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Abstract We prove Nikol’skii type inequalities that, for polynomials on the n-
dimensional torus T”, relate the L”-norm with the L?-norm (with respect to the
normalized Lebesgue measure and 0 < p < g < 00). Among other things, we show
that C = /g /p is the best constant such that || P||zs < C98P)|| P||;, for all homoge-
neous polynomials P on T”. We also prove an exact inequality between the L”-norm
of a polynomial P on T" and its Mahler measure M (P), which is the geometric mean
of |P| with respect to the normalized Lebesgue measure on T”. Using extrapola-
tion, we transfer this estimate into a Khintchine—Kahane type inequality, which, for
polynomials on T", relates a certain exponential Orlicz norm and Mahler’s measure.
Applications are given, including some interpolation estimates.
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1 Introduction

The Mahler measure of a polynomial P on C”" is given by

1/p
M(P) ::exp/ log|P|dz = lim (/ |P|”dz) , ()
Tn p—>0+ Tr

where dz = dzj ...dgz, stands for the normalized Lebesgue measure on the n-torus
T". Thus M (P) is the geometric mean of P over the n—torus T" (we define M (0) =
0). We point out that Mahler [14] used the functional M as a powerful tool in a
simple proof of the “Gelfond—Mabhler inequality,” which found important applications
in transcendence theory. It seems that the Mahler measure for polynomials in one
complex variable appears the first time in Lehmer [13], where it is proved that if

P(z) = ZZI:O apz*, 7 € C with ay, # 0 and zeros «q, ..., oy € C, then
M(P) =lan| ] leil. )
o[ >1

Let us also recall the following crucial multiplicativity property of the Mahler measure
M For two polynomials P and Q on C”,

M(PQ)=M(P)M(Q). (3)
The following inequality due to Arestov [2] is a key result for this article (first results
in this direction are due Mahler [14] and Duncan [11]): For every polynomial P in
one complex variable and of degree deg(P) < m, and every 0 < p < oo, we have

I Pllzecry = A(p,m) M(P), “

where

1p remp+n)\"”
R mp __~am_—1/2p
A(p,m) := (/T 14 z| dz) =2"r (—F (2_1 p +2)) . B

By definition, we have that || P|z»(1)y = A(p, m) for the polynomial P(z) = (1 +
7)™, z € C, and moreover, by (2), that M(P) = 1, which implies that (4) is sharp.
Arestov [2] proved, using asymptotic formulas for the I'-function, that for fixed p > 0,

2 1/2p
A(p,m) = (E) m (m_l/zp +o0 (m_l/zf”)) , asm — o0.

Throughout the paper, we will use standard notation; some nonstandard notation will
be given locally. Let P(K") be the space of all polynomials P on K", where K = R
or K =C;i.e.,
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P(@)=> ca(P):" z=(21.....20) €K".

Here the sum is taken over finitely many multi indices o« = (¢q, ..., a,) € Ng, and
2% =1z} ... z;" denotes the ath monomial. As usual, || = >7/_; o, and we call
deg(P) := max {|a|; cu(P) # 0} (6)

the total degree of P. If m = deg(P) and all monomial coefficients ¢, = ¢4 (P) =0
forall || < m,then P is said to be m-homogeneous. For every polynomial P € P(K")
and (uq, ..., u,) € K", the degree of the one-variable polynomial

Pi() = P(ul,...,ujfl, o,ujﬂ,...,u,,)
equals
deg(P;) := max {Olj; cq(P) # O} . 7
Finally, in contrast to (6), we write
deg,,(P) := max {deg(Pj); 1 < j <n}.

The following extension of (4), a sharp Khintchine—Kahane type inequality that allows
one to estimate the L?(T")-norm || P| p»(Tn) of P € P(C") by its Mahler measure
M (P), was the starting point of this article, and will be proved in Sect. 3: For every
P € P(C") and every 0 < p < oo,

