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Abstract The object of this paper is the Saint-Venant torsion of a radially non-homogeneous, hollow and solid
circular cylinder made of orthotropic piezoelectric material. The elastic stiffness coefficients, piezoelectric
constants and dielectric constants have only radial dependence. This paper gives the solution of the Saint-
Venant torsion problem for torsion function, electric potential function, Prandtl’s stress function and electric
displacement potential function.
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1 Introduction

Application of piezoelectric materials and structures has been increasing recently. Sensors and actuators are
examples of active components made of piezoelectric materials which are used widely in smart structures.
These structural components are often subjected to mechanical loading. The torsion of these structural members
is an important task.

The Saint-Venant torsion of a homogeneous, isotropic elastic cylindrical body is a classical problem of
elasticity [1-3], which is solved using a semi-inverse method by assuming a state of pure shear in the cylindrical
body so that it gives rise to a resultant torque over the end cross sections. Extension of more complicated cases
of anisotropic or non-homogeneous materials has been considered by Lekhnitskii [4,5], Rooney and Ferrari
[6], Davi [7], Bisegna [8,9], Horgan and Chan [10], Rovenski et. al. [11,12], Rovenski and Abramovich [13],
Horgan [14], Ecsedi and Baksa [15,16].

In this paper, the torsional deformation of radially non-homogeneous, piezoelectric, solid and hollow
circular cylinders is studied. This study gives a non-trivial generalization of the results in paper [8], which
deals with the Saint-Venant torsion of radially non-homogeneous anisotropic elastic circular cylinder.

The formulation of the Saint-Venant’s theory of uniform torsion for the homogeneous piezoelectric beams
has been analyzed by Dave [7], Bisegna [8,9] and Rovenski et al. [11,12]. The papers of Bisegna [8,9] use
the Prandtl’s stress function and electric displacement potential function formulation for simply connected
cross section. Davi [7] obtained a coupled boundary-value problem for the torsion function and for the elec-
tric potential function from a constrained three-dimensional static problem by the application of the usual
assumptions of the Saint-Venant’s theory. Rovenski et al. [11,12] give a torsion and electric potential func-
tion formulation of the Saint-Venant’s torsional problem for monoclinic homogeneous piezoelectric beams. In
these papers [11,12], a coupled Neumann problem is derived for the torsion and electric potential functions,
where exact and numerical solutions for elliptical and rectangular cross sections are presented. Ecsedi and
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Fig. 1 Hollow circular cylinder

Baksa [15] give a formulation of the Saint-Venant torsional problem for homogeneous monoclinic piezoelec-
tric beams in terms of Prandtl’s stress function and the electric displacement potential function. The Prandtl’s
stress function and electric displacement potential function satisfy a coupled Dirichlet problem in the multiply
connected cross section. A direct formulation and a variational formulation are developed in [15]. In another
paper by Ecsedi and Baksa [16], a variational formulation is presented for the torsional deformation of homo-
geneous linear piezoelectric monoclinic beams. The variational formulation presented uses the torsion and
electric potential functions as independent quantities of the considered variational functional. The mechanical
meaning of the variational functional defined in [16] is also given. Examples illustrate the application of the
presented variational functional. Rovenski and Abramovich apply a linear analysis to piezoelectric beams
with non-homogeneous cross sections that consist of various monoclinic (piezoelectric and elastic) materials
[13]. They give the solution procedure for extension, bending, torsion and shear. The developed method is
illustrated by numerical examples [13]. Batra et al. [17] studied the electromechanical nonlinear deformations
of homogeneous, transversely isotropic piezoelectric circular cylinder loaded on its end cross sections. In [17],
the second-order constitutive equations are used and show that when the cylinder is deformed by applying
pure torque and non-electric charges at the end cross sections the potential difference between the end cross
sections is proportional to the square of twist.

