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Abstract

Patient and Pareto responsive (pPr) societal preferences were introduced and studied
in Khan and Stinchcombe (2018). This paper develops a tractable subclass of the
pPr preferences that satisfy a strong equity criterion formulated to match intuitions
and results for large but finite models. In population models where the number and
happiness of future people is stochastic, the only optimal policies require sustain-
ability (resp. an abundance of effort) in the presence of irreversible (resp. difficult
to reverse) negative externalities suffered by future generations. Partially ordering
the preferences by increasing degrees of inequality aversion over generations, more
inequality averse preferences give rise to choices that are counterintutive from popu-
lation ethics viewpoint in smaller sets of problems.
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The life of a people is conceived as a scheme of cooperation spread out in
historical time. It is to be governed by the same conception of justice that
regulates the cooperation of contemporaries.
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1 Introduction

In choosing present policies, there is both a moral and a pragmatic imperative to
consider the welfare of those not yet born. The normative theory of intergenera-
tional equity has occupied social choice theorists for a long time. The pressing
problems of the day, including climate change and environmental sustainability,
have brought generational ethics into sharp focus as a matter of immense practi-
cal importance. This paper is a part of an ongoing project that aims to a) build a
coherent theoretical framework for dealing with intergenerational equity, and b)
develop answers to practical questions that arise in situations involving irrevers-
ible, or difficult to reverse, changes, as they often warrant considerations of inter-
generational ethics. To this end, the current paper refines and enriches the theory
first proposed in Khan and Stinchcombe (2018) (henceforth KS), and illustrates
the implications of said framework in two examples drawn from environmental
economics and one from political economy/political philosophy.

The key takeaway from this paper is that serious considerations of intergen-
erational equity tends to provide qualitatively different policy prescriptions com-
pared to standard discounted utility models. In particular, they push for greater
sacrifices for the future in the form of more cautious and “sustainable” policies
when dealing with potentially irreversible negative externalities. And these lead
to very different long-run predicted outcomes. Remarkably, in the presence of
irreversibility, these results hold true regardless of the “degree of discounting”
in the standard models. When it comes to making decisions that have significant
long run consequences, perhaps the right question to ask is not “How much dis-
counting,” rather, it is, “Should we discount at all?” In the rest of the introduction
we outline our approach and the structure of the paper.

1.1 Different scales

Thinking about intergenerational ethics is a problem with a very large scale.

With 500 million years left of acceptable habitat for humans on Earth, pop-
ulation being stable at 10 billion with an average length of life equal to 73
years, the ratio of people who will potentially live in the future to people
living now is approximately 10 million to 1. (Asheim 2010)

The numbers ‘500 million,” “10 billion” and “10 million” are large, but finite.
Our approach is to replace the large but finite populations and time horizon by
a particular kind of continuous, non-atomic (or “oceanic” in Aumann and Shap-
ley’s (1974) evocative term) population model. Our approach to non-atomic mod-
els takes seriously the idea that infinite models should be interpretable as limits
of large finite models. To guarantee this, we define our models using sequences of
increasingly large finite models so that the results and definitions from the finite
models carry over.
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Within this class of population models, KS formulated social welfare functions
that are Pareto responsive and patient in the sense of being invariant to the largest
class of permutations that had been used in the literature. To the KS model, we
add a stronger, ‘limit’ equity condition. It requires invariance with respect to a
much larger class of permutations, a class that directly parallels the set of permu-
tations for finite models. This guarantees equal treatment of all generations.

Taking a “pragmatic” point of view, we judge ethical assumptions by an examina-
tion of their implications in economic models.! Our limit equity condition delivers a
subclass of the KS social welfare functions, a subclass for which one can find strong
implications of the precautionary principle for irreversible or difficult-to-reverse
problems. It also delivers analyses of intergenerational trade-offs that appear more
sensible than some extant formulations of “Rawlsian” and other patient preferences
that aim to capture intergenerational equity.

1.2 The limit equity condition

To see what is involved in our limit equity condition, let us start with large but finite
models. We will work with a limit formulation of sequences of large population
models, examining sequences [/, = {0,1,2,...,T,} of generations with 7, — oo.
For each finite model /,, the most basic of the equity conditions is invariance with
respect to permutations, and we extend this directly to the limit population model.

