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Abstract

We show that the problem of finding the measure supported on a compact set K C C
such that the variance of the least squares predictor by polynomials of degree at most
n at a point zo € C4\K is a minimum is equivalent to the problem of finding the
polynomial of degree at most n, bounded by 1 on K, with extremal growth at zg.
We use this to find the polynomials of extremal growth for [—1, 1] C C at a purely
imaginary point. The related problem on the extremal growth of real polynomials was
studied by Erd6s (Bull Am Math Soc 53:1169-1176, 1947).

Keywords Optimal polynomial prediction measures - Polynomials of extremal
growth - Complex polynomials

Mathematics Subject Classification 41A17 - 30A10 - 62K05

1 Introduction

In this work we consider two classical extremum problems for polynomials. The first
is very easy to state. Indeed, let us denote the complex polynomials of degree at most n
in d complex variables by C,[z], z € C. Then for K c C¢4 compact and zg € CAH\K
an external point, we say that P,(z) € C,[z] has extremal growth relative to K at zg
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if
|p(z0)]

P, = arg max ,cc, (2] W (1)

where || p||x denotes the sup-norm of p on K. Alternatively, we may normalize p to
be 1 at the external point and use

1

P, = arg max —_—
Iplx

@

peCylzl, p(zo)=1

We note that for this to be well-defined we require that K be polynomial determin-
ing, i.e., if p € C[z] is such that p(x) = 0 for all x € K, then p = 0. We refer the
interested reader to the survey [2] for more about what is known about this problem.

The second problem is from the field of optimal design for polynomial regression.
To describe it we reduce to the real case K C R?, and note that we may write any
p € R, [z] in the form

N
pP=_ 6pk
k=1

where B := {p1, p2, ..., pn}is abasis for R,[z] and N := ("Zd) its dimension.

Suppose now that we observe the values of a particular p € R,[z] atasetofm > N
points X :={x; : 1 < j <m} C K with some random errors; i.e., we observe

yi=pkj)+te, 1<j<m

where we assume that the errors €; ~ N(0, o) are independent. In matrix form this
becomes

y=V,0+¢€
where & € RV, y, ¢ € R™ and

[ pi(x1) pa(x1) -+ pa(x1) ]
p1(x2) pa(x2) - -+ pn(x2)

L P1(Xm) p2(Xim) - - - pN(Xm) |

is the associated Vandermonde matrix.
Our assumption on the error vector € means that

cov(e) = 0’1, € R™*™,
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Now, assuming that V,, is of full rank, the least squares estimate of 6 is

6:= V'V vy,

1
Note that the entries of — V!V, are the discrete inner products of the p; with respect
m

to the measure

px=— 8y 3)

More specifically,

1
_V;;‘Vn = Gp(ux)
m

where

Gp(p) == |;/1; pi(X)pj(x)dM] c RN*N @)

I<i,j<N

is the moment, or Gram, matrix of the polynomials p; with respect to the measure /.
In general we may consider arbitrary probability measures on K, setting

M(K) := {u : w is a probability measure on K}.

Now if
p1(2)
p2(2)
p(x) = : e RV 5)

PN (2)

then the least squares estimate of the observed polynomial is
P~
p'(2)6.
We may compute its variance at any point z € R? to be

var(p' (2)8) = op' () (V, V) " 'p(2)

1
= Zozp%z)((}nwx))*lp(z) (6)

where @y is again given by (3). Now, it is easy to verify that for any © € M(K) with
non-singular Gram matrix,

P (D)(Gn(w) 'p(2) = K1 (z, 2)
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where, for {g1, ..., gn} C R,[z], a u-orthonormal basis for R,[z],

N
Kiw.2) =Y q(w)gi(z)

k=1

is the Bergman kernel for R, [z]. The function K (2, z) is also known as the (reciprocal
of) the Christoffel function for R, [z]. In particular, we see that the variance (6) is
proportional to K}* (z, z).

