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Abstract

In this paper we establish conditions for a permutation group generated by a single
permutation to be an automorphism group of a graph. This solves the so called concrete
version of Konig’s problem for the case of cyclic groups. We establish also similar
conditions for the symmetry groups of other related structures: digraphs, supergraphs,
and boolean functions.
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1 Introduction

Frucht’s theorem, conjectured by Dénes Konig states that every abstract finite group is
isomorphic to the automorphism group of a graph [30]. On the other hand it is known
that not every permutation group is an automorphism group of a graph. For example,
there is no graph on n vertices whose automorphism group is the cyclic group Cj,
generated by an n-element cycle. The problem asking which permutation groups can
be represented as automorphism groups of graphs is known as the concrete version of
Konig’s problem [29].

This problem turned out much harder and was studied first for regular permuta-
tion groups as the problem of Graphical Regular Representation. There were many
partial results (see for instance [15-17,22-24,26-28]) until the full characterization
was obtained by Godsil [6] in 1979. In [2], Babai uses the result of Godsil to prove a
similar characterization in the case of directed graphs.

In [20,21], Mohanty et al., consider permutation groups generated by a single
permutation (they call them cyclic permutation groups) whose order is a prime or a
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power of a prime. In [21, Theorem 3], they described those cyclic permutation groups
of prime power order greater than 5 that are automorphism groups of graphs. However,
the results contained some gaps. The authors made a false claim that there are no such
groups of prime order 3 or 5. Also the proof of the main result contained a gap. All this
has been corrected in [9]. Our aim is to generalize these results to cyclic permutation
groups of arbitrary order.

When comparing the results in [7,8,10,14,25] one may observe that usually formu-
lations of theorems concerning graphical representability are more natural and nicer
when the problems are considered for edge-colored graphs rather than for simple
graphs. In [13] we provide a relatively simple characterization of those cyclic permu-
tation groups that are automorphism groups of edge-colored graphs. We also prove
that each such permutation group is an automorphism group of a 3-colored graph.

In fact, the problem for edge-colored graphs has been considered already by
H. Wielandt in [29]. Permutation groups that are automorphism groups of edge-colored
digraphs were called 2-closed, and those that are automorphism groups of colored
graphs were named 2*-closed. In [18], A. Kisielewicz introduced the so-called graph-
ical complexity of permutation groups. By G R (k) we denote the class of automorphism
groups of k-colored graphs, by which we mean the graphs whose edges are colored
with at most k colors. By G R we denote the union of all classes G R(k), which is the
class of 2*-closed groups. Moreover, we put GR*(k) = GR(k)\GR(k — 1), and for
a permutation group A, we say that A has a graphical complexity k if A € GR*(k).
Then, GR(2) is the class of automorphism groups of simple graphs.

In this paper we fully characterize those cyclic permutation groups that are auto-
morphism groups of simple graphs. In the last section we consider the same problem
for other structures: digraphs, supergraphs, and boolean functions.

In Sect. 2, we recall some definitions concerning edge-colored graphs and permu-
tation groups. We recall two results from [10], and prove their generalizations we
need in the sequel. In Sect. 3, we recall results concerning cyclic permutation groups
of prime order. In Sect. 4, we present some minimal (in a sense) permutation groups
that do not belong to G R(2), while in Sect. 5, we present minimal cyclic permutation
groups which do belong to G R(2). These will be used in the proof of the main results.
In Sect. 6, we prove another auxiliary result which we call the extension lemma. The
main results of the paper are given in Sect. 7. They include the results of [13]. Our
approach is a little different than that in [13], and therefore we obtain, by the way,
another proof of the results of [13]. The last section presents the corresponding results
for digraphs, supergraphs, and boolean functions.

2 Definitions and Basic Facts

We assume that the reader has the basic knowledge in the areas of graphs and permu-
tation groups. In fact, the terminology is standard and the reader is referred to [1,30].
The permutation groups are considered up to permutation isomorphism.

We need to refer to some results on the automorphism groups of k-colored graphs,
so we recall here related terminology. A k-colored graph (or more precisely k-edge-
colored graph) is a pair G = (V, E), where V is the set of vertices, and E is an
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edge-color function from the set P>(V) of two elements subsets of V into the set of
colors {0, ...,k — 1} (in other words, G is a complete simple graph with each edge
colored by one of k colors). In some situations it is helpful to treat the edges colored 0
as missing. In particular, the 2-colored graph can be treated as a usual graph. Also, if
no confusion can arise, we omit the adjective “colored”. By a (sub)graph of G spanned
on asubset W € V we mean G’ = (W, E') with E'({v, w}) = E({v, w}), for all
v,we W.

Letv,w € Vandi € {0,...,k — 1}. If E({v, w}) = i, then we say that v and
w are i-neighbors. Moreover, for a set X € {0, ...,k — 1}, we say that a vertex w
is a X-neighbor of a vertex v if there is a color i € X such that w is i-neighbor of
v. By d; (v) (i-degree of a vertex v) we denote the number of i-neighbors of v. For
X {0, ..., k—1}, wesay that G is X-connected, if for every v, w € V there is a path
v = v, V1, ..., U, = w in G such that the color of each edge {v;, v;+1} belongs to X.
Obviously, for a k-colored graph G = (V, E), and for the sets X, Y € {0, ...,k — 1}
suchthat XUY = {0, ..., k—1}, G iseither X-connected or Y -connected. In particular,
there is always a color p such that G is ({0, ..., k — 1}\{p})-connected.

An automorphism of a colored graph G is a permutation o of the set V preserving
the edge function: (E({v, w}) = E({o (v), o(w)}), for all v, w € V). The group of
automorphisms of G will be denoted by Auz(G), and considered as a permutation
group (Aut(G), V) acting on the set of the vertices V.

Permutation groups are treated up to permutation isomorphism. Generally, a per-
mutation group A acting on a set V is denoted (A, V') or just A, if the set V is clear or
not important. By §,, we denote the symmetric group on n elements, and by 7, the one
element group acting on n elements (consisting of the identity only, which in all the
cases is denoted by id). By C,, we denote a regular action of Z,,. In particular, S» = C».
By D,, we mean the group of symmetries of n-cycle i.e., the group of automorphisms
of agraph G = (V, E) with V = {vo, ..., vps—1}, E{vi, V41 mod ny) = 1 for all
i, and E(v;,v;) = 0, otherwise. This is clear that C,, < D, with index two. Every
element of D, \C, has order two and is called a reflection. If n is odd, every reflection
fixes exactly one point; if n is even, the half of reflections fix two points, and the other
half fix no point.

Let W be a subset of V that is preserved by (A, V). By a restriction of A to the
set W, we mean a permutation group (B, W) that is permutation isomorphic with the
quotient group A/Kerw (A) acting naturally on the set W, where Kerw(A) = {a
€ A;a(w) = w for every w € W}.

The permutation groups considered in this paper are cyclic as abstract groups, i.e.,
generated by a single permutation: A = (o). If o has a decomposition ¢ - - - ¢,, on

cycles with disjoint notions, then A has n orbits Oy, ..., O, such that |O;| = |c;],
and A restricted to the orbit O; is equal to C|p,|. A restriction of A to the set W
= 0;, U---U 0;, is a permutation group generated by a permutation T = ¢;, - - - ¢j,, -

We say also that 7 is a restriction of o to the set W.
Later, we will use two kinds of products of permutation groups:
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Direct sum. For permutation groups (A, V), (B, W), by a direct sum of A and B we
mean a permutation group (A @& B, V U W) with the action given by

_Jax) forxeV,
(@, b)(x) = {b(x) forx € W.

Parallel product. For a permutation group (A, V), the parallel product A\ is a per-
mutation group (A, V x {1, ..., n}) with the following natural action.

a((vy, k)) = (a(vy), k).

Thus, AV' ~ A x I,.
Now, we recall two theorems which are proved in [10] and will be used later.

Theorem 2.1 [10, Corollary 3.5] Let A = A} @ Aj be a directed sum. Then, A € GR
if and only if each of A and A belongs to GR or Ais equal to I = I & 1.

Theorem 2.2 [10, Lemma 3.1 and Theorem 4.1] Let A{, Ao € GR(k), for some
k > 2. Then,

(1) A1 @ Ay € GR(k + 1).
(2) If Ay # Ay, then A @ Ay € GR(k).
(3) A1 ® I, € GR(k) U{DL}.

Later on, we will need one more lemma.

Lemma23 Let k > 1 and B ¢ GR(k) be a permutation group such that for
every k-colored graph G, with the property B C Aut(G), there is a permutation
f € Aut(G)\B preserves all the orbits of B. Then, B & C ¢ GR(k) for every
permutation group C.

Proof Let B = (B, V) and G’ be a k-colored graph such that B @ C € Aut(G’).
Then, obviously, the graph G, spanned on the set V, has the mentioned property. Let
f € Aut(G)\B be a permutation which preserves all the orbits of B. By f’ we denote
a permutation which acts as f on V and fixes all other vertices of G’. Obviously,
f' ¢ B® C.We show that f" € Aur(G').

We have to show that the colors of the edges of the graph G’ are preserved by f'.
If an edge e is contained in the graph G, then f'(e) = f(e) and E(f'(e)) = E(f (e))
= E(e) as required. If neither of the ends of e belongs to V, then f’(¢) = ¢ and the
statement is still true. The only nontrivial case is the edges of the form ¢ = {v, w},
where v € V and w ¢ V. Then, f'(e) = {f(v), w}. Since f preserves all orbits of
B, there exists b € B such that f(v) = b(v). Consequently, f'(¢) = b'(e), where
b = (b,1d) € B® C.Hence E(f’(e)) = E(b'(e)) = E(e), as required. This shows
that // € Aur(G’) and completes the proof of lemma. a

This is well known (see [10], for instance) that I} € GR(0),I, ¢ GR, I, € GR*(3),
forn € {3,4, 5}, and I, € GR(2), otherwise. This completes the case of permutation
group of order one (which, as we see, is not quite trivial). In future consideration, we
assume that the order of a cyclic permutation group is at least two.
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3 Earlier Results

In this section we recall the results completing the description of the graphical com-
plexity of cyclic permutation groups of prime order started in [20,21]. Those groups
have the form C), Vg 1. The result from [20] can be written as follows.