A one-to-one and onto mapping # from a finite / ={0,1,2,...,T} to itself
is a bijection. Let u# : ] -» R denote the utility assignments of the population.
The equity condition for the social preferences is that #” and u should be indiffer-
ent where u” := (u”(o),u”(l),u”(z), ,u”(,)). This has an alternative, probabilistic
formulation.

With A; denoting the uniform distribution on [/, every utility profile
u = (4, ..., uy) induces a distribution of utility p, defined by letting p,(A) denote
the proportion of the population receiving a utility level in the set A,
Q) =AN({t 1 u, €A}) = TLH#{I 7 € A}.2 With B, denoting the set of bijec-
tions on 7, under a uniform distribution on /, we have the following property, called
homogeneity, of the finite probability space {0, 1,2, ..., I} and the uniform distribu-
tion Ay

P, =p,] © @z € B)u=v"] (H

! From Charles Sanders Peirce (1878), - the practical effects of the objects of your conception --- is
the whole of your conception of the object.” For us the ‘practical effects’ are examined within economic
models. This is a viewpoint that has been expressed with particular clarity by Dasgupta and Heal (Das-
gupta and Heal 1979, Ch. 10, §4, p. 311), “exercises in optimal planning --. enable us to see in what way
the implications of various ethical norms differ. It is in this sense that it is a legitimate exercise to revise
or criticize ethical norms in the light of their implications.” See also Atkinson (2001), “by applying our
ethical criteria to concrete economic models, we learn about their consequences, and this may change our
views about their attractiveness.”

2 For a non-empty finite set S, #S denotes its cardinality, i.e. the integer N for which there is a one-to-one
andonto f : S« {1,...,N}.
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For finite populations, strong equity is the condition that societal preferences should
be invariant to shuffles of who receives what. This is equivalent to social welfare
depending only on the portions of the population receiving the various utility levels.
Specifically, preferences between u and v can only depend on p, and p,. While this
works for, indeed characterizes, the class of infinite population models developed
here, it does not work for many other infinite population models.

For a non-atomic probability space (L2, F, P), measure automorphisms are the
generalization of bijections: a measurable function 7 : Q — Q is a measure auto-
morphism if P(E) = P(z~'(E)) for all measurable E C Q.3 Given an automorphism
x and defining u”(w) = u(n(w)), the distributions of utility induced by u and u” are
equal to each other because u~'(A) always has the same P-mass as 7~ (u~'(A)) for
any measurable A C R. For preferences that depend only on the distribution of util-
ities, this is the right set of transformations to consider. But indifference to such
automorphisms need not capture the idea of equity that comes from invariance to
bijections.

Two examples help pinpoint the difficulties. First, measure automorphisms need
not be 1-to-1, if Q is the unit interval (0, 1] (rather than the limit-of-finite population
model that we will use) and P is the uniform distribution, then the two-to-one, onto
function 7(w) = 2w - l(o,g](a’) + QCw — 1)1(%’1]((0) is an automorphism. But a two-
to-one z can have no interpretation as a switching of utility levels between genera-
tions. Second, 1-to-1 and onto functions need not be measure automorphisms. With
the same probability space, the one-to-one, onto function z(w) = ®” is not a meas-
ure automorphism (except for the point mass distribution on w = 1).

For the non-atomic, limit-of-finite population model [ that we use here, the
appropriate equity condition is that for any almost everywhere one-to-one, onto
z : [ — [ and any measurable utility allocation # : [ - R, u and u” are indifferent.
This works because, in the model we use, (1) z is a measure automorphism iff (2) it
is almost everywhere one-to-one and onto, and the model also satisfies homogene-
ity, (3) for any measurable u,v : [ = R, p, = p, if and only if v = u” for an almost
everywhere one-to-one and onto function z. Except for the need to have the “almost
everywhere” qualifier to deal with null sets, this is the same homogeneity condition
that finite models satisfy.

The existence of non-atomic homogeneous probability spaces was settled by
von Neumann (1932). However, we use results due to Jerome Keisler (1984) who
showed that when a hyperfinite sets from nonstandard analysis is given the uniform
(or counting) distribution, then properties (1) and (2) are equivalent, and the model
is homogeneous (3). Further, from Robinson (1964, Theorem 5.1), these hyperfi-
nite population models can always be understood as the limits of larger and larger
sequences of finite sets with the uniform distribution. As we will see, the tools of
nonstandard analysis allow us to analyze these models using techniques familiar
from finite sets.

