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Abstract

Morrey (function) spaces and, in particular, smoothness spaces of Besov—Morrey or
Triebel-Lizorkin—Morrey type have enjoyed a lot of interest recently. Here we turn our
attention to Morrey sequence spaces n,,, , = Ny, ,,(Zd ),0 < p < u < 0o, which have
yet been considered almost nowhere. They are defined as natural generalizations of
the classical £, spaces. We consider some basic features, embedding properties, a pre-
dual, a corresponding version of Pitt’s compactness theorem, and further characterize
the compactness of embeddings of related finite-dimensional spaces.

Keywords Morrey sequence spaces - Pitt’s theorem - compact embeddings - entropy
numbers

Mathematics Subject Classification 46E35 - 46A45 - 46B45

1 Introduction

Morrey (function) spaces and, in particular, smoothness spaces of Besov—Morrey or
Triebel-Lizorkin—Morrey type were studied in recent years quite intensively and sys-
tematically. Decomposition methods like atomic or wavelet characterizations require
suitably adapted sequence spaces. This has been done to some extent already. We are
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interested in related sequence spaces of Morrey type, but first we briefly review some
basic facts about the much more prominent function spaces of Morrey type.
Originally, Morrey spaces were introduced in [32], when studying solutions of
second order quasi-linear elliptic equations in the framework of Lebesgue spaces.
They can be understood as a complement (generalization) of the Lebesgue spaces
L p(R" ). In particular, the Morrey space M, ,,0 < p < u < 00, is defined as the
collection of all complex-valued Lebesgue measurable functions on R such that

1
N d(l-1) » r
| fIMu R = sup R« 7 (/ [f ()] dy) < 00, (1.1)
B(x,R)

xeR4 R>0

where B(x, R) = {y € R? : |x — y| < R} are the usual balls centered at x € R? with
radius R > 0. Obviously, M, ,(R?) = L,(RY), and M, ,(RY) = {0} if p > u.
Moreover, M, p(Rd) = Loo(R?) such that the usual assumptionis p < u < 00. As
can be seen from the definition, Morrey spaces describe the local behavior of the L,
norm, which makes them useful when describing the local behavior of solutions of
nonlinear partial differential equations, cf. [22, 25-26, 27, 30, 31, 50]. Furthermore,
applications in harmonic analysis and potential analysis can be found in the papers
[2—4]. For more information, we refer to the books [1] and [48] and, in particular, to
the fine surveys [46, 47] by Sickel.

As for the smoothness spaces of Morrey type, aside from Besov—Morrey spaces
N,f », q(]Rd) in [22, 30, 31], and their counterparts Triebel-Lizorkin—-Morrey spaces

b 'y (]Rd), cf. [49], their atomic and wavelet characterizations were already described

in the papers [39, 41-44], and we simplified the appearing sequence spaces ny, ,, .
in [18] to some extent. There are further related approaches to Besov-type spaces
By, 3 (R?) and Triebel-Lizorkin-type spaces F) g (R?), cf. [48] with forerunners in
[12-14, 55, 56]. Triebel provided a third approach, so-called local and hybrid spaces,
in [53, 54], but they coincide with appropriately chosen spaces of type Bj g (R4) or
Fpg(RY), cf. [57].

Recently, based on some discussion at the conference “Banach Spaces and Operator
Theory with Applications” in Poznar in July 2017, we found that Morrey sequence
spaces my, p = My, p(Zd), 0 < p < u < oo, have been considered almost nowhere.
The paper [6] concerns another type of discretization than we have in mind. To the
best of our knowledge, there is only the paper [16] (and an interesting application in
[17]) so far that is devoted to this subject. They are defined as natural generalizations
of £, = £,(Z4) via

mu,p = A= {)\’k}kEZd C (C N

S

1_1
IAmy pll = sup  |Q—jml* 7 Yo P <oop.
jGNo;mGZ‘[ ke QO,kCQ—j.m
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where Q ,, =27/ (m + [0, 1)?) are dyadic cubes of side length 27/, j € Z,m € Z¢.
Clearly, m, , = £,.

We consider some basic features in Sect. 2 and present our main embedding result,
Theorem 3.1, in Sect. 3, which reads as follows: Let 0 < p; < u; < ooand 0 <
P2 < up < 0o. Then the embedding

Muyy,py = Muy,py

is continuous if, and only if, the following conditions hold:

P _p
us up

uy < up and

The embedding is never compact.

In Sect. 4, we describe a pre-dual X, , of my ,, 1 < p < u < oo, which is a
separable Banach space, unlike m,, .

Dealing with the closure mgop of finite sequences in m,, ,, we obtain a counterpart
to Pitt’s theorem [37] in our setting as follows, see Theorem 5.3 below: Let 1 < p <
u < ooand 1 < g < oo. Then any bounded linear operator

T: mg?p — Ly
is compact. The above sequence spaces are not rearrangement invariant. Further infor-
mation about the Pitt theorem in rearrangement invariant setting can be found in [8]
and [28].

Finally, we further characterize the compactness of embeddings of related finite-
dimensional spaces and obtain for the asymptotic behavior of the dyadic entropy
numbers of such a finite-dimensional embedding that

. : 0 L1
.y 2id 2Jd L A—k2mid yjd{ o =5
ek (1dj Sy muz’p2> 2 2 ("2 "1),

where j € N,0 < p; <u; <o00,i =1,2,and k € No with k > 279,

2 Morrey Sequence Spaces
2.1 Preliminaries

First we fix some notation. By N we denote the set of natural numbers, by Ny the
set N U {0}, and by Z? the set of all lattice points in R? having integer components.
Fora € R, let |a] := max{k € Z : k < a} and a4 := max{a, 0}. All unimportant
positive constants will be denoted by C, occasionally with subscripts. By the notation
A < B, we mean that there exists a positive constant C such that A < C B, whereas
the symbol A ~ B stands for A < B < A. We denote by | - | the Lebesgue measure
when applied to measurable subsets of R,
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Given two (quasi-) Banach spaces X and Y, we write X — Y if X C Y and the
natural embedding of X into Y is continuous.
For 0 < p < 0o, we denote by £, = ZP(Zd),

(2 = {0 = dgeze CC: M = [ D Ial? | <oop,
keZd

complemented by

loo(Z9) = {k = {Mtreze CC 1M€ol = sup M| < OO} .
kezd

If {A}},en stands for a nonincreasing rearrangement of a sequence A = {Ar}iczd €
€,(Z%),0 < u < oo, then

Cuoo(Z%) = {x = {Adeezt € Ct 1A, o0ll = sup vl < oo}
ve

denote the Lorentz sequence spaces, as usual. Finally, we adopt the custom to denote
by ¢ = c(Z%), ¢y = co(Z9), and cop = coo(Z?) the corresponding subspaces of
ZOO(Z") of convergent, null, and finite sequences, respectively; that is,

c:{k:{kk}kezdeﬁoo: EMGC:Mk—M—)O},

|k|— o0

co) = {)\. = {)‘k}kEZ"' €l : |)\.k| —_);g) O} ,

COOZ{)‘*Z{)‘k}keszEOO: drpeNg: A =0 for |k|>r0}.

