Constr Approx (2015) 42:93-128 % CONSTRUCTIVE
onstr TOX :93— cossMar
DO 10.1007/500365.014.9254-2 APPROXIMATION CrossMark

The Hardy Space H! in the Rational Dunkl Setting

Jean-Philippe Anker - Néjib Ben Salem -
Jacek Dziubanski - Nabila Hamda

Received: 23 September 2013 / Accepted: 12 March 2014 / Published online: 28 August 2014
© The Author(s) 2014. This article is published with open access at Springerlink.com

Abstract This paper is perhaps the first attempt at a study of the Hardy space H'
in the rational Dunkl setting. Following Uchiyama’s approach, we characterize H'
atomically and by means of the heat maximal operator. We also obtain a Fourier
multiplier theorem for H'. These results are proved here in the one-dimensional case
and in the product case.

Keywords Dunkl theory - Heat kernel - Hardy space - Maximal operator -
Atomic decomposition - Multiplier

Mathematics Subject Classification Primary: 42B30 - Secondary: 33C52, 33C67,
33D67, 33D80, 35K08, 42B25, 42C05

Communicated by Serguei Denissov.

J.-Ph. Anker

Fédération Denis Poisson (FR 2964) & Laboratoire MAPMO (UMR 7349), Université d’Orléans &
CNRS, Batiment de mathématiques, B.P. 6759, 45067 Orléans Cedex 2, France

e-mail: anker @univ-orleans.fr

N. Ben Salem - N. Hamda

Faculté des Sciences de Tunis, Université de Tunis El Manar, LR11ES11 Analyse Mathématiques et
Applications, 2092 Tunis, Tunisia

e-mail: nejib.bensalem @fst.rnu.tn

N. Hamda
e-mail: hamdanabila@ gmail.com

J. Dziubariski (B<1)
Instytut Matematyczny, Uniwersytet Wroctawski, P1. Grunwaldzki 2/4, 50-384 Wroctaw, Poland
e-mail: jacek.dziubanski@math.uni.wroc.pl

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00365-014-9254-2&domain=pdf

94 Constr Approx (2015) 42:93-128

1 Introduction

Dunkl theory is a far reaching generalization of Euclidean Fourier analysis which
includes most special functions related to root systems, such as spherical functions
on Riemannian symmetric spaces. It started in the late 1980s with Dunkl’s seminal
article [7] and developed extensively afterwards. We refer to the lecture notes [18] for
the rational Dunkl theory, to the lecture notes [15] for the trigonometric Dunkl theory,
and to the books [4,11] for the generalized quantum theories.

The theory of classical real Hardy spaces in R" originates from the study of holo-
morphic functions of one variable in the upper half-plane. We refer the reader to the
original works of Stein and Weiss [22], Burkholder et al. [3], and Fefferman and
Stein [9]. An important contribution to this theory lies in the atomic decomposition
introduced by Coifman [5] and extended to spaces of homogeneous type by Coifman
and Weiss [6] (see also [12]). More information can be found in the book [21] and
references therein.

This paper deals with the real Hardy space H! in the rational Dunkl setting, where
the underlying space is of homogeneous type in the sense of Coifman and Weiss. In
such a setting, the theory of Hardy spaces goes back to the 1970s [6,12]. Here we
follow Uchiyama’s approach [25], and we characterize the Hardy space H! in two
ways, by means of the heat maximal operator and atomically. The first characteri-
zation, which requires precise heat kernel estimates, has led us to a seemingly new
observation, namely that the heat kernel has a rather slow decay in certain directions
and is in particular not Gaussian in the present setting (see Remark 2.4). The second
characterization is used to prove a Fourier multiplier theorem for H!.

Throughout the paper, we shall restrict our considerations to the one-dimensional
case and to the product case. This restriction is due to our present lack of knowledge in
general about the behavior of the Dunkl kernel on the one hand and about generalized
translations on the other hand.

Let us introduce some notation and state our main results. On R” we consider the
Dunkl operators

kj

0
Djf(X)=gf(X)+x [fO—=flo;0]  G=12,....n)
J

J

associated with the reflections
0 (X1, X2, oy Xjy ooy Xp) = (X1, X2, .00y =X, o uny Xp) (1.1)

and the multiplicities k; > 0. Their joint eigenfunctions constitute the Dunkl kernel

By =[]7_ £ o). (1.2)
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where
r (k + l) ! - xyu
B = oy [, - arte

X F(Zk + 1) k—1 —2xyv
— y __ =" y
¢ Ck)Tk + 1) / dvvti(1-v)e (1.3)

VP 12k -2xy)
(see for instance [18, p. 107, Example 2.1]). Here | Fj(a; b; z) is the confluent hyper-
geometric function which is also known as the Kummer function and denoted by
M(a, b, z). Notice that E(x, y) = ¢®¥ if all multiplicities k; vanish.

Let us first define the Hardy space H'! by means of the heat maximal operator. The
Dunkl Laplacian

n n 3 \° 2k; @ kj
— 2 — J _ _ .
Li0=2_ Dif0=2 [(ax,) fOO+— g f® 2 [£x)—f (o x)]]
is the infinitesimal generator of the heat semigroup

et (1>0),

which acts by linear self-adjoint operators on L>(R", du) and by linear contractions
on LP(R",du), for every 1 < p < oo, where

dp(x) = dpy (x1) -+ - dppn (o) = Jxg 1250 xR dxg - - dovy. (1.4)

The heat semigroup consists of integral operators

o' fx) = /R Ay b ) £©)

associated with the heat kernel

1N PP
hi(x,y)=c¢,'t72¢ 4 E (1.5)

)

ﬁ\*

see, e.g., [17], where

N :n—}—z;l:lej (1.6)

is the homogeneous dimension and

=25/ 4q 2 oNTT (k)
k=27 | Lx)e T = szl it5)-
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From this point of view, the Hardy space Hr}]ax consists of all functions f e L'(R", du)
whose maximal heat transform

h, f(x) = sup,-

/Rldu(y)hf(x, Y f (L.7)

belongs to L!(R", du) and the norm is given by
||f||H,}mx = ”h*f”Ll(d[L)'

Let us turn next to the atomic definition of the Hardy space H'. Notice that R”",
equipped with the Euclidean distance d (x,y) = |x—Y| and with the measure p, is
a space of homogeneous type in the sense of Coifman and Weiss (see Appendix 1).
Recall that an atom is a measurable function a : R” — C such that

e a is supported in a ball B,
o lallz~< n®),
° / du(x)a(x) = 0.
R»
L om consists of all functions f e L'(R", dp)

that can be written as f =" ¢ Aeag, where the ag’s are atoms, the A’ s are complex
numbers such that D, |A¢| <00, and the norm is given by

By definition, the atomic Hardy space H}

1Ny, = inf D Tl

where the infimum is taken over all atomic decompositions of f.
Our first main result is the following theorem.