1PlLreeny < [ [T A (p. deg (P;)) | M(P).
Jj=1

In view of (1), this inequality can be seen as a limit case of Khintchine—Kahane type
inequalities relating, for 0 < p < g < oo, the LY(T")-norm of P € P(C") to its
LP(T")-norm. The study of L”-norms of polynomials has a rich history, and in Sect. 2,
we give new information in this direction. Recently, there has been a considerable
interest in the behavior of the constants of Khintchine—Kahane type equivalences
Il -llzr & | - | e in the case when LP-spaces are considered on arbitrary unit-volume
convex bodies K in R"; see, e.g., the work of Gromov—Milman [12] and Bourgain [8].
We also mention [6], where it is proved that if i is an arbitrary log-concave probability
measure i on R”, then, forall 1 < p < oo and all P € P(R"), we have

2 )degm(P)

1Py < (P2 1Pl - ®)

A Borel probability measure ;. on R” is said to be log-concave whenever p is supported
by some affine subspace E, where it has a log-concave density u: E — [0, 00)
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(i.e., Inu is concave) with respect to the Lebesgue measure on E. The inequality in
(8) implies that on P(R") all L?(u)-norms are equivalent with constants which are
independent of n and depend only on deg. (P) and p. Replacing R" by C", a well-
known inequality due to Nikol’skii (see [18,19]) states that for every P € P(C") and
0<g<p<oo,

1/q—1/p

n
1Pllgaern < 2" | [ ] deg (P)) 1P Lecrn)- ©)
j=1

Such inequalities are called Nikol’skii inequalities or different metrics inequalities.
There is an extensive literature on such inequalities; we refer to the monographs
[10,17], and [21].

Recall the following important result from Weissler’s article [22, Corollary 2.1] on
the hypercontractivity of convolution with the Poisson kernel in Hardy spaces: Given

0 < p < g < o0, the constant r = /g is the best constant 0 < r < 1 such that for

every P € P(C),
1/q 1/p
(/ |P(ro)|! a’z) < (/ }P(z)\”dz) ) (10)
T T

In [4, Theorem 9] Bayart used a standard iteration argument through Fubini’s theorem
in order to extend (10) to polynomials in several variables: The constant r = \/g is
the best constant 0 < r < 1 such that for every P € P(C"), we have

1/q 1/p
(/11‘ |P(rz)‘qdz) < (/11‘ ‘P(Z)|pdz) ; (11)

in particular, for every homogeneous polynomial P € P(C"),

q deg(P)
I Pllzacry < (6) 1 PllLecrny - (12)

This Khintchine—Kahane type inequality extends earlier work of Beauzamy et al. from
[5]1(p =2 < qgand p < g = 2) and Bonami [7] (g = 2, p = 1). The striking fact
is that the constants involved in (12) are independent of the dimension #, while they
grow exponentially with the degree deg(P). On the other hand, the constants in (9)
approach infinity as n tends to infinity.

In Sect. 2 we supply more information on (12). We show that the constant C = \/%

in this inequality is best possible, and moreover it even holds for all polynomials
P € P(C") (not necessarily homogeneous). This will follow by Proposition 2.1,
a result based on private communication with S. Kwapient and here published with
his permission. Several interesting applications are in order—some motivated by the
original work of Mahler and his followers.
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2 L?-Norms Versus L?-Norms of Polynomials on T"

The following Khintchine—Kahane type inequality is the main result of this section.
Theorem 2.1 Let0 < p < g < o0.

(i) For eachn € N and every P € P(C"), we have with C = \/%,
1Pl Lacrny < CO¥® [P Loy ;

here the constant C = \/% is best possible which is an immediate consequence

of the following statement.
(i1) The best possible constant C = C(p, q) such that for each n,m € N and every
m-homogeneous polynomial P € P(C") we have

IPllLacrmy < C™ I PllLecrn) 13)

q
equals \/; .

As mentioned in the discussion preceeding inequality (12), the upper estimate (ii)
is due to Bayart [4]; see also [5, Lemma 1.C1] and [7, Theorem I11.7] (¢ =2, p = 1
with C = +/2). Before turning to the proof of Theorem 2.1, let us note that the strategy
for the proof will be as follows: we first prove statement (i), and in the final part of
this section, we turn to the proof of statement (ii) based on Kwapien Proposition 2.1.

