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Abstract

By the work of P. Lévy, the sample paths of the Brownian motion are known to
satisfy a certain Holder regularity condition almost surely. This was later improved
by Ciesielski, who studied the regularity of these paths in Besov and Besov-Orlicz
spaces. We review these results and propose new function spaces of Besov type, strictly
smaller than those of Ciesielski and Lévy, in which the sample paths of the Brownian
motion almost surely lie. In the same spirit, we review and extend the work of Kamont,
who investigated the same question for the multivariate Brownian sheet and function
spaces of dominating mixed smoothness.
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1 Introduction

Already in 1937, Paul Lévy showed [36, Section 52], that the sample paths of the
Wiener process W = (W;);>¢ satisfy almost surely the Holder condition

1
Wy — Wi <c- 2|l/—l|10g<m> (1

for every ¢ > 1 and |¢/ — ¢| small enough. In general, one can define for a positive
function g on [0, 1] the Holder space C8([0, 1]) as the collection of all functions f on
[0, 1] such that

lf(s) = fOl =cgls—1]) forall 0<s,2<1

Then the result of Lévy shows that the paths of W almost surely lie in the Holder
space C2([0, 1]) with g(r) = |rlogr|'/? for r > 0 small. Furthermore, this result is
known to be optimal and this space is the smallest one in the scale of Holder spaces,
in which the paths of W almost surely lie in [11, 37]. This shows, in particular, that
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the log-factor in (1) is necessary and that the smoothness regularity 1/2, which is
Cl/z([O, 1]), i.e., the space above with g(r) = |r|1/2, cannot be achieved in the scale
of Holder spaces.

Later on, Ciesielski proved in [8], that one can actually obtain smoothness of the
order 1/2 if one gives up slightly on the integrability. Namely, [8] shows that the

paths of W lie almost surely in the Besov space Bll,{ 30([0, 1) for1 < p < oo.

The excluded endpoint space is again Béé?oo([o, 1) = cY2([o, 11). Shortly after,
Ciesielski and his co-authors [9, 10] refined the analysis of [8] and discovered, that
almost all paths of W lie in the Besov-Orlicz space Bé,é 2,00([0’ 1]), which combines
the technique of Besov spaces together with the Orlicz space generated by the Orlicz
function ®, (1) = exp(tz) — 1. This space is (properly) included both in the Holder

space C8([0, 1]) discovered by Lévy as well as in the Besov spaces B 117/ 20([0, 1]) for

1 < p < 00. As such, Bé/z %oo([O, 1]) represents currently the smallest space in which
the sample paths of the Wiener process are almost surely known to lie. On the other
hand, its definition is certainly more involved than the Holder condition of Lévy (1).

The results on the regularity of sample Wiener paths were later complemented,
generalized, and applied in several different ways. The optimality of the result of
Ciesielski in the scale of Besov spaces was studied in [47] and [3], where the latter
reference studies the topic in the frame of modulation spaces and Wiener amalgam
spaces. Path regularity of more general processes was investigated in [21, 50, 51] and
we refer to [62] for results on the torus. The approach was also generalized to Wiener
processes with values in Banach spaces in [23], and applied to regularity properties
of stochastic differential equations [43, 44].

Let us also mention that many other properties of sample paths of the Wiener pro-
cess, Brownian sheet, and other random processes were studied extensively. They
include different dimensions of the graph set, small ball probabilities, hitting proba-
bilities or the law of iterated logarithm. We refer in this context to [30, 31, 40, 61, 66,
67] and the references given therein.

The first aim of our work is to present an essentially self-contained proof of the
results of Lévy and Ciesielski, which should be easily accessible to readers familiar
with the theory of function spaces. This will be done by first deriving the decomposition
of sample Wiener paths into a series of Faber splines with independent standard Gaus-
sian random coefficients. Afterwards, the proof that almost all paths of the Wiener
process lie in a Holder space of Lévy or in the Besov or Besov-Orlicz spaces of
Ciesielski, reduces to rather straightforward concentration inequalities for indepen-
dent Gaussian variables. For this purpose we collect basic facts on Gaussian variables
(and some other related random variables), that are needed throughout the manuscript,
in Sect.4.

Let us briefly summarize the main steps of this approach. It is essentially based on
two very well-known properties of the Faber system. This is a system of shifted and
dilated hat functions v; j,, cf. (3), where j € Npand 0 < m < 2/ — 1, which are
concentrated on the dyadic intervals 1; ,, = [m - 277, (m + 1)27/]. The first property
of this system is described in detail in Theorem 3. It states, thatif {&; ,, : j € No, 0 <
m < 2/ — 1} are independent standard Gaussian variables, then the series
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oo 2/-1

Z Z 27U v () fort e [0, 1]

j=0 m=0

converges almost surely uniformly on [0, 1] and its limit coincides with the Wiener
process W = (W;);>0.

The second key property of the Faber system is that it can be used to describe several
classical function spaces of Besov-type. To be more precise, a function f representable
(in some sense) by the series

0o 2/—1

/= Z Z Mj,mzijsvj,m

j=0 m=0

belongs to such a Besov-type space if, and only if, the sequence of coefficients
{14 m}jm satisfies some summability and/or integrability condition. Naturally, these
conditions differ from one space to another, but usually they can be rewritten in the
language of the step functions

2/-1

fi= Zﬂj,mxj‘,m, 2)

m=0

where x;  is the characteristic function of /; ;,. For example, the proof that Wiener
paths almost surely lie in the Besov-Orlicz space B<11>/2 200([0, 1]), reduces by this tech-
nique to the statement, that || f;||¢, is finite and uniformly bounded over j € Ny if
we replace the u; ,’s in (2) by independent standard Gaussian variables &; ,,,. We use

this approach to re-prove the results of Lévy and Ciesielski and, in the named case
of the Besov-Orlicz space Bé/z 2 5o ([0, 1]), we provide an alternative proof, based on a
characterization of the Orlicz space L4, ([0, 1]) in terms of non-increasing rearrange-
ments.

The second aim of this paper is to show that this procedure can be stepped up
and that (based on some knowledge about Gaussian variables) one can produce even
smaller function spaces, which still contain the sample Wiener paths almost surely.
The price to pay in this context is that the new spaces do not fall into any standard
scale of function spaces. Let us again briefly sketch the main idea and the main results.
First, we observe that if we use independent Gaussian variables as the coefficients in
(2), then the Orlicz space L, ([0, 1]) measures very effectively the size of the f;’s
among the function spaces invariant with respect to the rearrangement of a function.
But it does not take any effort to describe the position of large values of f;. Indeed,
ifé; =¢j0,....¢ 2 j_1) are independent Gaussian variables, then the maximum of
|€;,m| over m is known to behave asymptotically like v/j with high probability. But
these large values are unlikely to appear close to each other in § ;. Therefore, we expect
that the averages of randomly constructed f; would be of much smaller size than the
fj’s themselves. This is indeed the case, as is shown in Theorem 11, where we prove
that || Ay fllo, behaves (up to a polynomial factor) as 2&=/2 for 0 < k < j. Here,
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Ay g is the average of a function g over the dyadic intervals I ;, cf. (32). In Theorem 13
and Theorem 15 we provide three more function spaces of this kind, including certain
function spaces based on some sort of ball means of differences.

We study also the generalization of the previous approach to the multivariate setting.
The high-dimensional analogue of the Wiener process is known as the Brownian
sheet, cf. Definition 16. For the sake of brevity, we restrict ourselves to d = 2 and
the Brownian sheet defined on the unit square [0, 112 of RZ, but higher dimensions
could be treated in the same way with only minor modifications. The known results
in this area go essentially back to the work of Anna Kamont [27, 28] (whose Ph.D.
supervisor was Zbigniew Ciesielski). Note however that in general, certain properties
of Brownian sheets, especially at the end-points of the function space scales (p < 1
or p = 00), become much more complicated for dimensions d > 3 than for d = 2
(e.g., small deviation/small ball probabilities, cf. [4] and [5]).

Similarly to the one-dimensional case, one first obtains a decomposition of the
paths of the Brownian sheet in a suitable basis, the so-called multivariate Faber
system. This is nothing else than the tensor products of the hat functions of the
one-dimensional Faber system. The coefficients in this decomposition are again inde-
pendent standard Gaussian variables. The corresponding function spaces, the spaces
of dominating mixed smoothness, are very well-known in the field of approximation
theory of functions of several variables. Unfortunately, in [27] Kamont called these
spaces anisotropic Holder classes, which might explain why her work went essen-
tially unnoticed by the community of researchers investigating function spaces of
dominating mixed smoothness.

Also in this part we re-prove the known results in a way which we hope will
be easily accessible for readers with a background in the theory of function spaces.
Again, we employ a number of different scales of function spaces to describe the path
regularity of the Brownian sheet. These include Besov and Besov-Orlicz spaces of
dominating mixed smoothness, as well as Besov spaces of logarithmic dominating
mixed smoothness (which surprisingly differ from those introduced by Triebel [58]).
Finally, we also propose new function spaces, which are strictly smaller than the best
known spaces so far, in which the paths of the Brownian sheet almost surely belong
to.

The structure of the paper is as follows. Section?2 treats the univariate Wiener
process. We first present Lévy’s decomposition of its paths into the Faber system (The-
orem 3). Then (in Sect. 2.2) we review the necessary notation from the area of function
spaces. In Sect.2.3 we merge these two subjects and re-prove the results of Lévy and
Ciesielski, giving an alternative proof for the Besov-Orlicz space Bgz %Oo([O, 1]) in
Sect.2.4. The new function spaces, where the paths of the Wiener process lie in almost
surely, are then investigated in Sect.2.5. Section 3 studies the regularity of Brownian
sheets and follows essentially the same pattern. After reviewing the necessary tools in
the multivariate setting (Lévy’s decomposition, multivariate Faber systems, function
spaces of dominating mixed smoothness) we re-prove the results of [27] and sketch
the new function spaces, in which one can find almost all paths of the Brownian sheet.
Finally, to make the exposition self-contained, Sect. 4 collects basic properties of ran-
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dom variables (including Gaussian variables, their absolute values and the integrated
absolute Wiener process). We also collect some facts about Orlicz spaces.

2 Regularity of Brownian Paths

In this section we discuss the regularity of the sample paths of the classical Wiener
process. Our approach is based on the decomposition, which can be traced back to
Lévy [36]. Essentially, it gives a decomposition of the Wiener paths into the Faber
system of shifted and dilated hat functions, with the coefficients given by independent
Gaussian variables. This, together with characterizations of various function spaces
in terms of the Faber system, will allow us to re-prove the classical results of Lévy
and Ciesielski, as well as to define new function spaces, where the sample paths of
the Wiener process almost surely belong to.

In our work (as it is common in the literature) the notions of Wiener process and
Brownian motion are used as synonyms, which both refer to the following definition.

Definition 1 A real-valued random process W = (W;);>¢ is called a Wiener process
(or a Brownian motion) if it satisfies

(1) Wo =0;

(2) W has almost surely continuous paths, i.e., W; is almost surely continuous in ¢;

(3) W has independent increments, ie.,if 0 < tp <t < --- < t,, then W, —
Wi oo Wiy — Wi, ..., Wy — W, are independent random variables;

(4) W has Gaussian increments, i.e., W; — Wy ~ N (0, —s) for0 < s < 1.

Let the random variables (W;);>0 be defined on the common probability space
(2, F,P). Then, for every w € €2 fixed, we call the mapping t — W;(w) a Brownian
path (or a Wiener path).

2.1 Lévy’s Decomposition of Brownian Paths

We now present Lévy’s representation of Brownian motion, which is essentially a
dyadic decomposition of the paths of Brownian motion into a series of piecewise linear
functions with random coefficients. Although much of this idea applies to general
continuous functions on any closed interval, we restrict ourselves to (W;);c;, where
I =10,1].

For every j € Ny we construct a (random) continuous function W;(z), which is
piecewise linear on all dyadic intervals

m m+1 .
, — J _
I],Wl_|:2js ) ], me{O,...,Z ]}

and which coincides with a given path W, at their endpoints
m .
tj,mzi, mE{O,...,ZJ}.
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Fig. 1 Hat function v; A

>
>

27jm tj+1’27n+1 Q_j (m —+ 1)

For j = 0, we put Wo(¢) = Wj -t and observe that Wp(0) = Wy = 0 and
Wo(1) = Wy, i.e., Wy(t) coincides with W, fort =tpo=0andt =11 = 1.

For j = 1, we are looking for a continuous function Wj(¢), which would coincide
with W; notonlyint; o =90 =0and#; 2 = 5,1 = 1, butalsoin#; | = 1/2. For this
sake, we add to W (¢) a suitable multiple of a continuous function v(¢), which vanishes
att = 0and ¢ = 1 and is linear on I 9 = [0, 1/2] as well as on 111 = [1/2, 1].
Therefore, v(t) is the usual hat function supported in 7, i.e.,

2t ifo<t<i,
v()=432(1—1) iff<t<l,
0 otherwise

and we put
Wi(t) = Wo(t) + W12 — Wo(1/2)u(r), t ][0, 1].