In this paper, the deformation of circular cylinders made of orthotropic, radially non-homogeneous piezo-
electric material is studied by means of Saint-Venant’s theory of uniform torsion. The elastic stiffness coeffi-
cients, piezoelectric constants and dielectric constants depend only on the radial coordinate. The dependence
of material parameters is either described by smooth functions of radial coordinate as in the case of functionally
graded materials [18,19], or the material parameters are piecewise smooth functions of the radial coordinate
as in the case of radially layered circular cylinders.

2 Formulation of Saint-Venant torsional problem

Let B = A x (0, L) be aright circular cylinder of length L. Let A; and A, be the bases and A3 = dA x (0, L)
the mantle of B. The cross section A is given in the Cartesian coordinate frame Oxyz

A={(x,y))R%5x2+y25R§}. (1)

The Cartesian coordinate frame Oxyz is supposed to be chosen in such a way that the Oz-axis is parallel to
the generators of the cylindrical boundary surface segments Az = A/3 U A; (Fig. 1). The plane Oxy contains
the terminal cross section Aj. The position of the end cross section Aj is given by z = L. A point P in
B = BU A1 U AU Aj is indicated by the vector r = xe, + ye, + ze, = R + ze,, where ey, e, and e, are
the unit vectors of the coordinate system Oxyz (Figs. 1, 2).

In the case of Saint-Venant torsion, the displacement field u and electric potential V of the twisted cylindrical
bar can be represented as [11,13]

u=1uvze; x R+vw(x,ye; 2)
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Fig. 2 Cylindrical coordinates (r, ¢)

V=170¢(x,y), 3)

where ¥ is the rate of twist, = w(x, y) is the torsion function and ¢ = ¢(x, y) is the electric potential for
the unit value of the twist. The vectorial product of the two vectors in Eq. 2 is denoted by cross. The shear
strains are obtained from the linearized strain—displacement relationships of elasticity as [1,2]

ow w
Vaz =1 a_)’ Vyz =10 g‘i‘x . 4)

The components of the electric field vectors are [11,12]

0 0
Ei=—922 g =50 )
ax dy

The shearing stresses ty;, Ty; and electric displacements D,, D, according to the constitutive equations of
linear orthotropic piezoelectric bodies can be written in the next form:

~ . oV ~ ow - 0¢
Ty; = Assyyz +e1s— =0 |Ass | — —y ) +eis— (6)
0x 0x 0x
~ A% ~ ow ~ 09
Ty, = A4ayy; + 6245 =0 |An @ +x )+ 6245 @)
~ % - [dw - 0¢
Dy =eisyx; —kKii— =0 |ei5| ——y ) —Kkii— ®)
0x 0x 0x
D - % sz dw N -~ 0¢ )
=e iz — K)— = e - X)) —Kxn—|-.
y = €24Yy; — K22 oy 24 oy 2 oy

In Egs. (6)—(9), A4y and Ass are the shear rigidities, €15 and €4 are the piezoelectric constants, k11 and k7, are
the dielectric constants. In our case, the shear rigidities, the piezoelectric constants and the dielectric constants

depend only on the radial coordinate
r=4x2+y> Ry <r <R (10)

This dependence of the material parameters as a function of position is described by the inhomogeneity function

f=r@)as

Ass = f(r)As Ass = f(r)Ass (11)
€15 = f(reis € = f(r)exy (12)
kit = f(r)kn k2 = f(r)kan. (13)

In Egs. (11)-(13), A44, Ass, e15, €24, k11 and k2o are constants and f = f(r) is unit free, f(r) > O,
R <r < R».
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3 Solution of the torsion problem

Starting from the equation of mechanical equilibrium and Gauss equation, we can write
ot aTy oD oD

Xz + yz -0 X + y
ox ay ox ay

The substitution of Egs. (6)—(9) into Egs. (14)1> gives the following results:

Myi[ﬂn(———gﬂ+wwf—on(¢)}+AM3—Pﬁ»(—ﬁﬂ>]+@ﬁg<fu»9>=

=0. (14)

