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Abstract

This paper demonstrates how commercial finite-element software and optimization algorithms can be combined to fully
explore the design space of thermal-mechanical metamaterials to reveal trends and new insight. This is achieved by devel-
oping an Abaqus plugin (EasyPBC) that automates the application of periodic boundary conditions and computes effective
elastic and thermal expansion properties for 2D and 3D problems. Abaqus is then linked to an optimizer to fully explore the
design space and optimal trade-off between thermal and mechanical properties for two example metamaterials. The first exam-
ple is a auxetic 2D star-shaped metamaterial, where the proposed approach is used to create a design envelope for Poisson’s
ratio and thermal expansion coefficient by solving a series of constrained optimization problems. The second example is a 3D
metamaterial based on an octet truss, with additional members to expand the design space. A multi-objective optimization
problem is solved to find the optimal trade-off between Young’s modulus and thermal expansion coefficient in a prescribed
direction. The results of both examples expand our knowledge about the range of properties for these metamaterials, and
designs for optimal trade-off between thermal and mechanical properties.
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1 Introduction

Metamaterials are engineered materials that have properties
not usually found in nature, primarily due to their struc-
ture, rather than chemical composition. Early metamaterial
research focused on electromagnetic properties, such as
materials with negative permittivity and permeability [1].
More recently, interest has spread into other areas includ-
ing acoustic [2], mechanical [3-5] and thermal properties
[6]. This paper is focused on thermal-mechanical metama-
terials that exhibit extreme stiffness and thermal expansion
properties.
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Auxetic materials are a type of metamaterial with an
extreme stiffness property, as they have a negative Pois-
son’s ratio. Their development can be traced back to the
pioneering work of Lakes on auxetic foams [7]. Many aux-
etic materials have since been developed, including lattice
structures, rotating polygons, chiral structures, crumpled and
perforated sheets [4]. Auxetic materials have been shown to
have several useful engineering properties, such as improved
indentation resistance, energy absorption and fracture resist-
ance [3-5]. Thus, they have found many practical applica-
tion areas, including medical devices (e.g., stents), protective
devices and smart sensors and filters [4, 5].

Metamaterials with a non-positive coefficient of thermal
expansion (CTE) either contract with temperature increase
(negative CTE) or remain the same size (zero CTE). These
properties can be achieved by designing metamaterials com-
posed of two materials with different CTE values and some
void space [8, 9]. Non-positive CTE metamaterials have
potential use in temperature-sensitive applications, such as
sensors, thermal-mechanical actuators and structures subject
to thermal shock [3].

Metamaterials are often designed for a single novel
property, but some studies aim to exploit the idea further
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by designing multifunctional metamaterials that have two
or more novel properties. For example, there have been
several recent studies designing metamaterials for both
negative Poisson’s ratio and non-positive CTE [10]. Grima
etal. [11] proposed a 2D lattice metamaterial composed of
connected triangles, where one side of a triangle is made
from a material with different CTE than the other two
sides. Ha et al. [12] showed experimentally that a bimetal-
lic auxetic chiral metamaterial can also have negative CTE
and that Poisson’s ratio and CTE are independent. Ai and
Gao [13] proposed four bi-material lattice metamaterials
based on 2D star-shaped re-entrant structures. These were
analyzed using finite-element analysis (FEA) and periodic
homogenization, showing one of the proposed designs
obtained both auxetic behavior and non-positive CTE. This
idea was extended by combining several 2D square star-
shaped structures with negative thermal expansion coef-
ficient in different patterns [14] and to design 3D meta-
material lattices [15]. Raminhos et al. [16] experimentally
investigated one of the metamaterial designs of Ai and
Gao [13] (with polymeric materials, instead of metallic)
and confirmed the auxetic and negative CTE properties.

Furthermore, designing for one extreme property may
lead to unacceptable performance in other properties. For
example, metamaterial structures for negative Poisson’s ratio
or non-zero CTE usually rely on deformation mechanisms
that lead to low stiffness (low Young’s modulus) [17], which
may limit their application. Therefore, some studies aim to
achieve a certain novel property, while maximizing other
properties. For example, Steeves et al. [18] proposed 2D and
3D lattice structures with low, or zero CTE, but high stiff-
ness. This was achieved using lattice structures with stretch
dominated deformation mechanisms (rather than bending
dominated). Peng and Bargmann [17] recently proposed a
hybrid-honeycomb structure that had auxetic and negative
CTE properties, with higher stiffness, compared to some
other metamaterial concepts. Other studies also showed
improved stiffness of 3D lattice thermal-mechanical meta-
materials [19, 20].