Theorem 1.8 The spaces H) . and H]

atom
i.e., there exists a constant C >0 such that

coincide and their norms are equivalent,

CHIfll

max

<Iflgs < Clfln

max

The Fourier transform in the Dunkl setting is given by
Fr@) = [ auw fooEe=i6). (19)

It is an isometric isomorphism of L2(R", dp) onto itself and the inversion formula
reads

fx) =F2f(—x).

Notice that, if all multiplicities k; vanish, then (1.9) boils down to the classical Fourier
transform

F& = (271)‘%/ dx f(x) e~ (%8
Rn

@ Springer



Constr Approx (2015) 42:93-128 97

Our second main result is the following Hormander type multiplier theorem (see
[10] for the original multiplier theorem on L? spaces).

Theorem 1.10 Let x = x (&) be a smooth radial function on R" such that

if 1€l€[5.2],
&= [0 if 1E1¢ (L. 4).
If a function m = m(€) on R”" satisfies

M = sup g [ xm( )llyNe+e < +00
for some € >0, then the multiplier operator
Tnf=F {m(F))
is bounded on the Hardy space H' and
1T gt S M.

Here Wg (R") denotes the classical L? Sobolev space on R”, whose norm is given
by

1/2
lgllys = [/Rndx(mxﬁ)” |§(x)|2] :

Notice that the multiplier m is continuous and bounded, as % +e€> %

Our paper is organized as follows. Section 2 is devoted to the heat kernel in dimen-
sion 1. There we analyze its behavior thoroughly, and we remove a small part of it, in
order to get Gaussian estimates similar to those in the Euclidean setting. These results
are extended to the product case in Sect. 3. Section 4 is devoted to the proof of Theorem
1.8 and Sect. 5 to the proof of Theorem 1.10. Section 1 consists of three appendices.
Appendix 1 contains information about the measure of balls, which is used throughout
the paper. Appendices 2 and 3 are devoted to so-called folklore results in connection
with Uchiyama’s theorem, which have been used for instance in [8].

This paper results from two independent research projects, which were carried out
by the first and third authors and by the second and fourth authors, respectively, and
which have been merged into a joint article.

2 Heat Kernel Estimates in Dimension 1

Consider first the one-dimensional Dunkl kernel E(x, y) = Er(x, y). As the case
k =0 is trivial, we may assume that k£ > 0.

Lemma 2.1 (a) E(x,y) is a holomorphic function of (x, y) € C2.
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(b) E(x,y) >0 forevery x,yeR.
(c) E(x,y) has the following symmetry and rescaling properties :

E(x,y)=E(y,x) Vx,yeC,
E(Ax,y)=E(x,Ay) VA, x,yeC.

(d) Forevery yeC, x — E(x,y) is an eigenfunction of the Dunkl operator

Df(x) = f'(x) + f {f)—f(=x)}
and of the Dunkl Laplacian
Lf(x)=D>f(x)=f"(x) + zx—kf’oc) - f—z (f@)=f(=0)}.
More precisely,
DyE(x,y)=yE(x,y) and L E(x,y)=y>E(x,y).
(e) As xy — 0,
E(x,y) =140 (lxy]).

(f) As xy — 400,

2krk + 1 K21 1
e = et [ Svo () |

(g) As xy —> —o0,

21k Tk +4) e K2—11 1
E(x,y):Tze xy(—xy) k=1 [1+Tx—y+o(m)]

Proof The first four properties are known to hold in general. In dimension 1, they can
also be deduced from the explicit expression (1.3), as can (e). As already observed
in [20, Section 2] (see also [18, Example 5.1]), the asymptotics of E(x, y) at infinity
follow from the asymptotics of the confluent hypergeometric function which read, let
us say for 0 <a < b,

VFra:b;2) ~ —2 7 7 bzwz—z

as z — +o0o and
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99
+00
I'(b) . (@el@a—b+1¢
Fi(a;b;7) ~ ————— 4 —_—
1Fi(aib:2) ~ o S kel > 7 217"
£=0
as 7 — —oo (see for instance [1, (13.5.1)] or [14, (13.7.2)]). O
Consider next the one-dimensional heat kernel
1 x2+y2 X y
he(x,y)=c; 175 2 m E(——) (2.2)
=G NTRNGTE

(x
—1 r*k*% e 4? IFI (k,z"C ]7 XY) 7
where Ck——2 ]] (k—i——é)

Proposition 2.3 (a) h;(x, y) isa C* function of (¢, x, y) € (0, +00) x R2.
(b) hi(x,y) >0 forevery t >0 and x,y€eR.
(c) h:(x,y) has the following symmetry and rescaling properties :

hi(x,y) =h;(y,x) Vx,yeR,
hy2, ox, Ay) = A7 T hy(x,y)  VAeR* Vi>0,Vx, yeR.

(d) h:(x,y) satisfies the heat equation

Orhi(x,y) = Lyh:(x,y),
lim 0 k. (x, ¥) [y12Kdy = 8, ().

(e) The heat kernel has the following global behavior:

k1 _xy? .
rh e H iflxyl<t,

_ =y »?

hi(x,y) < (xy) —k o= "1

if xy=>t,
(x+v)

12 (—xy)y ke if —xy >,

and the following asymptotics:

—1 _k_l 2+V XY
cp t 2e” 4 {140 if ==—0,
hi(x, y) = #ﬁe—%mm)—k{1—k2%+o(§—2y2)} if 22 = oo,
P @tp?

4

o A l‘%(—)cy)_k_l {1+O( x})} zfxl—y—>—oo.
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(f) The following gradient estimates hold for the heat kernel :
X,
3y ! y

k=3 _xhy? .
T2 (x| yl) e if lxyl=t,
G-p?

3 1
s -yt ey Fe if xy=1,

)2

1 1
[ byl e+ D) Cxn* e S i —xy 2

Proof The first five properties follow from the expression (2.2) and from Lemma 2.1.
Let us turn to the proof of (f). By differentiating (2.2) with respect to y and by using
the well-known formula

d a
—1Fi(a;b;2) = —1Fi(a+1;b+1;2)
dz b

(see for instance [1, (13.4.8)] or [14, (13.3.15)]), we get

9 e [ x —
I e P ix Rk 2k -2
dy t
k_x p (k+1~2k+2- ”)
2k+1: ! ’ A

We conclude by using again the behavior of the confluent hypergeometric function. O
Remark 2.4 1t follows from Proposition 2.3(e) and Appendix 1 that

t
t + x2

he(x,x) =< /L(B(x,\/t_)f1 and h,(x,—x) =< M(B(x,\/t_))q

for every t > 0 and x € R. Observe in particular that the heat kernel has no global
Gaussian behavior and decays rather slowly in certain directions. This phenomenon
is even more striking in the product case (3.1), where

-1 t

h;(x,y) < IL(B(X, «/?)) m

if t>0,xeR", and y = (—xq, x2, ..., Xp).

