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Abstract

We study the approximation capacity of some variation spaces corresponding to
shallow ReLU* neural networks. It is shown that sufficiently smooth functions are
contained in these spaces with finite variation norms. For functions with less smooth-
ness, the approximation rates in terms of the variation norm are established. Using
these results, we are able to prove the optimal approximation rates in terms of the
number of neurons for shallow ReLU* neural networks. It is also shown how these
results can be used to derive approximation bounds for deep neural networks and con-
volutional neural networks (CNNs). As applications, we study convergence rates for
nonparametric regression using three ReLU neural network models: shallow neural
network, over-parameterized neural network, and CNN. In particular, we show that
shallow neural networks can achieve the minimax optimal rates for learning Holder
functions, which complements recent results for deep neural networks. Itis also proven
that over-parameterized (deep or shallow) neural networks can achieve nearly optimal
rates for nonparametric regression.
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Constructive Approximation

1 Introduction

Neural networks generate very popular function classes used in machine learning
algorithms [2, 28]. The fundamental building blocks of neural networks are ridge
functions (also called neurons) of the form x € R? — p((xT, 1)v), where p : R — R
is a continuous activation function and v € R?*! is a trainable parameter. It is well-
known that a shallow neural network with non-polynomial activation

N
f) =) aip(xT, D). (1.1)

i=1

is universal in the sense that it can approximate any continuous functions on any
compact set with desired accuracy when the number of neurons N is sufficiently
large [11, 23, 48]. The approximation and statistical properties of neural networks
with different architectures have also been widely studied in the literature [6, 52, 64,
67], especially when p is a sigmoidal activation or p is the ReLU* function oy (¢) =
max{0, t}¥, the k-power of the rectified linear unit (ReLU) with k € Ny := N U {0}.

The main focus of this paper is rates of approximation by neural networks. For clas-
sical smooth function classes, such as Holder functions, Mhaskar [39] (see also [48,
Theorem 6.8]) presented approximation rates for shallow neural networks, when the
activation function p € C*°(£2) is not a polynomial on some open interval € (ReLU*
does not satisfy this condition). It is known that the rates obtained by Mhaskar are
optimal if the network weights are required to be continuous functions of the target
function. Recently, optimal rates of approximation have also been established for deep
ReLU neural networks [31, 54, 64, 65], even without the continuity requirement on
the network weights. All these approximation rates are obtained by using the idea that
one can construct neural networks to approximate polynomials efficiently. There is
another line of works [4, 25, 34, 56, 57] studying the approximation rates for functions
of certain integral forms (such as (1.2)) by using a random sampling argument due to
Maurey [49]. In particular, Barron [4] derived dimension independent approximation
rates for sigmoid type activations and functions &, whose Fourier transform Tt satis-
fies fRd |w| |7z\(a))|da) < oo. This result has been improved and generalized to ReLU
activation in recent articles [25, 56, 57].

In this paper, we continue the study of these two lines of approximation theories
for neural networks (i.e. the constructive approximation of smooth functions and the
random approximation of integral representations). Our main result shows how well
integral representations corresponding to ReLU* neural networks can approximate
smooth functions. By combining this result with the random approximation theory of
integral forms, we are able to establish the optimal rates of approximation for shallow
ReLUF neural networks. Specifically, we consider the following function class defined
on the unit ball B of R induced by vectors on unit sphere S¢ of R?*! as

For (M) := {f(X) = fgd ok((xT, Du)du(v) : llull = M, x € Bd}, (1.2)

@ Springer



Constructive Approximation

which can be regarded as a shallow ReLU* neural network with infinite width [3]. The
restriction on the total variation ||| := |u|(S¢) < M gives a constraint on the size of
the weights in the network. We study how well F, (M) approximates the unit ball of
Holder class H* with smoothness index o > 0 as M — oo. Roughly speaking, our
main theorem shows that, if o« > (d+2k+1)/2,then H* C F,, (M) for some constant
M depending on k,d, o, and if @ < (d + 2k + 1)/2, we obtain the approximation
bound

2a
sup inf  ||h — flljeopay S M~ dFRAT-2a
heHe [€Fo (M) B9

where for two quantities X and ¥, X < Y (or ¥ = X) denotes the statement that
X < CY for some constant C > 0 (we will also denote X =< ¥ when X <Y < X).
In other words, sufficiently smooth functions are always contained in the shallow
neural network space F, (M). And, for less smooth functions, we can characterize
the approximation error by the variation norm. Furthermore, combining our result
with the random approximation bounds from [3, 55, 57], we are able to prove that
shallow ReLU* neural network of the form (1.1) achieves the optimal approximation
rate O(N~%/?) for H* with @ < (d + 2k + 1)/2, which generalizes the result of
Mhaskar [39] to ReLUF activation.

In addition to shallow neural networks, we can also apply our results to derive
approximation bounds for multi-layer neural networks and convolutional neural net-
works (CNNs) when k = 1 (ReLU activation o := o7). These approximation bounds
can then be used to study the performances of machine learning algorithms based on
neural networks [2]. Here, we illustrate the idea by studying the nonparametric regres-
sion problem. The goal of this problem is to learn a function % from a hypothesis space
‘H from its noisy samples

Yi=hXj))+n, i=1,...,n,

where X; is sampled from an unknown probability distribution p and »; is Gaussian
noise. One popular algorithm for solving this problem is the empirical least square
minimization

n
argmin — S IFX) = Vil
feFa n i=1
where F;, is an appropriately chosen function class. For instance, in deep learning, F;, is
parameterized by deep neural networks and one solves the minimization by (stochastic)
gradient descent methods. Assuming that we can compute a minimizer f, € 7, the
performance of the algorithm is often measured by the square loss || f, — & ||i2 e A
fundamental question in learning theory is to determine the convergence rate of the
error || f,* —hl| %2 w 0 as the sample sizen — 00. The error can be decomposed into
two components: approximation error and generalization error (also called estimation
error). For neural network models F,,, our results provide bounds for the approximation
errors, while the generalization errors can be bounded by the complexity of the models
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Table 1 Approximation rates and convergence rates of nonparametric regression for three neural network
models, ignoring logarithmic factors

Model Approximation Nonparametric regression
HY o < 453 Fo(l) H o < 443 Fo(1)
a __ 2 1_3 _ 2« _ d+3
Fo (N, M) N d v M d+3-2a N 272 n_ d+la n_2d+3
a __ 20 1_3 __2a 1
NNW, L, M) W™ d v M dH3-2a W~ 272 n~ dt3i2a n"2
_a _1_3 __a _d+3
CNN (s, L) L~ d L~272d n” d+a n” 3d+3

[40, 53]. We study the cases H = H* with o < (d 4+ 3)/2 or H = F, (1) for three
ReLU neural network models: shallow neural network, over-parameterized neural
network, and CNN. The models and our contributions are summarized as follows:

1. Shallow ReLU neural network F, (N, M), where N is the number of neurons and
M is abound for the variation norm that measures the size of the weights. We prove
optimal approximation rates (in terms of N) for this model. It is also shown that
this model can achieve the optimal convergence rates for learning H* and F, (1),
which complements the recent results for deep neural networks [27, 52].

2. Over-parameterized (deep or shallow) ReLU neural network NN (W, L, M) stud-
ied in [24], where W, L are the width and depth respectively, and M is a constraint
on the weight matrices. For fixed depth L, the generalization error for this model
can be controlled by M [24]. When H = 'H*, we characterize the approxima-
tion error by M, and allow the width W to be arbitrary large so that the model
can be over-parameterized (the number of parameters is larger than the number
of samples). When H = F, (1), we can simply increase the width to reduce the
approximation error so that the model can also be over-parameterized. Our result
shows that this model can achieve nearly optimal convergence rates for learning
H* and F, (1). Both the approximation and convergence rates improve the results
of [24].

