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Abstract
Hydrogen bonding is the most common noncovalent reversible interaction leading to supramolecular polymeric assemblies. 
Shabbir et al. (Macromolecules 48:5988–5996, 2015) reported both linear and nonlinear rheological data for a model system 
consisting of pure poly(n-butyl acrylate) (PnBA) homopolymer and three PnBA-poly(acrylic acid) (PnBA-PAA) copolymers 
with different numbers of acrylic acid (AA) side groups. Hydrogen bonds between the AA groups not only cause the stor-
age and loss modulus to shift in the direction of a power law scaling of 0.5 in the terminal relaxation regime, but also the 
elongational viscosity shows increasing strain hardening with a strongly nonlinear dependence on the number of hydrogen 
bonding groups. Based on the “Sticky Rouse” model and a constitutive equation of the Doi-Edwards type with considera-
tion of chain stretch, we model the effect of hydrogen bonding on the elongational viscosity of the PnBA-AA copolymers. 
We show that the elongational viscosity data are consistent with a Sticky Rouse relaxation modulus of the AA associations 
characterized by a constant modulus G

A
 and a constant sticker life time �

A
 , while the complexity of the hydrogen assemblies 

as quantified by the Sticky Rouse time increases with the concentration of AA groups from the order of seconds (3% AA) to 
hours (6%AA) and to 1 day (13%AA), and leads to extreme strain hardening. The elongational stress shows a steady state at 
large strains and the stretch reaches a limiting value independent of strain rate. At the highest concentration of AA groups 
investigated (38%AA), the PnBA-AA copolymer is a weak gel fracturing at a critical strain, and the sticker life time loses 
its significance. The effect of the Sticky Rouse time on self-healing is discussed.

Keywords Supramolecular polymer · Sticky Rouse model · Sticker life time · Doi-Edwards model · Elongational viscosity · 
Self-healing

Introduction

The rheology of supramolecular polymers is of increasing 
interest as this class of polymers offers interesting mate-
rial properties for applications such as adhesives, coatings, 
cosmetics, and printing. Supramolecular polymers are a 
broad class of materials that include all polymers whose 
monomeric units can associate via secondary interac-
tions. Hydrogen bonding is the most common noncovalent 
reversible interaction leading to supramolecular polymeric 
assemblies. A particularly useful characteristic of hydrogen 
bonds is that the association strength and dynamics of hydro-
gen bonds can be significantly altered by temperature: At 
high temperatures, the association strength is significantly 
reduced, and thus the presence of hydrogen bonds has little 
to no effect on material properties. At low temperatures, the 
association strength is large, and the life time is such that the 
bonds act like weak cross-links between chains. This ability 
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to thermally control the association strengths of hydrogen 
bonds allows for easy processing of such materials for vari-
ous applications.

Although a large body of work on the synthesis of H-bond-
ing supramolecular polymers exists in the literature [see e.g. 
Stadler and de Lucca Freitas  1988; Brunsveld et al. 2001, 
Feldmann et al. 2009; Chen et al.. 2013; Lewis et al. 2014], 
very few studies have examined the rheological properties 
of these polymers in the melt state, and most of these studies 
were mainly concerned with the linear-viscoelastic proper-
ties. A notable exception is the work of Shabbir et al. (2015), 
who reported both linear and nonlinear rheological data for 
a model system of poly(n-butyl acrylate) (PnBA) homopoly-
mer and three PnBA-poly(acrylic acid) (PnBA-PAA) copoly-
mers with different number of acrylic acid (AA) side groups. 
The copolymers were synthesized via hydrolysis of the pure 
PnBA homopolymer. Therefore, all polymers studied have 
the same backbone length. Shabbir et al. (2015) showed that 
hydrogen bonding affects linear viscoelasticity at frequencies 
below the inverse reptation time of PnBA. More specifically, 
with increasing concentration of hydrogen bonds, the storage 
(G′) and loss (G″) modulus as a function of frequency shift to 
a power law scaling of 0.5 in the terminal regime. In addition, 
they demonstrated that the nonlinear elongational viscosity 
shows extreme strain hardening and that the magnitude of 
elongational stress has a strongly nonlinear dependence on 
the number of hydrogen bonding groups.

In the present paper, we analyze the elongational vis-
cosity data of Shabbir et al. (2015). While the rheology of 
the unbounded PnBA fraction can be accounted for by the 
Doi-Edwards model [Doi and Edwards 1978, 1979], strain 
hardening is caused by the viscoelastic contribution of the 
temporary network of PnBA-AA chain strands created by 
AA associations. The linear-viscoelastic dynamics of the 
network is assumed to follow the “Sticky Rouse” model 
[Baxandall 1989], while stretching of the temporary net-
work strands follows affine stretch until a limiting stretch 
value has been reached.