We proceed further inductively. Let j € N be fixed and let us assume that
Wo(), ..., W;(t) were already constructed. Then W, — W;(¢) vanishes at t; ,,
forall m € {0,1,...,2/}. Form € {0,1,...,2/ — 1}, we define W;,(¢) for
t € Ij,, by adding to W;(¢) a continuous piecewise linear function with support

in I, to ensure that W;;1(tf) = W, also in the middle point of /;,,, i.e., in
Ll omel = 22’_'%1 = ;"—j # Hence, we need to add to W;(z) a multiple of

the hat function v; ,, (t) = v(2J(t — tjm)) with supportin /; ,, (see Fig.1)

20F(t — 27T m) if2~/m <t <27 im 427771,
Vim@) =22 m 4+ 1) —1) if27Tm 4277 <t <27 m+ 1), (3)
0 otherwise.
We repeat this procedure for every m € {0, 1, ...,2/ — 1} and obtain (Fig. 2)
2/ -1
Wi () :=W;(@) + Z {Wiisiomer = Wiltisiomr) }vjm @), 1 €[0,1]. (4)
m=0
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Fig.2 Piecewise linear functions W (¢) approximating W;

The main disadvantage of (4) is that the coefficients in the sum over m involve both
the values of the Wiener path W; as well as the values of its approximation W/ (t).
Therefore, we rewrite it in such a form, that only the values of W; at dyadic points get
used.

By its construction, W;(¢) is linear on every /; ,, and coincides with W; at its
endpoints and, therefore, we may also write it as

W) =W + (1= 22) 20 [Waes =W ] 1€ L,
2 y

This allows us to rewrite the coefficients of (4) as

2m +1
Wtj+l.2m+l W/ ([j-l-l 2m+1) = W2m+l W’ (W)

1
= W2m+l - (W + — 2]+1 . 2 I:Wm+l - Wm ])

o+ 27 2J

1
= —E(WM —2Woms1 + W om )

2J+1 2 J+1 2J+1

2m
(Az W) (5771

where

(ALN) = fOx+2m) =2/ (1) + f@) = (f(x+20) = Fx+h))
~(re+m =)
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are the second order differences of a function f. Together with (4) this leads to

2/1

Wi (t) = W) — > Z(A ,1W>(2]H)v,m(r> ref0.1].  (5)

The reader may notice that all what we did so far, including (5), applies to general
continuous functions on /. We summarize this in the following theorem (and refer to
[58, Theorem 2.1] for a detailed proof and to [16, 18] for historic sources).

Theorem 2 Let f € C(I). Then
oo 2/—1

1
FO=FO - A=D+f1) 1= > (A, HRTT Mm@ (©)

j=0 m=0

forevery O <t < 1 and the series converges uniformly on I.

To transform (5) into a series representation of W;, we note that the variables

Wantza — Wamsr and Wamst — W are independent and have by Definition 1 the
2Jj+1 o+ 2+ 2Jj+1

distribution A(0, 2~U+D) Hence, by the 2-stability of the normal distribution, cf.
Lemma 26, Wiy, 5,0, — Wj(tjs1omr1) = —5(A2_ 1W)(W) is normally dis-

tributed with mean zero and variance 2~V +2),
We can therefore rewrite (5) as
2/-1
Wini(t) = W) + Y 27U 2 v @), 1 €l0,1],
m=0

where &; ,,, are standard normal variables. An explicit formula for W; can then be
obtained by noting that the series

o0
> (Wi = w;m) @)
j=0

converges almost surely uniformly to

Wy — Wo@t) =W, — Wy -t with W, =& ~N(O,1).

This follows by the tail bound for normal variables, cf. Lemma 27, and a straightfor-
ward union bound, which give for every real A > 1 that

oo 2/—1
P(3) € Not Wit = Willow > 4-27714) < 37 Z P(l&jm| > 24 -27%)
j=0m

8

<Y 2Vexp(—24% 2172,
Jj=0
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If A goes to infinity, the last sum tends to zero and, therefore, the probability that
Wit1 — Willoo < A - 277/% for all j € Ny grows to one. This ensures that (7)
converges uniformly almost surely.

This yields that we have almost surely

oo 2/—1
Wy=g -+ Y 27U @), tel0,1], ®)

Jj=0 m=0

As the last step, we need to complement (8) by the crucial observation that the
random variables {§_1} U {&; ;,, j € No,0 < m < 2/ — 1} are independent. For that
sake, let &, . ..., &jy,my be fixed and let us put

J =max(ji,..., jn).
We collect the independent Gaussian variables

W=Wiu —W ., I=0,1,..,2"" -1,

. ~ J+1 . . .
into a vector W7/ = (WO, W2 - _1)7. Using this notation, we observe that

2]+I_1

Ea=Wi-Wo= ) W =(1.. DL W)
=0

Similarly, forevery 0 < j < Jandm € {0, ..., 27 — 1}, we get

279 = (WM - WM) - (WM - WA)

2j+1 2Jj+1 2J+1 2j+1
2771 2771
J=J 2= ind
— Z W(2m+l)2 +l Z WZm 2 +1 — <h“/{’m9 WJ>,
=0 =0

where . .
+1 ifCm+ D277 <1 < @m+2)2777,
(] =1 -1 if2m 271 <1 < @m+ 1277, ©)
0  otherwise

for 0 < I < 27t — 1 are the discrete version of the usual Haar functions. The
independence of &, j,, . . ., &y, my NOW follows from the orthogonality of the vectors

(hjj.i o )lN: 1» ¢f. Lemma 26. This leads to the following representation.
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Theorem 3 Let (W;);e; be the Brownian motion according to Definition 1. If v
denotes the Faber system according to (3), then almost surely it holds

oo 2/—1

Wy=g 114 Y 27U v, @) fort €0, 1],

Jj=0 m=0

where {€ 1} U{&jm 1 j € No,0 <m < 2/ — 1} are independent N'(0, 1) random
variables and the series converges uniformly on I.

2.2 Function Spaces and Faber Systems

As already explained in Sect. 1, the description of the regularity of the paths of the
Brownian motion will be given in different scales of function spaces of Besov, Holder,
and Orlicz type. In the sequel, we try to give in brief the basic definitions and charac-
terizations of these spaces.

We assume, that the reader is familiar with the spaces of complex-valued continuous
functions C(R) and C (1) as well as with the Lebesgue spaces of integrable functions
L ,(R)and L ,(I). For Lebesgue spaces we simplify the notation by writing the norms

£l == | £IL,]- (10)

The domain 7 or R of the function f in (10) should always be clear from the context.
Forany 0 < p < oo and any f € L,(R), we denote by

ALH@) = fFx+h) — fx), AN =AY, (11)

the usual first-order and higher-order differences (as already briefly mentioned in the
previous section), where x € R, 7 € R and M € N. We start with the definition
of Besov spaces. These spaces have a long history and many of their aspects were
studied in the last decades, cf. [45, 48, 57]. In particular, there are many alternative
definitions of Besov spaces to be found in the literature (e.g., through the Fourier
transform, Littlewood-Paley-type decompositions, wavelets or atoms), which under
certain restrictions of the parameters coincide (i.e., they result in the same space with
an equivalent (quasi-)norm). For our purposes the approach through finite differences
is the most natural one.

Definition4 (i) Lets > 0 and 0 < p, g < oo. Then the Besov space B;‘)yq(R) is the
collection of all f € L,(R) such that for M = |s]+1,

t
|| <t !

1/q

1

_ d

1f1B3 R = £l + (/0 7 sup ||A£4f||7a—> < oo,

Here, |s] is the greatest integer less than or equal to s.
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(i) Besov spaces on the interval I = [0, 1] C R are defined via restriction, i.e.,
B ()= {f eL,(I): f=g|, forsome g e B;’q(R)] . (12
normed by
I£1BS, (Dl = inf ||| B, (R

where the infimum is taken over all g € B), q (R) with g| =1

Our approach to the regularity of the Brownian paths is based on the close con-
nection between Besov spaces (and other function spaces) and the decompositions in
the Faber system. The Faber system on the interval / = [0, 1] is the collection of
functions

{vo, V1, Vjm:j€Noym=0,...,2/ —1},
where
) =1-x, vix)=x, xel

and v; , is defined by (3) for j > 0. Let us note that the Faber functions are (possibly
up to normalization) essentially the antiderivatives of the Haar functions, which we
encountered in their discrete version already in (9). Then Theorem 2.1 of [58] (cf.
Theorem 2) shows that the Faber system is a (conditional) basis of C(/) and that
every f € C(I) can be written as

oo 271
f00) = fO)ox) + f(Dvi(x) — %Z D AN M), x el

Jj=0 m=0

Furthermore, concerning the decomposition of Besov spaces B ‘;,’ q (1) with the above
Faber system, we recall Theorem 3.1 in [58, p. 126].

Theorem5 Let O < p,q < oo and

1 1
— <s<1+min(—,1>
p p

be the admissible range for s as illustrated in the figure aside. Then the sum
oo 2/-1
f=novo+mivr+ Y Y wim2 v, (13)

j=0 m=0
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S

= =

”GI*—'v

with po = po(f) = f(0), w1 = n1(f) = f(1) and
Wjm = wjm(f) ==2"1A3 . 2 m)
lies in B;’q(l) if, and only if,

oo 2/—1

i a/p\
lalbr o (DI = |uo|+|m|+(2(22 Mijml?) ) < o0,

j=0 m=0
2.2.1 Function Spaces of Logarithmic Smoothness

As pointed out already in the Introduction, one can obtain finer descriptions of the reg-
ularity properties of the Brownian paths, if one uses different (and more sophisticated)
scales of function spaces.

Therefore, we now introduce the so-called function spaces of logarithmic smooth-
ness, cf. [13, 17, 26, 41]. Here again we rely on the exposition and results from [58].
In particular, function spaces of logarithmic smoothness are a special case of Besov
and Triebel-Lizorkin spaces of generalized smoothness, where the smoothness factor

2/ getsreplaced by  2/5(1 4 j)~*

with s, € R. Following [58, Proposition 1.7.4] we can define function spaces of
logarithmic smoothness by differences as follows.

Definition6 Let0 < p,g < 00,5, € R,and M = |s] + 1 with

1
s > max (—,1) —1.
p

@ Springer



498 Constructive Approximation (2024) 59:485-539

Then the logarithmic space B[S,’f; (R) contains all functions f € L,(R) with

1 B B dt 1/‘1
HﬂB;’:Z(R)H =1fll, + (/ 17391 + |log )7 sup ||A24f||?)—> < 0.
0 O<h<t t
(14)

Note that in comparison with [58] we have replaced o by —« in the definition of the
logarithmic space B;’Z (R) leading to some minor adaptations in the theorem below.
If p = oo and/or g = oo, then (14) has to be interpreted accordingly. Especially, if
p = q = oo, then

om(f, Doo
B2 (R = —_—,
| f1 B (®)]| Illee + S0P T o™

where wp (f, 1)oo = SUPyp < 1A 2” flloo denotes the corresponding modulus of con-
tinuity. As a consequence, the spaces By, oo (R) coincide with the spaces C**(R) of
Holder-Zygmund type, which are usually defined by

oy (f,1)
IFICT* R == | flloo + sup %
0<t<1y2 t*|logt|

cf. [20, Rem. 9] or [42, Rem. 2.8.(ii)]. Following [58, Theorem 3.30] we have also a
characterization in terms of the Faber system of the spaces B;”Z (I) in which we are
interested here. The restriction from R to [ is done in the same way as described in
Sect. 2.2, cf. (12).

Theorem7 Let0 < p,q <ooands,o € R with
1 e
—<s<l4+mn|(—,1).
p p

Then f € L,(I) belongs to B;,’f; (1) if, and only if, it can be represented as

oo 2/—-1
f = pmovo + pivr + Z Z Mj,mz_jsvj,m7 (15)
j=0 m=0
where [Lj pm € b;’;’ (), i.e.,
00 2/—1 ) a/p 1/q
lielb (DIl = |pol + 1] + (Z(l + j)‘“"(z 2—f|u,-,m|1’) ) < o0.
j=0 m=0

Here the sum in (15) converges unconditionally in Bgﬁq(l) for o < s and in C(I).
Moreover, the representation is unique with
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po = po(f) = f(0), pi = m(f) = f(1) and
jm = wjm(f) ==2"1A3 . 2T m)

wherejeNoandm:O,...,Zj—l.

Remark 1 In the theory of function spaces there are two different approaches on how
to deal with the normalization factors appearing in characterizations with building
blocks such as atoms, wavelets or Faber functions (as it is our case here). The first
approach tries to take the same building blocks for any function space B;’ q Or Bf,’f’q‘
independent from the chosen smoothness parameters s, . This results in the adaption
of the corresponding sequence spaces in by, , or b}, where now these parameters
play a role.

The second approach changes the definition of the building blocks according to
the smoothness parameters s and «. The consequence is that then the corresponding
sequence spaces b, , are independent on s and «. In this work, we always use the
same decomposition of the function, which corresponds to Lévy’s decomposition (8).
For that reason, we prefer to work with (13) and (15) in the above theorems. This
results in Theorem 5, where the sequence spaces b; 4 corresponding to By, . (I) are
independent of the chosen smoothness s. Furthermore in Theorem 7 we only include
the logarithmic smoothness parameter within the sequence space norm. To that end,
now b, (I) corresponds to By, (1), which is still independent on s but depends on
a.

2.2.2 Besov-Orlicz Spaces
We replace the Lebesgue norm | - ||« in the interesting boundary case p = oo in

the definition of the Besov spaces by the Orlicz-norm | - ||e,, which is given by the
following Young function

@,(r) = exp(t?) — 1 for t > 0. (16)

In particular, we define for dimension d € N the Orlicz space L, ([0, 1]d ) as the
collection of all measurable functions on [0, 1]¢ with

Ifllo, = inf{)\>0:/ d>2<|f(t)|>dt§ 1} < 00. a7
[O,I]d A

This Orlicz norm and its equivalent expressions play a fundamental role in the char-
acterization of sub-gaussian random variables [25, 63].
By Theorems 31 and 32, || ||, is also equivalent to

fr @) (VAP
Sup —F———— and sup ———,
0<t<1 /log(1/1) + 1 p=1 /P
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where
F(t) = inf {s €0, 1]: [{r €10, 119 : | f(r)] > s} < t}

is the non-increasing rearrangement of f.

