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Abstract The theory of thermal stresses based on the heat conduction equation with the Caputo time-fractional
derivative of order 0 < α ≤ 2 is used to investigate axisymmetic thermal stresses in a cylinder. The solution is
obtained applying the Laplace and finite Hankel integral transforms. The Dirichlet and two types of Neumann
problems with the prescribed boundary value of the temperature, the normal derivative of the temperature, and
the heat flux are considered. Numerical results are illustrated graphically.

Keywords Fractional calculus · Mittag–Leffler functions · Non-Fourier heat conduction · Thermal stresses

1 Introduction

The classical theory of thermoelasticity investigates stresses caused by the temperature field found from the
standard parabolic heat conduction equation. In non-classical theories, this equation is replaced by more gen-
eral one leading to generalized theories of thermoelasticity. For an extensive bibliography on this subject and
further discussion see for example, [1–7] and references therein.

For a cylinder, a lot of problems describing interesting phenomena that characterize different theories of
thermoelasticity have been solved by many researchers (see e.g. [8–19]).

The time-nonlocal dependence between the heat flux vector and the temperature gradient with the “long-
tale” power kernel can be interpreted in terms of fractional integrals and derivatives [20–23]:

q(t) = −k D1−α
RL grad T (t), 0 < α ≤ 1,

q(t) = −k I α−1grad T (t), 1 < α ≤ 2,
(1)

where D1−α
RL and I α−1 are the Riemann–Liouville fractional derivative and integral, respectively. The constitu-

tive Eq. (1) yields the time-fractional heat conduction equation with the Caputo derivative of order 0 < α ≤ 2.
A quasi-static uncoupled theory of thermoelasticity based on fractional heat conduction equation was put
forward by Povstenko [20]. In the framework of this theory, two-dimensional axisymmetric stress in an infi-
nite space was considered in [24]. A medium with a cylindrical hole was investigated in [25]. In the present
article, in the framework of fractional thermoelasticity, we study axisymmetric thermal stresses in a cylinder.
The interested reader is also referred to the previous paper [26], where several problems for fractional heat
conduction equation in a cylinder were solved under various conditions for the temperature. Time-fractional
heat conduction (or diffusion) in a cylinder was also studied in [27–32]. Here, we consider the Dirichlet prob-
lem with the prescribed boundary value of the temperature and two types of the Neumann problem: the first
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Neumann problem with the given boundary value of the normal derivative of temperature and the second one
with the prescribed boundary value of the heat flux. In the case of classical heat conduction equation, these two
types of Neumann problem are identical. Numerical results show unusual behavior of solutions to fractional
heat conduction equation as well as the associated stresses in comparison with the corresponding solutions
obtained in the framework of the classical theory.

It should be also emphasized that in the framework of quasi-static theory taking coupling between defor-
mation and heat conduction in the heat equation into account does not complicate the Neumann bounadry
value problem, but only slightly changes constant coefficient.

2 Formulation of the problem

A theory of thermal stresses is governed by the equation of motion in terms of displacements

μ�u + (λ + μ) grad divu − ρ
∂2u
∂t2 = βK grad T, (2)

the stress–strain–temperature relation

σ = 2μe + (λ tr e − βK T )I, (3)

and the time-fractional heat conduction equation

∂αT

∂tα
+ γe

∂αtr e
∂tα

= a � T, 0 < α ≤ 2, (4)

where body forces are neglected, u is the displacement vector, σ the stress tensor, e the linear strain tensor,
T the temperature, λ and μ are Lamé constants, K = λ + 2μ/3, β is the thermal coefficient of volumetric
expansion, and I denotes the unit tensor. For α = 1, the coefficient a denotes the thermal diffusivity. The
coefficient γe describes the effect of deformation on the thermal state of a solid.