Let us introduce a variant of the heat kernel with a Gaussian behavior. Given two
smooth bump functions x; and x; on R such that

0=<=xi<1, 0<x=1,
xi=lon [-1,+3]. and x2=1on [0,+5].
supp x1C[-2,+3], supp x2 C[—1,+17,
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consider the smooth cutoff function

0 (52) s (&) if x#0,

xi(x,y) = .
0 if x=0,

and the truncated heat kernel
Ht(x,)’):{]_Xt(x,)’)}ht(x,Y), V[>01V-x7y€R'

Remark 2.5 The truncated heat kernel H,(x, y) inherits the following properties of
the heat kernel A;(x, y):

(a) Smoothness: H,(x, y)is a C> function of (7, x, y) € (0, +00) x R2.

(b) Nonnegativity: H;(x, y) >0 forevery >0 and x, yeR.

(c) Rescaling: Hj2,;(Ax,Ay) = M| 725~V H,(x, y) for every A € R*, t > 0, and
x,yeR.

(d) Approximation of identity: lim, o H;(x,y) | yI?kdy = 8.(y) for every
x,y€eR.

Theorem 2.6 The following estimates hold for the truncated heat kernel H;(x, y).

(a) On-diagonal estimate :

Ht(x,x)xu(B(x,«/t_))_l V>0, VxeR.
(b) Off-diagonal Gaussian estimate :

_a—p?

Oth(x,y),Su(B(x,«/t_))_]e ot Vt>0,Vx,yeR.

(¢) Gradient estimate :

_ @—y?
ct

‘gH,(x,y)‘gt_%,u(B(x,\/?))_le Vi>0,Vx,yeR.
y

(d) Lipschitz estimates :
|Hy(x, y) = Hi(e, y01 S (B, /1)) 22 vis0,Vx,y, yeR,

N3

with the following improvement, if |y—y'| < % |x—y|:

x—y)? 7
|Hy (e, y) = Hy (e y) | < e (B(x /) e e =2l
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Here c denotes some positive constant and the ball measure has the following behavior,
according to Appendix 1:

e i s
u(Bx. V1)) = [m“ﬁ if x| = /7.

Proof As far as (a), (b), (c) are concerned, the case x = 0 follows immediately from
the previous heat kernel estimates. Thus we may assume that x # 0 and reduce
furthermore to x = 1 by rescaling. (a) is immediate:

H,(l,l):h,(l,l)x[ e ?“51] = u(B(1,V7)) ™"

TR r>1

Let us next prove (b) (Fig. 1).

e Case 1. Assume that |y|<t.
o Subcase 1.1. Assume that ¢ is bounded above, say t < % Then

2
k1 y

t e T8 e 4

Hi(l,y) <h(l,y) =t 2 5 =1Te

102 1 _(-p?
81

is bounded above by

(1-»?

p(BOLVD) e

| N 142 N
as 12 =< w(B(1,4/1)), t ™" Sesi <esr,anded =< 1.

o Subcase 1.2. Assume that ¢ is bounded below, say ¢ > % Then

k-1 _1n? k-1 _a=w*
Hi(Ly) =h(Ly)y<t 7" 2e 4 =1""2e # e %

N
AN
N

172
N

/| y

-2 -1 =120 12

Fig. 1 Cases and subcases considered in the proof of Theorem 2.6(b)
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with £+ < 1 (B(1, /7)) and €37 = 1.
e Case 2. Assume thaty iscloseto —x =—1,say -2 <y 5—%.
o Subcase 2.1.If r <1 5 (<—y), then

H/(1,y)=0
o Subcase 2.2. If ¢ is bounded below, say ¢ > l, we argue as in Subcase 1.2.
e Case 3. Assume that y > ¢.

o Subcase 3.1. Assume that 7 is bounded below, say (y>)t> > . Then

-2 a-y?

H,(l,y)gh,(l,y)xt_% y_ke_ r St_k_%e_ ]

with 53 = W(B(1,J1)).
o Subcase 3.2. Assume that y > % t. Then

(1— y) 1 (1—y)2

H,y) <h(l,y) =172y ke "o <1 1o 0"

with 12 = w(B(1,1)).
o Subcase 3.3. Assume that r <y < % Then

a-y?

Hi(1,y) <h:(1,y) < 2 y ke "m

is bounded above by

- ‘>2

u(B(1.V1)"

1-»?
aSIZV/,L(B(l f))andy_k<[ k<e%2t < e 8

e Case 4. Assume that y < —7 (< 0) and that y stays away from —1, say y ¢
2
(—2, —%) Notice that (14y)%> % if and only if y ¢ (—2, —%)
o Subcase 4.1. Assume that 2 <t <—y. Then

+y)? (1-»?

Hi(l,y) < hi(1,y) <17 (—y) % e o < %3 ¢~ 5or

with 543 < 0 (B(1, V7)),
o Subcase 4.2. Assume that t <2 <—y. Then

(14+)? (-2
Ht(l,y)Sht(l,y)XI%(—y)_k_le_ £ < ~3 s

with 17 = 0 (B(1,1)).
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o Subcase 4.3. Assume that  <—y < 5. Then

W2 1 _0e? _d-w?

H(1,y) < hi(1,y) =17 (—y) K lem 0 < k=2 =55 o= 70

is bounded above by

1—

w(B( Vi)~ e

14y)2

as 17 = u(B(1,/1)) and 1% < e <" ¥

The proof of (c) follows the same pattern. To begin with, observe that the derivative
wll- 01+ 0O} = - X1+ 0
—_—
xi(L,y)

of the cut-off is bounded and vanishes unless y € (—3,-2) U (—3,0) and
t < 1. According to the subcases 1.1, 4.2, and 4.3 above, the contrlbution of
{1—)(,(1 v} h(1,y) to 7 H,(l y) is bounded by

_a- wz

(BN e < (B

Thus it remains to estimate the contribution of {1 — x,(1, y)} %ht(l, y).

e Case 1. Assume that |y|<t.
o Subcase 1.1. Assume that ¢ < . Then

0 3 _1h?
{1—x: (1, )} ‘5%(1,)’)’ ST+ e @

bounded

15?2 v _a-y?

k=1 _ — —1 -
St 2 8t e At e Bt

_1 (-y? »)2
St n(B(1,V) ™
o Subcase 1.2. Assume that ¢ > . Then
a k-3 _1n?
{1—=x:(1, )} ghz(l,y) St I+ yDe
bounded

S l_k_l e~

1

a—»? (14 y2\2 _12 _y

81 e 8t e 4t
t

_a-»? x>2
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e Case 2. Assume that —2 <y < —%.
o Subcase 2.1. If t <3 (< —y), then

0
{1—x:(1, y)} 5%(1, y)=0.