Theorem 3.1 [20, Theorem 3] Every permutation group of order two belongs to
GR(2).

Theorem 3.2 [20, Theorem 2] Let p > 5 be a prime. Then, Cp\\’ € GR(2) ifand only
ifr > 2.

Our complete results are the following.

Theorem 3.3 Let p be a prime,r > 1,q > 0and A = C,,\\r @ 1. Then,

(1) A¢ GR, forr =1and p # 2,
(2) A€ GR*(3), forr =2and p € {3, 5},
(3) A € GR(2), otherwise.

Theorem 3.4 Let A be a cyclic permutation group of order p". Let ki, i € {1, ..., n}
denotes the number of orbits of A of cardinality p*. If p # 2, then

(1) if Y7 ki =1, then A ¢ GR,
() if Y!_ ki =2, then

e A e GR*(3), fork, € {1,2}and p € {3, 5},
o A € GR(2), otherwise,

(3) if > i_ ki > 2, then A € GR(2).
A situation is a little different when p = 2.

Theorem 3.5 Let A be a cyclic permutation group of order 2". Let kj, i € {1, ..., n}
denotes the number of orbits of A of cardinality 2'. Then,

(1) if Y7, ki =1,then A ¢ GR,
) ifZ;-lzz ki =2 ki =0andk, € {1,2}, then A € GR*(3),
(3) A € GR(2), otherwise.

4 Permutation Groups Outside GR(2)

In this section, we show a few one-generated permutation groups that have a small
number of orbits, and are not automorphism groups of a 2-colored graph. In the general
case, for every one-generated permutation group (A, V'), there is asubset W C V such
that A restricted to W is one of the permutation groups of this form.

As it was mentioned before, for n > 2 and for every k-colored graph G, if Aut(G)
D Cy, then Aut(G) 2 D,. Hence, C, ¢ GR, for n > 2. We prove the similar
statement for some other cases.
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Theorem 4.1 Let A be a one-generated permutation group with two orbits O and O,
such that gcd(]01], |03]) € {3, 4, 5}. Then, A ¢ GR(2).

Proof Let (A, O1 U 02) = (o), O1 = {vo, ..., vj0,|=1}, O2 = {wo, ..., W0y -1},
0 (V;) = V(41 mod |0])> and 0 (W;) = W(i+1 mod |0,))- We consider the action of A
on the set of edges. There are three types of orbits in this action. Type one is when
the orbits consist of some edges {v, w}, where {v, w} € O;. Type two is when the
orbits consist of some edges {v, w}, where {v, w} € O,. Type three is when the orbits
consist of some edges {v, w}, where v € O1 and w € O». As it was mentioned above,
it is not any matter what are the colors of the edges of the orbits of the type one and
two. The group of automorphisms of a graph spanned on O;, i € {1, 2} will contain
D)o,|- This can change when we color the orbits of the type three. However, such a
situation does not take place.

If gcd(]O1], |O2]) = x, then there are exactly x orbits of the type three. For x = 3,
there are two kinds of coloring:

(a) all orbits are colored in one color,
(b) one orbit is colored in some color and two orbits in another.

In the case (a), the group of automorphisms of the graph contains D|g,| @ D)o,. In
the case (b), we may exchange the names of the vertices (in a cyclic way) such that a
reflection

f1 = (1, vj0,1-1) (W2, vj0,1-2) - - - (Vo1 |=1) /2] » V[(01]+1)/2]) ©
o(wi, W0, -1 (W2, V]0,3]-2) -+ - (W[(| 05| —1)/2]> W[(|02]+1)/2])

will be an automorphism of the graph.
For x = 4 and x = 5 we have four kinds of coloring:

(a) all orbits are colored in one color,

(b) one orbit is colored in different color than the rest of the orbits,

(c) the orbits which contain the edges {vo, wo} and {vg, w»} are colored in one color
and the rest of the orbits are colored in the second color,

(d) the orbits which contain the edges {vg, wo} and {vo, w;} are colored in one color
and the rest of the orbits are colored in the second color.

In the case (a), we have the same situation as in the case (a) for x = 3. For x = 5,
in the remaining cases, we have the same situation as in the case (b) for x = 3. The
same is true in cases (b) and (c) for x = 4. In the case (d) for x = 4, the situation is a
little different. There is no automorphism that acts as a fixing point reflection on every
orbit but still there is an automorphism that acts as a reflection on every orbit. After
exchanging the names of the vertices (in a cyclic way) the permutation

2= 1, v0-D 2, v10,1-2) - - - Vj0y)/2—1, V]Oy|/2+1) ©
o(wo, W|0,|—1) (W1, V]0,=2) -+ - (W] 0,215 W|0,]/2)

is an automorphism of the graph. This permutation fixes two points in the orbit Oy;
vo and v|p,|,2 but fixes no point in the orbit O;. This is clear that we may also find
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and automorphism of the graph that fixes two point in the orbit O, and fixes no point
in the orbit O;.

Since in every case, we have an automorphism of a graph that does not belong to
A, we have A ¢ GR(2). O

We note that in the case, where gcd(| O], |O2]) € {3, 5}, and for every graph G, if
Aut(G) 2 A, then Aut(G) contains a permutation that acts as a fixing point reflection
on each orbit. Observe also that if | O;| is divided by 2 for some i € {1, 2}, then there
is an automorphism f3 of a graph that acts as no fixing point reflection of the orbit O;
and as a fixing point reflection on the other orbit.

Using Theorem 4.1, and observations from the proof, we prove the following three
theorems.

Theorem 4.2 Let A be an one-generated permutation group with three orbits Oy, O3
and O3 such that ged(|01],102]) € {3,4,5}, ged(|01],|03]) € {3,4,5}, and
gcd(|0>],103]) = 1. Then, A ¢ GR(2).

Proof Let(A, O1U0O2U03) = (0), 01 = {vp, ..., vj0;|—1} O2 = {wo, ..., wjo,-1},
O3 = {uo, ..., u105/-1}, (Vi) = V(i+1 mod |01))> O(Wi) = Wi+l mod |0,), and
0 (1;) = Ui4+1 mod |05))- We consider the action of A on the set of edges. There are
few types of orbits in this action. We color these orbits to obtain a graph such that
Aut(G) 2 A. Any such coloring of the orbits consisting of some edges {v, w}, where
{v,w} € O; permits to an action of every permutation that acts on O; as an ele-
ment of D|g,|. Any such coloring of the orbits consisting of some edges {v, w}, where
v € O;, w € Ojy1,islikein the proof of Theorem 4.1, and permits to an action of every
permutation that acts on O; and O, either as f] of as f3 for gcd(]O1], |03]) € {3, 5}
and either as f] of as f> for gcd(]O1], |O3]) = 4. There is still and orbit consisting
of all edges {v, w}, where v € O1, w € O3. Any coloring of this orbit permits to an
action of every permutation that preserves the orbits 01 and O5.

This shows thatif gcd(|O1], |O2]) € {3, 5}and gcd(] O], |O3]) € {3, 5}, then, after
exchanging the names of the vertices, the permutation

(v1, vj0y1-1) (V2, V0 1=2) - - - (Vo1 |-1) /2] » V[(O1]+1)/2]) ©
o(w1, W0,|-1) (W2, V]0,|=2) - - - (W (|0a]=1)/2]» W[(|02]+1)/2]) ©
o(u1, uj05)—1) W2, u)051—2) - - - (U [(051=1)/2)» UT(|03]+1)/2])

belongs to Aut(G)\A.If ged(|O1], |02]) € 4and ged(| 02|, |O3]) € {3, 5}, then, after
exchanging the names of the vertices, the permutation

(v1, vj0y|-1) (V2, V]0y|-2) * -+ (V]0y]/2—15 V]Oy]/2+1) ©
o(wo, w0,|-1)(W1, V]0,|-2) - - - (W]0,]/2—1, W|0,]/2)
o(ut, ujo5)—1) (W2, U)051-2) - - - (U 031-1)/2> U(|03]+1)/2)

belongs to Aut(G)\ A. This completes the proof. O
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Theorem 4.3 Let A be an one-generated permutation group with four orbits
01, 02, O3 and Oy such that ged(|01],1020) € {3,4,5}, ged(102],103]) €
{3,4,5}, ged(1031,104]) € {3,4,5}, and ged(|01],|03)) = ged(]O1], |04))
= gcd(| 02|, |O4]) = 1. Then, A ¢ GR(2).

Theorem 4.4 Let A be an one-generated permutation group with four orbits O1, Oa,
03, Oy that ged(|01], |02]) = 4, ged(|01],103]) = 3 and ged(|O01], |O4]) = 5.
Moreover, ged(]0z], |03]) = 1, ged(]O3], |04]) = 1, and ged(|02], |04]) = 1.
Then, A ¢ GR(2).

Proof of Theorems 4.3 and 4.4. The same proof works in both cases and is similar to
the previous one. Let (A, O1 U O2U O3U O4) = (o), where O1 = {vo, ..., vj0,|-1}>
0, = {w(), ey w|02‘_1}, 03 = {u(), ey u|03|_1},and Oy = {to, ey t|04|_1}.M0re-
over, 0 (Vi) = V(i+1 mod |01])> 0 (Wi) = W(i+1 mod |05])> O (i) = U(i+1 mod |03))>
and o () = f(+1 mod |04))- All the possibilities that occur in Theorem 4.3 are sim-
ilar. Therefore, we may assume gcd(|O1], |02|) = 4, gcd(]O2|, 103]) = 3, and
gcd(] 03], |O4]) = 5 in this case.

Any coloring of the graph G, such that Aut(G) 2 A, permits to an action of a
permutation that, after exchanging the names of the vertices, is equal either to

(v1, vj0y -1 (V2, Vj0y-2) - - - (V]0y|/2—15 V]Oy]/2+1) ©
o(wi, w0,|—-1)(W2, V]0,|-2) - - - (W]0,]/2—1, W|0,]/2+1) ©
o(ut, u|05]-1) (U2, U|03]-2) - - - (U(03]~1)/25 U(|03]+1)/2)
o(t1, 10411 (12, {041=2) - - (2041=1)/2> L1041+ 1)/2)

or to
1, vj0,1=1) V2, Vj0;1=2) - - - (V]0y]/2—1> V]01]/241) ©
o(wo, Wj0y—1) (W1, V]0y|—2) - - - (W] 0,121, W|0,]/2)
o(ut, ujo5)—1) (W2, )051-2) - - - (U 031=1)/2> U(|03]+1)/2)
o(t1, Hos =1 (12, {041=2) - = - (2(041=1)/2> L1 O4]+1)/2)
None of these permutations belong to A. This completes the proof. O

A little more complicated proof is in the situation, where A has three orbits such
that 3 divides |O1| and |O»| but not | O3], 5 divides |O>| and | O3] but not |01, and 2
divides | O] and | O3] but not | O, |. However, the statement is the same.

