where the loading direction is changing. When analysing cyclic plasticity,
specific phenomena such as the Bauschinger effect, recovery and ratchetting are occurring [7]. Experimental
methods are mainly focused on the testing of sheet metal [8], where combined hardening parameters are
necessary for springback calculation [9]. For the reproduction of specific stress states, different loading types
are considered, such as bending [10], shearing [11] and uniaxial tension and compression [12]. The latter is
particularly interesting for the testing of bar-shaped material. Due to buckling of the specimen, tests with large
strains are difficult to perform on sheet metal.

From a numerical modeling point of view, computation of the residual stress state comprises typically
the last (postprocessing) step in Finite Element (FE) simulations of cold metal forming processes such as
forward rod extrusion. Residual stresses, though, are generated during the whole forming process due to
inhomogeneous plastic deformation [13]. Thereby, the quality of the predicted residual stress state depends
at large on the validity of the numerical model used to model the whole forming process. Modeling of full-
forward extrusion for example involves large inelastic strains and (normal and frictional) contact between
different modeling parts (e.g. workpiece, punching tool, die etc.). These are some of the influencing factors
that may affect accuracy of the numerical model [14]. To enhance validity of numerical model in the finite strain
regime, emphasis is laid on, e.g. appropriateness of the spatial discretization (FE-mesh) with respect to forming
procedure (viz. process adopted mesh [15] and remeshing) and, moreover, ability of the employed constitutive
model to accurately describe the Bauschinger as well as transient effects that are typically encountered in
forming.

With regards to the latter, modeling of kinematic hardening at finite strains may have a significant effect on
predicted residual stresses after forming, especially in cases of multistage forming [14]. In the absence of a cal-
ibrated constitutive model for X6Cr17 (1.4016) under cyclic loading, calibration of a Chaboche [16] combined
nonlinear isotropic/kinematic hardening model is performed here. As input to the calibration, five uniaxial
stress experiments were conducted, each featuring a compression-tension-compression cycle at increasing
strain amplitudes.

Metal forming process parameters (e.g. shoulder angle and diameter change prior and after forming,
sequence of execution) have an effect on the residual stress state after forming [17], which, in turn, has
an effect on fatigue life during operation [18,19]. Thereby, robust modeling of both the forming and the
operation phases is a prerequisite for a correct numerical evaluation of the effect of different forming process
parameters on fatigue life during operation. In this regard, FE-modeling of a full-forward extrusion experiment
with ejection of the workpiece is performed, adopting combined isotropic/kinematic as well as pure isotropic
hardening models for the workpiece. Predicted residual stresses at the surface of the formed workpiece are
compared against the experimentallymeasured. In addition, as a precursor to futurework on coupledmultiscale
modeling of the operation phase, the effect of residual stresses on the fatigue life of a formed component is
qualitatively studied via uncoupled multiscale modeling featuring a gradient crystal plasticity model [20] at
the microscale.

The paper is organized as follows: Uniaxial stress experiments with the ferritic stainless steel X6Cr17
(1.4016) are conducted and corresponding material response at finite strains is modeled in Sect. 2. Residual
stresses inducedby full-forward rod extrusionwith the aforementioned steel are experimentally andnumerically
investigated in Sect. 3. The effect of residual stresses on fatigue life of an extruded specimen is qualitatively
studied in Sect. 4 via uncoupled multiscale FE-simulations. Performance of the employed experimental and
numerical methods formeasurement and prediction of residual stresses are discussed in Sect. 5 and conclusions
are outlined in Sect. 6.

2 Material characterization

2.1 Experiment – cyclic plastification tests

For testing bar-shaped material, different challenges are arising. In order to prevent measuring errors caused by
sliding of the specimens in clamping tools, a form-locking force transmission is necessary. Exact positioning of
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Fig. 1 Cyclic plastification tests

the samples in the holders is necessary to ensure a central transmission of force. In order to meet the challenges
regarding cyclic plastification tests, the setup and the specimen geometry shown in Fig. 1 have been developed.
A similar setup was already used in Ref. [21].