We may generalize easily to the complex case, K C C?, where now the pj forma
basis for C,[z] and

Gn(p) = [/K pi(@)p; (z)du] e CNV, (7

1<i,j<N

In the case that G,, (1) is non-singular then the kernel is

N
Kl w.2) =) qr(w)g(z)
k=1

for {g1,...,qn} C C,[z], a u-orthonormal basis for C,[z]. Then, for an external
point zg € C9\K, a measure uo € M(K) is said to be an optimal prediction (or
extrapolation) measure for zq relative to K (of order n) if it minimizes the complex
analogue of the variance (6) of the polynomial predictor at zp; i.e., if

K™ (zo, = inf KHM(zp, . 8
» (20, 20) uei\/l(K) (20, 20) (8)

However, as it turns out (see Example 1.1 below), such optimal prediction measures
need not be definite (i.e., the associated Gram matrix need not be non-singular). Hence
we need to re-formulate so that indefinite measures are allowed. Indeed, as is well
known there is a variational form for K} (zo, zo0) :

p _pGo)l?
peColel Jx P12 dp

1
= sup _—
peCulzl. pioy=1 Jx 1P(@)12di

K} (z0,z0) =

©))

Note that in the case of an indefinite measure this value may be +o00. Any polynomial
P* e C,[z] such that

1

peCylz], plzo)=1 W (10)

P/%0 = arg max
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is said to be a prediction polynomial for u and if pg is an optimal prediction measure
we call P}***° an optimal prediction polynomial. In the case that (9) is co we interpret
(10) to mean that the polynomial P, is such that [, | Py (z)[*dp = 0.

Hence, in general, we say that ;g € M(K) is an optimal prediction measure for
7o relative to K if juq satisfies (8) with K/ defined by (9).

We note that if y is definite then

K} (20, 2)

Pr0(7) —
@ K (20, 20)

is unique and [, |Py"*°(2)[*du(z) = 1/K} (20, 20). In the case that 4 is indefinite
then P1“* need not be unique.

Example 1.1 Consider K = [—1, 1]* considered as a subset of C2, zg = (2,0),
w= 1810+ %5(1’0), and degree n = 1. Then itis easy to check that any polynomial
of the form P{L “O(x,y) = x/2+cy, ¢ € C, is a prediction polynomial for 1. We will
see in the next section that p is an optimal prediction measure which also shows that
optimal prediction measures may be indefinite.

In the univariate case however, optimal prediction polynomials are always definite.

Lemma 1.2 Suppose that K C C is C,[z] determining and that 7o € C\K. Then any
optimal prediction measure | is definite; i.e., the Gram matrix G, (i) is non-singular.

Proof If the support of a measure p has n or fewer distinct points there exists a
polynomial p € C,[z] such that p = 0 on the support while p(z9) = 1. Hence

1
Telp@Pd

and p cannot be an optimal prediction measure as taking any n + 1 points ag, . . ., a,
in K and positive numbers wo, ..., w, with Z?:o w; = 1, the measure v :=
Z?:o w;dq; is definite. Thus K/ (2o, z) is a nontrivial polynomial of degree n with

1
K" (20, 20) = sup <
" peCalzl, pio)=1 Jx IP(@)]*dv
O

Hoel and Levine [5] show that in the univariate case, for K = [—1, 1], and any
zo € R\K, a real external point, the optimal prediction measure is unique and is a
discrete measure supported at the n 4 1 extremal points x; = cos(kr/n), 0 <k <n,
of T,,(x) the classical Chebyshev polynomial of the first kind (see Lemma 3.1 below).
In this case it turns out that

K1 (20, 20) = T (z0)- (11)
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Notably, as is well known, 7,,(x) is the polynomial of extremal growth for any point
zo € R\[—1, I]relativeto K = [—1, 1]. Also, Erd6s [3] has shown that the Chebyshev
polynomial is also extreme relative to [—1, 1] for real polynomials at points zg € C
with |zo] > 1;1.e.,

max |p(zo)| = |Tu(z0)I.
PeR,x], Ipli—11=<1 "

The problem for real polynomials and |zo| < 1 or for complex polynomials p € C[z]
has remained unsolved up to now.

We show in Sect. 2 that (11) is not an accident, and that there is a general equivalence
of our two extremum problems. In Sect. 3 we give a complete and unique characteriza-
tion of optimal prediction measures and polynomials of extremal growth for the case
of the unit interval K = [—1, 1] C C. Finally, in Sect.4 we will use this to compute
the polynomials of extremal growth and the optimal prediction measures for a purely
imaginary complex point zg € C\[—1, 1].