o Subcase 2.2. If ¢ is bounded below, say ¢ > l, we argue as in Subcase 1.2.
e Case 3. Assume that y > ¢.
o Subcase 3.1. Assume that (y>)r> % . Then

0 _3 1) g a2
(= x () [Fohi (| S {E eyl ety e
2 _ 2
St—k—le—“stH'l Y] -t }
NG

bounded
(-2
8r

1

St p(B(1LVE) e

o Subcase 3.2. Assume that y > % t. Then

-2

ad _3 L)k -
(=g} )| S [ E =y ey ke

1 _<'>2| 11—yl _(lyﬂ]
t e st Vi + e 8t
Jt

bounded

A

1

S (V) e

o Subcase 3.3. Assume that < Then

<1
2

J _3 L) kU
{1—xt<1,y>}'5ht(1,y)‘s{t -yl iy e

2
1 _(lgi') k=L L

e Case 4. Assume that y < —7 (< 0) and that y ¢ (—2, —1). Recall that (1+y)? >
% if and only if y ¢ (-2, —%)
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o Subcase 4.1. Assume that 2 <t <—y. Then

1 1+ o (4p?
(1 xe(L, ) ’—hta y)' [z 1yl 4 1t - |'y']| ko1 -0

a? |1+ y| _a+n?
8 — e 81

< t—k—l e~
~ Jt_

bounded

1 (1 \)2

< (BT

o Subcase 4.2. Assume that t <2 <—y. Then

N2
(1= (1) ’—htu y)' [z gy 41} |+|'y']| ko1 - O
_p —ww? [T 4y _a+n? ]
t e 81 e 81 _|_\/;
I NG

A

bounded
1

< (B e

o Subcase 4.3. Assume that t <— Then

<1
=3

[yl
(1+ )2 1
< t~le™ 3 t_k_i e 321
———
bounded

9 T+ 1yl)] oy _aen?
xt(l,y)‘gh,(l,w‘s[r 2y 42—y

1

< Hu(B(.vD)!

Finally, (d) is an immediate consequence of (c). Forevery y”€[ v, y'], we have indeed

_ =y

//)2
e ct

<.

Moreover, if | y—y’| < $|x—y|, then [x—y”| > [x—y|—|y—y"| = [x—y|—|y—y| =
%|x—y|,hence

=y _x—p)?
e ct <e 4t

O

Remark 2.7 Contrarily to h;(x, y), Hy(x, y) is not symmetric in the space variables
x,y. Nevertheless, according to the following result, we may replace u(B(x, /1))
by w1 (B(y,+/1)) in the estimates (b), (c) and in the second estimate (d).
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Lemma 2.8 For every ¢ >0, there exists C >0 such that

H(B(x"/t—)) <C ea=n? Vx,yeR, Vi>0.

=Ce roy
1 (B(y, V1))
Proof By rescaling (see Appendix 1), we can reduce to the case t = 1. The estimate

u(B(x, 1)) < e(x—y)?
w(B(y, 1)) ~

is obvious if x and y are bounded or if |x|/|y| is bounded from above. In the remaining
case, let us say, when |x|>14-2]|y|, we have |x| < |[x—y|+]|y| < |x—y|+% |x|, hence
|x| <2 |x—y]|. Furthermore, as |x—y| > |x|—|y| > 1, we have |x| <2 (x—y)2. Thus

H(BG, 1) _

£ 2
L < (B, 1) < (Ix[+ D) S e S ety
u(B(y, 1))
O

The next proposition, which will be used in the proof of Theorem 1.8, shows that the
truncated heat kernel H;(x, y) captures the main features of the heat kernel %, (x, y).

Proposition 2.9 The maximal operator

O f(x) = sup,_o

/R duy) 0:(x, ¥) FO)| »

associated with the error

Qi(x,y) = hi(x, y) — Hi(x, y) = x:(x, y) hy(x, y) = 0,
is bounded from L' (R, du) into itself.

Proof It suffices to check that

SupyeR‘/]RdM(x) Sup[>0 Ql(xv y) < +OO

The case y =0 is trivial, as x;(x, 0) and hence Q;(x, 0) vanish, for every 7 >0 and
x € R. Consider next the case y € R*, which reduces to y = 1 by rescaling. Then
x:(x, 1) and Q,(x, 1) vanish, unless 7 <9 and —3 <x < —+, and in this range (see
Proposition 2.3)

1 (x+1)2

hi(x,1) xt2e #
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is bounded. Hence

1

3
/Rdu(x) sup,-o Qs (x, 1) 5/3 dx supg_;_ghs(x, 1) < 4o00.

3 Heat Kernel Estimates in the Product Case

According to (1.5) and (1.2), the heat kernel in the product case splits up into one-
dimensional heat kernels:

n ‘
by =[] _ h @00, (3.1
By expanding

R G,y = =g vV g vi) + xajs y) B (v

H () 0P, vp)
we get
h;(x,y) = H;(x,y) + P (x,y).
Here
.y =[] #7600
and P;(x, y) is the sum of all possible products

~ n .
Py =[] v/ 0.

where each factor p(,j)(xj, yj) is equal to ng)(xj, yj) or Q(,j)(xj, yj), and at least
one factor p(/ ) (xj, yj)is equal to Q(,] )(x j» ¥j)- Notice the rescaling property
h2,(Ax, Ay) = [A|"Nh;(x,y) VAieR*, V>0, Vx,yeR",

and similarly for the other product kernels. The following estimates follow from the
one-dimensional case (see Theorem 2.6 and Remark 2.7).

Theorem 3.2 (a) On-diagonal estimate:

Ht(x,x)xu(B(x,«/t_))_l, V>0, VxeR".
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(b) Off-diagonal Gaussian estimate :

0 <H,(x,y) < max {M(B(x,\/?)), [L(B(y,\/;))}_l e_¥

for every t >0 and for every x,yeR".
(¢) Gradient estimate:

IVyH, (x, )| < £~7 max {M(B(x, \/7)) M(B(y,\/f))}_] e_¥

for every t >0 and x,y € R".
(d) Lipschitz estimates :

H, (x, ) — Hi(x, ¥)| S & (B(x,v7))~" Lﬁy'

for every t >0 and x,y,y’ € R", with the following improvement, if |y—y'| <
3 Ix=yl:
: Sl 2|y —
H,(x,y) —H(x,y )|§maX[[L(B(X,«/t—)), u,(B(y,\/t_))} e 7
Let us turn to the analog of Proposition 2.9 in the product case.

