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Abstract

Complex valued measures of finite total variation are a powerful signal model in
many applications. Restricting to the d-dimensional torus, finitely supported measures
can be exactly recovered from their trigonometric moments up to some order if this
order is large enough. Here, we consider the approximation of general measures, e.g.,
supported on a curve, by trigonometric polynomials of fixed degree with respect to
the 1-Wasserstein distance. We prove sharp lower bounds for their best approximation
and (almost) matching upper bounds for effectively computable approximations when
the trigonometric moments of the measure are known. A second class of sum of
squares polynomials is shown to interpolate the indicator function on the support of
the measure and to converge to zero outside.

Keywords Frequency analysis - Super resolution - Trigonometric approximation -
Wasserstein distance

Mathematics Subject Classification 65T40 - 42A15

Communicated by Holger Rauhut.

B Stefan Kunis
stefan.kunis @uos.de

Paul Catala
paul.catala@uos.de

Mathias Hockmann
mathias.hockmann@uos.de

Markus Wageringel
markus.wageringel @uos.de

Institute of Mathematics, Osnabriick University, Osnabriick, Germany

Published online: 04 April 2024 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00365-024-09686-0&domain=pdf

Constructive Approximation

1 Introduction

Data science in general and more specifically signal and image processing relies on
mathematical methods, with the fast Fourier transform as the most prominent example.
Besides its favourable computational complexity, its success relies on the good approx-
imation of smooth functions by trigonometric polynomials. Mainly driven by specific
applications, functions with additional properties together with associated computa-
tional schemes have gained some attention: signals might for instance be sparse like
in single molecule fluorescence microscopy [45], or live on some other lower dimen-
sional structure like microfilaments, again in bio-imaging. Such properties are well
modeled by measures, which can express the underlying structure through the geome-
try of their support, e.g. being discrete or singular continuous. This representation has
in particular led to a better understanding of the sparse super-resolution problem [7,
11, 17], but has also proven useful in many more applications, such as phase retrieval
in X-ray crystallography [3], or contour reconstruction in natural images [49]. In this
work, we consider measures p supported on the d-dimensional torus. The available
data then consists of trigonometric moments of low to moderate order, i.e.

,&(k):/ e 2k du(x),  ke{-n,...,n}? (1.1)
'ﬂ'd

for some n € N, and one asks for the reconstruction or approximation of x from this
partial information. In this context, our work focuses on approximations by trigono-
metric polynomials, more specifically on two types of asymptotic behaviours: after
setting up some trigonometric polynomials ¢, based on the knowledge of (1.1), we
distinguish between pointwise convergence to the indicator function of supp u, i.e.

. 1, x €supp i,
lim qn(x) =
n—0o0 0, else,
and weak convergence, i.e.

lim/ f(X)qn(X)dX=/ S )du(x) (1.2)
n—00 Jd Td

for all continuous test functions f. The latter is denoted by g, — u and equivalent to
convergence with respect to the Wasserstein distance for which we achieve quantitative
rates.

Related work For discrete measures, there is a large variety of subspace methods
that compute or approximate the parameters (positions and weights) of the measure,
e.g., Prony’s method [16, 30, 32, 53, 58], matrix pencil [17, 27, 46], ESPRIT [2, 40,
55, 57] or MUSIC [41, 60]. Except MUSIC, these methods realise the parameters as
eigenvalues of specific moment matrices and are well understood in the univariate
case [46]. In the multivariate case, an often used randomisation technique [17, 48] has
only been discussed recently in a special case [23].
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Constructive Approximation

On the other hand, MUSIC [41, 60] as well as the variational methods [7, 9, 10,
54] build intermediate trigonometric polynomials which interpolate the value one
at the support points and are smaller otherwise. If the measure is supported on a
positive dimensional variety, the situation is more involved. Specific curves in a two-
dimensional domain are identified by the kernel of moment matrices in [19, 49, 50],
more general discussions can be found in [39, 62] where the support again is described
implicitly by a trigonometric polynomial which takes the value one at the support and
is smaller otherwise. Finally, Christoffel functions offer interesting guarantees both
in terms of support identification [37] or approximation on the support [31, 43, 51],
but, to the best of our knowledge, require regularity assumptions on the underlying
measure, and only come with separate guarantees on and outside the support of the
measure.

Contributions Following the approach of the seminal paper [44] to approximate a
measure by using information about its trigonometric moments, we study easily
computable trigonometric polynomials to approximate an arbitrary measure on the
d-dimensional torus. In contrast to [44], we provide tight bounds on the pointwise
approximation error as well as with respect to the 1-Wasserstein distance, the latter
scaling inverse linearly with respect to the polynomial degree (up to a logarithmic fac-
tor). One of the main contributions of our work lies in the simple connection between
approximation in the 1-Wasserstein distance and known results from approximation
theory for Lipschitz functions. For example, we relate questions on the best approxima-
tion of measures by polynomials to best approximation results in L' (T%) and C(T%).
Additionally, we show analogously to classical approximation theory that near best
approximations can be derived through convolution with certain kernels. As far as
we know, these connections formulated in Sect.3 where not considered before. On
the other hand, we analyse in Sect.4 the interpolation behaviour of a sum of squares
polynomial, p; ,, similarly suggested in [32, Thm. 3.5] and [49, Prop. 5.3] (and indeed
closely related to the rational function in the MUSIC algorithm, see [60, Eq. (6)]). The
main contribution of this section is not the invention of this polynomial p; , but the
analysis of its pointwise convergence to the indicator function of the Zariski closure of
the support of the measure. This justifies to estimate the support of discrete measures
or measures with support on an algebraic curve by considering points where pj , is
equal or close to its maximal value one. For instance, this might be used in future
works to represent sparse objects in single molecule microscopy.

Organisation of the paper We summarize our main results in an informal way nei-
ther stating technical details nor making the involved constants explicit. After setting
up the notations, Sect.3 considers the approximation of measures by trigonometric
polynomials. The convolution of the measure with polynomial kernels is studied in
Sect. 3.1 and leads in Theorem 3.3 to the 1-Wasserstein upper bound

Wi(pu, 1) < Cll%,

where p, denotes the convolution of the measure with the n-th Fejér kernel. This
approximation comes with a saturation result in Sect. 3.2, Theorem 3.5, showing that
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for each measure except the Lebesgue measure, there exists a constant ¢, with

&)
Wi(pn, ) = —

This individual lower bound is complemented with a worst case lower bound for the
best approximation p* in Sect. 3.3, Theorem 3.6, showing

* 3
sup Wi(p™, u) = —,
" n

where the subsequent characterisation of the best approximation in the univariate case
in Sect. 3.4, Theorem 3.9, and the following Example 3.10 show that the achieved
constant c3 is sharp.

In Sect.4, we start by showing a specific sum of squares representation for p,
involving the moment matrix (,&(k — E)) k.teln]’ Setting all non-zero singular values
in this representation to a constant yields the so-called signal polynomial p; , which
identifies the support of the measure in Sect. 4.1, Theorem 4.2, by

=1, X € supp W,
Pin(x) .
<1, otherwise.

As common to all subspace methods, this involves technical assumptions on the support
of the measure and the degree n to be finite but large enough. For discrete measures the
assumptions on the support are met and Sect. 4.2, Theorem 4.6, proves the pointwise
convergence

<1 —cyn? dist(x, supp ,u,)z, x close to supp w,
Pl,n(x) < cs

= T dstesupp 102 otherwise.

A weak convergence result for discrete measures is proven in Theorem 4.9. Finally,
Sect. 4.3, Theorem 4.10, proves pointwise convergence

cs(m, x)
Plm+n(X) < Y X ¢ supp U,

also for positive dimensional support sets (which are generated in degree m). We end
by illustrating the theoretical results by numerical examples in Sect.5.

2 Preliminaries

Letd e N,1 < p <ooandlet |x — y|, = mingze [lx —y + kllp denote the wrap-
around p-norm on T4 = [0, 1)?. Ford = 1 these wrap-around distances coincide and
we denote them by |x —y|; to distinguish them from the absolute value. Throughout this
paper, let i, v denote some complex Borel measures on T¢ with finite total variation
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liellty and normalization ¢ (T¢) = v(T¢) = 1.! This implies that the trigonometric
moments as defined above are finite with | (k)| < ||u|lTv and 1(0) = 1. We denote
the set of all such measures by M and restrict to the real signed and nonnegative case
by MR and M, respectively.