Theorem 4.5 Let A be an one-generated permutation group with three orbits Oy, O»,
O3 such that ged(|O1], [02]) = 3, ged(102], |03]) = 5 and ged(| 01, |03]) € {2, 4.
Then, A ¢ GR(2).

Proof There are four cases depending on if 4 divides |O| and if 4 divides |O3|. At
the beginning, we consider the three cases where 4 divides at most one of |O| and
|O3]. Similarly as in the proof of Theorem 4.2 (case gcd(]O1], |02]) € {3,5} and
gcd(]0q], 103]) € {3, 5}), itis not any matter how we color the edges which are not of
the form {v, w}, where v € O1 and w € O3. In every coloring, there is a permutation
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o which acts as a fixing point reflection on every of three orbits. Consider the orbits
of the group A (in action on the set of edges) consisting of some edges {v, w}, where
v € 01 and w € O3. There are only two such orbits. Those orbits are preserved by
o. Hence, the group of automorphisms of the graph is not equal to A. Moreover, it
contains a permutation that acts as a fixing point reflection on every of the three orbits.

The remaining case is where 4 divides both | 01| and | O3|. We consider the restric-
tion of A to the set O> U O3z (we denote it B = (t)). By Theorem 4.1, for every
graph G such that Aut(G) 2 B, there exists a permutation ¢ that acts as a fixing point
reflection on both orbits O, and O3. We consider the action of the group A on the set of
the edges. Let R = {{v,w} :v e O, w e Ox}and T = {{v, w}: v € O1,w € 03}.
Then, A has three orbits which are contained in R and four orbits which are contained
in S. The only three nontrivial colorings of those orbits (up to symmetries) are when
we color one orbit which is contained in R in color 1 and other two in color 0 and we
color either one or two orbits which are contained in 7 in color 1 and other in color 0
(as in Theorem 4.1 in case x = 4). It is easy to verify that in all those three cases there
is an automorphism of a graph which acts as reflection on O and as t"¢ on the set
0, U 03, for some n. Hence, the group of automorphisms of the graph is not equal to
A. O

5 The First Step of Induction

In this section we study one-generated permutation groups (A, V) € G R(k) such that
whenever we remove one of the orbits (say O), then a restriction of A to the set V\ O
does not belong to GR (k).

In [21], it is proved the following.

Theorem 5.1 [21, Theorem 1] Let A be a one-generated permutation group with two
orbits O1, O with the property |O1| > 5 and | 01| divides |O3|. Then, A € GR(2).

At first we generalize this theorem and prove the following.

Lemma 5.2 Let A be a one-generated permutation group with two orbits Oy, O» such
that gcd(]O1], |O3]) > 5. Then, A € GR(2).

Proof Let (A, V) = (o).Letged(|O1], |02]) = x,|01]| = xyand |O>| = xz. We may
assume O1 = {vp, ..., Vxy—1}, O2 = {wo, ..., Wy;—1}, where o (v;) = V(i+1 mod xy)
and o (w;) = W(i+1 mod xz)- By 0i, we denote the restriction of o to the set O;. Then,
A C (o1) ® (o) and A = {aliozj : suchthati = j mod x}.

We consider the case when either y # 1 or z # 1. By C(xy, xz) we denote the
graph G = (V, E) defined as follows. V = O1 U O»,

1 forv=v;,w=vjandj=i+1 modxy

1 forv=w;,w=wjandj=i+1 mod xz,

1 forv=v;,w=wjand (i —j mod x) € {0, 1, 3},
0 otherwise.

E({v, w}) =

This is easy to verify that A preserves the colors of the edges of C(xy, xz) and
therefore, A C Aut(C(xy, xz)). We prove the opposite inclusion. The 1-degree of a
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vertex which belongs to O is equal to 3z + 2. The 1-degree of a vertex which belongs
to Oy is equal to 3y + 2. Since y # z, every automorphism of C(xy, xz) preserves
the partition of V on O; and O,. Consequently, Aut(C(xy, xz)) € Dxy @ Dy;.

We show that reflections are forbidden. Since A is transitive on O and on O», and
moreover, A C Aut(C(xy, xz)), it is enough to exclude one reflection on O and one
reflection on 0. We show that an element ab € D,y @ Dy, where b € D,; and

a = (v, Vyy—1)(V2, Vxy—2) - " (ULLEIJ’ U[LZHW) ,

does not belong to Aut(C(xy,xz)). For v € V, by N(v), we denote the set of
1-neighbors of v in the opposite orbit. Then,

N@wp) ={w; : i mod x) € {0,x — 1, x — 3}},
N@p) ={w; : ¢ mod x) € {0, 1, x —2}},
N@w3) ={w; : i mod x) € {0, 1, 3}},
Nxy—1) ={w; : (i mod x) € {x —1,x —2,x —4}},
N(vxy-3) = {w; : ( mod x) € {x —3,x —4,x — 6}}.

Since a(vg) = vo, a(v1)) = vxy—1, a(v3) = vyxy—3, we have a(wo) € N(vg)
NN (vxy—1) N N(vyy—3). Since x > 5, this intersection is empty. In the similar way,
one may exclude a reflection on O;. Hence, Aut(C(xy, x2)) € Cyy @ Cy;.

We show that if ab € Aut(C(xy, xz)), where a = id and b € C,, then b = afl
for some /. We know that ab fixes vg, v; and v3. Hence, the image of wq has to
belong to the intersection N (vg) N N(vi) N N(v3) which is equal to {w; : i = 0
mod x}. Consequently, b = 05‘1, as required. In similar way one may show that if
ab € Aut(C(xy, xz)), where b = id and a € Cyy, thena = alxl for some /. Since
A C Aut(C(xy, xz)), this implies the inclusion Aut(C(xy, xz)) € A.

Now, let y = z = 1. Then, by C(x, x), we denote the graph G = (V, E) defined
as follows. V. = O; U 03,

1 forv=v,w=vjandj=i+1 mod x,
E(fv,wh) =11 forv=v,w=wj;and (i —j mod x) € {0, 1, 3},
0 otherwise,

Again, it is easy to verify that A preserves the colors of the edges of C(x, x).
Hence, we have A € Aut(C(x, x)). We prove the opposite inclusion. The 1-degree
of a vertex which belongs to O is equal to 5. The 1-degree of a vertex which belongs
to O» is equal to 3. Hence, every automorphism of C(x, x) preserves the partition of
the set V on the orbits O; and O;. The graph spanned on O; is isomorphic with a
x-cycle. This implies that Aut(C(x, x)), restricted to the set O1, is contained in D;.
Let a € Aut(C(x,x)) be a permutation such that a(vg) = (vg). We consider the
possibilities on a(wgp). We obtain that a(wg) € N (vo) = {wo, Wyx—1, Wx_3}.

Assume first that a does not act trivially on Oj. Then, for i > 1, we
have a(v;) = wvy_;. Since wg € N(vg) N N(vy) N N(v3), we know that
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a(wg) € N(vg) NN (ve—1) NN (ve—3). However, the set N (vg) "N (vy—1) NN (vy—_3)
is empty. Consequently, if @ € Aut(C(x, x)) and it fixes vp, then it fixes every vertex
which belongs to Op. This implies that a(wg) € N(vg) N N(v1) N N(v3) = {wo}.
Hence, a fixes wy. Since C(x, x) is preserved by o, we have immediately that a fixes
every vertex in Oy. Hence a is a trivial permutation. Consequently, Aut(C(x, x)) = A.

]

Now, we consider the cases where ged(| O], |02|) € {3, 4, 5}. We prove the fol-
lowing two lemmas.

Lemma 5.3 Let A be a one-generated permutation group with two orbits O1 and O>
such that gcd(|O1], |02]) € {3, 4, 5}. Then, A € GR(3).

Proof In the case y = z = 1, this is a consequence of Lemma 3.3 in [9]. We have also
defined the graph C (x, x) there. In the other cases, we use the same symbols as in the
proof of Lemma 5.2. We define C(xy, xz) as follows. G = O1 U O.

forv=v,w=vjand j=i+1 mod xy,
forv=w;,w=wjand j=i+1 mod xz,
forv=v;,w=wjandi =; mod x,
forv=v,w=wjandi=j+1 mod x,
otherwise.

E({v, w}) =

O N = = =

From the definition of C(xy,xz), we have immediately that A preserves the
colors of the edges of C(xy,xz). Hence, A € Aut(C(xy,xz)). We prove that
Aut(C(xy, xz)) preserves the sets O1 and 0. Indeed, the 1-degree of a vertex, which
belongs to O is equal to z + 2. The 1-degree of a vertex, which belongs to O3 is equal
to y + 2. These numbers are different.

The remaining part of the proof is similar to the appropriate part of the proof of
Lemma 5.2. By N;(v), we denote the set of 1-neighbors of the vertex v in the set
03, and by N>(v), the set of 2-neighbors of the vertex v in the set O>. We show that
permutations that acts as reflections on some of the sets O or O are forbidden. We take
a € Aut(C(xy, xz)) that fixes vg. Observe that N2 (vg) = Ni(v1). Moreover, since
x > 2, N2(vo) NNy (vxy—1) = @. Therefore, a fixes vy. Since a subgraph of C(xy, xz)
spanned on O is a |O1-cycle a acts trivially on O;. Since A € Aut(C(xy, xz)), no
reflection on O is possible. Since the role of O and O, are symmetric, the same is
true for 0.