The test setup shown in Fig. 1a is designed for application in a universal testing machine Zwick Z100.
The connection to the machine table and the crossbar is realized via two punches centered to each other. The
press force is transmitted via the end faces of the punches during the compressive cycles and via a step in the
specimen and the clamp during tension. To ensure a centric force transmission, the connection of the specimen
to the clamp is designed with a fit. The specimen shown in Fig. 1b is rotationally and plane symmetric and
consists of three different diameters. The testing section in the middle of the specimen is cylindrical with a
diameter of ∅ 8 mm and a height of 15 mm. The height-diameter-ratio is within the range given by Ref. [22] in
order to prevent a buckling of the material. The transition to the fitting section is via a radius to ensure a good
optical accessibility to the test section. The diameter ∅ 16 mm of the fitting section is a compromise between
a small machining effort and a high step area. The latter is perpendicular to the rotational axis and responsible
for the transmission of the tensile force. The clamped section has a diameter of ∅ 25 mm, which matches the
diameter of the billets for the forming experiments.

During testing, the strain is measured with the optical strain measurement systemGOMAramis. Therefore,
a stochastic dot pattern is deposited on the testing section of the specimens. The force necessary for the
deformation of the specimen is measured with a load cell in the testing machine. The true stress is calculated
from the measured forces and strains.

With this setup, specimens are tested in three load cycles, where the first and the third cycle have a
compressive load and the second cycle has a tensile load. The deformation is strain-controlled with a speed
of 0.01 s−1. The strain control is provided by the software testXpert supplied with the testing machine. The
reversal points are both symmetric and asymmetric.

The results of the cyclic plastification tests are shown in Fig. 2.
In curve A, a compressive strain of approximately 0.035 and a tensile strain of 0.025 were reached. The

asymmetry of the curve offers an opportunity to prove the possibilities of fitting the numerical model. The
experiments for the curves B, C and D were performed in a way that a symmetrical strain is reached in
compressive and in tensile direction. Small deviations of up to 0.003 are due to the elasticity of the tools and
slight inaccuracies in displacement measurement. In curve E, the highest strain was intended. In cycle III, the
second compression cycle, a decrease of the strain can be recognized. This is due to a buckling of the specimen
as a result of the high strain. The data of cycles I and II, however, can be used for the numerical model.

In cycle I, the first compression cycle, it can be seen that only very small deviations occur between the
curves. This shows that stress and strain measurement are reliable and that homogeneous material properties
are present in the samples. The distances between the curves in the cycles II and III show that kinematic
hardening is occurring in the material. This proves that a solely isotropic hardening material model is not
sufficient.
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Fig. 2 Results of the compression-tension-compression tests. Stress–strain responses and reversal points

2.2 Modeling – plasticity with combined hardening

Tomodel the uni-axial elastic-plastic response ofX6Cr17 (1.4016), the combined nonlinear isotropic/kinematic
hardening (Chaboche [16]) model available in MSCMarc [23] was used. The elastic domain is defined by the
yield function,

Φ =
√
3

2
σ red
dev : σ red

dev − [R + σy], (1)

where σ red
dev denotes the deviatoric part of the reduced stress, σ red de f= σ − X . In the latter, σ and X denote

the Cauchy stress and backstress, respectively. Furthermore, σy is the initial yield stress and R is an isotropic
hardening parameter defined as, R = R∞[1 − e−bκ ]. R∞ is the maximum size of the elastic domain, κ is the
accumulated equivalent plastic strain and b is the rate of change of the elastic domain. Finally, the evolution
of the plastic strain εp and backstress is determined by the equations,

ε̇p = λ̇
∂Φ

∂σ
, Ẋ =

[
C

R + σy
σ red − γ X

]
λ̇, (2)

where λ is the plastic multiplier and, C and γ are kinematic hardening parameters. Equations (1) and (2)
comprise the system of equations from which the internal variables of the local constitutive problem at hand
are determined after time discretization.

Identification of the constitutivemodel parameters was based on force-displacement data from the uni-axial
compression-tension-compression tests described in Sect. 2.1. Young’s modulus, Poisson’s ratio and the initial
yield stress were set to, E = 210000 MPa, ν = 0.28 and σy = 263.74 MPa, in accordance with Ref. [15]. The
four-dimensional set of remaining parameters for calibration was x = {

R∞ b C γ
}
.