Proof of statement (i) in Theorem 2.1 For a given polynomial P(w) = ZaeNg cqw® €
P(C™), we define the polynomial Q € P(C"+!) given by

Qw,2) = D couwz® P71 (w,z)eC" xC.

n
aeNj

Clearly, Q is m-homogeneous with m = deg(P) and for every 0 < r < 0o, we have
(by rotation invariance of the Lebesgue measure on T")

||Q||; :// Z Ca wOlZm—|0t|
T JT

n
aeNj

= [ L] 3 oz
T n

n
aeNj

:/T/T anw‘fl...wg”
n

n
aeNj

r

dwdz

,
dwdz

p
dwdz = ||P|..

Then statement (i) follows from (12). O
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The proof of statement (ii) in Theorem 2.1 will be a consequence of the following
proposition due to Kwapiei. We need some more notation: for fixed0 < p < g < 0o
and m € N, let C(p, g; m) be the best constant such that

IPllLacrny < C(p, g5 m) P | Pl Lo epn

holds for all m-homogeneous polynomials P € P(C") which are affine in each vari-
able (i.e., all m-homogeneous polynomials with deg ,(P) = 1).

Proposition 2.1 Forevery0 < p < g < oo and eachm € N the constant C (p, q; m)
defined above satisfies,

1

mE \/?m (
mﬁ p I'(

S

DY cgmm < \ﬁ , (14)
+1r u

where the symbol < means that the terms are equal up to constants only depending
on pandgq.

Using the estimate (12) for homogeneous polynomials, we immediately obtain the
required upper estimate. The proof of the lower bound in (14) needs a bit more prepa-
ration. For each k,n € N with k < n, define the following two k-homogeneous
polynomials on C":

€k,n(Z) = Z Zilv-"a Zik5

1<ii<..<iy<n

n
Pen@ =Dz, z=(1,...,z) €C".

In the literature, ex , and py , are called the k-th elementary symmetric and the k-th
power symmetric polynomial, respectively. It is known that

kKlein = i, + Win (Pl P2ns s Phon) » (15)
where ,
Wk,n = Z Aj1oesi plllnp2n"'pllél,{n (16)
JUsJ2seees Jk
and the sum extends over all ji, ..., jr € Ng with j; +2jo 4+ --- 4+ kjix = k, and at
least one of the indices jo, ..., jk is not zero. Note that there is a recursive formula

for the coefficients aj, .. j (seemingly due to Newton).
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Lemma 2.1 Form,n € N withm < n, define the m-homogeneous polynomial

z z
Um,n(z)zm!em,n (\/—%,...,\/—%), ZET".
Then for each 0 < p < 00, we have that
mp 1
. 14
Jim [Vl ey =T (5 +1)"

Proof Foreach 1 <k <m, let

Zn

21
ﬁ,...,ﬁ

Hereafter, we treat the z;, | < i < n as random variables on the probability space
T"; we consider z;: T" — C, (z;) +> z; (called Steinhaus random variables, i.e.,
independent identically distributed random variables on a probability measure space,
uniformly distributed on T').

By the central limit theorem (see, e.g., [1]), the sequence Q1 , converges in dis-
tributions, as n — 00, to a canonical complex Gaussian random variable G, and for
each r > 0, there is C; > 0 such that for all n, we have

Qk,n(Z):pk,n( )7 Z=(Z1,...,Z)1)€Tn.

E |Q1,n|t <C.

Hence

lim E|0f,
n— oo ’

p=E|G|kP=F p—k+1 , 1<k<m.
2

. . e . _ k=1
Since the random variable Qy , is distributed the same as Q1 ,n~ 2 foreachk,n € N
(because zf.‘ is distributed the same as z;), it follows that for each k € N and every
t > 0, we have

lim E|Q .,

|t
n—oo

=0.

Hence by the Minkowski/Holder inequality and (16), we obtain for each k > 1 and
every t > 0,

1
21 2\’ j il
im (B |wen (2, ..., 2 <> 4y lim E’ Lol
s k,n \/ﬁ, yﬁ = . Jlseees Jk e 00 Ql,n Qk,n
Jlseees Jk

L ‘
< > aj..j lim (E|Q1,n|“'“)"’... lim (E|Qk’n|]k'kt)’” —o.

n—o0
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Finally, (15) gives

lim E[Uy,|" =1 (ZF +1),

n—00 2

the desired result. O

Proof of Proposition 2.1 Recall that only the lower estimate in (14) remains to be
shown. An immediate consequence of the preceding lemma is that

and hence we get, by the quantitative version of Stirling’s formula (v27x*T1/2¢=* <
[(x 4+ 1) < 2rx¥T12e=x+1/12x for a]] x > 0),

1/ 1
Conampr o TEFD qma® ("
Pz = VP ~\Wp/)
r( ) (pmm)?r

which is the desired estimate. O

[3

We finish by completing the proof of Theorem2.1.