2 A Kiefer-Wolfowitz Type Equivalence Theorem

Kiefer and Wolfowitz [6] have given a remarkable equivalence between what are
called D-optimal and G-optimal designs; i.e., probability measures that maximize the
determinant of the design matrix G, () and those that minimize the maximum over
x interior to K, of the prediction variance; i.e., minimize maXyecg K,’f (x, x). Here
we give an analogous equivalence, for a single exterior point zo € C?\K, with the
problem of extremal polynomial growth.

Combining the definition of an optimal prediction measure (8) and the variational
form for the kernel (9), the problem of minimal variance is to find

1
min max VAN T
peM(K) peCulzl. po)=1 [ |p(2)|*dup

It turns out that this can be easily analyzed using the classical Minimax theorem
(see e.g. Gamelin [4, Thm. 7.1, Ch. II]).

Proposition 2.1 The minimal variance is the square of the maximal polynomial growth,
ie.,

1 1
min max oA = max 5
peM(K) peCylzl, p(zo)=1 fK Ip@)Fdu  peCalzl. po)=1 || pll%

Proof First note that we may simplify to

1 / 2
min max —— =1 max min [p(2)| du} .
peM(K) peCulzl, po)=1 [i |p(2)|>du /{MGM(K)PEC;«[Z],[?(ZO)=1 K
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Now, for © € M(K) and p € C,[z] such that p(zg) = 1, let

fu, p) = /K Ip(2)>dp.

It is easy to confirm that f is quasiconcave in pu and quasiconvex in p and hence by
the Minimax Theorem

max / 1p(2)Pdp =
K

neM(K) peC,l z] p(zo) 1

f 1p(2)Pdp.
K

min max
peCulzl, p(zo)=1 pe M(K)

However, as u = §, € M(K) for every x € K, it follows that

2
max 2)|*du =
anax / Ip@)Pdu = lIplik-

Consequently, the minimum variance is given by

1 1
min —2 T2
neM(K) peC, Z] P(ZO) 1 fK Ip(z)|=du peCy Z] P(ZO) 1 ||P||

as claimed. O

We remark that the Minimax theorem in a similar context has been used before to
get pointwise estimates of solutions to the d-equation by Berndtsson in [1, p. 206].

It is also possible to give a more precise relation between the extremal polynomials
for the two problems (of minimum variance and extremal growth).

Theorem 2.2 A measure pg € M(K) is an optimal prediction measure for zg ¢ K
relative to K if and only if there is an associated (optimal) prediction polynomial
PO (2) € Cylz). (10), such that | PL% |k = [ PE | 110 i

maXIP#O’ZO(Z)Izzf | P07 (2)Pd o,
zek K

or, equivalently, if and only if there is an associated prediction polynomial that is also
a polynomial of extremal growth at z relative to K .
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Proof First suppose that P, (z) € C,[z] is an optimal prediction polynomial

associated with g such that || PYO% | ¢ = IIP#O’ZOHLz(MO). Then for any u € M(K),
1
K/ (z0,z0) = max 3
peCulzl. pzo)=1 [ |p(2)|>dp
1
= PM(J’ZO 2d
f[( | Py @) [~dpn
1
2 PMO’ZO 2 d
Jx 1P (@) 1% dp
_ 1
IPE* @)%
1

T [ PO ()2dpg
= KM (z0, z0)

and hence 1 is optimal.
To see that P} is also a polynomial of extremal growth, let p € C,[z] be any
other polynomial for which p(zg) = 1. Then

12012 12012
IPES 1 = 1PE1E,

= f | P20 (2) P dpo
K

< f |p(2)2dpo (as P}0-%0is a prediction polynomial)
K

2
= lplk-
Hence
I PNk = min Iplix
" peCylzl, p(zo)=1
and P}"*"* is indeed a polynomial of extremal growth.