The paper is organized as follows: We first give a short 
report of sample preparation and linear-viscoelastic charac-
terization, followed by a presentation of the model. Then, 
comparison of experimental data and model predictions 
for start-up of elongational flow is presented, followed by 
Conclusions.

Experimental data

Sample preparation and characterization is reported in 
detail by Shabbir et al. (2015). The PnBA investigated had 
a number average molecular weight of  Mn = 121 kg/mol, a 
weight average molecular weight of  Mw = 166 kg/mol, and 
a polydispersity index of PDI = 1.375. According to Jullian 

et al. (2010) , the entanglement molecular weight of PnBA is 
 Me = 32 kg/mol, and therefore the number of entanglements 
of the pure PnBA is Z ≈ 5. Three partially hydrolyzed sam-
ples of PnBA were produced by converting n-butyl acrylate 
(nBA) side groups to acrylic acid (AA) side groups. The 
PnBA-AA copolymers so produced had increasing number 
of acrylic acid groups with 6% AA, 13% AA, and 38% AA 
side groups per chain. The percentage of AA was determined 
post hydrolysis using NMR spectroscopy and is presented 
in Table 1.

Table 1 shows that with Z ≈ 5, even for the reference or 
“pure” PnBA, there are several AA groups per entanglement 
section.

The linear-viscoelastic (LVE) properties of the PnBA-AA 
copolymers were investigated by small-amplitude oscillatory 
shear (SAOS) rheology. For the samples of PnBA and AA6, 
the LVE data were measured between − 25 and 45 °C, and 
time–temperature superposition (TTS) was used to create 
mastercurves for storage (G′) and loss (Gʺ) modulus (Fig. 1). 
Samples with acrylic acid content above 6% do not follow 
TTS above temperatures of 30 °C, and therefore for samples 
AA13 and AA38, only the LVE data measured between − 15 
and 30 °C were used to create mastercurves. Shabbir et al. 
(2015)  reported that the contribution of hydrogen bonding 
to linear viscoelasticity is restricted to the terminal regime, 
i.e., hydrogen bonding leads to branching which in turn hin-
ders reptation of the entangled chains. As shown in Fig. 1, 
deviation from the expected low-frequency scaling of G′ 
is already observed for the reference PnBA. At the highest 
concentration of AA side groups (AA38) a weak gel with 
G′ = Gʺ is formed.

From the mastercurves of G′ and G″ at T = 21.5 °C, par-
simonious relaxation spectra were obtained for characteriza-
tion of the linear-viscoelastic relaxation modulus G(t) with 
partial moduli gi and relaxation times �i,

The relaxation spectra for PnBA, AA6 and AA13 were 
determined by the IRIS software (Winter and Mours 2006; 
Poh et al. 2022) and are summarized in Table 2. For AA38, 

(1)G(t) =
∑

i=1

gi exp(−t∕�i)

Table 1  Percentage and number of AA side groups on backbone

Sample name % Sticky groups/chain No. of AA 
side groups/
chain

ref (PnBA) 3 ± 2 49
AA6 6 ± 2 90
AA13 13 ± 2 207
AA38 38 ± 2 615
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the relaxation spectrum as reported by Shabbir et al. (2015) 
was used and is also included in Table 2.

The elongational stress growth coefficient as a function 
of time was measured using a filament stretching rheom-
eter [Bach et al. 2003]. Measurements were performed at 

a constant Hencky strain rate imposed at the mid-filament 
diameter using an online control scheme [Marin et al. 2013]. 
All experiments were performed at 21.5 °C. The imposed 
strain rates were varied from 0.0006 to 1  s−1. All samples 
except AA38 were relatively fluid-like and were formed 

Fig. 1  Storage (G′) and loss 
modulus (G″) of PnBA-AA 
copolymers. The lines in (a) 
represent the expected power 
law dependence of G′ and G″ 
in the low-frequency terminal 
regime. Reprinted with permis-
sion from Shabbir et al. (2015). 
Copyright [2015], American 
Chemical Society. (a) PnBA (b) 
AA6, 6% AA (c) AA13, 13% 
AA (d) AA38, 38% AA

Table 2  Relaxation spectra at T = 21.5 °C

PnBA AA6 AA13  AA38

gi [Pa] τi [s] gi [Pa] τi [s] gi [Pa] τi [s] gi [Pa] τi [s]