We have to show that if a € Aut(C(xy, xz)) fixes vg, then a acts as 0)2‘1 on O, for
some [. We have Ni(vg) = {wy; 1 € {0, ...,z — 1}}. Therefore, a(wg) = wy; for
some /. Since thg: subgraph of (C(xy, xz)) spanned on O> is a |Oz]|-cycle, we have

X

that a acts as 63" on O;. Again the role of O and O, are symmetric, therefore, the

same is true for O (a permutation that fixes wq acts as a)fl on O, for some /. Thus,
A = Aut(C(xy, x2)). O

Lemma 5.4 Let A be a one-generated permutation group with three orbits O1, O, and
O3 such that gcd(] 011, |02], |03]) € {3,4,5}. Then, A € GR(2).
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Proof We denote x = gcd(|01], 02],103]) € {3,4,5}. Moreover, |O1] = xy,
|O2] = xzth, |03] = xzt3, where y, z, 1,13 are positive integers such that
gcd(y, ztr) = 1, ged(y, zt3) = 1 and ged(f, 13) = 1. We may assume that either
tp =13 = 1 ort» < 13. By changing the names of orbits we may exclude the situation
wheny=1,z=1,1p=1lands3 > l.Let (A, V) = (o) and O; = {v}, ~~-’”|10,~|71}-
We may assume that U(U;) = Uéj+1 mod |0;])° Let o; be the restriction of o to the
set O;. Then, A = {ai“ozmaé‘, where n = m mod x,n =k mod x and m = k
mod xz}.

By C(xy, xzt2, xzt3), we denote the graph G = (V, E) defined as follows. V
= 01U 02U 0O;3.

1 forv:v,.l,w:vl.and(j—i mod x) € M,
1 forv:vf,w:vﬁ./,(j—i mod x) € Njand ! € {2, 3},
1 forv=v',w=v?and(j —i mod x) € {0, 1},
E({v, w}) = ; U 1)
1 forv=v/,w=viandi =j mod x,
1 forv:viz,wzvj andi =j mod xz,
0 otherwise,
where M = {l,xz — 1}, if neither y = 2z — )i + z#3 nor
y = zt1 + @tz and M = {2,...,xz — 2}, otherwise, N; = @, if

y=z=1 =1t = 1and Ny = {1,|0;| — 1}, otherwise. In addition, we put
Ny =0ify=3,z=1,h=1,3=06.

From the definition of G, we have immediately Aut(G) S A. We prove the opposite
inclusion. At the beginning, we show that Aut(G) preserves the partition of V on
the sets O1, O> and O3. We count the 1-degrees of the elements which belong to
these orbits. By d;, we denote here the 1-degree of the vertices that belong to O;. If
y=z=1t =t =1,thend| =5, dr, = 3 and d3 = 2. This implies that the partition
is preserved by Aut(G). Similarly, if y = 3,z = 2, = 1,13 = 2, then we have
di =10,d, =8,d3 =5.

Otherwise, dy = 2+2y+13,ds = 2+y-+t. Moreover, if neither y = (2z— 1)t 4213
nory = zt; + (Zgl)tz, then d; is equal to D1 = 2 4 2zt» + zt3 and d is equal to
y — 2 + 22ty + zt3, otherwise. Since r, < t3, we have d» > ds. If di = Dy, then
obviously, d ¢ {da,d3}. If y = (2z — 1)t + zt3, then d| = (4z — Dty + 2213 — 2,
dy = (4z—2tr+ (2z+ 1)tz +2and d3 = 2ztr +zt3+2. Since 1, < t3, these numbers
are different.

If y = zty + Stt, then dy = 3zt + S5 — 2, dy = 221, + 213 + 2 and
d3 = (z+ Dto + 55113 + 2. Assume that di = d>. Then, zt, + % = 4. This is
possible only if either y =3,z =2, = landtz =2ory =1,z =1, = | and
t3 = 6. The former case was considered earlier. The other case, we have excluded.

Now, let di = d3. Then, (2z — 1)t + t3 = 4. This is possible
onlyif y = 1,z = 1,10 = 1,13 = 3. This case was also excluded. As a conse-
quence we have that, in every case, Aut(G) preserves the partition of the set V on the
sets 01, O, and O3.

We show that Aut(G) = A. When G = C(3x, 2x, 4x), one may check it directly.
However, the fact that, when A has the orbits of cardinality 3x, 2x, 4x respectively,
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is immediate consequence of Lemmas 5.2 and 6.1. In proofs of those two lemmas,
we do not use Lemma 5.4. We consider the case when G = C(x, x, x). This is easy
to verify that A € Aut(C(x, x, x)). We have to prove the opposite inclusion. The
graph spanned on O is a |O1|-cycle. Moreover, every vertex, which belongs to O3
has exactly one 1-neighbor in the set O; and every vertex, which belongs to O has
exactly one 1-neighbor in the set O3. This implies that Aut(C(x, x, x)) is equal either
to Aorto Dy \3_ We have to exclude the second case. Assume thata € Aut(C(x, x, x))
fixes vé. Then, a fixes v(z). The vertex v% has only one 1-neighbor that belong O; and
is not vé. This is the vertex vifl. This implies that a fixes v;—l' Hence, a = id and
A = Aut(C(x, x, x)).

We consider the remaining cases. The graphs spanned on the sets O;, i € {1, 2, 3},
are either |O;|-cycles or their complements. This implies that Aut(G) < Do,
®D|0,] ® Djo,- We have to exclude the reflections and unwanted elements of
Ci0,1 ® C 0, @ C|05)- By N;(v), we denote here the set of 1-neighbors of the vertex
v in the set O;.

Assume that a € Aut(G) fixes v(l). We have

Na(vh) = {v? :i mod x € {0, 1}},
N3(w)) = {v}:i=0 mod x},

Nz(vf) = {vjz- :j=i mod xz}.

2

This implies thata(vé) = v;,fori =0 mod x, and moreover, a(vS) = v?, forj =0

mod x. Assume that the action of a on O; is nontrivial. We have v(% € Nz(viy,ll
Obviously, a(v;y_l) = vll. Hence, a(v%) € N(vll). Since N(vll) N {vi2 i =0
mod x} = ¢, this is impossible. Consequently, there is no element in Aut(G) that acts
on O as areflection. Moreover, if 01” 02’" aé‘ ,then n, m, k satisfy demanded properties.
Similarly, this implies immediately that there is no element in Auz(G) that acts as a
reflection on O3. Finally, in the same way, there is no element in Auz(G) that acts as
a reflection on O;. Hence, Aut(G) = A. O

In the remaining part of the paper, we will use not only the statements of Lem-
mas 5.2, 5.3 and 5.4 but also the constructions of the graphs C(n, m) and C(n, m, k).
On the end of this section, we write one more theorem.

Theorem 5.5 Let A be a one-generated permutation group with three orbits Oy, O3
and O3 such that gcd(| 01|, |02]) = 4 and |O3| = 2. Then, A € GR(2).

Proof Theorem 5.5 is an immediate consequence of more general Lemma 6.4. In proof
of Lemma 6.4, we do not use Theorem 5.5. O

6 Extension Lemmas

We prove here the extension lemmas that we will use in a proof of general case.

Lemma 6.1 Let (B, V) = (t) acts without fix points. Let O be one of the orbits of B
with following properties.
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o There is an orbit O' # O such that gcd(|O0’|, |O]) # 1. Moreover, if |O] > 2,
then gcd(|0'|, |0]) > 2.

e If|O| =2I, withl > 1, then there is no orbit of cardinality 2.

e A restriction of B to the set V\ O, belongs to G R (k).

Then, B € GR(k).

Proof Obviously, k > 2. Let C be a restriction of B to the set V\O. Let
01,02, ..., 05 be a list of those orbits of C that ged(|O|,|0;]) > 1 for

every i € {l,...,s}. Let ¢ = |0|, and ¢; = |0;| for i € {l,...,s}.
We dengte 0] = {vg, ...,v?o_l} and O; = {v(’),...,v’ci_l}. We may assume
that r(v}) = véj +1 mod ;) Moreover, we denote x; = gcd(co, ¢;). We assume that,

fori < j, we have x; < x;. This implies that if x; = 2, for some i, then x; = 2 and
co = 2.
Let G = (V\O, E) be a k-colored graph such that Aut(G) = C. We construct
a finite number of graphs G* = (V, E*), G** = (V, E*), Gy = (V, Ey), G|
= (V, Ey), .... For one of the graphs G;, withi > 0, we will have Aut(G;) = B.
Let G* = (V, E*), where

E({v,w}) if fv,w} S V\O,
1 ifv=v;,w=v;and
(i—j modcy) €{l,co— 1},
1 ifv:v?,w:v?,(i mod x,) = (j mod xp),
andh =1 orx, # 2,
0 otherwise.

E*(fv, w}) =

Let G* = (V, E**), where

E*{v,w}) +1 mod?2 ifveO,we O0andcy > cp,
skk —
E™({v, wh = { E*({v, w}) otherwise.
We define Eg = E**, for s = 1 and for ¢o ¢ {2,4}. Fors = 1 and ¢ € {2, 4}, we
define

_JE*({v,wh +1 mod2) iffv,w}C O,
Eo{v, w}) = { E*({v, w}) otherwise. )

Assume now that we have constructed a graph G, for k£ > 0. Since O is the orbit
in V, every element of O has the same 1-degree (say my) in Gi. By P, we denote
the set of those elements of V\ O that have 1-degree (in Gy) which is equal to my.
Obviously, Py is a union of orbits of the group C.

We will construct a graph G 1 in the situation when either | Py| > |O]or O; € P,
for some i € {1, ..., s}. In the other cases Gy is the final step of our construction.

If | Pr| > |O| and no set O; is a subset of Py, then we put

1 ifve Oandw € Py,
Er({v,w}) otherwise.

Erri({v, w}) = {
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The 1-degree of the elements which belong to O U Py is increased. The 1-degree
of remaining elements does not change. Obviously, after this change, the 1-degree of
the elements which belong to O is larger than of the 1-degree of those elements which
belong to Py.

Leti € {l,..., s} besuchthat O; C P,. We consider three situations.