A function has Lipschitz-constant at most 1 if f : T¢ — Cadmits | f(x)— f(y)| <
|x — y|; for all x, y € T¢ and we denote this by the shorthand Lip(f) < 1. Using
the dual characterisation by Kantorovich-Rubinstein, the 1-Wasserstein-distance of u
and v is defined by

Wi(v,u) = sup
Lip(f)<1

/ f&)dw —pw) (x)|,
Td
forany u, v € M.If u, v € M4, this distance also admits the primal formulation

Wiy, u) =inf/ |x — yhdm(x, y)
b8 ']I‘Zd

where the infimum is taken over all couplings 7 with marginals x and v, see e.g. [24,
52]. We note in passing that the 1-Wasserstein-distances for other p norms on T¢ are
equivalent with lower and upper constant 1 and d'~!/7, respectively. Moreover, the
1-Wasserstein distance defines a metric induced by the norm

lellLips = sup
FiLip(H=L ] flleo<d

/ J)dp(x)
Td

which makes the space of complex-valued Borel measures with finite total variation a
Banach space. By slight abuse of notation, we also write Wi (p, () in case the measure
vhas density p,i.e.,dv(x) = p(x)dx. Using the trigonometric moments from (1.1), we
compute in Sect. 3 trigonometric approximations g, € P, to the underlying measure,
where we define the set P, of trigonometric polynomials with max-degree n as

Po={p:T > C, x pkx)= Z p(k)e*™** for p(k) € C

ke{—n,...n}d

In Sect. 4, we additionally consider causal trigonometric polynomials where the coef-
ficients of the polynomial are only nonzero at the nonnegative frequencies, i.e.for
kefo,...,n}.

3 Approximation

We study in this section weakly convergent polynomial approximations of measures,
i.e. approximations satisfying the property (1.2). The 1-Wasserstein distance (along

! The result that any complex measure has finite total variation can be found in [56, Thm. 6.4].
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with all the Wasserstein distances) metrizes this notion of convergence for measures
with equal mass [61, Thm.6.9], which allows us to provide both upper and lower
bounds on the rates of convergence with respect to this distance of our constructions.

While our focus is principally on actually computable approximations, based on
convolution with known kernels, we also turn in the last part of this section (Sect. 3.3
below) to more theoretical considerations on the best polynomial approximations with
respect to the 1-Wasserstein distance, which, additionally to giving new perspectives
on polynomial approximations of measures, also highlights the near-optimality of our
constructions.

3.1 Approximation by Convolution and Upper Bounds

Similarly to standard approaches in approximation theory, one may derive easy-to-
compute polynomial estimates for a measure p, by considering the convolution of the
latter with adequate kernels. For instance, given the first trigonometric moments of i,
the Fourier partial sums

Snﬂ(x) = (Dn * /L)(x) = Z /l(k)ebrikx’

keZ4,llklloo<n

which correspond to convolution with Dirichlet kernels”, might serve as a sequence
of approximations.

We focus in this section on yet another classical sequence of approximations, given
by convolution with Fejér kernels F,: T¢ — R (by slight abuse of notation, we
use the same notation for both the multivariate and univariate kernels), defined for
x = (x1,...,Xxq) e T as

d
Fo(xt, . ooxa) = [ | Faxi)

i=1

where, for any x € T,

N kL gk 1 (sin((n + Drrx) 2
o) = k;n (1 n+ 1)e Tt ( sin(rx) >
1| ?
— ZGZHikx ) 3.1)

n—+1 =

The main object of study in this section is the trigonometric polynomial

) = (Fy % 1) (x) = /JT R = (). (3.2)

2 On the univariate torus, the Dirichlet kernel is Dp(x) =1+2 ZZ:I cos(2mkx) and its multivariate
version is given by Dy (x1, ..., xq) = Dp(x1) - -+ Dy (xq).
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0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Fig. 1 The example measure (3.3), its approximations by the Fourier partial sum (left) and the convolution
with the Fejér kernel (right). The weight % of the Dirac measure in g is displayed by an arrow of height
n/3 for visibility

We give two illustrative examples in Example 3.1.

Example 3.1 Our first example for d = 1 is the measure

1 dv 8 V2 1
p=38 +veMy, GO =W S ﬁ—«/é X34 (3.3)

X¥—3

where A denotes the Lebesgue measure. Obviously, this measure u has singular and
absolutely continuous parts including an integrable pole at x = %.

Both the Fourier partial sums and the Fejér approximations for n = 19 are shown
in the left and right panel of Fig. 1, respectively.

Our second example is a singular continuous measure for d = 2. We take u =

(2mro)~'8c € M, as the uniform measure on the circle
C={xeT?:|xlp =ro)

for some radius 0 < rg < % The total variation of this measure is

N 1
lultv = ((0) =/ du(x) = —f dx = 1.
T2 27‘[7‘0 C

Using a well-known representation of the Fourier transform of a radial function (cf.
[22, p.574]), we find

A —2mikx 1 *
pk) = /Tze kX (x) = %/0 rJo2mr||kll2)dd,, (r) = JoQRmrollkll2) (3.4)

for the trigonometric moments of 1, where Jy denotes the 0-th order Bessel function of
the first kind. These decay asymptotically with rate [|k|, 1/ 2, cf. [22, Appendix B. 8].

The Fourier partial sum as well as the convolution with the Fejér kernel for n = 29
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Fig. 2 Uniform measure on a circle of radius ryp = % and its approximations by the Fourier partial sum
(left) and the convolution with the Fejér kernel (right), n = 29

are shown with maximal contrast in the left and right panel of Fig.2, respectively.
We observe that both approximators peak around the support of the measure and the
approximation by convolution with the Fejér kernel produces less ringing than the
Dirichlet kernel at the cost of a slightly thicker main lobe.

Of course, the construction and efficient evaluation of this approximation by p,
relies on the convolution theorem and the fast Fourier transform (FFT). Given the
trigonometric moments i(k), k € {—n, ..., n}d, we multiply these with the Fourier
coefficients of the Fejér kernel (3.1) in each dimension and use an inverse FFT to eval-
uate p, on the equispaced grid (2n+1)"'{—n, ..., n}. Our next goal is a quantitative
approximation result, for which we need the following preparatory lemma. This result
can be found in qualitative form e.g. in [5, Lemma 1.6.4].

Lemma3.2 Letn,d € N, then we have

d (1 1 1 dl 4
4 (logntD | < [ Fcomhar < SRE0 S
w2 n+1 n+2 Td 72 n4+1

Proof First note that

d d d d
/Tl []FuGo) ) Ixehdx = Z/Tl []Futxolxehdx = d/TFn(xnxhdx,
@ s=1 =1 =171 5=

where the second equality holds since f F, (xy)dxg = 1. Thusitis sufficient to consider

the univariate case. The representation F,(x) = 1 +2% }_, (l — #) cos(2mwkx)

gives

1/2 n k
/ Fo(x)|x|1dx = 2/ x+ 22 (1 — ) cos(2kx)x | dx
T 0 =1 n+1
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R e B O DL
=2t _kX_;Z(n+1)n2k]

JIENY

2
1 1
=2 - = -
8 Z 712(2j+1)2+ JX_(:) (n+ D22+ 1)

)

J=0

since fo 172 cosrkx)xdx = ((—DF — 1)/ (4n%k>). Using that Z] 20 (2/+1)2 = %2,
we obtain

2]

o it
1
fEFn(x)lxlldx=2 = %IJ(ZJ—’_I)Z (n+1)ﬂ2 Z 2J+1
j=[ -
=
2| [T
S ety [ @ "

+1 +1
([ ]+) 2+log(n) _ log(n) +4
CLE+)x2 @+ T 2e+ D)

The lower bound follows similarly by bounding the series from the previous calculation
by integrals from below. O

Theorem 3.3 Letd,n € N and u € M, then the measure with density p,, converges
weakly to . with

d log(n) +4
Wi (pas 1) < ~5 220 gy,
72 n+1

which is sharp since u € M. implies |||tv = w(T¢) = 1 and

log(n + 1) 1
W , .

Proof We compute

Wi(pn, ) = sup  [(Fy*p, f)—{(u, f)

Lip(f)=1

= sup [(u, Fpx f— f)l
Lip(f)=1

< sup / / Ea(x) [ f(y —x) = f(y)|dxd|u](y)
Lip(f)<1JTd JTd

=< IIMIITv/ Fp(x)|x]1dx,
Td
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and note that both inequalities become equalities when choosing ¢ = §p and f(x) =
|x]1. Applying Lemma 3.2 gives the result. In particular, we remark in passing that
W1 (Fy, 80) = [pa Fa(x)|x]1dx. m|

Remark 3.4 Similar to classical results, the log-factor can be removed by choosing
another convolution kernel, which then however does not allow for the representation
later found in Lemma 4.1. The Jackson kernel, see [28, pp.2ff.],

3 sin*(mmx)

, meN,
m(2m? +1) sin*(7x)

Jom—2(x) =

has degree n = 2m — 2, is normalised and satisfies by using Sls?rf’(’:;; );) < min(m, %)
6 1/2m o
fJn<x)|x|1dx <0 [/ m4xdx+/ —3dx]
T mQ2m*+1) [ Jo 1/2m 16x
3m 3

< < .
T22m?+1) T 2(n+2)
Analogously to Theorem 3.3, we get

3d- |l
Wi (J, , < -, 3.5
1(n*uu)_2 n2 (3.5

which still is an approximate factor 6 worse than the lower bound in the univariate
case (see Theorem 3.6). By numerical analysis or more detailed analysis of the above
estimate, one can deduce that a factor 3 is due to the above estimate and a factor 2
seems to indicate that the Jackson kernel is not optimal. Moreover, upper and lower
bound differ by a factor d in the multivariate case which might be due to the used
norms or our proof techniques.