Now we are going to define the Besov-Orlicz spaces Bgz %OO(I ) directly via the
decompositions with the Faber system. The sequence space norm is a direct adaptation
from the sequence spaces b; ¢ (1) from Theorem 5, where the L (1) is now replaced
by the Orlicz norm L, (), and the characterization from Theorem 32. We also refer
to [10, Theorem II1.8], where a characterization of these spaces with the help of the
Faber system is given and to [46], where one can find an alternative approach to
Besov-Orlicz spaces.

Definition 8 (i) The sequence space bgz‘ ~ 18 the collection of all sequences

= (jm: jeNy, m=0,...,2/ — 1}

such that
2/ -1 2/ —1
+ . ~
Hulbq,z,oo(l)H = sup Z KjmXjm| = sup sup Z Mjm X jm
jeNp m=0 jeNp p>1 )4 m=0
[0 4
2/ -1
1 s 1/p
= sup sup—(ZZ Jluj,m|p) < 00,
jeNg p=1 m=0

where x; ,, is the characteristic function of /; ;.
(i) The function space Bclp/ 2’00(1 ) is the collection of all f € C([I) such that the

2
coefficients of its representation

oo 2/—1

£ =hovox) + Avi) + Y Y 272 v, x el (18)
Jj=0 m=0

satisfy H Al b:gmo(l) H < 00.

2.3 Results of Lévy and Ciesielski

In this section we present proofs of the results of Lévy [36] and Ciesielski [9] con-
cerning the regularity of Wiener paths in certain function spaces. Our main aim is to
show that they both follow quite directly from Lévy’s decomposition of Wiener paths
into the Faber system (8) combined with the characterization of the corresponding
function spaces via the Faber system. For that sake, we summarize Theorems 5, 7, and
Definition 8, which state the conditions on the coefficients guaranteeing that a function
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belongs to the function spaces considered by Lévy and Ciesielski. In particular, we
choose a formulation, which corresponds directly to (8).

Theorem 9 Consider a function f € C(I) with the representation

oo 2/—1
_ 2
£ =2ov0(x) + Mvi) + Y Y 27 Ajwvjm(x), x €,
j=0 m=0
where {vo, V1,V : j € No, m =0,..., 27 — 1} denotes the Faber system on the

interval I = [0, 1].

1/2 172

(i) f belongs to By, (1) if, and only if

sup —

jeN \/7m =0

sup | j.ml < 00. (19)

.....

(ii) Let 1 < p < o0. Then f belongs to Bll,{go(l) if, and only if

2/ -1

/p
sup(Z 2" J|x]m|1’) < 0. (20)
jeN m=0

(iii) f belongs to B oo (D) if, and only if

2/ -1

1 : 1/p
sup sup—(Z 2_J|)Lj,m|P) < 0. 21
jeNp=1 VP N

1. Wiener paths belong to Bl/ 21/ 2(1 ) almost surely (Lévy [36]) Comparing (8)

with (19), it is enough to show that

sup — sup |"§-, | < oo almost surely, (22)

jeN «/7 m=0,..., "
where {&;,, : j € Nym = 0, ...,2J — 1} are independent standard Gaussian
variables.
To prove (22), we denote by A?’ the event when sup,,_o 21 |&j.m| = N/j
and estimate

. - SN2
P(AY) < 2/P(jw| = Nj) <2/e N2, (23)

where we used the estimate from Lemma 27 (i). Using an estimate, which resem-
bles the approach of the Borel-Cantelli lemma and which we shall use frequently
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later on, we obtain for every positive integer Ny,

e

,,,,,

=

MS

Z 206 NGI2 (24)

j=1

As the last expression tends to zero if Ng — 00, this finishes the proof of (22).
2. Wiener paths belong to B o OO(I ) almost surely (Ciesielski [8])

We restrict ourselves to 2 < p < oo, which allows us to use Theorem 5. The

smaller values of p are then covered by the monotonicity of Besov spaces on

domains with respect to the integrability parameter p. Again, by (8) and (20), it is

enough to prove that

2/ -1 /p
sup(Z 27 ’|$] m|”> < oo almost surely forevery 2 < p <oo. (25)
jeN

Fix 2 < p < oo and let 4, = E |w|? be the pth absolute moment of a standard
Gaussian variable w. This time, we denote for every t > 0 and j € N by A’j the
event that

1 2/—1

57 2 VEiml” —p > 1.
m=0

Then, by Markov’s inequality,

2/ -1 2/ 1

1 1 2
2P(A’)-#P((2] 2 Ll o) >t2> <E(55 X l5ml” = 1)
m=0
2/—1 2/ -1 2/ -1
= 22] Z|5,m\2"+E27] > & mlPIEal? — EZ|s,m| + 3
m=0 m#n=0 m=0

. :
_ MH2p 2720 = 1) 2 2 “2p _/'Lp
=t Ty (20

Similarly to (24), we conclude, that for every Nog € N it holds

2i-1 ~
(s 5 X ot =o¢) =5(( U1) = () = Zria))
J&No =7 o N=1j=0 j=0

Zuzp Mp_Z(sz—u,,)
- 2iN2 N

The last expression tends to zero if No — oo, which renders (25).
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3. Wiener paths belong to B oo (1) almost surely (Ciesielski [9])
This time, we need to show that

2/ -1

/p
sup sup — ( &7 m] ) < oo almost surely. 27
jeN p>1 \/_ 27 Z o

By monotonicity, it is enough to restrict the supremum over p to the integer values
p € N. Furthermore, we only need to refine the analysis done before. Indeed, it
follows directly from (26) that

2/ -1 2

1/p (21)1”’ Map —
( (21 Z &,m] ) NG < IP’(AZJ-) = % forevery t> pup.

m=0

Hence, if N > (2up)1/P/f, and if A?”p denotes the event when

271

(2] 3 el I

then
N.p Rap = 45 K2p
]P(Aj ) 2J— Z(N\/_)ZP = 2Jj— 2(N\/—)2p
2T (p+ 1
Since pzp = (%2) <2P.T(p+1)=2°.p! < (2p)?, we obtain for
T

every Ny large enough

2/ -1

o0 o0 o0
P <5 (57 2 r) " =) =2() ,,LPJ_IAM =2(U 4)
o0

. No,p H2p
< Z ]P)(Aj )SJ; ] 2(N()\/_)2P NZ

2p°
J.p=1 1 No

As the last expression tends to zero if Ng — 0o, we obtain (27).
Remark 2 Let us have a closer look at the relations of the different spaces we are
dealing with in terms of their embeddings. We rely on the characterizations (19), (20),

and (21) collected in Theorem 9. Furthermore, one can show in the same way that a
function f with (18) belongs to the Holder-Zygmund space B OO(I ) if, and only if,

sup sup [Ajml < oo. (28)
Jj€No m=0,...,27 1

@ Springer



504 Constructive Approximation (2024) 59:485-539

One can use (28) to recover the well known fact that the Wiener paths almost surely do
not belong to Bl/ 2 ~(I). Indeed, the supremum of 2/ independent standard Gaussian
variables grows asymptotlcally as 4/j, cf. also Lemma 27(ii), which violates (28).
Furthermore, (20), (21), and (28) show that

1/2
5,00

Bio(I) = Byl> (I) = B2 (I).

1/2 1/2

To compare the spaces B oo(I) and By, (I) we estimate for every j € N

21 _
1 1 y
—=- sup  [Ajml=—7=lAj llee = —= - lIA).]l __( 27 |,)
Vi m=o...2i-1 o \/7 P \/_ gl Z jum
2/ -1
1 I/p
<2sup—<22 J|)ij|p) -
pzl p m=0

Therefore, B / 2 o) = Bl/ 2l 2(I ) and the result of Ciesielski is an improvement

over the result of P. Lévy, pr0V1d1ng a strictly smaller space, which contains almost all
Wiener paths.

Finally, let us note that By, (I) and B (I ) with 1 < p < oo are incompara-
ble. This can again be easily seen by looking at the sequence space characterization (19)

and (20). First, the special sequence k(l) = \/jforall j € Nandallm =0,...,2/—1
1 /2 1/2

1/2 1/2

belongs to Bso (1) and not to Bp oo(I ) forany 1 < p < oo. Second, the sequence

5@ _ j, forjeNandm =0,
7m0, for j e Nandm > 1

1/21/2

belongs to B (I) forall 1 < p < oo but not to Bss ).

2.4 An Alternative Proof for the Besov-Orlicz Space B1/ 2 oD

We use the characterization given in Theorem 31 to re-prove the result of Ciesielski

[9], i.e., to show that the Wiener paths almost surely lie in the Besov-Orlicz space
pl/2

<I>z oo (). Comparing (8) with (18) we observe, that it is enough to show that

€163, (D] = sup Zsjmx,mo <o
m=0 CDZ

almost surely. Here, & = {§;,,,j € No,0 < m < 27 — 1} is again a sequence of

i.i.d. standard Gaussian variables and y; ,, denotes the characteristic function of the
interval I} .
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Therefore, we put for every integer j > 0

2/ 1
£ =Y Emxim®, 0<t<l, (29)
m=0

and observe that its non-increasing rearrangement is given by

271

f;k(l) = Z (é:j):1+l Xjm@®), 0<t<l,

m=0

2. . .
where ((éj)* )m=1 is the non-increasing rearrangement of the sequence &; =

(G

This allows us to calculate for j € N fixed

@ frm2i)
SUp ——————— = SUup ——————
O<t<l 10g(1/l‘) +1 m=1,...,2J lOg(zj/m) +1
fFm277)
= sup sup
k=0,...,j—1 2k <m<ok+1 /log(2/ /m) + 1
f*(2k 7 f;(zk_j)
< sup =c¢ sup ———
k=0.... log2/=k=1) +1 = o=k<j VJ—Kk
(éj)zk
=C SUup —F——. (30)
0<k<j VJ —k

Next, we denote by A’.(  the event that (§ );k > K./j —k and use Lemma 27
to estimate IP(AK k) We conclude, that for every Ko € N large enough such that

l6e_K0/2 < 1 it holds

HO _ _ K
P(oilrlgljsgl\ll)o,/log(l/t)—i-l_ )_ (ﬂ U 4 ) ( U Af"?‘)

K=10<k<j<oo O<k<j<oo
i—k)2k
Ko —K2)2 ] ok
< > PAai)=s Y (26 ’ €
0<k<j<oo 0<k<j<oo
0o 00

2 k R 2\ 2 !
Z(Z —-K? /2) _ez =Zez Z((ze—Ko/z) )
k=0 =1
o ok 2\ E —k22\fH! K22
5626 ( 0 ) 502(86 0 ) <2c-8e "0/~
k=0

The last expression tends to zero if Ko — 0o, which yields the desired result.
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2.5 New Function Spaces

The approach to regularity of Wiener paths presented in Sects.2.3 and 2.4 follows
actually arather straightforward pattern. If a certain function space under consideration
allows for an equivalent characterization in terms of the Faber system, then this might
be combined directly with Theorem 3. The proof that almost all Wiener paths lie in
this space then reduces to a statement about independent standard Gaussian variables.

In this section we show, that this approach can be further developed to introduce
even smaller spaces than Bé,/z %OO(I ), where the Wiener paths almost surely lie.

2.5.1 Spaces of Besov Type: Discrete Averages of Differences

By Definition 8 and Theorem 31, a continuous function f € C([) lies in the Besov-
Orlicz space Bclb/2 2’00(1 ) if, and only if, its decomposition into the Faber system (18)
satisfies .
f1@
sup

Sup ——— < ©
jeNg 0<r<1 /log(1/t) +1

2/ -1

Fi@® =" Ajmxjm®), 0<t<l (1)

m=0

where

Here x; ,, stands for the characteristic function of the dyadic interval I; ,, = [m -
27J, (m + 1) - 27/]. This condition quantifies very precisely the possible size of the
components f;, but (due to the use of the rearrangements f ]?") it fails to describe
the distribution of large values of f; on [0, 1]. For example, it does not exclude the
possibility that the large values of the components f; appear close to each other. But
this is actually unlikely for the Wiener process because in that case, the A; ,,’s get
replaced by independent Gaussian variables.

Therefore, we introduce new function spaces, where we measure the size of the
averages

1
t—s

1 t
:/ fjwdu or /|fj(u)|d”

and we expect them to be much smaller (in Lo, or the Lg,-norm) than f; itself. To
describe this idea mathematically, we define for an integrable function g on I the
averaging operators

21 (A+1)27* ~
(Arg)(x) = Z 2k /1sz g®)dt-yii(x) and (Agg)(x) = (Ax(lg))(x), x € I.

(32)

By what we outlined so far, we expect the kth dyadic average Ay of the jth dyadic

level of Lévy’s decomposition (8) to be much smaller in the L¢,-norm than the jth
dyadic level itself. This paves the way to the following definition.
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Definition 10 Let e > 0. Then the space A(¢) is the collection of all f € C(I), which
satisfy the following condition. If (18) is the decomposition of f into the Faber system
and f;, j € Ny, is defined by (31), then

Ifl 20-R/2 (Ax f)*()
A(g) “= SUp sup sup —; .
© jeNoO<k<jo<r<1 U —k+1D® Jlog(1/t) + 1
2(i—k)/2
~ sup sup ————— - || Ax fillo, < oo

jeNoo<k<j (J —k+ 1)¢
With this definition we are now able to prove the following.
Theorem 11 Let ¢ > 0. Then ||W.|| o) < oo almost surely.