In Eq. (4), ∂αT
∂tα is the Caputo fractional derivative (see e.g. [33,34]):

dα f (t)

dtα
=

⎧
⎪⎨

⎪⎩

1

	(n − α)

∫ t

0
(t − τ)n−α−1 dn f (τ )

dτ n
dτ, n − 1 < α < n,

dn f (t)

dtn
, α = n,

(5)

with the following Laplace transform rule

L
{

dα f (t)

dtα

}

= sαL { f (t)} −
n−1∑

k=0

f (k)(0+)sα−1−k, n − 1 < α < n, (6)

where s is the transform variable.
In what follows we consider the quasi-static theory neglecting the inertia term in Eq. (2). From physical

point of view, this means that no account has been taken of mechanical oscillations.
In the case of axial symmetry, the equation of equilibrium (2) is rewritten as

∂ tr e
∂r

= m
∂T

∂r
(7)

or

∂2u

∂r2 + 1

r

∂u

∂r
− u

r2 = m
∂T

∂r
, (8)

where m = 1+ν
1−ν

β
3 with ν being the Poisson ratio.

It is well known (see e.g. [35]) that in the framework of quasi-static approach, the coupling term γe
∂α tr e
∂tα can

be eliminated from Eq. (4) in an unbounded solid resulting in modification of the coefficient: a′ = a/(1+mγe).
Similarly, in a bounded solid, the coupling term in Eq. (4) can also be eliminated, but the boundary conditions
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become couple. Equation (7) shows that for the considered geometry in the case of Neumann problem, the
coupling term can also be eliminated from the boundary condition, only slightly changing the constant coef-
ficient by a factor 1/(1 + mγe). Hence, in what follows we consider uncoupled theory.

The surface of a cylinder is traction free so that

r = R : σrr = 0. (9)

Equation (8) has the solution (see e.g. Parkus [36]):

u = C1r + C2

r
+ m

r

r∫

0

x T (x, t) dx . (10)

The integration constants are found from the boundary and boundedness conditions:

C1 = (1 − 2ν)m
1

R2

R∫

0

x T (x, t) dx, C2 = 0. (11)

It follows from Eqs. (3), (10), and (11) that the stress tensor components can be calculated as integrals of
the temperature field [36,37]

σrr (r, t) = 2μm

⎡

⎣
1

R2

R∫

0

x T (x, t) dx − 1

r2

r∫

0

x T (x, t) dx

⎤

⎦ , (12)

σθθ (r, t) = 2μm

⎡

⎣
1

R2

R∫

0

x T (x, t) dx + 1

r2

r∫

0

x T (x, t) dx − T (r, t)

⎤

⎦ . (13)

For plane strain with constant axial strain, we obtain

σzz(r, t) = σrr (r, t) + σθθ (r, t) = 2μm

⎡

⎣
2

R2

R∫

0

x T (x, t) dx − T (r, t)

⎤

⎦ . (14)

3 Solution to the Dirichlet problem

For a cylinder in the case of axial symmetry, the heat conduction Eq. (4) is rewritten as

∂αT

∂tα
= a

(
∂2T

∂r2 + 1

r

∂T

∂r

)

, 0 ≤ r < R, 0 < t < ∞. (15)

The zero initial conditions are assumed

t = 0 : T = 0, 0 < α ≤ 2, (16)

t = 0 : ∂T

∂t
= 0, 1 < α ≤ 2. (17)

Equation (15) should be also subjected to the appropriate boundary condition. Consider the Dirichlet
problem with the prescribed boundary value of temperature:

r = R : T = p(t). (18)

Applying the Laplace transform with respect to time t and the finite Hankel transform with respect to the
polar coordinate r (see “Appendix”), we obtain

T ∗∗(ξi , s) = a Rξi J1(Rξi )
1

sα + aξ2
i

p∗(s), (19)

where each integral transform is denoted by an asterisk.
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Inversion of the integral transforms with using the convolution theorem and taking into account that [34,38]

L−1

{
sα−β

sα + aξ2
i

}

= tβ−1 Eα,β

(−aξ2
i tα

)
(20)

leads to

T (r, t) = 2a

R

∞∑

i=1

Cα,α(ξi , t)
ξi J0(rξi )