3. Sparse convolutional ReLU neural network CN' A (s, L) introduced by [67], where
L is the depth and s > 2 is a fixed integer that controls the filter length. This
model is shown to be universal for approximation [67] and universal consistent
for regression [30]. We improve the approximation bound in [67] and give new
convergence rates of this model for learning H* and F, (1).

The approximation rates and convergence rates of nonparametric regression for these
models are summarized in Table 1, where we use the notation a V b := max{a, b}.
The rest of the paper is organized as follows. In Sect. 2, we present our approxima-
tion results for shallow neural networks. Section 3 gives a proof of our main theorem. In
Sect. 4, we apply our approximation results to study these neural network models and
derive convergence rates for nonparametric regression using these models. Section 5
concludes this paper with a discussion on possible future directions of research.
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2 Approximation Rates for Shallow Neural Networks

Let us begin with some notations for function classes. Let BY = {x e R? : ||x|» < 1}
and S~! = {x € R? : |x|l» = 1} be the unit ball and the unit sphere of R?. We are
interested in functions of the integral form

fx) = /d or((xT, Dv)du(v), x € IB%d, 2.1
S

where u is a signed Radon measure on S9 with finite total variation ||| := |u|(SY) <
oo and oy (¢) := max{z, 0}F with k € Ny := N U {0} is the ReLU* function (when
k = 0, og(¢) is the Heaviside function). For simplicity, we will also denote the ReLU
function by o := o1. The variation norm y (f) of f is the infimum of ||| over all
decompositions of f as (2.1)[3]. By the compactness of S¢, the infimum can be attained
by some signed measure u. We denote F, (M) as the function class that contains all
functions f in the form (2.1) whose variation norm y () < M, see (1.2). The class
Fo, (M) can be thought of as an infinitely wide neural network with a constraint on
its weights. The variation spaces corresponding to shallow neural networks have been
studied by many researchers. We refer the reader to [8, 44-46, 51, 55-58] for several
other definitions and characterizations of these spaces.

We will also need the notion of classical smoothness of functions on Euclidean
space. Given a smoothness index o > 0, we write « = r + 8 where r € Ny and
B € (0, 1]. Let C"-#(R?) be the Holder space with the norm

||f||cr,/9(Rd) ‘= max ||f||cr(]R<d), max |3Sf|c0,ﬂ(Rd) )
lIslli=r

where s = (s1,...,54) € Ng is a multi-index and
|f(x) = fI
I fllcr ey == max ||asf||L0<>(]Rd), [ flcosmdy == sup Y B
Islli<r x#£yeRd lx — y”2
Here we use || - ||z~ to denote the supremum norm, since we mainly consider con-

tinuous functions. We write C™# (B?) for the Banach space of all restrictions to B¢
of functions in C™#(R?). The norm is given by | fllcrpmey = inf{lgllcrsray :
g € C"P(RY) and g = f onB?)}. For convenience, we will denote the unit ball of
crf (B7) by

HY = {f e C"P @B : I fllcrpmey < 1} :

Note that, for « = 1, H® is a class of Lipschitz continuous functions.

Due to the universality of shallow neural networks [48], F, (M) can approximate
any continuous functions on B? if M is sufficiently large. Our main theorem estimates
the rate of this approximation for Holder class.
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Theorem 2.1 Letk € No,d € Nanda > 0. Ifa > (d+2k+1)/20ra = (d+2k+1)/2
is an even integer, then H* C Fq, (M) for some constant M depending on k, d, a.
Otherwise,

exp(—aM?), ifa=(d+2k+1)/2anda/2 ¢ N,

su h — oo (Rd S o
P redl o Ih = Fliewms M- T5E % ifa < (d+2k+1)/2,

héH“fe %

where the implied constants only depend on k, d, «.

The proof of Theorem 2.1 is deferred to the next section. Our proof uses similar
ideas as [3, Proposition 3], which obtained the same approximation rate foro = 1 (with
an additional logarithmic factor). The conclusion is more complicated for the critical
value o« = (d + 2k + 1) /2. We think this is due to the proof technique and conjecture
that H* € F, (M) for all @ > (d + 2k + 1)/2, see Remark 3.4. Nevertheless, in
practical applications of machine learning, the dimension d is large and it is reasonable
to expect that ¢ < (d + 2k + 1) /2.

In order to apply Theorem 2.1 to shallow neural networks with finite neurons, we
can approximate F, (M) by the subclass

For (N, M) :={ f) = Za,ak«xT Do) : v € 87, Z|a,|<M}

i=1 i=1

where we restrict the measure p to be a discrete one supported on at most N points.
The next proposition shows that any function in F;, (M) is the limit of functions in
Fo (N, M) as N — o0.

Proposition 2.2 For k € Ny, F, (1) is the closure of UyenFo, (N, 1) in L (B).

Proof Let us denote the closure of UyenFe, (N, 1) in L®(BY) by fgk(l) We first
show that Fg, (1) C }"(,k(l) For any f € Fg, (1) with the integral form f(x) =
de o ((xT, Dv)du(v), we can decompose f as

f(x)—llu+||/ o1 (( ” (”

= o L f4+ @) = - f- (%),

du—(v)
-l

M—II/ ok((xT, D)
Sd

where 4 and w_ are the positive and negative parts of w. If f4, f_ € .7?0,( (1), then
f € fgk(l). Hence, without loss of generality, we can assume p is a probability
measure. We are going to approximate f by uniform laws of large numbers. Let
{vi}fV: | be N ii.d. samples from w. By symmetrization argument (see [60, Theorem
4.10] for example), we can bound the expected approximation error by Rademacher
complexity [7]:

f) -~ Zok«xT D)

11

D €ion((xT, D)

|
<2E| sup |—
xeBd N i=1

}: E(N),

sup
xeBd
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where (€1, ..., €y) is an i.i.d. sequence of Rademacher random variables. For k € N,
the Lipschitz constant of o on [—+/2, /2] is k2%~1/2_ By the contraction property
of Rademacher complexity [29, Corollary 3.17],

2:|

k2k/2+1
[Z v ||2} T

For k = 0, the VC dimension of the function class { f; (v) = oo((xT, Dv) : x € ]B%d}
is at most d [60, Proposition 4.20]. Thus, we have the bound £ (N) < /d/N by [60,
Example 5.24]. Hence, f~is in the closure of UyenFy, (N, 1).

Next, we show that F;, (1) € Fg, (1) for k € Nyp. Since UyenFs, (N, 1) C
Fo, (1), we only need to show that Fg, (1) is closed in L®BY). Let f,(x) =
de ox((xT, Dv)du, (v), where ||u,ll < 1, be a convergent sequence with limit
f € L®(BY). It remains to show that f € Fy, (1).

Fork € N, by the compactness of S? and Prokhorov’s theorem, there exists a weakly
convergent subsequence (,; — (. In particular, ||x|| < 1 and for any x € B4,

N

k2k/2+l

i=1

&(N) = sup

xeBd

2
Ze,v,

€;V;

Ze,(xT D,

k2(k+1)/2 |:

k2k/2+1 k2k/2+1

N

lim . ok ((xT, Dv)dpn,; (v) = /d ok (T, Du)dp(v) =: f.
S

n;i—oQ

By the compactness of B?, f, ; converges uniformly to f~ Hence f = f € Fo (D).