3.2 Saturation

Theorem 3.3 gives a worst case lower bound while, on the other hand, the Lebesgue
measure is approximated by F;, x A = A without any error. We may thus ask how well
a measure du = w(x)dx with smooth (nonnegative) density might be approximated.
For an introductory example, consider the univariate analytical density w(x) = 1 +
cos(2mx). Since F, * w(x) — w(x) = cos(2wx)/(n + 1), we achieve by testing with
the Lipschitz function f(x) = cos(2mwx)/(27) that

1
Wi(F, xw, w) > ———— / cosz(2nx)dx =
2w (n+ 1) J dr(n + 1)

This effect is called saturation (e.g.cf. [5]). In greater generality, such a lower bound

holds for each measure individually and can be inferred by a nice relationship between
the Wasserstein distance and a discrepancy, cf. [18].
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Theorem 3.5 For each individual measure . € M different from the Lebesgue mea-
sure, there is a constant ¢ > 0 such that we have for alln € N

C
Wi(pn, ) > ——.
1(Pn u)_n+1

Proof Leth € 0274, ﬁ(k) e R\ {0}, fz(k) = fz(—k), and consider the reproducing
kernel Hilbert space

H={feL*T: ) h@®IZfE <ok, IIfl =Y lhtI*If k>

keZd keZd

Given two measures [, v, their discrepancy (which also depends on the space H) is
defined by

Flky~
&h(k)u —v(k)

~ =|h-w—vle
kezd h(k)

D(u,v) = sup
Ifllm=<1

fd(p—v)
Td

=1

and fulfils by the geometric-arithmetic inequality?

d 2
~ k . A o
Dipn,w)* =Y | 1—1'[<1—n'f'1>' @+ Y h(PIad)
lklloo <n =1 lklloo>n
; (LI P o0
> Y JhP ‘ P+ Y h(R)P 1]
Ielo<n dn+1) Ielo>n
= > |k d(”kl‘l)2|ﬂ(k>—i<k)|2+ > IRk = Ao
Wloozn " Weloosn
2 Faror I = Ml

where h(x) = ) i cza fz(k)ez’f ikx and A denotes the Lebesgue measure with )A»(O) =
1 and ):(k) = 0 for k € Z% \ {0}. Our second ingredient is a Lipschitz estimate
that quantifies the Lipschitz constant of any f € H with || f|lg < 1. For such a
function f, the Cauchy-Schwarz inequality together with ‘ezmky — 2rik(y+x) |2 =
2(1 — cos(2mkx)) gives

2
IfO) — fO 40 = Z fo <e2niky _ e27‘[ik(y+x))
kezd
. X 2 .
= ”f”%{ Z ‘e2mky _eZ”lk(y+X) |h(k)|2
kezd

.. d k 1 —d kel \1¢ Ky 19 k
3 Explicitly, we used []¢_, (1 - %) < [d Iy (1 - ;‘H{‘l)] - [1 - d\(lnl\rll)] <1 L
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= I£1% Y @—2cosQmkx))|hk)?
keZd
<2(K(x,x) — K(x,0)),

where K (x, y) = Y jega 100022 =) = (h % h)(x — y) denotes the so-called
reproducing kernel* of the space H. If this kernel is K (x, y) = M =y ...
h*1(x4 — y4) for some nonnegative univariate function 21* € C?(T) being maximal in
zero (and thus (h [4])/ (0) = 0), we find by a telescoping sum and the Taylor expansion

d d
K(x,x) — K(x,0) = l_[h[4](0) - Hh[‘”(xg)

=1 =1
d d—t d—t+1

=2 | [T ot TT i@
=1 k=1 k=1

Il
M&@

14

d—t
O (W) — A kg0 [T A k00
1 k=1

M&

1 [AE0) = A ke

(h"”)”” X3

]

—_

IA
)

§||h"”||§f<;1

To make a specific choice, let a € (0, %) be some irrational number and set

A2 = " (t-aa) * Xiaa)(x +Kk), x €T
keZ

as the periodisation of the convolution of the indicator function of [—a, a] with itself.
Based on this, we set 214 = 21w B2 and h(xy, ..., xq) = B2 (x) - .- WP (xp),
which yields a valid kernel.? Consequently, we derive that f € H with || f||g < 1
satisfies Lip(f) < C:z,a for some constant ci,’a > ( depending on the dimension d and

4 Note that the assumptions h(k) € R\{0} and h(k) = h(—k) lead to K(x,y) =
D kezd (k)| 2e2mik(x—y) — D kezd |h(k) |2 cos2mk(x — v)) and in particular K is real valued.

5 Note that the Fourier coefficients of 2] agree with the Fourier transform of x[_, 4] * X[—a,q] €valuated
at integers by the Poisson summation formula, and analogously this holds for 11 and the higher order
spline obtained by threefold convolution of x[_4 4] With itself. By choosing a < %, A1 and pl4 agree
with these compactly supported convolutions on [— %, %]. One immediately gets m(k) Xellam) by the

convolution theorem of the Fourier transform and this indeed yields 4 e c2(T) by [22, Prop.3.3.12 or
Ex.2.4.1] meaning that the choice of 14 s compatible with our previous assumptions on it. In particular,
1 is maximal in zero since A2 is even and nonnegative. Moreover, we directly have summability of
|h(k)|? for k € Z4 such that K is a valid kernel.
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the parameter a. This allows to conclude

/—l
C

n+1

—1
Wi(pn. ) = '3 D(pn, A+ (=M g2eray =

92 6

for some ¢ € R. Since a is irrational, we can directly see® by Parseval’s theorem that
A * (= M) g2¢rey = 0if and only if o = A. For uu # A, we obtain the statement
with a positive constant ¢ depending on the measure i, the constant a, and the spatial
dimension d. O

3.3 Best Approximation and Lower Bounds

After observing upper (Sect. 3.1) and lower bounds on the approximation by p, =
F,, * p for individual measures p (Sect. 3.2), one might ask whether an approxima-
tion rate faster than O(n~") is possible by some general polynomial approximation.
The following theorem shows that the answer to this question is negative as the best
approximation by a normalised polynomial only yields a O(n~") worst-case rate.

Theorem 3.6 For any d,n € N and for every u € M there exists a polynomial with
degree n of best approximation in the 1-Wasserstein distance among all polynomials
with degree n. Moreover, we have

Wi(p, ) 1
sup min >

neM Lo Ity — 4@ +1)°

Proof We have existence of a best approximation by polynomials in the Banach space
of Borel measures with finite total variation.” For the lower bound, we compute

sup min Wi(p,n) = min Wi(p, 8o)

MGM p{](?)?::nl ]’(?))71
= min  sup f(O)—/ F(x)p(x)dx
15(?);2'1 fLip(f)=1 Td

= 1{2;’“ sup || f—p*f
pO)=1 f”f||c>o<

Lip(f )<1

sup  min || f — plloo,
Fillfleo<d PEFn
Lip(f)=1

v

© We remark that h (k) = [1¢_, sin? 2kga) / (nzkg) # 0 for a irrational. Hence, | (=Ml 2 (pay =
0 implies by Parseval’s theorem that (k) = A(k) for any k € 74 . The latter is equivalent to u = A.

7 For example, see [12, Thm. 3.1.1] and observe that the mentioned arguments also work for approximation
by an affine linear subspace. The latter is needed here because of the constraint p(0) = 1.
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where we added a suitable constant to obtain the last equality® and p denotes the
reflection of p, i.e. p(x) = p(—x) for all x € T¢. It remains to find the worst case
error for the best approximation of a Lipschitz function by a trigonometric polynomial
of degree n. While this is well-understood for d = 1 (cf. [1, 20]), we did not find a
reference mentioning whether and how d > 1 is possible as well. Therefore, we show
that the idea by [21] for the case d = 1 works also for d > 1 in our situation. A main
ingredient of Fishers proof is the duality relation

inf flxo —x|l= sup  [€(x0)l

€yYc

X eX*
Ly =0,[1€] xx =1

for a Banach space X, xop € X, with a subspace Y and dual space X*. A second
ingredient is given by the 1-periodic Bernoulli spline of degree 1, i.e.,’

Bito) Z o2rikx i sin(2mkx) I—x, xe@0, 56
1(X) = - = P — .
keZM [0} ik = wk 0, x €{0,1}.

A Lipschitz continuous and 1-periodic function f: T — R with Lip(f) < 1 has
a derivative f’ almost everywhere and this derivative satisfies fT f'(s) = 0 by the
periodicity of f. Therefore, it follows that

(f/*Bl)(t)=/Tf/(s)31(t—s)ds
' 1
=—/ (t—s)f’(s)ds—/ (t—s+1)f(s)ds
0 t
1
Zf(f)—/o f(s)ds (3.7

for 0 < t, s < 1. The dual space of the space of continuous periodic functions is the
space of periodic finite regular Borel measures equipped with the total variation norm
and the duality formulation gives

sup min || f — pllec = sup sup / Sdupx)|.
rrdsr  PEPa FTALR AK)=0, kloo=n |J T4
Ifloo=4 Lip(/)=1 Ifloo=4 Lip(py<t  IHITV=!