J1(Rξi )
, (21)

where

Cα,α(ξi , t) =
t∫

0

τα−1 Eα,α

(−aξ2
i τα

)
p(t − τ) dτ, (22)

Eα,β(z) are the generalized Mittag–Leffler functions in two parameters [34,39]:

Eα,β(z) =
∞∑

n=0

zn

	(αn + β)
, α > 0, β > 0, z ∈ C. (23)

Integration of temperature according to (12)–(14) gives

σrr (r, t) = 4μma

r R2

∞∑

i=1

Cα,α(ξi , t)
r J1(Rξi ) − R J1(rξi )

J1(Rξi )
, (24)

σθθ (r, t) = 4μma

r R2r

∞∑

i=1

Cα,α(ξi , t)
r J1(Rξi ) + R J1(rξi ) − r Rξi J0(rξi )

J1(Rξi )
, (25)

σzz(r, t) = 4μma

R2

∞∑

i=1

Cα,α(ξi , t)
2J1(Rξi ) − Rξi J0(rξi )

J1(Rξi )
. (26)

Now let us consider the particular case of the obtained solution corresponding to the constant boundary
value of temperature:

r = R : T = T0 = const. (27)

In this instance

T ∗∗(ξi , s) = a RT0ξi J1(Rξi )
1

s(sα + aξ2
i )

. (28)

Since

1

s(sα + aξ2
i )

= 1

aξ2
i

(
1

s
− sα−1

sα + aξ2
i

)

(29)

and

L−1

{
sα−1

sα + aξ2
i

}

= Eα(−aξ2
i tα), (30)

the inverse of Eq. (28) with taking into account (A.7) assumes the form

T = T0 − 2T0

∞∑

i=1

Eα(−aξ2
i tα)

J0(rξi )

Rξi J1(Rξi )
, (31)
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where

Eα(z) =
∞∑

n=0

zn

	(αn + 1)
, α > 0, z ∈ C, (32)

is the Mittag–Leffler function in one parameter.
In terms of dimensionless quantities

T̄ = T

T0
, σ̄i j = σi j

2μmT0
, ρ = r

R
, κ =

√
atα/2

R
, ηi = Rξi (33)

we get

T̄ = 1 − 2
∞∑

i=1

Eα(−κ2η2
i )

J0(ρηi )

ηi J1(ηi )
, (34)

σ̄rr = −2
∞∑

i=1

Eα(−κ2η2
i )

[
1

η2
i

− J1(ρηi )

ρη2
i J1(ηi )

]

, (35)

σ̄θθ = −2
∞∑

i=1

Eα(−κ2η2
i )

[
1

η2
i

+ J1(ρηi ) − ρηi J0(ρηi )

ρη2
i J1(ηi )

]

, (36)

σ̄zz = −2
∞∑

i=1

Eα(−κ2η2
i )

[
2

η2
i

− J0(ρηi )

ηi J1(ηi )

]

. (37)

The well-known solution of the classical thermoelasticty problem [37] is obtained when E1(−κ2η2
i ) =

exp(−κ2η2
i ). The limiting case α → 0 with E0(−κ2η2

i ) = 1
1+κ2η2

i
corresponds to the Helmholtz equation

and to the so called “localized thermoelasticity”, while the limiting case α → 2 with E2(−κ2η2
i ) = cos(κηi )

corresponds to the wave equation and to the thermoelasticity without energy dissipation proposed by Green
and Naghdi [40].

The results of numerical calculations are presented in Figs. 1, 2, 3, 4, 5, 6, 7, 8, 9 for typical values of the
parameter κ . Figures 1, 2, 3 describe the situation typical for 0 < κ < 1, Figs. 4, 5, 6 for κ = 1, and Figs. 7,
8, 9 for 1 < κ < 2.