Proposition 3.3 The maximal operator

P, f(x) = sup,-¢ /Rndu(y) P; (x, y)f(y)‘

is bounded from L'(R", dp) into itself.
Proof We will show again that
SUP ycRrr /R dp(x) sup,.oPi(x,y) < +o0,

but the proof will be more involved in the product case than in the one-dimensional
case. Let us begin with some observations. First of all, by using the symmetries

H oy = H (—xj, =y and 0 (xj, ) = 0 (=xj, =)
and by interchanging variables, we may reduce to products of the form

o~ 1 / ! l
Px,y) = 0V e y) - QY s yu) H TV it yur1) -+ H (s yn),

Qi (x"y") HY (x",y")
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where 1 <n’<nand 0 < y; < --- < y, . Next we may assume that, for every
l<j<n’,
1 2
y;j>0, —3yj<xj<—§yj and xj>1,

because otherwise x,(x;, y;) and hence Q(,j ) (xj, y;) vanish. By rescaling, we may
reduce to the case y; = 1. Consequently, ¢ is bounded by x12 <9 y12 = 9 and each

factor Q(,j )(x 7, ¥;) is bounded by

(X,‘+,Vj)2 1 —2k;—2
ET | xi) Stzy. 7)1 X;).
(—3%—%)‘/)( DSy (—3yj,—%>’j)( 2

i (—xjyp i le
Thus, on the one hand, the integral

Iy = /R A ) sup,g 17T Q)(x.y)
1

1. 1,
3 k-2 [T32 2k -2 [T3M

5/ d,ul(xl))b : / dua(xz) --- Yo / iy (xp)
-3 _

3y2 —3yn/

is bounded, uniformly in y’. On the other hand, let us prove the uniform boundedness
of

') = /R A (") supg g 15 HI(x"y").

when n” =n —n’ > 0. For this purpose, let us deduce from the Gaussian estimate

_|X,Ly”|2

H/t/ (X”, y//) S ﬂ»”(B (y//’ \/l‘—))_l e

that

" //‘2

x"— y//| ))—1 e—"‘%

Sup0<t<9 t% H/t/ (X//, y//) S |X//_ y//| IL// (B (y//’
Assume first that |X”— y”| >/t with 0 <t <9. Then, by using (6.2),

M o’ [LN(B (y//, |X// _ y//| ))
H” (x".v") < "(B(v"
T H] (x"y") S 12 PICICEANG) r"(B(y”,

4
1" 1 1?2 —
< |x”—y”|(}X a ) P By Xy ) e

X//_y// ))—le— —

NG

<1

~
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Assume next that 0 < |x”"—y”| <4/t (< 3). Then, by using (6.2) again,

< |x// y//| "
(%)

y//’ |X//_ y//|)) " "ol Z205 ) Nt S S
n (B ,|x"— e ci
B (y//’ ﬁ)) ( (y y |))

E\
=

=
N
—_

< tn/;| |X// - y//| - } " | [l, ( (y// x— y//|))—1 o |"Hl’8y0”|2
~Y /ﬁ 9
—— [ —
St <1 =1

Now that we have estimated 72 H/ (x”,y"), let us split up the integral
" "N 4 "
ryn=2> 10"

according to the decomposition R"”\{O}zujez {x/’e R"| 2/_7<|x” y |<21+% }

Qj
Let us show that

<27V
If j >0, we have indeed

n_gm|2
[x"-y"|

X//_y// ))—1 ‘x”—y”| e~ e

I/]/ (yl/) 5/ dIL// (X//) ’L// (B (yl/’

Qj

= [L”(B(y”,2j))7l S‘Z*j
< # 277,
[L”( ( ” 21))

<1

and, if j <0,

2
|X//7 //|

I;/ (y//) 5/ dIL// (x//) Il:// (B (y// | 1 y ))71 |X//_ y//| 67 8¢
——

; —_————
x[L”(B(y”,Zj))_l 52./ 51
< # 27
[,L” ( ( ” 2/))
—\/_4
<1
By summing up over j €Z, we obtain the uniform boundedness of 1" (y”). o
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4 Proof of Theorem 1.8

Theorem 1.8 relies on the following result due to Uchiyama [25].

Theorem 4.1 Assume that a set X is equipped with

e a quasi-distance d, i.e., a distance except that the triangular inequality is replaced
by the weaker condition

dx,y) < A{d(x,2) +d(z,y)} Vx,yz€X,

e a measure  whose values on quasi-balls satisfy

%Su(ﬁ(x,r)) <r VxeX,Vr>0,

o a continuous kernel K, (x, y) >0 such that, for every r >0and x,y,y' €X,
-1 daxry )0
oKy(x,y)<r 1+ == )
S aN—1=28 T NS
o |Kr(x,y)—Kr(x,y’)| < rl (1+—d(xr’})) (—d()r’y)) when
1 r+J(x,y)
d(y,y) <=5
Here A>1 and §>0. Let us introduce the following definitions:

e an atom is a measurable function a : X — C such that
a is supported in a quasi-ball B, lallzeox,dpy S ,u(g)*land / duwa =0,
X

e the atomic Hardy space Haltom(X s UL, d) consists of all functions f e L'(X,du)
which can be written as

f=2 hea, 42)

where the ay’s are atoms and the \g’s are complex numbers such that 3, |A¢| <
00,
e the atomic norm is given by

(AP

atol

Xoud) = inf Ze Ael, 4.3)

where the infimum is taken over all representations (4.2),
e the maximal Hardy space HI}laX (X, 1, K,) consists of all functions f € L'(X, du)
such that

Ky f(x) = sup,_g /Xdu(y) Kr(x,y)f(y)'
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belongs to LY(X, du).

Then H} (X, w,d) coincides with H),

maximal norm || Ky f | 21 (x, 4 p0)-

(X, u, K;), and (4.3) is comparable to the

ax

We now adapt Uchiyama’s Theorem to our setting. For X = R", equipped with the
Euclidean distance d(x,y) = |x —y| and the measure (1.4), set

d(x,y)=infu(B) Vx,yeR",
where the infimum is taken over all closed balls B containing x and y, and
K,(x,y) =H;(x,y), Vr>0,Vx,yeR", 4.4

where ¢ = f(x,r) is defined by u (B (x,ﬁ)) = r. In Appendices 2 and 3, we
check that (X L, d, K,) satisfy the assumptions of Uchiyama’s theorem with § = %
Actually the conditions in Theorem 4.1 are obtained up to constants, and they can be
achieved by considering suitable multiples of # and K, (x,y). Thus the conclusion
of Uchiyama’s theorem holds for the quasi-distance d and for the maximal operator
K.

On the one hand, d and d define the same atomic Hardy space H} ., with equiv-
alent norms, as balls and quasi-balls are comparable. Let us elaborate. For every
x,y€R" and ¢ >0, we have

Ix—yl<vi = dxy<r = |x-y|l<Vr,

where r = p (B (x,4/7)). The first implication is an immediate consequence of
the definition of d and the second one is obtained by combining Lemma 6.4(b) in
Appendix 2 with (6.2) in Appendix 1. Hence, there exists a constant ¢ > 0 such that

B(x,+/7) C B(x,7) C B(x, c+/1),

and these sets have comparable measures, according to Appendix 1.