Our main contribution to this result is the observation how to transfer the multivariate
setting back to the univariate one. It is easy to verify that f(x) = % 221:1 Jfo(xp) for

8 By the constraint that frﬂ-d p(x)dx = pg = 1, we can add an arbitrary constant ¢ € C to f without
changing the value of f(0) — fjrd f(x)p(x)dx. By this, we can set f(0) = 0 and obtain | f (x)| = | f(x) —
fO)] <|x|1 < % such that we can restrict the supremum to all Lipschitz functions with || f|lcc < d/2.

9 One can easily see that the Fourier series of g(x) = % —x,x € [0, 1), is given by the series in (3.6) By the
Dirichlet-Jordan test, one directly obtains the convergence of the Fourier series towards g(x) at x € (0, 1)
and towards zero at the discontinuity point x = 0.
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a univariate Lipschitz function fy, Lip(fo) < d, || follco < % fulfils the conditions for
the Lipschitz function f. Additionally, u* = + Y9, 11 with ju; = (® vty )\(x@)) ®
I‘LE};(xS)s

2n+1

IERE T D g(—nf‘aj/(zm)(xs)

and A being the Lebesgue measure on T is admissible.'” Since this choice of s
integrates [ gdus = O if g is constant with respect to x, (and the same holds for
constant univariate functions integrated against 1), we obtain with (3.7)

d
. 1
s min If < plez s |5 30 [ ftoduw
TR pePy fo:T>R d = T
I£loo=4 Lin(H)=1 Ifolloo= 4 Lip(f)=d
&
= sup — /fo(xe)dl/«*(w)
fo:T—R d? [Zz% T 0

Ifolloo=$ Lip(f)=d

1
= sup 7 ‘/ £56s) </ Bt — s)dpcé(t)) ds|.
fo:T—R T T

Ifolloo=$ Lip(fp)=d

We denote By, (s) = [ Bi(t — s)du(r) and observe [1. By (s)ds = 0. Moreover,
ug has moments fig(k) = 1 for k € (n 4+ 1) (2Z + 1) and f15(k) = 0 otherwise.
Together with the Fourier representation (3.6) of 3; where one rewrites the sum over
odd integers as the difference between the sum over all nonzero integers and the sum
of all nonzero even integers, this gives

eZﬂik(n-i—l)s eZniZk(n-H)s

B (s) = Z — Y — e ——
kN (0] 2rik(n 4+ 1) keZN (0} 2wi2k(n + 1)

1
181((11 +1)s) —

— Bi((2n +2)s)

2n +2

1 d d—1
19 Note that [ln*[Itv < g 31 1415y gty = 1 and

d
d-p*t) =Y agke) [ 80

s=1 L#s
2n+1 d
1 o Nt ltks
= E 3 E e a2 | | Okp,0 = E Skg n+1+Q2n+2)Z | | 3k0=0
—~2n+1) — —
s=1 Jj=0 L#s s=1 L#s

for [[klloc < n. Within this calculation §; ; for indices i, j € Z denotes the usual Kronecker delta being
oneifi = j and zeroif i # j.
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L e+ Ds— L+ Ds)e(0.0),
=11l +Ds—Ll+Dsle(31),
0. Q2n+2)se{0,...,2n+1}.

Here, the last equality is a direct consequence of (3.6). Now, we choose fy by taking
fo(s) =d - sgn(B+(s)) and fp(0) = 0 which is possible as it yields

d
Iollse = max focx) ~ o)) < maxdlxli =5 and [ fi(s)ds =o.
xeT xeT 2 T
Finally, we end up with

sup  min |1f — plleo > / 1Buu(s)| ds
f:Td%R pepn T
Ifloo=4 Lip(f)<1

1 1
= 1 /1‘1‘ ’Bl((n + 1)s) — 581((271 +2)s)|ds
! / Bi(s) 18 (2s5)|d
= s) — — s)ds = ——
ntl ol 2! dn+ 1)
and this was the claim. O

Remark 3.7 (Information theoretic point of view) One should distinguish the above
result on the best approximation by a polynomial with given degree n from the question
of how well one can recover any measure given its low order trigonometric moments.
While the polynomial approximation calculated in the framework of Theorem 3.6
is based on the knowledge of all moments, the latter information theoretic question
would only consider the moments /i(k) fork € {—n, ..., n}¢. A lower bound can be
reformulated as the largest difference

sup [W](,u, V) v e M, k) = k) fork € {—n, .. .,n}d} (3.8)

between two measures, which have equal low order moments and cannot be distin-
guished by a recovery algorithm if no additional prior is known. If /i and ¥ are equal
up to order n, then convolution with the Jackson kernel yields J,, * u = J,, % v, so that
the triangle inequality for W) and Remark 3.4 give

3d ||xlitv + llviiTy

3

and thus (3.8) is at most of order O(n~"). This order is also optimal and this can be
seen by choosing u as the Lebesgue measure XA, v being absolutely continuous with
dv(xy, ..., xq) = [l +cos@m(n+ 1)x1)]dA(xy, ..., xq), and f(x) = cosr(n +
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Dx1)/Q2m(n+ 1)) in

Wi (u,v) = sup f(x)cosRm(n + 1)x1)dx
f:Lip(f)<1JT4
/ cos?2m(n + x;) 1
> dx = .
Td 2r(n+ 1) 4r(n+1)

This shows that the knowledge of the Fourier coefficients of a measure up to order n
without any prior assumption on the measure only allows to approximate the measure
with worst case error of order n~!. This worst case error rate can be decreased if prior
knowledge on the ground truth measure, e.g. sparsity (see [24]), is assumed.

3.4 Univariate Situation and Uniqueness of Best Approximation

On the univariate torus T, the Wasserstein distance of two probability measures can be
rewritten as a L! distance of their cumulative density functions (CDF) shifted by some
constant depending on the measures, see [6]. We extend this to real signed measures
belonging to Mp.

Lemma 3.8 (Wasserstein via CDF) For any univariate i, v € Mp, we have

1
Wi(u, v) = /0 ([0, x1) = v([0, x]) = ¢* (i, v)dx,

and c*(ju, v) € R depends on i, v.

Proof For p, v € M, (T) thisis [6, Thm.3.7]. For u, v € MR, we can use the Jordan
decomposition of any signed measure as a difference of nonnegative measures, in other
words we write 4 = 4 — p—, v = vy — v_ for u4, u—, vy, v_ being nonnegative
measures on T and rewrite

Wi, v) = sup fT f(x)[dV+(X)+dM7(x)—(dvf(X)+dM+(x))]'

SfiLip(f)=1

= +u_)(T
(et )f:Lisplz%sl (4 + (D) O

(3.9)

: dvp(x) +du—(x)  dv_(x) +dps(x)
fo(x) -

and this allows to apply [6, Thm. 3.7]." This then gives

ve+ue — (o +py)
)T 0
st [|(BEEEE ) o,

_*< vy + g Vo Ly )‘d
(4 + 1)) vy + p-)(T)

11 Note that by 0 = v(T) — u(T) = (v + p—)(T) — (4 + v—)(T) both measures in the integral in (3.9)
are probability measures. Moreover, observe that (v4 + ©«—)(T) > v(T) = 1 > 0 and hence it is possible
to normalise as stated.
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1
= /0 | — w) ([0, x]) — c*(v, w)| dx

for the Wasserstein distance of u and v where the constant ¢*(v, u) depends again
only on the two measures. O

The question of uniqueness of the best approximation can be equivalently charac-
terised by the uniqueness of the best approximation in L!(T) and thus allows for the
following theorem.

Theorem 3.9 (Best approximation in the univariate case) Ifd = 1 and u,v € Mg,
we have

Wiy, n) = :Ielﬂf%/qr |(Bi * v) (1) — (By % n)(t) — cldt (3.10)

with By being the Bernoulli spline from (3.6). This allows to conclude that for any n €
N, any real, normalised measure which does not give mass to atoms (i.e. u({x}) =0
for all x € T) admits a unique best approximation by a normalised polynomial of
degree n € N with respect to the 1-Wasserstein distance.