As we mostly deal with sequence spaces on Z?, we shall often omit it from their
notation, for convenience.

2.2 The Concept

Let Qjm, J € Z, m € Zd, denote the usual dyadic cubes in Rd, ie., Qo0 = [0, l)d
and O, =277 (m + Qo,0).

Definition 2.1 Let 0 < p < u < oo. We define m,, , = m,_ ,(Z%) by

My p(Z%) = 1% = Plgega € C:

==

1_1
u, = —J.m k
g p sup [Q—jml" 7 D | <oe
jeNg;meZd k:QokCO—jm
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Remark 2.2 In [16] the corresponding one-dimensional counterpart was introduced
and studied.

Proposition2.3 Ler0 < p <u < oo.
(1) my,p is a (quasi-) Banach space.
(i) Ifu = p, then my , = £,; if u < p, then m, , = {0}. If p1 < p> < u, then
My, py <> My p;.
(iii) For any p and u, we have my , — foo.
(iv) If p <u, then £, oo <> my p.
(V) If p < u, then m, , and cy, ¢ are incomparable; that is, m, , ¢ co, my p ¢ c,
co & my, p, ¢ & my p.
Proof Part (i) is standard; the completeness can be shown similarly to the (one-
dimensional) counterpart in [16].
The first two assertions in (ii) are obvious; the monotonicity in p is a matter of
Holder’s inequality. Concerning (iii), clearly for any m € Z¢,

1

P

1_1
ol = 1Qoml* 7 [ D 1al”

k:Q0.kCQ0,m

S =

1_1
< swp |Q gl ST = .
jGNo;mGZd k: QokCO—jm

such that finally, taking the supremum over all m € Z4,
Mool < 1A1my,pl.

We prove (iv). Let {A}},en be a nonincreasing rearrangement of a sequence A =
{Ak}rezd. Then for any cube Q_j; ,,,, we have

I/p 2id 1/p 2id 1/p
o lP <> mr <supr!/g |y vmrl
k:Q0kCO—jm v=1 reN v=1

1

1
< ClIMlu, ol 1 Q—jml P,

since p <uand |Q_j | = 2/4_ Hence Ay pll < CllALY, 0ol
It remains to deal with (v). Consider first the constant sequence A! = {1} rezd € C.
Then

1 1 1 .
1 i > d
A g pll = sup [Q—jml* P1Q—jml? = sup 274" = o,
jeNg;meZd JjeNo

which disproves ¢ C my, ), (and simultaneously strengthens (iii) by m,,, C €x). A
slight modification disproves ¢y C m,, ,: choose & such that 0 < ¢ < %, and consider

% = {At}peza given by Ay = |k|~°. Then & € co. On the other hand,
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~ 1 1 . 1 .
R N d —
&My, pll > ¢ sup |Q—jol* P277¢|Q_j0l7 = c sup 27/~ = 0,
Jj€No Jj€No

which gives co & my p.
Now consider a special sequence A = {Ax}; 7z« that looks as follows:

1 ifk=(2",0,...,0) forsomer € N,
k = .
0 otherwise.

Obviously A ¢ c; in particular, A ¢ cg. Now, by construction,

1

p

1_1
my, <cC su —iol" P k < cC Ssu
Mmapl < ¢ sup Q- Ml? | < sup2
jeNp k:Q0xCO—j0 reN

1 1 1
"G < 0.

So the subspaces ¢, ¢, and m,, , of £ are incomparable in the above sense. O

Remark 2.4 Obviously, Definition 2.1 gives the discrete counterpart of M, ,,(Rd ) in
view of (1.1). More precisely, given some sequence A = {Ai}iezd € My, p,

fr= Z )‘kXQO,k € MM,P’

kezd

where x4 denotes the characteristic function of a set A C R4, as usual.

Conversely, let fo € M, . and define 20 = {9}, ;0 by 20 = ( Jou, 1 FoI?

1/p
dy) .k € Z. Then ||)LO|mu,p|| < |l folMy,,|. Hence there is some obvious

correspondence between the Morrey sequence and function spaces, respectively.

Remark 2.5 As in the case of the function spaces M, p(Rd ), one might complement
Definition 2.1 in the case of 0 < p < u = oo by

Moo p(Z9) = YA = Mihgeze € C:

_1
Mmoo pll = sup  |Q—jml "7 Do l? | <oop.
jeNo;mez! k:Q04CO—jm

where in the case of p = u = oo, the latter sum has to be replaced by the supremum,
as usual. Using this definition, we can show that mso p = £oo. This is obvious for
p =u = 00, soletus assume p < u = 00. In view of Proposition 2.3(iii), it remains
to show that oo > Mo p if p < u = 00. Let A € £oo. Thus for any j € Ny and
m e Zd,
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1

1 r 1 1
1Q—jml ™7 ST l? ] = 10wl TP 1Mol [Q—jml 7 = [IAlEsoll,

k:QoxCO—jm
which results in [|A[me pll < A€ol

Remark 2.6 Let Q denote an arbitrary closed cube in R? with |Q| > 1. We put

IAlmupliy = sup |Q|“ O ]
0:10]=

k:Q0kCO
1 1 %
IMmuplly = sup (@ 7 | > |xl?
Q:|Q|Z1 k:QOJcﬁQ?éQ)