For k = 0, we use the idea from [58, Lemma 3]. We can view f;, as a Bochner
integral [, in_2®dydmn Of the inclusion map ip_, ;2@e), where D = {g,(x) =
oo((xT, Dv) : v € S?). Notice that the set D € L2(B?) is compact, because the
mapping v > gy is continuous. By Prokhorov’s theorem, there exists a weakly con-
vergent subsequence p,, — . Letus denote f fD ip_ 12@Bd)d |4, then f e Fy (1)
by viewing the Bochner integral as an integral over S¢. If we choose a countable dense
sequence {g; }?021 of Lz(IBd ), then the weak convergence implies that

hm g] f"z L2(Bd) = g/ J?)LZ(IBW)’

ni— o0

for all j. The strong convergence f,, — f in L°°(]B3dl implies that the same equality
for f replacing f. Therefore, (g;, /) 2d) = (&), f)r2(me) for all j, which shows

f:fe Fop (1). O

The proof of Proposition 2.2 actually shows the approximation rate O(N /%)
for the subclass F,, (N, 1). This rate can be improved if we take into account the
smoothness of the activation function. For ReLU activation, Bach [3, Proposition 1]
showed that approximating f € F, (1) by neural networks with finitely many neurons
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is essentially equivalent to the approximation of a zonoid by zonotopes [10, 37]. Using

this equivalence, he obtained the rate O(N ™2~ 3 ) for ReLU neural networks. Similar
idea was applied to the Heaviside activation in [32, Theorem 4], which proved the rate

1 1 . . .
O(N™2724) for such an activation function. For ReLU¥ neural networks, the general

approximation rate O(N *%*%) was established in L? norm by [57], which also
showed that this rate is sharp. The recent work [55] further proved that this rate indeed
holds in the uniform norm. We summarize their results in the following lemma.

Lemma 2.3 ( [55]) Fork € N and d € N, it holds that

£ f = fwll SN
sup in N |l oo (B4 .
feFo (1) fneFo, (N, 1) @) ~

Combining Theorem 2.1 and Lemma 2.3, we can derive the rate of approximation
by shallow neural network Fg, (N, M) for Holder class H®. Recall that we use the
notation a V b := max{a, b}.

Corollary2.4 Letk € Ny, d € Nand o > 0.

1. Ifa > (d+2k+1)/20ra = (d+2k+ 1)/2 is an even integer, then there exists
a constant M depending on k, d, o such that

LR <N
Sup n Lo Ed .
heHe [€Fq (N B0~

2. Ifa = (d 4+ 2k + 1)/2 is not an even integer, then there exists M < \/log N such
that

sup 'nf ||h Fllpoomay SN™ - w/logN
heHe f€Fq (N

3. Ifa < (d+2k+1)/2, then

sup inf h— fllpoogsy SN~ by M- TR
heHe f€Fq (N,M) Lo®)

Thus, the rate O(N~%/4) holds when M > N(@+2k+1-20)/(2d)

Proof We only present the proof for part (3), since other parts can be derived similarly.
Ifa < (d+2k+1)/2, then by Theorem 2.1, for any & € H“, there exists g € F4, (K)

2a
such that |2 — g|l ;o0 (pa) < K™ @k, By Lemma 2.3, then there exists f €
d+2k+l 2a

Fo (N, K) such that [|g — fll Leomey S KN~ M >N , we choose
d+2k+1

K=N “ then f € Fy, (N, K) € Fu (N, M) and

Ih = fllpomey < Ilh — g||L°°(IBd) + 118 — fllpeome)
< K- a4 KN~ <N,
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d+2k+1-2a

IfM <N 22 ,wechoose K = M, then

2 k 2
lh = fll @) < K- #5ms 4 KN~ < M- TR,

Combining the two bounds gives the desired result. O

We make some comments on the approximation rate for H* witha < (d+2k+1)/2.
As shown by [48, Corollary 6.10], the rate O(N~%/?) in the L? norm is already
known fora = 1,2, ..., (d + 2k + 1)/2. For ReLU activation, the recent paper [36]

obtained the rate O(N _%%) in the supremum norm. Corollary 2.4 shows that the
rate O(N~%/?) holds in the supremum norm for all ReLUF activations. And more
importantly, we also provide an explicit control on the network weights to ensure that
this rate can be achieved, which is useful for estimating generalization errors (see
Sect.4.2). It is well-known that the optimal approximation rate for H% is O(N~%/4),
if we approximate 2 € H“ by a function class with N parameters and the parameters
are continuously dependent on the target function % [13]. However, this result is not
directly applicable to neural networks, because we do not have guarantee that the
parameters in the network depend continuously on the target function (in fact, this is
not true for some constructions [31, 63, 65]). Nevertheless, one can still prove that the
rate O(N /%) is optimal for shallow ReLU* neural networks by arguments based on
pseudo-dimension as done in [31, 63, 64].

We describe the idea of proving approximation lower bounds through pseudo-
dimension by reviewing the result of Maiorov and Ratsaby [33] (see also [1]). Recall
that the pseudo-dimension Pdim (F) of a real-valued function class F defined on B

is the largest integer n for which there exist points x1,...,x, € B? and constants
c1,...,c, € Rsuch that
[{sgn (f(x1) —c1), ..., sgn(f(xn) —cn): f € F} =2". (2.2)

Maiorov and Ratsaby [33] introduced a nonlinear n-width defined as

HY) =inf sup inf ||h — ,
on(H™) it he?—I?” P23 I Sl @

where p € [1, oo] and F,, runs over all the classes in L”(IB%d) with Pdim (F,) < n.
They constructed a well-separated subclass of H* such that if a function class F can
approximate this subclass with small error, then Pdim (F) should be large. In other
words, the approximation error of any class F,, with Pdim (F,) < n can be lower
bounded. Consequently, they proved that

,On (HC{) Z n—Ol/d.

By [6], we can upper bound the pseudo-dimension of shallow ReLU* neural networks
as n := Pdim (F5, (N, M)) < Nlog N. Hence,

sup nf b = fvllLeceay = pu(HT) 2 (N log )™/,
he?—I[)a fneFo (N, M) SNl (BY) n g
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which shows that the rate O(N ~%/¢) in Corollary 2.4 is optimal in the L? norm (ignor-
ing logarithmic factors). This also implies the optimality of Theorem 2.1 (otherwise,
the proof of Corollary 2.4 would give a rate better than O(N ~%/?)).

3 Proof of Theorem 2.1

Following the idea of [3], we first transfer the problem to approximation on spheres.
Let us begin with a brief review of harmonic analysis on spheres [12]. For n € Ny, the
spherical harmonic space Y, of degree n is the linear space that contains the restrictions
of real harmonic homogeneous polynomials of degree n on R¢*+! to the sphere S¢.
The dimension of Y, is N(d,n) := ZF4=L("4"2) if £ 0 and N(d, n) := 1 if
n = 0. Spherical harmonics are eigenfunctions of the Laplace-Beltrami operator:

AY, =-nn+d—-1Y,, Y,eY,,

where in the coordinates u = (uy, ..., U4+1) € s,
d 32 d 32 d 9
A= — — uiuj———— —d uj—.

Spherical harmonics of different degrees are orthogonal with respect to the inner
product (f, g) = de f(u)g(m)dry(u), where 14 is the surface area measure of s4
(normalized by the surface area wy := 27 (d“)/z/ '((d + 1)/2) so that (S = 1).