Conversely, suppose that i1 is optimal and let P;*"“(z) € C,[z] be a polynomial of
extremal growth for zq relative to K , i.e., P1"*“°(zo) = 1 and for any other p € C,[z]
such that p(z9) = 1,

1PNk < llplk-

We claim that P}*“° is an optimal prediction polynomial and that || P}O%|x =

[EZR VRTINS
To see this note that by Proposition 2.1

1 1
max — :
peCalzl peo)=1 [ IP@)Pdpo — | PFO %
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ie.,

. 2 202
min [p@ 7 duo = 1Pyl % .
peClzl, p(zo)=1 /K " .
Hence
”P’go,zo”%( S/ |P’ito,z0(z)|2duo
K

< / | P10 I duo
K

12012 .
= IPL

. 42 L, 2
ie, [ P10 @) Pdpo = 1P )%
Moreover,

1 1 1
max 2 = U ph0z0y2 70-20 /12
PeCulzl, pzo)=1 f[( |p(z)[“duo | Pn % fK | Py (2)17dpo

P#Osz()

and so is also an optimal prediction polynomial associated with . O

In particular, if pg is definite then

/ |PIO%0(2)Pdpo = [P0 1% = 1/K}° (20, 20)-
K

Remark 2.3 Tt is easily confirmed that | P} (z)| = || P}*>"*°||x on the support of /4¢.
Consequently optimal prediction measures are always supported on a real algebraic
subset of K of degree 2n.

Example 2.4 Recall the situation of Example 1.1: K = [—1, 112 ¢ C? with the mea-
sure (g = %8(_1,0) + 43—‘8(1,0). We show that this is an optimal prediction measure
for the external point zp = (2,0) and polynomials of degree at most 1. As men-
tioned in Example 1.1, the prediction polynomials for this measure and point are
p(x,y) = x/2+ cy, ¢ € C. For the particular polynomial P{**(x, y) := x/2, we
have || P{"||% = 1/4 and [} |P{""*°(x, y)|*dpo = 1/8 4+ 3/8 = 1/4. Hence by
Theorem 2.2, g is an optimal prediction measure.

We now give an example showing that optimal prediction measures need not be
unique, even in the univariate situation. Let

K=D={zeC:|z] <1}
and fix zo with |zo| > 1. Write zg = |zo|e'? for a fixed angle ¢.
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Proposition 2.5 Consider the measure

o0
oy 1
du(9) = [ > Izol ""e’k“”"’)} 540,

k=—00

i.e., du, the Poisson kernel for 1]z times d6 /(2m), supported on the unit circle. Then
W is an optimal prediction measure for K = D and zo ¢ D for any degree n.

Proof For j =0, +1,+£2,..., let

) 2r 1 2 o . -
m; () :=/ z’du=/ e%duo) = —/ D7 lzol Fe*OFO | elifdo.
K 0 2 Jo |

It follows easily that for any j,

mj(u) = |z0l e =757 (12)
Thus the Gram matrix for p with respect to the basis {1, z, ..., "} for C{[z] is
11 75" z&?... z(a"l)
__ 2 ——
_ ZO 1 Z() e ZO
Gu(w) = G(zy') =
" " VP 1

More generally, we define, for |z| # 1,

Z 2... "
z 1 z... z®D
G(z) :=
=D z0-))
One easily verifies that

-1 z 0 ... 0 0
X T —(1+1z») z ... 0 0
GO =ppoy| P |
0 oz =0 +1z2P z
0 0 0 ... Z -1
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Next, letting, for z # 0,

Piz):=| - |eC"!, (13)

we easily verify that
P*(2)G(z) " 'P(z) = |z|7%".
Thus we have
K[ (z0.20) = P*(25 )G (5 ) ' P(zg ) = 15 7" = Izol™".

But it is well-known that p,(z) = z" is a polynomial of degree n of extremal growth
at zo relative to K (see [2]); thus we know from Proposition 2.1 the optimal value
inf, e M) K} (20, 20) 1S

|Puz0)I* = lz0f*"
and the proof is complete. O

For each degree n we can produce additional optimal prediction measures by taking
any discrete measure v that reproduces the moments of & present in the Gram matrix
G (). Such discrete measures v can be constructed, e.g., by Szegd quadrature (see
section 7 of [7]). O

However, as we will see in the next section, for a real interval and a point exterior
to this interval, optimal prediction measures are unique.