Proof of statement (ii) in Theorem 2.1 Assume that (13) holds with the constant C for
all homogeneous polynomials on C". Using (14), we see that there is some constant
D = D(p, q) such that for all m,

1
1 m
2q
pa | ™ 4 <c,
m?2p p

and hence we get the desired result when m tends to infinity. O

3 L?-Norms Versus Mahler’s Measure for Polynomials on T”

Based on Arestov’s estimate (4), we prove an exact inequality between the L”-norm
of a polynomial P on T" and its Mahler measure M (P).

Theorem 3.1 For every P € P(C") and every 0 < p < 00,
n
1Pl < [ [] A (p.d)) | M(P).
j=1

where d; = deg(Pj) is as in (7). Moreover, this inequality is sharp since for the
polynomial

P(zi,...,z0) = P1(z1) -+ - Po(zn), (21,...,20) € C"
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with Pj(z) = (1 +2)%,z€C and di € N, 1 < j <n, we have that | P|prcTn) =
]_[7:1 A(p,dj) aswellas M(P) = 1.

Proof We use induction with respect to n. The inequality is true for n = 1 by Arestov’s
result from (4). Fix a positive integer n > 2, and assume that the inequality is true for
n — 1. We fix a sequence (g ) of positive real numbers such that 0 < g < min{l, p}
for each k € N and ¢ | 0, and write for 1 <k <n,

k
Ce =[] AW dp.
j=1

Combining Fubini’s theorem with Jensen’s inequality and the definition (1) gives, by
the inductive hypothesis,

1
P
I Plle ey = (/ (/ [P (21, ..., 2Zn—1, 20)|P dzi --~dZn—l) dzn)
T ’H‘rt—l
» 7
< Ch (/ (exp/ 1 log|P (z1,--.,2n—1,22)| dzi --.dzn—l) dzn)
T -

P P
Pk
=Cpq (/ lim (/ |P(Zl7-~-,2n71a2n)|qu le...dZ,171> dzn)
T k—>00 \JTn-1

It now follows by Fatou’s lemma and (the continuous) Minkowski’s integral inequality
(we have 0 < pgy < p foreach k € N),

1

i >
o Pk

“P”L”(T") <Cui hmlnf(/ (/ [P (z1,-. s Zn—1, Zn)lqu dzy .. ~dZn71> dZn)
k— 00 T \JTn-1

Pak

2 o
< Cn_1 liminf(/ (/ [P 21y s Zn—1,2)|? dzn) dzl...dzn_l) .
k—o00 Tn—1 T

Then by Arestov’s estimate from (4), we obtain that

I PllLrcrny < Cue1 A(p,dy)

Par I
x liminf (/ (exp/loglP(zl,...,anl,Zn)l dzn) dzl...dznfl) ,
k— 00 Tn—1 JT

which by another application of the inductive hypothesis and Fubini’s theorem finally
leads to the desired estimate,

I PllLe(rny < Cnexp (/ ] log (eXp/ log [P (21, .- Zn—1,Zn)l dzn> dz) ~-~dZn—l)
Tr— T

= C, exp (/ log|P (21, ..., 2n)l dzl...dzn) =C, M(P).
T)’l
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It remains to check the comment on the sharpness of the inequality. By Fubini’s
theorem and the definition of A(p, d;) from (5), we immediately see that || P ||z (1) =
H?: 1 A(p,dj). On the other hand, the multiplicativity property (3) of the Mahler
measure gives that M (P) = H?: | M(Pj) = 1, where the latter equality follows from
(2). This completes the proof. O

We conclude this section with a simple corollary.

Corollary 3.1 Forevery P € P(C") withm = deg,,(P), and every 0 < p < oo, we
have

IPllecrny < A(p, m)" M(P).