Proof Let u, v € Mp and B; denote the Bernoulli spline of degree 1 from the proof
of Theorem 3.6, then we have by (3.7)

Wi(v, p) = sup ff(x)[dV(x)—dM(x)]‘
fiLip(H=1 1JT

= sup /T/Tf/(t)&(x—t)[dV(X)—d,u(X)]dt

fLip(f)=<1

= sup /f’(t)[(Bl *v)(1) — (By x w)(@)]de
fLip(H=1 /T

Since the integral over f is zero by the periodicity of f, any ¢ € R yields

Mr PO LBy *v)(0) = (By + p)(0)]dr

= ‘/Tf/(l) [(By *v)(1) — (By * w)(1) — cldt

< inff 1By # v)(0) — (By # w) () — cl dr.
ceR JT

We proceed by computing explicitly

By # 1)(1) = f Byt — 0dux)

[0,0)U(z,1)

= / 1 (t — x)dpu(x) +/ L (t—x+ Ddux)
[0.1) 2 2

1
_ (5 - z) (10, 1)) — w((1}))
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+ /[o y xdp(x) —tp({e}) — ([0, 1) + ([0, 1])

_ r(0,0) + p((0,2])
2

1

(10, 1)) (z + —) + / rdu(x) (1)
2 [0,1)

fort € (0, 1) and

(By # 1) (0) = /

1 1
xdp(x) = Zu((0, 1) + 51 (0.
[0.1)

On the other hand, Lemma 3.8 and (3.11) yield

1
/0 | = ) ([0, 1) — ¢* (v, )| dx = Wy (v, )

1
y inf/ Cv—m )
ceR Jo

2
and thus equality (3.10) for measures that give mass to at most countably many atoms
because in this case the set of x where the integrands from the upper and lower bounds
disagree has Lebesgue measure zero. But in fact, this holds for every measure as the
following argument shows.!? At first, one might consider the case of a finite positive
measure . For n € N, consider N,, := {x eT:u(x}) = n’l} and observe that for
any finite subset N* C N,

(v =) ([0, x]) c|dx

00> pu(T) = w(N*) = Y p(x) =n" - #N*

xeN*

and hence #N* < n - u(T), which then implies that N,, is finite with #N,, < n - u(T).
Therefore, the set

N:=|JN,={xeT:pndx}h) >0

n=1

is countable and the general case follows by decomposing u = 4 — u—.
With this knowledge, the question of approximation of x by p with degree n and
p(0) = 1 can be rewritten as

min Wi(p, n) = min inf/ |(B1 * p)(1) — (B1 * pn)(1) — cldz.
pPEPn PEPn ceR J1

pO)=1 pO)=1

By the assumption of an atom-free measure © we have that B * w is continuous by
(3.11), and hence there exists a unique best L'-approximation p = By % p* — ¢ (see
e.g. [12, Thm. 3.10.9]) which defines the unique best approximation p* to x uniquely
by p = B; * p* — ¢ and the normalisation condition p*(0) = 1. O

12 This argument was pointed out by a reviewer of this work.
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Example 3.10 Uniqueness and non-uniqueness of L' approximation is discussed in
some detail in [14, 47] and we note the following:

(i) For u = %80 — %8 12 + A € Mg where A is again the Lebesgue measure, one

finds
0, t=0,
1 1 o 1e(03)
J— J— —_ = = 4 n2n
By * (1) = > (Bl(f) Bl<t 2)) o, t=1,
-1, te(3.1).

For any normalised polynomial p, we have that the difference By p(#)— B1*u(t)
differs from fé p(x)dx — w([0, ¢]) by a constant except at the discontinuity

points t = 0, % But as they have Lebesgue measure zero, we can derive from
Theorem 3.9

,1?3:“ Wi(p, ) = igﬂg/qr [(By * p)(t) — (By * n)(t) — c|dt. (3.12)

pO)=1

As proven in [47, Thm. 5.1], the function B; * u does not have a unique L
approximation for even n. Thus, u does not admit a unique best approximation
either.

(ii) For u = 8g one has By * u = By such that again (3.12) holds for this choice of
(. According to [47, Lem. 2.2] this function B; with only one jump has a unique
best L!-approximation given by the interpolation polynomial

N ] Jt O\ . .
plx) = Z 2 cot <2n " 2) sin(27 jx).

j=1

Deconvolving p = By * p* gives

n N .
P =1+ n” cot (2;1 2) cos(27 jx)

as the unique best approximation to 8g. Since the error of the best L' approxi-
mation of 5; is known from a theorem by Favard [20] (e.g. this is mentioned in
[12, p.213]), we can compute

Wi (0. p*) = EQM By % p)(t) — (By  80)(¢) — | dr

1
Bilon = 2030

IA

|B1 * p* —

By comparison with Theorem 3.6, we notice that equality holds in this calculation
and that the bound from Theorem 3.6 is sharp.
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Interpolation of Bernoulli spline 5, Different approximations to dy

0.5 25
04 %% = = = Interpolation p for n =10 Dy
a : Tt F

1 1 . 0
1 *§L 2k 2n+1 =21 interpolation points 20 t — — —Jy
0.3 M /\)# 1 . P
L *
0.2 . \%% 15
01 K

of X%

i
I
0.2 ‘%‘ 3 H
%% )
-0.3 "y ]
*% h
-0.4 % 17
VK,
-0.5 - - - - . -5
0 0.2 0.4 0.6 0.8 1 -0.5 0 0.5

Fig.3 Interpolation of B (left) and comparison of different polynomial approximations of degree n = 10
to 8¢ (right)

Table 1 Convergence rates of different trigonometric polynomials approximating the Dirac delta &g

Trigonometric polynomial Sign of polynomial W10, Kn)
- ) 4 log(m)+O(1) )
Dirichlet Dy, Signed <X T (Inequality (3.13)
g . 1 4
Fejér F, Nonnegative < ﬁ 0%1(_7_)1+ (Theorem 3.3)
Jackson Jy;, n even Nonnegative < % ﬁ (Remark 3.4)
Best approximation p* Signed = m (Example 3.10 (ii))

Figure 3 and Table 1 summarize our findings on the approximation of §y. The best
approximation p* as well as the Dirichlet kernel D, (x) = sin((2n + 1)z x)/ sin(;rx)
are signed with small full width at half maximum (FWHM) but positive and negative
oscillations at the sides. The latter might be seen as an unwanted artifact in applications.
The approximations given by the Fejér and the Jackson kernel are nonnegative.

For completeness, we note that the Dirichlet kernel is the Fourier partial sum of §¢

and allows for the estimate

. . . ylog(n) +O(1)
W1(80, Dn) < W1(80, p™) + Wi(p*, Dp) < (1 + [IDyll1) W1(80, p*) < ”4—
n+1)
(3.13)

which relies on Wy (p*, D,,) = Wi (D, % p*, Dy % 80) < | Dyll1 W1 (80, p*),
the well known bound on the Lebesgue constant [5, Prop. 1.2.3], and Example 3.10

(ii).
Remark 3.11 We close by some remarks which are specific for the univariate setting:
(i) We stress that Theorem 3.9 allows to compute the Wasserstein distance as an Ll

distance for real signed univariate measures. Similarly, this allows to compute the
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so-called star discrepancy ||v([0, -))|lco as suggested in [44, eq. (2.1) and (2.2)].
However note that (3.11) has some additional term such that v = %80 — %6 172
with v(T) = 0 gives

= IB1 * viioo

TNy

#

N =

V[0, Do =

and thus [44, eq. (2.1) and (2.2)] needs some adjustment. More precisely, it seems
that in the publication [44] a factor % was lost since the kth Fourier coefficient
of v([0, -)) is 2K whereas By (k) - b(k) = 428

(i) In the univariate case, one can relate our work to a main result in [44]. As
Theorem 3.9 reformulates the Wasserstein distance of two univariate measures
in terms of the L!-distance of their convolution with the Bernoulli spline, one
can view this Bernoulli spline as a kernel of type 8 = 1 following the notation
of [44]. Thus, one can take p = 1, p’ = oo in [44, Thm.4.1] yielding that the
Wasserstein distance between a measure p and its trigonometric approximation
is bounded from above by c¢/n. The latter agrees with our Remark 3.4 which
additionally gives an explicit and small constant.

(iii) The observation that the construction of p™* for &g is possible via FFT’s might lead
to the idea to construct near-best approximations to any measure u by interpolat-
ing B * u by some p and to obtain the polynomial p of near best approximation
which satisfies p = Bj * p by dividing with the Fourier coefficients of the
Bernoulli spline Bj. A first problem would be that the limited knowledge of
moments only allows to interpolate the partial Fourier sum S, (B * 1), which
does not converge to B * w uniformly as n — oo for discrete p. Secondly,
the near-best approximation p cannot be expected to be nonnegative for a non-
negative measure p which is another drawback compared to convolution with
nonnegative kernels like the Fejér or Jackson kernel.

4 Interpolation

While Sect. 3 focuses on weak approximations of a measure p, in particular via con-
volution with smooth kernels, we consider in this section another type of polynomial
estimator, denoted by p_, (4.4), which depends non-linearly on p and is able to iden-
tify at a finite degree the support of u, under some assumptions on the latter: more
precisely, the main results of this section, stated in Theorems 4.6 and 4.10 below, are
quantitative rates for the pointwise convergence

— 1, xeV s
PLax) 5 qy, (x) = "

) 4.1)
0, otherwise

to the indicator function of the Zariski closure V,, of the support, i.e. the smallest
algebraic variety containing supp u. After discussing algebraic properties of this esti-
mator (Sect. 4.1), we consider separately the case of discrete measures (Sect. 4.2) and
general measures (Sect. 4.3).
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In the following, let [n] := {0, ..., n} and N := (n + 1)¢. We use bold type to
designate vectors (resp. matrices) of CV (resp. CV*V) only (vectors of T¢ or N¢ are
left in normal type). We write

. —27i N
e)((n) — (e Znth)ke[n] cC
for the vector containing all d-variate trigonometric monomials up to max-degree n.
Unlike previously, we consider in this section causal trigonometric polynomials [15],
i.e. polynomials having zero coefficients at all negative frequencies. We often identify

such a polynomial p € (e=2"*; k e [n]) with its vector of coefficients p € CV, i.e.

p(x) = ej(cn)*p vx € TY.