The studies mentioned above that propose and design
thermal-mechanical metamaterials use parametric studies to
explore the potential range of properties, where one or two
variables are changed at a time, while others remain constant
[13-15, 17, 19]. Thus, the parametric study approach does
not fully explore the design space, or the full range of poten-
tial properties. Optimization methods can efficiently explore
the full design space of a metamaterial concept by allowing
all design variables to change simultaneously to meet certain
objectives and constraints. Thus, optimization methods can
determine the full extent that a metamaterial concept expands
the material property space, and can help identify trends and
design rules.
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The purpose of this paper is not to create fundamentally
new metamaterial concepts or optimization algorithms, but
to show how numerical simulation and optimization tools can
be combined to rapidly explore the design space of a meta-
material concept, so that its full potential can be exploited. To
achieve this, an existing Abaqus plugin for periodic homogeni-
zation (EasyPBC [21]) is extended to compute thermal expan-
sion coefficients. Two examples are then shown, where the
plugin is combined with an optimization algorithm to design
and optimize thermal-mechanical metamaterials. The results
demonstrate how this approach can extend our knowledge of
metamaterials and find the optimal trade-off between thermal
and mechanical properties.

2 Periodic homogenization with Abaqus

The finite-element method (FEM) and periodic homogeniza-
tion are used to compute the properties of thermal-mechanical
metamaterials. This numerical simulation approach is flexible
and general, as it can analyze metamaterials of arbitrary com-
plexity, which may be difficult using analytical models. Thus,
the use of finite-element analysis (FEA) is becoming popular
to analyze new metamaterial concepts, e.g., [13, 15, 17]. How-
ever, applying appropriate periodic boundary conditions may
not be straight-forward, especially for complex metamaterials,
leading to a time consuming process. Thus, we developed a
plugin for Abaqus called EasyPBC that automatically creates
periodic boundary conditions for 2D and 3D models [21]. The
original plugin can also compute effective elastic properties.
In this work, we extend the plugin to compute effective CTE
values of 2D and 3D materials.

In EasyPBC, periodic boundary conditions are applied
using constraint equations. The algorithm is detailed in [21]
and briefly summarized here. First, the user creates a FE
model of the representative volume element (RVE) that must
be cuboid in shape (or rectangular in 2D), with faces (or edges)
aligned with the global coordinate axes. The plugin then
identifies nodes on each face, sorted into sets. Pairs of nodes
on opposite faces are found by looking at their coordinates.
Finally, constraint equations are applied to each pair of nodes
to model the periodic boundary conditions. For example, when
computing Young’s moduli, the following constraint equations
are applied:
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where u, v and w are displacements in the x, y and z-direc-
tions, respectively. The left and right faces are perpendicu-
lar to the x-axis, front and back faces perpendicular to the
y-axis, and top and bottom faces perpendicular to the z-axis.
Therefore, u,y, is the u displacement of a node on the right
face, which is linked to the u displacement of the opposite
node on the left face, u,4. The values A¥, A” and A* are dis-
placements of auxiliary reference points, which are used to
apply and measure strain, or apply further constraints. For
example, to compute Young’s modulus in the x-direction,
AY and A® are set to zero and A* set to 1. Using applied
displacements to determine effective properties is easier to
implement in Abaqus compared with directly solving the
asymptotic homogenization equations, which requires infor-
mation about the element formulation [22]. Further details,
and the constraint equations for computing shear moduli,
can be found in [21].

In this work, the plugin is extended to calculate CTE val-
ues. This is achieved by prescribing a temperature change,
AT, to the whole model. The values of A*, AYand A%in Eq. 1
are free and determined by the solver. These are then used
to compute CTE values:

a, = A /(L,AT)
a, = A /(L,AT) )
a, = A*/(L,AT)

where L, is the length of the RVE in the x-direction. The
extended plugin for determining homogenized properties is
now used to optimize and explore the design space of ther-
mal-mechanical metamaterials.