% Throughout, we use the convention that “A C B” holds also when the sets A and B are equal.
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1.3 Outline

The next section gives the formal setting and the relevant results on patient social
welfare from KS. Of particular interest is the observation that patience—formalized
as indifference to the largest class of permutations used in the previous literature—
is compatible with the Pareto criterion. An example shows that this definition of
patience is compatible with an almost complete abrogation of equity.

The subsequent section, Sect. 3, gives the nonstandard analysis necessary to con-
struct the limit population models behind the work in KS. Using these tools, we add
the strong equity condition, and in Sect. 4 we apply the tools to analyze applica-
tions in two environmental economics problems and one political economy problem.
One of the environmental problems involves the risk of an irreversible change, the
second involves very difficult to reverse changes. The political economy problem
involves a study of when some counterintutive conclusions from population ethics
do and do not hold within our class of social welfare functions. The final section
gives a summary and discusses some of the open problems, and proofs not given in
the text are gathered in the appendix.

2 Preliminaries

Equitable social preferences are those indifferent to permutations of the names of
those receiving benefits. Patient preferences are those indifferent to permutations in
the arrival time of benefits. For social welfare functions defined on intergenerational
streams of utilities, these ideas are close to each other.

This section begins with a review of the setting and main results about large inter-
generational population models used in KS. It then contrasts the KS settings and
results to previous work on intergenerational equity/patience. That literature showed
that it is difficult to incorporate patience, understood as a form of intergenerational
equity, and still satisfy the Pareto criterion. Such findings make it hard to operation-
alize equitable societal preferences for intergenerational problems. And, by exten-
sion, this can turn into an argument that some form of discounting must be used.

KS gave the population model that was implicit in the literature. In this model,
the purported examples of the failure of the Pareto criterion involve increasing the
welfare of only a null subset of the population. KS then integrated patience/inter-
generational equity and Pareto responsiveness in a class of social welfare functions.
This paper adds a more thorough implementation of equity to the KS preferences.

2.1 Overview

The primitives in the model of KS are intergenerational streams of well-
being, normalized to belong to W, the non-negative elements of £ =7 (N),
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No=1{0,1,2,..., }.4 The typical element in W is u = (ug, u;, u,, ...), and the norm
distance between u,v € W is given by |ju —v| = SUP;en, |u, —v,|. Both KS and
this paper study preferences over the subset of A(W) supported by norm bounded
sets that can represented p > g if and only if fW S(u) dp(u) > fW S(u) dg(u) where

S : W - [0,00) is norm continuous, concave, and satisfies an additional condi-
tion meant to capture aspects of equity/patience. That additional condition is that
S(u) > S(v) when u asymptotically first order dominates v.

Definition 2.1 A stream u € W asymptotically first order dominates a stream
v € W, denoted u >0 Vs if

liminfy 7 2.00(F @) = £()) > 0 @
for all continuous strictly increasing f : R, — R.

Essentially, this asks that for large 7, the distribution of the utilities
{u, 1 t=0,...,T} strictly first order dominates the distribution of the utilities
{v, 1 t=0,...,T}. This captures a sense of patience in that it need only hold for
large T, and it captures a sense of equity in that the ordering >, is immune to several
classes of permutations.

The set {...,—-2,—1,0,1,2,...} is denoted Z. A permutation is a 1-to-1 func-

tion 7 : Ny — Z that is onto N,,. Given u = (uy, u;, u,, ...) € £, and a permutation

7, define u” as (uﬂ_l(o), Ug-1(1)s Ug-1(2)s ...). In increasing order of generality, the lit-
erature has considered the following classes of permutations, and has interpreted
indifference to permutations variously as “equity,” “weak anonymity,” or “intergen-
erational neutrality.”

e 1 is a shift permutation if z(T) = T — F for some integer F.
e ris a bounded permutation if, for all 7, |z(T) — T| < F for some integer F.
e ris a asymptotic permutation if lim,_ _ |7#(T) — T|/T = 0.