4 Solution to the first Neumann problem

In this section, we consider the heat conduction Eq. (15) under zero initial conditions (16) and (17) and the
prescribed normal derivative of temperature at the boundary:

r = R : ∂T

∂r
= q(t). (38)

Applying the Laplace transform with respect to time t and the finite Hankel transform with respect to the
polar coordinate r (A.9) correspoding to the given boundary value of the normal derivative of temperature, we
obtain

T ∗∗(ξi , s) = a R J0(Rξi )
1

sα + aξ2
i

q∗(s). (39)

Inversion of the integral transforms leads to the following result

T (r, t) = 2a

R	(α)

t∫

0

(t − τ)α−1q(τ ) dτ + 2a

R

∞∑

i=1

Cα,α(ξi , t)
J0(rξi )

J0(Rξi )
, (40)
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Fig. 1 Dependence of temperature on distance (the constant temperature at the boundary; κ = 0.5)

Fig. 2 Dependence of stress σrr on distance (the constant temperature at the boundary; κ = 0.5)

σrr (r, t) = −4μma

r R

∞∑

i=1

Cα,α(ξi , t)
J1(rξi )

ξi J0(Rξi )
, (41)

σθθ (r, t) = 4μma

r R

∞∑

i=1

Cα,α(ξi , t)
J1(rξi ) − rξi J0(rξi )

ξi J0(Rξi )
, (42)

σzz(r, t) = −4μma

R

∞∑

i=1

Cα,α(ξi , t)
J0(rξi )

J0(Rξi )
, (43)



Time-fractional radial heat conduction in a cylinder and associated thermal stresses 351

Fig. 3 Dependence of stress σθθ on distance (the constant temperature at the boundary; κ = 0.5)

Fig. 4 Dependence of temperature on distance (the constant temperature at the boundary; κ = 1)

where

Cα,α(ξi , t) =
t∫

0

τα−1 Eα,α

(−aξ2
i τα

)
q(t − τ) dτ. (44)

Now we consider the particular case of the obtained solution corresponding to the constant normal derivative
of temperature at the boundary:

r = R : ∂T

∂r
= q0 = const. (45)
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Fig. 5 Dependence of stress σrr on distance (the constant temperature at the boundary; κ = 1)

Fig. 6 Dependence of stress σθθ on distance (the constant temperature at the boundary; κ = 1)

Then

T ∗∗(ξi , s) = a Rq0 J0(Rξi )
1

s
(
sα + aξ2

i

) (46)

and

T (r, t) = 2q0atα

R	(1 + α)
+ q0

R

[
r2

2
− R2

4
− 2

∞∑

i=1

Eα(−aξ2
i tα)

J0(rξi )

ξ2
i J0(Rξi )

]

. (47)
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Fig. 7 Dependence of temperature on distance (the constant temperature at the boundary; κ = 1.5)

Fig. 8 Dependence of stress σrr on distance (the constant temperature at the boundary; κ = 1.5)

For classical heat conduction equation, when E1(−x) = e−x , the solution (47) coincides with the well-
known result (see e.g. Carslaw and Jaeger [41])

T (r, t) = 2q0at

R
+ q0

R

[
r2

2
− R2

4
− 2

∞∑

i=1

e−aξ2
i t J0(rξi )

ξ2
i J0(Rξi )

]

. (48)

Introducing non-dimensional quantities (ρ, κ and ηi are the same as in (33))

T̄ = 1

Rq0
T, σ̄i j = 1

2μm Rq0
σi j , (49)
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Fig. 9 Dependence of stress σθθ on distance (the constant temperature at the boundary; κ = 1.5)

we have

T̄ = 2κ2

	(1 + α)
+ ρ2

2
− 1

4
− 2

∞∑

i=1

Eα(−κ2η2
i )

J0(ρηi )

η2
i J0(ηi )

, (50)

σ̄rr = 1

8

(
1 − ρ2) + 2

∞∑

i=1

Eα(−κ2η2
i )

J1(ρηi )

ρη3
i J0(ηi )

, (51)

σ̄θθ = 1

8

(
1 − 3ρ2) − 2

∞∑

i=1

Eα(−κ2η2
i )

J1(ρηi ) − ρηi J0(ρηi )

ρη3
i J0(ηi )

, (52)

σ̄zz = 1

4
− ρ2

2
+ 2

∞∑

i=1

Eα(−κ2η2
i )

J0(ρηi )

η2
i J0(ηi )

. (53)

The results of numerical calculations are presented in Figs. 10, 11, 12.