4.83e+7 1.77e-7 7.53e+7 5.62e-8 6.61e+6 2.62e-6 1.04e+7 8.71e-7
1.28e+6 3.45e-6 2.35e+6 2.78e-6 4.65e+5 3.74e-5 1.31e+6 7.71e-6
4.05e+5 2.55e-5 3.99e+5 1.74e-5 1.75e+5 2.29e-4 4.31e+5 6.82e-5
1.45e+5 1.58e-4 2.35e+5 7.00e-5 7.68e+4 1.44e-3 1.31e+5 6.03e-4
6.35e+4 8.63e-4 1.15e+5 4.34e-4 3.84e+4 1.03e-2 6.66e+4 5.34e-3
2.74e+4 4.75e-3 4.29e+4 2.81e-3 3.05e+4 5.87e-2 4.47e+4 4.73e-2
3.54e+4 2.40e-2 3.15e+4 1.72e-2 2.38e+4 2.02e-1 4.36e+4 4.18e-1
3.36e+4 1.31e-1 2.86e+4 8.69e-2 2.92e+4 7.42e-1 4.31e+4 3.70e+0
3.59e+4 6.23e-1 2.89e+4 3.80e-1 1.94e+4 2.35e+0 1.12e+4 3.37e+1
5.99e+3 1.84e+0 2.72e+4 1.69e+0 5.22e+3 7.19e+0 7.68e+3 2.90e+2
1.56e+2 2.47e+1 2.81e+3 7.41e+0 1.79e+3 2.56e+1
2.59e+1 1.71e+2 4.83e+2 3.62e+1 5.73e+2 1.08e+2

7.37e+1 2.21e+2 3.72e+2 9.02e+2
2.04e+1 2.14e+3
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into cylindrical test specimen. Since sample AA38 had an 
extremely long relaxation time, it was formed and annealed 
at 80 °C under a nitrogen-rich environment and was allowed 
to relax for up to 2 h before the test.

Modelling elongational flow 
of supramolecular PnBA‑AA copolymers

Shabbir et al. (2015) estimated the Rouse time of pure PnBA 
to be approximately �R = 0.038s . Thus, no strain hardening 
in elongational flow is expected for Hencky strain rates of 
�̇� ≤ 13s−1 . Therefore, when restricting attention to elongation 
flows with Weissenberg numbers Wi = �̇�𝜏R < 1 , the fraction 
of “free” molecules in the PnBA-AA copolymers, i.e., those 
PnBA-AA molecules which are not associated to form supra-
molecular structures, should follow the tube model of Doi and 
Edwards (1978, 1979). The relaxation modulus GPnBA(t) of 
the free PnBA-AA molecules is an integral part of the relaxa-
tion modulus G(t) according to Eq. (1) and Table 2, which 
represents the combined linear-viscoelastic response of both 
the free and the associated PnBA-AA molecules. The free 
molecules will only be oriented in the flow, but not stretched. 
Using the independent alignment (IA) assumption of the Doi-
Edwards model (DEIA), the extra stress tensor σPnBA(t) of 
the free PnBA-AA molecules is given by a history integral 
of the form:

t the time of observation when the stress is measured, and 
t’ indicates the time when a tube segment was created by 
reptation. The strain measure �IA

DE
 represents the contribution 

to the extra stress tensor originating from the affine rotation 
of the tube segments and is given by

with �(t, t�) being the relative second order orientation ten-
sor. �′�′ is the dyad of a deformed unit vector �� = ��(t, t�),

�−1
t

= �−1
t
(t, t�) is the relative deformation gradient ten-

sor, and u′ is the length of �′ . The orientation average is 
indicated by < … > 0,

i.e., an average over an isotropic distribution of unit vec-
tors �.

(2)�PnBA(t) =

t

∫
−∞

�GPnBA

(
t − t�

)

�t�
SLA
DE

(
t, t�

)
dt�

(3)SLA
DE

�
t, t�

�
= 5⟨u

�u�

u�2
⟩
o

= 5S
�
t, t�

�

(4)�
� = �

−1
t

⋅ �

(5)⟨...⟩o ≡ 1

4� ��○ [...] sin �od�od�o

On the other hand, strain hardening is caused by the 
fraction of associated molecules in the PnBA-AA copoly-
mers, i.e., those PnBA-AA molecules which due to hydro-
gen bonds are associated to form temporary 3D network 
structures. We characterize the linear-viscoelastic effect 
of the supramolecular assemblies by a relaxation modu-
lus Ge(t) , which is also partly represented by the terminal 
regime of G(t) as given by Eq. (1) and Table 2, although 
the full terminal regime with slopes of 1 (Gʺ) and 2 (G′) 
has not been reached experimentally by SAOS as shown 
in Fig. 1, and therefore the very long relaxation times of 
Ge(t) are not included in G(t) . As reptation is suppressed 
by sticky side-chains, the relaxation modulus Ge(t) of the 
supramolecular complexes is modeled by the “Sticky 
Rouse” model [Baxandall 1989] as

with

n is the number density of network strands with relaxa-
tion time �A(N∕p)2 created by AA associations and n is 
assumed to be independent of p, k is the Boltzmann constant 
and T the absolute temperature. �A is the life time of a hydro-
gen bond (“sticker”), and the summation is over all network 
strands from p = 1 to p = N created by AA associations. N 
characterizes the width of the relaxation spectrum of the 
supramolecular assemblies and thereby their complexity, 
and the maximal or “Sticky Rouse” time �RA is given by,