On the other hand, the maximal operators K, and H, coincide, and they define
the same maximal Hardy space H! ., with equivalent norms, as the heat maximal
operator h, (see (1.7)), according to Propositions 2.9 and 3.3. Indeed, for every

feL'(R", dp), the integrals

/ dr() hef() and / d(x) Hy f(0)
Rn R~

differ at mostby amultiple of || f[| 1 (rn 4, Whichisitself controlled by either integral
above, as h;(x,y) du(y) and H;(x, y) du(y) are approximations of the identity.
In conclusion, the atomic Hardy space Halwm associated with Euclidean balls coin-

cides with the Hardy space H . defined by the heat maximal operator h.. ]
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5 Proof of Theorem 1.10
The proof of Theorem 1.10 requires some weighted estimates in Dunkl analysis, which

are well-known in the Euclidean setting corresponding to k = 0. Let us first prove a
weak analog of the Euclidean estimate

| LHIEDT FE L1agy S 1Ly nrze -
Lemma 5.1 For every £ €N and r >0, there is a constant C = Cy > 0 such that
supgcpe (1+1ED | F L&) < C I fllce
for every feCYR") with supp f C B(0, r).
Proof By using the Riemann—Lebesgue lemma for the Fourier transform (1.9), we get
supgeer (1+1ED" 1FF )] < swpgern (1427 161°) 177 @)
112t + ZFI 1Dl ap -

IA

The last expression is bounded by || f || ~¢ as, by induction on £, supp (D]lff) CcB(@,r)
and [ D fllzee SN fllce- O

Corollary 5.2 For every L eN, r >0, and € >0, there is a constant C = Cy >0
such that

I A+HED N2 F L@ ll2uy < C Iy eemzve

forevery fe W(+n/2+€(R”

neous dimension (1.6).

) with supp f C B(0, r), where N denotes the homoge-

Proof This result is deduced from Lemma 5.1, by using on the left-hand side the
finiteness of the integral

/ () (14]g) N2
Rn

and on the right-hand side the Euclidean Sobolev embedding theorem. O

Proposition 5.3 For every o >0, r >0, and € >0, there is a constant C = Cy ¢ >0
such that

IA+IEDT Ff @) 2apey = C 1 g+

for every feWsT(R") with supp f C B(O0, r).
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Proof Let x € C2°(R"). Following an argument due to Mauceri and Meda [13], this
result is obtained by interpolation between the L? estimate

I F X 2@uy = const. [ X f 2@y S 1 1L2ax) -

which is deduced from Plancherel’s formula, and the following estimate for ¢ € N
large, which is deduced from Corollary 5.2:

1 A+1ED N2 F U@ N iaun S 1K gy er S 1ot

]

By using the Cauchy—Schwarz inequality, we deduce finally the following result.

Corollary 5.4 For every 0 >0, r >0, and € >0, there is a constant C = Cy >0
such that

/RndlL(E) (I+IED7 [Ff®I=C IS Wy gmaeee

forevery f e W;+N/2+€(R”) with supp f C B(0, r).

Let us next prove analogs in the Dunkl setting of the Euclidean estimates

/ dx (1+[x)° | f x g (%) S/ dz (1+[z))° | f (@) / dy (1+1yD)° g
Rn Rn Rn
and
/ dx | fx=y) S 2 NA+IXD’ F ) L1 -
R~ B(y,r)
Recall that Dunkl translations are defined via the Fourier transform (1.9) by

6 H =" [ dw® FF© B iHEY. i)

(see [17,19,23,24]) and have an explicit integral representation

(ry [X) = /R dvy (@) [ (2)
in dimension 1 (see [2,16,23]) and hence in the product case. Specifically,

dvgy(@) =dvl (z1) - dv (z0),

X1,1 XnsYn
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where
. vi(xj, yj.zj) |zj1*%idz; if xj, yj € R¥,
dv)g{’)y/(zl) = day,-(zj) if )Cj:O,
d8xj-(Zj) lnyZO,
and

[(k; + %) (xj+yj+z)(=xj+yi+2z;)xj—yj+z5)
VT 22K T (k) XjYizj

y {11y 2 1) (=g v 1 D) (g =Ty L ) (g v =1z Yo !
1

vi(xj,yj.2j) =

2k;—
lxjyjzjl™

](|Zj|)'

I
[ieit=191]s 111551
Thus vy y is a signed measure which is supported in the product
IX,Y = IX1,y1 X X an»yn
of the one-dimensional sets

Laj,y; = [ZjGRI il = 1yjl

<lzjl < |xj|+|)’j|]

ol

dvx,y(z) = vi(x1, y1,21) -+ Va(Xn, Yns 2n) dp(z) .

x| =1yl 1=yl

v|xj|+|)’j|j|

= [—|x,,~|—|y,-|, -

and which is generically given by

v(X,y,z)

Moreover, it is known (see [2,16,23]) that
SUPy yeRn lvxy | (R") < +o00.

Lemma 5.5 For every § > 0, L1+ |x|)8du(x)) is an algebra with respect to the
Dunkl convolution product

7500 = [ ) (g 2,
Proof By using the symmetries
V(X, -y, Z) = V(—Z, -y, _X) = V(Z, y. X) )

@ Springer



Constr Approx (2015) 42:93-128 117

we have
fxg(x) Z/Rnd“(z)f(z) /Rndu(y)g(y)v(z, Y. X).

We conclude by estimating

/ dux) (1+1xD? v(z, y,x)| < A+1z)° (1+1y])° .

z.y
a

Lemma 5.6 For every § > 0, there is a constant C > 0 such that, for every y € R"
and r >0,

/ ) |ty HHE®)] < Cr 1F s st
R*~\O(y,r)
where

Oy.r) = {xeR" | |lx; = ly;l| <r. ¥1<j<n)

is the orbit of the cube Q(y,r) = H'}Z] B(yj,r) under the group generated by the
reflections (1.1).

Proof As R"\.O(y, r) is contained in the union of the sets
Aj={xeR"||Ixjl—=lyjl[>r} (=1.....n),
we have
n
/ au)ey 0] = 3 [ aw [ dw@ byl 7@l
R*~\O(y.r) J=1Ja, Ixy
As
|z| > |zj| = |Ix;| =yl > r
when x€ A; and z€Zy y, the latter expression is bounded above by
7 [ aw@ 12 1@ [ areo s,y
]Rn Rn
We conclude by using the uniform estimate
/IR dux) [v(x, —y, z)| Z/R dux) v(z,y,x)| < C.