Proof Fix p > 0. Substituting the polynomial P = 1 into (4) yields 1 < A(p,m)
for each m € N. Since A(p, m) is the least constant in inequality (4) and the class of
polynomials becomes larger as m grows, it follows that A (p, k1) < A(p, k) provided
ki < ko. Now if P € P(C") with deg,,(P) = m, then d; := deg(P;) < m for each
1 <j <n,andso H;le A(p,d;j) < A(p, m)". Thus the required estimate follows
from Theorem 3.1. O

4 Applications

In the final section, we discuss some applications of our previous results. The first one
is motivated by a result due to Bourgain [8] (answering affirmatively a question by
Milman), which states that there are universal constants o > 0 and ¢ € (0, 1) such
that, for every convex set K C R" of volume one and every P € P(R"), the following
distribution inequality holds:

ux{|P| = t||Ph} < exp(—t/"), 1> 1,

where 1 is the Lebesgue measure on K and || f||; is the L'-norm of P with respect
to ug . It is known that such inequalities may be rewritten in terms of the Orlicz space
Ly, (K) generated by the convex function v/, (t) = exp(t*) — 1, ¢ > 0, as follows:

IPlLy, k) < C"IPlli, P eP®R", (17)

where @« = ¢/n and C > 0 is some absolute constant.

We recall that for a given convex function ¢: [0, o0) — [0, 00) with gp_l oph =
{0} and any measure space (£2, X, 1), the Orlicz space L, (£2) is defined to be the
space of all complex functions f € LO(M) such that fQ oAl f])du < oo for some
A > 0, and it is equipped with the norm

1L, = inf[bo; /Qw(%) du < 1].
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Now, using an extrapolation trick, we will prove a variant of (17), but for polynomi-
als on the n-torus T” instead of R". We will use Corollary 3.1 to deduce the following
Khintchine—Kahane type inequality relating, for polynomials on the n-torus, a corre-
sponding exponential Orlicz norm and Mahler’s measure.

Theorem 4.1 For every P € P(C") withm = deg,,(P), we have
IPllLy,,, @ < 2" = D))" M(P).

Proof Observe that the integral form of A(p, m) given in (5) implies that for each

keN,
A(— m) (/|1+z|kdz) <2m, (18)
m

Now fix P € P(C"). Combining the above inequality with Corollary 3.1 (for
p = k/m) yields

nk
k m
/|P|k/’"dz§A(—,m) M(P)n <2 M(P)w, keN.
n m

Recall that ¥y, (1) = exp(t!/™) — 1 for all t > 0. Then, using Taylor’s expansion
and (18), we obtain that

|P| 1 / |P(z)[k/m
= — d
An Wl/m (21’”’"(6 _ l)mM(P)) < ; k! an(g l)kM(P)k/m v4
& | P/
- — —d
= e—1 Zk /Tn 2R M Py

k

I
-

IA

Q

| —_
M8
| =

=1.

>-
Il

1

Hence, by the definition of the norm in the Orlicz space Ly, ,, (T"), we get
IPllLy,, ) < Q2" = D)" M(P),

and this completes the proof. O

The final applications are motivated by some interesting results from the remarkable
article [16]. To explain these results, following [16], for a given polynomial P €
P(C™), we define

L(P):= D lca(P)l. H(P):=max|co(P)l.
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In [16], Mahler established a number of inequalities connecting L(P), H(P), and
M (P), and showed applications to estimates of || P || L2(T™) in terms of L(P), H(P),
or M (P). A series of papers studies this and related problems, in particular, the problem
of finding norm estimates

POl =C"IP| Q.
where || - || is some norm on P(C"), P, Q € P(C"), and C a constant depending only
on the degrees of P, Q; see, e.g., [5,11,16].

It was proved by Duncan [11, Theorem 3] that if P, Q € P(C) with m = deg(P)
and k = deg(Q), then

2m\ V2 2K\ /2
||PQ||L2(T)Z(m) (k) 121 2er) 1@l L2 cT)-

Below we present a more general multidimensional variant that estimates the L?”-
norms of products of polynomials over the n-torus T” also in the quasi-Banach case,
ie,0<p<l1.