5 Solution to the second Neumann problem

Let us investigate the heat conduction Eq. (15) under zero initial conditions (16) and (17) and the prescribed
heat flux at the boundary:

r = R : D1−α
RL

∂T

∂r
= q(t), 0 < α ≤ 1,

r = R : I α−1 ∂T

∂r
= q(t), 1 < α ≤ 2.

(54)

The integral transform technique results in

T (r, t) = 2a

R

t∫

0

q(τ ) dτ + 2a

R

∞∑

i=1

Cα(ξi , t)
J0(rξi )

J0(Rξi )
, (55)
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Fig. 10 Dependence of temperature on distance (the constant normal derivative of temperature at the boundary; κ = 1)

Fig. 11 Dependence of stress σrr on distance (the constant normal derivative of temperature at the boundary; κ = 1)

σrr (r, t) = −4μma

r R

∞∑

i=1

Cα(ξi , t)
J1(rξi )

ξi J0(Rξi )
, (56)

σθθ (r, t) = 4μma

r R

∞∑

i=1

Cα(ξi , t)
J1(rξi ) − rξi J0(rξi )

ξi J0(Rξi )
, (57)

σzz(r, t) = −4μma

R

∞∑

i=1

Cα(ξi , t)
J0(rξi )

J0(Rξi )
, (58)
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Fig. 12 Dependence of stress σθθ on distance (the constant normal derivative of temperature at the boundary; κ = 1)

where

Cα(ξi , t) =
t∫

0

Eα

(−aξ2
i τα

)
q(t − τ) dτ. (59)

In the particular case corresponding to the constant heat flux at the boundary:

r = R : D1−α
RL

∂T

∂r
= q0 = const, 0 < α ≤ 1,

r = R : I α−1 ∂T

∂r
= q0 = const, 1 < α ≤ 2,

(60)

we get

T ∗∗(ξi , s) = a Rq0 J0(Rξi )
sα−2

sα + aξ2
i

(61)

and

T (r, t) = 2q0at

R
+ 2q0at

R

∞∑

i=1

Eα,2(−aξ2
i tα)

J0(rξi )

J0(Rξi )
. (62)

For classical heat conduction equation, when E1,2(−x) = (1 − e−x )/x , the solution (62) with taking into
account (A.15) coincides with the solution (48).

Introducing non-dimensional quantities

T̄ = tα−1

Rq0
T, σ̄i j = tα−1

2μm Rq0
σi j , (63)
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we obtain

T̄ = 2κ2 + 2κ2
∞∑

i=1

Eα,2(−κ2η2
i )

J0(ρηi )

J0(ηi )
, (64)

σ̄rr = −2κ2
∞∑

i=1

Eα,2(−κ2η2
i )

J1(ρηi )

ρηi J0(ηi )
, (65)

σ̄θθ = 2κ2
∞∑

i=1

Eα,2(−κ2η2
i )

J1(ρηi ) − ρηi J0(ρηi )

ρηi J0(ηi )
, (66)

σ̄zz = −2κ2
∞∑

i=1

Eα,2(−κ2η2
i )

J0(ρηi )

J0(ηi )
. (67)

The coefficient κ2 appears in Eqs. (64)–(67), as we have introduced such a non-dimensional temperature
which for classical heat conduction equation coincides with that of Carslaw and Jaeger [41]. The results of
numerical calculations are presented in Figs. 13, 14, 15 for κ = 1.

6 Results and discussion

The classical Fourier law is a phenomenological law, which states the proportionality of the flux to the gradient
of the transported quantity. It is met in several physical contexts with different names. It is well known that
from mathematical viewpoint, the Fourier law in the theory of heat conduction and the Fick law in the theory
of diffusion is indentical. The time-nonlocal dependence (1) can also be formulated in terms of the matter flux
and concentration gradient. The diffusion interpretation may give a clearer insight into the physical aspects of
the theory.