Then [|A|my p (1) and [|A|m, , |l (2) are equivalent norms in m,, ,. It is obvious that
IAmu, pll < IA|my,pll1y < IAlmu, pll2)- On the other hand, let Q be a cube centered
at xo with size r > 1. We take a cube Q centered at xo with size » 4 2. If we choose j
in such a way that 2/=! < r 42 < 2/, then there are at most 2¢ dyadic cubes Q_;
such that a_j,mi cover é Then [Q_j ;| < 24| é| < 2%|Q|, and in consequence,

”)"|mu,p”(2) = Cd,u,p”Mmu,p”(l) = Cd,u,p”Mmu,p”-

Proposition2.7 Let N € N, 0 < p; < uj < 0o, j = 1,...,N, and \V) =
; _ 1 N

O Yeeza € muypy jo= 1,00, N Then 2V aM = VMY, o0 € my, p,

with

L = 17 Y[ PR v
where
o p= e
Proof Obviously 0 < % = Zj-v:l % < Zj-v:l pLj < % such that m, , is well defined
for 0 < p < u < oo. The rest is iterated application of Holder’s inequality. O

Proposition2.8 Let 0 < p < u < 00, A € my,p, and 0 < r < oo. Then |A|" =
{|)"k|r}keZd € mu/r,p/r with

| 1717 pma e
r’r

= ”Mmu,p”r-
Proof This follows by the definition immediately. O
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Proposition 2.9 Let0 < p < u < c0. Then my, p is nonseparable.

Proof If u = oo, then myo , = € in view of Remark 2.6, and the result is well
known. So assume 0 < p < u < oo now. Let E be a subset of N. We consider the
following sequences AF) defined by

1 if k=(,0,....,0)andr € E,

A(E ) _
k - .
0 otherwise.

It should be clear that

IAE g pll < 120 1y, 1.

So all the sequences belong to mu,p(Zd) if A® ¢ mu,,,(Zd). For any cube Q_; 1,
we have by construction,

P
1_1 N 1_1 N
0wl 7 [ >0 ] =10 YD R
k:QoxCQO—jm k:QoxCQO—j0

. 1 1 1
<2069 v < € < .

=

Hence AV e my, p(Zd ). If E and F are different subsets of N, then

IAE) — A Ffmy, ) > 1.

Thus my,, p(Zd) contains a noncountable set of sequences such that the distance
between two different elements of it is at least 1. m|

Remark 2.10 Let us mention briefly that in [16], further (one-dimensional) approaches
to weak and generalized Morrey sequence spaces were considered.

3 Embeddings

We prove our main result about embeddings of different Morrey sequence spaces.
Here we also use and adapt some ideas of our paper [18], cf. the proof of Theorem 3.2
there. A similar construction was used by P. Olsen in [33], cf. the proof of Theorem
10 in [33].

Theorem 3.1 Let 0 < p; <uy < oo and0 < py < uy < 00. Then the embedding
Muyy,pr = Muy,py (3.1

is continuous if and only if the following conditions hold:

p2_p

uz uji

uy <up and (3.2)

The embedding (3.1) is never compact.
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Proof Step 1. First we prove the sufficiency of the conditions. If u; = u», then
p> < p1, and by the Holder inequality we get for any j € Ng and m € Z¢,

1

s P2 1 P
[ DTl 10wl ST

k:QokCQO—jm k:QoxCQ—jm

So (3.1) holds for u| = u,.
Let now u; < up. If 5—: = 5—;, then for any j € No and m € Z%, we get

P2
. 1 1
Zjd(ﬁ_ﬁ) Z |)\k|p2
k:QoxCQO—jm
PL
. pl—l 7
_r (L1
< sup )T |2/ Dol
k:QokCO—jum k:QoxCQ—jm
The last inequality implies that
r1 1—21
Amuy, py | < Xm0y py 122 1Al 72 < (M| py |- (3.3)
If 5—; < %, then p; > p1 = uy ‘Z—Z. So the statement follows from (3.3) and the

monotonicity, see Proposition 2.3(i1).
Step 2. We consider the necessity of the conditions.

Substep 2.1. First we assume that up < wuj. For any j € N, we put m; =
(2%7,0,...,0) € Z¢. We put

Lo
s = NQ@=iml 1A Qo € O—jim,

0 otherwise.
Then straightforward calculation shows that ||A|n,, p, || = 1. On the other hand,
1/p2
11 1_1
sup [Q—jm;|"2 72 Z | k| P2 =sup [Q—jm, |2 " =o0.
j<No K:Q04C O jum jeNo
’ S

So {Ax}k does not belong to my, p,.
Substep 2.2. Now we assume that u; < up and fj—l' <

For any j € N, we put
i(1—2L
k] — \‘zd](l ul)J ;

P2

, in particular, 2L < 1.
u ujp
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recall [x] = max{l/ € Z:1 < x}. Then 1 < k, < 2?" and
ki < cpigy 2997k, if 1<v<j. (3.4)

For convenience let us assume that ¢, 4, = 1 (otherwise the argument below has to
be modified in an obvious way). For any j € N, we define a sequence 1(/) = H)»,((] ) .
in the following way. We assume that k; elements of the sequence equal 1 and the

rest is equal to 0. If Qo Q 0Q_j 0, then we put )»,(cj —) Moreover, because of
the inequality (3.4), we can choose the elements that equal 1 in such a way that the
following property holds:

odv

if 0 e SQjo and Qe = Qom:

i=1

then at most k, elements Aéj ,)([_ equal 1.

By construction, if O, ¢ € O_; o, then
. _n
S RGN <k, <20, 3.5)
k:Q0xkCQ—v e

and the last sum is equal to k,, if v = j. Thus

1A gy py I < 1. (3.6)

Furthermore, the assumption 0 < 1 < 22

VUU—Q)J

)
Hdi(1=12)

< 1 implies that

— o0 if j— o0.

So for any N € N, there exists a number jy € N such that
. 2 . P .
NN =12 Pdmu—q})J k= Y RGP
k:Q0xkCQO—jn.0
But this immediately implies that
NP < 139V o | 3.7

However, since we assume that the embedding (3.1) holds, there is a positive con-
stant ¢ > 0 such that

A My ol < M|y, pyll < ¢ forany A9 emy, .
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In view of the last inequalities (3.6) and (3.7), we get
NP2 < A9y, po |l < ClIAYN gy |l < €,

and this leads to a contradiction for large N.
Step 3. The noncompactness of (3.1) immediately follows from Proposition 2.3,

Cuy = My py = Muyy py > oo,

and the noncompactness of £,,, — {o. O

Corollary 3.2 Let 0 < py <uj; <ooand 0 < py < up < 0o. Then my, p; = My, p,
(in the sense of equivalent norms) if and only if u; = up and p1 = p».