It can be shown that if z is an asymptotic permutation, then u >, v iff u” > v iff
u >, v". Missing in these three classes of permutations is a parallel to the strong
equity condition for finite sets of generations. The key observation is that the dis-
tribution of the utilities {u, : ¢t =0, ..., T} first order dominates the distribution of
the utilities {v, : + =0, ..., T} iff it dominates after any permutation of the finite set
{0, ..., T}, including those that take large #’s and switch them with small #’s, e.g.
a(t)y=T—1.

4 See Blackorby et al. (1995) for a discussion of these normalizations.

5 In the classic Landau notation for asymptotic analysis, |z(T) — T| is o(T). What we here call asymp-
totic permutations are called “bounded” in Lauwers (1998) if they are also one-to-one and onto map-
pings from N, to N,,.

@ Springer



Intergenerational equity and sustainability: a large...

In this paper, we study population models that are limits, as 7,, = oo, of the finite
sets I, = {0, ..., T,}. The equity condition that we here require is indifference with
respect to all limits of permutations 7, where each z, is a permutation on [,,. There
are two additional points to be made.

e First, there is an “almost everywhere” qualifier to the “all” in the previous sen-
tence. The sequence of permutations =z, need only apply outside a sequence of
#E,

‘exceptional sets.” The exceptional sets, E,, C I, satisfy T" — 0. With this quali-

fier, if # is either a shift, a bounded, or an asymptoticn permutation, then the
sequence of restrictions of z~! to [, defines an almost everywhere sequence of
permutations.

e Second, restricting a single z to the sequence [, cannot e.g. interchange large #’s
with small #’s when 7, is large. But a sequence x, can perform this sort of inter-
change.

This last point is the crucial difference between what we do here and what has come
before. While the literature has worked with permutations on all of N,;, we work
with sequences of permutations on sequences of approximations to N,. Example 2.1
shows that not having invariance with respect to this richer class of permutations
allows for social preferences that totally downweight the far future. All of this is
most easily seen within a tractable subclass of the KS preferences.

2.2 Atractable class of preferences

The most tractable class of preferences in KS involve non-atomic, shift-invari-
ant probabilities, O, on N, (also known as Banach-Mazur limits when the focus
is on integrals as continuous linear operators on 7). The non-atomicity captures
the ‘limit of large finite populations’ aspect of the problem, and the shift-invar-
iance captures patience. Shift-invariance of a probability Q is the requirement
that if w = (up,uy,uy,...) and v = (uy,up,us,...), then [u,dQ@) = [ v,dQ).
If ¢:R, —> R, is bounded, then the shift-invariance of O also delivers
/ g(u,)dO(t) = f g(v,)dQ(t). Of particular note is the case that g = 1, for A C R.

For each u and Q, there is an induced distribution of generational utilities given
by

Pup@) = 0({t €Ny : u, €A}) = [ 1,(u,) dO). 3)

The tractable subclass of KS preferences are those represented by utility functions
of the form

S,0w) = [ @(r)dp, o(r) )

where @ : R, — R, is strictly increasing and concave. Integrals are appearing twice
in rather different ways in this class of prefences: the function u — S, ,(u) from W
to R, is the integral, over R, of ¢(-) with respect to Pu.0> and preferences between
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probabilities @ and f on W are determined by the integrals over W, fW Sy o) da(u)
and [, S, o) dpu).

The goal is to find the implications of maximizing the utility functions in the
class (4) in stochastic dynamic problems. A pair of results in Robinson (1964) make
the solutions both interpretable and tractable.

e [nterpretability. (Robinson 1964, Theorem 5.1) gives an alternative limit formu-
lation for the Q’s: there is a generalized sequence (filter) of large finite popula-
tion models, {0, 1,2, ...,T,} where T, - oo, and a sequence of probabilities, Q,
on those large finite models, with the property that for each u, p, , = lim, p, ¢, .
This means that solutions will always have interpretation as the limit of large
finite horizon problems.

e Tractability. (Robinson 1964, Theorem 3.6) shows that it is possible to repre-
sent a shift-invariant probability as a distribution Q on a population model
{0,1,2,...,T} where T is an ‘unlimited’ or ‘infinite’ integer (from the field of
mathematics known as non-standard analysis pioneered by Robinson (1966,
1996)). In particular, this means that most of the calculations can be done using
techniques involving finite sums. The restriction on Q that delivers both non-ato-
micity and shift-invariance is that the total differences in weights given to adjoin-
ing generations must be infinitesimal, Zth() |0t + 1) — O(?)| ~ 0. In terms of the
limit formulation, this is the requirement that lim,, Z,Tio |0,t+1)—-0,@®| =0.