At the level of individual particle motions, the classical diffusion corresponds to the Brownian motion
that is characterized by a mean-squared displacement increasing linearly with time. Anomalous diffusion,
which is exemplified by a mean-squared displacement with the power-law time dependence and is described
by diffusion equation with fractional derivative, at the level of individual particle motion has been modeled in
numerous ways. For example, the continuous-time random-walk theory allows one to extend classical Brown-
ian random walks to variable jump lengths and waiting times between successive jumps. The power-law tails

Fig. 13 Dependence of temperature on distance (the constant heat flux at the boundary; κ = 1)
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Fig. 14 Dependence of stress σrr on distance (the constant heat flux at the boundary; κ = 1)

Fig. 15 Dependence of stress σθθ on distance (the constant heat flux at the boundary; κ = 1)

make it possible to have very long waiting times, and in the subdiffusion regime (0 < α < 1) particles on the
average move slower than in the ordinary diffusion that corresponds to α = 1. In the superdiffusion regime
(1 < α < 2), it is possible to have very long jumps, and particles on the average move faster than in the
ordinary diffusion. As a rule, anomalous diffusion and anomalous heat conduction have the same origin.

In this paper, we have obtained solutions to time-fractional heat conduction equation with the Caputo time-
fractional derivative. These solutions reduce to the solutions of classical heat conduction equation in the limit
α = 1. In the case 0 < α < 1, the considered equation interpolates the elliptic Helmholtz equation (α = 0)
and parabolic heat conduction equation. In the limit α → 0, the obtained solutions reduce to the solutions of
Helmholtz equation. In the case 1 < α < 2, the time-fractional heat conduction equation interpolates the para-
bolic heat conduction equation and the hyperbolic wave equation, and the proposed theory of thermal stresses
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interpolates the classical thermoelasticity (α = 1) and that without energy dissipation (α = 2) introduced by
Green and Naghdi [40].

The computations are carried out according to the values of parameter κ reflecting the characteristic fea-
tures of the solution for various order of the time-fractional derivative. Three distinguishing values of the
parameter κ are considered: 0 < κ < 1, κ = 1 and 1 < κ < 2. For wave equation, these values correspond to
three characteristic cases: the wave front does not yet arrive at the origin, the wave front arrives at the origin,
and the wave front reflects from the origin. Analysis of the solution of the wave equation and the corresponding
thermal stresses (in the framework of thermoelasticity without energy dissipation) shows that for κ = 1, there
arise singularities at the origin ρ = 0 in temperature and all the components of the stress tensor (Figs. 4, 5, 6).
For 1 < κ < 2 such singularities appear at ρ = κ − 1 (Figs. 7, 8, 9) except the component σrr (Fig. 8)
that remains continuous. With α approaching 2, the fractional thermoelasticity solutions exhibit propagating
humps, underlining the proximity to the standard wave equation in contrast to the shape of curves describibg
the heat subdiffusion regime 0 < α < 1.

For reasons of space, in calculations concerning the Neumann problem, we have restricted ourselves to
the characteristic case κ = 1 (see Figs. 10, 11, 12, 13, 14, 15). In these figures, we have not displayed curves
for 0 < α < 1, as the solutions for such values of α are very close to those for α = 1. In the case of constant
normal derivative, the temperature at the origin is less than temperature at a surface of a cylinder for all values
of α, but in the case of constant heat flux, the temperature at the origin for 1 < α ≤ 2 is larger than that at a
surface. In the case of ballistic heat conduction (α = 2), the temperature as well as the stress components have
singularity at the origin. In the case of the first Neumann problem, the stress component σrr is positive for all
0 < α ≤ 2, but in the case of the second Neumann problem, the component σrr is positive for 0 < α < 1
and becomes negative for fast heat conduction characterized by 1 < α ≤ 2. In the case of constant normal
derivative, the behavior of the stress component σθθ is similar for all values of 0 < α ≤ 2 (Fig. 12). Situation
changes radically in the case of constant heat flux at the bounadry: stresses σθθ in the cases 0 < α ≤ 1 and
1 < α ≤ 2 have different signs (Fig. 15).