Proof This follows immediately from Theorem 3.1. O

Corollary3.3 Let0 < p; <uj; <oocand0 < py < up < oo.

(i) Then my, p, <> Ly, if and only if uy < up and p\ = uy, that is, if and only if
My, py = Ly, and £, — £y,
(ii) Then £,, — my,, p, if and only if uy < u, that is, if and only if £, — £,,.

Proof This follows immediately from Theorem 3.1. O

Remark 3.4 Let us mention the following essential feature: if 0 < p < u < oo,
that is, we are in the proper Morrey situation, then there is never an embedding into
any space £, whenever 0 < r < oo, but we always have m, , <> £, in view of
Proposition 2.3(iii) and Corollary 3.3(i).

Remark 3.5 We briefly want to compare Theorem 3.1 with forerunners in [16] and in
the parallel setting of Morrey function spaces.

In [16, Prop. 2.4] the one-dimensional counterpart of Theorem 3.1 can be found in
the case when (in our notation) 1 < p; < p; < u; = uz < 0o, with some discussion
about the sharpness of that result. Obviously condition (3.2) is automatically satisfied
in this case. The method of their proof in [16] is different from ours.

We turn to function spaces and first consider spaces M, ,(Q) defined on a cube
0O, where (1.1) has to be adapted appropriately. Then by a result of Piccinini in [34],
see also [35], for 0 < p; <u; <o00,i =1,2,

My 1 (Q) = My, p,(Q)  ifandonlyif pr <p; and wup <uy.
This result was extended to RY by Rosenthal in [38], reading as
My, py Ry — My, (R ifandonly if — pr < p1 < up = us.
So a similar diversity as in the classical L ,-setting (spaces on bounded domains versus
R versus sequence spaces £ p) is obvious.

What is, however, more surprising is the similarity with our result [18, Thm. 3.2]

in the context of sequence spaces n;, p.q appropriate for smoothness Morrey spaces.
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In the limiting situation s| — Lf’—l =5 — f—z (and in adapted notation), we have shown
that
S1 52
uvprar = Muaprgo

if and only if (3.2) and ¢1 < ¢».

4 A Pre-dual of my p

Results concerning (pre-)dual spaces in the setting of Morrey function spaces have
some history; we refer to [5, 20, 58] and, more recently, to [2] in this respect. We rely
on the paper [40, Sect. 4], where further discussion can also be found.

Definition4.1 Let1 < p < u < oo and % + # = 1, as usual. For any j € Ny, we
define X/) = x4 (74) by

X @ = {h = dgega € C

1

7

i jd(L—1 ’
A, =270 3 S ] <oop. @&l

mezZd \k:QokCQ—jm
Lemmad4.2 Letl < p <u <ooand j € Ny. Then
X2 = 042 (4.2)
(in the sense of equivalent norms). Moreover, the embedding
id; : )2 — 0,2

satisfies
Hid XD @y zu/(zd)H =1, 4.3)

Proof We begin with (4.2). Note that

1 1

i K

S o] o= Y m =2 [

k:Q0kCO—jm k:Q0kCO—jm k:QokCO—jm
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Hence, by definition,

P

i 'dl_l ’
Iy =200 3T Y

meZd \k:QokCO—jm

> 2/4G=0 30 S |2

meZd \k:QoxCO—jm

_jd —jdl
=270 3 Il =27, (44)
kezd
hence Xu(;i 1), < {1. Conversely,
1
1 1 ’
. :d 1_1 /
Iy =200 3L 3
meZd \k:QoxCQ-jm
. 1 1 . 1 1
= 2570 Y gl = 20Tl 45)

keZd

which results in £| — be;j ; and thus finishes the proof of (4.2).
Similarly to (4.4), we obtain for the embedding id ;,

1 'dl_l /
Il =270 3 30l

meZd \k:QoxkCQO—jm

sl 1 , —id(L L
Ezjd(ﬁ_ﬁ) Z Z |)\'k|Ll 2 ]d(u/ p’)

meZd \k:QokCQO—jm

igqel_1_1.,1 ’
GO S | = 1Al
keZd

v

since p’ > u’ > 1. Thus |lid; || < 1. Now let mg € 7% be fixed, and consider

20 = {)\.g}kezd given by

it Qox C O—j.mgs
0 otherwise.

>
tle)
Il
P
™
~
:\
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_id 1
Thus [A0[€, | =27/ [Q—jm,|¥ =1, and

P
i id(L—1 / jd(l_1ly_ _jd 1
101, = 27770 3 Yool | =202 1
meZd \k:QoxkCQO—jm
— 2]‘“;*5*7 ) — 1’
such that finally | id; || > 1. This completes the proof of (4.3). O
Now we combine the above sequence spaces X,,(j [)) (Z%) atlevel j € Ny as follows.

Definition 4.3 Let | < p < u < co. We define X, , = X, ,(Z%) by

Xu,p(Zd) = { A = {At}gege C C: forany j € Ny there exists AV e XJ{g(Zd)

o o0
suchthat A=Y a9, and > 297}, <oot, (4.6)
j=0 j=0
equipped with the norm
o0 ‘ )
IAXpll = inf > 1A @7

Jj=0
where the infimum is taken over all admitted decompositions of A according to (4.6).

Proposition4.4 Let1 < p <u < oo.

(i) Then
(2 > Xy p(Z9) — £,(Z)

and

Hid 0,74 Xu,p(zd)H - Hid L X, (20 zu/(zd)H —1. (48

(ii) Letforn e 74, ™ = {e,E")}kEzd be given by

k 0 otherwise.

g<n>={1 if n=k.

The system {e(”)}nezd Sforms a normalized unconditional basis in X, p(Zd).
(iii) X, (Zd) is a separable Banach space.
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Proof Step 1. Let A € £1. Then Lemma 4.2 applied with j = 0, in particular (4.2),
imply that we obtain an admitted representation of  in (4.6) choosing A©) = % € X"
and A =0, J € N. This ensures A € &}, , and, in view of (4.7) and (4.5),

11X p I < IR, < lIALE ).