3 Example 1—design envelope generation

When a new metamaterial is proposed it is useful to explore
the design space to determine its full potential and compare
properties with other metamaterials. However, many studies
that propose, or design new metamaterial only use paramet-
ric studies to explore the potential range of properties, e.g.,

[13-15, 23], where only one, or two variables are changed at
a time, while others remain constant. Thus, this parametric
approach does not explore the full range of potential prop-
erties. Optimization methods can better explore the design
space by simultaneously changing all design variables. In
this example, we show how the FE-based plugin for periodic
homogenization described above can be combined with an
optimization algorithm to explore the full range of possi-
ble novel properties of a thermal-mechanical metamaterial.
Thus, a design envelope of these novel properties is gener-
ated in an efficient and automated way.

3.1 Methodology

The design envelope for a 2D thermal-mechanical meta-
material is generated by solving a series of single objec-
tive optimization problems with different constraints. To
begin the process, unconstrained optimization problems are
solved to maximize, or minimize the properties that are to
be explored. Once the maximum and minimum values of
the properties are established, a series of constrained opti-
mization problems are solved to find the boundaries of the
design envelope.

In this example, we aim to explore the range of Poisson’s
ratio and CTE of a thermal-mechanical metamaterial. Note
that in practice we optimize the normalized CTE (NCTE),
where the CTE value is normalized by the CTE of one of
the constituent materials (in the example below we use Alu-
minum, a = 23 X 107%/°C). First, four problems are solved:
maximize Poisson’s ratio (Max v), minimize Poisson’s ratio
(Min v), maximize NCTE (Max NCTE), and minimize
NCTE (Min NCTE), with only side constraints on the design
variables (see Sect. 3.2). These upper and lower limits for
the properties are then used to solve a series of optimiza-
tion problems, where one of the properties is minimized (to
explore the novel properties of negative Poisson’s ratio and
negative CTE), with upper, or lower bound constraints on
the other property. Where v, is a lower limit on Poisson’s
ratio, NCTE, is a lower limit on NCTE, and NCTE; is an
upper limit on NCTE.

All optimization problems are solved using an Aug-
mented Lagrangian Particle Swarm Optimizer (ALPSO)
[24] implemented in the package pyOpt [25], with all
options set to default.

3.2 2D star-shaped metamaterial

The metamaterial considered in this example is based on a
design proposed by Ai and Gao [13]. Their study considered
a set of four different bi-material lattice structures with the
goal of creating a metamaterial that can exhibit both non-
positive CTE and negative Poisson’s ratio. One of the lattice
structures (Fig. 1) provided promising results, where both
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Fig. 1 Star-shaped lattice metamaterial

Table 1 Material properties for the star-shaped metamaterial

Material E (GPa) v CTE « (10~ Temperature
°C) ©)
Aluminum 71 0.33 23.0 20
66 24.3 200
Invar 144 0.29 1.1 20
135 2.5 200

negative Poisson’s Ratio and non-positive CTE values were
shown. In addition, their study considered three constitu-
ent materials: Aluminum Alloy, Steel and Invar, resulting in
three different material pairings. However, it was found that
the Aluminum-Invar pair led to a metamaterial exhibiting
non-positive CTE over a wide range of design parameters.
Thus, the Aluminum-Invar material pairing is chosen in this
example to provide the optimizer with a larger design space
for both non-positive CTE along with negative Poisson’s
Ratio. Properties of the constituent materials are summa-
rized in Table 1. Note that the lattice structure is square
symmetric, SO v, = V,; = v,anda; = a, = a.

Beam elements are used for the FE model, as the mem-
bers in the lattice are long and thin (beam elements were also
used by Ai and Gao [13]). Two-node Timoshenko beams
(element type B31) are used. Meshing is automatic, with an
approximate element length (global seed size) set to 0.085
times the RVE edge length, which creates meshes with
between 150 and 200 elements.

The lattice structure used in this example has one dif-
ference to the one used by Ai and Gao [13], as extra beams
in the corners are incorporated to make it compatible with
EasyPBC, where corner nodes are required to accurately
determine its size. Note this could be avoided by modify-
ing the plugin by hard coding the RVE size, but we wanted
to demonstrate the use of the plugin without modification.
To ensure these beams have negligible effect on computed

@ Springer

properties, a fictitious “weak material” is used. The weak
material has a low Young’s modulus of E = 1kPa and a CTE
similar to Invar and Aluminum (a = 10~%/°C). The modified
structure is validated by comparing the material properties
calculated in this study to those reported by Ai and Gao [13],
showing negligible difference.