7 Conclusions

We have investigated axisymmetric thermal stresses in a cylinder in a frame-work of quasi-static uncoupled
theory of thermoelasticity based on fractional heat conduction equation with the Caputo time-fractional deriv-
ative of order 0 < α < 2. New analytical solutions have been derived for three types of boundary conditions:
the given boundary value of temperature, the given boundary value of the normal derivative of temperature,
and the prescribed heat flux expressed in terms of time-fractional integrals and derivatives of normal derivative
of temperature. The numerical results demonstrate the significant influence of the order of time derivative on
the temperature distribution as well as on the stress distribution with radial coordinate. In this paper, we have
restricted ourselves to axisymmetric case. In the future work, fractional heat conduction and associated thermal
stresses in a cylinder in the case of dependence of temperature on three spatial coordinates merit consideration.
The first step in this direction has been made in [42].

Open Access This article is distributed under the terms of the Creative Commons Attribution Noncommercial License which
permits any noncommercial use, distribution, and reproduction in any medium, provided the original author(s) and source are
credited.

Appendix

Here, we recall the properties of finite Hankel transforms (see Sneddon [43]). The finite Hankel transform of
order zero is defined as

HD{ f (r)} = f ∗(ξi ) =
R∫

0

r f (r)J0(rξi ) dr (A.1)
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having the inverse

H−1
D { f ∗(ξi )} = f (r) = 2

R2

∞∑

i=1

f ∗(ξi )
J0(rξi )

[J1(Rξi )]2 (A.2)

with the sum over all positive roots of transcendental equation

J0(Rξi ) = 0. (A.3)

We have introduced notation with the index D to emphasize that this transform is used for solving problems
under the Dirichlet boundary condition with the prescribed value of a function according to the following rule

HD

{
d2 f

dr2 + 1

r

d f

dr

}

= −ξ2
i HD { f (r)} + Rξi J1(Rξi ) f (R). (A.4)

Since

R∫

0

r J0(rξi ) dr = R

ξi
J1(Rξi ) (A.5)

and

R∫

0

(
R2 − r2)r J0(rξi

)
dr = 4R

ξ3
i

J1(Rξi ) − 2R2

ξ2
i

J0(Rξi ), (A.6)

we have

2

R

∞∑

i=1

1

ξi

J0(rξi )

J1(Rξi )
= 1 (A.7)

and

2

R

∞∑

i=1

1

ξ3
i

J0(rξi )

J1(Rξi )
= 1

4

(
R2 − r2) . (A.8)

Another type of the finite Hankel transform of order zero

HN { f (r)} = f ∗(ξi ) =
R∫

0

r f (r)J0(rξi ) dr (A.9)

with the inverse

H−1
N { f ∗(ξi )} = f (r) = 2

R2

∞∑

i=0

f ∗(ξi )
J0(rξi )

[J0(Rξi )]2 (A.10)

is obtained when ξi are the non-negative roots of transcendental equation

J1(Rξi ) = 0. (A.11)

The index N indicates that this integral transform is used for solving problems under the Neumann boundary
condition with the prescribed value of the normal derivative of a function according to the following rule

HN

{
d2 f

dr2 + 1

r

d f

dr

}

= −ξ2
i HN { f (r)} + R J0(Rξi )

(
d f

dr

)

r=R
. (A.12)
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As

R∫

0

(
R2 − r2) r dr = f ∗(0) = 1

4
R4 (A.13)

and

R∫

0

(
R2 − r2)r J0(rξi

)
dr = −2R2

ξ2
i

J0(Rξi ), i ≥ 1, (A.14)

we get

2
∞∑

i=1

1

ξ2
i

J0(rξi )

J0(Rξi )
= 1

2
r2 − 1

4
R2 (A.15)

and

2
∞∑

i=1

1

ξ3
i

J1(rξi )

J0(Rξi )
= r

8

(
r2 − R2) . (A.16)
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