Thus ||id : €;(Z9) < X, ,(Z4)| < 1.1If 1 € X, p, then there exists a decomposition
according to (4.6), and we can conclude

0 00
el < 3 [0 | < 119,
Jj=0 j=0

where we applied (4.3). Taking the infimum over all possible representations according
to (4.6), we get by (4.7) that

13181l < [A1X,,ll. and thus Hid L X () <> zu/(zd)H <1

To complete _the proof of (i), we have to show the converse inequalities in (4.8).
However, XM(’J; < X, forany j € Ny with |id : Xu(,]l), < X, pll < 1, such that
(4.3) yields

I=id: &) > €l < id: X p = Eyll,
confirming the latter equality in (4.8). Now we are done, since
I=id: € = &yl < lid: €y = Xy pll [1d : Xy p = Lyl = [[id 1 € — Xy p -

Step 2. Concerning (ii), one can easily calculate that ||e(”)|XL,, pll = 1 and that the
system is complete in &}, . So the statement follows from the trivial inequality

H Z 8n}\ne(n)|/vu,pﬂ =< H Z )Lne(n)|Xu,p‘
\

’

In|<¢ n|<t
en = x1, 4, € C, cf, e.g., [19, Theorem 6.7].
Step 3. The proof of (iii) is standard. O

Proposition4.5 Let1l < p <u < oo. Then XL,,,,(Zd) is a pre-dual space ofmu,,,(Zd).
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Proof Let it € my,p. & € X, p(Z9) and let ). = Y520 100, 100 € X/} Then

oo
‘ > )Lkﬂk‘ <y > I e

kezd J=0kezd

=i2 Yoo

j=0 meZd k: QO‘kC Q—_/,m

1
0 g Y
=22 2wl >
./ZOmEZd k:QO,kCij,m k:QO,kCij,m
1
o0 L i
dj(+-1 i)
<l pll Y 27570 3 oo
Jj=0 meZd k:QO.kCij.m
0 .
< Nl pll Y 1291,
j=0

Taking the infimum over all representations of A, we get

| D2 e = Nl p N3 X1
kezd

On the other hand, if f € (X, ,(Z%))', then

LF L= AT p I

where || f|| = supy, x, Hl=1 | f (1)1, as usual. For any dyadic cube Q_, ,,, v € Np, we
take ’

RN 274G e ®.
k:Q0.kCO—v,m

Then AV™ e X, , if and only if {At}reze € z;ﬁ"’(Q_V,m) and A&, | <
vd
{23kl €3," (Q—v,m) || Moreover,

1_1
D DY R e P A I T N R
k:QoxCQO—vm

IA

1Al (@)
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11 v
By duality for the £,, spaces, we get {2"7 ) f(e®)}; € 2" (Q . ) and

100l 7| S AP | = 112G e (0
k:Q0kCQO—vm
<11
So {f(e® )}k € my, p(Z9) and [[{f (") }ilmu || < I f1- O

Next we define a closed proper subspace of m, , as follows. Let cop denote the
finite sequences in C, that is, sequences that possess only finitely many nonvanishing

elements. We define mg?p = mg?p (Zd) to be the closure of cqp in m,, p,
mg?p — COO” [mu,p ||

Obviously mg?p is separable. We shall prove below that X, , is the dual space of
mg(?p. We begin with some general properties. For that reason, let us denote by mg, =
mg, p(Zd) the subspace of null sequences which belong to m,, p,

my , =my,pMNco.

Then we have the following basic properties.

Lemma4.6 Let0 < p < u < oo. Then mg’ p and mg?p are proper closed subspaces
of my, p, with

00
m, Cm upCmu,,

Proof By definition, mgop

is a proper subspace of m,_ , follows from Proposition 2.3(v). We show that m? wp 18
closed in m,; p,

is a closed subspace of m, ,. The fact that m0 » & mu )

0 _ _H [y, p”
mu‘p mu P
0 T‘|‘|mu,p” . . .
Clearly m; , € m , so we have to verify the converse inclusion. Let A =
y u,p u, y
——l-lmu pll

{kk Ykeza € mY), » and & > 0 be arbitrary. Then, by definition, there exists some

= {Ui}geze € m » such that

S =

1_1
e = Amypll = sup  [Q—jml* 7 Yool —MlP | <e (49
jeNo,meZ4 k:QoxCQO—j.m
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Now u € m w,p C mu,pand my , is complete, thus A € my, ,. Moreover, applying
(4.9) with j = 0 implies that

e — Allooll = sup g — Akl < €.

kezd
However, u € m » Cco thus leads to A € co. So finally A € m,, , Ncp = mg o
It remains to Verlfy that mgop - m p- First note that, by definition, moop - m0 u,p*
Now consider special lattice points m ; = (22j ,0,...,0) € 74, J € Np, and put
_id .
27w it Qo C Q—jim;»
A = M
0 otherwise.
Then A € co Nmy, ), = mu p but obviously A ¢ m O

Remark 4.7 The above result sheds some further hght on the difference of the two
norms || - [€xoll and || - [my, ||, since in the classical setting,

%”'woc” = co
is well known, in contrast to mgo cmd .
P = u,p

We need the following lemma.

Lemma4.8 Let0 < p <u <ocoand i € m (Zd) Then there exists a dyadic cube
Q(A) such that

1_1
M pll = 1QGI "7 [ Y |al?
k:QokCOR)

Proof For any sequence A € m,_ , and any dyadic cube Q, we shall denote by A|p
the restriction of A to Q, i.e., (A|g)x = Ak if Qox C Q and (A|p)r = 0O otherwise.
Without loss of generality, we may assume A # ()

1
We choose a positive number ¢ < 1 — 2d(" 7 Ifx e mgop, then there exists a
dyadic cube Q such that

IA — )\|Q|mu,p” < el Almy pll.
If 0N Q = @, then
1_1 1_1
o1 7 | D P <1l | Y = Qlghl?

k:QoxCQO k:QoxkCO
< ellAmy pll < A|my pll.
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If @ G O, then

1_1 dl_1y ~1_1
o1 e | Y ] =2/ g [ Y (Gpnd”

k:QoxCQ k:Q0kCO

S =

1_1
H1 T [>T = Glgl”
k:QoxCQ

d(t-1)
S 2“%u"p + & ||)\.|mu,p|| < ||)L|mu,p||

by the choice of ¢. Therefore,

Sl

1_
IMmy,pll = max |Q]" > Il
Qce k:Q0xCQ

and the lemma is proved. O

Proposition4.9 Let 1 < p < u < oo. The dual space to mg?p(Zd) is isometrically
isomorphic to Xu,p(Zd).

