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Abstract
We investigate the linear and nonlinear shear rheology of a marginally entangled H-polymer melt and two solutions made 
by diluting high molecular weight H-polymers in linear oligomer. In order to approach a nearly unentangled state, dilution 
is conducted at volume fractions such that the two solutions attain a similar number of entanglements of the melt. Start-up 
shear experiments demonstrate that the nonlinear behavior of the H-polymer melt is analogous to that of a linear melt with 
comparable span chain length. Concerning solutions, the increase of chain elasticity in fast flows, coupled with a lesser role 
of monomeric friction reduction, allows to attain strong stretch in start-up shear tests. As a result, transient strain hardening 
occurs. Furthermore, a failure of the Cox-Merz rule is observed for the solutions, which indicates that they better conform 
to a FENE-Rouse chain behavior compared to melts.

Keywords H-polymers · Shear hardening · Cone-and-partitioned plate · Nonlinear rheology

Introduction

Decoding molecular dynamics of polymers with complex 
topology is a crucial objective for both polymer science 
and industrial applications. It promotes the development 
of new ideas for refining molecular models and provides 
new strategies for tailoring the flow properties of materials. 
Among complex architectures, branched polymers represent 
the largest category, ranging from simple structures such as 
3-arm stars to intricate macromolecules such as dendronized 
polymers.

Dynamics of entangled branched polymers can be ration-
alized on the basis of the tube model Doi and Edwards 
1978a, b, c, 1979; de Gennes 1971; Likhtman et al. 2000; 
Milner et al. 2001; Graham et al. 2003 with the addition of 
new physics accounting for the ramified architecture. The 
new ideas embedded in tube-based algorithms for branched 
systems included arm breathing, additional friction arising 

from the branch points, hierarchical relaxation and dynamic 
tube dilation McLeish 1988; Park et al. 2005; Karayiannis 
and Mavrantzas 2005; Nielsen et al. 2006; Ianniruberto and 
Marrucci 2013; Watanabe 2008; Narimissa et al. 2016. The 
relaxation of a branched polymer starts from the free ends 
of the outer branches and proceeds inward in a hierarchical 
fashion. Friction is mainly concentrated at the branching 
points, whose diffusion is much slower than arm breath-
ing dynamics. On the other hand, relaxed branches can act 
as an effective solvent for the unrelaxed inner portions of 
the molecules, enlarging the tube and eventually accelerat-
ing relaxation dynamics. The idea of dynamic tube dilation 
(DTD) was first proposed in the seminal work of Marrucci 
(1985) for entangled binary blends of linear chains. It was 
postulated that the constraint release (CR) effect of the short 
chains induces an enlargement of the initial tube in which a 
long chain is confined. The tube diameter a(t) increases with 
time as a(t) = a0[�(t)]

−�∕2 , where a0 is the initial tube diam-
eter, �(t) is the dilation factor given by the effective fraction 
of initial constraints surviving at time t, and � is the dilution 
exponent van Ruymbeke et al. 2014. The latter can vary 
between 1 and 4/3. The relaxation function, �(t) = G(t)∕G0

N
 , 

can then be written as �(t) = ��[�(t)]� , where �′ is the unre-
laxed fraction of the initial tube segments Lentzakis et al. 
2019. If the CR motion of the long chain is fast enough to 
fully explore, at time t, the dilated tube, then the relaxed 
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chains act as an effective solvent and the relaxation function 
assumes the simple form �(t) = [��(t)]1+� . If CR motion is 
slow, then the diameter of the effective tube explored by the 
chain is smaller than a(t). The latter scenario is defined as 
partial DTD. By combining viscoelastic and dielectric data, 
it was found that partial DTD could provide a more general 
picture for the relaxation of linear polymer blends Watanabe 
et al. 2004; Matsumiya et al. 2013 and could be invoked 
to explain the rheological properties of star, Cayley-tree, 
and H-polymers Watanabe et al. 2006, 2008; Matsumiya 
et al. 2014; Lentzakis et al. 2019. Extensions of the tube 
model with the ingredients above were successfully imple-
mented for stars Doi and Kuzuu 1980; Pearson and Helfand 
1984; Dubbeldam and Molenaar 2009, pompom polymers 
McLeish 1988; McLeish et al. 1999; Ianniruberto and Mar-
rucci 2013, combs Snijkers et al. 2013 and more complex 
branched architectures Das et al. 2006; van Ruymbeke et al. 
2010; Park et al. 2005; Wagner et al. 2000, for both linear 
and nonlinear flow regimes. Based on DTD picture, analo-
gies could be drawn between pompom polymers and linear 
blends. In particular, it was found that the linear viscoelastic 
relaxation spectrum of a pompom polymer with long entan-
gled backbone and short unentangled branches is identical 
to that of a blend of entangled linear chains in a short linear 
matrix, provided that the blend is properly designed. To this 
end, the molecular weight of the long linear chain must be 
equal to that of the span molecular weight of the pompom 
polymer, given by the sum of the backbone molecular weight 
and that of two branches. Furthermore, the volume fraction 
of long linear chains in the blend must be equal to the ratio 
between the span molecular weight and the total molecular 
weight of the pompom polymer van Ruymbeke et al. 2007.