Proof To estimate the norm of the Brownian paths in A(g), we use the decomposition
of W, into the Faber system (8). We therefore replace (31) by

271

[0 =" &mxjm®, 0<t<1,

m=0

where §; = (§ j,m)fﬁjz_ol is again a vector of independent standard Gaussian variables.
LetO <k < jandx € I. Then

j—k)/2 i—k 22]{71 [ -
2UTRRALFi(x) = 20702 % "2 / ) (Zsj,mx,-,m(r)>dr-xk,z(x>
=0 127 m=0
-1 271
= 2(]+k)/2<2 Ejmlli 0 lj,m|>Xk,1(X)
21 (+1)207k—1

= 2(kj)/2< 3 Ej,m)Xk,z(x).
=0

m=1.2J=k

By the 2-stability of Gaussian variables, cf. Lemma 26, it follows that 20/ =K/2 4, f i
is equidistributed with fi. Therefore,

20i=k)/2 A F)*(t
P(IW.Nlae = Ko) < Z P(— - sup (A [ (1) S K
g \U—k+D* occr Vlog(1/n) +1

(fi)* (@) . )
2, (ﬁ‘:ﬁlm = Ko (J >> + D

where I; collects the terms with O = k < j and I, includes the terms with | < k < j.
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The estimate of /; is rather straightforward

§§P(f5‘(1)21(0'(j+1)8) Zex( M)

and this expression tends to zero if Ky grows to infinity.
Using (30) and Lemma 27, we may estimate I, as follows

I < Z P<%ZC1KO-(1’—I¢+1)E>

0<m<k<j Y k—m
< Z ce?” (2exp( clKo(J —k+ )2‘9)) -2
O<m<k<j
e} 2¢
Y ceplkema Z(exp(—c%Kg(k - m)z'"))
0<m<k =1

We assume that K is large enough to ensure 8 exp(—c%Kg) < 1/2 and obtain

I <c Z 2" g k=m)2" exp(—c%Kg(k —m)2™)

0<m<k
o o0 v o0
ey Z<22'” exp(—c%ng'")) <2 Y 8% exp(—c}K32")
m=0 v=1 m=0
< 32c¢¢ exp(—c%K&),
which tends again to zero if Ky grows to infinity. O

Remark 3 In general, one can take also ¢ = 0 in Definition 10 and obtain the space
A(0). Nevertheless, it is quite easy to see that Theorem 11 fails for A(0) and that the
Wiener paths do almost surely not belong to A(0). Indeed, observe that

. A £t .
I flla) = sup sup sup 2G=0/2 M > sup 212 . (Aofj)*(l)-

jeNg 0<k<j 0<t<1 Viog(l/t) + 1 7 jen

Similarly as in the proof of Theorem 11 we therefore obtain
> &imx ,-,mu))dr

Iz

2/ -1

Zs

2/ -1

POIW. a0 = Ko) > ]P’<sup 2if2
J€Ng

> Ko)

> Ko) =P(sup |o;| > Ko) = 1,

<sup 272
Jj€No

Jj€No
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where Ko > 0 is arbitrarily large and (w j)?io are independent standard Gaussian
variables. Note that we have again used the 2-stability of Gaussian variables from
Lemma 26.

A similar result can be obtained if we use the absolute averaging operators Ay
instead of Ay. The decay of the averages Ay (f;) will now be described by the Orlicz
spaces Lo, ,, which are defined in (67), also cf. Theorem 33.

Definition 12 The space A is the collection of all f € C(I), which satisfy the follow-
ing condition. If (18) is the decomposition of f into the Faber system and f;, j € No,
is defined by (31), then

, Acf)*®) ~
I fllz:= sup sup — ~ sup sup [[Ax fjllp k- < 00.
jeNoO<k<j0<t<1 /2k=ilog(1/t) + 1  jeNoO<k<j

With this we can now state and prove the following statement.
Theorem 13 It holds that ||W.|| 3 < oo almost surely.

Proof By its construction,

2k—1
Acfi) =" vkmtem(®), x€[0,1],
m=0
where vp = (Vk,0, ..., Vg ok_1) is a vector of independent variables from G,,«, see

Definition 28. Similarly to (30), we obtain

Afp)*) (Ax ) (m27")
= su
0<t<1 /27 Tog(1/1) + 1 pei...2k /257 log(2k /m) + 1
A £k (nz—k *Y
<c s (Ar fj)"(2577) . (V)2

. = sup . :
2=0,.k—1 /2K Tk —z — 1) + 1 2=0,.k—1 /2K ik —z — 1) + 1

Then, for K¢ large enough using the estimate above and (58), we obtain

(Arfj)* (1) )
P(|W.]|7 = Ko) < P > K
(IW-lz= 0)_05,21. (oil;zl ST log(n+1 "

2 At )

k=ik—z—1)+1

0<z<k=<j
24
< Z |:e 2R exp(— Tk —z— 1) + 1)02K§2jk/4):|
0<z<k=<j
o0 [o/e]
=3 Y ok exp[—(k — 2~ DAK2/4- 21]
z=0 k=z+1
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Mg

Xp[ 2ik2K3/4. 22]

~.
1
~

]

Y3 e

X exp[—(k —z— 1)c2K§/4 . ZZ] exp[—czKOZ/4 . ZZ]

k—z
—ZZe Z (221 exp[—c2K§/4.2Z]>

=0 k=z+1

<4Ze 2% exp| - K3 /4 2]

<2

gMS

> 2024\ % 242
<4 (8e—c Ko/4> < 8.8 K3/,
z=0
As the last expression tends to zero if Ky — o0, this finishes the proof. O

Remark 4 We discuss the relation between the Besov-Orlicz space B oo (1) and the
new function spaces A(¢e) and A. We show in several steps that, for all e > 0, both

A(e) and A are strictly smaller than B oo(I) and that A(e) and A are mutually
incomparable.

(i) Setting j = k in the definition of A(e) or A and observing that A; f; = f; and

Zj fi = 1fjl, we conclude that A(¢) and A are both subsets of the space ngoo(l)
considered by Ciesielski.
On the other hand, if we put

2J .
i =1 ( ) 1. jeNyg, m=0,....2/ -1,
j.m 0g o + J 0, m

and define f; by (31), then it follows from (A f;) (1) = (Zkfj)(t) > fr(t) for
0<k<jandr €0, 1] that A(e) and A are proper subsets of Bl /2 o).

(ii) To show that A is not a subset of A(e) itis enough toset A, =1 for all j € Ny
and 0 < m < 2/ — 1 and define f; again by (31). Then Akfj = Akf] =1lon
[0, 1] for all 0 < k < j and for the corresponding f defined by (18) we obtain for
every ¢ > 0

Ifllz = sup (Axf)*(1)=1 and |f]ac
0<k <j
20i=k)/2

= — (A D) = .
oS Gk g 1y i) = e
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(iii) Finally, we show that A(¢) is not a subset of A for any ¢ > 0. We put for j > 1
and0<m <2/ — 1

2
log(—) +1 if m is even,
. m+1

Mjm =
2
(—1) - log( )+1 if m is odd.

Again, we define f; by (31) and f by (18). We observe, that due to the cancellation
property Ay fj = 0forall 0 < k < j and, therefore, f lies in A(e). On the other
hand, (Ay fj)(m -27%) > fim - 27 By for0 < k < jand 0 < m < 25 by
monotonicity and we obtain

(Ax fo)* (1) f5275

I fllz = sup sup > su = +o0.

keNO<t<1 /2 %log(1/t) +1 ~ keN /2 % log(2K) + 1

2.5.2 Spaces of Besov Type: Continuous Averages of Differences

The function space A introduced in Definition 12 is somehow difficult to handle. In
order to decide whether a continuous function f belongs to A, we first have to construct
its Faber decomposition (18) and the sequence { f; }‘J?io, cf. (31). Afterwards, we need

to apply the averaging operators Ay of (32) and, finally, we have to measure the size
of Ay fj in the corresponding Orlicz space Lo, (/).

Therefore, we investigate if A could be possibly replaced by a space which is defined
more directly, without the detour through the Faber system decomposition. For this,
we first note that by Theorem 33

I fllz~ sup sup [[Ax [l ok,
JjeNg 0<k<j

where || - ||, ok~ is the Orlicz norm introduced in (68). To avoid the use of f; and /Tk,
we observe that

2/ -1
Fi@ =" 2jmxjm® and Aj, =—22(A3,_ f)(m-27)
m=0

givesfor0 <k < j

2k—1

Aufyn =32 f 5Ol - 3000

2"—1 2/-1

= > i@ Y2yl Tk N Ll
=0 m=0
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2k—1 |
=2//2 Z Xk, (x) - 21—_,(
=0
(I+1)2/7F 1
x> 1AL Hm 27,
m=l[-2J—k

We now replace the discrete averages of second order differences by the continuous
averages. Before we come to that, we need to complement (11) by the differences
restricted to / and set

2h) —2 h if {x, h, 2h I,

This paves the way for the following defintion.

Definition 14 Let f € C(I).

1. Then we define for every 0 < k < j and every x € 1

261 1 a2

D3 f(x) = ; Xl () 5 /l . |A2_ -1 f(0)ldt,

and
, Pt
D2 f(x) = F/X_TH A2 f@ldr.
2. We define ‘
I/ = sup sup. 1272031, . (34)
and .
Il = sup sup [2703ut), - (35)

Now we are in a position to state and prove the following.

Theorem 15 (i) Let f € C(I). Then || fllp = | fll®.
(ii) |W.|p < oo almost surely.
(iii) ||W.]lo < oo almost surely.

Proof Step 1.Letx € I ; forsomel € {0,...,2K—1}. Then [ ; C (x—27%, x4+275),
which gives D?g S ) = 2@?» «—1J (x). This allows to estimate the terms with 0 <
k < j in (34) from above by || f||o.

To estimate also the terms with 0 = k < j, we put g(¢) = |A§_j_1f(t)| and
calculate
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2
H Df’of“z,zfj

1
= H/ g®)drt - xj0,1)
0

2,27

1,2 1
= H/ g®)dt - xp0,11 + / g®)dt - xp0,11
0 2,274 172 2,27
12 1
<C / gt)dt - x10,1/2] + ‘/ gt)dt - xp1/2.11
0 2,27 1/2 2,270

<C { D30 () - x10.1/2) (x)HM,j + H@?of(X) : X[1/2,1](x)H2’2j}

)

=2C ‘ 930][”2 2-J

which gives that || fllp S || fllo-
Step 2. Fix 0 < k < j and set again g(t) = [A3_,_, f()]. If x € Ig, then
(x — 2—k—1’ x -+ 2—k—l) C Ik,l*l @] Ik,l U Ik,l+1~ Therefore,

2k—1 k1
1
Dipf @)=Y D pfOna(0) = Y o { /I lg(1)dt
1=0 1=0 k-1

+/ Ig(t)ldt+f Ig(t)ldt} Xke,1(X)
i1 I 141

We now apply the shift-invariance of the space L, y«-; and obtain that || flo < [I fllp-

Step 3. It is clear that (iii) follows from (i) and (ii). Hence, it is enough to prove
(ii), i.e., we show || W.||p < oo almost surely. Although the proof resembles the proof
of Theorem 13, we will omit the use of the Faber system in this case. Moreover, in
order to avoid technicalities, we first make the following observation. When we use
the values of (W;);> also for ¢ > 1, we can assume that

AW (x) = W(x +2h) —2W(x + h) + W(x)
for every x, h > 0. This means that we do not make use of the restriction to I as it

appeared in (33), which can make || W.|| p only larger.
Furthermore, we distinguish again between k = 0 and k > 1. If k = 0O, then

1
Df-,oW(x) =m(x)~/0 (A3, W)@t

and, using Theorem 33, we see that

1
sup2//?| D7 o Wllp,-; = sup2//? f (AWt - 11 () [12,2-7
j=0 Jj=0 0

1
%sule/Z/ (A3, W)(@)ldt (36)
Jj=0 0
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(m+1)2=71

— sup 22 Z / [(AZ L W) dr.
j=>0 m-2=J=1

Ifm-277"1 <t < (m + 1)2_j_1, then we estimate

(AL WY = [W(t+27) —2W (1 +27771) + W)
<IW@E+27) = W(m+ 2277 Y+ W(m+2277 ") —w@ +27771)
+IW(m+ D277 = Wt + 2777+ (W (o) = W(m + D277 (37)

If we plug this estimate into (36), we obtain four (very similar) terms. We only estimate
the first term, since the others can be handled in the same manner. If we set

‘ 1 (m—+1)277~1 .
o = —]f \W(t) — W(m -2~/ "Ydt,
27— m-2—i—1

we can see that

V-1 12!

sug2j/2 > /2 » (W(t+279) = W((m +2)27/ 1) dr
j> o Jm —Jj=
27+
=sup2 /27! Z oem+2
Jj=0 m=0

By their definition, {a,{,}mzo are independent random variables, all equidistributed
with

1 2—Jj-1
—_— [W(s)|ds
2-j-1 /0

and therefore have the same distribution as 2~U+D/2)) where W = fol [W(s)|ds is
the integrated absolute Wiener process. For the convenience of the reader we recall
a few of its basic properties in Sect.4.3. In particular, Lemma 30 (ii) allows us to
conclude for every K > 1 that

2/ 00 2/t
P(sup2/2t 3 < ! Y 2% > K
Slipo am+2 =0 | < 21+1 Om >

J= m=0 m=0

exp(1 — c2/T1K?),

Mg I

0

~.
Il

which goes to zero if K — oo.
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Step 4. Next, we estimate the terms with O < k < j. The argument is quite similar
to the previous step, which allows us to leave out some technical details. First for every
k > 1 we rewrite

, 2k et
DI W) =D na () A2, W)ldi
=0
21 TR RS S SRR ,
= X)) 37x AS_._ W()|dt. (38
PRI g VAWML (38)

m=0

IfO<t—1-27%—m.277=1 <2771 then we obtain (37) with m - 27/~ replaced
by v :=1-2"F 4+ m -27771. We insert this into (38) and derive again an estimate
of D? kW(x) invoking a sum of four terms, which we denote by D? kW(x) with
i €{l,2,3,4}. Again, we estimate only one of these terms (say, the one with i = 4),
since the others are very similar to deal with. We put

K 1 127k m+1)27771 ' |
o = / (W) =W -2%+m- 27771 277" Yar
!

o = ——
R R Sy
and obtain

2k_1 2J—k+1_1

Dy W) = Zsz(X) e Z of

As V, = Wy — Wi, with 0 < r < 1 is equidistributed with W;, we observe that
(@ 1=0,... 2"~ 1.m=0,.. 27—

are independent random variables distributed like 2~¢+1/2)). Hence, if we set

2Jj—k+1_1

jk_ 1 (+1)/2,0k
B = 5 —k+1 Z 2 ¥l m>
m=0

then {BJ k}2 1 are independent and each of them is distributed as the average of

2J=k+1 variables from W. Finally, we observe that ||2// ZD?’iWHz,zk_j has the same
distribution as

2k—1

Z Xea () B

2,2k=J

The proof is then finished in the same manner as the proof of Theorem 13 by using
(63) instead of (58). O
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We close this section with the following remark and three open problems.