Proof By Proposition 4.5, the space X}, j, is a pre-dual space of m,,_p,. So it is sufficient
to show that any functional on mg?p can be represented by some element of X, , with
the equality of norms.

First we prove that the space m%

u,p
subspace of an appropriate vector valued co space. Let for j € Ny and m € Z¢,

Ajm =Lp(Q_jm wjnm) beaweighted finite-dimensional £, space, equipped with
the norm

can be isometrically embedded into a closed

2jd P 2Jd P
L

/ id(l_L1
1y 1Ajmll =yl y ™ = [ Y 11?10 jml =20 (S ]
v=1 v=1

jd
where y = {321} ,

The space co(Aj ) is the space of all sequences a = {Cl(]’m)}jeNO’mezd with
a¥m € A;, j € No,m € Z¢, and such that [aV"™|A; || — 0if j + |m| — oco.
We equip co(A ;) with the usual norm, i.e.,

lalco(Ajm)ll = sup  [a¥"™|A; .
jENo,mEZd
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It is well known that the dual space of co(A;j ) is él(A’j,m), where b =
{BY"™) s engmeza € L1(A'; ) means

IbleccAs o= > 1pY™ 4], | < oc.

jGNo,mEZd

Moreover,

@by= Y (@jmbjm),

jeNg,mezd

cf.,e.g.,[51, Lemma 1. 11 1]
Let A = {Ak)geza € m »- We define the mapping

T :m), 3 k> (A9 oy meza € co(Ajm)

by putting A,Ej’m) =M if Qo C O—j m-
An argument similar to the one used in the proof of Lemma 4.8 shows that
1T (M)A |l — 0if j — oo or/and |m| — oo. Furthermore, by construction,

HAY ™Y leo (A7) Il = Al pll.

So we can identify m p with a closed subspace of co(A ).
Let f € (my,p)’. The above identification and the Hahn-Banach theorem imply that

f can be extended to a continuous linear functional f on co(Aj ) and || f I=1fI-
But f has a representation of the form
F@9™m =y S ugm (4.10)
jeNg,meZd k:QoxCQO—jm
and
= b (om) p! :
1Fl=" > 10— jml7 doowd™ . @1
jENo,mGZd k3Q0,kCQ—j,m

If (A U-m) }j,m = T (1), then the sum (4.10) can be rearranged in the following way:

fO)=FfTo) = Z 3

J=0 kezd
where the sequence u/) = {,uk )}kezd is given by /,L(]) = ,({j’m) if Qoxk C O—jm-
Recall that for any k, there is exactly one cube Q_; ,, of size 2/4 guch that Qox C

O j.m- Moreover, (4.11) reads as
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~ d dj 1_1 7 /
||f||=||f||—2 241G 3 o2 u>|u£”|f’ Znu“)u(’)

meZd \k:QoxkCQO—jm

by (4.1). Hence definition (4.6) yields that the sequence u = Y32y u") € X,
and

oo
f) = Z Mk withe || f1l = el X p - 0
kezd
Remark 4.10 Similar calculations for the Morrey function spaces can be found in [40]
and [29]. In the last paper, Kothe dual spaces to Morrey-type spaces generated by a
basis of measurable functions are studied. In particular, Theorems 2.1 and 2.2 ibidem
are related to our Propositions 3.5 and 3.9.
Moreover, arguments similar to those used in the proof of Proposition 4.9 show
that

(2 — mP (20 — co(Z?).

We recall that mu,p(Zd) > loo(ZY), cf. Proposition 2.3.

5 Pitt’'s Compactness Theorem

Now we prove Pitt’s theorem for the Morrey sequence spaces. We follow the approach
presented in [9] and [15]. The original result reads as follows.

Theorem 5.1 ([37]) Let 1 < g < p < oo. Every bounded linear operator from £
into £y or from cg into £, is compact.

We start with the following lemma that shows the similarity of m (Zd ) to cg if
p <u.

Lemma5.2 Let 0 < p < u < 00 and w™ be a sequence in m (Zd) which is
weakly convergent to zero, w,—0. Then for any A € m (Zd)

lim sup [|2. + w " my, » (Z9)]) = max { [, (Z), tim sup o, p(Zd>||}
n— oo

Proof Step 1. First we assume that the sequence A € m"

A+ w® and w® belong to mu T

dyadic cubes Q,, and @n such that

i p is finite. The sequences

therefore, according to Lemma 4.8, there exist
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1
P
1_1
I+ w® I =10al 77 | > w17 |
k:Q0kCOn
1
1 1 ’
lw ™y pll = 10a777 [ D w1
k:QO.kcén

By the definition of lim sup there is always a subsequence of cubes {Q}, }; such that

1

P
1_1 )
limsup [ 4+ w™|my || = lim [Q,, [+ D ERLY T L I CR))
n—o00 1—00
k:Q0.kCQn;

The cubes Q, are dyadic cubes of size at least one; therefore we may assume that the
subsequence satisfies one of the following alternative conditions:

(1) there exists a dyadic cube Q such that Q,, C Q for any i, 5.2)
(2) lim |Qy,| = oo, (5.3)
1—> 00
3) sqp|Qni| <oo and Qn NQy, =0 if i #j. 5.4
1

A similar statement holds for the cubes én
Please note that the weak convergence of the sequence w™ to zero implies the
uniform convergence to zero of the coordinates of w on any dyadic cube Q. In the
next steps we shall denote by O()) the dyadic cube that contains the support of X.
Substep 1.1 We prove that

max { A7 p I, lim sup ||w<”>|mu,,,||} < limsup || + w™ |my |l . (5.5)
n—o n—oo
We have that
1
1_1
IMmpll =107 [ > wl?

k:QokCO()

1_1 ;
Lm oGy | Y
k:Q0xCQOM)

IA

1 1
lim |Qy 77 CNr
AL WP Sy
k:QO,kCQni
= limsup [|A + w™|m,, |,

n—o00
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where we used (5.1). Let

lim su ||w(”)|m | = lim |§ |$—71, |w(”li)|p

p upll = ni E .

n— o0 1—> 00 -
k:QO,kCQnI-

If the sequence of cubes 0, satisfies the condition (5.2), then [|w ™) |m,_,| — 0. So
the inequality (5.5) holds. ~
If the sequence of cubes Q,,; satisfies the condition (5.3), then

P
~ 1_1
1_1 ni
|Qni|u P Z |w](( l)|p
k:Q0.kC O,

1

~ 1_1
U | 100l \* 7
< |Qni|u P Z |)"k+w]£”l)|P +(|é(’;\’)|> ||)h|mu,p||
k:Q0.kC O,

But (| én,- |/1 é(k) |)%_71’ — 0, so the inequality (5.5) holds also in this case.