(15)
ow a¢p
615— fr) ——y 11— f()— +€24— 1) —+x —K22— f(r)— =0.
(16)
The cylindrical surface As is stress free, i.e.,
Tyly +Tyzny =0 on As. (17)
There is no free charge on the cylindrical boundary surface, so we have
Dyny + Dyny =0 on Aj. (18)

In Egs. (17) and (18), the components of unit normal vector z on the boundary curves dA| = {(x, y)|x>+y? =
R?}and A, = {(x, y)|x? + y* = R3} are (Fig. 1)

X Y
ny = _R_l ny = _R_l on 8A1 (19)
X Y
ny = R_2 ny = R_2 on 8A2 (20)

Detailed form of the stress boundary condition (17) and free charge boundary condition (18) are as follows:

do 3¢ do 3¢
Assx | — —y ) +eisx— +Agy | — +x ) +euy—=0 (x,y) €0A;UIA, 21

ax ax ay ax
dw Lo} ow Lo}

e;sx | — —y ) —knx—+euy| —+x)—kny—=0 (x,y) €A UdA;. (22)
ox ax dy ay

Here, we note that, assuming sufficient smoothness of the inhomogeneity function f = f(y/x2 + y2), the
standard results from the linear theory of second-order partial differential equations show that the classical
(strong) solutions to the boundary-value problem formulated by Egs. (15-16) and Eqs. (21-22) are unique in
two constants. This means that, if ® = w(x, y) and ¢ = ¢ (x, y) are a solution, then

B, ) =0EN+K  $xx)=¢x, )+ K (23)

are also a solution with arbitrary values of constants K| and K».
Theorem 1 The solution of the torsional boundary-value problem formulated by Egs. (15-16) and Egs. (21—
22) is

w(x,y) = Coxy + Ky (24)

¢(x,y) = Cpxy + Ko, (25)
where
(Ass — Aga) (k11 + k22) + €ls + €3,

(Ass + Aaa) (k11 + k22) + (€15 + €24)?

Co— 2(Ag4e15 — Assens) 27)
¢ (Ass + Agq) (k11 + k22) + (€15 + €24)?

K1 and K, are arbitrary real constants.

Co = (26)
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Proof By the direct substitution of the following equations:

0A;; / 0A /
L <r>’r—CA,-J~ Vo <r>§Al-,»

9x ay
i,j=4,5, i # ] (28)
8? ’ X 8?5 ’ y
= f ) —emn 2 = ) =emn
0x r ay r
m=1,2 n=475 (29)
; ’ X ’IZ ’ y
% = f () wpp aiy” =)k p=1.2, (30)

we get the functions @ = w(x, y) and ¢ = ¢ (x, y) given by Egs. (20) and (27) with arbitrary constants K| and
K> satisfying Egs. (15-16) and Egs. (21-22). Next, we define K1 = 0 and K> = 0 according to the statement
formulated by Eq. (23). O

4 Shearing stresses and electric displacement field

Shearing stresses are obtained from Eqgs. (6) and (7):

Te: = 0f(r)[Ass(Co — 1) +e15Cg | v (31)
Ty; = 0f (r) [Asa(Cp + 1) + €24Cg | x. (32)

In the cylindrical coordinate system,

r=yx2+y2 ¢= arctan% (33)

X=rcosg y=rsing (34)
Tp; = Txz COSQ + Ty, SiNQ

= 0f(r) [Ass(Cy — 1) + €15Cy | r cos @ sing + 9 f (r) [A44(Coy + 1) + €24Cy | r cos g sing = 0

(35)
Tpz = —Tuz SiNQ+Ty; cos @ = —0f (1) [Ass(Co—1)+e15Cy | r sin® 9+9 f () [Aaa(Cot1)+e2aCy] r cos® ¢
AssA Asses, + Agqe?
—29£(r) 55A44(k11 + k22) + Assey, + 44612 . (36)
(Ass + Aga) (k11 + k22) + (e15 + €24)
The computation of the components of the electric displacement vector is based on Egs. (8-9):
Dy = 0f(r) [e15(Co — 1)y — k11Cyy] 37)
Dy = 9f(r)[e24(Coy + D)x — k22Cyx]. (38)