Nonlinear flow behavior of branched polymers is relevant 
for many practical applications, particularly in transient con-
ditions. Extensional data on long chain branched polymers 
demonstrated that strain hardening appears at relatively low 
rates and increases with the degree of branching Hatzikiria-
kos 2000; Stadler et al. 2009; Morelly and Alvarez 2020, a 
peculiarity particularly relevant for processing. The onset 
of extensional hardening at low rates is observed for model 
systems Huang et al. 2017 as well. Analogous experiments 
on well-defined model polymers were performed in start-up 
shear flow Snijkers et al. 2013a, b, c; Snijkers and Dimitris 
2014; Huang et al. 2017; Costanzo et al. 2016; Scherz et al. 
2017. The main outcome is that branched polymer melts are 
shear thinning and they exhibit a broader viscosity overshoot 
than linear polymers due to the broader spectrum of relaxa-
tion times. For branched architectures featuring a backbone 
such as comb polymers, if the relaxation time scales of the 
branches and the backbone are well separated, a double over-
shoot is observed Snijkers et al. 2013. The first overshoot 
reflects branches withdrawal into the backbone tube whereas 
the second peak is associated with backbone stretch Snijkers 

et al. 2013. The latter seems to be also associated to a pro-
nounced stress undershoot at high shear rates Snijkers et al. 
2013. Star and regular dendrimers are found to verify Cox-
Merz rule Cox and Merz 1958. Conversely, for branched 
systems such as combs, Cox-Merz rule is not always obeyed 
Snijkers and Dimitris 2014. Although such rule is empirical, 
and therefore not requested to hold always, it was speculated 
that the failure can be ascribed to extra stress coming from 
the backbone stretch. The latter occurs to a larger extent 
with increasing number of branches, that is, with increasing 
backbone dilution.

Polymer solutions made of entangled polymers diluted 
in oligomers were used to investigate differences between 
entangled linear melts and solutions in fast flows. Huang 
et al. demonstrated that melts and solutions with the same 
number of entanglements, Z, have the same reduced lin-
ear viscoelastic properties, yet the nonlinear extensional 
behavior is remarkably different Huang et al. 2013. Melts 
undergo extensional viscosity thinning whereas solutions 
undergo hardening. The viscosity thinning of the melts is 
due to anisotropic monomeric friction reduction caused 
by the strong alignment of the chains in the flow direction, 
particularly in extensional flows Matsumiya and Watanabe 
2021. Friction reduction is less relevant in solutions as the 
long chains experience a nearly isotropic environment due 
to the fast relaxation of the oligomers. Therefore, the larger 
the molecular weight of the oligomer, the larger becomes 
the friction reduction effect Ianniruberto et al. 2012. Moreo-
ver, strain hardening of solutions with the same number of 
entanglements increases with increasing maximum chain 
stretch ratio Huang et al. 2015. The universality of behavior 
between melts and solutions can be eventually recovered 
by matching the same number of entanglements, the same 
friction reduction between melt and oligomeric solvent, and 
the same number of Kuhn segments between entanglements, 
that is, the same maximum stretch ratio Wingstrand et al. 
2015. The difference observed in extensional flow could not 
be detected in shear due to the vorticity component of the 
flow Costanzo et al. 2016.

The linear and nonlinear behavior of poorly entangled 
polymers is less explored. Works available in literature 
mainly concern unentangled linear melts Santangelo and 
Roland 2001; Colby et al. 2007; Matsumiya et al. 2018; 
Watanabe et al. 2021; Sato et al. 2021, whereas system-
atic studies on unentangled or poorly entangled solutions 
of macromolecules in oligomeric solvents are lacking. As 
mentioned above, in entangled regime, a direct comparison 
between melts and solutions could be made, as Z is the only 
governing parameter for linear viscoelasticity. Conversely, 
the characteristic length to consider in comparing melts and 
solutions in unentangled state is not straightforward.

Concerning nonlinear behavior, unentangled melts 
undergo viscosity thinning in both shear and extension 
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Colby et al. 2007; Matsumiya et al. 2018. In particular, 
the power law exponent of shear thinning (-0.5) is smaller 
compared to entangled systems (approximately -0.9). The 
thinning exponent of -0.5 indicates that unentangled melts, 
generally modelled as Rouse chains, obey the Cox-Merz rule 
Colby et al. 2007. Viscosity thinning in unentangled melts 
arises from the competing effect of increased elasticity due 
to the FENE behavior of the chains Matsumiya et al. 2018 
and monomeric friction reduction Ianniruberto et al. 2012. 
Recently, it was also remarked that Brownian force intensity 
may change with flow, affecting the dependence of viscosity 
on flow strength Matsumiya et al. 2018; Sato et al. 2021. 
Changes of friction reduction and Brownian force intensity 
are necessary ingredients for a quantitative description of 
the thinning behavior of viscosity and first normal stress 
coefficient of unentangled systems Watanabe et al. 2021. 
For example, the simplest bead-spring model accounting 
for FENE effect, i.e., the FENE-PM-Rouse model, does not 
obey Cox-Merz rule, which was demonstrated to be valid for 
unentangled melts Colby et al. 2007. The difference between 
nonlinear flow behavior observed for entangled melts and 
solutions is also expected to hold for unentangled systems. 
In particular, friction reduction is expected to play a minor 
role in unentangled solutions of long chains in oligomers. 
The effect should be even more pronounced with respect to 
entangled solutions as, in unentangled regime, a long chain 
is almost entirely surrounded by oligomer, thus topologi-
cal effects of other long chains are reduced. We note that 
monomeric friction reduction effects are more relevant for 
polystyrene due to the relatively low number of Kuhn steps 
between entanglements Anwar and Graham 2019. From an 
experimental point of view, unentangled solutions have a 
lower elasticity, i.e., lower characteristic elastic modulus 
compared to entangled ones, hence start-up experiments 
could be carried out at larger Weissenberg numbers, without 
artifacts induced by edge fracture.