Casel.s = landc; = ¢o. Then, C = D@ C,,. By Theorem 2.1, C € GR(k), implies
¢1 = 2. Then, by assumption co = 2. Consequently, C = D & C>\? € GR(k).
Case 2. Either s = 1,¢1 #coandcg > 2 ors > 1 and x1 # 2. We put

(Ex({v,w) +1 mod2) ifveOandw € Oy mod s)+1,
Eri(fv, wh) = { Er({v, w}) otherwise. ( "
Since x1 # 2, in every case, the 1-degree of the elements that belong to O is increased.
The 1-degree of the elements that belong O; is increased at most as 1-degree of the
elements that belong to O. Remaining elements have the same 1-degree as before. In
particular, 1-degree of the elements which belong to O is larger than the 1-degree of
those elements which belong to Pk.
Case 3. Either s = 1,cp =2 and c; > 2 ors > 1 and x| = 2. Obviously, ¢¢ ¢ {3, 5}.
We Put

(Ex({v,w}) 4+1 mod?2) ifve O,we Ojyjandi #s,
Erri({fv,w)) = { (Ex(fv,w}) +1 mod 2) ifv,w C Oandi =s,
Er({v, w}) otherwise.

If i = s, then since co ¢ {3, 5}, the 1-degree of the elements which belong to O is
increased. Remaining elements have the same 1-degree as before. If i < s, then the
1-degree of the elements which belong to O is increased. The 1-degree of the elements
which belong to O; 1 is increased at most as 1-degree of the elements which belong to
0. Remaining elements have the same 1-degree as before. In both cases, the 1-degree
of the elements which belong to O is larger than the 1-degree of those elements which
belong to Py.

Since the group C has a finite number of orbits, the procedure will finish after a finite
number of steps. If & is the final step, then | P¢| < |O] and there isno i € {1, ..., s}
such that O; € P,. We show that Aut(G) = B.

First, we prove that every a € Aut(Gy) stabilizes O. By the construction of the
graph Gy, if there is a vertex v € V\O with the same 1-degree as the elements
which belong to O, then |O| ¢ {2, 4}. This implies that the graph spanned on O is
1-connected. We know that every vertex v € V\O with the same 1-degree as the
elements of O is a 0-neighbor of every vertex that belong to O. Moreover, the number
of those elements is not greater than |O|. Hence, if some vertex that belongs to O is
moved out of O, then it is true for all elements which belong to O. This implies that
the graph spanned on the set a(O) has to be either O-cycle or its complement. Since
a(0) consists of at least two orbits of B, this is impossible. Consequently, the set O
is stabilized by every a € Aut(Gy).

The graph spanned on the set V\O is equal to G. Hence, the group Aut(Gy),
restricted to V\ O, is equal to C. The graph spanned on the set O is equal either to
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|O|-cycle or to the complement of |O|-cycle. Hence, the group Aut(Gy), restricted
to O, is equal either to C¢, or to D,. For co > 2, there is an orbit O’ such that
gcd(|O|, |0']) > 2. In similar way as in proof of Lemma 5.2, a reflection on O
implies a reflection on O’. Hence, the second case is excluded.

This is immediately from the definition of G* that T preserves the colors of G*.
Moreover, this is clear that the changes which are done in the graphs G**, G, . .., G
do not break it down. Consequently, every b € B preserves the colors of the edges of
Gy. Hence, B C Aut(Gy).

Let S be the set of elements f € Aut(Gy) which acts on the set V\O as t. Since
B C Aut(Gy), such elements exist (t is one of them). Since f acts on V\O as t,
the group generated by f, restricted to the set V\ O, is equal to C. This implies that
|Aut(Gy)| = |C]|S|. We check the possible actions of f on the set O. Fori > 0, we
have f(v}) = véH] mod ¢)° By definition of the graph Gy, all the 1-neighbors (or
alternatively all O-neighbors) of vf) in the set O are vertices vg, where h = 0 mod x;.
All the 1-neighbors (or alternatively all O-neighbors) of v‘i in the set O are vertices
vg, where ¢ = 1 mod x;. This implies that f (v?) = v?j +1 mod x1)° Consequently,
f(v?) = U?j+1 mod ged(IC],|01)" Hence, the set S has at most |0|/ ged(|C], |O])
elements. We have |Aut(Gy)| = |C||S| < |C||0]/ ged(|C|, |O|) = |B]|. Since B
C Aut(Gy), we have B = Aut(Gy). O

Lemma 6.2 Let (B, V) = (t) acts without fix points. Let O and O» be orbits of B
with the following properties.

ged(1011,102)) > 2.

There is an orbit O ¢ {01, Oz} such that |O| > 2, gcd(]|O|, |01]) = 2 and
ged(10],102) =2,

e For every orbit O’ ¢ {01, 02}, we have ged(]0’|, |0;]) < 2, fori € {1,2},

e A restriction of B to the set V\(O1 U O3) belongs to GR (k).

Then, B € GR(l), wherel = k, for gcd(|O1], |O2]) > Sandl = max{3, k}, otherwise.

Proof Obviously, k > 2. Let C be a restriction of the group B to the set
VA(O1 U 03). We may denote x = gcd(]Oq], |02]), |01] = xy, |02] = xz,
|0l =t, O1 = {vo, ..., Vxy—1}, O2 = {wy, ..., Wyz—1}, O = {ug, ..., u;—1} and
T(Vi)) = V41 mod xy)s T(Wi) = W+l mod xz)> T(Ui) = UG+l mod r). Since C
€ GR(k), there is at least one orbit different from O, O3, and O.

Let G; = (V\(O1U 0»), Eq) be a k-colored graph such that Aut(G1) = C. Since
k > 2, without loss of generality we may assume that, for a vertex v € O, the 1-degree
of the vertex v (in a graph G1) is greater than 0. Let G, = (01U O, E») = C(xy, x2).
We define a graph G = (V, E) as follows.

E1(fv, w}) if{v, w} € V\(O1 U 02),
EZ({Us w}) if{U, w} - 01 U 029

E({v, w}) = 1 whenv =v;,,w =ujandi =j mod 2,
1 whenv € Op and w € V\(O1 U O, U 0),
0 otherwise.
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We show that Aut(G) = B. The inclusion B € Aut(G) is an immediate consequence
of the definition of the graph G.

We prove the opposite inclusion. We show that Auz(G) preserves the set O1 U O5.
We count the 1-degree of the vertices which belong to V. If v € O, then according to
the constructions of C(xy, xz) in Lemmas 5.2 and 5.3, d; (v) < 3y +2forx > 5, and
di(v) < y+2,otherwise. If v € O, then since the 1-degree of the vertex v (in the graph
G1) is greater than 0, we have di(v) > xy/2. If v ¢ O1 U O, U O, then d;(v) > xy.
In the case when x > 6, we have 3y +2 < xy/2. If x = 5,then y +2 < xy/2. In
these two cases, the only vertices which have the same 1-degree as the vertices which
belong to O, could be those which belong to O;. If this situation take place, then
obviously O U O3 is preserved by Aut(G). Otherwise, O, is preserved by Aut(G)
and O is a set consisting of all those vertices which have at least one 1-neighbor in
0;. Hence, O is preserved by Aut(G).

If x =6,then3y +2 < xy. If x € {3,4}, then y + 2 < xy In both this cases
the vertices which belong to O have smaller 1-degree than the vertices which belong
to V\(O1 U 02 U 0). If, in addition, the vertices which belong to O, have different
1-degree than those which belongs to O, then we have the same situation as above.
Assume that this is not true. The vertices which belong to O; and the vertices which
belong to O have the same 1-degree (say d). We have to consider two cases according
to 1-degree of the vertices which belong to O1. Assume v € O;. If d1(v) = d, then
0, consists of all these vertices of 1-degree equal to d which do not have 1-neighbor
outside O1 U O, U O. Hence, O; is preserved by Aut(G). As above, this implies
that Oy is preserved by Aut(G). If di(v) # d, then O, U O is preserved by Aut(G).
Moreover, there is no edge in color 1 between O; and O. The graph spanned on O> is
I-connected. The graph spanned on O is either 1-connected or has no edge in color 1.
This implies that, if forv € Oy anda € Aut(G), we have a(v) € O, thena(0,) C O
and a(O) € 0;. Since |O>| # | O], this is not possible. Hence, the set O, is preserved
by Aut(G). Once again, this implies that O is preserved by Aut(G).

We have: the set O; U O is preserved by Aut(G), the graph spanned on O
U0; is equal to G» and the graph spanned on V\(O; U 03) is equal to G. Hence,
Aut(G) C C @ Aut(C(xy, xz)). Moreover, since for every orbit O’ ¢ {01, 0,2}, we
have ged(|0’], 10;]) < 2 fori € {1,2}, and ged(|O], |01]) = 2, the group B has
index 2 in C @ Aut(C(xy, xz)). Since the vertices vy and v have the different sets
of 1-neighbors in V\(O1 U O,), the group Aut(G) has index at least 2 in the group
C & Aut(C(xy, xz)). Consequently, since B C Aut(B), we have B = Aut(G). O

Lemma 6.3 Let (B, V) = (1) acts without fix points. Let O1, Oy, O3 be orbits of B
with following properties.

e gcd(|011,102|,103]) = ged(|01], |02]) = ged(1011, 103]) € {3,4, 5},

e there is an orbit O ¢ {01, Oz, O3} such that |O| > 2, gcd(|0], |01]) = 2,
ged(|0], 102]) = 2 and ged(|0], |03]) <2,

e forevery orbit O’ ¢ {01, Oz, O3}, we have ged(|0’|, |0;]) < 2, fori € {1,2, 3},

e a restriction of B to the set V\(O1 U Oy U O3) belongs to GR(k).

Then, B € GR (k).
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Proof Obviously, k > 2. Let C be a restriction of the group B to the set V\ (01 U O,
U03). We denote x = ged(|01], |02l |03)), |01| = xy, |02] = xzt2, | O3] = xz13,
where y, z, 1, t3 are positive integers such that z#, and z#z are not divided by 2.
Moreover, ged(y, zt2) = 1, ged(y, z£3) = 1 and ged(#2, 13) = 1. In the same way as
in proof of Lemma 5.4, we assume that either 1, = 13 = 1 or f; < t3, and as there, by
changing the names of the orbits, we exclude the situation wheny =1,z =1, = 1
and 3 > 1. Let O0; = {vé,...,v‘loil_l},i € {1,2,3}, 0 = {wo, ..., w;—1}. We may
assume that a(v’j) = vél._H mod |0,-|)’i e {1,2,3} and 7(w;) = W(+1 mod 1)- BY A,
we denote the restriction of B to the set O U O, U O3.