In the cylindrical coordinate system, the components of the electric displacement vectors are D, and D, which
are computed as

Dy = Dycosg + Dysing = 9f(r) [e15(Co — 1) = k11Cp + €21(Cyy + 1) — k22Cp] rcos g sing =0
(39)
Dy = =D, sing+Dycosg = —0f () [e15(Co—1)—k11Cy | 7 sin® 9+0.f (r) [e24(Cort 1) —K22Cy | 1 cOs” g
— 2010 e15A14k20 + €21 Assk11 + e15e24(ers + exq)

(40)
(Ass 4+ Aag) (k11 + K€22) + (€154¢2,)°




820 I. Ecsedi, A. Baksa

The connection between the applied torque 7" and the rate of twist ¥ is characterized by mechanical torsional
rigidity Sp; which is defined as

Sy = L (41)
M - 199
where
Ry
T =27 / 2T, (r) dr. (42)
Ry

The combination of Eq. (36) with Egs. (41) and (42) gives

AssAga(kr1 + k22) + A44€%5 + Asse3,

Sy =4nF , (43)
M (Asa + Ass) (k11 + k22) + (e15 + €24)?
where
Ry
F = / 3 f(r)dr. (44)
Ry

Based on Egs. (36) and (43), a simple computation gives the next result for the shearing stress in terms of the
applied torque:

T
Tpz = mrf(r)- (45)
Electrical torsional rigidity Sk is defined as
1
Sg = E/er dA. (46)
A

Starting from Eq. (40), after a simple computation we get

(e15 + exa)ersens + e15A44k20 + €24 Asskin

Sg=4n F 3
(Agq + Ass) (k11 + k22) + (e15 + e24)

(47)

It is very easy to prove that, in terms of the applied torque T, the circumferential component of the electric
displacement vector can be computed from the following equation:

Se f(r)

D, =T—_—— 7.
Sy 2 F

(48)

The solution of the Saint-Venant torsion problem of orthotropic FGM circular cylinder in the case of radial
dependence of material parameters has two important properties:

(a) The torsion function ® = w(x, y) and the electric potential function ¢ = ¢ (x, y) are independent of the
inhomogeneity of the cross section.

(b) For a given torque T, the stress field is independent of the material parameters (As4, Ass, €15, €24, k11 and
k272) and it depends only on the non-homogeneity of the considered circular cross section.

Here, we note that, in the case of anisotropic non-homogeneous linearly elastic circular cylinder, the torsion
function is also independent of the radial inhomogeneity [20].
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Fig. 3 Layered hollow circular cross section

5 Prandtl’s stress function, electric displacement potential function

The determination of the Prandtl’s stress function U = U (r, ¢) is based on the following equations:

10U
T, =0—-———=0 (49)
r dg

U AssAaa(k11 + k22) + Assed, + A44€f5

Ty, = —0— =20f(r)r .
v or / (Agq + Ass) (k11 + k22) + (€15 + €24)?

(50)

Equation (49) shows that U does not depend on the polar angle ¢. In the next part of this paper, we consider
only a simply connected (solid) cross section, that is Ry = 0, R, = R. It is known that the Prandtl’s stress
function satisfies the homogeneous boundary condition:

U(R) =0. (51)
The integration of Eq. (50) under the boundary condition (51) gives

AssAss(k11 + k2) + Assed, + A44e%5

U(r) =2 s
(Ass + Aga) (K11 + Kk22) + (e15 + e24)

R
/ o (p)dp. (52)

By the same method, we can obtain the electric displacement potential function as is used in the derivation of
Eq. (52). We note that, for solid cross section, the electric displacement potential function H = H (r) satisfies
the boundary condition [9,15]:

H(R) =0. (53)

A detailed computation, starting from the equations

D, =90-—=0 (54)
r dp

oH A A
Dy =02 295 e15Aq4k2) + e24Assk11 + e1s5ex4(ers + 6224)
or (Ass + Aaa) (k11 + k22) + (e15 + e24)