Concerning the nonlinear flow behavior of H-polymer 
melts, an interesting aspect is the analogy with the linear 
counterpart. Ianniruberto and Marrucci argued that arm 
withdrawal in strong extensional flows makes the behavior 
of H-polymers similar to that of linear polymers with com-
parable span molecular weight Ianniruberto and Marrucci 
2013. Furthermore, Baig and Mavrantzas demonstrated the 
similarity of shear thinning behavior between an unentan-
gled H-polymer and a linear polymer with the same span 
chain length Baig and Mavrantzas 2010.

Experimental studies validating the conjectures discussed 
above are currently lacking. The aim of this paper is to con-
tribute to fill in this gap by focusing on nonlinear shear 
rheological properties of H-polymer melts and solutions 
in the poorly entangled state. In particular, we consider a 
nearly unentangled H-polymer melt and two solutions made 
by diluting large molecular weight H-polymers in a linear 

oligomer. As mentioned above, drawing an analogy between 
unentangled melts and solutions is challenging for several 
reasons. For example, it is still unclear which coarse-graining 
length could provide a unified picture of melt and solution 
dynamics. In order to keep our analysis as simple as possi-
ble, and provided that the H-polymer considered here fea-
tures an entanglement plateau, we dilute the large molecular 
weight H-polymers in a way to match the same nominal Z of 
the corresponding melt, considering an entanglement molec-
ular weight of the solution equal to M

e
(�

H
) = M

e
(1)�

H

−� , 
where Me(1) is the entanglement molecular weight of the 
melt, �H the volume fraction of H-polymer in solution, and 
� is the dilution exponent, assumed equal to unity. This 
oversimplified approach neglects dilution effects on the 
H-polymer dynamics. However, it allows to attain weakly 
or unentangled H-polymer solutions, as demonstrated from 
the respective viscoelastic spectra, and ensures a reason-
able match between the scaled linear viscoelasticity of the 
H-polymer melt and one of the two solutions, which serves 
as a basis for the analysis of the nonlinear flow behavior. 
Nonlinear transient shear experiments are performed with 
cone-and-partitioned-plate fixtures to avoid artifacts induced 
by edge fracture Costanzo et al. 2018. Inspired by the work 
of Ianniruberto and Marrucci (2013) and by that of Baig and 
Mavrantzas (2010), we compare the behavior of the margin-
ally entangled H-polymer melt with that of a linear counter-
part having the same zero shear viscosity and a comparable 
span molecular weight. In spite of the different architecture, 
the analogy between the nonlinear shear behavior of the two 
systems is confirmed. Concerning the solutions, we demon-
strate that the minor role of friction reduction coupled with 
FENE behavior dominates the nonlinear response inducing 
shear strain hardening and progressive failure of the Cox-
Merz rule.

Materials and methods

The H-polymers used in this work were prepared by Roovers 
in 1981 Roovers and Toporowski 1981. In order to exclude 
possible degradation, we performed linear shear rheologi-
cal measurements on the melts and compared our data with 
those of Roovers (1984). The difference between the cur-
rent linear data and those digitized from reference Roovers 
(1984) was found lower than 10%. The linear polystyrene 
oligomer was purchased by Sigma Aldrich (USA) and has a 
Mw = 1840 Da and PDI=1.05. The linear polystyrene coded 
as PS71k was purchased from Polymer Source (Canada). It 
has Mw = 71 kDa and PDI=1.04.

In order to prepare the solutions of H-polymer in poly-
styrene oligomer, proper amounts of H-polymer and linear 
oligomer were dissolved in toluene in a glass vial. The vial 
was sealed with a cap and the mixture was put on gentle 
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stirring with a magnet at room temperature. After 24 h, the 
cap was removed and substituted with an aluminum foil with 
holes to allow for slow evaporation of toluene. After one 
week the residual amount of toluene was removed by putting 
the open vial in a vacuum oven for 48 h at room temperature. 
After this time, the temperature was increased to 160 ◦ C 
for 2 h. Such a protocol ensured a residual amount of tolu-
ene smaller than 0.1% in the solutions. The polymer melts 
and prepared solutions are listed in Table 1. We used the 
same codes as in reference Roovers and Toporowski (1981). 
The two solutions were prepared by diluting H3A1A and 
H5A1 in linear oligomer at such a concentration to have the 
same nominal number of entanglements of the H-polymer 
H4A1A, according to the relation Z(�H) = Z(1)��

H
 , where 

Z(�H) is the number of entanglements in solution and Z(1) 
is the number of entanglements in the melt.

The glass transition temperatures were either taken from 
literature or measured through differential scanning calo-
rimetry (DSC). To this end, a DSC Q2500 from TA instru-
ments was used. Measurements were performed from 25◦ C 
to 180◦ C at a heating/cooling rate of 5 ◦C/min in nitrogen 
atmosphere.