3 A Complex Point External to [—1, 1]

We now consider K = [—1, 1] € Cand zg € C\ K. We normalize so that the extremal
K00 (20.2)

A K0 (z0.20)

As mentioned in Remark 2.3 above, the support of an optimal prediction measure in
this case is a subset of [—1, 1] where |P/'***(z)| = 1, its maximum value. It is not
possible that | P} (z)| = 1 on all of [—1, 1] and hence the support of /1o consists
of at most 2n points in [—1, 1], counting multiplicities. Any interior point, being a
local maximum of | P}**°|, must be of even multiplicity and hence there can be at
most n interior points. However, exactly n interior (double) points would mean that
z = =1 are not maximum points of |P}*(2)|; i.e., |[PY*°(£1)| < 1. But then
the fact that lim,_, 1o | P} *°(z)| = oo would imply that there are two other points
outside [—1, 1] where | P}""*(z)| attains the value 1, giving 2n + 2 > 2n real points
where the value 1 is attained, an impossibility. Hence there are at most n — 1 interior
points in the support of . The fact that G, (11p) is non-singular requires that there

polynomials are P}'"*°(z) = ; these have supremum norm 1 on [—1, 1].
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are at least n + 1 support points, and these must therefore consist of n — 1 interior
points together with the two endpoints 1; i.e., xo := —1, x, := +1 and n — | internal
(double) points —1 < x; < --- < x,—1 < 1. Consequently

n
H“O = Z wi(sx,-
i=0

with weights w; > 0, Y '_jw; = 1.
Given the support points x; there is a simple recipe for the optimal weights, given
already in [5].

Lemma 3.1 (Hoel-Levine) Suppose that —1 = xy < x; < -+ < X, = +1 are given.
Then among all discrete probability measures supported at these points, the measure

with ‘
N L) B (14)
Zi:o [£i (z0)]

with £;(z) the ith fundamental Lagrange interpolating polynomial for these points,
minimizes KM (z9, zo).

Proof We first note that for such a discrete measure, {¢;(z)/,/W;i}o<i<, form an
orthonormal basis. Hence

n ¢ 2
Kf 0,20 = Y O (1s)

i=0 i

In the case of the weights chosen according to (14) we obtain

n 2
KI(20, 20) = (Z 7 (Zo)|> . (16)
i=0

We claim that for any choice of weights K/ given by (15) is at least as large as that
given by (16). To see this, just note that by the Cauchy—Schwartz inequality,

<Xn:|£i(20)|> (Z'E (ol ,->2

= (,: g <Z°)'> (;ﬁ“’)

s (zo>|2
w;

=0
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Remark 3.2 'We note that the optimal K}, (z0, zo) given by (16) is the Lebesgue func-
tion squared. Hence the problem of finding the support of the optimal prediction
measure amounts to finding the n + 1 interpolation points —1 = xp < x] < --- <
x, = +1 for which the Lebesgue function evaluated at the external point z,

n
Azo) =Y Ii(z0),
i=0
is as small as possible.

K (20.2)

K0 (z0.20)

Recall that the optimal prediction polynomials P} (z) = have

supremum norms 1 on [—1, 1].

Lemma 3.3 Suppose that the measure [ is supported at the points —1 = xo < x1 <
- < xp = 41 with optimal weights given by (14). Then

Pl () = Z sgn(€;(z0))4i(z)

i=0
where sgn(z) := z/|z| is the complex sign of z € C.

Proof Using again the fact that {¢;(z)/./w; }o<i<n form a set of orthonormal polyno-
mials, we have

1 i&»(zo) 4 (2)
Azo) & Jwi Jwi

e i@
— 2
A(ZO)Z( e >|) ©

= Z Lo (Z") ().
0

P#O’ZO(Z) —

O

Remark 3.4 By the equivalence Theorem 2.2 the support of the optimal prediction
measure and the polynomial of extremal growth will be given by those points —1 =
X0 < X1 < -+ < x, = +1 for which

max
—1<x<1

" ¥i(z0)
)| =1
Z 14 o)] (x)'
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4 A Purely Imaginary Point External to[—1, 1]

In the case of zg = ai, 0 # a € R, a purely imaginary point, it turns out that there

are remarkable formulas for the polynomial of extremal growth as well as for the

support of the optimal prediction measure. Both of these will depend on the point zq

(as opposed to the real case zg € R\[—1, 1] where Hoel and Levine [5] showed that

the support is always the set of extreme points of the Chebyshev polynomial 7}, (x)).
To begin we will first analyze the degrees n = 1 and n = 2 cases.