We consider the case |O1| = 3x, |02 = 2x, |O3]| = 4x. In proof of Lemma 5.4,
we have remained the proof that Aut(C(3x, 2x, 4x)) = A to the reader. In this case
we prove that B € G R(k) in another way than in other cases. By Lemma 6.2, the
group B restricted to the set V'\ O belongs to G R(k). Consequently, by Lemma 6.1,
B € GR(k).

Further, we consider those cases for which we have proved in Lemma 5.4 (with-
out using this lemma) that Auz(C(xy, xzt2, xz213)) = A. Let G1 = (V\(O1 U O, U
03), E1)
be a k-colored graph such that Aut(G1) = C.Let G, = (01U O U O3, Ep) =
C(xy, xztp, xzt3). We define a graph G = (V, E) as follows.

Ei({v,w}) if {v,w} € V\(O1U 02U 03),
E({v,w}) if{v,w} < 0O;UO0U O3,

E({v, w}) = 1 whenv:v},w:ujandizj mod 2,
’ 1 whenv € O; and w € V\(0O1 U O, U O3 U 0),
1 whenv € Oy and w € V\(0O1 U O2 U 03),
0 otherwise.

We show that Aut(G) = B. The inclusion B C Aut(G) is an immediate consequence
of the definition of the graph G.

We prove the opposite inclusion. We show that Aut(G) preserves the set O1 U O3
UO3. We count the 1-degree of the vertices which belong to V. If v € O3, then
according to the constructions of C(xy, xzt2, xzt3) in Lemma 5.4,d| (v) < y+1, +2.
Ifv e Oy, thendi(v) > y+183+2. Ifv e O, then di(v) > xy/2 + xztp. If
v ¢ 01U OyU 03U O, then dj(v) > xy + xztr. The number y + £, + 2 is the
smallest of them. The only vertices, which have the same 1-degree as the vertices
that belong to O3 could be those that belong to O;. If the situation take place, then
obviously O1 U O3 is preserved by Aut(G). If xy = xzt3, then for v € Oy, we have
di(v) > y + zt> + 2, and this is not this case. Otherwise, the vertices which belong
to O; and the vertices which belong to O3 have different numbers of 1-neighbors in
the set O1 U O3. Hence, O3 is preserved by Aut (G). If there is no vertices outside O3
with 1-degree equal to y + zt2 + 2, then this is also true. The set O1 U O; consists of
all the vertices which have at least one 1-neighbor in the set O3. This implies that the
set O1 U O, is preserved by Aut(G).

Asin the previous lemma Auz(G) € A@C and the group B hasanindex2in A®C.
Since vé and vl1 have the different sets of 1-neighbors in V\ (01, UO2U 03), the group
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Aut(G) has index at least 2 in the group A @ C. Consequently, since B € Aut(G),
we have B = Aut(G). O

Lemma 6.4 Let (B, V) = (1) acts without fix point. Let O1, Oy be orbits of B with
the following properties.

e gcd(|01],102]) =4,

e there is an orbit O ¢ {01, O3} such that gcd(|O], |01]) = 2, and moreover,
2cd(|01,102)) = 2,

e gcd(|0'|,101]) <2and ged(|0’|,|03]) < 2 forevery orbit O’ ¢ {0y, O3},

e a restriction C of the group B to the set V\(O1 U O7) belongs to GR(k),

e there is a graph G such that Aut(G) = C and its subgraph spanned on the orbit
O is colored by two colors.

Then, B € GR(k).

Proof Let |O| = 4x,|02| = 4y,|0| = 2z. We may assume that either x = y = 1
orx < y.Let O1 ={vg,...,v4x-1}, O2 = {wo, ..., way_1}, O = {ug, ..., uz;—1},
and break T(v;) = V(41 mod 4x)» T(Wi) = W(i+1 mod 4y)> T(Ui) = U(i+1 mod 27)- Let
G = (V\(O1 U 0y), E) be a graph as in the assumption. Let ¢ be the number of
I-neighbors of ug in O. Since | O] is even, we may assume (eventually exchanging the
colors of G) that z and ¢ have a different parity. We define the graphs G; = (V, E;)
inductively.

E({v,w}) if v, w} e V\(O1 U 02),

1 ifv=v and W = V(i+1 mod 4x)>
ifv=w,,w=w;andi —jeM,
ifv=v;,,w=w;and (i —j mod 4) € {0, 1},
ifv=u;,,we{vj,wjandi =j mod 2,
otherwise,

Eo({v, w}) =

O = = =

where M = {1,4y — 1},if y > x and M =, if y = x.

For a vertex v € V, by dg, (v) we denote here the number of 1-neighbors of v is
the graph G;. Obviously, dg,(vo) > dg,(wp). We will construct the graph G ;11 in
the case when there exists a vertex v’ ¢ 01 U O, U O such that dg; W) = dg ; (wo).
Assume that we have constructed a graph G ; and there exists such a vertex v’. Then,
v’ belongs to the orbit 0" ¢ {01, 02, O}. We construct a graph G ;1 by modifying
the graph G ;.

1 ifve Orandw € O/,
Ejriv, wh) = { E;({v.w)) otherwise.

We do not change the 1-degree of the vertices which belong to O, and we increase
the 1-degree of v’. This is easy to see that in every graph G, we have dg;(vo) >
dg ;(wo). Moreover,ifv ¢ O1U02U0 and Ej ({v, vo}) = 1,thendg; (v) > dg; (wo).
Hence,the procedure will finish after a finite number of steps. Let G be the last graph
in our construction. We show that Aut(Gy) = B. The inclusion B C Aut(Gy) is an
immediate consequence of the definition.
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We prove the opposite inclusion. First, we show that O and O, are preserved
by Aut(Gy). We have dg, (v) # dg,(wp), for every v ¢ O; U O. Assume that
dg,(wo) # dg, (uo). Then, O is preserved by Aut(Gy). The set Oy U O consists
of all the vertices outside O, which have at least one 1-neighbor in O,. Moreover,
there are z + 2 vertices in O1 U O which are 1-neighbors of v and there are 2x + ¢
vertices in O1 U O which are 1-neighbors of ug. Since z and ¢ have a different parity,
these numbers are different. Hence, O is preserved by Aut(Gy). In the case, when
dg, (up) = dg, (wo), we have that the set O, U O is preserved by Aut(Gy). Moreover,
there are either z +2 or z vertices in O U O which are 1-neighbors of wg and there are
2x + ¢ vertices in O2 U O which are 1-neighbors of ug. Since z and ¢ have a different
parity, these numbers are different. Hence, O, is preserved by Auz(Gy). Now the set
O consists of all the vertices outside O> U O which have at least one 1-neighbor in
0;. Hence O is preserved by Aut(Gy).

We show that there is no reflection on O;. Let 0 € Aut(Gy) fixes vg. The set
{fu; : i = 0 mod 2} consists of all 1-neighbors of vy that belong to O. Hence,
o (ug) = u;, where i = 0 mod 2. Moreover, the set {w; : (i mod 4) € {0, 1}}
consists of all 1-neighbors of vy that belong to O, and the set {w; : i = j mod 2}
consists of all 1-neighbors of u; that belong to O;. This implies that o (wg) = wy,
where [ = 0 mod 4. Since wo and o (wp) are 1-neighbors of the vertex vs4y—; and
are not 1-neighbors of the vertex vy, we obtain that o fixes every vertex in Oj. In the
same way one can show that every o € Aut(Gy) which fixes wy, fixes every vertex
in O3, too.

Hence, Aut(Gy) € C @ D, where D is a restriction of the group B to the set
01U O,. Moreover, the group B has index 2 in C @ D. Since vy and v have different
sets of 1-neighbors in O, the group Aut(Gy) has index at least 2 in the group C & D.
Consequently, since B € Aut(Gy), we have B = Aut(Gy). O

Let NC be the set of cyclic permutation groups consisting of C,,, n > 3, groups
with two orbits 01 and O; such that gcd(] 01/, |02]) € {3, 5}, groups with three orbits
01, Oz, O3 suchthatged(|01], |02]) = 3,2cd(102|, |03]) = 5,8cd(|01], |02]) = 2.
By Theorems 4.1, 4.2, and 4.5,if A € NC and G is a graph such that A € Aut(G),
then there exists a permutation 0 € Aut(G) such that o acts as a fixing point reflection
on each of orbits of A.

Now, we prove a negative extension lemma.

Lemma 6.5 Let (B, V) = (t) acts without fix points. Let Oy, ..., O;, t > 1, be orbits
of B with following properties.

e The group B restricted to the set U;zl O; belongs to NC,

e there are orbits O € | Ji_; O; and O’ ¢ | Ji_, O; such that ged(| 0|, |0']) = 2,

e for every pair of orbits O, O’ such that O € | Ji_, O; and 0" ¢ | Ji_, O;, we
have gcd(|0), |0']) < 2.

Then, B ¢ GR(2).

Proof Assume to the contrary that B € G R(2). By C we denote the permutation group
B restricted to the set U§=1 O;.LetG = (V, E)beagraphsuchthat Aut(G) = B.Let
01, ..., O;bethe remaining orbits of B. Without loss of generality, we can assume that
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gcd(|01], |Oi|) = 2. We denote O; = {U(l), ey U\IO,-|—1} and 7(v;) = V(i+1 mod |0;])
and O] = {w},. "’w\iOil—l} and T(Wi) = Wiy1 mod |0;)- We show that a per-
mutation o, which acts as a reflection on every orbit O;,i € {l,...,¢} and fixes
every yertex %n all 0/,i € {1, ..., s}, belongs to Aut(G). (ot(v;) = UélO,-\—j mod |0;])
,oz(w;.) = w’j.) Obviously, @ ¢ B, which completes the proof in this case.