To perform rheological measurements, melts and solutions 
were shaped to discoid specimens by means of a homemade 
vacuum compression mold. Details of the design can be found 
in reference Costanzo et al. (2019). Linear and nonlinear 
rheological measurements were performed on two different 
rheometers. In particular we used an ARES rheometer (TA 
Instruments, USA) equipped with a homemade cone-and-
partitioned plate fixture Costanzo et al. 2018 and a convec-
tion oven for temperature control. The homemade cone-and-
partitioned plate has an inner plate with a 6 mm diameter. The 
cone has a diameter of 25 mm, a truncation of 104 µm and an 
angle of 6 ◦ . We also run measurements on a MCR702 rheom-
eter (Anton Paar, Germany) equipped with a 8 mm commer-
cial cone-and-partitioned plate fixture and a hybrid thermal 
control unit (CTD450). The cone used on the MCR702 has a 

truncation of 50 µm and an angle of 4 ◦ . Nitrogen atmosphere 
was used in both cases to prevent degradation.

Results and discussion

Linear viscoelasticity

As mentioned above, the polymer volume fraction of the 
solutions was chosen in a way to match the same nominal 
number of entanglements of the melt H4A1A, based on the 
relation Z(�H) = Z(1)��

H
 . The dilution exponent was cho-

sen to be equal to unity, although values between 1 and 4/3 
were reported in literature. The uncertainty on the value of 
the dilution exponent affects Z(�H) and the relaxation func-
tion �(t) ∝ �(t)� (see Appendix A). However, it has only a 
minor qualitative effect on the nonlinear rheological data and 
does not change the main outcome of nonlinear shear experi-
ments, i.e., the failure of the Cox-Merz rule for solutions.

Figure 1a depicts the linear rheological properties of 
the H-polymer melts and the two solutions compared at 
the same distance from the glass transition temperature 
( Tref = Tg + 27◦C). The linear viscoelastic spectrum of the 
oligomer is also reported for completeness.

Regarding the high molecular weight melts, the low-fre-
quency crossover could be barely detected for the sample 
H3A1A and was not observed for the sample H5A1 in the 
investigated temperature range. Note that frequency sweep 
tests were performed only up to 230◦ C. We did not include 
data at higher temperatures as evident degradation occurs in 
the experimental time window.

Both the arms and the backbone of H3A1A and H5A1 
melts are entangled (see Table 1). Their relaxation spectrum 
can be rationalized based on the concepts of hierarchical 
relaxation McLeish 1988a, b and dynamic tube dilation Mar-
rucci 1985; Kapnistos et al. 2005; Watanabe 2008; Lentza-
kis et al. 2019. The two melts exhibit a well-defined elastic 

Table 1  Material properties of 
H-polymer melts and solutions 
investigated in this work. Mwb

 is 
the backbone molecular weight; 
Mwa

 is the molecular weight of 
a single arm. Zb and Za are the 
number of entanglements per 
backbone and arm, respectively. 
Tg is the glass transition 
temperature and �d is the 
terminal relaxation time

afrom reference Roovers (1984)
bfrom reference Fox and Flory (1954)
c at 140◦C
d at 150◦C

Sample �H [v/v] Mwb
 [Da] Mwa

 [Da] Zb Za Tg [ 
◦C] �d [s]

H4A1A 1 1.90 × 104 1.90 × 104 1.1 1.1 98.5a 1.8c

H3A1A 1 1.23 × 105 1.23 × 105 7.2 7.8 100a

H5A1 1 2.04 × 105 2.05 × 105 12.0 12.0 100a

O2 1 1.84 × 103 60.0
Lin PS71k 1 71.00 × 103 100b 2.3c

H3A1A-O2 0.146 1.1 1.1 63.2 127.8d

H5A1-O2 0.094 1.1 1.1 63.6 20.4d
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plateau in the intermediate frequency range which can be 
attributed to the entanglement network of the branches. After 
the branches have relaxed by arm retraction, the backbone 
relaxes at first by fluctuation modes of the segments and 
eventually by reptation Lentzakis et al. 2019. The branching 
points have two competing effects on the backbone relaxa-
tion van Ruymbeke et al. 2006. The backbone experiences 
extra friction due to the slow diffusion of the branching 
points. However, the relaxed branches act as a solvent for 
backbone relaxation, speeding up the dynamics.

The sample H4A1A is only marginally entangled as it 
only has one entanglement per arm and one per backbone. 
If the relaxation time scales of the arms and backbone were 
well separated both of them should relax via Rouse-like 
dynamics, therefore no elastic plateau should arise in the 
relaxation spectrum. However, a weak elastic plateau is 
observed experimentally for this sample (see Fig. 1). We 
attribute this feature to the fact that, in a weakly entangled 

regime, there is a strong cooperativity between the relaxation 
of arms and backbone of an H-shaped polymer, as discussed 
in reference Karayiannis and Mavrantzas (2005). In such a 
case, the relaxation of the H-polymer becomes akin to that of 
a linear polymer with comparable span molecular weight. If 
we consider a linear architecture with comparable molecular 
weight, the few entanglements of such polymer are enough 
to show a weak elastic plateau in the intermediate frequency 
range, as reported below.