4.1 Degreen =1

Here the support of the extremal measure is necessarily x = —1 and x; = +1. We
will compute P{""*(z) using the formula given in Lemma 3.3. Indeed in this case,
Lo(z) = (1 —2z)/2and €1(z) = (1 + 2)/2 so that

. 1—ia 1+4+ia
sgn(fp(ia)) = sgn( > ) = —

a? +1
and
1+ia 1—ia
sgn(¢1(ia)) = s n( > = .
s £ 2 a’+1
Hence,

1+ia 1—z l—ia 1+z

PU'O»ZO —
b Vil 2 Jail 2
1
- {1 —iaz).
Va2 +1

Since =£1 is necessarily the support of the optimal prediction measure it is immediate
that || Pl’m’ZO lll=1,11 = 1, as is also easily verified by a simple direct calculation.

4.2 Degreen =2

We claim that the support of the optimal prediction measure is xo = —1, x; = 0 and
x = +1. However, this is not automatic and we will have to verify that the norm of
P} is indeed 1. Now, it is easy to see, for this support, that

Eo(z):%» 0@ =1-22 ﬂz(Z)zz(Z;)
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for which

sen(€o(ia)) = sgn <@)

—ia —ia—1

lal Va1
) ()1+ia
=isgn(a) ——,
g Ja? +1

sgn(f)(ia)) = sgn(l 4+ a?) = +1,

and, after a simple calculation,

sen(a(ia)) = i sgn(a)%.

From this we may easily conclude that

2
P03 (7) = ngn(ﬂi(zo))gi(Z)

i=0

- jgzl:(i)l (—(a +sen(a)a? + 1)z — iz + sen(a)va? + 1) .
a

The fact that || P2“ 020 [—1,1] = lis animmediate consequence of the following lemma.

Lemma4.1 For x € R we have

N (la| + ~/a? + 1)2x2

2
-1
211 (x )

|a|+Va2+1x
a’+1 '

1P =1
=14+ (%= DRIx), Ri(x):=

Proof This follows from elementary calculations starting with the formula for
P} (x) given above. O

We now define a sequence of polynomials, Q,(z), based on the above degrees
n = 1 and n = 2 cases, for which we will show that 0,,(z) = ¢, P () for certain
cn € C with modulus |¢,| = 1. We will also define a sequence of polynomials R, (x)
which will play the role of Rj(x) in the Lemma for general degree n.

Now, as the formula for P2“ 00 depends on the sign of a, in order to simplify
the formulas we will assume that @ > 0. For a < 0, one may use the relation

leto,ia(z) — quo,—ia(_z)'
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Definition 4.2 For ¢ > 0 we define the sequences of polynomials Q,(z) and R, (z)
by

01(2) = _%’ (= (—) Pl ()
02(2) = \/—( (a++va?+ 12’ —zz+ﬁ) = P;%(2)
a
0ni1@) =220,(2) — 0n_1(z), n=2,3,....
and
Ro(2) = ———,
a-+1
Ri(z) = a+— ‘az+12
: a2+1

Ry+1(z) =2zRy(2) — Ry—1(z), n=1,2,....
Since the recursions are both those of the classical Chebyshev polynomials it is not
surprising that there are formulas for Q,(z) and R, (z) in terms of these.

Lemma 4.3 We have

0:(2) = —(@z+ D Tim1(2) +Va? + 101 = )Up2(2))

1
Vel

where T, (z) is Chebyshev polynomial of the first kind and U, (z) :=
of the second kind.

n-H T, 11 (2) that

Proof Let g, (z) denote the right side of the proposed identity. We proceed by induction.
For n = 1 we have

_ 1 . 2
01(0) =~ (S + DT @ + Ve +10 = D12

= +(—(az+i) x 1+0)
a-+1
= 01(2).

Similarly, for n = 2 we have

1
@) = —— (e D@ +Va 10 = U2 20)

S (—(az+i)z+Va2 + 1(1 —zz))

var+1
1
=ﬁ(—(a—l—\/az—l—l)zz—iz—i—\/az—kl)
Vva

= 02(2).
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The result now follows easily from the fact that both kinds of Chebyshev polynomials
satisfy the same recursion as used in the definition of Q,(z). m]

Lemma 4.4 We have

Ry (2) =

ﬁ (\/cﬂ + 1zU,_1(2) + aTn(z)) .
a

Proof Let r,(z) denote the right side of the proposed identity. We again proceed by
induction. For n = 0 we have

1
ro(z) = —— (x/a2 +1zU_1(2) +aTo(Z)>
a®+1
a

a?+1
= Ry (2).