The design variables for optimization are lengths H, and
H,, and angle 0 in Fig. 1, plus the in-plane thickness, ¢, of
the beams. Note that the out-of-plane thickness of the beams
does not affect homogenized properties of the 2D metama-
terial. The limits on design variables are: 5 < H; < 100,
5<H, <100, 5°< 0 <40° and 0.5 <t <5. To compute
CTE, a temperature change from 0 to 200 °C is applied.

3.3 Results

Figure 2 shows the design envelope created by the method
described above for the 2D star-shaped metamaterial. Design
variables for optimum designs are summarized in Appendix
A.

The results show a wide range of solutions for both nega-
tive Poisson’s Ratio and negative NCTE; covering ranges of:
—0.386 < v, and —0.647 <NCTE, or—14.9 x 107%/ °C < a.
The approximate range of these properties reported by Ai
and Gao [13] using parametric studies are smaller: —0.19 < v
and —0.60 <NCTE, or —13.8 x 10‘6/ °C < a 1. This dem-
onstrates how optimization can be used to explore the full
range of potential properties of a thermal-mechanical meta-
material concept. The resulting design envelope can then be
used as a guide, and metamaterial properties can be tailored
towards specific applications by using an optimizer to mini-
mize, maximize and possibly constrain properties to achieve
the desired behavior.

Further insight is gained by examining the variation of
optimal design parameters along the edge of the design enve-
lope. The full set of results is summarized in Appendix A.
For example, starting at the maximum NCTE point and mov-
ing anti-clock-wise around the edge of the design envelope,
the ratio of H, /H, starts at its maximum possible value and
decreases to its minimum possible value. The angle, 6, also
increases anti-clockwise, until it reaches its maximum value
of 40°at the minimum NCTE point, thereafter it remains at
40°. These trends correspond to a general reduction in CTE,
where negative CTE is achieved by exploiting the central
star shape. It is observed that when the ratio of H, /H, is
large, then central star shape is small, relative to RVE size,
which reduces its influence on CTE properties as the dis-
placement within the central star shape is small, compared
with the displacement of the vertical and horizontal beams.
For Poisson’s ratio, it is observed that different designs can
achieve the same auxetic behavior. Designs with larger,
positive CTE values achieve auxetic behavior with smaller
0 and a larger ratio of H, /H,. Whereas designs with lower,
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Table 2 Comparison of computed effective properties using beam
element and solid element finite-element modeling

Design Beam elements 2D continuum
elements
v NCTE v NCTE

Max v 0.0003 0.2410  0.0538 0.2940
Max NCTE —0.0044 0.2850  0.0457 0.3010
Minv, NCTE > 0.25 - 0.0580 0.2500 —0.0505 0.2478
Minv, NCTE > 0.20 —0.1190 0.2000 —0.1318 0.1895
Minv, NCTE > 0.10 - 0.2200 0.1000 —0.2381 0.0820
Maxv,NCTE< 0.0 —0.0150 -0.5510 —0.00862 —0.555

negative CTE achieve auxetic behavior with bigger angles
and smaller ratios of H, /H,. This demonstrates the utility
of optimization when analyzing metamaterial properties, as
these trends rely on the simultaneous variation of multiple
parameters.

The results obtained in Fig. 2 are obtained using beam
finite elements to be consistent with Ai and Gao [13]. This
approximates the behavior of the metamaterial, especially
around the joints, which is reasonable if members are thin.
To validate the results, some designs with the biggest beam
thickness values are reanalyzed using 2D quadratic con-
tinuum elements. Table 2 shows the comparison of effec-
tive material properties, where most values from the beam
model are within 10% of those calculated using continuum
elements. The exception is when Poisson’s ratio is near
zero, where the absolute error is within 0.06. Therefore,
we conclude that if the entire design envelope in Fig. 2 is

Poisson's Ratio, v

recomputed using solid elements, then the shape would be
the same, but the exact values would alter slightly.

4 Example 2—multi-objective optimization

When materials are subject to both loading and tempera-
ture increase, the total deformation depends on the material
stiffness and CTE. In many applications, it is important to
minimize deformation, for example the radial expansion of
a turbine blade during operation [26]. Thus, there is interest
in finding the optimal trade-off between high stiffness and
low CTE for thermal-mechanical metamaterials.