If the sequence of cubes @,, ; satisfies the condition (5.4), then for sufficiently large
i we have A|5 = 0, and again the inequality (5.5) holds.

Substep 1 2. Now we prove the inequality converse to (5.5), i.e.,

limsup [|A 4+ w |m, ,|| < max { |y, I, lim sup ||w<”>|mu,,,||} .
n—oQ n—o0
We can proceed in a similar way as in the last step, now using the cubes Q,,. If the
sequence of cubes O, satisfies the condition (5.2), then
1

P
1_1 .
10wl [ Y w1 —o.

k:Q0,kCOn;

So ) -
limsup |4 + w [my pll < |Amy pll.
n—oo

If the sequence of cubes O, satisfies the condition (5.3), then similarly as above we

conclude
1

P
1_1 .
10u 77 | Y e+ w)P
k:Q0kCOn;
1

» 11

11 . Q| \* 7
<1017 DT qw +<W) Al pll,
k:Q0,kCQOn;

and the last summand tends to zero wheni — 0.
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If the sequence of cubes Q,, satisfies the condition (5.4), then once more the
sequences X + w,i"" ) and w,(:”) coincide for sufficiently large i.

Step 2. The general case is true by the density of finitely supported sequences in

00

m,, since the norm is a Lipschitzian function. O

Now we can finally establish Pitt’s theorem in our context.

Theorem5.3 Let 1 < p < u < ooand 1 < g < 0. Then any bounded linear

operator T from mg?p (2% into » (2% is compact.

Proof Due to Proposition 4.4, Lemma 4.8, Proposition 4.9, and Lemma 5.2, we can
follow the arguments presented in [9]. We only sketch the proof for the convenience
of the reader.

The dual space to m%

is separable, cf. Proposition 4.4(ii) and Proposition 4.9, so

u,p
every bounded sequence in mgop

if it is weak-to-norm continuous.

has a weak Cauchy subsequence and 7T is compact

We may assume that ||| = 1. Let 0 < ¢ < 1. We choose x, € mgf)p such
that [[x¢|m, pll = 1and 1 —& < ||T(xo)|6y] < 1. Let w,—0 in m{)°,, and let

lw™ |myu,pll < M.Lemma 5.2 and the analogous statement for £, cf. [9], imply for
t > 0 that

1T (xe)1€4 17 +17 lim sup | T (w™) €, 17

n—o0

= lim sup || T (xe + rw™)|€, |7

n—oo

< limsup [lxe + tw™ [my, |7
n—oo

= max (||xe|mu,p||q, t4 lim sup ||<w<">)|mu,p||’1> .
n—oo

This leads to

Tim sup [| T (w™)[ ¢, 14 < fq[max (1,19 M%) — (1 — g)q].

n—oo
1
The choice 0 < ¢ < min(l, M~29) and t = £2% implies

limsup |7 (w™)[¢, ]9 < e (1 - (1 —e)).

n—oo

Taking the limit with ¢ — 0, we have shown that ||T(w("))|£q | — 0. O

Remark 5.4 One can find in the literature results that can be considered as a quantitative
version of Pitt’s theorem. For example, one can characterize the compactness of the
diagonal operator Dy : £, — £4,1 < g < p < 00, in terms of entropy numbers or
some s-numbers, cf. [7] or [24] and the references given there. Such estimates are not
the subject of our paper. In the next section, we comment a bit on the behavior of the
entropy numbers of embeddings in the finite dimensional case.
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6 Finite Dimensional Morrey Sequence Spaces

Finally we shall briefly deal with finite dimensional sequence spaces related to m,, .
We have at least two reasons for doing so. First, in view of Theorem 3.1, there is never
a compact embedding between two sequence spaces of Morrey type—whereas any
continuous embedding between finite-dimensional spaces is compact. Secondly, when
dealing with smoothness Morrey spaces like N ,  or & , ., for instance, wavelet
decompositions usually lead to appropriate sequence spaces that should be studied in
further detail. In this spirit it is quite natural and helpful to understand finite sequence
spaces of Morrey type better than so far.

For the latter reason we do not consider finite Morrey sequence spaces as general

as possible, but only a special ‘level” version of it.

Definition 6.1 Let0 < p <u < oo, j € Ny, be fixedand K; = {k : Qox C O—j 0}
We define

jd
mi’p =1 = {)\k}keICj cC:

2jd 1_1
IAmy )l = sup  [Q_yult 7 Yo alP | <oop.
Q-vmCO-jo K:Q0kCQvum

6.1)

where the supremum is taken over all v € Np and m € Z4 such that O vm CO_jo.

Remark 6.2 Similarly one can define spaces related to any cube O ;,, m € 7%, but
27d

they are isometrically isomorphic to m:; , , so we restrict our attention to the last space.

u,p
. .. . . . jd
Clearly, for u = p, this space coincides with the usual 2/ 4_dimensional space Zi’ s
. 2Jid _ ,0id
that is, my o, = Ep .

Lemma6.3 Let0 < p; <uyp <00,0 < pr <up < ooand j € Ny be given. Then
the norm of the compact identity operator

id; cm2’, > m2 (6.2)
satisfies
1 if p1=p2 and uz > uy,
lid; || = {1 if pr<py and B <ZB 6.3)
Zjd(tiﬁ) if p1>p2 and up <uy,

and in the remaining case, there is a constant ¢, 0 < ¢ < 1, independent of j such that

id(L __P1_ id(L __P1_
c2!mTmn) < id || <2M%mTER) i py < py and %{—j (6.4)
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Proof In the case of p; > p», the upper estimate for | id; || follows from Holder’s
inequality and the corresponding relations between u| and u,. The lower estimate in
the case of u; < uy follows by applying the sequence A = {A;};x with g = 1 and
M = 0if k # 0. Otherwise, if u1 > u», we can use the sequence A = {i}x with
M = 1 for any k.