Similarly, for n = 1 we have

1
ri(z) = Wi (va2 + 1zUp(z) +aT1(z))
=;<\/a2+11x1+axz>

at+1
_a—l—\/az——i—l
B az+1 ¢
= Ri(2).

The result now follows easily from the fact that both kinds of Chebyshev polynomials
satisfy the same recursion as used in the definition of R, (z). O

Now, just for the Chebyshev polynomials 7}, (z) and U,,—1 (z) there is the Pell identity
T2 (2) — (22— DUy () = 1. (17)

We will show that for real z € R, the polynomials Q,(z) and R,_(z) satisfy a
similar Pell identity.

Proposition 4.5 Forz = x € R, we have
102 — (x* = DRZ_;(x) = 1.

Proof By Lemma 4.3, z = x € R, we may write

Qi) = —(@x + DT 1 (@) + Va2 + 10 =DV, 2(0))

1
Nl
a2——|—1 (_iTnfl(X) + {—axTn,] (x) + \/LT—H(l _ xz)U,,,z(x)})
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so that

2 _
[On(X)]” = 211

2
(Tn2_1<x) + (—axT1 (0 + Va2 + 10 = Uy () ) .
Hence, using the Chebyshev Pell identity (17),
@+ 11 =10, )
= (a®+1) =T | (x) — a*3°T? | (x)
— @+ D1 —x)?U7_,(x) +2ava? + 1x(1 = x*)Up—a (x) T—1 (x)
=@+ (1 = T2 () + a2 = DT (x) — @+ D1 —xD2U2 ,(x)
+2av/a? + 1x(1 — x)Up—2(x) T (x)
= (@ 4+ D1 = xDHU2 5 (x) + a>(1 = DT (x) = (@® + (1 = x2)2U2_,(x)
+2av/a? + 1x(1 = x))Up 2 (X) Ty -1 (x)
=(1- xz){(az + DU ,(x) +a’T? | (x) — (@* 4+ D1 = x*)U?_,(x)
+2aVa? + len_z(x)Tn_l(x)}
=(1— xz){(az + D[l — (1 = xHU2 ,(x) +a*T* | (x)
+2av/a2 + 1xUp 20 1 (1)
— (- x2)|(a2 + D220, (1) + a* T2 (x) + 2av/a? + len_z(x)Tn_l(x)}
2
= (1 =) Va2 + 1xUp 200 + a1 ()]
= (1 —x)) (@ + DR;_ (x).

The last equality follows from Lemma 4.4. O

From the Pell identity Proposition 4.5, we immediately have

Corollary 4.6 For x € [—1, 1],

1Qn(0)] <1

and its maximum of 1 is attained at the endpoints x = *1 and the zeros of R,—1(x).

Indeed, we claim that the endpoints together with the zeros of R,_1(x) form the
support of the optimal prediction measure. To this end we first prove that R,,_1 (x) has
n—1zerosin (—1,1).

Lemma 4.7 The polynomials R, (x) have n distinct zeros in (—1, 1) which interlace
the extreme points of T,(x), cos(km/n), 0 < k < n.
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Proof Using the fact that 7,,(x) = nU,—i(x), we have that at an interior extremal
point of T, (x), cos(km/n), 1 <k < (n — 1),

R, (cos(km/n)) = ﬁ (\/ a? 4 1zU,_1(cos(km /n)) + aTn(cos(kn/n)))
_ 1 k
= (0+a(=1*)
= L(_l)k
Va? 41
so that

sen(Ry(cos(km/m))) = (=1, 1<k < (n—1).

Further, for k = 0, cos(kw/n) =1,

1
R,(1) = ﬁ <\/CT+1Un—1(1) —l—aTn(l))
1
= Yy (e 1)

so that
sgn(R, (cos(0r/n))) = +1 = (—=1)°.

Similarly, for k = n, cos(km/n) = —1,

Ry(~1) = o (Va> £ 1= DU, 1(—1) + aT, (D)

var+1
1 n
- —(n/a? + 1+ a)(=D)

so that also
sgn(Ry(cos(nm/n))) = (—1)".

The result follows. O

Suppose now that wg is the discrete measure supported on 1 together with the
n — 1 zeros of R,_1(x), with optimal weights given by Lemma 3.1.