Remark 5 A natural question at this place is, if the method and the results presented so
far could also be applied to other processes. The first natural candidate is the fractional
Brownian motion, which is a Gaussian process By = (Bg(t));>0 with By (0) = 0,
EBg(t) =0 for all t > 0 and

1
E[By(t)Br(s)] = §(|t|2H +1s)?" — 1t —s*") foralls,t > 0.

Here, H € (0, 1) is the so-called Hurst index. For H = 1/2, one recovers the stan-
dard Brownian motion with independent increments, but the increments are no longer
independent if H # 1/2.

One can again recover the decomposition of the paths of By into the Faber system,
but (due to loss of independence of the increments) the random coefficients are no
longer independent, see [10, Lemma IV.2]. Although this obstacle can be overcome,
the proofs are technically much more involved. That is why we decided to concentrate
on the standard Brownian motion in this paper.

Open Problem 1 All the regularity results obtained so far used Besov spaces and their
numerous variants. The other well-known scale of Fourier-analytic function spaces,
the so-called Triebel-Lizorkin spaces, did not play any important role up to now. For
these spaces a characterization by the Faber system is also available and actually
quite similar to Theorem S. The main difference to Besov spaces is that one first
applies some sequence space normto (f(t)) j>o0, ¢f- (29), and only afterwards some
function space norm. The analysis of the regularity of Brownian paths in the frame of
Triebel-Lizorkin spaces could be based on the observation, that the functions f;(t)
are extremely unlikely to be large for the same value of t.

Open Problem 2 [t is very well known, that Besov (and Triebel-Lizorkin) spaces can be
characterized by differences in several different ways, including also the so-called ball
means of differences, cf. [57]. Note however, that the usual ball means of differences
differ essentially from D?’kf(x) and ’Dikf(x) introduced in Definition 14. It would
be of some interest to know, if one could build new scales of function spaces in the
spirit of (34) and (35) and investigate their relation with the already known function
spaces.

Open Problem 3 Theorem 15 shows that the norms of a continuous function f in D
and ® are equivalent. It would be also interesting to compare the norm of f in D with
its norm in A or A(e). As their definitions differ substantially, we leave it as an open
problem for future research.

3 Path Regularity of Brownian Sheets

The aim of this section is to show that the methods presented in Sect. 2 for the univariate
Wiener process can be quite easily generalized to the multivariate setting. First, let
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us introduce the multivariate analogue of the Wiener process, the so-called Brownian
sheet.

Definition 16 A continuous Gaussian process B = (B(t)), R is called a Brownian

sheet, if EB(t) = O forevery t = (11, ..., 1) € R% and

d
Cov(B(s), B(t)) = Hmin(s,-, t;) forall s,7¢€ Rf{_. 39
i=1

The study of the Brownian sheet goes back to the 1950s. Since then, many of its
properties (including the properties of sample paths) were studied in great detail. For
an overview we refer to [30] and [65] and the references given therein. The relation
of the Brownian sheet with approximation theory also attracted a lot of attention in
connection with the probability estimates of small balls, cf. [4, 5, 14, 32-34, 38, 54].
However, this problem in its full generality remains unsolved up to now.

3.1 Lévy’s Decomposition of the Brownian Sheet

We now present the decomposition of the paths of the Brownian sheet into the corre-
sponding Faber system. For this sake, we need to develop the multivariate analogues
of the tools of Sect.2.1, i.e., multivariate Faber systems and second order differences
of functions of several variables. We restrict ourselves to the two-dimensional setting,
i.e., to the case d = 2. This simplifies to some extent the notation used, nevertheless,
the general case d > 2 can be treated in the same way. Hence, we now focus on the
Brownian sheet B = (B(x))xeg on Q = [0, 1]%.

Similar to (8), we show that the paths of the Brownian sheet can be decomposed into
the multivariate Faber system and that the coefficients of this decomposition are again
independent Gaussian variables. In order to do this, we follow [58, Section 3.2] and
first describe the decomposition of (continuous) functions into the two-dimensional
Faber system.

3.1.1 Multivariate Faber System and Second Order Differences
The multivariate Faber system is obtained by considering the tensor products of the
functions from the univariate Faber system on [0, 1], which was introduced in Sect. 2.2
as

{fvo@®) =1—t,v1(t) =t,vju(t):jeNy,m= 0,....2/ =1}, re€[0,1]. (40)
In the sequel we use the notation N_; := Np U {—1} = {—1,0,1,...} and put
v—_1,0(t) = vo(¢) and v_; 1(¢) = vi(¢). We consider the tensor products of the func-
tions in (40)

Uk (11, 12) = Vky .y (1) - Vg (12), (11, 12) € [0, 172,
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where k = (ky, k) with k; € N_y and m = (m, mp) withm; € {0, 1} if k; = —1
andm; € {0,1,..., ki _ 1} if k; € Ng for i = 1, 2. Moreover, by P,f we denote the
admissible set of m’s for given k. Finally, the system

{km 1k eN? |, m e P}

is the Faber system on [0, 112.

Similarly to (6), the coefficients of the decomposition of a continuous f € C(Q)
will be the second order differences of f. These are defined in a rather straightforward
manner.

Definition 17 1. If f is a continuous function on R?, we define second order differ-
ences

A2 ft, 1) = F(ti+2h, 1) — 2F (61 + b, 1) + f(t1, 12)

2
(2
= A (AL O ) =Y (=1) (l.)f(tl +ih, 1)

i=0

and similarly for A%,z f. The second order mixed differences are defined as

2,2
Ahl,hzf(tl’ n) = Aiz,z(A%l,lf)(tl7 1)

2 2\ (2
= Z(—D‘*’(.)(.)f(n +ihy, t +ih).
ij=1 NI
2. Form e P{,We put
f(m1 ms), ifk = (=1, 1),
2 () 2 2 o .zf(ml, 2my), if k = (=1, k), ks € No,
Em T =3 AT f QT ma), ifk = (ki, —1), ki € No,
S0 FQTRIm 27 my), itk = (ki k). ki ke € No.

(41)
The two-dimensional analogue of Theorem 2 then reads as follows.

Theorem 18 ([58, Thm. 3.10]) For f € C([0, 113) it holds

=33 &, (Hoem®

keN? | mePf

=lim Y Y&, (Huem®). 1017, (42)
ke{-1.0.....K}2> mePF

where the limit is taken in the uniform norm.

@ Springer



Constructive Approximation (2024) 59:485-539 519

3.1.2 Decomposition of Paths of the Brownian Sheet

Similarly to (8) we can apply (42) to paths of the Brownian sheet B = (B(x))xep if
we replace the scalars dk (f) by random variables dk . (B). First, observe that (39)
ensures that B(0, t) = B(s 0) = 0 almost surely for every s, t > 0, which implies
that almost surely we also have

k= (—1,—1) and m = (m1,m2) € {(0,0), (0, 1), (1, 0)},
di y(B)=0 if {k=(-1,k) if kn €Ny and mj =0,
k= (kl, —l) if k1 € No and my = 0.
(43)
Furthermore, all the random variables d,i . (B) are Gaussian with mean zero. If k; =
—1 or kp = —1, then their variance can be computed directly as

varde_| _y) q.y(B) =varB(1,1) =1,
1
2A2 -1 ,B(1,27 2mz))
1
= ZV&I‘(B(], Z_kz(mz + 1)) —2B(, 2—k2(m2 +1/2)

2
var d(—l,kg),(l,mz)(B) = Var(

+B(1,27my))
— k=2

A . 2 —ky—
and similarly, we obtain vardg, _y) (,, 1)(B) =2 k
In order to calculate the variance of d,?m(B) for k1, kp € Ny, we introduce some

further notation. For a cube Q = [s1,82] X [t1, 2], where 0 < 51 < s» < 1 and
0<t <t <1, weput

B(Q) := B(s2, 12) — B(s1,12) — B(s2,11) + B(s1, 1)
2

2
= AL (AL 2B ) =D Y (=D B(si 1. (44)

i=1 j=1

Then B (Q) is a centered Gaussian variable with variance

2
varB(Q) =EB(Q)* = ) (=D HE[B(si, 1) B(st, )]

ij.k,l=1

2
> DM mings; s) min(;, 1)

i,j,k,l=1
2 2
= Y (=D min(s;, 1) Y (=) min(t;, 1) = (s2 = s1) (12 — 1),
i,k=1 jil=1
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vghere in the third step we used (39). Furthermore, if Ql = [s1, $2] x [t1, 2] and
Q> = [o1, 02] X [11, 12] are disjoint, then we obtain in the same way

2 2
EB(Q1)B(Q2) = Y (=1 min(s;, 1) Y (=1 min(rj, 7) = 0.

i,k=1 Jil=1

Actually, B(Ql) and B(Qz) are not only uncorrelated but also independent, cf. [12,
Sect. 2.4, Prop. 1]. For k € Ng and m € P[, we define

Oom = Itymy X Iigmy = [270m1, 278 (my + D] x [272my, 2752 (my + D]
and using this notation, we compute for k1, k> > 0,
2,2 _ _
4di , (B) = 8375y 5y BQT My 272my)

= B(Qk +1,ka+1),2mi+1,2ma+1)) — B(O (k1 +1,ka+1),2m 1 +1,2m2))
— B(Q (k1 +1.k041),2m1,2ma4+1)) + BO k) +1,k0+1),2m1 ,2mp))-  (45)

Since the four summands on the right hand side are independent Gaussian variables
with variance 2~ *11k2)=2 e obtain that d ,fm (B) is a Gaussian variable with variance
2—(ki +k2+4).

Merging all what we said about d,im (B) so far, we arrive at the decomposition of
the paths of the Brownian sheet into the multivariate Faber system. The discussion of
independence is postponed to Sect.3.1.3.

Theorem 19 For the Brownian sheet on [0, 11% it holds almost surely that

oo 2k1—1
Bt n) = E(_l’_l)’(l’l)tltz + Z Z 27(](1JFZ)/Z‘%-(kl,—l)(ml,l)vkl,ml(1‘1)1‘2
k1=0 m=0
oo 2k2—1
+ Z Z 2_(k2+2)/2$(*1skz)(lymz)tlUkz,mz(IZ)
ko=0 my=0
2ki _1 2k 1
+ D Y BRI v, 1), (46)

kEN(z) m1=0 mpy=0

where {ék,m ke Nz_l, m € 7)[ } are independent standard Gaussian variables and
the series converges uniformly on [0, 1],
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Remark 6 If k € N* | and m € P[, then we denote Yim = Yk ko), (myma) = Vir,my -
Vika,mo > Where

0 if j=—landl =0,
Vit =11 if j=—landl =1,
2-U+D/2 if j>0.

This allows us to reformulate (46) as

B, =Y > Vembkmem(l, ). )

keN* | mePf

3.1.3 Independence

Next, we show that the random variables {d,f,m(B) k€ Nz_l, m € P,f }, which
appear in Theorem 19, are indeed independent. The argument is a tensor product
variant of the proof given for the univariate Wiener process, cf. Theorem 3. For that
sake, let us consider mutually different kY, mbYy, &N, mY) with K = (K ké)
and m' = (m’i, mé). Let

K = (K1, K7), where K; = max{kl-, R kﬁ.v} for j € {1, 2},
and let us consider the array of Gaussian variables
BXK = (B(Qk41,m) :m = (m1,mp)and0 <m; < 2K~ for j € {1, 2}),

where B(Q) was defined in (44) for a closed cube Q C [0, 11? with sides parallel to
the coordinate axes.