Concerning the two solutions, the relaxation of the oli-
gomeric matrix is much faster compared to the large H-pol-
ymer molecules, hence we can safely assume that the oli-
gomer acts as a real solvent. Given the low volume fraction 
of polymer in the solutions, H macromolecules only have 
few entanglements hence they do not experience any tube 
constraint Lentzakis et al. 2019. Thus, typical dynamics of 
nearly unentangled systems are expected for solutions. The 
viscoelastic spectra were measured from terminal relaxa-
tion to the glassy regime. Thermorheological complexity 
emerges in the glass-to-rubber part of the relaxation spec-
trum (see Appendix B). In the high frequency range, the 
curves of both solutions virtually overlap the master curves 
of the oligomer, indicating that relaxation at short times con-
cerns length scales comparable with the oligomeric one. The 
intermediate frequency range is dominated by the branches 
and backbone relaxation of the diluted H-polymer. For the 
solution H3A1A-O2, the polymer concentration is such that 
an elastic plateau typical of a weakly entangled system can 
still be observed. Conversely, the solution H5A1-O2 features 
a relaxation spectrum typical of unentangled systems, con-
forming to a Rouse-like power law relaxation before termi-
nal flow is approached. Analogous behavior was found for 
a solution of H3A1A in polystyrene oligomer with Mw = 5 
kDa at � = 10% Lentzakis et al. 2019. In the latter case, 
the data were modelled by using a Rouse spectrum with no 
retardation factor arising from branching points, due to the 
almost unentangled environment.

Figure 1b depicts the horizontal shift factors used to build 
the master curves of Fig. 1a. Vertical shift was found neg-
ligible. When reported at the same distance from the glass 
transition temperature, the data collapse onto a single mas-
ter curve, confirming that the samples are compared at iso-
frictional state. The values of the WLF fit constants of the 
different samples at the same distance from Tg are very simi-
lar. For clarity, a single WLF fit line of the data is reported 
in Fig. 1b (dashed line). The WLF constants of such curve 
are obtained as the arithmetic average of the WLF constants 
of the single samples. The values are c1 = 8.89 ± 0.56 and 
c2 = 76.46 ± 3.48 ◦C.

As mentioned above, several authors pointed out similar 
dynamics between linear and H-polymers in strong nonlinear 
flows Ianniruberto and Marrucci 2013; Baig and Mavrantzas 
2010. The analogy stems from the assumption that, at high 

Fig. 1  (a) Linear viscoelastic spectra and (b) shift factors of the 
H-polymer melts and solutions compared at a reference temperature 
equal to T = T

g
+ 27

◦C
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flow rates, the H-polymer coil strongly aligns in the flow 
direction, becoming similar to that of a linear polymer with 
chain length equal to the span length of the H-polymer. The 
span length is calculated based on the longest end-to-end 
path of the H-polymer, hence it is equal to the sum of the 
branch-backbone-branch length. Since, H4A1A is symmet-
ric, the span molecular weight is equal to Ms = 3 × 1.9 = 57 
kDa. However, we decided to compare the rheology of 
H4A1A with that of a linear polystyrene with Mw = 71 kDa. 
Although this molecular weight is slightly larger than Ms , 
such linear polymer has approximately the same zero shear 
viscosity of H4A1A. Furthermore, since the two samples 
have the same chemistry and the same glass transition, they 
feature the same glass relaxation and entanglement plateau. 
This ensures a fair comparison in both linear and nonlinear 
regimes. Figure 2 compares the linear master curves of the 
two polymers at the same reference temperature ( Tref = 140
◦C). The zero shear viscosity of PS71k agrees well with 
the expected value reported in literature Casale et al. 1971. 
The two samples have virtually the same zero shear vis-
cosity. Moreover, the complex viscosity agrees well in both 
Newtonian and power law regimes. On the other hand, the 
branched architecture of the sample H4A1A results in a 
broader transition from the Newtonian plateau to the power 
law region, as expected.

Nonlinear start‑up shear tests

Nonlinear start-up shear tests were performed on both the 
melt H4A1A and the solutions H3A1A-O2 and H5A1-O2. 
The results are reported in Fig. 3.

Gray colors represent data obtained at a higher temper-
ature (115◦ C) and shifted by means of the shift factors of 
Fig. 1b. The blue lines are LVE envelopes obtained from 
the data of Fig. 1a. To calculate the LVE envelopes, the 

dynamic data were fitted with a discrete Maxwell relax-
ation spectrum of n modes, through the IRIS software 
(IRIS Development LLC, USA). Then, the viscosity was 
calculated as Schweizer and Schmidheiny 2013:

where Gi and �i are the set of Maxwell moduli and relaxation 
times, respectively. The relaxation spectra of both melt and 
solutions are reported in (Appendix C).

(1)�(t) =

n
∑

i=1

Gi�i

[

1 − exp

(

−
t

�i

)]

Fig. 2  Linear viscoelastic spectra of the H-polymer H4A1A and the 
linear monodisperse polystyrene Lin PS71k, compared at the same 
reference temperature Tref = 140

◦C

Fig. 3  Start-up shear tests performed on (a) H4A1A at T=140◦ C, (b) 
H3A1A-O2 at T=100◦ C, (c) H5A1-O2 at T=100◦ C. Shear rates in 
s
−1 are reported in the legend. The data in gray color were measured 

at 115◦ C and shifted to 100◦ C by means of the shift factors of Fig. 1b
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Start-up viscosity data of solutions at high rates are cut 
before overshoot because axial transducer overload induced 
by strain hardening occurred.