2.3 Equity in Limit’ population models

It can be shown that if Q is shift-invariant and 7 is an asymptotic permutation, then
Puo = Puro- This guarantees that the KS preferences described in (4) satisfy previ-
ous equity, weak anonymity, and intergenerational neutrality criteria. However, they do
not generally satisfy the strong equity condition we study in this paper, immunity to
almost-everywhere ‘limit’ permutations. We here sketch what is involved without the
nonstandard analysis tools developed in the next section. Instead, we use sequences of
utility vectors in W restricted to sequences of finite horizon models while simultane-
ously matching them with sequences of probabilities and sequences of permutations.

Example 2.1 (Two shift invariant distributions) For a sequence T, — oo, let A,
denote the uniform distribution on 7, := {0,1,...,7,} sothat A,(t) = 1/ (T,%+ 1) for
0 <t <T,. For asequence f§, 1 1, pick 7, = cosuch that S, :=(1-4,) > " f: 11
and let O, denote the geometric distribution with parameter f, conditioned to the

interval I, :={0,...,T,}sothatQ, () = Si(l — B,)p! for 0 <t < T,. The limit prob-
abilities are shift invariant because Z,GNO IA,t+1)—A, (1) =0 and

Zien, 10, + 1D - 0,0] — 0.
A classical result tells us that the set of finitely additive probabilities is compact

if we define convergence of probabilities by p* — p iff p*(B) — p(B) for all B in the
domain of the probability. This means that the sequences of probabilities just given
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have accumulation points. Robinson (1964) uses nonstandard analysis tools to facili-
tate working with such accumulation points.

Example 2.2 (Limit permutations) On the sequences of population models
I, ={0,1,...,T,}, consider the sequence of allocations 7 that give the early gen-
erations, {0, ..., T, /2} a boon, with additional utility 1, and give the remaining gen-
erations no additional utility. Equity requires indifference between switching the
boon between the earlier and the later generations. One of the shift invariant distri-
butions above has this property while the other completely downweights the boon if
it goes to the later generations.

(a) For the sequence A, the limit distribution of boons associated with the alloca-
tions u, is %61 + %50, that is, half of the population receives the good outcome
and the remaining half does not. Further, this is invariant with respect to all
sequences of permutations z, on /,, including those that switch the early for the
later generations.

(b) For the sequence (Q,, note that (Il _ﬂn)Z,T:"() g = —/},,T"+1) — 1 iff

(1= B) X2t = (1 = pi/**") = 1. Therefore, the limit distribution of utili-

ties associated with the allocations u; is 6,, but switching the early generations,
{0, ...,T,/2}, for the later generations, {7,/2, ..., T, }, makes the limit distribu-

tion of utilities &,

This example shows that even the asymptotic discounting model yields a theory that
is subject to Ramsey’s (1928) rather withering critique—when one considers the later
enjoyments of groups of the same size, it “discount(s) later enjoyments in comparison
with earlier ones, a practice which is ethically indefensible and arises merely from the
weakness of the imagination.” Our response to this ethically indefensible position is the
imposition of indifference to all permutations, and we will see that, in terms of the limit
constructions just used, the only translation invariant Q’s that satisfy this criterion are
the limits of the uniform distributions on {0, 1, ..., T,,}. This is certainly intuitive—if we
wish our criterion to treat generations equally, then it must weight them equally.

2.4 On patience and the Pareto criterion

The literature on intergenerational social welfare functions has various results interpreted
to be indicating the difficulties of combining the Pareto criterion and patience. In this lit-
erature, patience is variously understood as invariance with respect to the shift, bounded,
and asymptotic permutations described above. The non-atomic population perspective
used in KS, and here, provides a different interpretation. It shows that the purported Pareto
improvements used in this literature are best understood as boons given to null coalitions.®