Let {v, w} C V be the edge of G. We show that £ ({x(v), a(w)}) = E({v, w}). If
{v,w} < Ui_, O{, then «(v) = v and @(w) = w, and the equality holds trivially. If
{v,w} C Uﬁ:] O;, then by Lemmas 4.1, 4.2 and 4.5, for every graph G such that
Aut(G) O C, we know that «, restricted to the set U§=1 O;, belongs to Aut(G1).
Consequently, in this case the equality also holds. In the last case, we assume that
v e O andw € O}. If ged(|O;], |0;.|) = 1, then all the edges {v;, w;}, where
vy € O; and w; € 0;., have the same color, and the equality holds. Finally, if
gcd(]O;], | 0} |) = 2, then both orbits have an even number of elements and the group

B, with action on edges of G, acts transitively on the set {{v,i, wlj }ik=1=0
mod 2}. Hence, all the edges which belong to this set have the same color. The same
is true for the set {{v,i, wl/} :k =1 =1 mod 2}. Since « preserves these sets,
the equality holds. Consequently, « preserves the colors of the edges of G. Hence,
o € Aut(G)\B. This is in a contradiction with the assumption Aut(G) = B. Hence,
B ¢ GR(2). O

Corollary 6.6 Let (B, V) = (1) acts without fix points. Let O be an orbit such that
|O| > 2, and ged(|O|, |O']) < 2 for every orbit O’ # O. Then, B ¢ GR.

Proof No matter how many of colors we use to color the edge with both ends in O,
if the group of automorphisms of the subgraph spanned on O contains C|g|, then it
contains D)g). Thus, itis enough to use two colors. Moreover, there are only two orbits
consisting of the edges with one end in O and the second in V\O. We may use at
most two colors to color these edges. Hence, exactly the same proof as above works
here. O

7 Main Results

In this section, we prove the theorems that characterize the graphical complexity of
one-generated permutation groups. First we give an alternate proof of the result of
[13].

Theorem 7.1 Let (A, V) be a one-generated permutation group. Then, A belongs to
G R if and only if for every orbit O of A such that |O| > 2, there exists another orbit
O’ of A such that gcd(]0|, |0']) > 2.

Proof We prove the ,,only if” part. If A = C, fort > 3, then A ¢ GR. We consider
the case with at least two orbits. We assume that there exists an orbit O such that
|O| > 2 and for every other orbit O, we have gcd (O], |O’|) < 2. In the case where
gcd(]0], 10')) = 1, for every orbit O’ # O, we denote by (B, V\0) a restriction
of A to the set V\O. Then, A = B @ C|¢p,. By the fact that Cjp| ¢ GR and by
Theorem 2.1, we obtain A ¢ GR.
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The remaining case is when there exists an orbit O’ # O such that ged(]O|, |O’))
= 2. By Corollary 6.6, we immediately have A ¢ G R. This completes the proof of
the ,,only if” part.

The ,.if” part, we prove by induction on the number of orbits. By Lemma 2.3, we
may restrict our proof to the case where there is no orbit of cardinality one. If there
are the only two orbits, then the statement holds by Lemmas 5.2 and 5.3. Now, we
assume that the statement holds in all the cases where there are less than k orbits,
k > 2. We prove that this implies that the statement holds for k orbits. We choose
an orbit O with the property that the number s(O) of those orbits O’ # O such that
gcd(|O|, |0']) > 2is the least possible. We consider a one generated group (B, V\O)
which is a restriction of A to the set V\O. If s(O) = 0, then O has two elements and
the orbits of B satisfy the conditions. By assumption, B € GR. By Lemma 6.1, we
have A € GR.

Let, s(O) = 1. If the orbits of B satisfy the conditions, then we have the same as
in the case above. If the orbits of B do not satisfy the conditions, then there exists
an orbit O’ such that ged(|O|, |O’[) > 2 and ged(|O’], |0”]) < 2 for every orbit
0" ¢ {0, 0'}. Let (C, V\(O U 0)) be a restriction of A to the set V\(0O U O’).
Let (D, O U O’) be a restriction of A to the set O U O’. Then, the orbits of C and
D satisfy the conditions. Hence, C € GR and D € GR. If gcd(|0|,|0"]) = 1
and ged(]O’|, |0”]) = 1 for every orbit O” ¢ {0, O'}, then A = C @ D and by
Theorem 2.2, we have A € G R. Otherwise, the conclusion holds by Lemma 6.2.

The remaining cases are when s(O) > 1. In those cases the orbits of B satisfy the
conditions and we have the same as in the first case. O

Since in this paper, there is no place where we have used more than three colors
(the step of induction preserves the number of colors), we have

Corollary 7.2 Let A be a one-generated permutation group. Then, A € GR(3) if and
onlyif A € GR.

When we want to describe one-generated permutation groups that belong to G R(2),
the theorem becomes more complicated. We may give a number of conditions that
each orbit has to satisfy. However, it will be clearer if we write it in another way.

Let A be a one-generated permutation group of order n. We introduce now a graph
Graph(A) with loops which gives an information how the ,,prime powers parts” of
A are joined.

e The vertices of Graph(A) are those primes that divide n.

e The prime 2 is not a vertex. Instead of this we put a vertex 4, if |A| is divided by 4.

e Aset{p,q}, p # q,is anedge in Graph(A) if and only if there exists an orbit O
of A such that |O] is divided by pgq.

e For p > 5, aset {p}isaloopin Graph(A) if and only if there are at least two
orbits whose cardinality is divided by p.

e For p € {3,4,5}, aset {p}isaloopin Graph(A) if either there are at least two
orbits whose cardinality is divided by pgq, for some ¢ > 1 or if there are at least
three orbits whose cardinality is divided by p.

e Moreover, for p = 4 if there are at least three orbits with an even cardinality and 4
divides the cardinality of two of them, then also there is a loop {4} in Graph(A).
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Observe, that if the order of A is equal to 2, then Graph(A) is empty.

Theorem 7.3 A € GR(2) if and only if either A has an order 2 or in every connected
component of Graph(A) there is a loop.

Proof By Lemmas 2.2(3) and 2.3, we may restrict our consideration to the one-
generated permutation groups without fix points. First, we prove the ,,only if” part.
Assume that a connected component K of Graph(A) does not include the loop. If
K includes no vertices of 3, 4, 5, then there exists an orbit O such that |O| > 2 and
gcd(|0], |0']) < 2, for every orbit O’ # O. By Theorem 7.1, we have A ¢ GR.

Assume now that K includes at least one of the vertices 3, 4, 5. We have the fol-
lowing possibilities:

Case 1. There is an orbit O, such that |O| > 2 and ged(|O|, |O’|) < 2 for every
orbit O’ # O. This is the same case as above.

Case 2. There are two orbits O and O; such that gcd(|O1], |O2|) € {3,5} and
moreover, gcd(|O1], |0]) < 2, ged(|Oz], |0]) < 2 for every orbit O ¢ {01, Oz}. By
Theorem 4.1, Lemmas 2.3 and 6.5, we have A ¢ GR(2).

Case 3. There are two orbits Ojand O such that ged(|Oq], |02]) = 4 and
gcd(]Oq], 10]) = 1, ged(]0O2], |0]) = 1 for every orbit O ¢ {O1, O>}. By Theo-
rem 4.1 and Lemma 2.3, we have A ¢ GR(2).

Case 4. There are three orbits 01, O, and O3 such that ged(|O1], |02]) € {3, 5},
ged(102[, 103]) € 3,5}, ged(]O1], |03]) < 2. Moreover, we have ged(|01], |O])
< 2,gcd(|0z], |0]) < 2, ged(]O3], |0|) < 2 for every orbit O ¢ {O1, O2, O3}. By
Theorems 4.2 and 4.5, Lemmas 2.3 and 6.5, we have A ¢ GR(2).

Case 5. There are three orbits O, O, and O3 with the properties gcd(|O1], |O2|)
=4, ged(1021, |03]) € {3, 5}, ged(] 011, [03)) € {1, 3, 5}. Moreover, ged(]01], |O])
=1, gcd(|O2], |10]) = 1, ged(| 02|, |O]) = 1 for every orbit O ¢ {01, O>, O3}. By
Theorem 4.2, Theorem 4.5 and Lemma 2.3, we have A ¢ GR(2).

Case 6. There are four orbits O1, O3, O3, O4 such that ged(|O;|, |O;+11) € {3, 4, 5}
and gcd(]0;[, |O;]) = 1, otherwise. Moreover, ged(]O;l, |O|) = 1 for every orbit
0 ¢ {01, Oz, O3, O4}. By Theorem 4.3, and Lemma 2.3, we have A ¢ GR(2).

Case 7. There are four orbits Oy, O>, O3, and O4 such that gcd(]O1], |02]) = 3,
ged(|011, 103]) = 4, ged(|011, | O4]) = 5. Moreover, we have ged(| 02|, |03]) = 1,
gcd(|03], |104]) = 1, ged(|O2], |04]) = 1. Also, ged(]O;], |O]) = 1 for every orbit
0 ¢ {01, 0>, O3, O4}. By Theorem 4.4, and Lemma 2.3, we have A ¢ GR(2). This
completes the ,,only if” part of the proof.

We prove the ,,if” part. If A has order two, then by Theorem 3.1, the statement holds.
Assume that Graph(A) is nonempty. Let K be a connected component of Graph(A).
By O(K), we denote the set of those orbits of O that there exists p € K such that
p divides |O|. Let Ky, ..., K;, t > 0 be connected components of Graph(A) such
that, forevery i € {1, ..., t}, thereisno O € K; of even cardinality. Let H1, ..., Hy,
r > 0 be connected components of Graph(A) such that, for every i € {1, ...,1¢},
there exists an orbit O € K; of even cardinality.

For every connected component K € {K7y, ..., K}, we apply the following pro-
cedure. Let p be a vertex with a loop in a component K;. Let {O1, ..., Oy} be a list
of the orbits which belong to O(K) such that, for every i € {2, ... w}, there exists
J < i such that gcd(]O;], |0;]) > 2. Moreover, if |Oy| is divided by p and |O,| is
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not divided by p, then s < r. In addition, if p € {3, 5}, then, whenever it is possible,
we chose O1, O; such that ged(|O1], |O2]) > p. Let A"K be the restriction of A to the
set O1U, --- ,UQO;. We denote Ay = A%. If p € {3,5} and gcd(|O1], |02]) = p,
then by Lemma 5.4, A3 € GR(2). Otherwise, by Lemma 5.2, A2 € GR(2). Let us
assume that A’k € GR(2) is proved. Since ged(|O; 11/, |O;|) > 2 for some j <1, by
Lemma 6.1, we have A’;l € GR(2). Hence, by induction, we have Ax € GR(2).