4.1 Methodology

The optimal trade-off between stiffness and CTE of a 3D
lattice-type thermal-mechanical metamaterial is explored by
generating the Pareto front using a multi-objective Genetic
Algorithm (GA). We assume that deformation in a certain
direction should be minimized and therefore the first objec-
tive is to maximize the Young’s modulus in that direction, E,
(the y-direction is chosen arbitrarily). The second objectivé
is to minimize the square of the CTE in the same direction,
ayz, to achieve close to zero CTE. Young’s modulus and CTE
are computed using the EasyPBC Abaqus plugin (as detailed
in Sect. 2). The multi-objective problem is solved using the
GA implemented in Matlab, which is based on NSGA-II
[27], modified to handle integer design variables [28], so
that material choice can be used as a design variable.

@ Springer
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4.2 Extended 3D octet truss metamaterial

The metamaterial optimized in this example is based on a 3D
octet truss [29], with additional members added to enlarge
the design space and potentially find novel metamaterials.
The base unit cell is shown in Fig. 3. The truss is split into
5 groups of members, as shown by the different colors in
Fig. 3. This reduces the number of design variables, allow-
ing the use of a non-gradient-based optimization method.
Note that the original octet truss is composed of just the blue
and red members.

The length of the unit cell in the x-direction, L, is set to
1, and the length in the y-direction, Ly, can be chosen by the
optimizer to change the skew angles of the octet truss. The
length in the z-direction, L., is set so that the volume of the
unit cell is 1 (i.e., L, =1/L,). Note that due to the asymptotic
periodic homogenization assumptions, the homogenized
properties are independent of the length scale used, and thus
no units are given for length variables in the unit cell.

The truss members are assumed hollow circular, but the
lower bound for the inner radius, r; is set to zero, allowing
the optimizer to choose solid circular members. The upper
bound for the outer radius, r,, is set to 0.13, which results
in a maximum volume fraction of approximately 40% for
the unit cell. To avoid impossible geometry, where r; > r,
constraints are added to the optimization problem to ensure
the minimum thickness of any member is at least 1073,

To tune the CTE of a metamaterial, it must be made from
at least 2 different materials, with different CTE values. In this
study, members can be made from a titanium alloy (Ti-6242),
or a stainless steel (AISI 321), with properties summarized in
Table 3. Properties are obtained from [30, 31], where tempera-
ture dependence for E and « is included if data are available.

Fig.3 Extended octet truss metamaterial
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To compute CTE, a temperature change from 0 to 500 °C is
applied. The optimizer can also choose a void material, with
all properties close to zero (10~1%). This enables some limited
topology optimization of the metamaterial, as assigning void
material effectively removes a set of members from the design.
Material choice is a discrete design variable and is coded as
an integer variable, with 0 = void, 1 = Ti-6242, and 2 = AISI
321. A constraint is added such that the sum of the material
integer variables must be at least 3 to avoid fully void designs.
The full set of design variables is summarized in Table 4.
The multi-objective optimization problem is then:

min (10'%2 ), max (107°F,)
X Y X Y

5
Subject to : ;Ml >3 3)

ro;—ry; 2107, j=[1,5]

Xmin SX< Xmax

where x is the set of design variables, as defined in Table 4,
subscript j refers to the set of members, as defined in Fig. 3
(1 = blue, 2 = red, 3 = yellow, 4 = green, 5 = purple).

Table 3 Material properties for extended octet truss optimization

Material property Temperature Ti-6242 AISI 321

°O)
Young’s modulus, E (GPa) 0 115.0 195.0

500 87.0 158.4
Poisson’s ratio, v - 0.36 0.27
Density, p (kg/m3) - 4540 7950
CTE, a 107%/°C) 20 6.55 18.6

77 7.52

133 8.19

190 8.65

247 8.96

303 9.2

360 9.38

417 9.54

473 9.67

530 9.74
Table 4 Design variables for extended octet truss
Design variable Type Minimum Maximum
Outer radius, 7, Continuous 1074 0.13
Inner radius, 7; Continuous 0 0.08
Material, M Integer 0 2
Unit cell length in y, L, Continuous 0.67 1.5
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Scaling is used to make the two objectives approximately
equal in magnitude.