Moreover, let I, J C [0, 1] be two (closed) intervals, where I = I; U I, and
J = Ji1 U J are decompositions of [ and J into two intervals Ij, I and Ji, Jo,
respectively, which intersect only at one point. Then a straightforward calculation
shows that

B(IxJ)=B(IhUhL)xJ)=B(1 xJ)+ B> xJ) (48)
B(I xJ)=B( x (J1UJ))=B{ x J1)+ B(I x J7). (49)

Furthermore, we denote

(h(Kl,Kz) ) = (hli{ll,ml)ll ’ (th

(k1,k2),(m1,m2)/ (I1,1) — kz,mz)lz’ (0)

where the vectors on the right-hand side were defined in (9) for k1, k > 0 and we
complement this definition by putting hlf{‘l =(,....,HT forj=1,2.
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If k = (k1,k2) = (—1, —1), we observe that by (43) it is enough to consider
m = (1, 1). Then we apply (41), (48) and (49) together with (50) and obtain

2K1+1_1 2K2+1_1

Aty a1 B =B@= > > Bk =(h{,. BX)

Ifk = (k1, ko) = (—1, kp) withO < k» < K5, we assume by (43) thatm = (1, m»),
where 0 < m, < 2% — 1. Then we combine (41), (48), (49), and (50) and obtain

—2d2 | 1) (tmy (B) = B0, 11 X Ty 1.2my41) — BAO, 11 X Tiyp1.2my) = (hf,,. BX).

The case of k = (k1, —1) is treated similarly. And finally, if kK = (k1, k2) € N(Z) with
0 <k; < Kjand 0 < ky < K;, we employ (45) and observe that

4dl§,m - <hk m> BK)‘

The independence of ( . m,(B)) i, now follows again by the orthogonality of

(h]fl mi ),N:p which in turn is a consequence of (50).

3.2 Function Spaces

As already mentioned before, the appropriate function spaces, which best capture the
regularity of the paths of the Brownian sheet, are the function spaces of dominating
mixed smoothness. They appeared for the first time in the work of Babenko [1], but
they are also known to play an important role in approximation theory and numerics
of PDE’s [6, 15, 52, 55]. In this context we also refer to [19, 49, 59, 60, 64] (and the
references given therein) for a comprehensive treatment.

Similarly to the univariate case, we shall need several different variants of function
spaces of dominating mixed smoothness. As before, we start with the spaces of Besov

type.

Definition20 Let0 <r </ € Nand1 < p, g < 0o.Then S[’,qB(RZ) is the collection
of all f € L,(R?) such that

|hy|=<t

g 2 2df
+ /ot 9 sup | A, o fIL, (R

[hal<t

1/q
1 1
— dtidty
+</ /(tltz) M sup AL, IR )

0 Jo |h1<t1,|ha] <ty 1t

1 1/q
1L, (R + < fo 1779 sup (1A, fILp R —)
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is finite. Here we use the usual mixed version of differences resulting from Defini-
tion 17, i.e.,

AN ) = A, (A’hl)lf) (f.12) and ALl () = A} (Aﬁ,i,if> (x).

The restriction of the spaces from R? to 0 =10, 112 is done in the same way as
described in Sect. 2.2, cf. (12).

We now provide a decomposition of functions f from S[’,qB(Q) via the higher
dimensional Faber system introduced in Sect. 3.1. This follows from Theorem 3.16
of [58] and its extension [7, Thm. 4.25], which ensure the following two-dimensional
counterpart of Theorem 5, cf. also [27, Theorem A].

Theorem 21 Let0 < p,qg < 00, p > % and
1
—<r<l+-
p

be the admissible range for r. Then f € L1(Q) lies in S;,qB(Q) if, and only if, it can
be represented (with convergence in L1(Q)) as

F=2 >0 2Oy, (51)

keN? | mePf

with

1/q

q/p
3 ( 3 2—<’<1+’<2>|x,{,m|1’) ) <00, (52)
keN2,  mePf

IAls] (@) = (

Furthermore, the representation (51) is unique with
Mem = ham (f) =202 (f), keN | meP[.

The dominating mixed smoothness counterpart of the one dimensional spaces
Bf,’f)q‘ (I) with logarithmic smoothness has been studied in [58]. Unfortunately, we
can not rely exclusively on the results of [58] for two reasons. First, the characteri-
zation with the Faber system presented in Theorem 3.35 in [58] does not include the
case g = oo, which is important for our considerations. Furthermore, it will turn out
later, that the way we introduce the logarithmic smoothness differs from [58]. Indeed,
the factor (k; - ko)~ used in this reference, gets replaced by (k; + k2) ™%, which is
strictly larger for k = (k1, k2) € N2 and o > 0.

However, the function spaces of dominating logarithmic smoothness, which we
introduce in Definition 22, coincide with the ones used in [28]. There these spaces
were defined by differences and moduli of smoothness. Moreover, in [28, Lemma 3.1]
(based [27]) the author further obtained isomorphisms between these function spaces
and corresponding sequence spaces. An equivalent Fourier-analytic characterization
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of these spaces still seems to be missing. In order to avoid the technicalities we define
the function spaces by posing a condition on the coefficients appearing in the Faber
system expansion (51).

Essentially the same comment applies to Besov-Orlicz spaces of dominating mixed
smoothness. Except [28], we are not aware of any existing work, which introduces
and systematically studies these function spaces. Nevertheless, comparing the one
dimensional case with Theorems 21 and 3.35 in [58], the following definition seems
to be well-motivated and a natural generalization. Again we restrict ourselves to the
case of parameters which we need later on, i.e. ¢ = oo and r = 1/2.

Let us recall, that y;; was defined as the characteristic function of 1;; for j > 0.
We complement this notation by /_1,0 = /_1,; = [0, 1] and put

X (11, 12) = Xkyomy (1) * Xhguma (12), k= (k1, ko) e N |, t = (11, 1) € Q.

Definition22 1. Let0 < p < oo and « € R. The function space Sll,,/g;)aB(Q) is the

collection of all f € C(Q) which can be represented by (51) with » = 1/2 and

1/p
I35 %b(@ = sup max(l, ki + k(Y2 27 ¢ ) < oo

2
keN~, mePkF

(53)

2. The function space S}b/z %OOB(Q) is the collection of all f € C(Q) which can be
represented by (51) with r = 1/2 and

1AIs§, ob (@l = sup | D" Mmxem)| < oo (54)
keN?, mePf ®,
Remark 7 1f in (53) we had used the usual logarithmic Holder spaces from [58, The-

orem 3.35] the sequence space norm would be

1/p
sup 2+ k)@ +k) (30 27 M) < o

2
keN? | mePf

Compared to this the advantage of our approach in (53) is, that the sequence spaces
are strictly smaller for « > 0 and we therefore obtain better regularity results. The
disadvantage on the other hand is, that the smoothness weights in (53) do not have
any tensor product structure.

Open Problem 4 For decades the role of function spaces of dominating mixed smooth-
ness S, . B(Q) in approximation theory has been studied intensively. We refer to [15]
for a recent overview on various results and a list of open problems in this field. Com-
pared to that, much less seems to be known regarding function spaces with logarithmic
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smoothness and Besov-Orlicz spaces as introduced before. In our opinion, it would be
worth investigating these spaces together with their embeddings, which in turn might
shed new light on (some of) the open problems in [15].

3.3 Results of Kamont

We now recover the results of Kamont [28] (cf. also [22]) on the regularity of the
sample paths of Brownian sheets. We combine the representation in (47) (or (46)) with
Theorem 21 and Definition 22 in order to show that the sample paths almost surely
lie in Sééi;};/zB(Q), Sll,{goB(Q) forall 1 < p < o0, and SCID/ZZOOB(Q). Similar to the
method used in Sect. 2.3, we just need to verify that the condition on the coefficients
in the Faber system decomposition is fulfiled almost surely, if we replace A in (52),
(53), and (54) by a sequence of independent normal variables &.

For the terms with k| = —1 or k» = —1, the conditions (52), (53), and (54) reduce
to their one-dimensional counterparts, which were already discussed in Sect.?2.3, cf.
also (43). Furthermore, the same is true for the terms with k; = 0 or ko = 0. Therefore,
it will be enough to handle the terms with k = (k, k») € N2.

1. Paths of the Brownian sheet almost surely lie in Sééi;é/ 2B(Q)

In view of Definition 22, we need to show that

1
sup ———— sup sup |k .m| < oo almost surely,
keN2 VK1 k2 o ok a0, 2k

..........

where (&, 1 k € N2,0 < mp < 2k 1,0 < my < 2k2 1} are independent standard
Gaussian variables. For this sake, we define the event A,I{V as

sup sup |&k.m| > Nyk1 + ka.

m1=0,...,2K1 =1 mr=0,...,2k2 —1

Similar to (23), we obtain that
P(Allcv) < 2k1+k2€—N2(k1+k2)/2’ k e N2,

and following (24), for every Ny > 1 we get

1 o0
P(SUP ﬁml:oﬂlp sup  |&kml = 00) = P(ﬂ U A11<V>

keN2 VR K2 =0, ., 2K —1my=0,...,2k2—1 N=1 keN?
2
<B(|J Al) = Y0 B(aM) = 3 dhetee i
keN? keN? keN?

As the last sum again tends to zero if No — oo, the proof is finished.

2. Paths of the Brownian sheet almost surely lie in S ll,/ §O B(Q)foreveryl < p < o0
In order to be able to apply Theorem 21 for r = 1/2, we assume that2 < p < oo.
Then the smaller values of p follow easily by monotonicity of the function spaces with
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dominating mixed smoothness on domains with respect to the integrability parameter
p. In this case (52) for k € N? reduces to

| 2K1 —12k2 1
_ p
sup Tt Z Z |&k.m|” < oo almost surely.

keN? m1=0 my=0

We denote again by (), the p absolute moment of a standard Gaussian variable.
Furthermore, for ¢ > 0 and k € N2, we denote by A;c the event

2k1—12k—1

21{];%2 DD el —up =t

m1=0 my=0

By (26) applied to j = k1 + k2, we observe that

2
1 p2p—p
t )4
P(Ak) =< l_2 : —2k1+k2

Finally, we conclude, that for every Ny € N it holds

| 2k —12k2—1
- P —
P s X X nl” =0
keN? m1=0 mp=0
o0
—_ N No Ny
—P<ﬂ U Ak>5P(U Ay )5 > P(AY)
N=1keN2 keN? keN?
_Hap =k i i 1 42y —up)
= 2 it 2
Ny ki=1ky=1 2fvi2 Ny

The last expression tends to zero if Ng — 0o, which renders the result.
3. Paths of the Brownian sheet almost surely lie in Sclp/2 2 o B(Q)

Again, it is enough to show that (54) is finite almost surely if we restrict ourselves
to k € N? and replace Ak,m by independent normal variables & ,,. Therefore, we put

2k1 -1 2k2 1
H® =" &mtem®), k=(kik)eN and teQ (55
m1=0 my=0

and show that

sup || fxllo, < oo almost surely.
keN?
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Again we use the characterization of L4, (Q) with the non-increasing rearrangement
from Theorem 31. As in Sect.2.4 we have

2k1+k2_1

@ =" EhiXaathom(s) for0<s <1 (56)

m=0

and using (30) we can estimate

* 2u—(k1+k2) *u
I fillo, <c  sup A ) _ )5

= =c sup —,
O<u<ki+ky ki +ko —u O<u<ki+ky Vk1 + ko —u

& i okyt+ky o,
where & = (§xkm 10 <my <2 — 1,0 <mp < 2" — 1) and ((Ek)fn)mzl 1s its
non-increasing rearrangement. Then, by Lemma 27 we get for every K¢ large enough

]P’( sup || fillo, = oo) < Z <ze*K§/2)(k1+k2—u)2” v

keN? 0<u<kj+ky<oo
o0 o0 o0
u 2 (—u)-2" u 2 2%
e 3 () T s oS e (ki
u=0 I=u+1 u=0

which again goes to zero if Ko — oo.

Remark 8 At this point, we can observe how versatile the method with the non-
increasing rearrangement is performing. As input we have given a two dimensional
function in (55) and using the rearrangement we obtain in (56) a one-dimensional
function similar to the one from Sect.2.4. Now the remaining estimates done above
are an analogue of the estimates of the case d = 1 with the only difference that & is
replaced by k1 + k3.

Clearly, a generalization to d > 2 follows directly from the considerations above -
as long as a characterization in terms of a Faber basis as in Theorem 19 is given.

3.4 New Function Spaces

We also can carry over the one-dimensional approach of averaging operators to the
two-dimensional setting. To that end, we add to (32) the extra case

(A_19)(x) = g(x) forallx 1.

Now, for an integrable function g on Q we can introduce the averaging operators Ay g
for all k = (ki, k2) € N? | by

(A () = AL, (ALgCx2)) () and (Akg)(0) = Ak, ¥ € 0,
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where the upper index stands for the dimension in which the one-dimensional averag-
ing operator is applied. In the non-borderline case when k € N2, the operator is given
by

2k1 12k

A = 3 Z 2h+e / 2 (Odt - xes (),

L=0 L= Okt

where k € N2, Ox; = I, 1y X Ikp 1, and xi(t1, ) = Xk 1y (1) Xkeo 15 (£2)-
With these preparations we can define the spaces A, (Q) and A(Q) as follows.

Definition 23 Let f € C(Q) be represented in the Faber system by

f: Z Z )‘k,mzi(erQ)%vk,mv

keN2 | mePf

and define f; by

£i@) =Y Ajmxjm®, j=(j)eN and teQ.

merF
1. For ¢ > 0 the space A;(Q) is the collection of all f € C(Q) with

2(1+j2—(k1+k2))/2 (A fp*@

Iflla, == sup  sup sup  sup )
jeN?, —1=ki<ji —1<k2<]20<t<1 1+ j2— k1 +k2) + D% Jlog(1/t) + 1

2(itj2—(ki+k2))/2

A sup  sup MAx fillp, < oo
jeN2, —1=ki=j; U+ 2 = (ki + ko) + 1F T

2. The space A (Q) is the collection of all f € C(Q) with

AL )t
”f”; = Ssup sup sup sup ( kf]) ()
jeN? | —lski<ji —l<ka<jp O<t<I \/2k1+k2—(11+]2) log(1/t) + 1

~

~ sup  sup Ak filly pkitie-Gi+in < 0O
jeN2 | —1<ki<ji

Using this definition we are now able to prove the following result.