The calibration was performed using the two-dimensional axisymmetric FE-model depicted in Fig. 3. The
FE-model was developed in MSC Marc. Only half of the specimen from the experiments was considered due
to symmetry. The model featured 374 bi-quadratic (8-node) quadrilaterals with reduced (2 × 2) integration.
Symmetry boundary conditions were applied at the left and bottom boundaries. The measured displacement1

from the experiment in the axial direction was prescribed at the right boundary and the total reaction force

(F
sim

) obtained from the FE-model on that boundary was calibrated against the measured force (F̂ exp) from
the experiment.

1 The end-displacements of the specimen that were used as input to the calibrationwere extracted frommeasured displacements
of the crossbar, see Fig. 1a, by removal of any tool elasticity included in the raw data. The validity of the calibrated parameters
was verified on the corresponding stress-strain problem at a material point, i.e. that the combined hardening model was able to
capture the true stress-strain response from the experiments provided in Fig. 2.



Towards an holistic account on residual stresses in full-forward extruded rods 3653

Fig. 3 Axisymmetric FE-model used in the calibration of the combined hardening constitutive model
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(c) Calibrated parameters.
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ν 0.28 −
σy 263.74 MPa
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Fig. 4 Calibrated and predicted responses of the combined hardening model

The error function between simulated and measured forces was defined as

EF
(
x
) =

√√√√√ Ni∑
i=1

[
i F

sim (
x
) − i F̂ exp

ΔFexp

]2

, (3)

where i denotes the data point and, ΔFexp = maxi i F̂ exp − mini i F̂ exp. The problem of finding x that
minimizes the error function defined in Eq. (3) was solved via optimization. In particular, a bounded conjugate
gradients method, implemented in MATLAB via the function fminsearchbnd (see [24]), was used. The
parameter identification procedure described above was implemented on data set “A”, see Fig. 2. The calibrated
parameters are provided in Fig. 4c and the corresponding force-displacement responses for data sets “A” and
“D” are illustrated in conjunction to the responses from the experiments in Fig. 4a, b. The results show an
accurate fit for data set “A” and an excellent prediction of the experimentally measured material response for
data set “D”. From the values of the calibrated parameters in Fig. 4c, it can be deduced that approximately
37% was the amount of kinematic hardening obtained in the calibration.

To be able to perform an evaluation of the effect of the chosen constitutivemodel in subsequent full-forward
extrusion FE analyses (see Sect. 3.2), calibration of the isotropic part of the considered combined hardening
model was also performed. In this regard, the kinematic hardening parameters were set to C ≈ 0 [MPa] and
γ = 0. The two-dimensional set of remaining parameters for calibration was y = {R∞, b}. Identification of
these parameters was performed only on the first compression cycle of data set “A”, due to the inability of a pure
isotropic constitutive “law” to capture unloading. The obtained force-displacement fit for data set “A” and the
predicted force-displacement response with the calibrated parameters for data set “D” are shown in Fig. 5a, b,
respectively. As expected, the response from the experiment is well captured in the calibrated first compression
cycle, whereas a non-satisfactory agreement with the experiments is at hand for the tension-compression cycles
that follow.
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(c) Calibrated parameters.

Parameter Value Unit

Fixed

E 210000 MPa
ν 0.28 −
σy 263.74 MPa
C ≈ 0 MPa
γ 0 −

Fitted R∞ 148.635 MPa
b 52.2815 −

Fig. 5 Calibrated and predicted responses of the isotropic part of the combined hardening model

(a)
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Fig. 6 Forward rod extrusion experiments

3 Forming phase: full-forward extrusion

3.1 Experiment – residual stress measurement

For the investigation of residual stress related issues in the forward rod extrusion of stainless steels, a repre-
sentative forming process is carried out. The tool system and the resulting part geometry of the experiments
are shown in Fig. 6.

Forming takes place with the tool system shown in Fig. 6a in a hydraulic press type Lasco TZP 400 with a
maximum press force of 4000 kN. The part geometry is specified by the die made of tool steel ASP2012 (EN:
HS 2-2-2, DIN: 1.3397). In order to limit the radial expansion of the die during forming, it is pressed into a
shrink ring made of hot working steel X38CrMoV5. The press force is transmitted into the billet via a punch
made of powder-metallurgic high-speed steel Vanadis 23 (EN: PMHS6-5-3, DIN: 1.3395). For a centric force
transmission and to prevent a crash of the tool elements, the punch is mounted within a column guide frame.
The formed parts are ejected in opposite direction to the punch with an ejector.