(55)
gives

e15A44K2) + ex4Assk) + ejsezs(ers + exq)

Hr) =2 £
(Ass + Aga) (k11 + Kk22) + (e15 + e24)

R
/ o/ (p) dp. (56)
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Fig. 4 Illustrations of the torsion function: a contour lines, b graph of the torsion function

6 Layered non-homogeneous circular cross section

Figure 3 shows a hollow circular cross section which is layered in the radial direction. In this case, the
inhomogeneity function is piecewise continuous on the cross-sectional domain and it is given by the following
formula:

fr)y=fitr) ri-i<r<r
i=12,....n) =Ry m =R 57

It is evident for radially layered, non-homogenous, orthotropic piezoelectric hollow circular cross section
that the torsion function and the electric potential function given by Egs. (24), (25), together with all the
formulae obtained before, are valid here, and we have

Ry n

/p3f(p)dp => / > fi(p) dp. (58)

Ry izlri—l
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Fig. 5 Plots of electric potential function: a contour lines, b graph of the electric potential function
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Fig. 6 Plots of shearing stress
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The continuity conditions of torsional function and electric potential function over the whole cross section
are satisfied. This fact follows from Eqgs. (24) and (25). The continuity conditions of shearing stress t,, and
electric displacement D, are also fulfilled, since on the whole cross section 7, and D, vanish.

Here, we note that, from the obtained results, we can recover the solution of the Saint-Venant torsion for
radially non-homogeneous orthotropic elastic circular cylinder. This fact is illustrated in the cases of torsion
function and torsional rigidity. For orthotropic elastic material, we have
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Fig. 11 Dependence of electric displacement potential function from o

e1s = exq = 0. (59)
From Egs. (24), (26) and (59), it follows that for radially inhomogeneous Cartesian orthotropic elastic beams

Ass — Ay
w(x,y) = ——xy. (60)
Y Ass + Ayq Y

Furthermore, in this case the following result can be derived for the torsional rigidity from (43):

AssA
S =dpp 004 (61)
Agq + Ass

7 Example
The following data are used in the numerical example:

Aas =627 x 101°Pa;  Ass =5.13 x 10'°Pa
e15 = 17C/m2; €4 = 9C/m2
k11 = 2.0797 x 1072 F/m; k2 = 2.186 x 1072 F/m
Ri=0; RRb=R=0015m
-

9 =0.5x 10" 2rad/m;  f(r, @) = (E)“
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The contour lines and the graph of the torsion function w are shown in Fig. 4 for « = 1. In Fig. 5, the contour
lines and the graph of the electric potential function ¢ are presented foroe = 1. Fora = —1,a = —0.5,a = 0,
a = 0.5 and o = 1, the graphs of shearing stress 7, are shown in Fig. 6. The dependence of mechanical
torsional rigidity Sy, from the graded index « is shown in Fig. 7.

The dependence of Prandtl’s stress function U from the graded index « is shown in Fig. 8. For « = —1,
a=-05,a=0,aa=0.5anda = 1, the graphs of electric displacement D, are shown in Fig. 9. The electric
torsional rigidity as a function of « is shown in Fig. 10. The dependence of electric displacement potential
function H from « is illustrated in Fig. 11.

8 Conclusions

The purpose of this paper is to investigate the effects of the radial inhomogeneity of the material to the
torsional response of a linearly piezoelectric, orthotropic circular cylinder. The elastic stiffness coefficients,
piezoelectric constants and dielectric constants have radial dependence. It is shown that the considered problem
of Saint-Venant torsion has two important properties:

— The torsion function and the electric potential function are independent of the cross-sectional inhomogene-

ity.
— For the given torque, the stress field is independent of the material parameters; it depends only on the
non-homogeneity of the cross section.

The presented exact analytical solution can be used as a benchmark solution to verify the efficiency of the
usual approximate methods, such as finite element and finite difference methods.
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