The nonlinear viscoelasticity of the supramolecular AA 
associations is modeled by

The Doi-Edwards strain measure �IA
DE

 in combination 
with a suitable stretch function has been used earlier suc-
cessfully to model the stress–strain behavior of crosslinked 
rubbers. The use of �IA

DE
 takes into account the non-affine 

deformation of rubber network strands as shown by Wagner 
and Schaeffer (1993) and Wagner (1994). We use �IA

DE
 here 

for modeling of the stress–strain behavior of the tempo-
rary network of the supramolecular complexes created by 
AA associations. While Eq. (9) is similar to the Molecular 
Stress Function (MSF) model [see e.g. Wagner et al. 2001; 
Rolón-Garrido 2014; Narimissa and Wagner 2019], the 
stretch function �(t, t�) is not related to the tube diameter of 
an entangled polymer melt, but rather represents the relative 

(6)Ge(t) = GA

N∑

p=1

exp

(
tp2

�AN
2

)

(7)GA = nkT

(8)�RA = �AN
2

(9)�e(t) =

t

∫
t=−∞

�Ge(t − t�)

�t�
�
2(t, t�)�IA

DE
(t, t�)dt�

640 Rheologica Acta (2022) 61:637–647



1 3

stretch of the temporary network strands formed by the AA 
associations. An on-average affine stretch of network strands 
leads to an evolution equation for the stretch � of the form

with � = ∇� being the velocity gradient. The depend-
ence on t and t’ is understood, and the initial condition is 
�(t = t�, t�) = 1 . Integration gives the following expression 
for the stretch,

We note that 𝜆 ≈< u�(t, t�) > with < u�(t, t�) > being the aver-
age stretch of unit vectors � representing the isotropic orientation 
of network strands before deformation. We also note that �2 is 
proportional to the strain energy of network strands, ws = 3kT�2.

The analysis of the elongational behavior of the PnBA-
AA copolymers reveals that the elongational stress reaches 
a steady state at larger Hencky stains, as shown for PnBA 
and AA6 in Figs. 2a and c. The stretching of the temporary 

(10)
��

�t
= �(� ∶ �)

(11)𝜆 = 𝜆(t, t�) = exp(< ln u�(t, t�) >)

network strands is largely independent of the strain rate as 
demonstrated by scaling the stress stress–strain curves by 
vertical shifts in Fig. 2b and d, thereby creating approxi-
mately strain-rate independent mastercurves. (The devia-
tions from the mastercurve of AA6 shown in Fig. 2d are 
due to the linear-viscoelastic stress contribution of the free 
PnBA-AA molecules, which depends on strain rate.) A 
possible explanation of this behavior may be found in the 
results of recent molecular dynamics simulations of asso-
ciating polymer melts performed by Mohottalalage et al. 
(2022). They showed that increasing elongation leads to 
increasing breakup of associating clusters. According to 
their analysis, the additional dissipation due to the work of 
breaking associations converges towards a common value 
independent of association strength and strain rate.

Figure 2b and d demonstrates that the strain-rate inde-
pendent stretching of network strands created by AA asso-
ciations is limited by a maximal stretch �

∞
 corresponding 

to a maximal strain energy which can be stored in the 
network strands, i.e., stretching ceases when �2 = �

2
∞

 . This 
condition is satisfied by the evolution equation,

Fig. 2  Elongational stress 
�
+
E
(�) of PnBA (a) and AA6 

(c) as a function of Hencky 
strain. (b) Scaled by vertical 
shift b with b = 0.5, 0.65, 1, 
2.8 for �̇� = 3, 2, 1, 0.3s−1 , 
respectively. (c) Scaled 
by vertical shift b with 
b = 1, 3, 10, 30, 73 for 
�̇� = 1, 0.1, 0.01, 0.03, 0.001s−1 , 
respectively
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which depends only on strain, not strain rate, in the same 
way as Eq. (10). Integration leads to

with parameter �
∞

 and dependence on t and t’ under-
stood. At large strains, the stretch is approaching the limiting 
stretch �

∞
 and a limiting strain energy of network strands 

of ws = 3kT�2
∞

 . We note for later use that �
∞

 is related to a 
corresponding Hencky strain [Wagner et al. 2018],

The full constitutive equation considering the stress 
contributions of both the supramolecular PnBA-AA 
associations, �e(t) from Eq. (9), and the un-associated 
(“free”) PnBA-AA, �PnBA(t) according to Eq. (2), is then 
given by

We assume now that the relaxation modulus of the asso-
ciated ( Ge(t) ) and of the free ( GPnBA(t) ) PnBA-AA copoly-
mers are additive, i.e., G(t) = Ge(t) + GPnBA(t) , and eliminate  
GPnBA(t) = G(t) − Ge(t) from Eq. (15). The stress equation 
can, therefore, be expressed in the experimentally accessible 
window as

i.e., the effect of the AA associations on the stress via 
Ge(t) is only measurable in the nonlinear regime, when 
𝜆(t, t�) > 1.

In summary, the model requires the relaxation modu-
lus G(t) of the PnBA-AA copolymers obtained from LVE 
characterization plus the parameters GA , �A , N, and �

∞
 . We 

expect a hierarchical increase in the size of the supramo-
lecular assemblies with increasing concentration of AA 
groups and therefore an increase of the Sticky Rouse time 
�RA = �AN

2 . The parameters GA and �A should be the same 
for PnBA, AA6, and AA13, because the supramolecular 
assemblies are created by the same unit processes of asso-
ciation and dissociation, when a free PnBA-AA molecule 
is associated to the temporary network or an associated 
PnBA-AA molecule is released from the network. For the gel 

(12)
��

�t
= �(� ∶ �) − �

�
2

�
2
∞

(� ∶ �) = �(1 −
�
2

�
2
∞

)(� ∶ �)

(13)𝜆 =
𝜆
∞
exp(< ln u� >)

√
𝜆
2
∞
+ exp(2 < ln u� >) − 1

(14)�∞ ≈ 1 + ln(�
∞
)

(15)

�(t) = �
e
(t) + �

PnBA
(t)

=

t

∫
t=−∞

[
�G

e
(t − t

�)

�t�
�
2(t, t�) +

�G
PnBA

(t − t
�)

�t�

]
�
IA

DE
(t, t�)dt�

(16)

�(t) =

t

∫
t=−∞

[
�Ge(t − t�)

�t�
(�2(t, t�) − 1) +

�G(t − t�)

�t�

]
�
IA
DE
(t, t�)dt�

AA38, the sticker life time will lose its significance and the 
value of the effective sticker relaxation time �A is expected 
to be much larger than for the sols PnBA, AA6 and AA13.

Comparison of experimental data and model 
predictions

In the following, we compare predictions of the model, stress 
tensor Eq. (16) and relaxation modulus Ge(t) according to 
Eq. (6), with experimental evidence in elongational flow.

Figures 3, 4, 5, and 6 present the data (symbols) of the 
elongational stress growth coefficient  �+

E
(t) as a function of 

time t, and of the elongational stress  �+
E
(�) as a function of 

Hencky strain � . Also shown in Figs. 3a, 4a, 5a, and 6a are 
the LVE elongational start-up viscosity (short-dashed line) 
and the elongational stress growth coefficient �+

E
(t) according 

to the DEIA model (long-dashed lines), i.e., assuming no 
stretch ( � = 1 ) in Eq. (16) and only orientation. Predictions 
for affine stretch of network strands according to the evolu-
tion Eq. (11) of the stretch are indicated in Figs. 3, 4, 5, and 
6 by long-short dashed lines, while predictions using evolu-
tion Eq. (13) are shown as full lines. The model parameters 
are summarized in Table 3.

Excellent agreement of data and model predictions is 
obtained for PnBA with values of modulus GA = 100Pa 
and sticker life time �A = 0.44 s (Fig. 3). With N = 5, this 
combination of values for GA and �A resulted in the low-
est Sticky Rouse time �RA = �AN

2 = 11s , which is in agree-
ment with the experimental data. As expected, using the 
same values for GA and �A , the Sticky Rouse time increases 
strongly with increasing concentration of AA groups to 
�RA = �AN

2 = 2475s corresponding to N = 75 for AA6 with 
6% AA (Fig. 4). Again, excellent agreement of data and 
model predictions is achieved. As shown in Figs. 3 and 4, 
the start-up of the elongational stress growth coefficient �+

E
(t) 

as well as of the elongational stress �+
E
(�) are accurately pre-

dicted by the affine stretch assumption according to Eq. (11). 
At larger strains, a steady-state of elongational viscosity and 
stress is reached, which corresponds to a limiting value of 
the stretch, �

∞
= 22 for PnBA (Fig. 3) and �

∞
= 11 for AA6 

(Fig. 4), respectively. The agreement of data and model vali-
dates the Sticky Rouse relaxation modulus, Eq. (6), as well 
as the stretch evolution Eq. (12), which expresses the strain-
rate independence of the stretch of network strands as dem-
onstrated by the existence of the (approximate) mastercurves 
shown in Fig. 2b and d. As already noted, the molecular 
simulations of Mohottalalage et al. (2022) also revealed that 
increasing elongation leads to increasing breakup of associ-
ating clusters, independent of strain rate.