The melt H4A1A is only weakly entangled. In the range 
of explored shear rates the sample undergoes strain softening 
behavior typical of polymer melts. Data on start-up shear 
tests of well-entangled H-polymer melts such as H3A1A 
were reported by Snijkers and Vlassopoulos  (2014) and 
Snijkers et al. (2013). The transient nonlinear shear behavior 
displays analogies with that of other branched systems such 
as comb polymers Snijkers et al. 2013. The latter undergo a 
double stress overshoot before approaching steady state. The 
first overshoot is due to stretch of the side branches whereas 
the second overshoot is due to the stretch of the backbone, 
which occurs after the branches have been withdrawn into 
the backbone tube. Comb polymers generally have side 
branches much shorter than the backbone, hence, the time 
scales for branch and backbone stretch are well separated 
and the two stress overshoots can be clearly distinguished. 
In nearly symmetric entangled H-polymers, the difference 
in time scales for stretching backbone and branches is not 
as neat as for combs. Consequently, the double overshoot 
is less evident and a relatively broad overshoot is observed, 
instead. Such a feature was also reported for other branched 
systems such as stars Snijkers et al. 2013 and regular den-
drimers Huang et al. 2017. On the other hand, since the melt 
H4A1A is only marginally entangled, the features described 
above are less evident.

The nonlinear start-up shear behavior of H4A1A was 
compared with that of the linear PS71k. Figure 4 reports 
the comparison between start-up shear data on the sam-
ples H4A1A and the linear PS71k at the same temperature 
(T=140◦C).

Since the glass transition temperature of the two polymers 
is the same, such a condition also corresponds to the same 
distance from Tg . In the available range of shear rates, the 
data overlap fairly well. The only difference between the data 
sets is observed in the broadness of the overshoot, which is 
slightly larger for the H-polymer. The validity of the anal-
ogy between linear and branched polymers in strong flows 
relies on the fact that molecular mechanisms such as branch 
withdrawal and alignment in the direction of flow reduce the 
branched architecture to a linear one Ianniruberto and Mar-
rucci 2013. As a consequence, the shear thinning behavior 
of an H-polymer is close to that of a linear polymer of same 
span chain length, as demonstrated by means of molecular 
dynamics simulations for unentangled H-polymer melts Baig 
and Mavrantzas 2010.

Figure 5 reports the normalized Cox-Merz rule for the 
H-polymer melt and the two solutions.

The complex and steady shear viscosity values were 
divided by the zero shear viscosity, �0 . Both frequency and 
shear rate values were multiplied by the terminal relaxation 
time, �D , to obtain the Deborah ( De ) and Weissenberg ( WiD ) 
number, respectively. The terminal relaxation time for both 
melts and solutions is reported in Table 1. It was obtained 
from the low frequency limit of the product between the zero 
shear viscosity and the steady state recoverable compliance 
Je , according to Eq. 2.

The linear polystyrene PS71k is also reported for comparison. 
Both the linear and H-polymer melts follow the Cox-Merz rule, 
as expected. It was found that linear entangled polymer melts 

(2)�D = �0Je = lim
�→0

G�(�)

�G��(�)

Fig. 4  Comparison of start-up shear data of H4A1A (black symbols) 
and PS71k (red symbols). Shear rates (from top to bottom, in s −1 ) = 
(0.562, 1, 1.78, 3.16, 5.62, 10, 17.8). Dashed lines represent the LVE 
envelopes

Fig. 5  Normalized complex viscosity (solid lines) as a function of the 
Deborah number and normalized steady state viscosity (symbols) as a 
function of the Weissenberg number. Solid lines correspond to sym-
bols with the same color. Dashed and dash-dotted lines indicate char-
acteristic slopes, as reported in the legend
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have a slope of -0.89 Parisi et al. 2021 whereas unentangled 
ones have a slope of -0.5 Colby et al. 2007. Since the PS71k 
is only marginally entangled, the thinning slope has an inter-
mediate value. From best fit through the data, a value of -0.61 
is found. The shear thinning behavior of H4A1A is the same 
as PS71k. Concerning the solutions, Cox-Merz is not veri-
fied. In particular, the thinning slope decreases upon dilution. 
For H3A1A-O2, a best fit through the data yields a thinning 
slope of -0.46 whereas for the H5A1-O2 a slope of -0.35 is 
found. The decreasing thinning slope indicates a flattening of 
the viscosity curve towards an asymptotic value as maximum 
stretch is approached. The difference between the nonlinear 
behavior of the melt and the solutions can be explained based 
on monomeric friction reduction. Dynamics of linear unentan-
gled polymers have been described based on a FENE-Rouse 
model including monomeric friction reduction and variation 
of the Brownian force intensity Sato et al. 2021. The similarity 
between H and linear polymers in strong flows has been already 
highlighted above. Therefore, despite the different architecture, 
it is reasonable to retain a qualitatively similar picture for the 
behavior of H-polymers in nonlinear flows. At high shear rates, 
the H molecules of the melt strongly align in the flow direc-
tion. As a consequence, monomeric friction reduction occurs 
in such a direction, inducing the decrease of viscosity. On the 
other hand, friction reduction effects are minor for solutions as 
the fast relaxation of the oligomer creates an isotropic environ-
ment around the H-polymer. With a lesser effect of friction 
reduction, the FENE behaviour  of the chain emerges, inducing 
transient shear strain hardening and a smaller viscosity thinning 
at high rates. As mentioned in the introduction, another possible 
explanation for the failure of Cox-Merz rule is the extra stress 
coming from backbone stretch which increases with dilution 
Snijkers and Vlassopoulos  2014.