4.3 FE modeling and validation

To accurately compute effective properties of the metama-
terial it is recommended to use 3D continuum elements, as
these can accurately represent the geometry, especially the
joints where multiple members overlap. However, using 3D
continuum elements leads to long computation times that
prohibits the use of multi-objective GA optimization. In
addition, robust, automated 3D meshing of the joints is not
straight-forward, which also makes this approach challeng-
ing to use within an optimization algorithm. Therefore, a
beam element model is used to reduce computational time
and simplify the automated meshing process.

To validate the beam element approach, we compare the
computed effective properties of an octet truss metamate-
rial [32] modeled using Timoshenko beam elements (B31
in Abaqus), with those computed using quadratic tetrahe-
dral 3D continuum elements (C3D10). For all beam ele-
ment models, 6 elements per member are used, as using
more elements changed effective properties by less than 1%.
Members that lie on the RVE face, or edge, are only half, or
quarter, inside the RVE. This is easily accounted for when
using 3D elements, as the geometry can be modeled exactly,
but some modification is required when using beam ele-
ments. All beam elements used in this work have circular
(or hollow circular) cross-sections. Members that lie along
an RVE face are modified by scaling their radius such that
their cross-sectional area is a half (as only half the member
is inside the RVE). A similar modification is made to mem-
bers that lie along RVE edges, where the radius is scaled
such that the cross-sectional area is one quarter.

This approach is accurate for modeling the tensile and
compressive behavior of members, as axial stiffness is
directly proportional to cross-sectional area, but may not be
accurate for bending behavior. However, it is known that the
octet truss is a stretching dominated metamaterial, where the
loading on members is predominantly tension or compres-
sion [32], so this is not thought to introduce significant error.
However, representative optimal results are reanalyzed using
3D continuum elements in Sect. 4.4 to validate this.

Effective properties are computed for an octet truss with
increasing relative density, which is controlled by increasing
member radius, where all members have the same radius.
Relative density is defined as the actual density of the meta-
material divided by the density of the constituent materials
in the ratio they are used [32]. For stiffness analysis, the
whole octet structure is made of Aluminum, but for the CTE
analysis, the members along the RVE faces are made from
titanium. The relative percentage error between the beam
and 3D element models is shown in Fig. 4, which shows

that the error increases as relative density increases. This is
mainly due to the increased overlap in the joint regions when
member radius is increased, which is not accurately captured
by the beam element model. However, the beam model is
able to accurately capture the trend in material properties.
When comparing computational cost, on our computer, the
beam element model is approximately 100 times faster than
the 3D element model. In conclusion, the beam element
model is suitable for the purpose of optimization. Although
the error increases with relative density, the trend in proper-
ties is captured, and the computational cost is significantly
lower. However, it is recommended to recompute effective
properties of optimal designs using 3D elements to obtain a
more accurate prediction.

4.4 Results

The first optimization run uses all design variables listed in
Table 4. The GA optimizer is run with a population of 70
for 55 generations. The analysis of the results shows a trend
in material choices along the Pareto front, as the material
for member set 1 (blue in Fig. 3) is almost always titanium,
whereas the material for set 2 (red in Fig. 3) tends to be AISI
321 steel (note that sets 1 and 2 are the original octet truss).
This combination helps reduce CTE in the y-direction, as the
higher CTE material (AISI 321) is in the x—z plane, which
when it expands reduces strain in the y-direction via the lat-
tice structure and lower CTE material (Ti-6242).

A second run is completed, where the optimizer is
forced to use titanium and steel for member sets 1 and 2,
respectively. Using the same population size and number
of generations, the Pareto front for this restricted problem
improves, as shown in Fig. 5. This can be explained by
the optimizer having a smaller design space to explore
when material choice is restricted, so it is more likely to
find better designs (closer to the true Pareto front) with

35
30
25

20

Young's modulus

OCTE

Percentage error
o
5

0.00 0.10 0.20 0.30 0.40 0.50
Relative density

Fig.4 Relative error between beam and 3D continuum element mod-
els
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& 4 a® & . ) All results show that Young’s modulus and CTE in
w © & /"‘é/" the optimized direction are proportional, where modulus
3t 8$) e increases as CTE increases. However, to minimize defor-
) & j“ k. mation under loading and temperature increase, a material
o *OQ & ﬁ’** with high modulus and low CTE is desirable. Therefore,
1heq, ¥ g . P the best choice for a certain application will depend on the
Fas) x ‘ relative influence of loading and temperature increase on
0(') 1 2 3 ‘; 5 (‘5 7 deformation. For example, if temperature increase is more
CTE [1/°C] 10 influential, then a material with smaller CTE should be

Fig.5 Pareto fronts from optimization runs with different restrictions
on design variables. ‘Restricted” means that the material of set 1 and
2 are set to titanium and steel, respectively

the computational resources available (population size and
number of generations). It is reasonable to assume that if
the original problem was given a large enough initial popu-
lation and number of generations, it would eventually reach
the same results as the restricted run. However, this could
take a significant amount of time, which is why it is useful
to restrict the design space based on trends observed in the
initial results.