Note that from Parseval’s theorem, ||p|l ;2 = || pll,. Note also that | pl2 € Py.
The key object of this section is the (truncated) moment matrix associated with the
unknown measure ., defined as

T, = (:&(k - E))k,le[n] € (CNXN’ “.2)

where [i(k) are the trigonometric moments of w (1.1).

4.1 Algebraic Considerations

Itis well-known that the range and kernel of the matrix (4.2) reveal some of the structure
of the measure hidden behind the moments, and methods that aim at recovering p using
purely algebraic manipulations on T, are often referred to as subspace methods, e.g.
MUSIC [60], ESPRIT [55] or matrix pencils [26]. The starting point for these methods
is often the singular value decomposition of T',,, which we denote by

N
T, = UnZnV: — Zojn)uﬁn)vgn)*’
Jj=1

where all matrices are of size N x N, ui.") and v§") are the j-th columns of U, and

V,, respectively (left and right singular vectors), and 01(") > az(n) > ... > a/(vn) are the
diagonal entries of the diagonal matrix X, (singular values). This decomposition is
sometimes explicitly used to design estimators for the support of 1, such as MUSIC’s
frequency estimation function [60], or Christoffel polynomials [43]. In fact, it is inter-
esting as a motivating remark to see that the construction p, from the previous section
can also be expressed in terms of this singular value decomposition.

Lemma 4.1 The polynomial estimator (3.2) fulfils

N
1 1
Pax) = el Thel” = =3 o ul v (), 43)
j=1
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where, as explained above, ug.")(x) = e)((")*u;n) and v§n)(x) = e)(cn) v(.").

Proof We have, forn € N and x € T?,

1 % _
N )(cn) T, E(n) —— Z Z M(k 2mkx 2milx
ke[n 1leln
— / Z Ze—ZTH(k l)yeZnth _ZMIXd/J/(y)
T kel lein)
2
1 I
Z/ D dM()’)=/ Fu(y —x)dp(y)
™ N i

where the last equality is a consequence of (3.1). Plugging in the singular value decom-
position of T',, yields the second equality of the statement. O

Note that if © € Mp (the set of real-valued measures), then the moment matrix
T, is Hermitian.

If © € M (the set of nonnegative measures), then T, is positive semi-definite,
and we have in particular the sum of squares representation

1 N
)=+ 0"
j=1

2
()
o (x)’ .

We now introduce polynomial estimators for the measure, which can be understood
as the unweighted counterparts of p,. Let r, := rank T',, and define signal- and noise-
polynomials pi ,, po.n : T¢ — [0, 1] respectively, by

pra == S O] and poin) - \ Pl @
/— / =rp+1

This signal/noise terminology comes from the notions of signal and noise subspaces,
which were initially introduced in [60] and are at the core of the aforementioned
subspace methods in signal processing (we refer the interested reader to [42, Section
9.6] for an overview). Schematically speaking, they correspond to the spaces spanned
by the vectors (v(") v,n)) (the signal space) and (vf"ir I (”)) (the noise
space) respectively.

They are actually independent of the singular value decomposition itself, which
ensures in particular that p; , and pg , are indeed well-defined.

The key idea of subspace methods, relating these spaces to the underlying measure
W, is that, given a causal polynomial p € (e=>"*¥; k € [n]) that vanishes on supp i,
one obtains using (4.2) that the k-th entry (k € [n]) of T, p is given by

S - / 2mitk=Dx g () = /;Td =27k b ()dpu(x) = 0, 4.5)

le[n]
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and hence p € ker T',,. Thus, finding the common roots of all polynomials contained
in the kernel of the matrix T, may allow to identify the support of w, or more
accurately the smallest algebraic variety (the set of solutions of a polynomial system)
that contains it, i.e. its Zariski closure V,,. In what follows, we denote by V (ker T';,)
the set consisting of the common roots of all the polynomials in ker T, i.e.

VikerT,) :={x e T¢: p(x) =e™ p=0forall p € kerT,}.

We begin in this section with qualitative, purely algebraic considerations about the
polynomials (4.4). The next theorem shows that, under the condition that V,, =
V(kerT,), po, and p;, actually identify the set V,, for finite n. Variants of this
result can be found for the zero-dimensional and positive-dimensional (d = 2, 3)
setting e.g. in [33] and [49, Propositions 5.2, 5.3], respectively.

Theorem4.2 Let d,n € N, u € M, and suppose V(kerT,) =V, C T4, Then
Pon(x) + pra(x) =1forall x € T4, In particular, we have

=1, ifxeV,,

< 1, otherwise.

Pin(x) { (4.6)
Proof We have

N
1 21 1
PLa() + pon() = ]2_; (v}")(x)‘ = ﬁe)(c")*VnVZe;(cn) — Ne)(cn)*e)(cn) =1,

“@.7
so in particular p;,(x) € [0,1]. Since V(kerT,) = V, and kerT, =
(vfjll, e, vg\',')), it follows that the polynomials vgﬂ_l, e, v](\;') vanish on V,, so

p1,a(x) = 1forall x € V,. Conversely, if x € T such that p1.a(x) = 1, we claim

2
that x € V. Indeed, we have 1 — py ,(x) = Z?’zrﬁl ‘v;”)(x)‘ = 0, so it follows

that x lies in the vanishing set of vﬁfil, R vl(\',l), sox € VkerT,) =V,. 0

Remark 4.3 The hypothesis V (ker T,) = V), in Theorem 4.2 is well-known in the
theory of super-resolution [32, 58] or polynomial system solving [38], and is hard to
check in practice. Note however that:

(1) It is satisfied for all sufficiently large n if u € M is finitely supported, see e.g.
[35]. In particular, if @ is supported on r points {x, ..., x,}, this ensures that
the rank of T, is equal to r (while in general, one only has r,, < r). The optimal
n in that case depends on the geometry of the support, but it is sufficient to have
n+ 1> 6d/minjx |x; — Xklco, see [34, Example 4.4] and [33, Cor.2.10].
Similarly, the condition holds for sufficiently large n if © € M, see for example
[39, Theorem 2.10] or [62, Proposition 4.10].
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(ii) If w is neither finitely supported nor nonnegative, then V(ker T),) = V), can
fail to hold for any n € N (cf. [62, Example 4.9]). In this case, it is possible to
rephrase the hypothesis in terms of a non-square moment matrix of suitable size
(cf. [62, Theorem 4.3]) to obtain a statement similar to Theorem 4.2.

(iii) Theorem 4.2 and the results below only deal with the Zariski closure V,,, which
coincides with supp © only when the latter is the zero locus of a trigonometric
polynomial, but is larger otherwise. In particular, we have V,, = T if supp u
has an interior point (with respect to the metric on T9) and in this case, r, = N
and p;, = 1. Beyond the scope of this paper, one might adapt the definition
of p1 . by adequately thresholding the singular values of T, thus giving rise to
algebraic approximations of the actual support.

Example 4.4 For ;v = 8o, we have p1 ,(x) = F,(x)/(n + 14 and the proof of Theo-
rems 4.6 and 4.9 also show that p; , is close to a sum of normalized Fejér kernels for
arbitrary discrete measures. A singular continuous measure with support on the zero
locus of a specific trigonometric polynomial is discussed as a numerical example in
Sect. 5.

We conclude this subsection by stating a variational characterization of pg ,, which
will be an important tool in proof in the next sections.

Lemma4.5 Ifker T, # {0}, we have that

1 1pw)?
N lpl

Po,n(x) = max : pekerT,\ {0}} ) (4.8)

Proof As we assume ker T',, # {0}, we have r;, = rank T,, < N and find a matrix

Vo = (vfflL e vg\',') ) € CN*(N=m) whose columns form an orthonormal basis of

ker T,.
For fixed x € T9, let q,:=Vo Vge,(cn) € ker T',, such that we identify this vector of

2
coefficients with the polynomial satisfying g, (x) = e,(cn)*q = Z?:r,, L1 ‘vﬁ")(x)‘ =
Np(),n (x).

For all p € ker T,,, we have

* *
g;p=e" VoVip=el"p=p).
In particular, note that
2
la.]," = a%a. = € VoViel = Npou(x). “4.9)
Therefore, by the Cauchy—Schwarz inequality, it follows that

P2 = |gip| < [ac],” - 1p1h2 = Npoa) - lpl,>.
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Hence, we have

PP lge ()P
max 7 2 7 = Pon(o),
peker T, \{0} N || pll, N”qx ”2

PO,n (x) >

if g, # 0. The first inequality also holds when g, = 0 such that the result follows
due to (4.9) in this case. O

4.2 Zero-Dimensional Situation
We now come to the first main result of this section, stated in Theorem 4.6 below,

which gives quantitative rates for the pointwise convergence (4.1) in the case where
W is a discrete measure. If the measure is given by

,
n=D by
j=1

with (Zariski-closed) support V,, = supp u = {x1,...,x,} C T and complex
weights A = diag(Xrq, ..., A,), then the moment matrix allows for the Vandermonde
factorisation

Tw=A;AA,, Ay = ") o1 ke € CV,
which will be instrumental.