LetP, : L2(S?) — Y,, denote the orthogonal projection operator. For any orthonor-
mal basis {Y,; : 1 < j < N(d, n)} of Y,,, the addition formula [12, Theorem 1.2.6]

shows
N(d.n)

Y V@)Y (w) = Nd.n) Py (uTv), u,veS, 3.1)
j=1

where P, is the Gegenbauer polynomial

_(=D" Td/2) N Y i)n _ 2\ntd-2)/2 _
Py(t) = o F(n+d/2)(1 ) 7 1—=19) , tel[=1,1],

with normalization P, (1) = 1. Applying the Cauchy-Schwarz inequality to (3.1), we
get |P,(¢)] < 1. Forn # 0, P,(t) is odd (even) if n is odd (even). Note that, for

d =1andn # 0, N(d,n) = 2 and P,(¢) is the Chebyshev polynomial such that
P,(cos @) = cos(nf). We can write the projection P, as

Punf(u)=N(d,n) fd F )Py (uTv)dzy(v).
S
This motivates the following definition of a convolution operator on the sphere.
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Definition 3.1 (Convolution) Let o be the probability distribution with density cg (1 —
12)(d=2/2 5 [—1, 1], with the constant ¢y = (f_ll(l —1HE=D2007 = wy_y Jwqg.
For f € L'(S%) and g € L} ([-1, 1]), define

U*@W%=4WKWﬂMwmmw,ueSf

The convolution on the sphere satisfies Young’s inequality [12, Theorem 2.1.2]: for
p.q.r > 1with p~' =¢=' + 71 — 1, it holds

I1f > gllLrey = 1f Loy lgliey q—1.11)

where the norm is the uniform one when r = co. Observe that the projection P, f =
f * (N(d,n)P,) is a convolution operator with | N(d, n) P,|lp~(-1,1)) < N(d, n).
Furthermore, for g € sz([—l, 11), let g(n) denote the Fourier coefficient of g with
respect to the Gegenbauer polynomials,

Wd—1

1
§(n) = / g(t)P,,(t)(l _ f2)(d_2)/2dt.
-1

By the Funk-Hecke formula, one can show that [12, Theorem 2.1.3]

Pu(f x8) =8m)Puf, feL (S, neN,. (3.2)

This identity is analogous to the Fourier transform of ordinary convolution.

One of the key steps in our proof of Theorem 2.1 is the observation that functions of
the form f(u) = de ¢ (v)or(uTv)dry(v) are convolutions ¢ * oy with the activation
function o € L*°([—1, 1]). [3, Appendix D.2] has computed the Fourier coefficients
o1 (n) explicitly. We summarize the result in the following.

Proposition 3.2 For k € Ny, ox(n) = 0 ifand only ifn > k + 1 and n = k mod 2. If
n=0,

w41 T(d/2)T((k+1)/2)
wg 2T ((k+d+1)/2)

ok (0) =

Ifn>k+landn+ 1=k mod 2,

wg_1 k!(—=1)n=k=D/2 ['d/2)T(n — k)
wg 2n F((n—k+1D)/DT((n+d+k+1)/2)

ok(n) =

By the Stirling formula T'(x) = 2ax*"12e7*(1 + O(x~Y)), we have 63 (n) =
n~@+2AD/2 for n e N satisfying 63 (n) # 0.
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Next, we introduce the smoothness of functions on the sphere. For 0 < 6 < m, the
translation operator Tj, also called spherical mean operator, is defined by

Ty f (u) := / Fucos® + vsinO)dry_1(v), ueS? feL'(S,
S

where SuL = {v e S : uTv = 0} is the equator in S¢ with respect to u (hence
Si‘ is isomorphic to the sphere S?~!). We note that the translation operator satisfies
Pu(To f) = P,y(cosO)P,(f). Fora > 0and 0 < 6 < =, we define the a-th order
difference operator

8 1= 1= 1 = e ().
=0

where (‘;) = w, in a distributional sense by P,(A7f) = (1 —
P, (cos0)*P,f,n € No. For f € LP(S) and 1 < p < oo or f € C(S%)
and p = oo, the a-th order modulus of smoothness is defined by

Wa(f,0p = sup A fllppeny, 0<t<m.

0<O<t

For even integers a = 2s, one can also use combinations of 7’4 and obtain [15, 50]

2s
(2
w2 (f, 1)) = sup Z(—1)1<;>Tjgf , seN. (3.3)

0<O6<t ||
Jj=0 LP(S9)

Another way to characterize the smoothness is through the K -functionals. We first
introduce the fractional Sobolev space induced by the Laplace-Beltrami operator. We
say a function f € L” (%) belong to the Sobolev space WP (S7) if there exists a
function in L? (S%), which will be denoted by (—A)*/2 £ such that

Po((=ANY2f) = (n(n+d — 1)**P, f, neNy,

where we assume f, (—A)“/zf € C(Sd) for p = oco. Then we can define the a-th
K -functional of f € L?(S?) as

Ko (f,0)p = gel/\igg(gd) {”f - g”LP(Sd) + ta”(_A)a/zg”Lp(gd)} , t>0.

It can be shown [12, Theorem 10.4.1] that the moduli of smoothness and the K-
functional are equivalent:
wo(fs1)p =X Ka(f,1)p. (3.4)

To prove Theorem 2.1, we denote the function class
Go (M) := {8 e LS gu) = /1 or(uTv)dp (), |l < M},
S{
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as the corresponding function class of F, (M) on S?. Abusing the notation, we will also
denote y (g) = inf, |||l as the variation norm of g € G,, (M). The next proposition
transfers our approximation problem on the unit ball B¢ to that on the sphere S.

Proposition3.3 Let k € No, d € Nand o« = r 4+ g wherer € Ng and B € (0, 1].
Denote 2 := {(uy,...,uqy1)7T € s9 . Ug+1 > 1/\/5} and define an operator
Sk 1 L®(2) — L®(B) by

Skg(x) = (Ix13 + D¥%g (

1
(), e
NS
The operator Sy satisfies: (1) If § € Gg, (M), then Sxg € Fo (M). (2) Forany h € 'H?,
there exists h € C(S%) such that Sgh = h, ”h”Lm(Sd) < C and wys+ (h Hoo < Ct%,

where s* € Nis the smallest integer such that o < 2s5™ and C is a constant independent
of h. Furthermore, h can be chosen to be odd or even.

Proof 1. If g(u) = de ok (uTv)du(v) for some ||| < M, then for x € BY,

Sue) = (el + D2 [ o (514 17267, Do) dutw
:/ o ((xT, Dv) du(v).
sd

Hence, Sxg € F,, (M) by definition. ~

2. Given h € HY, for any u = (uy,...,uq+1)7T € 2, we define h(u) :=
uflﬂh(u;}rlu’), where u’ = (uy,...,uq)T. It is easy to check that Skh = h.
Note that & is completely determined by the function values of 7 on . Observe
that the smoothness of /2 on €2 can be controlled by the smoothness of 4. We can
extend /1 to R9*! so that ||E||Cr,ﬁ(Rd+l) < Cp for some constant Cq independent of
h, by using (refined version of) Whitney’s extension theorem [17-19]. It remains
to show that a)zs*(ﬁ, Hoo S t%.
By the equivalence (3.3),

25*
~ . [(2s* ~
w5+ (h, )0 < Sup sup E (—1)’( j )/SL h(ucos jO + vsin jO)dty—1(v)
0 u

0<O0<t yesd j=

i(2s”
< sup sup sup Z( 1) i h(uc0s10+vs1n]9)

0<0=t ues? veSy | =0

=: sup sup sup |H(u,v,0)|.

0<0=r yesd veS-

Next, we estimate supy_y<, |H(u v, 0)| for small + > 0 and fixed u, v. One can
check that the function f (- ) = h(u cos(+) + vsin(+)) isin C" (10, to]) for small
to > 0,and || fllcre 0,10 ||h||crﬂ(Rd+1) Let Aef( )= f(-+0)— f() be the
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difference operator and ZZH = Ay Zg for n € N. The binomial theorem shows

Hu,v,0) = Z%S* f(0). Then, the classical theory of moduli of smoothness [14,
Chapter 2.6-—2.9] implies

sup |H(u,v,0)| < sup [AZ FO S Fllersqo.nt™

0<0<t 0<O<t

Consequently, we get the desired bound wog+ (E, Doo S 1.

Finally, in order to ensure that 7 is odd or even, we can multiply h by an infinitely
differentiable function, which is equal to one on €2 and zero for ug4+1 < 1/ (2«/5),
and extend / to be odd or even. These operations do not decrease the smoothness

of h. |

By Proposition 3.3, for any & € H* and g € G,, (M), we have
Ih — Skgll oo ey = ISkh — Sgll ooaay < 2/%1h — gl oo(s),

for some i € C (S9). Since S g € Fy, (M), we can derive approximation bounds for
Fo, (M) by studying the approximation capacity of G, (M). Now, we are ready to
prove Theorem 2.1.