Figure 5 presents comparison of data of AA13 with 
model predictions using again the same values of modulus 

642 Rheologica Acta (2022) 61:637–647



1 3

GA = 100Pa and sticky life time �A = 0.44 s as for PnBA 
and AA6. The Sticky Rouse time of the associations 
increases to �RA = �AN

2 = 7.04 ⋅ 104s corresponding to 
N = 400. While, in general, good agreement between 
data and model is achieved, disagreement between data 
and prediction is observed at the highest strain rate of 

�̇� = 1s−1 , and for the lowest strain rates of �̇� = 0.001s−1 and 
�̇� = 0.0006s−1 at high strains. This may be due to deficien-
cies of the model at high AA group concentration shortly 
before the gel point with G′ approaching Gʺ (Fig. 1), but 
we remark that inaddition the LVE characterization of 
AA13 may be insufficient as the range of time–temperature 
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of (a) elongational stress growth coefficient  �+
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(t) and (b) elonga-

tional stress �+
E
(�) according to Eq. (16) and evolution Eq. (11) (aff-

ine stretch, long-short dashed lines) and Eq.  (13) (limiting stretch 
�
∞
= 22 , full lines). In (a), short-dashed and long-dashed lines indi-

cate LVE elongational start-up viscosity and predictions of the DEIA 
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superposition is restricted for AA13 and AA38 as reported 
earlier, and the terminal relaxation regime has not been 
fully resolved. At larger strains, while there is an indica-
tion that a steady-state elongational stress is approached 
as quantified by �

∞
= 11 (Fig. 5b), the samples of AA13 

fractured at Hencky strains of � ≈ 4.5 or earlier. This 
may be related to the increasing breakup of associating 
clusters leading in the case of high association strength 
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model, respectively
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Table 3  Model parameters for PnBA-AA copolymers

Parameter PnBA AA6 AA13 AA38

G
A
[Pa] 100 100 100 100

�
A
[s] 0.44 0.44 0.44 440

N [-] 5 75 400 260
�
∞

[-] 22 11 11 �
m
= 2.5

�
RA

[s] 11 2475 7, 04 ⋅ 104 3 ⋅ 107
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eventually to cavitation effects as shown by the recent 
molecular dynamics simulations of associating polymer 
melts (Mohottalalage et al. 2022).

Comparison of data and model predictions for the gel 
AA38 is presented in Fig. 6. For a gel, there are always many 
continuous molecular pathways from one side of the sample 
to the other. Therefore, the individual life time of a sticker 
loses its significance and is replaced by an effective relaxa-
tion time �A = 440s (Table 3), i.e., a factor of 1000 higher 
than for the sols. With GA = 100Pa and N = 260, excellent 
agreement of the start-up of the elongational stress growth 
coefficient �+

E
(t) and the elongational stress �+

E
(�) is obtained 

by use of the affine stretch assumption according to Eq. (11). 
For Hencky strains larger than � ≈ 1 , the stress increases 
stronger than predicted by the affine stretch assumption and 
the samples break at a Hencky strain of � ≈ 2 , except for the 
strain rate �̇� = 1s−1 , where fracture is observed experimen-
tally at a somewhat higher strain. We note that in contrast 
to the sols PnBA, AA6 and AA13, which besides the supra-
molecular complexes also contain free PnBA molecules, 
deformation is directly applied to the gel AA38, and the 
enhanced increase of the stress is due to the finite extensible 
nonlinear elasticity (FENE) of the network strands of the gel. 
We model this by a nonlinear spring with relative tension 
f = c� , where c represents a relative Padé inverse Langevin 
function [Cohen 1991] with

The maximal stretch is taken as �
m
= 2.5 , and �2 in the 

stress tensor Eq. (15) is replaced by f� = c�2 leading to

Taking FENE into account does not only result in excel-
lent agreement with the experimental data, but also repro-
duces the fracture observed at � ≈ 2.