2/d
u,pi

D VYT Y YL

k:QoxCO—vm k:Q0kCQO—vm

Let now p; < p> and ‘Z—; < 5—:. If ||\ |m | =1, then

since |Ax| < 1. So for any v with 0 < v < j, we have

pP2_p 4|

L. P2 _ Pl p1_
PUED S e B S
k:QO,kCva.m k:QO.kCva.m

P2 _P1
vd(u2 "1)

<2 <.

This proves that || id; || < 1. The opposite inequality can be proved in the same way
as in the first case.

jd
If p1 < p2, 5—; > 5—:, and ||)L|mﬁjl’pl || = 1, then analogously to the above, we can
prove that
o n_ P
ZVd(uz D Z |)"k|p2 < 2”d(uz “1).
k:QO,kCQ—v,m
So

jid di(L -
Iaim2) | < 2% ")

To prove the opposite inequality, we can use the same argument as in Substep 2.2 of
the proof of Theorem 3.1. We have

dj(L— 2Ly dj(L -1y aja-21)L dj(L—-L) L
2%y Tu) = 2N TR W T ), Sc_lz Ty " p g 2

—1 i 2Jjd . i 2Jd 1y -
= c AP my) < id; 1A my” < e Hidg Il

cf. (3.4)-(3.6). o

Remark 6.4 We suppose that (6.4) is in fact an equality as well, but have no proof yet.
In that case (6.3) and (6.4) could be summarized as

=L min(1, 2L))
uq pP27) 4

jd
m¢n~f(”

Finally we want to characterize the compactness of the embedding id; given by
(6.2) in some further detail. We restrict ourselves to the study of entropy numbers here,
also for later use. Thus let us briefly recall the concept.

@ Springer



Constructive Approximation (2020) 51:505-535 531

Definition 6.5 Let A; and A, be two complex (quasi-) Banach spaces, k € N,
andlet T : Ay — A, be alinear and continuous operator from A; into A,. The
kth (dyadic) entropy number ey of T is the infimum of all numbers ¢ > 0 such that
there exist 2¥~! balls in Aj of radius ¢ that cover the image 7T U; of the unit ball
Ui ={ae A |lalA]l =1}

For details and properties of entropy numbers, we refer to [7, 10, 21, 36] (restricted
to the case of Banach spaces) and [11] for some extensions to quasi-Banach spaces.
Among other features we only want to mention the multiplicativity of entropy numbers:
let Ay, A>, and A3 be complex (quasi-) Banach spaces and 77 : Ay — Az, T» :
Ay —> A3z two operators in the sense of Definition 6.5. Then

ki +hka—1(T2 0 T1) < ey, (Th) ey, (12), ki, ky € N.

Note that klim ex(T) = 0if and only if T is compact, which explains the saying
— 00

that entropy numbers measure “how compact” an operator acts.

One of the main tools in our arguments will be the characterization of the asymptotic
behavior of the entropy numbers of the embedding EN — ZN We recall it for
convenience. For all n € N, we have in the case of 0 < p1 <p2 < < oo that

1 if 1<k<log2N,
e (id: e LmN <°‘°’“+ )) if log2N <k <2N, (6.5
2y NBETRif 2N <k,

and in case 0 < py < p; < 00, it holds that

1

k 1 _ 1
e (1d N e zN) ~27W NP forall keN. (6.6)

In the case 1 < pj, p» < 00, this has been proved by Schiitt [45]. For p; < 1 and/or
p2 < 1, we refer to Edmunds and Triebel [11] and Triebel [52, 7.2, 7.3] (with a little
supplement in [23]).

Corollary 6.6 Let j e N, 0 < p; <u; <00,i = 1,2, andk € Ng withk 2 2/d_ Then

id . . . i_i
er(id; i m?’ w2y~ gk 23, 6.7)

ui,pi uz,p2
Remark 6.7 1t will be obvious from the proof below that the assumption for k to be

sufficiently large, k > 279, is not needed in all cases. But for simplicity we have stated
the result above in that setting only.
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Proof The estimate from above follows from the following commutative diagram and
the multiplicativity of entropy numbers:

0jd 1d; 2jd
thPl mMZ,PZ
idll Tidz
2 iy, j 02
r1 2
leads to
. .. 2Jd oJjd L 20d 2ijd . CLog2id 2ijd
extid)) < [idr cm2, - | ide 2 = m2 e (ides 2 — ).

We choose 1 = pj and rp = u, apply Lemma 6.3, and arrive at
idl L — 1L . .
ex(id)) < 2w o (ide,,- 2 eﬁg") :

Together with (6.5) and (6.6), this leads to the upper estimate in (6.7), where only in
the case of p; < u the additional assumption k > 2/¢ is needed.

Conversely, for the lower estimate we ‘reverse’ the above diagram, that is, we
consider

2jd id; 2
ui,p1 uz,p2

id]T lidz

2Jjd 14¢,j jd
2 =,

Thus we arrive at

ui,p1

. . 2Jd 2Jd cqL 20 2Jd
ek (1dg,j 4 =>4 ) < Hld] 4 —m 12, pa

. jd jd
Hldz cm2 232

‘ ex(id,).
This time we choose r; = u; and r, = p;, apply Lemma 6.3 again, and obtain

i i gL _ L
ek (idg)j : K,%Jld — K%d) < Zjd(ﬁz Mz) er(id;).

Together with (6.5) and (6.6), this completes the argument of the lower estimate in
(6.7), where now only in the case of u; < p, the additional assumption k > 2/¢ is
needed. m]

Remark 6.8 1t was not our aim here to study e, (id;) in all cases, though for several
applications also the results (and constants) for small k € N are very useful. Moreover,
there are further quantities that characterize compactness of operators that admit a lot
of further interesting applications. At the moment, we concentrated on the new concept
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of Morrey sequence spaces as introduced in this paper (with some forerunner in [16])
and found in this last section that for sufficiently large k € N, k > 279,

. id jd . jd id
ek(ldj:m2 — m? )Nek(ldzﬂﬁl —>£32),

ui,p1 uz,p2
though the corresponding sequence spaces are quite different.
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