Proof of Theoiem 2.1 BLy Proposition 3.3, for any h € H“, there exists = C(Sd)
such that Syh = h, ||h||LOO(Sd) < C and was+(h, 1) < Ct%, where s* € N is the
smallest integer such that o < 2s*~. We choose % to be odd (even) if k is even (odd).
Using ws (7, 1)y < 25725 205 (1, 1)5 for s > 2s* [12, Proposition 10.1.2] and the
Marchaud inequality [15, Eq.(9.6)]

Lape(h 002 \'°
ws(h, )y St <[ %d@) , 8 < 2s*,

we have
s, if s < «,

>~ 19, if s = o = 2s5%,
wd(h’t)z SJ

t*/log(1/t), ifs = o # 2s%,

t*, if s > a.

(3.5)

We study how well g € G, (M) approximates h. 1t turns out that it is enough to
consider a subset of G, (M) that contains functions of the form

o) = / WL, u e,
S

for some ¢ € L2(S%). Note that y(g) < infy [|¢ll1(sey < infy Pll12se), Where
the infimum is taken over all ¢ € L?(SY) satisfy the integral representation of g.
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Observing that g = ¢ * oy is a convolution, by identity (3.2), P,g = 0r(n)P,¢.
Hence, we have the Fourier decomposition

o o0
8= Pag=) Gi(n)Pus,
n=0 n=0

which converges in L2(S%). This implies that g € G, (M) if g is continuous, P,g =0
for any n € Ny satisfying 63 (n) = 0 and

v@? < Y Gim T IPugllia e, < M2
Gk (m)#0

By Proposition 3.2, we know that 63 (n) = Oifand only ifn > k+1andn = k mod 2.
For 63 (n) # 0, we have 6 (n) =< n_(d+2~k+l)/2. 5
We consider the convolutions g, := h * L, = de h(u)L,,,(uTv)dty(v) with

o]

me:=§:n(%)Nan&ax m €N,
n=0

where 1 is a C*°-function on [0, c0) such that n(z) = 1 for0 < ¢ < 1 and n(¢) = 0 for
t > 2. Since 7 is supported on [0, 2], the summation can be terminated atn = 2m — 1,
so that g, is a polynomial of degree at most 2m — 1. Since I is odd (even) if k is even
(odd), Prgm = n(n /m)P,ﬁ = 0 for any n = k mod 2. Furthermore, [12, Theorem
10.3.2] shows that

Ko(H,m™) < 10 = gl osay + m ™ 1(=A)gmll Lo sa)- (3.6)

By the equivalence (3.4) and wy,+ (71, m Mo < m™%, the equivalence (3.6) for p = oo
implies that we can bound the approximation error as

Ih — 8mll Loo(sdy SmY.

Applying the estimate (3.5) to the equivalence (3.6) with p = 2, we get

1, ifs <o,
1 ifs =a = 2s*
—A s/2 25l S ’ ,
I(=2)"gmll 2ty S Jlogm, ifs=oand o # 2s*,
m ifa <s <2s*.
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Using Po((—A)/?g,) = (n(n +d — 1))*/*P, g, we can estimate the norm y (g,,)
as follows

y(em)’ < Y M I Pagmll}asa

G (n)#0
2m—1
S GO 2 IPogmllTan + D n TR IR (=) P ]2 e,
n=l1
2m—1
ST+ Y PP (=AY P e ]2,
n=1

ST+ gml 7 g0
where we choose s = (d + 2k + 1)/2 in the last inequality. We continue the proof in
three different cases.

Casel:a > (d+2k+1)/20ora = (d + 2k + 1)/2 is an even integer. In this case,
s <aors=a=2s* Thus,

y@Em)’ < Y G I Pagmlaen S T+ I=A)Pgmll7s e S 1.
ok (m)#0

Since Prgm = n(n/m)Pnﬁ = Pnﬁ for n < m, we have

y(? < tim " G Pkl

n<m,Gy(n)#0

< lim Y 6 N Pagmll7a e

m—00

GLm#0
< 1.

This shows that i C Go, (M) for some constant M. Hence, h = S;JNz € Fo (M) by
Proposition 3.3.
Case II: « = (d + 2k + 1)/2 is not an even integer. We have s = o # 2s* and

v () ST+ 1(=8)"gnl2 e, < logm.
This shows that g,, € G, (M) with M < /logm. Therefore,
17 = gmllposay S m™* < exp(—aM?).
By Proposition 3.3, f 1= Sxgm € Fo, (M) and
Ih = flleeqaty < 2200 = gmll oo sy S exp(—aM?).
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Case III: ¢ < (d 4+ 2k + 1)/2. In this case, s > « and
Y (gm)? S 1+ =AY P gl 2 ga, S maH2EH72
This shows that g, € Gy, (M) with M < m@+2k+1=20/2 Therefore,
17 = gull oty S m™® S M~ TR

By Proposition 3.3, f := Sggm € Fo, (M) and

~ 2a
I — fll ooty < 221 — gl Looggey S M~ T2,
which finishes the proof. O

Remark 3.4 Since we are only able to estimate the smoothness wox (ﬁ, 1)oo for even
integer 2s*, we have an extra logarithmic factor for the bound wy (h,1)2 < r*/log(1/1)
in (3.5) when s = o # 2s*, due to the Marchaud inequality. Consequently, we can
only obtain exponential convergence rate when o« = (d + 2k + 1)/2 is not an even
integer. We conjecture the bound wy (ﬁ, )2 < t* holds for all s > «. If this is the case,
then the proof of Theorem 2.1 implies H* < F,, (M) for some constant A/ when
a>(d+2k+1)/2.

4 Nonparametric Regression

In this section, we apply our approximation results to nonparametric regression using
neural networks. For simplicity, we will only consider ReLU activation function (k =
1), which is the most popular activation in deep learning.

We study the classical problem of learning a d-variate function 4 € H from its
noisy samples, where we will assume H = H* with o < (d + 3)/2 or H = F,(1).
Note that, due to Theorem 2.1, the results for F, (1) can be applied to H* with
a > (d + 3)/2 by scaling the variation norm. Suppose we have a data set of n > 2
samples D, = {(X;, Y))}!_, € B¢ x R which are independently and identically
generated from the regression model

Yi =h(X) +ni, Xi~u, r],-NJ\/'(O,Vz), i=1,...,n, heH, &I

where 1 is the marginal distribution of the covariates X; supported on B¢, and n; is
an i.i.d. Gaussian noise independent of X; (we will treat the variance V2 as a fixed
constant). We are interested in the empirical risk minimizer (ERM)

. R
S € argmin £,,(f) := argmin — Z | f (X)) — Yil?, 4.2)
feFn feFan n i=1
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where F,, is a function class parameterized by neural networks. For simplicity, we
assume here and in the sequel that the minimum above indeed exists. The performance
of the estimation is measured by the expected risk

L(f) = Ex.nl(f(X) = ¥)*] = Ex~u[(f(X) — h(X))*] + V2.
It is equivalent to evaluating the estimator by the excess risk
1f = hlG2g,) = L) = L(B).

In the statistical analysis of learning algorithms, we often require that the hypothesis
class is uniformly bounded. We define the truncation operator 7 with level B > 0
for real-valued functions f as

J(x) if[f(x)| < B,

Tpf(x) = sgn (f(x)B  if |f(x)| > B.

Since we always assume the regression function 4 is bounded, truncating the output
of the estimator f,* appropriately dose not increase the excess risk. We will estimate
the convergence rate of Ep |7, f,F — & ||i2 G0’ where B, < logn, as the number of
samples n — oo.