Proposition 4.1 For every P, Q € P(C") with m = deg,,(P) and k = deg,,(Q),
and every 0 < p < 0o, we have

I1POlrrcrny = (Alp,m) A(p, )" I Pllzrcrny 1O e Tn).-

In particular, if P(z) = 3", ca(P)z% and Q(z) = >, ca(Q)z%, then

V2o N2 g\ 12 1/2 1/2
(Zm(PQ)F) z(m) (k) (Z|ca<P>|2) (Zm@ﬁ) :

Proof Combining Corollary 3.1 with the multiplicativity property (3) of the Mahler
measure M, we obtain

IPllLe o Qllecrn < Alp, m)"M(P) A(p, k)" M(Q)
= (A(p,m) A(p, k)" M(PQ) < (A(p,m) A(p, k)" IPQllLr(Tn)-

To conclude, note that

172
IR 20om) = (Z |ca(R>|2) . ReP@C)

o

and A2, m) = (2;:')1/2 for each m € N. O

In [15], Mahler proved the following univariate “triangle inequality”:

M(P + Q) <«(m) (M(P)+M(Q), P, QePQC),
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with the constant x (m) = 2", where deg(P) = deg(Q) = m, and he observed that
it has applications in the theory of diophantine approximation. Duncan [11] obtained
the above inequality with the smaller constant

12
K(m) = (2’7’:’) ~ (rm)~ V4 2m,

We refer the reader to the paper [3] of Arestov, which contains a refinement of these
results for algebraic polynomials on the unit circle; more precisely, the following
two-sided estimates:

1 1
" <k(m) < - R"™
2 2

are obtained, where m > 6, R = J40 ~ 1,8493 and r = exp(2G/m) =~ 1,7916 with
G=>%,(=D"/2v+ 12
We have the following multidimensional variant of Duncan’s result:

Proposition 4.2 For P, Q € P(C") with m = deg,,(P) = deg,,(Q), we have

m n/2
M(P+ Q) < (m) (M(P)+ M(Q)) .

Zm)l/2

Proof The proof is a direct consequence of Theorem3.1: Since A(2,m) = (m

for each m € N, Jensen’s inequality in combination with Theorem 3.1 yields
M(P+ Q) =P+ Qllz2erny = IPlg2erny + 1QllLe (T

m n/2
S(m) (M(P)+M(Q)).

O

We conclude the paper with an interpolation inequality for L”-norms of poly-
nomials on T” that is interesting in its own right; here for a given measure space
(2,2,n), E € ¥ with u(E) > 0,and 0 < p < oo, we write || fllzr(g) =

(o 1f17du)P . f e LP(u).

Theorem 4.2 Let E be a Lebesgue measurable subset of T" with A,(E) > 6 > 0.
Then the following interpolation inequality holds for any polynomial P € P(C") with
deg. (P) =mand any 0 < p < oc:

1-6 0
1Pl Lrcrny < CO) A(p,m)" (IPlgiern) — (I1PLie)

where C(0) = <2forevery0) <0 < 1,and C(1) = 1.

__1
67(1-6)1-0
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Proof The inequality is an immediate consequence of Corollary 3.1 in combination
with the following lemma, which is surely known to specialists; for the sake of com-
pleteness we include a proof of it. O

Lemma 4.1 Let (2, X, ) be a probability measure. If log | f| € L'(w)and A € ©
with w(A) = «, then

1 o 11—«
exp [ toglfldu = (/ Ifldu) (/ Ifla’u) .
Q a®(l —a) A \A

In particular, if w(A) > 0 > 0, then

0 1-6
exp/gloglfIdMEE(/Alfldu) (/Qlfldu) .

Proof Recall that if (2, X, v) is a probability measure space and log|g| € L'(v),
then it follows by Jensen’s inequality that

exp/log|g|dvs/ g dv.
Q Q
With A" = Q\ A, this inequality yields
exp/ log|fldu = (CXP/ 10g|f|dl/«) (CXP/ 10g|fldu)
Q A N
1 w(A) 1 (A"
ex lo |f|d,u) (ex 7/ lo |f|d,u)
( pu(A)/A ¢ PLany |, 08

1 o l—c
Soﬁx(l_w(/AIﬂdM) (/A/Ifldu) .

To complete the proof, it is sufficient to observe that x*(1 — x)!™* > 1/2 for every
O<x <l O
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