Conclusions

Based on the relaxation modulus of the “Sticky Rouse” 
model, Eq. (6), and a single integral constitutive equation 
of the Doi-Edwards IA type with chain stretch, Eq. (16), 
the effect of hydrogen bonding on the elongational viscos-
ity of PnBA-AA copolymers can be quantified. The elonga-
tional viscosity data reported by Shabbir et al. (2015) are 

(17)c =

(
3 −

�
2

�
2
m

)
⋅

(
1 −

1

�
2
m

)

(
3 −

1

�
2
m

)
⋅

(
1 −

�
2

�
2
m

)

(18)

�(t) =

t

∫
t=−∞

[
�Ge(t − t�)

�t�
(c(t, t�)�2(t, t�) − 1) +

�G(t − t�)

�t�

]
�
IA
DE
(t, t�)dt�

consistent with a Sticky Rouse relaxation modulus Ge(t) of 
the AA associations characterized by a constant modulus 
GA = 100Pa and a constant sticker life time �A = 0.44s−1 . 
The longest Sticky Rouse time �RA = �AN

2 of the supramo-
lecular assemblies increases strongly with the concentration 
of AA groups, from �RA = 11s for PnBA with 3% of AA 
groups to �RA = 2475s for AA6 with 6% AA groups, and to 
�RA = 7 ⋅ 104s for AA13 with 13% AA groups (Table 3), i.e., 
from seconds to the order of nearly 1 h and to 1 day, respec-
tively. The increase in the Sticky Rouse time is caused by an 
increasing supramolecular complexity as expressed by the 
number N of Rouse modes, which increases from 5 (PnBA) 
to 75 (AA6) and to 400 (AA13). The width of the Sticky 
Rouse relaxation modulus Ge(t) increases in proportion to 
N2, and this has important consequences for the modeling 
of the self-healing potential of these materials: Experiments 
on supramolecular self-healing dynamics as reported e.g. by 
by Hinton et al. (2019) suggest that there are two important 
process time scales, the waiting time �W and the healing 
time �H . During the waiting time, i.e., before the two parts 
of the fractured sample are recontacted, the material evolves 
toward a state which may differ from that of the undamaged 
material. The ability of the material to heal is significantly 
decreased the more so the longer the parts of the fractured 
sample remain separated. The healing time begins when the 
two halves are reconnected, and the material recovers some 
degree of its undamaged mechanical properties. In addition 
to diffusion, the effects of both �W and �H on self-healing 
are governed by the dynamics of the AA associations as 
expressed by the Sticky Rouse relaxation modulus. Hinton 
et al. (2019) reported an equilibration time �eq = 2000s for 
AA6, i.e., the time for open stickers to reach equilibrium 
with the network. While this is in satisfactory agreement 
with the Sticky Rouse time of �RA = 2475s for this copoly-
mer, it may be necessary for models of supramolecular self-
healing to take into account the width of the Sticky Rouse 
relaxation spectrum explicitly. The assumption of an average 
or characteristic association bond life time may not be suf-
ficient for quantitative modeling.

The increase in the Sticky Rouse time of the supramo-
lecular assemblies leads to extreme strain hardening. The 
elongational stress 𝜎E(�̇�) shows a steady state at large strains 
and the stretch reaches a limiting value �∞ independent of 
strain rate. �E increases with increasing strain rate as shown 
in Fig. 7a, where �E is plotted as a function of the Weissen-
berg number WiRA = �̇�𝜏RA . The elongational stress calculated 
from Eqs. (16) and (13) is mainly due to the stretch of the 
temporary network strands created by the supramolecular 
assemblies. The Sticky Rouse relaxation modulus Ge(t) 
of the supramolecular assemblies for 𝜏

A
< t < 𝜏

RA
 can be 

expressed as [Narimissa and Wagner 2020]
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and the elongational true start-up stress �+
EA

 of the AA 
associations from Eq. (9) is given by

(19)Ge(t) =
�
1∕2

2
GA

(
t

�RA

)−1∕2

S11 − S33 is the orientation function in the flow direction, 
and � and �′ are the Hencky strain at observation time t = 𝜀∕�̇� 
and at creation time t� = 𝜀

�∕�̇� of strands, respectively. For 
sufficiently high strain rates and strains, when the network 
strands are fully oriented with (S11 − S33)�,�� = 1 and have 
reached their limiting stretch �∞ at � = �∞ , the asymptotic 
steady-state elongational stress �EA can be approximated (for 
details see Narimissa and Wagner 2020) by,