4.1 Shallow Neural Networks

The rate of convergence of neural network regression estimates has been analyzed by
many papers [9, 26, 27, 38, 41, 52]. It is well-known that the optimal minimax rate
of convergence for learning a regression function 7 € H is n~2%/(@+2®) [59]. This
optimal rate has been established (up to logarithmic factors) for two-hidden-layers
neural networks with certain squashing activation functions [26] and for deep ReLU
neural networks [27, 52]. For shallow networks, [38] proved a rate of n—2%/(2a+d+3)+€
with e > 0 for a certain cosine squasher activation function. However, to the best of our
knowledge, it is unknown whether shallow neural networks can achieve the optimal
rate. In this section, we provide an affirmative answer to this question by proving that
shallow ReL.U neural networks can achieve the optimal rate for H* witha < (d+3)/2.

We will use the following lemma to analyze the convergence rate. It decomposes
the error of the ERM into generalization error and approximation error, and bounds
the generalization error by the covering number of the hypothesis class F,.
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Lemma4.1 ( [27]) Let f,f be the estimator (4.2) and set B, = cjlogn for some
constant ¢; > 0. Then,

Ep, 15, f;f = 172,
- c2(logn)? SUPx, ., e(Bd) log(N(n_an_l, T, Fns I - 1 (xp,)) + D

n

. 2
+2 0 f = Al

for n > 1 and some constant c; > O (independent of n and f,*), where X;.,, =
(X1, ..., Xp) denotes a sequence of sample points in B and \V (e, T, Fns -l L1 (x,,)
denotes the e-covering number of the function class 7p, F,, := {7, f, f € F,}inthe
metric || f = gl 11x,,) = 5 et 1f (X0) — g(X)l-

For shallow neural network model F,, = F,(N,, M,), Lemma 2.3 and Corollary
2.4 provide bounds for the approximation errors. The covering number of the function
class 7p, F; can be estimated by using the pseudo-dimension of 7, F,, [22]. Choosing
N, , M, appropriately to balance the approximation and generalization errors, we can
derive convergence rates for the ERM.

Theorem 4.2 Let f* be the estimator (4.2) with F,, = Fo(Ny, M) and set B, =
c1 logn for some constant ¢c1 > O.

1. If H = H* with o < (d + 3)/2, we choose
_d_ d+3-20
N, xn@%, M, 2 n 2dtie
then
_ 20
EDH ”TBn f;;k - h”iZ(M) 5 n d+ (log }’l)4.

2. If H = F5(1), we choose

then

_ d+3
Ep, 175, f = hll72,y S 025 (ogm)®,

Proof To apply the bound in Lemma 4.1, we need to estimate the covering number

N(e, Tg, Fu. |l - lL1(x,,,))- The classical result of [22, Theorem 6] showed that the
covering number can be bounded by pseudo-dimension:

log N'(e, T, Fus Il - 11 x,,,)) S Pdim (T, ) log(Bu/e), 4.3)
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where Pdim (7, F,,) is the pseudo-dimension of the function class 7, F,, see (2.2).
For ReLLU neural networks, [6] showed that

Pdim (7, F,) < Ny log N,.
Consequently, we have
log (€, Ty, Fo |- 1 (x1,) S N 1og(N) log(By fe).
Applying Lemma 4.1 and Corollary 2.4, if H = ‘H* with o < (d + 3)/2, then

(logn)>N, log(N,,) log(nB2) T SV, .

Ep, 175, f = hll> S p

d/(d+2) and M, > N(d+3—2<¥)/(2d)

By choosing N, < n , we get Ep || 73,

h”Lz(;/.) < p2/d+20) (Jog n)*, Slmllarly, by Lemmas 4.1 and 2.3, if H = F, (1) and
M, > 1, then
(logn)?> N, log(N,,) log(nB?) _d+3
Ep, T, £; = b}z, S — e S N, T

We choose N, < n#/?4+3) then Ep || T, f; — hl|? n~@+3)/Qd+3) (1og n)*. 0

L2(w) S
Remark 4.3 The Gaussian noise assumption on the model (4.1) can be weaken for
Lemma4.1 and hence for Theorem 4.2. We refer the reader to [27, Appendix B, Lemma
18] for more details. Theorem 4.2 can be easily generalized to shallow ReLU* neural
networks for k > 1 by using the same proof technique. For example, one can show
that, if b € H* witho < (d+2k+1)/2, then we can choose F,, = F, (Nn, M,,) with
Ny = n®% and M, > n* 2+ suchthatEp |75, £ —h]|? s S ~73% (log n)*.

Theorem 4.2 shows that least square minimization using shallow ReLU neural

2a

networks can achieve the optimal rate n~ 42« for learning functions in H* with « <

(d 4 3)/2. For the function class F, (1), the rate n_% is also minimax optimal as
proven by [46, Lemma 25] (they studied a slightly different function class, but their
result also holds for F, (1)). Specifically, [57, Theorem 4 and Theorem 8] give a sharp
estimate for the metric entropy

_ 2
log NV (e, Fo (1), || - ||L2(153d)) =€ 43,

Combining this estimate with the classical result of Yang and Barron (see [61, Propo-
sition 1] and [60, Chapter 15]), we get

. -~ 2 _ 443
H,l\f Sup EDn ”fn - h”LZ(]Bd) =n 243 9
o heF, (1)

where the infimum taken is over all estimators based on the samples D,,, which are
generated from the model (4.1).
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4.2 Deep Neural Networks and Over-Parameterization

There is a direct way to generalize the analysis in the last section to deep neural
networks: we can implement shallow neural networks by sparse multi-layer neural
networks with the same order of parameters, and estimate the approximation and gen-
eralization performance of the constructed networks. Since the optimal convergence
rates of deep neural networks have already been established in [27, 52], we do not pur-
sue in this direction. Instead, we study the convergence rates of over-parameterized
neural networks by using the idea discussed in [24]. The reason for studying such
networks is that, in modern applications of deep learning, the number of parameters
in the networks is often much larger than the number of samples. However, in the
convergence analysis of [27, 52], the network that achieves the optimal rate is under-
parameterized (see also the choice of N,, in Theorem 4.2). Hence, the analysis can not
explain the empirical performance of deep learning models used in practice.

Following [24], we consider deep neural networks with norm constraints on weight
matrices. For W, L € N, we denote by NN (W, L) the set of functions that can be
parameterized by ReLU neural networks in the form

FO%) =x e RY,
FED ) =0 (AP FO) +p©), ¢=0,...,L—1, (4.4)
[y = AP B @) +p®,

where A® e RNewixNe pO ¢ RNewt with Ng = d,Npy; = 1 and
max{Ny, ..., N} = W. The numbers W and L are called the width and depth of
the neural network, respectively. Let us use the notation fy to emphasize that the neu-
ral network function is parameterized by 6 = ((A©, p©), ..., (AL, p(1))). We can
define a norm constraint on the weight matrices as follows

L—1
k(©) = 1A, pP)|| T ] max {||(A“>, b, 1} :
=0
where we use || A|| := supj <1 I|Ax|loo to denote the operator norm (induced by the

£°° norm) of a matrix A = (a; ;) € R™*". Itis well-known that || A|| is the maximum
1-norm of the rows of A:

n

1Al = max > la; jl.
1<i<m 4 ]
j:

The motivation for such a definition of x () is discussed in [24]. For M > 0, we denote
by NN (W, L, M) as the set of functions fy € NN (W, L) that satisfy «(8) < M.
It is shown by [24, Proposition 2.5] that, if W; < W, L1 < Lo, M| < M>, then
NN Wy, Ly, My) € NN (Wa, Ly, M). (Strictly speaking, [24] use the convention
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that the bias ») = 0 in the last layer. But the results can be easily generalized to the
case b)) £ 0, see [62, Section 2.1] for details.)

To derive approximation bounds for deep neural networks, we consider the rela-
tionship of F, (N, M) and NN (N, 1, M). The next proposition shows the function
classes VAN (N, 1, M) and F, (N, M) have essentially the same approximation power.