Due to its industrial relevance, the ferritic stainless steel X6Cr17 (DIN: 1.4016) is used for the forming
experiments. The produced geometry is shown in Fig. 6b. From rods with a diameter of 25 mm, billets are
cut with a length of 50 mm. The billets are coated with a tribological system consisting of iron-III-oxalate as
lubricant carrier layer and molybdenum disulphide (MoS 2) as lubricant. Forming takes place in the above-
mentioned die with a die opening angle of 2α = 90◦, which is in the range of angles used in industry. The
target diameter is 15 mm, which corresponds to an equivalent plastic strain of ε̄ = 1.02.

During forming, the billet is subjected to the punch force, thus exceeding the yield stress and causing the
material to flow along the die contour. The force-displacement curve during forming and the resulting material
flow pattern in the formed component are shown in Fig. 7.

The force–displacement curve in Fig. 7a shows a steep increase in force for the first 5 mm of punch
displacement. During this non-stationary start-up, the static friction is overcome and the die shoulder is filled
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with material. Thereby the maximum force of 644 ± 2 kN is reached. After the material has passed the
die land, the quasi-stationary extrusion takes place and the punch force decreases linearly. This is due to a
linear reduction of the contact area between billet and die in the cylindrical area above the shoulder. At a
displacement of 20 mm, a formed shaft length of approximately 42 mm is reached, which corresponds to the
targeted geometry. After raising the punch, the part is ejected from the die against the forming direction.

The microhardness and the material flow in the formed specimens are shown in the longitudinal cut in
Fig. 7b. The samples are prepared by cutting, grinding and polishing for hardnessmeasurement andmicrostruc-
ture analysis. The microhardness is measured with the instrumented indentation test according to Ref. [25]
using a Fischerscope® HM2000. Etching with nitric and hydrochloric acid reveals the grain boundaries and
therefore allows the determination of grain orientations. In the non-deformed material, a homogeneous hard-
ness distribution with values of 220 HV is present. The grains are slightly elongated, which can be traced
back to the production of the rods. In the transition zone, the die shoulder causes a deflection of the material,
leading to a radial compression and an axial elongation of the grains. This inhomogeneous velocity field sig-
nificantly contributes to the development of residual stresses [26]. In addition, work hardening of the material
to about 330 HV is observed. Along the formed shaft, microhardness, grain shape and grain size distributions
are homogeneous due to the quasi-stationary process sequence. In the tip, the material in the core shows a
reduced hardness of 283 HV, while the surface still has values up to 350 HV. This is due to the non-stationary
initial stage of the process, where the end face of the billet is pressed through the die shoulder. This also leads
to flow lines ending in the outer surface, which also indicates inhomogeneous material properties and residual
stresses.

The quantification of the residual stresses within the formed parts is carried out via X-ray diffraction
(XRD). The reflected angle of the X-ray beam allows the determination of lattice plane distances, which are
sensitive to mechanical stresses [27]. This method allows a non-destructive measurement of both load and
residual stresses [28]. The measurement takes place on an X-ray diffractometer type Seifert XRD 3003 with
the χ -method according to DIN EN 15305 [29]. The residual stresses are measured on the formed shaft both
in axial and tangential direction. The results are shown in Fig. 2.

In axial direction, there are distinct tensile residual stresses with a maximum value of 310 MPa, while low
tensile stresses are present in tangential direction, which vanish towards the tip of the specimen. In the area
close to the die shoulder, unsteady residual stresses are present due to the inhomogeneous material flow within
the shoulder area. Adjacent to this is an approximately 20 mm long area in which a homogeneous stress state
is present due to the quasi-stationary extrusion sequence. Towards the tip, an influence of the non-stationary
start-up of the forming process is seen in the unsteady stress state.

From the literature, a constant axial residual stress state is expected starting at a distance of 7.5 mm from
the shoulder – corresponding to half the diameter of the shaft [30]. This expectation was confirmed in Ref. [15],
where constant axial and tangential residual stresses were observed between 8 mm from the shoulder and 5 mm
from the tip in non-ejected parts. The ejection from the die after forming results in the residual stress state
shown in Fig. 8. The residual stress change during ejection is caused by the movement of the formed shaft
through the die land, whose diameter is reduced due to springback [31].