Next, to investigate the potential benefit of hollow mem-
bers, the problem is further restricted to use solid members
only (r; = 0) and the Pareto fronts are compared. The first
run with solid members does not restrict material choice.
As expected, the same trend occurs, with the material for
set 1 tending to be titanium and set 2 being steel. Therefore,
a further run with restricted material choice and solid mem-
bers is conducted. As before, the Pareto front improves after
forcing the optimizer to use titanium and steel for sets 1 and
2, respectively (see Fig. 5).

To see if the Pareto front can be improved further, a
fifth run is completed using a “hot start”, where the results
from the solid restricted run are used as part of the initial
population. This allows the optimizer to start with a strong
population, which helps it find even better designs. How-
ever, as Fig. 5 shows, the Pareto front from the “hot start”
does not significantly improve from the initial population.
This gives us confidence that a set of designs close to the
true Pareto front is found. For clarity, the “hot start” Pareto
front is shown in Fig. 6, where 3 distinct regions can be
seen, with clear gaps between each region. Note that the
different colors in Fig. 6 are used to highlight the 3 regions,
but all points belong to the Pareto front. It is not clear why

@ Springer

chosen. This demonstrates the utility of having the optimal
trade-off between these properties available in the form of
a Pareto front.

Three designs from the Pareto front are chosen for further
investigation, which are indicated by the circles in Fig. 6.
The parameters for each design are summarized in Table 5,
which shows some similarities in the chosen designs. The
outer radius is relatively large for both member set 1 and 2,
suggesting these play a dominant role in achieving optimal
balance between high stiffness and low CTE. Similarly, the
material for sets 4 and 5 is the same, i.e., Ti-6242. This
suggests that the material choice for sets 4 and 5 could also
be restricted, but other designs on the hot start Pareto front
show variation in these material choices, which is why they
are not restricted during optimization.

©10° CTE vs Modulus, restricted hot start
8 pal

Modulus [Pa]
'S

0 L L . L L . )
0 1 2 3 4 5 6 7

CTE [1/°C] 10

Fig.6 Pareto front from the “hot start” using solid members are
restricted material choice
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Table5 Design parameters for three designs on the Pareto front
(identified by circles in Fig. 6)

Design variable Design 1 Design 2 Design 3 (red)
(black) (blue)

Outer radius  ry; 0.0916 0.1212 0.119
oo 0.0997 0.0966 0.0972
ro3 0.012 0.058 0.1166
o4 0.0628 0.0933 0.0157
o5 0.0726 0.0173 0.0907

Material M, Ti-6242 Ti-6242 Ti-6242

choice M, AISI321 AISI 321 AISI 321

M; Ti-6242 Void AISI 321
M, Ti-6242 Ti-6242 Ti-6242
Ms Ti-6242 Ti-6242 Ti-6242

RVE side L, 0.9385 1.1124 1.3036

length

Effective material properties for the three designs are
computed using both beam and 3D continuum elements,
and summarized in Table 6. All designs show significant
anisotropic properties, which is expected because the
optimization problem did not enforce cubic symmetry,
and only Young’s modulus and CTE in the y-direction
are optimized. Comparing results from the beam and 3D
element models, the maximum error in Young’s modu-
lus is approximately 20%, and CTE approximately — 17%
(although most errors are below 10%). This is within the
range expected from Fig. 4, and demonstrates why post-
optimization analysis with 3D continuum elements is
needed to more accurately estimate effective metamate-
rial properties.