Theorem 24 Let B be the Brownian sheet according to Definition 16 and ¢ > 0.

(i) It holds that | B(-)|| 4, < 0o almost surely.
(ii) It holds that | B(-)|| 3 < oo almost surely.

Proof For both assertions we use that according to Theorem 19 we have the representa-
tion needed for the Brownian sheet. Furthermore, we only have to treat the cases where
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Jj =31, J2) € N% since the other cases follow directly from the one-dimensional case.
For j = (ji, j») € N3 andt = (11, 1) € Q we set

27112721

£y =" &mxjm),

m1=0 my=0

with independent normal variables &; ,,,.

In order to establish the first assertion it is enough to observe that 217172~k +h2)l3
Ar fj(®) is equidistributed as fi(r), which follows again by the 2-stability, cf.
Lemma 26. Now the proof of this assertion follows directly from (56) and repeat-
ing the same arguments as in the proof of Theorem 11 with k1 + k> and j; + jo
replacing k and j there.

For the second assertion of the theorem we use

2K1—12k2 1
AfD® =" > wuxra ().
[1=0 [=0
where vi = (vy : 1 € {0, ..., 2k —1}) is a vector of independent variables from

Gyj1+ia—(k  +ky) , S€€ Definition 28.
Similar to the proof of Theorem 13, using (56) we estimate with the rearrangement

(A () W)z
sup =c sup

u = = s
O<z<1 \/2k1+k2—(j1+j2) log(1/1) + 1 2=0,0ky ko —1 v 2KIFR2 =N+ (ke +ky —z — 1) + 1

2k|+k2 .
where ((v,’(")m)m= | 1s the rearrangement of v above. Now, we have reformulated

again the two dimensional problem into a one dimensional one with the help of the non-
increasing rearrangement and we can use the arguments of the proof of Theorem 13.
O

Remark 9 The proposed analogy with the one-dimensional setting could be investi-
gated even further by defining the analogues of the function spaces D and ® from
Definition 14. Although the general direction seems to be quite obvious, we do not
pursue it in this paper in order to avoid further technicalities.

4 A Few Facts About Random Variables and Function Spaces
4.1 Gaussian Variables

For the sake of completeness, we present the definition of Gaussian random variables
and recall some of their basic properties.

Definition 25 We say that the random variable & has standard normal distribution (or
standard Gaussian distribution) and write & ~ A/(0, 1), if its density function is given
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by

1
p@)—-JZ;

We will need the following two properties of Gaussian variables (and refer to [56,
Section 3.2] for details).

Lemma26 Letk € Nandlet & = (&1, ..., &) be a vector of independent standard
normal random variables.

(i) (2-stability of normal distribution) Let A = (A1, ..., Ag) € RK. Then the random
variable (A, &) = A& + - -+ + A&k is a normal variable with mean zero and
variance Y ;_ A2.

(ii) Let 1 < j < k be positive integers and let ul, ... ul e R¥ be orthogonal. Then
the random variables (u', ), ..., (u/, €) are independent.

We shall also make use of the following tail bounds.

Lemma 27 (Concentration inequalities for standard Gaussian variables)

(i) Let w be a standard Gaussian variable. Then

2exp(—x2/2)
V2mx

(ii) Let 0 < k < j be integers and let & = (&, ..., &,j_1) be a vector of independent
standard normal random variables. Then, for every K > 1,

P(lo| = x) < > 0. (57

(j—k2*
P& > KVj—k) < (27%°7) s

Here, £* = (§], ..., ;j) is the non-increasing rearrangement of &.
Proof (i) The proof follows from the elementary bound

[e%9) oo —x2/2
/ e 2y < l/ ue " 2dy = ¢ .
X X Jx X

(ii) Since &,, ~ N(0, 1) are independent, (57) together with the estimate (Z) <

k
(%) for the binomial coefficients yields

. ok . 2k
oy 2% e2iN? [ 2e—K*i-b)/2
P >Kj—k <|— —_—_—
(ﬂ) <Mﬂ_ ’ ) "<2k> (JZnKQQ——H

(j—k)2k
ezk (2671{2/2) .

IA

P (& = KV —k)

IA
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4.2 Absolute Values of Gaussian Variables
In this section we consider averages of absolute values of Gaussian variables.

Definition28 Let N > 1 be a positive integer and let &, ..., &y be independent
standard normal variables. Let v be a random variable. We write v ~ Gy if v has the
same distribution as

1 N
= lml.
Nm:l

In terms of concentration inequalities we have the following result.

Lemma 29 (Concentration inequalities for v)

(i) Let N > 1, v ~ Gy, and w ~ N (0, 1). Then
P(v > 1) < 2"P(w > V/N1), 1> 0.
Moreover, if t > ZM, then
P(v > 1) < exp(—N12/4).

(ii) Let 0 < k < j be integers and let v = (vo, ..., vyj_1) be a vector of independent
Gy variables. Then

. 2k
PO = 1) < [e ik exp(—Nt2/4)] . t>2vn2. (58)

Proof (i) We use the 2-stability of normal variables from Lemma 26 and estimate

P > 1) = P(i R Nt) - ]P’(Ele e {—1,+1}V: i Embm > Nt)
m=1 m=1

N
< ZNP(Z £y > Nz) = 2VP(w = VND).
m=1

The second statement follows by (57).
(ii) The proof resembles very much the proof of Lemma 27 (ii). We estimate

k . 2k
exp(—N12 /4. 2%) = [e 2Jk exp(—Nt2/4)} .

2] ok re2iN2
]P(V;k >1) < <2k>P(U1 i (2T>
O
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4.3 Integrated Absolute Wiener Process

Let |
W:/ |W|ds (59)
0

be the integral of the absolute value of the Wiener process. The distribution of the
random variable W is rather complicated, cf. [24, 53]. For our purposes, it will be
sufficient to obtain concentration inequalities for V) similar to those for Gaussian and
absolute values of Gaussian variables as given in Lemmas 27 and 29. We use as a tool
the integral of the square of the Wiener process

1 1/2
S= (/ |Ws|2ds) (60)
0

in order to get the tail bounds for (59).

Lemma 30 (Concentration inequalities for V)
(i) Lett > 1. Then
1
[P(W =2+ t) < exp(—12). 61)

(ii) There is a constant ¢ > O such that for every positive integer N > 1 and ()/Vj)?/:1
i.i.d. as in (59) it holds

1 2
IP’(NX;WJ- > t) <exp(l —cNi2), 1> 1. (62)
]=

(iii) Let 0 < k < j be two integers and let v = (v, ..., Vvyj_;) be a vector of
independent random variables, each equidistributed with % Zyzl W;. Then

. 2k
P} > 1) < [62 ik exp(—cNt2)] 1> 1. (63)

Proof Step 1. We use the Karhunen—-Loéve expansion of the Wiener process (see [29]
or [39, Chapter XI]), i.e.,

B >, sin((k — 1/2)xt)
W,_ﬁ;zk—(k_l/z)n . 10,1, (64)

where (Z k)li’i | is asequence of independent standard Gaussian variables and the series
converges in L» uniformly over ¢ € [0, 1]. We insert (64) into (60) and obtain

o0

1
W2582=/ (WlPds =Y ———k o Z2,
0 kZ 1/2)2n Z ¢
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where o = By [35, Lemma 1],

1
(k —1/2)272

P (Z a(Z} — 1) = 2l v/x + 2||a||oox> < exp(—x)

k=1

for every x > 0. Using that

1
lloelly = 2. lerlla = and [|lofleo =

72’

1
V6
we obtain
1 1 2
[P’(Wz §+t) SP(SE 5+t) <sexp(—t), =1,

which gives (61).
Step 2. Using the properties of the Brownian motion, cf. Definition 1, we obtain

1 1 1
2 2 2 1
EW:/E|WS|ds=/JE|WS—Wo|ds= —/ Jsds == -Ze=,1).
0 0 T Jo T 3 2

Put X = W —EW. Then P(|X| > 1) < 1 fort < /2 and
1
P(X|> ) = POV > t + EW) < P(W S+ 5) < exp(—1?)

for t > +/2. We conclude that P(|X| > 1) < exp(l — t2/2) forallt > 0,ie., X isa
centered subgaussian variable, cf. [63, Definition 5.7]. Therefore, by the Hoeffding-
type inequality, cf. [63, Proposition 5.10], there is a constant ¢; > 0, such that

N
1
P(ﬁ ZW]- >t+ ]EW) <exp(l — ¢ Ntz), t >0,
j=l1
which, in turn, implies (62) for # > 1 and ¢ > 0 small enough.

Step 3. Finally, we conclude that if v = (vp, ..., v,;_;) is a vector of independent
random variables, each equidistributed with % Z;VZI W;, then

. 2k
POy > 1) < [ 27 F exp(-eaN?) |
by an argument quite similar to the proof of Lemma 29 (ii). O
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4.4 Orlicz Spaces

Let us recall, that the Orlicz function ®, was defined in (16) and the corresponding
Orlicz space Lg, was introduced in (17). The following characterization is a special
case of [2, Theorem 10.3] adapted to the domain [0, 11¢. We include its short proof to
make our presentation self-contained.

Theorem 31 A measurable function f on [0, 114 belongs to L, ([0, 119) if, and only
if, there exists ¢ > 0 such that

A1) < cy/log(l/n+1, 0<t < L. (65)

Moreover, the expression

. /@)
| fllog = sup ———me
0<t<1 {/log(1/t) + 1
is equivalent to || f || o,-
Proof If f satisfies (65) for some ¢, then we obtain for A = 2¢

1

/[0 e [exp(f(x)z/)\z) — 1]dx = f() :eXp(f*(t)z/Az) _ 1]dt

= [ fon( S 0)

= [ T(SE ) o<

Hence, f € Lo, ([0,119) and || flle, < 2[I.f llos-
If, on the other hand, f € L, ([0, 119) with || f|lo, < 1, then

—

1 t
1= [ eafeds = [ earionds = [ e - 1)ds
[0.134 0 0
> t[exp(r* ) — 1],

ie., f*(t)2 <log(l+ 1/t) <log(e/t) =1+ log(l/t) forevery 0 <t < 1 and (65)
follows. O

We need also another characterization of the norm of L, ([0, 11%). Its proof can
be found in [9, Theorem 3.4] but again we include it for the reader’s convenience.

Theorem 32 A measurable function f on [0, 114 belongs to L, ([0, 119) if, and only
if, there exists ¢ > 0 such that

I fll, <cy/p holds forall p > 1.
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Moreover,

£l
£ ll(@y) = sup ——2
>

66
Y (66)

is an equivalent norm on L, ([0, l]d).

Proof First of all we show || fll(®,) < Il fllo,. To that end, let f € La,([O, 11
be given with || f|la, < 1. Then by the power series of the exponential function we
estimate for any n € N

If( )|2k Lo
1zf[0’1] (| £ () dx = f Z de = IfI3)

Now using n! < n" we obtain

2n
1
”f”2” < 1 which is equivalent to 1/ M2 < —.
n" \/2}1 \/Z

If 1 < p < 2, we obtain

(WAl
=L <\ fl2
\/_
If2 < p < oo, we choose the unique n € N withn > 2 suchthat2(n — 1) < p <2n
and obtain

”f”[? < ||f||2n < «/ﬁ <1
JP 2= " 2n—1)

which finishes the first step.

In the second step, we are going to show || flla, < C|l fll(®,). To that end, we
choose f such that (66) is finite. Using Stirling’s formula we can fix an Ay > 1 such
that Agn! > (n/e)" holds for all n € N. We estimate with the help of the power series
of the exponential function

| f(x)] | f(x )|2" ey [ fI13
/[0,1] ( ) /0 1]d2 T <k, A2 (2n)n

n=1

and now choosing A = +/2e(1 + Ao) || f 1l (@,) gives

fmd ®, ('f;x”) dx < A ;(1 Fa) =1

This shows || fllo, < A = +/2e(1 4+ Xo)ll f |l(®,) and finishes the proof. O
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In the refined analysis concerning the regularity of Brownian paths, we need also a
generalization of Theorem 31. First, we define a scale of Orlicz functions ®; 4, where
0 < A < 1is areal parameter, via

u?, O<u<l,

Do a(u) = u?—1 (67)

exp( ) 1l <u<oo.
It is easy to see that this scale of Orlicz functions fulfills the following estimates for
allu >0andall0 < A <1

@, (%) < o1 (u) < Py a(u) < D, (%) .

Therefore the Orlicz space associated to ®; 4 coincides with Lg, for every 0 <
A < 1. Nevertheless, the equivalence constants in the respective norms will depend on
A. It is quite interesting (and of a crucial importance for us) that the following simple
expression

(1)
L y—
’ 0<t<1+/Alog(1/t) + 1

is equivalent to the Orlicz norm associated with ®; 4 (which we denote by || f]2,4)
and that the equivalence constants are independent on the parameter A € (0, 1].

(68)

Theorem 33 Let 0 < A < 1 and let f be a measurable function on [0, l]d. Then

1 1
LA < W fll2a < 4015

Proof Let || flloa < landlet0 < ¢t < 1. If f*(t) < 1, then also f*(z) <
VAlog(1/t) + 1 and there is nothing to prove. If f*(¢) > 1, then we estimate

t
= / ®y (1 f(5)Dds > / By A (F*(s))ds = 1 D24 (F* (1))
[O,I]d 0

fr0? - 1).