The transient nonlinear behavior was further investigated 
by analyzing the viscosity overshoot. Figure 6a reports the 
strain value �MAX corresponding to the peak viscosity as a 
function of the Weissenberg number for both melts and solu-
tions whereas Fig. 6b shows the peak broadness evaluated 
with the same procedure of reference Snijkers et al. (2013).

The stress overshoot appears as soon as nonlinear regime 
is approached, that is at WiD ≈ 1 . At low rates, it is associated 
with polymer coil orientation in the flow direction whereas at 
high rates it is the result of both orientation and stretch. At low 
rates �MAX is nearly constant with a value of 2.3, consistently 
with tube model predictions. At high rates, �MAX increases 
with increasing shear rate as a power law. The expected slope 
for entangled linear polymers is 0.33 Snijkers and Vlasso-
poulos 2011; Costanzo et al. 2016 and it is related to polymer 
stretch and recoil dynamics Xie and Schweizer 2018. Since 
the polymers examined here are in the marginally entangled 
regime, we observe that data related to H4A1A and PS71k 
have a slope of 0.2. Concerning the solutions, the slope of 
the power law increases upon dilution and reaches much 

larger values compared to melts in the same range of Weis-
senberg numbers. The lines are linear fits through the data. 
The increase of the slope can be attributed to the increased 
extensibility of the molecule upon dilution, that is, a larger 
stretch ratio � =

√

Nk , where Nk is the number of Kuhn steps 
of a linear chain with the same span molecular weight of the 
H-polymer. At fixed Weissenberg number, a chain with larger 
extensibility requires a larger strain before critical stretch 
occurs determining the viscosity peak. We observe that, for 
the most dilute solution, the peak strain saturates at a value of 
approximately 20 strain units, indicating that the maximum 
stretch of the molecule is likely approached.

Concerning the data related to peak broadness (Fig. 6b), it 
seems that solutions exhibit a slightly wider overshoot com-
pared to melts. However, due to the scattering of the data, it 
is difficult to draw conclusive remarks. On the other hand, 
it is interesting to observe that, by comparing Fig. 6a and b, 
at the same Weissenberg number, the solution featuring a 
larger maximum strain at viscosity peak also shows a broader 
overshoot. This suggests that the two parameters are related 
to elastic stretch and recoil dynamics, as already pointed out 
for entangled linear networks Xie and Schweizer 2018. In 

Fig. 6  (a) Strain corresponding to the maximum viscosity and (b) 
broadness of viscosity overshoot as functions of the Weissenberg 
number. Dashed lines indicate characteristic slopes, as reported in the 
legend. The slope of the dashed line in panel b is 0.5
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general, the scaling of the data upon the Weissenberg number 
seems to obey a power law with an exponent of approxi-
mately 0.5 (best fit through the data), as reported in Fig. 6b.

Besides the peak strain and broadness, another param-
eter associated with the amount of molecular coil deforma-
tion is the ratio between the peak and steady state viscosity, 
�MAX∕�STEADY . Furthermore, start-up shear data of polymer 
melts and solutions in strong flows feature an undershoot 
preceeding steady state. The undershoot is generally larger 
for solutions. Akin to overshoot, the viscosity undershoot 
can be analyzed by plotting the ratio between the undershoot 
and steady state viscosity, �MIN∕�STEADY . Figure 7 reports 
both parameters as functions of the Weissenberg number for 
linear and H-polymer melts and solutions.

For entangled linear polymers in fast shear flows, it was 
observed that the ratio between the maximum and steady 
state viscosity increases upon the Weissenberg number as 
a power law. The exponent of such power law was approxi-
mately 0.25 Costanzo et al. 2016. For the weakly entangled 
H-polymer melts and solutions investigated here, as well as 
for PS71k, a best fit through the data yields an exponent of 
0.2. However, the scattering of the data is too large to resolve 
a possible difference between the two regimes. For both lin-
ear and H-polymers, the value of the ratio deviates from unity 
when chain stretch occurs. In the same range of the explored 
Weissenberg numbers, H-polymer solutions exhibit a clear 
undershoot, in contrast to melts. The viscosity undershoot 
observed for the solutions showed an unambiguous depend-
ence on the Weissenberg number, albeit small. Figure 7 
reports the normalized undershoot as a function of WiD (data 
in gray). The data align on a power law trend with a slope of 
-0.05. We anticipate that such scaling is consistent with that 
observed for other polymeric solutions of different molecular 
architectures. We also note that the deviation from unity of 

the two parameters seems to occur at the same Weissenberg 
number. This suggests that undershoot could be related to 
recoil from stretch, as already speculated for comb polymers 
Snijkers et al. 2013. Recently, undershoot in linear polymers 
was also associated to molecular tumbling Costanzo et al. 
2016. The data reported here do not allow for a conclusive 
explanation of the molecular mechanism of undershoot. 
Therefore, we limit our analysis to the scaling, remarking 
that neither elastic recoil nor tumbling are in contrast with 
nonlinear dynamics of nearly unentangled H-polymers.

Conclusions

We explored the linear and nonlinear shear rheology of 
nearly unentangled polystyrene H-polymer melts and solu-
tions. The solutions were prepared diluting large molecular 
weight H-polymers in linear oligomeric solvent, at a volume 
fraction such as to attain a similar number of entanglements 
of the corresponding melt. This approach does not take into 
account dilution effects on H-polymer dynamics in nearly 
unentangled state. On the other hand, the data clearly indi-
cate that dilution plays a role as, in spite of the similar topol-
ogy, solutions relax faster than the corresponding melt. This 
also suggest that, possibly, a dilution exponent larger than 
unity should be considered for the comparison.