Theorem 4.6 (Pointwise convergence) Let u = Zr/:l Ljdy; hj € C\{O}, x; € T?,
and let x € T such that x #xjforalll < j <r.Let Ayin and Amax be the minimal
and maximal weights, in absolute value. If n +1 > 6d /min j4¢ |x; — X¢|oo, then

r

1 |Amax| 9d9/? 1

P1a(x) < : .
T e+ D? el 4 Sl

In particular, this implies the pointwise convergence (4.1). Moreover, for x € T? such
that min; |x — X |co < ~/d/(n + 1), one has

39-12d—1 2 . 2
——de<2+d/2).(n+1) -minj |x —xjl5,, d>1,

1Ln(x) <
Pln d=1.

2 .
1-— %(n+ 1)2 -min; |x —xj|go,

Proof The conditionn + 1 > 6d/ min . |x.,- — Xy |oo impliesrank T, =r and V,, =
Vker A,) = V(ker T},), see [34, Exa.4.4] and [33, Cor.2.5, 2.10, and their proofs].
We have p;, = 1 — p, o by Theorem 4.2 and since (v,4+1,...,vy) = kerT,, =
ker A, it follows that p; , does not depend on the weights A ;, and we assume without
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loss of generality A; > 0. Let then T, = VXV* be the moment matrix of this
nonnegative measure. One has, for any x € T,

r O_(")
Pia(0) \(”%x)\ Z | W o = (mpn(x)

/ =1 %min Omin

= (n) ZI/\ | Fax = x)),

Omin j=1

where the last two equalities are (4.3) and (3.2), respectively. The final estimate follows
from

(n+ 14! _
(n+ Dsin? (mlx — xjloo) ~ 4lx — x5

Fu(x —xj) <

where sin(7rx) > 2x for x € [0, %] was used and créﬁfl > 9dd/2 (n+ 1)d|Amln| see [34,
Exa.4.4].

We denote the (r + 1)-th standard basis vector by e,+1 = (0, ..., 0, 1)T e Crtl,
Regarding the second estimate, consider the Vandermonde matrix

s

A, [e,(c’f) o™ e)(c”)] c CNxr+1)
and note that its pseudo-inverse gives rise to the Lagrange polynomial £,11(y) =

e;g]fi;xe(y”’, satisfying £,41(x;) = O for j = 1,...,r and £,4(x) = 113 We
compute

1112, = /T 7, AL e dy
7t ik T -
= fT A cersr ef)Pdy = 1A, cerll3 < omin(An.x)
and use Lemma 4.5 to bound

PP _ 161 ®P _ omin(An)’
Nipl2, = Nligal?, = N

1 = pra(x) = ponx) = max

The assertion follows from known estimates on the smallest singular value for the
Vandermonde matrix with pairwise clustering nodes, see [25, Cor.3.20] ford > 1 and
[13, Cor.4.2] for the univariate case d = 1. O

13 Recall that f;n,x has full rank if minj [* — xjloo > 0 due to the separation of the nodes and [25,

Corollary 3.20] or [13, Corollary 4.2] for the case d = 1. Hence, we have £, (x;) = eH_l/;jl xey? =

il .
r+1An XAn xej = erHej =0for j =1,...,r and analogously £, | (x) = efHerH =1
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1 C P e —— il
Cross section of p; 29
0.9 80 . _ _
pin(z) <1 —const- mln, |z — ;%
08 16 l|— — —pia(z) < const- (n+1)~" Z |z — z;]32| ]
' pin(z) < const
0.7 a(x) >1— const - min; [z — z;|%
(@) £ 1= onin(A2)?/(n+ 1)
0.6
‘ |
505 [N
0.4
0.3
0.2
Kl
0.1
0 . .
0 0.2 0.4 0.6 0.8 1 03 04 05

z Z1

Fig.4 Summary of the bounds on p1 ; from Theorem 4.6 and Remark 4.7 ford = 2, n = 20, and a discrete

measure /4 supported on four points. The polynomial pq o was evaluated on a grid in T2 and interpolated
on the magenta cross section (left), while the bounds on pj 2( on this cross section are displayed (right). We

see that specifically the bound 1 —opyip (A~n, 0?2 /N from the proof of Theorem 4.6 reproduces the behaviour
of py . The constant upper bound on pj ;, away from the support of x can be derived by using estimates

for omin (A~n, x) in the case of separated nodes

Remark 4.7 Actually, Theorem 4.6 shows the correct orders in n and min; |x — x; |<2>o
in the upper bound of pjp ,(x). First note that 1 — p; , and all its partial derivatives
of order 1 vanish on xq, ..., x,. For fixed x € T4, and Jj = argminj |x — Xj|oo, the

Taylor expansion at x ;: thus gives & € T¢ such that

1
I=pialr) = z(x _xj')THx(E)(x _xj’)v

where H, (&) := (—8s8,p1,,, (5))1<s r<d is the Hessian of 1 — py , at §. Thus,

1 d
L= pra@) < SNH @)l p - |x =y < 5 max 8.0, prall o -d fx =203

One may apply Bernstein’s inequality (see e.g. [12, Chapter 4]) to ys — p1.,(1, .- .,
va) and y, = 95p1.,(Y1, ..., ya) successively (both trigonometric polynomials of
degree n), and obtain

27%d*n® - min |x —x; |C2>O
J

since || p1,n|lLec = 1. A bivariate visualisation of the bounds on p; , is shown in Fig. 4.

In fact, in this discrete setting, normalizing p; , differently even leads to a weak
convergence result towards the empirical measure associated with the support points.
This result, stated in Theorem 4.9 below, uses the following technical lemma.
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Lemma 4.8 (Convergence of singular values) Let n = Y Ajdx; be a discrete
complex measure whose weights are ordered non-increasingly with respect to their
absolute value. Assume that (n + 1) minj.¢ |x; — x¢|oo > d, then the singular values

(") of the moment matrix T, fulfil

9j
Ail— 1| <
[Aj] | =

L Ml +Ve)r

n+1 2minjze|xj — x¢loo

j=1,...,r.

Proof With the polar decomposition \/LﬁAZ = PH, where P € CV*" is unitary and

H € C"™" is positive-definite, we have that [A1]| > --- > |),| are the singular values
of the matrix P A P*. Therefore, for the singular values of T,, = A; AA,, we obtain

(n)
J

N

max
1<j<r

1 *
—T, — PAP
N

22 ||HAH*—A||2

< I1HAH = 1)z + I(H = 1) All,
< [MldH] + D IH =L,

< Pl (IH I + 1 [+ 17|82

Omax(An) +1 1
= uf H

A, A —1,
omin(Ap) +1 N

n

s

m F
where the first inequality is due to [4, Theorem 2.2.8] and the last inequality is a
consequence of H = P*PH = J—NP*AZ yielding

H = H*H= LA, PPA = A, PP'PH—=A,——PH = - a,A*
- N YN SN N

Each entry of the matrix % A, A;; —1I, isamodified Dirichlet kernel and can be bounded
uniformly by

1/2
d—1
SL- .(n—i-l) .
N 2m1nj¢g |x/'—xgloo

)55

j=11#]

Z lerlk(X[ Xj)

|y
ke[n]

Moreover, since (n + 1) minj ¢ [x; — X¢|eo > d, it follows from [35, Theorem 2.1]
that

d
ﬁ Omax(Ap) < <1 + é) =< \/E
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Theorem 4.9 For A; € C\ {0} and pairwise different x; € T, j=1,...,r,wehave

,
Pl.n ~ 1
Ipiallp r ;

asn — oQ.

Proof Throughout this proof we use that the Vandermonde matrix A, has full rank r if
n is sufficiently large. In particular, this implies V (ker T',,) = V, and || p1 »|l;1 =7/N.
We define p, = F), * i and observe that for any continuous function f on T¢ we have

n 1 ¢
/T D de - -3 fx)
j=1

d || p1allp

- /ﬂrd (% = P (x)> f@)dx

||f||Loo+‘f fd(Fn*/z)—/ fd/l',
Ll Td Td

~ | ¢
+ /T Bn(x) f (x)dx — — J;f(xj)

N -
<||—Pi,n — Pn
r

so, by Theorem 3.3, it is enough to show that ” g Pin — Pn H L1 converges to zero
for n — oo. If n is sufficiently large, then by Lemma 4.1 we can write p,(x) =
%e)((")*f] S0 6™, where £ € C™*" denotes the diagonal matrix consisting of non-
zero singular values, and U € CV*” denotes the corresponding singular vector matrix
of the moment matrix of fi. As the signal polynomial p; , = 1 — pp,, only depends
on the kernel of the moment matrix 7',, of u, which agrees with the kernel of A,
and with the kernel of the moment matrix of fi, it follows by (4.4) that p; ,(x) =

%ei") U0 ™ and thus

N s= (L E\ - wo 1 2] 1 1.

v _ 5 — e _2\p <n><H(n)UH - =3l

‘r P1n(x) — pp(x) X (r N) e, | = |ey N ey ,
2

Since de e)(cn)*UH2 dx = N|pinllr = r is constant, the result follows from

Lemma 4.8. O

4.3 Positive-Dimensional Situation

For a measure . whose support is contained in a non-trivial algebraic variety of
any dimension, we derive a pointwise convergence rate p,(x) = O (n_l) outside
of the variety in Theorem 4.10 and together with Theorem 4.2 this proves (4.1) if
V(ker T;) = V). Itis not clear whether this is already optimal, as we found O (n~?)
as an approximation rate in the case of a discrete measure.
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Theorem4.10 Let y € T¢ and let g € (™8 | k e [m]) be a trigonometric
polynomial of max-degree m such that g(y) # 0 and g vanishes on supp . Then

m+D! g
(n+m+1D (F,1g%) ()
1125 m(dm + 2)¢ dm
< b
Tlgm? n+1 (n+m+1)

Platm(y) <1 —

forn e N, n>m.