Proposition4.4 For any N € N and M > 0, we have F,(N,M) C
NNN,1,/d+1M) and NN(N,1, M) € F,(N + 1, M).

Proof Each function f(x) = ZlN:l aio ((xT, Dv;)in F, (N, M) can be parameterized
in the form (4.4) with W = N, L = 1 and

AQ Oy = @, ..., o7, AV D) =(ay,...,ay,0).

Since v; € S, it is easy to see that k() < Jd + 1M. Hence, F, (N,M) C
NN (N, 1,/d+1M).

On the other side, let fy € NN (N, 1, M) be a function parameterized in the form
@.4) with (AQ, p®) = @@ . a7 and (4D, V) = @V, ... 4, bD),
where al.(o) e R4t! and ai(l) b ¢ R. Then, fo can be represented as

(0)
folx) = Za(”na(‘”nzo ((xT b 0)” >+b<‘>a(1),

i=1

where we assume ||al.(0) Il # 0 without loss of generality. Since

N N
1 0 1
y(f) =Y la a2 + 1bD] < 1AQ, 61D " 1a 1+ 16D < x(6).
i=1 i=1

we conclude that VAN (N, 1, M) C F5(N + 1, M). O

As acorollary of Theorem 2.1 and Lemma 2.3, we get the following approximation
bounds for deep neural networks.

Corollary 4.5 For H* with0 < o < (d 4+ 3)/2, we have

2a
inf — o@dy S WTd iV M T,
he’gl)o( feNN(WLM) Ih = flL=@s)

For F, (1), there exists a constant M > 1 such that

| 3
sup i = fll e S WOEE
heF, (l)feNN(WLM) Lo B

Proof The first part is a direct consequence of Corollary 2.4 and the inclusion

Fs(W, M) € NN (W, L,/d+ 1M). The second part follows from Lemma 2.3
and we can choose M = /d + 1. ]
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In the first part of Corollary 4.5, if we allow the width W to be arbitrary large, say
W > M?d/(d+3=20) then we can bound the approximation error by the size of weights.
Hence, this result can be applied to over-parameterized neural networks. (Note that, in
Theorem 4.2, we use a different regime of the bound.) For the approximation of 7, (1),
the size of weights is bounded by a constant. We will show that this constant can be
used to control the generalization error. Since the approximation error is bounded by
W and is independent of M, we do not have trade-off in the error decomposition of
ERM and only need to choose W sufficiently large to reduce the approximation error.
Hence, it can also be applied to over-parameterized neural networks.

The approximation rate M~ T for H® in Corollary 4.5 improves the rate M el
proven by [24]. Using the upper bound for Rademacher complexity of NN (W, L, M)

(see Lemma 4.6), [24] also gave an approximation lower bound (M «/Z)_%. For
fixed depth L, our upper bound is very close to this lower bound. We conjecture that the
rate in Corollary 4.5 is optimal with respect to M (for fixed depth L). The discussion
of optimality at the end of Sect. 2 implies that the conjecture is true for shallow neural
networks (i.e. L = 1).

To control the generalization performance of over-parameterized neural networks,
we need to have size-independent sample complexity bounds for such networks. Sev-
eral methods have been applied to obtain such kind of bounds in recent works [5, 21,
42, 43]. Here, we will use the result of [21], which estimates the Rademacher com-
plexity of deep neural networks [7]. For a set S € R", let us denote its Rademacher
complexity by

1 n
Rn(S) = Eg,, |: sup Zfisi:| ,
where &1., = (&1, ..., &) is a sequence of i.i.d. Rademacher random variables. The

following lemma is from [21, Theorem 3.2] and [24, Lemma 2.3].

Lemma4.6 For any xi,...,x, € [—1,1]d, let S .= {(f(x1),..., f(xp) : [ €
NNW, L, M)} CR", then

M/2(L +2 +log(d + 1))

Ra(S) = NG

Now, we can estimate the convergence rates of the ERM based on over-
parameterized neural networks. As usual, we decompose the excess risk of the ERM
into approximation error and generalization error, and bound them by Corollary 4.5
and Lemma 4.6, respectively. Note that the convergence rates in the following theorem
are worse than the optimal rates in Theorem 4.2.

Theorem 4.7 Let f,* be the estimator (4.2) with Fy ={Tp, f : f € NN (W,, L, Mp)},
where L € N is a fixed constant, | < B, < logn in case (1) and /2 < B, < logn in
case (2).
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1. If H="H* witha < (d 4+ 3)/2, we choose
d 1 20
Wnan’ M, < n2” d¥3+2
then
2a
EDn ”f h”LZ(M) S n-dtitie logn
2. If H = Fs(1), we choose a large enough constant M and let
_d
W, Zn2d+6’ M, =M,
then
2 1
Ep, I = hl25,, S n*logn.

Proof The proof is essentially the same as [24, Theorem 4.1]. Observe that, for any
feFa,

Ly = hllgag, = LU = L)
=L = La(FD]+ [La( ) = La(H] + [La(f) = LIOT+ L) — L()]
< [LUD = LaGfD]HILa () = LIOTH I =l T2y,

Using Ep, [£,(f)] = L(f) and taking the infimum over f € F,,, we get

Ep, /i = hliz2g < jnf 1S = hlag, +Ep, [LUD = LaSD]. (45)

Let us denote the collections of sample points and noises by X1., = (X1, ..., Xp)
and n1., = (91, ..., ny). We can bound the generalization error as follows

Ep, [L(£5) = La ()]
l n
=Ep, [nf,:‘ — 2y + V- (n DU X)) = (X)) = 2mi (f;(Xi) — h(X;)) + n?)}

i=1

1 < 1 &
=Ep, [nf,,* =g — = Z(f,:%xi) = h(xmz} +2Ep, [n D onif(x) - h(x,v»}

i=l

<Ex,, Lsqu (IEX[¢2(X)] Z¢ (X; ))}HEM - [sup ;er(x )}
edy

ped, 1

(4.6)
where we denote ®, := {f — h : f € F,}. By a standard symmetrization argument
(see [60, Theorem 4.10]), we can bound the first term in (4.6) by the Rademacher

complexity:
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Exy,, [sup (]EX[¢ (X)) - Z¢> (X; ))} < 2Ex,, [Ra(@2(X1a))] .

i=1

where ®2(X1.,) = {(@*(X1),...,9%(X,)) € R* : ¢ € d,} C R" is the set of
function values on the sample points. Recall that we assume B, > 1 in case (1) and
B, > /2 in case (2). Hence, we always have ||h]| oo gy < V2 and @1l ooy < 2By
for any ¢ € ®,. By the structural properties of Rademacher complexity [7, Theorem
12],

Exy, [Ra(@2(X 1) | < 8BuEx,, Ry (@(X 1)

71l oo e
< 8B, (Ex,,, [Ra(Fa(X 1)) + —
NG
< M, logn’
NG

where we apply Lemma 4.6 in the last inequality. Note that the second term in (4.6)
is a Gaussian complexity. We can also bound it by the Rademacher complexity [7,
Lemma 4]:

M, logn

Ex,,Ey,, Lsup - mex )} S Ex, [Ra(@ (X)) logn £ =2

In summary, we conclude that

M, logn
VI

If H = H* witha < (d 4+ 3)/2, by Corollary 4.5, we have

Ep, [L(f5) — La(fD] S 4.7

_a 2o
sup 1nf 1h = fllpeemay S Wa @ v M, 572
heHe SEF,

Combining with (4.5) and (4.7), we know that if we choose M, = n%_déih and

d
W, Z nd+3+2  then

M, logn
Jn

Similarly, if H = F, (1), by Corollary 4.5, then there exist a constant M > 1 such
that, if M,, = M,

. 2
EDn ”fy:k - h”Lz(pL) ~ W V Mn a3 + 5 n d+3+2a logn

-3 Mlogn
Ep, £ = hlay S Wa © + :

S
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Thus, for any W,, > n?/4+6) 'we get Ep || ¥ — h”il(u) <n '2logn, O

4.3 Convolutional Neural Networks

In contrast to the vast amount of theoretical studies on fully connected neural net-
works, there are only a few papers analyzing the performance of convolutional neural
networks [16, 20, 30, 35, 47, 66—68]. The recent work [30] showed the universal con-
sistency of CNNs for nonparametric regression. In this section, we show how to use
our approximation results to analyze the convergence rates of CNNGs.