Table 6 Effective material properties for three designs on the Pareto
front (identified by circles in Fig. 6)

Model Material property Design 1 Design2 Design 3

Beam elements E. (GPa) 1.85 2.63 5.28
E, (GPa) 1.86 4.12 7.57
E_(GPa) 2.36 1.73 2.67
a, (107%°C) 18.17 17.19 17.88
a, (107%/°C) 1.09 2.95 6.25
dz (107%/°C) 17.32 18.91 19.06
p (kg/m?) 813 1143 1130

3D continuum E, (GPa) 2.08 3.21 5.73

elements E, (GPa) 209 458  7.68

E_ (GPa) 2.63 2.15 3.11
a, (107%°C) 17.99 16.99 17.70
a, (107%°C) 1.31 3.32 6.38
a. (1075/°C) 17.20 18.41 18.91
p (kg/m®) 741 994 971

Design 1 (black circle in Fig. 6) is shown in Fig. 7 and
discussed in more detail. This configuration has higher
CTE materials only in the x—z plane, and works in a sim-
ilar way as the triangular shape proposed by Wei et al.
[33]. When temperature increases, the red members (AISI
321) expand in x and z-directions, and the blue (Ti-6242)
diagonal and vertical members expand less. The combined
effect is that the expansion in the y-direction is signifi-
cantly smaller than if the whole metamaterial was made
from Ti-6242.

5 Conclusions

This paper combines a commercial finite-element pack-
age with optimization methods to explore the design space
and optimal design of thermal-mechanical metamaterials.
A plugin for Abaqus that automatically applies periodic
boundary conditions and compute effective elastic proper-
ties (EasyPBC) is extended to compute effective thermal
expansion coefficients for 2D and 3D problems.

The proposed approach is demonstrated using two exam-
ple problems. The first problem uses a particle swarm opti-
mizer to solve a series of constrained problem that generate
the design envelope of Poisson’s ratio and CTE for a 2D star-
shaped lattice metamaterial. The results extend the range of
possible auxetic and negative CTE compared with a previous
study that used parametric studies.

The second example uses a multi-objective genetic
algorithm to find the optimal trade-off between Young’s
modulus and CTE in a particular direction for an extended
octet truss. The results show that the best material choice
for lattice members from the original octet truss are to use
the higher CTE material for members orthogonal to the

.

Fig.7 Design 1 from the Pareto front (black circle in Fig. 6). Blue
members are Ti-6242 and red members are AISI 321

@ Springer
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direction of interest, and lower CTE material for remain-
ing members, which helps reduce CTE in the direction of
interest. However, there was no trend for other parameters
along the Pareto front, suggesting that different designs can
achieve similar (or the same) stiffness and CTE in the direc-
tion of interest. In addition, the results show little benefit
of using hollow members, compared with solid members,
because the deformation mechanisms of the lattice result
in members being strained predominantly in tension, or
compression.

Manufacture of the multiple metal lattice structures
explored in this work is challenging, but possible. Conven-
tional manufacturing methods such as investment casting,
expanded metal sheet, metallic wire assembly, and snap fit
methods can be adopted to manufacture multiple metal lat-
tices (see [32]—for example). In addition, some additive
manufacturing methods can also be utilized to produce mul-
tiple metal parts [34].

Appendix A: Optimization results
for star-shaped lattice metamaterial (Sect. 2)

See Table 7.

Table 7 Full results for the design envelope in Fig. 2

H//H, 6(°) 1L v NCTE
Max v 954 3956 0.04497 0000  0.241
Max NCTE 2000 500 00238  —0.004 0285
Min v 2000 1462 000652 —0058  0.250
NCTE > NCTE, 2000 1500 000391 —0.119  0.200
1970 1658 000241 —0220  0.100
1418 1684 000234 —0302 —0.010
13.50 1696 0.00233 —0311 —0.025
1241 17.19 000231 —0326 —0.050
1024 1792 000228 —0351 —0.100
741 2120 000220 —0.383 —0.200
Min v 750  23.85 000220 —038 —0.246
Min v 715 2651 000219 —0385 —0.300
NCTE <NCTE;, 6.80 31.12 000218 —0365 - 0.400
6.62 3524 000217 —0342 —0.500
649 3890 0.00217 —0317 —0.600
Min NCTE 400 4000 000200 —0291 —0.647
Min NCTE 2.16  40.00 0.00171 —0250 —0.638
V>, 120 4000 000137 —0200 -—0.621
070  40.00 000147 —0.150 —0.604
038  40.00 000181 —0.100 —0.587
0.16  40.00 0.00216 —0.050 —0.569
005 40.00 002381 —0.015 —0.551
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