6 The puzzle was first pointed out by Diamond (1965), who showed that there is no sup norm continu-
ous function on the space of sequences of utilities that is simultaneously strongly Pareto and indifferent,
for every ¢, to swapping the utilities of the first and the #’th generations. Basu and Mitra (2003) show that
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Using the shift invariance criterion from Marinacci’s (1998) development of
“complete patience,” one can see how patience works with N as the model of gen-
erations. For a utility stream u = (4, u;, u,, u3,...) and any finite F, consider the
shift u? := (up, up, |, g 0, tp,s, ...). Patience can be understood as invariance with
respect to such shifts. For example, suppose that u is a sequence with 4 < u, < 7 for
all ¢. The stream u is the F-shifted stream of, hence is indifferent to, either

u(0,F) :=(0,0,...,0,uy, u,u,y,us,...) or
——

) ®)
Ftimes
u®9,F) :=(0,9,...,9,up, uy, uy, u3, ...).
N—— (6)

Ftimes

The indifference between u(0, F) and u captures patience as a social willingness to
wait for rewards. The indifference between u(9, F) and u captures a social willing-
ness to ignore benefits accruing to a finite subset of an infinite population while
waiting for the long-term pattern to start.

Invariance with respect to finite shifts and continuity seemingly lead to a viola-
tion of the Pareto criterion. Consider r = (ry, r{, ...) with r, | 0 and compare u + r to
u assuming that preferences are represented by a uniformly continuous S(-) (and KS,
Theorem C shows that most of the patient social welfare functions in the literature
are Lipschitz continuous). We have

IS@) — S +r)| < |S@) - S@")|
——_———

=0

+ 1S = S(w + )|+ |S(u +r)F) - S +r)|. @
o -0

Indifference to finite shifts gives both of the “= 0" conclusions, and “— 0” conclu-
sion follows from |lu” — (u + r)F|| = r | 0. Thus, a preference relation represented
by an S(-) that is both shift invariant and uniformly continuous must be indifferent to
improvements in an allocation that are modeled by r.

For any shift invariant Q, the allocational increase represented by r has the prop-
erty that for any € > 0, the O-mass of the population receiving less than € is equal to
1. Put more bluntly, r represents a positive boon to only a null subset of the popu-
lation. Since the earliest uses of non-atomic population models, e.g. Hildenbrand
(1969), increasing the utility of a null subset of the population does not count as a
Pareto improvement.

Footnote 6 (continued)

the same is true if “continuous” is replaced by “measurable,” Fleurbaey and Michel (2003), Bossert et al.
(2007), and Basu and Mitra (2007) contain extensions and further results, both positive and negative.
Zame (2007) showed that the graph of any preference relation on [0, 1]™ that respects the Pareto prin-
ciple and translation invariance must be drastically non-measurable, having inner measure 0 and outer
measure 1 in the obvious measure. Asheim (2010) provides an extensive review of this literature.
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The limit formulation of null and substantial coalitions in KS are as follows:

N c Ny is null if limsup; — T+1 Z 1y@® =0, and S CN, is substantial if

lim inf; T—+1 Z —o Ls(® > 0. From KS, Theorem A, the preferences satisfying respect
for asymptotic first order dominance both ignore boons to null coalitions and
respond to boons to substantial coalitions, i.e. they are Pareto responsive.

One can be very uncomfortable with the conclusion that u(0, F), u and u(9, F)
from (5) and (6) are indifferent, especially if one belongs to the first ' generations.
This is a cost of moving to a nonatomic population model, a model in which there
are many null sets, even many infinite null sets. Applied to maximization problems,
this indifference is a symptom of what is called “underselectiveness” in the parts of
the operations research literature that studies the problem of maximizing the long
run average performance of a stochastic dynamic system. For such problems, the
outcome u is optimal iff both (0, F)) and u(9, F) are also optimal.

An alternative approach is to abandon shift invariance as a patience criterion and
build in patience and respect for the Pareto criterion through other methods. Jonsson
and Voorneveld (2018) study a “limit of discounted utility” ordering on W given by
uZpyvif

liminfg,, 377 (4, — v)p' > 0. ®)

As shown above, this is subject to Ramsey’s criticism, at least if one takes seri-
ously the idea that the infinite models should be interpretable as limits of large
finite models. However, applied to u(0, F), u and u(9, F) from (5) and (6), we have
u9,F) > py u > py u(0,F) which may accord better with one’s intuition about
what “should be” the case.