In spite of the different molecular architecture, the non-
linear rheological behavior of marginally entangled polymer 
melts shares common features with that of linear polymers 
with approximately the same span molecular weight. In par-
ticular, we compared the H-polymer melt with a linear poly-
mer having same zero shear viscosity. We found that both 
H-shaped and linear polymer are shear thinning. They obey 
Cox-Merz rule with the same thinning exponent.

Conversely, transient strain hardening and failure of Cox-
Merz rule are observed for solutions. In particular, the thin-
ning exponent decreases upon dilution.

These observations are explained based on monomeric 
friction reduction, which occurs when chains are strongly 
aligned in the flow direction. Friction reduction is more rele-
vant for melts, as a given chain is surrounded by other chains 
aligned in the same direction. Conversely, a given chain in 
solution is surrounded by oligomers, which relax on a much 
faster time-scale and keep a randomly oriented environment 
around the long chain. Subsequently, friction reduction plays 
a lesser role for solutions. This feature, coupled with the 
FENE behavior of unentangled systems, is at the origin of 
transient shear hardening. The rheological features observed 
in this study claim for a deeper understanding of the lin-
ear and nonlinear dynamics of branched architectures. It is 
hoped that this work will encourage further studies on the 
behavior of melts and solutions of complex architectures in 
the marginally entangled or unentangled state.

Fig. 7  Ratio of the overshoot to steady state viscosity, �MAX∕�STEADY 
(black symbols), and ratio of the undershoot to steady state viscosity, 
�MIN∕�STEADY (gray symbols), as functions of the Weissenberg num-
ber
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Appendix A. Comparison 
between H‑polymer melts and solutions

Entangled linear polymer melts and solutions with the same 
number of entanglements have same linear scaled viscoelas-
tic properties Costanzo et al. 2016. Here, we attempt at draw-
ing a similar analogy for the H-polymer melt and the solution 
H3A1A-O2, for which a weak elastic plateau could still be 
detected. In Fig. 8, the scaled viscoelastic master curves of 
the H4A1A melt and the H3A1A-O2 solution are compared.

The viscoelastic master curves of the melt and the solu-
tion were scaled by dividing both loss and storage moduli 
by the plateau value of the elastic modulus, G0

N
 evaluated at 

the minimum of the loss factor, tan(�) . The frequency axis 
was multiplied by the entanglement time, �e , obtained as the 
inverse of the high frequency crossover of the viscoelastic 
moduli. The scaled master curves overlap well in the high 
frequency part. However, it is evident that the relaxation of 
the solution is faster compared to that of the melt. Hence, in 
spite of similar topology, dilution by oligomer speeds up the 
dynamics. Such trend is confirmed by the fact that the most 
dilute solution, H5A1-O2, features no elastic plateau. This 
also suggests that the effective number of entanglements in 
solutions might be lower than the nominal one, that is, the 
dilution exponent might be larger than unity. A systematic 
analysis of the scaled rheological properties of melts and 
solutions represents a good strategy to quantify dilution 
effects. However, this is beyond the scope of the present 
work. As mentioned above, dynamic dilution effects have 
larger consequences on the solution prepared with the largest 
molecular weight H-polymer, H5A1-O2, where unentangled 
scaling is observed (see Fig. 1a).

Appendix B. Thermorheological complexity 
of H‑polymer solutions

A remark is in order about the thermorheological complexity 
observed for the two solutions in the glass-to-rubber part of 
the relaxation spectrum. Several authors have pointed out 
that a thermorheologically complex behavior is observed 
in this zone for many polymer species, including polysty-
rene Plazek 1965; Inoue et al. 1991, 1996 . The reason is 
that the relaxation spectrum features two components at the 
transition, one related to the elastic plateau region and the 
long-time relaxation of the glass, and another related to the 
properties of the glassy zone. Such components have differ-
ent temperature dependencies Osaki et al. 1995. Therefore, 
time-temperature superposition (TTS) works only apparently 
in this region. The failure of TTS cannot be appreciated on 
the scale of Fig. 1a. To highlight this aspect, Van Gurp-
Palmen plots of the dynamic data of the two solutions were 
made Van Gurp and Palmen 1998 (Fig. 9). It is clear that, 
for both solutions, the dynamic data do not overlap around 
the maximum of the phase angle, indicating thermorheo-
logical complexity. From the x-axis, it can be observed that 

Fig. 8  Comparison of the scaled linear viscoelastic spectra of the pol-
ymer melt H4A1A and the polymer solution H3A1A-O2

Fig. 9  Van Gurp-Palmen plots of (a) H3A1A-O2 and (b) H5A1-O2 
solutions
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the values of the complex modulus at which TTS fails cor-
respond to the rubbery-to-glassy transition region of the 
master curves.

Appendix C. LVE discrete spectra 
of the melts and solutions

In table 2, the discrete relaxation spectra of the H-polymer 
melt H4A1A and the two solutions H3A1A-O2 and H5A1-
O2 are reported. The dynamic data of the two solutions were 
collected from the glass to the terminal relaxation, hence a 
larger number n of Maxwell modes is needed to properly fit 
the data in the whole frequency range.
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