The identified residual stress state with tensile near-surface stresses is due to the inhomogeneous material
flowwhile passing the shoulder in the forming die. A non-uniform velocity field with higher axial material flow
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Fig. 8 Residual stresses on the surface of a forward rod extruded specimen

Table 1 Material parameters used in forming simulations

Part Material Parameters

Workpiece X6Cr17 (1.4016) See Figs. 4c and 5c
Die ASP2012 E = 220000 [MPa], ν = 0.30
Reinforcement X37CrMoV5 E = 210000 [MPa], ν = 0.30
Punch/ejector Rigid –
Top/bottom plates

next to the specimens surface leads to the presence of tensile residual stresses in the surface and compressive
residual stresses in the core. This residual stress state is common for forward rod extrusion with the presented
die geometry and process design [32]. A comparison to the hardness distribution in Fig. 7 shows that the residual
stresses are more sensitive to peripheral phenomena and that an area with constant properties is generated with
this setup.

3.2 Simulation – residual stress prediction

The forming experiment outlined in Sect. 3.1 was simulated by a finite strain FE-model developed in the
commercial FE-codeMSCMarc, see Fig. 9. Themodel was comprised of three continuum parts: reinforcement
ring, die and workpiece, and four rigid bodies representing the punch, the ejector and the lower and upper base
plates, cf. Fig. 6. The dimensions of all the parts are detailed in Sect. 3.1. Furthermore, the reinforcement ring
and the die were modelled as linear elastic, whereas the built-in MSC Marc (Chaboche) combined nonlinear
isotropic/kinematic hardening model was used for the workpiece. For the latter, two cases were considered,
one with combined hardening and one with the isotropic hardening part of the combined hardening model.
The calibrated parameters for both cases are provided in Sect. 2.2. The values of the material parameters for
all the three parts are summarized in Table 1. The FE-model was discretized via 8005 bilinear quadrilateral
axisymmetric elementswith full (2×2) integration. Themajority of the elementswas dedicated to theworkpiece
in a process adapted mesh towards the bottom edge of the workpiece, see Fig. 9b. The particular mesh design
allows for material flow through the shoulder of the die without excess element distortion, such that remeshing
and its accompanying sources of numerical errors are avoided.

Normal and frictional contact constraints between all the parts were enforced via penalty method and a
node-to-segment contact discretization. The “shear (bilinear)” friction model in MSCMarc was used to model
friction between the corresponding parts of the model. The friction factor between the workpiece and die was
set to μwd = 0.126, as measured in experiments. To reach the experimentally determined pressure exerted
between the reinforcement ring and die, the friction factor between the pertinent parts was set to μrd = 0.06.
A factor μrc = 0.10 was used for the friction between all the rigid bodies and the corresponding continuum
parts, as proposed in Ref. [33] for extrusion processes.

Simulations with and without ejection of the workpiece were performed in three steps. Symmetry boundary
conditions were enforced along the axis of rotational symmetry during all the three steps. In the first step, the
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(a) FE-model discretization.

(b) Process-adapted FE-mesh at the bottom
of the workpiece.edge

Fig. 9 Axisymmetric FE-model for full-forward extrusion simulations

reinforcement ring with a 5� oversize (equates to some 0.125[mm] radial distance) was displaced downwards
towards the die via contact with the top rigid body/plate. Forming of theworkpiecewas performed at the second
step, during which the workpiece was displaced 22[mm] (from the undeformed position illustrated in Fig. 9a)
downwards via contact with the corresponding rigid body/punch. During this step, the radial displacement
of the reinforcement was restrained at its leftmost boundary (see Fig. 9a), such that the pressure developed
betweeen the reinforcement and die at the end of the first step is preserved. In the case without ejection,
unloading was the third step by removal of contacts between the workpiece and die as well as the punch.
Whilst, in the case with ejection, the third step was comprised of some 60[mm] upwards displacement of the
workpiece (starting from its position at the end of forming) via contact with the corresponding bottom rigid
body/ejector, until no pressure was exerted between the workpiece and die.