However, this respect for Pareto dominance in the classical sense rather than in
the KS nonatomic population sense means that its use in maximization problems
can be quite difficult. For example, one needs to evaluate outcomes involving ran-
domness, so the relation %; ,;; needs to be extended to distributions on W. But this
could be problematic: if U and V are independent random points in W with the
{u, : t €Ny} and {v, : t € Ny} both i.i.d. and having non-degenerate distributions
with the same mean, then the probability that U =, ,,,, V or that V %, ,,, U is equal
to 0, that is, they are non-comparable with probability 1.’

3 The infinite population models

This section develops the basic nonstandard analysis needed to represent the ‘limit’
objects we use in our analysis. Of central interest are ‘limit’ versions of large pop-
ulations, {0,1,...,7,}, T, = oo, of ‘limit’ probabilities and ‘limit’ permutations
on the large population ‘limit,” and of ‘limit’ allocations of utilities for those large
populations. The general method of construction of a ‘limit’ object in a set X is as

7 The argument runs as follows. The events that U ,,,,, V or V z,p, U belongs to the tail o-field.
By Kolmorov’s 0-1 law, the events either have probability 0 or probability 1. The random walks

S, =2 o, —v) and T, :=3Y" (u,—v) satisfy lim inf,S, =liminf,T, = —co. Therefore,
liminfy,, Y77 (u, — v,)p" = —oo, but also liminfy,, > (v, — )’ = —co, and the comparability events
have probability 0.
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follows: it starts with the set of sequences in X; defines an equivalence relation on
the set of sequences; defines the set of equivalence classes to be the ‘limit’ objects;
and denotes the set of these limit objects as *X, read as “star X.” For a simple exam-
ple, if X =R, then *R is the set of nonstandard real numbers. For a more compli-
cated examples, if X = Pp;,(N) is the set of finite subsets of N, = {0, 1,2, ...}, then
our ‘limit’ population models belong to “Pp;,(N,), i.e. they are subsets of *N,,.

Notationally, a sequence in X can be denoted n — x, with each x, € X when the
focus is on a sequence as a function from N to X, or as (x;,x,,x3,...), when the
focus is on a sequence as an ordered list, or as {x, : n € N} when the focus is on a
sequence as an indexed set. The set of all sequences in X is denoted X™. This sec-
tion begins with the definition of the equivalence relation, works through the basic
properties of the construction in the most familiar case, the real numbers, R and
its ‘limit’ or ‘nonstandard’ version, *R. Following this, we develop the other tools
needed for our results and applications.

To be clear, we use N as an index set for the construction of limit objects, and we
use N, to index the generations.

3.1 The equivalence relation

We will use a finitely additive {0, 1}-value probability, denoted y, on the index set,
N, and define two sequences (x,, X5, X3, ...) and (¥, 5,3, ...) to be equivalent in XN
if u({fn €N : x, =y,}) = 1. We will then identify each equivalence class as a point
in our new “nonstandard” space, denoted *X. By doing this systematically, we can
extend operations such as addition, multiplication, and division, and relations such
as “greater than” or “a permutation of” to these new spaces. All of this starts with an
examination of the properties of u. Let P(X) denote the class of all subsets of a set X
(aka the power set of X).

Definition 3.1 A function u : P(N) — [0, 1] is purely finitely additive, zero—one
probability if

(1) forall AC N, u(A)=0oru(A) =1

(2) u(AuUB) = u(A) + u(B) for all disjoint A, B C N;
(3) u(N)=1;and

(4) u(A) =0if A c Nis finite.®

By induction, we can replace (2) by (2'), u(uszlEk) = Zszl u(E,) for all finite
collections of disjoint sets {E, : k=1,...,K}. Combined with (1) and (3), if

8 The existence of such probabilities requires the Axiom of Choice. One development takes points
masses as points in P := {0, 1}PN)| the set of all functions from the subsets of N, to the two point set
{0, 1}. By the Axiom of Choice, in its logically equivalent form—Tychonoft’s theorem—P is compact in
the product topology so that infinite sets have accumulation points, and the set of zero—one probabilities
is closed. We can take u to be any accumulation point of the set of point masses, {6, : n € N} where
6,(E) 1= 1g(n).
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{E, : k=1,...,K} is a partition of N, then u(E;) = 1 for one and only one of the
sets E,.