With �∞ from Eq. (14), this results in

corresponding to a dimensionless reduced viscosity

Predictions of Eqs. (22) and (23) are shown in Fig. 7 by 
dashed lines. The asymptotic elongational stress �EA of the 
supramolecular assemblies depends on the modulus GA , 
the maximal stretch �∞ , and the Weissenberg number WiRA . 
Even at high WiRA , �EA is slightly lower than the steady-state 
elongational stress �E as calculated by Eqs. (16) and (13), 
which also contains a minor stress contribution of the free 
PnBA-AA molecules due to their orientation in the flow 
field. The higher stress �E of PnBA compared to AA6 and 
AA13 at the same Weissenberg number is mainly related to 
the higher value of �

∞
= 22 for PnBA compared to �

∞
= 11 

for AA6 and AA13. At higher Weissenberg numbers, slopes 
of ½ and − ½ are reached for �E and �E , respectively, as indi-
cated by the dashed lines in Fig. 7. This is the signature of 
the Sticky Rouse relaxation spectrum of the supramolecular 
assemblies as expressed by Eq. (19), which is reflected in 
the elongational stress data. With increasing Weissenberg 
number WiRA , network strands with shorter and shorter 
relaxation times are stretched up to the limiting stretch �∞ 
and contribute to the elongational stress, whereby the stress 
increases in proportion to Wi

1∕2

RA
 . Obviously, the approxima-

tion of Eq. (19) loses its significance for Weissenberg num-
bers WiRA = �̇�𝜏RA = �̇�𝜏AN

2
> N2 , i.e., when the shortest 

Sticky Rouse mode with �A = 0.44s has reached the limiting 
stretch �∞ . With N2 = 25 for PnBA,  N2 = 5625 for AA6 
and  N2 = 1.6 ⋅ 105 for AA13 (see Table 3), this transition to 
a different scaling is outside the experimental window. Also, 

(20)

𝜎
+
EA
(𝜀) = 5

𝜀

∫
−∞

𝜕Ge(𝜀∕�̇� − 𝜀
�∕�̇�)

𝜕𝜀
�

𝜆
2(𝜀, 𝜀�)(S11 − S33)𝜀,𝜀�d𝜀

�

(21)𝜎EA = 5Ge(t =
𝜀∞

�̇�

)𝜆2
∞
=

5

2
𝜋
1∕2GA𝜆

2
∞

(
𝜀∞

�̇�𝜏RA

)−1∕2

(22)�EA =
5

2
�
1∕2GA

�
2
∞

(1 + ln �∞)
1∕2

Wi
1∕2

RA

(23)
�
EA

G
A
�
RA

=
5

2
�
1∕2

�
2
∞

(1 + 1n �∞)
1∕2

Wi
−1∕2

RA

100 101 102 103 104 105

WiRA [-]

104

105

106

107
E
[P
a]

PnBA

AA6

AA13

(a)

(b)

100 101 102 103 104 105

WiRA [-]

100

101

102

103

E
/(
G
A

R
A
)
[-
]

PnBAPnBA

AA6AA6

AA13AA13
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 calculated by Eqs. (16) and (13). 
Dashed lines show the asymptotic contribution of the AA associa-
tions to the elongational stress (Eq. (22)) and to the reduced elonga-
tional viscosity (Eq. (23)) with slope of ½ and − ½, respectively
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with the estimated Rouse time of pure PnBA of �R = 0.038s 
(Shabbir et  al. 2015), stretching of the free PnBA-AA 
molecules is expected to occur for Hencky strain rates of 
�̇� > 13s−1 . This would also affect the scaling for elongational 
flows with Wi = �̇�𝜏R > 1 , which are not considered here.

In summary, the analysis of the elongational flow data 
of the PnBA-AA copolymers allows a quantification of the 
dynamics of the supramolecular complexes created by AA 
associations, which is not immediately apparent by LVE 
characterization. The nonlinear effect of hydrogen bonds in 
the sol state can be quantified by a Sticky Rouse relaxation 
modulus with the three parameters GA , �A , and N; two of 
them ( GA and �A ) being the same for PnBA, AA6, and AA13, 
i.e., independent of the concentration of the AA groups. It 
is important to note that the limiting stretch parameter �

∞
 

does not depend on the elongation rate, and that the strain 
energy stored by network strands created by AA associations 
depends only on strain. The PnBA-AA copolymer AA38 
with the highest concentration of AA groups investigated 
is a weak gel, and the sticker life time loses its significance. 
The longest Rouse time of AA38 is of the order of 3 ⋅ 107s 
or close to a year, although shorter relaxation modes down 
to the order of several minutes still allow for partial self-
healing of any crack as shown by Hinton et al. (2019).

As hydrogen bonding is the most common noncovalent revers-
ible interaction leading to supramolecular polymeric assemblies, 
the detailed understanding of the elongational rheology can have 
considerable impact on the formulation of hydrogen-bonded 
supramolecular polymers and the future developments of this 
important class of polymers with interesting application potential.
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