Forming simulationswith the setting described abovewere performed using the combined hardeningmodel
calibrated in Sect. 2.2 for thematerial of theworkpiece.Measured and numerically determined residual stresses
at the end of the third step are compared in Fig. 10. The pertinent stresses at the surface nodes of the workpiece
were determined via the “nodal averaging” extrapolation option in MSC Marc. Smooth axial and tangential
residual stress distributions along the measurement path indicated in Fig. 8 are obtained. Both residual stress
components are overpredicted in the case without ejection, see Fig. 10a, b. This effect is more pronounced
for the axial stress component. However, the overall trend of the two curves is in agreement with the shape
of the corresponding measured stress distributions. This does not hold for both stress components in the case
with ejection, see Fig. 10c, d. Namely, rather tortuous residual stress distributions are obtained. The predicted
axial residual stresses are not in agreement with the corresponding experimentally measured values. A better
agreement (on average) with the experiments is at hand for the tangential stresses.

To investigate the effect of the material model of the workpiece on the predicted residual stresses, the
forming simulations were repeated using a pure isotropic hardening model for the workpiece, as calibrated
in Sect. 2.2. Results for the cases without and with ejection are depicted in Fig. 11. The agreement with the
experimentally measured axial and tangential residual stresses is nearly exact for the case without ejection, as
shown in Fig. 11a, b, respectively. The same holds for the axial stress component in the case with ejection, see
Fig. 11c, and the tangential stress component in the region 17–35 [mm] along the measurement path.
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(c) Axial stress, with ejection.
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(d) Tangential stress, with ejection.
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Fig. 10 Comparison of measured against predicted residual stresses for the case of combined hardening. The position is measured
with respect to the measurement path indicated in Fig. 8. The experimental results in the case without ejection were taken from
Ref. [15])

4 Operating phase: effect of forming-induced residual stress

A qualitative study of the effect of residual stresses induced by full-forward extrusion on fatigue life of the
workpiece by means of uncoupled multiscale FE-simulations is described in this section. At the microscale,
the scale of the grains, a gradient enhanced crystal plasticity model was used [20,34–36]. The microscale was
coupled via numerical homogenization to the macroscale.

In the following, themodel in themicroscale is shortly described. The kinematic, constitutive and governing
equations are given within the context of small strains. Thus, the strain ε is defined as the symmetric gradient
of a displacement field u for all points x in a body B. The strain is additively split in elastic εe and plastic parts
ε p,

ε = ∇symu = εe + ε p. (4)

In single crystal plasticity, the plastic strains are modelled as the sum of shear deformations in all present slip
systems. A face centred unitcell has 12 independent slip systems. With the slip directions sa and the normal
of the corresponding slip system ma in slip system a, the plastic strains ε p are formulated as

ε p =
∑
a

γ a [
sa ⊗ ma]sym =

∑
a

γ a pa, (5)

where pa denotes the so-called Schmid tensor and γ a is the scalar-valued amount of slip in system a. The
gradient enhancement of themodel ismotivated bymeans of theNye tensor, ameasurement of the geometrically
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Experiment Simulation

(a) Axial stress, without ejection.
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(b) Tangential stress, without ejection.
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(c) Axial stress, with ejection.
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(d) Tangential stress, with ejection.
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Fig. 11 Comparison of measured against predicted residual stresses for the case of pure isotropic hardening. The position is
measured with respect to the measurement path indicated in Fig. 8. The experimental results in the case without ejection were
taken from Ref. [15])

necessary dislocation state at a material point. It follows that the screw α
‖
a and edge α⊥

a dislocation densities
depend on the gradient of the slips γ a tangential to the slip system,

α‖
a = la · ∇γ a, α⊥

a = −sa · ∇γ a . (6)

The line vector la is a bi-normal on the slip direction and the slip system normal defined as la = ma × sa .
The free energy is defined according to Ref. [34] depending on the elastic strain and all dislocation densities,
α = {α‖

1, ..., α
‖
n, α

⊥
1 , ..., α⊥

n }, as

Ψ
(
εe,α

) = 1

2
εe : Ce : εe + 1

2
π0�

∑
a

[[
α‖
a

]2 +
[
α⊥
a

]2]
. (7)

Ce denotes the fourth-order elasticity tensor, in the case of face centred unitcellswith cubic symmetry depending
on the Young’s modulus E , shear modulus G and Poisson’s ratio ν. The gradient enhancement comes with
the introduction of the energetic length scale � and π0 is introduced as a critical shear stress. On the grain
boundaries, there is an additional term that enters the free energy depending on the incompatibility of the
plastic strains over the grain boundary between grains A and B with the normal n pointing from grain A to
grain B [36]. It is formulated by means of the grain boundary burgers tensor,