For the connected components Hi, ..., H-, we modify a little this procedure.
Whenever this is possible we choose Hj such that 4 does not belong to Hj. Let
H € {Hi,..., H}. We choose a vertex p with the loop in H . If this is possi-
ble, then p # 4. We make a list of orbits in O(H) = 07, ... 05(11) in the same
way as in previous procedure. In addition, for p = 4, whenever this is possible, we
choose either O and O¥ such that ged(|Of|, |0¥|) = 4t for some ¢ > 1 or OF,
0¥, and Of such that ged(|Of|[, 05|, 10F|) = 4. Otherwise, we choose Off
and 02H such that gcd(|01H [, |02H ) = 4. Let AIHI_ be the restriction of A to the set
U']_zll UOWH)U Ulj:l O]Hi . We denote Ay, = AZin). If 4 is not a chosen vertex in
Hy or we have chosen Of and O¥ such that ged(|Of|, |041|) = 4t, or else there are
at least three orbits of cardinality divided by 4, then in the same way as in the previous
procedure, we show that Ay, € GR(2).

By one of the Lemmas 6.2, 6.3 or Lemma 6.4, respectively to the situation, we
obtain that either A%_Iz € GRQ2)or A%,z € GR(2). Asin the previous procedure, using
Lemma 6.1, we may show that Ay, € GR(2). Continuing in the same way, we show
that Ay, € GR(2). Let B be the restriction of A to the set U;:l UOoH)HUUY 0(Q2),
where O(2) is the set of orbits of cardinality 2. Then, by Lemma 6.1, we have also
B € GR(2).Since A = B & P Ak,, by Theorem 2.2, we have A € GR(2).

This procedure works in the situations where

r>1,

there exists a loop in Hj at a vertex different from 4,

there are two orbits O1 and O3 in O (H) such that gcd(| O], |O2|) = 4s for some
s> 1,

o there are at least three orbits of cardinality divided by 4.

Otherwise, there are two orbits O and O in the set O (H;) for which we have
gcd(]Oq], |02]) = 4. Moreover, there is no other orbitin O (H) of cardinality divided
by 4. Also, there is at least one other orbit in O (H;) of cardinality divided by 2. We
consider two situations.

Case 1. Thereis anorbit O3 € O(H) suchthat O3 ¢ {O}, O2}and |O3| > 2. Every
prime, which divides | O3| belongs to the same component as the vertex 4. Hence, there
is a path from every prime that divides | O3] to the vertex 4. Since there is no loop
in this component, except for the vertex 4, there is no other orbit O in O(H;) such
that p divides ged(O, O3) and p is prime greater then 5. Hence, | O3| = 2sw, where
s € {3, 5}. Moreover, there is an orbit O4 € O(Hj) such that ged(] O3], |04]) = s.
By similar argument as above, 15 divides |O4|. Moreover, 2 does not divide |O4|
and 15/s divides either |O1| or |O3|. In addition, there is no other orbit in O (Hy).
Therefore, in this situation O (H;) consists of four orbits O, Oz, O3 and O4 such that
gcd(]Oq], |02]) = 4, 15 divides | O3|. Moreover, | O1] is not divided neither by 3 nor by

@ Springer



Graphs and Combinatorics (2019) 35:1405-1432 1429

5. In addition, we have gcd(]O1], |03]) = 2, ged(]O1], |04]) = 1, ged(] 02|, | O4]) =
2, gcd(] 03], |04]) = g, where g € {3, 5}, ged(|O3], |03]) = 15/q. We construct
a graph G on the set O1 U O> U O3 as in Lemma 6.4. Unfortunately, Aut(G1)
contains a reflection on the set O3. However, if we construct a graph G on the set
01U O3 U O3 U Oy as in Lemma 6.1, using G and the orbit Oy, this reflection will
be eliminated. Hence, also in this situation, Ay, € GR(2) and we can continue the
procedure.

Case 2. There is no orbit of A with cardinality larger than 4, divided by 2 but not
by 4. Then, there is an orbit of cardinality 2. We add the orbit of cardinality two as the
first element of the list of the orbits which belong to O (H;). We may use A ;11 =

as in the first step of induction. Then, we use Lemma 6.4 to show that A%l € GR(2)
and continue the procedure. Since there are only two orbits of even cardinality greater
then 2, i. e., O1 and O», the conditions in Lemma 6.1 are satisfied and the procedure
works.

This completes the proof of the theorem. O

8 Other Structures

In this section, we deal with the same problem for other structures, digraphs, super-
graphs and boolean functions.

8.1 Digraphs

We start with the digraphs. A digraph G isapair (V, E), where V is a set of the vertices
of Gand E C (V x V)\{(v, v) : v € V}isasetofdirected edges of G (withoutloops).
A permutation o of the set V belongs to Aut(G) if, for every pair (v, w), we have
(v, w) € E if and only if (6 (v), 6 (w)) € E. For a digraph G = (V, E) and a vertex
v € V, we define d s (v) to be the number of these vertex w € V that (w, v) € E. We
say that a permutation group A belongs to the class DG R(2) if there exists a digraph
G such that Aut(G) = A. In [18], A. Kisielewicz stayed the following.

Theorem 8.1 [18] Every one generated permutation group belong to the class
DGR(2).

In [18], Kisielewicz has proved this only for one example. He has written that it
can be easily generalized for the general case. Since it may be not so obvious how to
do it, we write a more detailed proof.

Proof We prove it by induction on the number of orbits. This is obvious, and many
authors have observed it, that C,, € DGR(2) for every n. Hence, we have the first
step of the induction. For the second step, we prove the extension lemma, similar as
Lemma 6.1. This is an extension of [10, Theorem 2.1].

Lemma 8.2 Let (A, V) be a one-generated permutation group. Let O be an orbit
of A such that there exists a digraph G = (V\O, Ey) with the group Aut(G1)
which is equal to the restriction of A to the set V\ O. Moreover, assume that for every
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v e V\O,wehavedys(v) > 1. Then, A € DGR(2). In addition, there exists a digraph
G = (V, E) such Aut(G) = A and for every v € V, we have dy(v) > 1.

Proof Let O, 0_1, R 0_, be a list of orbits of A. We denote O = {vy, ..., vj0-1}
and O; = {w’l,.:.,wl’01|_1}. Assume that A = (o), 0(V;) = V(41 mod |O])
and o (w)) = wl | o4 0;)- Let B be the restriction of A to the set V\O.
Let G| = (V\O, E) be a digraph such that Aut(G1) = B, and, for every v € V\O,
we have dy(v) > 1. We define a digraph G = (V, E) as follows. (v, w) € E if and
only if one of the following holds.

e {v,w} € (V\O) and (v, w) € EY,
® V=10, W= Wi+l mod |0l
e v=v,w=w]andi =k mod ged(|O|,|0;]).

Obviously, dr(v) = 1, for every v € O and dy(v) > 1, otherwise. This implies that
the set O is stabilized by Auz(G). The rest of proof is the same as in the proof of
Lemma 6.1. O

We continue the proof of the theorem. If A is of order two, then, by Theorem 7.3,
A € GR(2) € DGR(2). Let A be a one-generated group of order greater than two.
There exists an orbit O of cardinality n > 2. Then, the group A restricted to O is
equal to Cy,. There exists a graph G = (O, E) such that d¢(v) = 1 for every v € O.
Consequently, using repetitively Lemma 8.2, we have A € DGR(2). O

8.2 Supergraphs

The supergraphs is another graphical structure. It was introduced in [18] by A.
Kisielewicz. This is an extension of a graph. A supergraph G is a pair (V, E), where
V is a set of vertices of G. The set of the edges is defined inductively. Every vertex is
an edge of order 0. Let E; be the set of the edges of order i. If k > 0, then every edge
of order k is a pair {v, w}, v # w, suchthatv € E;, w € Ejand j < k,l < k. Then,
E = |J E;. We say that G is of order k, if E = E; and E # Ej_;. A permutation o
of V belongs to Aut(G), if o preserves the structure of G. We say that A € SGR(k)
if there exists a supergraph G of order at most k such that Aut(G) = A. In [18], we
can find the following.

Theorem 8.3 [18] GR(2) = SGR(1) and DGR(2) € SGR(2).
An immediate consequence of Theorems 8.1 and 8.3 is:

Corollary 8.4 Every one-generated permutation group belongs to SG R(2). Moreover,
a one-generated permutation group belongs to SGR(1) if and only if it belongs to
GR(2).

8.3 Boolean Functions

By a boolean function, we mean every function f of the form f : {0, 1}{0--2=1}
{0,...,k — 1}. A permutation o of the set {0,...,n — 1} belongs to Aut(f) if o
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preserves the function f. We say that a permutation group A belongs to the class
BGR(k) if there exists a boolean function f : {0, 1}{®-2=1} — (0, ... k — 1}.
By BGR we denote | BGR(k). The boolean function can be identifying with n-
dimension k-colored simplex, i. e., where every subsimplex is colored one of k-colors.
In this sense boolean functions are graphical structures, which is one of the natural
generalizations of edge-colored graphs. The theorem stated in [4] and repeated in [19],
we can write as follows.

Theorem 8.5 [4] A one-generated permutation group A belongs to BG R if and only
if whenever there exists an orbit O such that |O| € {3, 4, 5}, then there exists an orbit
O’ such that ged(| 0|, |0’|) > 2. Moreover, if A € BGR, then A € BGR(2).

In [4], the proof is very complicated. In [19], it is much simpler. However, the proof
in [19] contains a gap. At the end of the proof, it is used an extension theorem ([19,
Theorem 4.4]) without checking the assumptions. In my opinion, the assumptions
were forgotten. Obviously, one can prove that they are satisfied. However, the proof
of those conditions is as hard as the proof of whole the theorem. The extension lemma
that should be used there is a stronger version of [19, Theorem 4.4] but in less general
case.

Lemma 8.6 Let (A, V) be a one-generated permutation group. Let W be a proper
subset of V preserved by A such that A restricted to W belongs to BGR(2) and A
restricted to VAW belongs to BGR(2). Then, A € BGR(2).

The proof is similar to the proof of Lemma 6.1 and the proof of Lemma 8.2. This is
as hard as the proof of Lemma 8.2, easier than the proof of Lemma 6.1 and definitely
easier than the proof of [19, Theorem 4.4]. We leave it to the reader.
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