=1
ool

By simple algebraic manipulations, it follows that

5@ < JAlog(/+1, 0<t<1.

k(2
Let, on the other hand, || f ||§11\ = c. Then, putting A = 4c¢ we obtain 1A A(zt) <
Alog(l/t)+1
16

and estimate
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If ()] ! <f*(t)> VA0 /A2—1 g (z)2
[ dx = [0} d
/[O,lld 2’A< A ) * /0 24\ 7x ! S/0 . (

1
5/ exp(log(l/t) 7£)dt+/ Alog(l/t)—i—ldt
0 0

16 16A 16
log(l/t) 1 !
SGXP( )/ ( )d * 16 ), (10g(1/t)+1)dt
15y 16 1
= exP( 16) 3Tyt
which implies that || f]l2.4 < A = 4c. O

Acknowledgements We would like thank Mikhail Lifshits, Werner Linde, and Winfried Sickel for very
helpful discussions. Moreover, we also thank the anonymous referee for her/his comments, which helped
to improve the presentation of the paper.

Funding Open Access funding enabled and organized by Projekt DEAL.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Babenko, K.I.: On the approximation of a certain class of periodic functions of several variables by
trigonometric polynomials. Dokl. Akad. Nauk USSR 132, 982-985 (1960). (English transl. in Soviet
Math. Dokl., 1 (1960))

2. Bennett, C., Rudnick, K.: On Lorentz—Zygmund spaces. Dissertationes Math. (Rozprawy Mat.) 175,
67 (1980)

3. Bényi, A., Oh, T.: Modulation spaces, Wiener amalgam spaces, and Brownian motions. Adv. Math.
228(5), 2943-2981 (2011)

4. Bilyk, D., Lacey, M.T.: On the small ball inequality in three dimensions. Duke Math. J. 143(1), 81-115
(2008)

5. Bilyk, D., Lacey, M.T., Vagharshakyan, A.: On the small ball inequality in all dimensions. J. Funct.
Anal. 254(9), 2470-2502 (2008)

6. Bungartz, H.-J., Griebel, M.: Sparse grids. Acta Numer. 13, 147-269 (2004)

7. Byrenheid, G.: Sparse representation of multivariate functions based on discrete point evaluations,
PhD Thesis, Bonn (2018)

8. Ciesielski, Z.: Modulus of smoothness of the Brownian paths in the L, norm. Constructive theory of
functions (Varna, Bulgaria, 1991), pp. 71-75 (1992)

9. Ciesielski, Z.: Orlicz spaces, spline systems, and Brownian motion. Constr. Approx. 9, 191-208 (1993)

10. Ciesielski, Z., Kerkyacharian, G., Roynette, B.: Quelques espaces fonctionnels associés a des processus
Gaussiens. Stud. Math. 107(2), 171-204 (1993)

11. Csorgd, M., Révész, P.: Strong Approximations in Probability and Statistics. Probability and Mathe-
matical Statistics. Academic Press, Inc. [Harcourt Brace Jovanovich, Publishers], New York (1981)

12. Dalang, R.C.: Level Sets and Excursions of the Brownian Sheet, Topics in Spatial Stochastic Processes.
Lecture Notes in Mathematics, vol. 1802. Springer, Berlin (2003)

13. Dominguez, O., Tikhonov, S.: Function spaces of logarithmic smoothness: embeddings and character-
izations. Mem. Am. Math. Soc. 282, 1393 (2023)

@ Springer


http://creativecommons.org/licenses/by/4.0/

538

Constructive Approximation (2024) 59:485-539

14.
15.
16.
17.

18.
19.

20.

22.

23.

24.

25.
26.

27.

28.
29.

30.

31.

32.

33.

34.

35.

36.

37.
38.

39.
40.

41.
42.

43.

44,

45.

46.

47.

Dunker, T.: Estimates for the small ball probabilities of the fractional Brownian sheet. J. Theor. Probab.
13(2), 357-382 (2000)

Dung, D., Temlyakov, V., Ullrich, T.: Hyperbolic Cross Approximation. Springer, Berlin (2018)
Faber, G.: Uber stetige Funktionen. Math. Ann. 66, 81-94 (1909)

Farkas, W., Leopold, H.-G.: Characterisations of function spaces of generalised smoothness. Ann. Mat.
Pura Appl. 185(1), 1-62 (2006)

Haar, A.: Zur Theorie der orthogonalen Funktionensysteme. Math. Ann. 69, 331-371 (1910)
Hansen, M.: Nonlinear approximation and function spaces of dominating mixed smoothness, PhD
Thesis, Jena (2010)

Haroske, D.D.: On more general Lipschitz spaces. Z. Anal. Anwendungen 19(3), 781-800 (2000)

. Herren, V.: Lévy-type processes and Besov spaces. Potential Anal. 7(3), 689-704 (1997)

Hummel, F.: Sample paths of white noise in spaces with dominating mixed smoothness. Banach J.
Math. Anal. 15(3), 54, 38 (2021)

Hytonen, T.P., Veraar, M.C.: On Besov regularity of Brownian motions in infinite dimensions. Probab.
Math. Stat. 28, 143-162 (2008)

Kac, M.: On the average of a certain Wiener functional and a related limit theorem in calculus of
probability. Trans. Am. Math. Soc. 59, 401-414 (1946)

Kahane, J.P.: Some Random Series of Functions, 2nd edn. Cambridge University Press, London (1985)
Kalyabin, G.A., Lizorkin, P.I.: Spaces of functions of generalized smoothness. Math. Nachr. 133, 7-32
(1987)

Kamont, A.: Isomorphism of some anisotropic Besov and sequence spaces. Stud. Math. 110(2), 169—
189 (1994)

Kamont, A.: On the fractional anisotropic Wiener field. Probab. Math. Stat. 16(1), 85-98 (1996)
Karhunen, K.: Uber lineare Methoden in der Wahrscheinlichkeitsrechnung. Ann. Acad. Sci. Fennicae
Ser. A. 1. Math.-Phys. 37, 79 (1947)

Khoshnevisan, D.: Multiparameter Processes. An Introduction to Random Fields, Springer Mono-
graphs in Mathematics. Springer, New York (2002)

Khoshnevisan, D., Xiao, Y.: Lévy processes: capacity and Hausdorff dimension. Ann. Probab. 33(3),
841-878 (2005)

Kiihn, T., Linde, W.: Optimal series representation of fractional Brownian sheets. Bernoulli 8, 669-696
(2002)

Kuelbs, J., Li, W.V.: Metric entropy and the small ball problem for Gaussian measures. J. Funct. Anal.
116, 133-157 (1993)

Kuelbs, J., Li, W.: Small ball estimates for Brownian motion and the Brownian sheet. J. Theor. Probab.
6(3), 547-577 (1993)

Laurent, B., Massart, P.: Adaptive estimation of a quadratic functional by model selection. Ann. Stat.
28(5), 1302-1338 (2000)

Lévy, P.: Théorie de 1’addition des variables aléatoires. Monographies des Probabilités; calcul des
probabilités et ses applications 1, Paris (1937)

Lévy, P.: Processus Stochastiques et Mouvement Brownien. Gauthier-Villars & Cie, Paris (1965)

Li, W., Linde, W.: Approximation, metric entropy and small ball estimates for Gaussian measures.
Ann. Probab. 27(3), 1556-1578 (1999)

Loeve, M.: Probability Theory II. Graduate Texts in Mathematics, vol. 46. Springer, New York (1978)
Morters, P., Peres, Y.: Brownian Motion, Cambridge Series in Statistical and Probabilistic Mathematics
30. Cambridge University Press, Cambridge (2010)

Moura, S.D.: Function spaces of generalized smoothness. Dissertationes Math. 398, 88 (2001)
Neves, J.S.: Extrapolation results on general Besov—Holder—Lipschitz spaces. Math. Nachr. 230, 117—
141 (2001)

Ondrejat, M., Simon, P., Kupsa, M.: Support of solutions of stochastic differential equations in expo-
nential Besov-Orlicz spaces. Stoch. Anal. Appl. 36(6), 1037-1052 (2018)

Ondrejét, M., Veraar, M.: On temporal regularity of stochastic convolutions in 2-smooth Banach spaces.
Ann. Inst. Henri Poincaré Probab. Stat. 56(3), 1792-1808 (2020)

Peetre, J.: New Thoughts on Besov Spaces, Duke University Mathematics Series 1. Duke University,
Durham (1976)

Pick, L., Sickel, W.: Several types of intermediate Besov-Orlicz spaces. Math. Nachr. 164, 141-165
(1993)

Roynette, B.: Mouvement Brownien et espaces de Besov. Stoch. Stoch. Rep. 43, 221-260 (1993)

@ Springer



Constructive Approximation (2024) 59:485-539 539

48.

49.

50.

S1.
52.

53.
54.
55.
56.
57.
58.
59.
60.

61.

62.

63.

64.

65.

66.

67.

Runst, T., Sickel, W.: Sobolev Spaces of Fractional Order, Nemytskij Operators, and Nonlinear Partial
Differential Equations, De Gruyter Series in Nonlinear Analysis and Applications 3. Walter de Gruyter
& Co., Berlin (1996)

Schmeisser, H.-J., Triebel, H.: Topics in Fourier Analysis and Function Spaces. Wiley, Chichester
(1987)

Schilling, R.L.: On Feller processes with sample paths in Besov spaces. Math. Ann. 309(4), 663-675
(1997)

Schilling, R.L.: Function spaces as path spaces of Feller processes. Math. Nachr. 217, 147-174 (2000)
Sickel, W., Ullrich, T.: Tensor products of Sobolev—Besov spaces and applications to approximation
from the hyperbolic cross. J. Approx. Theor. 161, 748-786 (2009)

Takacs, L.: On the distribution of the integral of the absolute value of the Brownian motion. Ann. Appl.
Probab. 3(1), 186-197 (1993)

Talagrand, M.: The small ball problem for the Brownian sheet. Ann. Probab. 22, 1331-1354 (1994)
Temlyakov, V.N.: Approximation of Periodic Functions. Nova Science Publishes Inc, New York (1993)
Tong, Y.L.: The Multivariate Normal Distribution, Springer Series in Statistics. Springer, New York
(1990)

Triebel, H.: Theory of Function Spaces, Monographs in Mathematics 78. Birkhduser Verlag, Basel
(1983)

Triebel, H.: Bases in Function Spaces, Sampling, Discrepancy, Numerical Integration, EMS Tracts in
Mathematics, 11. European Mathematical Society, Ziirich (2010)

Triebel, H.: Faber Systems and Their use in Sampling, Discrepancy, Numerical Integration. European
Mathematical Society, Ziirich (2012)

Triebel, H.: Function Spaces with Dominating Mixed Smoothness. European Mathematical Society,
Ziirich (2019)

Tudor, C.A., Xiao, Y.: Sample path properties of bifractional Brownian motion. Bernoulli 13(4), 1023—
1052 (2007)

Veraar, M.C.: Regularity of Gaussian white noise on the d-dimensional torus. In: Nawrocki, M., Wnuk,
W. (eds.) Marcinkiewicz Centenary Volume 95, Banach Center Publication, pp. 385-398. Institute of
Mathematics of the Polish Academy of Sciences, Warsaw (2011)

Vershynin, R.: Introduction to the non-asymptotic analysis of random matrices. In: Compressed sensing,
Cambridge Univerity Press, Cambridge, pp. 210-268 (2012)

Vybiral, J.: Function spaces with dominating mixed smoothness. Dissertationes Math. 436, 73 (2006)
Walsh, J.B.: An Introduction to Stochastic Partial Differential Equations, Ecole d’été de Probabilités
de Saint-Flour XIV-1984. Lecture Notes in Mathematics, vol. 1180, pp. 265-439. Springer, New York
(1986)

Wang, W.: Almost-sure path properties of fractional brownian sheet. Ann. de I'LLH.P. Probabilités et
Stat. Tome 43(5), 619-631 (2007)

Xiao, Y.: Sample Path Properties of Anisotropic Gaussian Random Fields, A Minicourse on Stochastic
Partial Differential Equations, 145-212. Lecture Notes in Math, vol. 1962. Springer, Berlin (2009)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Path Regularity of the Brownian Motion and the Brownian Sheet
	Abstract
	1 Introduction
	2 Regularity of Brownian Paths
	2.1 Lévy's Decomposition of Brownian Paths
	2.2 Function Spaces and Faber Systems
	2.2.1 Function Spaces of Logarithmic Smoothness
	2.2.2 Besov-Orlicz Spaces 

	2.3 Results of Lévy and Ciesielski
	2.4 An Alternative Proof for the Besov-Orlicz Space B1/2Φ2,infty(I)
	2.5 New Function Spaces
	2.5.1 Spaces of Besov Type: Discrete Averages of Differences
	2.5.2 Spaces of Besov Type: Continuous Averages of Differences


	3 Path Regularity of Brownian Sheets
	3.1 Lévy's Decomposition of the Brownian Sheet
	3.1.1 Multivariate Faber System and Second Order Differences
	3.1.2 Decomposition of Paths of the Brownian Sheet
	3.1.3 Independence

	3.2 Function Spaces
	3.3 Results of Kamont
	3.4 New Function Spaces

	4 A Few Facts About Random Variables and Function Spaces
	4.1 Gaussian Variables
	4.2 Absolute Values of Gaussian Variables
	4.3 Integrated Absolute Wiener Process
	4.4 Orlicz Spaces

	Acknowledgements
	References