Proposition 4.8 The polynomials Q,,(z) are of extremal growth at zo = ai relative to
K =[—1, 1]. Specifically, Qy(z) = —()" Py (2).
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Proof Let —1 = x¢p < x] < --- < x, = +1 be the support points with corresponding
Lagrange polynomials £;(z). We will show that

On(xi) = —()"sgn(ly(ai)), 0=<k=n
using the formula

wy (2)

D n(2) = 2—an_ .
e MO E T DR

le(z) =
Our calculations will make use of the elementary facts that

Ty(ai) = @ {(a—l—\/az—i— D"+ (a— Va2 + 1)”],

2
N (i)n n+1 n+1
U, (ai) = NTT{(a+\/a2+l) H gV + 1)t }

so that

R,_i(ai) = ﬁ (\/a2 F 1(ai)Uy_s(ai) + aT,,_l(ai))
_ nn—1 a n—1
= (i) \/QZ—T(G—F\/CIZ-FI) .

The endpoints are the easiest case and so we will begin with those. Specifically, for
k=0, xo =—1,
((ai)* = DRy—1(ai)
(ai = (=), (1)
=@+ DRy_i(ai)
@i+ D(=2R1 (=)

bo(ai) =

Hence
1
sen(to(ai) = sgn(Rn_1<ai)>sgn(Rn_1<—1))sgn( . )
ai +1
— (-1 -1 n—1 ai +1 )
eyt e
On the other hand
1
0n(=1) =~ (@D +DTuea (<D + Va2 + 100 = (1)U 2(-D)
1
- 7 _1 n—1
Ve
= —(@)"sgn(to(ai)).

as is easily verified.
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The other endpoint x,, = +1 is very similar and so we suppress the details.
Consider now, x;, 1 <k < (n — 1), azero of R,,_;(x). Then

((ai)*> — 1) Ry—1(ai)
(@i — x)(xf — DR, (xr)
_ —(@+ DRy (ai)
 (ai — xk)(x,% — 1)(R;,_1(xk))‘

Lr(ai) =

Hence

1
sgn(£x(ai)) = sgn(R,—1(ai)) sgn(R;,_ (x)) sgn ( ; )
ai — xg

ai — xi
,/az—i—x,?

as sgn(R)_, (xp)) = (—=1)""17K as is easy to see.
On the other hand, from the formula for R,,_(x) given in Lemma 4.4, we see that
R,_1(xx) = 0 implies that

= @D

Ja? +1

Ty—1(xx) = _Tkan—Z(xk)-

Substituting this into the formula for 0, given in Lemma 4.3 we obtain

On(x) = +(1 - x,%)} Un—2 (xx)

_ (“ + ”") U2 (x0).
a

But by the Pell identity of Proposition 4.5, |Q, (xx)| = 1 and so we must have

(axy +1)xk
a

a—+ixg
—————sgn (Up—2(x¢)) -
\Ja? +x,§

But, as the zeros of R,_ interlace the extreme points of 7,,_1, i.e., the zeros of U,,_»,
it is easy to check that sgn(U,_2(xx)) = (—1)*~1=* In other words,

On(xx) =

i a+ixg
Qn(x) = ()" ——=
Ja? + x,?
which is easily verified to equal —(i)"sgn (£ (ai)), as claimed. O
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From the recursion formula for Q,(z) it is easy to see that

Qulai) = —(i)"Va? + 1(a + Va? + 1)

Hence we have

Proposition4.9 Forn=1,2,...

max Ipai)| = Va2 + 1(la| + Va2 + 1"~
peCylzl. lIpl=1,n=1

and this maximum value is attained by Q, (z) (for a > 0).

It is worth noting that the extremal polynomial and optimal prediction measure,
unlike the real case, depend on the exterior point zg. Moreover, this extreme value is
rather larger than |7, (ai)|. Indeed it is easy to show that

Va2 + 1(jal +Va? + 1)'' = |T,(ai)| = Va® + 1 — |a])| T, -1 (ai)].

One may of course wonder if there are similar formulas for general points zg €
C\[—1, 1] (not just zo = ai). However numerical experiments seem to indicate that
in general there is no three-term recurrence for the extremal polynomials.

Note added in proof It has recently come to our attention that the general extremal
values problem has been studied by Yuditskii [8].
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