Proof Set N, = (n + 1)@ for n € N and define the trigonometric polynomial p(x) =

(m)*

en,y(x)g(x) of max-degree n+m, where e, (x) := e, e&"). Furthermore, we define

f(x) := |g(x)|*. Then
PO = NuFa(x = ) f (0),
for all x € T¢. On the other hand,
1pI2, = Nu (Fy % f) ().
The existence of a trigonometric polynomial g which vanishes on the support of the
measure 4 but not at y € T¢ shows already that p € (e*™/%*) | k e [n + m])

satisfies these conditions as well and thus ker T ,, 1, # {0} by (4.5). This allows to use
Lemma 4.5 in order to obtain

lp)I?
1- pl,ner(y) = Lz
Noem 191125
_ N SO
Nutm  (Fn* ) ()
d
o F— : 4.10)
- n+m+1/) 1+h, '
where we define h, := ||F,, * f — fll o/ f(y). This proves the first statement. For
the second upper bound, we compute
( 1)‘S||k | 2mikx
(Faxf=Hol=| > > o gy e
ke, ..m}! Yle<\o|l<d

kel

14 We remind that the coefficients of the multivariate F,, can be written as ]_[?zl(l — m) =

COMIE] it the multi-ind ion k% = k51 -+ k% and |s| =
Zse(o.l)d DT with the multi-index notation k* := k" --- k" and |s| =51 +--- +54.
0<|s|=<d
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(=D& 2 2mik(x—2)
Y Y T L sor et

ke{—m,....m}4 sefo,1d
1<)s|<d

[s]
) em+D)gl3,

IA
=M
~/
S
+

5 m(dm +2)¢
<lg IILZT
|2

by using that f = |g|* is a trigonometric polynomial of degree m. Then it follows

from (4.10) that

o <1-(1 m d1 fin
Platm(y) = n+m+1 1+ h,

dm hy,

<l—-|l=-—])(1-

n+m+1 1+h,
. hy n dm hy dm
T 1l+h, (4+m+1l) 14+h, m+m+1
_ gz m@m +2)¢ dm
T lgMF n+1 n+m+1)

since we can apply lﬁ—’;ln < hy. O

5 Numerical Examples

We illustrate in this section the asymptotic behaviour of p, and p;, for several
types of singular measures, with respect to the 1-Wasserstein distance. We compute
the distance using a semidiscrete optimal transport algorithm, described below. The
code to reproduce the figures is available at https://github.com/Paulcat/Measure-trigo-
approximations.

Our experiments focus on three examples on T?: a discrete measure 114 supported
on 15 points, with (nonnegative) random amplitudes, a uniform measure /¢, supported
on the trigonometric algebraic curve

1
cos(2mx) cos(2rwy) + cos(2mx) + cosRmy) = 7 5.1

and a uniform measure /i supported on the circle centered in ¢y = (%, %) with radius
ro = 0.3.

The moments of i, are computed numerically up to machine precision using Arb
[29] with a parametrization of the implicit curve (5.1). It follows from (3.4) that the
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107 Wi (pu, °), s =100
s = 500

s = 3000
-5 = 5000

Algebraic curve Circle Effect of sampling

Fig. 5 The two example measures ud, (left) and Mgi (middle) used in our numerical tests. In this display
the two continuous measures are discretized using s = 60 samples. The amplitudes of the spikes in both
measures are taken equal, and normalized. The last plot shows the 1-Wasserstein distance Wy (Fy * ficu, 1Ey)
for degrees n = 1, ..., 250 and several values of s

trigonometric moments of the measure (¢ are given by
- k _ —2]1[]{60] 2 k
Rei(k) =e 0@mrollkll2).

The polynomials p,, J, * u, and p; , can be evaluated efficiently via the fast Fourier
transform over a regular grid in T2. For the polynomial p; . the singular value decom-
position of the moment matrix T, can be computed at reduced cost by exploiting that
T, has Toeplitz structure and resorting only to matrix—vector multiplications which
can be computed by means of the FFT.

To compute transport distances to the measure (& € {{icu, i}, let the curve C =
supp . C T¢ denote its support with arc-length L. Now let s € N, take a partition
C = U;I 1 C¢ into path-connected curves with measure u(Cy) = s~ and arc-length
Ly, and any xy € Cy, then

1 N
Wi (e ) = s 37 [0 = reolduc
=1 ¢

SLip(fH)=1| 7

N

N N d . L
< ch e = xehidu() < ) VdLep(Co) = L
=1 ¢ =1

We denote the resulting discrete measures by uf, and u;, respectively (see Fig.5).
In our tests, we use s = 3000 samples, which offers a satisfactory tradeoff between
computational time and accuracy for our range of degrees n. Indeed, the computational
cost of evaluating the objective (5.2) or its gradient grows linearly in s, while for
degrees up to n = 250, sampling beyond 3000 points has no effect on the output of
our algorithm for computing Wy (p,, 1*), see Fig.5.

Now let © = Z;-:l Aoy, refer to either pa, ug, or we;. The semidiscrete opti-
mal transport between a measure with density p and the discrete measure ; may be
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0! F o'

— Wi (p1a(n), %) NN
=== W (F)y * pa, %) Wi ( N3N
s — Wi (p1n(k ) *) Y . B
102t “WA (T %, 1) 02 (F 5 g1, 1) NN 02 —--W1(F, % p,”u,‘) .
— g N RS I 1 YR NN
el (M + L) N d log(n) 14 ‘ Y — d log(m) 4 )
az n+1 =) TR sl N 7 ntl SO
10° 10' 102 10° 10 102 10° 10 10?
n n n
Discrete Algebraic curve Circle

Fig. 6 Asymptotics of p, and py . For py ,, the distance is computed with respect to the unweighted
measure 1°, that is 1% = % Z;Zl (ij where {x1, ..., xs} is the support of

computed by solving the finite-dimensional optimization problem
N N
max f(w),  f(w)= > Ajw;+ Z/ (|xj = y[ —wppdy (52)

where the Laguerre cells associated to the weight vector w are given by
Qj(w) = {yer : }xj—y|—wj <|xpr—y|l —wg, k= 1,...,s],

see e.g. [52, Sec.5.2]. In our implementation, the density measure (and the Laguerre
cells) are computed over a 502 x 502 grid. We use a BFGS algorithm to perform the
maximization, using the Matlab implementation [59]; we stop the iterations when the
change of value of the objective goes below 107, or when the infinity norm ||V £ || o
goes below 107>, Note that this last condition has a geometrical interpretation since
the j-th component of V f corresponds to the difference between the measure of the
Laguerre cell ©;(w) and the amplitude X ;. We set the limit number of iterations to
100.

In the discrete case, our numerical results (see Fig.6) show that the Wasserstein
distance Wi(p,, u*) decreases at a rate close to the worst-case bound derived in
Theorem 3.3. This is also the case for Wi (p1,,, t*), which is coherent with the bound
given in the proof of Theorem 4.9. In the positive dimensional cases, one would
need to compute the Wasserstein distances for degrees larger than n = 250 to be
able to reliably estimate a rate, but this would require better optimized algorithms, in
the spirit for instance of [36], which goes beyond the scope of this paper. Still, our
preliminary results seem to indicate that the rates for F, * p and J,, * p in the positive
dimensional situation are similar to the ones for discrete measures, but with better
constants, see Fig. 6. For p; , on the other hand, although the theory does not foresee
weak convergence in that case, if it were to occur, our results indicate that the rate
would then be worse than in the discrete case.
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6 Summary and Outlook

We provided tight bounds on the pointwise approximation error as well as with respect
to the 1-Wasserstein distance when approximating arbitrary measures by trigonometric
polynomials. We recently generalised this also to the approximation with respect to the
p-Wasserstein metric where stronger localised kernels are used [8]. Future work might
address the truncation of the singular value decomposition in Sect.4 if the support
of the measure is only approximated by the zero set of an unknown trigonometric
polynomial or the available trigonometric moments are disturbed by noise.
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