O
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Let us turn to the proof of Theorem 1.10, which consists in estimating
Ih(Tma) I guy S M 5.7

for every atom a in the Hardy space H! = H] . By rescaling, it suffices to prove

(5.7) for any atom a associated with a unit ball B(z, 1). As h, and 7, are bounded
on L2(R", dp), we have

I (Tma) | L1 0@ 2).dpy) S M -
Thus it remains to show that
Ih(Tma) I e 0@, 2),dp) S M- (5.8)

For this purpose, let us introduce a dyadic partition of unity on the Dunkl transform
side. More precisely, given a smooth radial function i on R” such that

1 —Lgy\2
suppy C {E€R"| S <[E<2} and > ¥ Q7H* =1, VESR'\{0},
let us split up

@ = v ey me).
Set

Y 0(8) my ()

moo(&) =y &) e PE y &) m2te),
fro=F mep) = F ' Wro) * F L my) .
—_—

81,0 Wy

My (27%&). Consider the convolution kernel

Then e m(&) ="

LeZ
Fromy) = 1y F im0} 0 = 2% (g 0 @'

of the multiplier operator 7,, , ¢ .

Lemma 5.9 (a) On the one hand, for every 0 <4 <€, we have

/ dp(x) sup |Fre(x,y)| < M27%, VieZ, VzeR", VyeO(z, 1).
R"\0O(z,2) t>0
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(b) On the other hand,
/ dp(x) sup | Fre(x,y) — Fro(x,y)| S M2'y—y'|. VL€Z, Vy yeR"
Rn t>0

Proof On the one hand, as

o (v@e ) s co Vis0, VEER",
Lemma 5.1 yields the estimate
18reX®)| < Ca (1+xD7¢,  VxeR",

which holds for any d € N and which is uniform in # > 0 and £ € Z. On the other hand,
Corollary 5.4 yields the estimate

[ aneo ) el < .

which holds uniformly in £ € Z. By resuming the proof of Lemma 5.5, we deduce that
/ dpe(x) (1+1x))° sup | fic ()| S M. (5.10)
R >0

We reach our first conclusion by rescaling and by using Lemma 5.6:

t>0 t>0

/ dp(x) sup | Fre(x,y)| 5/ dp(x) sup | Fre(X,y) ]|
R"\0O(z,2) R2\O(y, 1)

-/ dp(x) sup [(z_gey i) S M2
Rr~O2%y,2¢) t>0

Let us turn to the proof of (b). This time we factorize

Vie(®) m ()

my (&) = W& e e P ER g @y m2tE) e B,
ﬁf,e(é)

and accordingly

fro=F Ym) = F e « F e 80

fre h
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On the one hand, by resuming the proof of (5.10), we get

/R dp(x) sup | fre(x)| S M.

t>0

On the other hand, h(x, y) = (7_y /) (x) is the heat kernel at time ¢ = 1, which satisfies

Adu(x)|h(x,y>—h(x,y’>|5|y—y/|, Vy.yeR",

according to the next lemma. After rescaling, we reach our second conclusion:

/ dp(x) sup | Fre(x,y) — Fro(x,y)| S M2% |y —y/|.
R~ t>0

Lemma 5.11 The following gradient estimate holds for the heat kernel:
/ dpx) |Vyh;(x,y)| < t*%, V>0, VyeR".

Proof We can reduce to the one-dimensional case and moreover to t =1 by rescal-
ing. It follows from our gradient estimates for the heat kernel in dimension 1 (see
Proposition 2.3) that

‘ihl(x,y)‘ < b
dy T+ eyl

e Case I: Assume that |y| <2. Then |dyh;(x, y)| < e=*"/16_hence

+o0
/ dx |x|?¥
—00

e Case 2: Assume that |y| > 2. Then |x|/|y| < 1~|—% [|x] —|y||, hence

0
_hl(-xay)‘ S 1
dy

k
] 2 gmu,y)‘ S (%) e s (I=b?
y Y

1 2 1 2
< (]+||x|_|y||)k e 8 (xI=1yD < e~ 16 (XI=1¥D

and

+o00
/ dx |x| 3
—00
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Conclusion of proof of Theorem 1.10 Let us split up and estimate

th(Tna)(x)| < Z£>0 |h*(T¢(27z_)zma)(X)| + Z£<0 |h*(7—1/,(24_)2ma)(x)|
=21 SUPi=0

+ ZZ<0 SUpP;~0

= ZEZO /B(z,l)du(y) la(y)| sup,~q |Ft’[(X, y)|

/ dp(y) Fro(x.y) a(y) ‘
B(z, 1)

/B( du(y) {Frex.y)—Fe(x.2)} a(y)'

s

430 ) law s | Fn) - Fx]
£<0 B(z, 1)

Then (5.8) follows from Lemma 5.9. O

Example 5.1 The Riesz transforms R; = D j(—L)_l/ 2 in the Dunkl setting corre-
spond to the multipliers &;/|&], up to a constant. Hence, by Theorem 1.10, they are
bounded operators on the Hardy space H'.
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Appendices

Appendix 1: Measure of Balls

Recall that ky,...,k, > 0 and N = n + Z;‘=12kj. On R", equipped with the
Euclidean distance, the product measure du(x) (see (1.4)) has the following rescaling
properties:

dp(rx) = ANdp(x), VireR*
and
p(BOx, A1) = ANp(B(x,r), VxeR" VieR"
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Moreover,
o . n . 2k;
n(B(x,r) <r I |j=1(|x]|+r) i,

Hence

r)] ™ wBx,r) ~\r

In particular, p is doubling, i.e.,
n(B(x,2r)) < n(B(x,r)), VxeR", Vr>0.

Let us prove (6.1) and (6.2). In dimension n = 1, we have

lx[+r

1 (B(x, 1)) =/ dy |y|**.

lx|—=r

On the one hand, if r < |’2‘—‘, we deduce that

w(B(x, 1)) = |x|2"/ dy = [x|*r.

[x]—r
On the other hand, if |x| < 2r, we estimate from above

3r
L(B(x, ) 5/ dy [y|2* = 2+

—r

and from below

r

W (B(x, 1) z/o dy y2k = 241

Thus u(B(x, r))x(|x|+r)2kr in all cases and

2k+1
)

P(Bx, R) _ <|x| + R)”‘ R _ ((

w(Bx,r)) — \ x|+ r

S|

iffx| <r,

|

r

== =]

if |x|>R.

R\" B(x, R R\N
(—) <M<(—) . VxeR", VR>r>0.

2% 5
) o ifr<|x| <R,

(6.1)

(6.2)

(6.3)

The product case follows from the one-dimensional case, since the ball B(x, r) and

the cube

Q(x,r) = H:Zl B(xj,r)
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have comparable measures. More precisely, we have

Q (x#) CB(x.r) C QX r),

with

" (Q (x J%)) = Q) = " [T (xlr)?h.

Appendix 2: Distances

The following result, which is used in Sect. 4, is certainly known among specialists.
We include nevertheless a proof for lack of reference and for the reader’s convenience.