G = [[
ε
p
B − ε

p
A

] ⊗ n
] : e, (8)
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Table 2 Material parameters for the microscopic model

Parameter Value Unit

E 130830 MPa
μ 116600 MPa
ν 0.369 –
τ0 130 MPa
h0 100 MPa
� 24 µm
γ̇0 0.01 s−1

q 1.4 –
λgb 10000 Nm−1

where e denotes the third-order Levi-Civita tensor. The additional energy on the grain boundaries is quadratic
in the grain boundary burgers tensor and reads

Ψ gb = 1

2
λgbG : G, (9)

introducing a penalty parameter λgb. The balance equations that follow are formulated in terms of the energet-
ically conjugated quantities: elastic strain ε and stress σ = ∂Ψ/∂εe, slips γ a and corresponding microscopic
stress πa , as well as the gradient on the slips ∇γ a and microscopic stress vector ξa = ∂Ψ/∂∇γ a . The latter pair
enters the formulation due to the gradient enhancement. The balance equations are the standard balance of
linear momentum neglecting body forces, solved for a displacement field u, and a micro force balance solved
for all slip systems,

div (σ ) = 0, div
(
ξ a

) + τ a − πa = 0. (10)

Due to the gradient enhancement, the total number of degrees of freedom at each point x is 15, i.e. 12 slips
and 3 displacements. The set of equations is completed by a constitutive equation for the crystallographic slips
γ a . From a Norton-Hoff approximation followed by a regularization [35] to improve numerical stability, the
shear stress related to a slip rate follows as

πa = [
π0 + ga

]
tanh

(
γ̇ a

γ̇0

)
. (11)

Here, π0 denotes the critical Schmid stress and γ̇0 is a reference slip rate. Hardening is formulated in a way to
consider self- and latent hardening with the self-latent-ratio q , the hardening slope h0, and is given by

ga =
∑
a

h0
[
q + [1 − q] δab

]
γ̇ b. (12)

In the following, the simulation setting is summarized shortly. In this regard, the three-dimensional RVE
depicted in Fig. 12 was considered under periodic boundary conditions. The RVE was comprised of 12 grains,
each highlighted by a different color in the figure, depending on the orientation of lattice structure. The grains
were considered elongated towards the forming direction (i.e. the Z -axis in the figure), thus resembling, in
a qualitative manner, the granural microstructure of an extruded specimen, e.g. the round bar illustrated in
Fig. 12. This feature allowed discretization of the RVE by only one row of finite elements in the extrusion
direction. The material parameters are given in Table 2. The model was implemented in the finite element
library Deal.ii [37].

The RVE was sequentially subjected to two strain states. The first one corresponded to a strain state
“representative” of the full-forward extrusion process, which essentially generated a residual strain state at the
(macroscale) integration point that the RVE is assumed to reside. To determine the strain state that acted on
top of the aforementioned one, the solid bar depicted in Fig. 12 was subjected quasi-statically to the bending
force F with magnitude that lied macroscopically in the elastic regime. The strain state at the integration point
with the maximum effective von Mises stress comprised then the second “load” on the RVE and was imposed
as amplitude on the RVE in 10 sinusoidal cycles.

Subsequently, the effective (macroscale) response was determined from homogenization over the RVE as
described in Ref. [20]. The response in terms of effective von Mises stress and equivalent strain measures is
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Fig. 12 Setting for uncoupled multiscale modeling. The colormap in the bar represents effective von Mises stress, whereas
different colors in the RVE stand for the grains each with its own orientation of lattice structure. Measuring point corresponds to
the point of maximum von Mises stress for a macroscopic bending loading

(a) Effective von Mises stress.
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Fig. 13 Effective (macroscale) response obtained from homogenization over the RVE

given in Fig. 13. The slight decrease in macroscopic vonMises stress is partly due to the particular formulation
of the crystal plasticity model. However from Fig. 14 it can be seen that the plastic strain rate decreased
significantly over the cycles resulting in new equilibrium that will be reached after a certain number of cycles.
Accompanying is a reduction of residual stress. Due to the particular crystal plasticity formulation, the exact
number of cycles to reach this point will be underestimated but the trend can be determined.