Following [67], we introduce a sparse convolutional structure on deep neural net-
works. Let s > 2 be a fixed integer, which is used to control the filter length. Given a

sequence w = (w;);ez on Z supported on {0, 1, ..., s}, the convolution of the filter
w with another sequence x = (x;);cz supported on {1, ..., d} is a sequence w * x
given by

d
(u)*x)l- ZZE w,-_jszg Wi—jXj, i€’
j=1

J€Z

Regarding x as a vector of R?, this convolution induces a (d + s) x d Toeplitz type
convolutional matrix

AY 1= (Wi—j)1<i<d+s,1<j<d-

Note that the number of rows of A" is s greater than the number of columns. This
leads us to consider deep neural networks of the form (4.4) with linearly increasing
widths {N; = d + €s}_,. We denote by CA'N/(s, L) the set of functions that can be

parameterized in the form (4.4) such that A(¥) = A" for some filter w® supported
on{0,1,...,5},0 < ¢ <L — 1, and the biases b'©) take the special form

© _ (p© © 1,
e RSN

BB b)) 0= esL-2,
4.8)
with Ny — 2s repeated components in the middle. By definition, it is easy to see that
CNN (s, L) CNN(d+ Ls, L). The assumption on the special form (4.8) of biases
is used to reduce the free parameters in the network. As in [67], one can compute that
the number of free parameters in CNN (s, L) is (55 + 2)L + 2d — 2s, which grows
linearly on L.
The next proposition shows that all functions in N'A/(N, 1) can be implemented

by CNNs.

Proposition4.8 [67] If N,L < N satisfy L > L;VT‘*; + 1], then NN(N,1) <
CNN (s, L).

Proof This result is proven in [67, Proof of Theorem 2]. We only give a sketch of
the construction for completeness. Any function f € NAN(N, 1) can be written as

@ Springer



Constructive Approximation

fx) = Zf\;l c,-a(aiTx + b;) + co, where a; € R? and b;, ¢; € R. Define a sequence
v supported on {0, ..., Nd — 1} by stacking the vectors ay, . .., ay (with components
reversed) by

(de—lv R UO) = (a]1\-]7 --'»air)'

Applying [67, Theorem 3] to the sequence v, we can construct filters {w(‘f)}f;()1 sup-

ported on {0, 1, ..., s} such that v = wED g w@=2 w . x w© which implies
AT qw @ Ay ¢ REFL)XA Noge that, by definition, fori = 1,..., N,
the id-th row of AV is exactly al.T. Then, for £ = 0, ..., L — 2, we can choose b®)

satisfying (4.8) such that f“D(x) = A»” ... A»“x + BO, where B® > 0is
a sufficiently large constant that makes the components of f+1 (x) positive for all
x € B Finally, we can construct »‘“~1 such that fk(L)(x) = a(aiTx + b;) for
i=1,...,Nandk = id, which implies f € CNN(s, L). O

Note that Proposition 4.8 shows each shallow neural network can be represent
by a CNN, with the same order of number of parameters. As a corollary, we obtain
approximation rates for CNNs.

Corollary 4.9 Let s > 2 be an integer.

1. For H* with0 < a < (d + 3)/2, we have

sup Ih — fllgeomay S L™ 4.

inf
heHe FECNN(s,L)

2. For F5(1), we have

1_3
sup inf = fllpoomdy S L7272,
heFq (1) fGCNN(S,L) L@

Proof Forany N € N,wetake L = | X4 41| =< N, then F, (N, M) S NN (N, 1) €
CNN (s, L) forany M > 0, by Proposition 4.8. (1) follows from Corollary 2.4 and
(2) is from Lemma 2.3. O

Since the number of parameters in CAN (s, L) is approximately L, the rate
O(L=*/4) in part (1) of Corollary 4.9 is the same as the rate in [64] for fully con-
nected neural networks. However, [31, 65] showed that this rate can be improved to
O(L~2%/4) for fully connected neural networks by using the bit extraction technique
[6]. It would be interesting to see whether this rate also holds for CN'N (s, L).

As in Theorem 4.2, we use Lemma 4.1 to decompose the error and bound the
approximation error by Corollary 4.9. The covering number is bounded again by
pseudo-dimension.

Theorem 4.10 Let ff be the estimator (4.2) with Fy = CN'N (s, L,), where s > 2 is
a fixed integer, and set B, = c1logn for some constant c1 > 0.
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1. If H = H* with o < (d 4+ 3)/2, we choose
d
L, < n2d+
then
Ep, 175, £ — hll} 2, S n” 7 (logn)*,

2. If H = F4 (1), we choose

then

_ 443
Ep, 175, £ = 1172,y S 0”38 (logn)*.

Proof The proof is the same as Theorem 4.2 and [68]. We can use (4.3) to bound the
covering number by the pseudo-dimension. For convolutional neural networks, [6]
gave the following estimate of the pseudo-dimension:

Pdim (75, F,) S Lup(s, L) log(q(s, Ly)) < Lilog Ly,
where p(s, L,) = (5s +2)L, +2d —2s < Lyand g(s, L) < L,(d +sLy,) < L,%
are the numbers of parameters and neurons of the network CNA/ (s, L,,), respectively.
Therefore,

log N (¢, Tg, Fu | 111 (x,,) S L7z 108(Ln) log(By /€).

Applying Lemma 4.1 and Corollary 4.9, if H = ‘H* with « < (d + 3)/2, then

2 3 o
L: log(L,)(logn) + L;%

Ep, 175, f = hll12 S -

We choose L, = n?/@442%) then Ep, (|75, ;7 — hl|3, w S n=/d+®) (Jog n)*. Sim-
ilarly, if H = F5 (1), then

L21og(L,)(logn)3 _di3
Ep, T8, fif = lljag) S ——— L T

We choose L, < n?/G4+3) then Ep |75, [ — h”iZ(u) < pm@+D/Gd+3) (1ogn)*. 0

Finally, we note that the recent paper [68] also studied the convergence of CNNs
and proved the rate Om=VY 3(log n)?) for H* with o > (d + 4)/2. The convergence
rate we obtained in Theorem 4.10 for F, (1), which includes H* with @ > (d + 3)/2
by Theorem 2.1, is slightly better than their rate.
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5 Conclusion

This paper has established approximation bounds for shallow ReL.U* neural networks.
We showed how to use these bounds to derive approximation rates for (deep or shallow)
neural networks with constraints on the weights and convolutional neural networks. We
also applied the approximation results to study the convergence rates of nonparametric
regression using neural networks. In particular, we established the optimal convergence
rates for shallow neural networks and showed that over-parameterized neural networks
can achieve nearly optimal rates.

There are a few interesting questions we would like to propose for future research.
First, for approximation by shallow neural networks, we establish the optimal rate
in the supremum norm by using the results of [55] (Lemma 2.3). The paper [55]
actually showed that approximation bounds similar to Lemma 2.3 also hold in Sobolev
norms. We think it is a promising direction to extend our approximation results in the
supremum norm (Theorem 2.1 and Corollary 2.4) to the Sobolev norms. Second, it is
unclear whether over-parameterized neural networks can achieve the optimal rate for
learning functions in H“. It seems that refined generalization error analysis is needed.
Finally, it would be interesting to extend the theory developed in this paper to general
activation functions and study how the results are affected by the activation functions.
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