Lemma 6.4 Let (X, d, jt) be a metric measure space such that balls have finite pos-
itive measure and satisfy the doubling property, i.e.,

3C>0,VxeX, Vr>0, u(B(x,2r)) < Cu(B(x,r)).
Set
d(x,y) = inf u(B),

where the infimum is taken over all closed balls B containing x and y. Then
(a) ‘Z is a quasi-distance,

(b) d(x,y)=<pn(B(x,d(x,y)) Vx yeX,

Moreover, if the measure | has no atoms and ((X) = 400, then

(c) M(E(x, r)) < r, for every x € X and r > 0, where §(x, r) denotes the closed
quasi-ball with center x and radius r.

Proof Let us first prove (b). Set R = d(x, y). On the one hand, we have c?(x, y) <
w(B(x, R)), as x and y belong to B(x, R). On the other hand, if x and y belong
toaball B= B(z,r),then R <2r, hence B(x, R) C B(z,3r) and u(B(x, R)) <
w(B(z,3r)) < n(B(z,r)). By taking the infimum over all balls B containing both
x and y, we conclude that u(B(x, R)) < J(x, y). Let us next prove (a). For every
x,y,ze€X,wehave d(x,y) <d(x,z)+d(z,y). Assume that r =d (x, z) > d(z, y).
Then x, y € B(z, r). By using (b), we deduce that

d(x,y) < u(B(z,r) =< d(z,x) <max {d(x,2),d(z, )} <d(x.2)+d ().

Let us finally prove (c). Given x € X, notice that u (B(x, r)) is an increasing cadlag
function of r € (0, +00) such that

w(Bx,r) \ 0 as r\ 0,
w(B(x,r)) /1400 as r /1 +o00.
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Here we have used our additional assumptions. Let x € X and r > 0. On the one hand,
for every ye B(x, r), we have w(B(x,d (x,y)) <d(x,y) <r.Hence

R =sup {d(x,y)|yeB(x,r)} < +oo.

Let y € B(x, r) such that d(x, y) > £. Then B(x,r) C B(x, R) C B(x,2d(x, y)).
Hence

w(B(x,r)) < p (B(x,2d(x,y)) = n(B(x,d(x,y) = d(x,y) <r.
On the other hand,
T =inf{t>0|u(B(x,t))>r}>0.

As u(B(x, T/2)), we have g(x, y) <r forevery ye B(x, T/2), hence B(x,T/2)C
B(x, r). Consequently,

r < w(B(.T)) = u (B (x, g)) < w(Bx. ).

Appendix 3: Kernel bounds

Recall from Sect. 4 that the kernels K, (x,y) and H,(x, y) are related by (4.4). In
this appendix, we check that the Gaussian estimates of H, (x, y) in Theorem 3.2 imply
the estimates of K, (X, y) required in Uchiyama’s theorem (Theorem 4.1). This result
is certainly well known among specialists. We include nevertheless a proof for lack
of reference and for the reader’s convenience.

According to Appendices 1 and 2, we may consider the quasi-distance d on R"
associated with the Euclidean distance d(x,y) = |x —y| and the product measure
(1.4). The on-diagonal lower estimate

Ci
Ki’(xv X) Z -
r

is an immediate consequence of Theorem 3.2(a). For every § >0, the upper estimate

—1-8

Koy = 2 (1 $ 2 Y)) 6.5)

follows from Theorem 3.2(b), more precisely by combining

[x-yl*
K, (x, Y) 5 r_l e X”y
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with

¥ 146 1468 N(145)
d(x, y)) ( r(B(x, Ix—yl))) ( IX—yI) Ix—y2
I+— <\ S+ SR
( r n(B(x, /1)) NG ‘
(6.6)

The main problem consists in checking the following Lipschitz estimate.

Lemma 6.7 There exists C3 >0, and, for every & >0, there exists C4 >0 such that

~ —1-5 ,~ N
d(?: y)) (d(y,y))” 6.8)

C
|Kr(x,y) — K (x,¥)| < 74 (1+ -

ifd(y,y) < Cymax{r,d(x,y)}.

Proof Lgt us begin with some observations. First of all, (6.8) follows from (6.5), as
long as d(y,y’) < r. In this case, we have indeed

1

d(x, dx,y’
n ( y)ler ( y).

r r

Next, notice that

Ix—y|<Vi < dx,y)<r,
Ix—y| 2 Vi < dx,y)>r.

This follows indeed from (6.2) and the estimates

de)xuwﬁﬁx—ﬂn
r 1(B(x, /1))

Similarly, we have
ly—y IS ly—x| < d(y.y)<d(y.x).
In particular, there exists C3 >0 such that
/ 1 . 7 / >
ly—yl= Elx—yl if d(y,y)=<C3d(x,y).
Let us turn to the~pr00f of (6.82 and assume first that d (x,y) > r. In this case,
|x—y| >/t and d(y,y’) <C3d(x,y), hence |y —y’'| < %|x—y|.Thus, according

to Theorem 3.2(d),

|K (X, y) = K, (%, ¥) | = [H;(x,y) —H; (%, ¥)|
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is bounded above by

w(B(xvi)) et NI

After substituting r = p (B (X, +/7)) and estimating

~ 145 5
(1+d<x, y)) < Rt
r

as in (6.6), it remains to show that

~ 1
ly—yI _(d(.¥) Ne%
Vi~ r '

If ly—y'| <+/t, then

d(y.y) w®B@y.ly-y1D) _w®B.ly-y)) rBy.v)
ro T n(B(xVD)) p(B(y. V7)) n(B(x V1))

with
r(B(y.ly—y1) (Iy — y’l)N
r(By.vr) TN
and
w(B(y. V7)) w (B (v. V7)) >( a )N
n (B “N\x—yl+ 1

(% v7) ~ w(By. Ix—yl + 7))

_ -N <y 2
(Y v
Jt

If |y —y'| >+/t, we argue similarly, estimating this time
r(By.ly—y1) (Iy ~ v/ )" - (Iy — v/l )N (Ix - yl)_(N_")
wBy.v) ~\U v )~ NG

_v\N ey
z(Iy«/_y|> e
f
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and

1 (B(y, 7)) S -
w(B(x. V1))~ '

Assume next that dN(X, y) <r.Then |x—y| </1, J(y, y") < C3r and (6.8) amounts
to

5 1
|Kr(x’ Y)—KF(X,y’)| < s (M)N

r

According to Theorem 3.2(d),

Uy -]
K3 = K50y = Hi 9~ By )L S e (B (6 vE)) 5
As
(B (7)) = (B (7)) =
we have
dy.y) _r(B(y ly—-vy')
r 1 (B(y, 1))
d(yy) rBG.ly=y'D) ; ly—y'l

As < Cz and L (BG.V1) is bounded below by a power of [ , we deduce
first that ly—y'| < ﬁ and next that

diy,y) (Iy - y/l)N

r ~ Jt

This concludes the proof of Lemma 6.7. O
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