5 Discussion

To be able to more accurately model full-forward extrusion and consequently arrive at improved prediction of
forming induced residual stresses, a combined nonlinear isotropic/kinematic hardening model was calibrated
for X6Cr17 (1.4016) steel, see Sect. 2.2. For this purpose, five uniaxial stress experiments were performed,
each featuring one cycle in compression-tension-compression such that transient phenomena such as the
Bauschinger effect became apparent. From the values of identifiedmaterial model parameters, a non-negligible
amount (≈ 37%) of kinematic hardening was found present. In addition, the isotropic part of the considered
combined hardening model was also calibrated on the same data, in order to evaluate the effect of the choice
of the constitutive model of the workpiece on the predicted forming induced residual stresses.

Results froma full-forward rod extrusion experiment inSect. 3.1were used for the validationof anFE-model
of the pertinent forming process adopting for the material of the workpiece a combined isotropic/kinematic
hardening model as well as the isotropic hardening part of the combined hardening model, see Sect. 3.2.
Results from forming simulations with and without modeling of the ejection phase revealed that the FE-model
with isotropic hardening was able to satisfactorily capture the experimentally measured axial and tangential
residual stresses, see Fig. 11.

Furthermore, the residual stress predictions from combined hardening modeling of the workpiece were
found in Sect. 3.2 of inferior quality than the corresponding ones obtained with isotropic hardening modeling.
At a first glance, this may not be expected, especially for the case of forming with modeling of the ejection
phase, where unloading of the workpiece is presumed to take place. The reasons for this outcome need to be
investigated in future work.
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Fig. 14 Equivalent plastic strain rate at different increment loading stepswith accompanying reduction in residual stress (snapshots
taken for the same angle at four different load cycles)

In the qualitative study of the effect of residual stresses on the fatigue life of a workpiece in Sect. 4, the
effective (macroscale) equivalent plastic strain induced by a forming-like strain state was found rather constant
during a subsequent macroscopically elastic cyclic loading, see Fig. 13b. Moreover, the effective (macroscale)
von Mises stress exhibited a decreasing trend over the incremental loading steps, see Fig. 13a. Thus, an overall
elastic material response was obtained macroscopically. However, the plasticity induced by the forming (strain
state) still manifested itself in regions such as the grain boundaries. These are regions where over continued
cyclic loading even below the (macroscopic) fatigue limit, material failure similar to a high cycle fatigue might
initiate from.

The above uncoupled multiscale modeling comprises a precursor to scheduled fully coupled multiscale
simulations. More specifically, an effective (i.e. phenomenological) material constitutive model will be devel-
oped based on simulations on a number of RVE realizations of the granular microstructure of the considered
material. In particular, the RVEs will be prestressed with the residual stress state from forming. The devel-
oped effective model will be used as a constitutive driver in macroscale simulations under cyclic loading, that
will provide with a tool for numerical evaluation of the effect of residual stresses on fatigue life of a formed
component.

6 Conclusions

To study the effect of constitutive model on the predicted forming induced residual stresses on a workpiece
made of X6Cr17 (1.4016) steel, a combined nonlinear isotropic/kinematic hardening model as well as the
isotropic hardening part of the model were calibrated. The parameter identifications were performed on uni-
axial stress experiments featuring compression-tension-compression cycles, such that cyclic plasticity effects
became apparent. The combined hardening model under the fitted parameters was able to accurately capture
the measured uniaxial elastic-plastic material response at finite strain amplitudes.

The above-mentioned constitutive models were used in full-forward rod extrusion simulations with and
without modeling of the ejection phase. The results from the FE-modeling indicated that pure isotropic harden-
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ingmodeling of theworkpiece results in accurate prediction of residual stresses andmodeling thus the kinematic
hardening may be viewed as unnecessary. However, further research is required into material modeling effects
on forming induced residual stresses, especially for the case that the ejection phase is modeled.

In the final contribution of the paper, the effect of residual stresses induced by forming on the fatigue
life of a workpiece during operation was qualitatively investigated via microscale RVE simulations featuring
gradient crystal plasticity. Although the effective (homogenized) response obtained from the RVE indicated
that no further plasticity events take place after forming, small scale plastic response at grain boundaries was
identified within the RVE which led to reduction of residual stress; a material “failure” mechanism which was
viewed analogous to fatigue.
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