Definition 3.2 For any set X, two sequences (X, X,, X3, ...) and (¥,,¥5,¥3,...) in xN
are equivalent, denoted

(x],xz,x3, )~ (y],yz,yg, )

if they are y-almost everywhere equal, u({n €N : x, =y,}) = L.

Since the sets {n € N : x, =y,}and {n €N : x, # y,} partition N, one and only
one of them has y-mass 1, and an elementary check of the properties of u yields the
following. For completeness, the proof of this and other results not given in the text
are gathered in the appendix.

Lemma 3.1 The relation ~ is an equivalence relation on X™.

Equivalence classes are central to the development, and they have their own
notation: the equivalence class of an (x;,x,,xs,...) € XN is defined as the set
{yexV: (x,x,x3...) ~ (¥, V3 ---) }, and it is denoted (x,, x,, x5, ...).

Definition 3.3 The nonstandard version of a set X is denoted as *X and defined as
{(x1, %0, %3, ... L (x], %, %3, ...) € XN,

We will use this construction for sets X of various degrees of complexity. When
X is the set of finite subsets of N, "X will contain our population models, I. When
X is the set of probabilities on finite subsets of Ny, we will have distributions on
our population model. The value of such a probability is the equivalence class of
a sequence of numbers in [0, 1], that is, it is a number in *[0, 1]. As a preview of
the developments below: the Unicity Lemma (Lemma 3.3 below) shows how to go
from probabilities taking values in *[0, 1] to probabilities taking values in [0, 1]; and
Loeb’s Theorem (Theorem B below) shows how to extend these to the appropriate o
-field of subsets of [.

3.2 Expansions and unicity

There is a natural embedding of X in *X: every x € X is identified as the equivalence
class of the constant sequence (x,x,x,...). The corresponding point in *X is still
denoted x, that is, x = {x, x,x, ...) € *X. This leads to the distinction between stand-
ard objects and nonstandard objects: if x € X, then the point x = (x,x,x,...) € *X
is called standard; and if x = (x;,x,,X3,...) € *X is not standard, then it is called
nonstandard.

The next two results use the properties of u on partitions of the index set Nin a
central way. The first tells us when to expect new nonstandard objects to exist in *X,
and the second is a ‘unicity’ result.
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Lemma 3.2 Every x € *A is standard iff A is finite.

Proof SupposethatA = {q; : k=1, ..., K}isfinite and that x = (x;,x,,x3,...) € "A.
For each k=1, ...,K, define E;, :={n € N : x, = q,}. The E; form a partition of
N. Hence one and only one of them, say E,, has u(E,) = 1, that is, x = ay,.

Suppose now that A is infinite. It contains a set {a, : n € N} with a, #a,,
for n# m. Define x ={(ay,a,,as,...). We have x#a for any a € A because
{n €N : g, = a} contains at most 1 element, hence has y-mass 0. O

The next result shows that for every x € *[0, 1], there is a unique number
h € [0, 1] such that for all standard € > 0, |h — x| < €. Our probabilities will take
values in *[0, 1], and this result allows us to change them to probabilities taking val-
ues in [0, 1]. This unicity result is part of the ‘genius’ of the u-almost everywhere
construction, it shows that even if x, is a sequence with liminf, x, < limsup, x,,
(x|, Xy, X3, ...)1s as close to a number as one could ever hope.9 We state the result for
the interval [0, 1], but the argument clearly applies to any interval [a, b].

Lemma 3.3 (Unicity) If u(fn €N : x, €[0,1]}) =1 then there exists a unique
h € [0, 1] such that for all standarde > 0, u({n € N : |x, —h| <e}) = 1.

Proof For each m € N, the interval [0, 1] can be covered by the 2™ + 1 disjoint
half-open dyadic intervals (—ZLM,O], (2%, zim], (zim, 2%], etc. Denote these as Ak
and define E,,, = {n €N : x, €A, ,}. This is a partition of N, hence u(E, ;) =1
for exactly one k, denoted k(m). For each m, we have A, .| iut1) C Apiimy
and as the diameter of A, ., decreases to 0, there is a unique % in the intersec-
tion of the closures of the A, . For any standard e > 0, once 1/2" < e, we have
E,xm CInEN|x, —h| <e}sou({neN : |x,—h| <e}) =1 O

m

3.3 Monads and‘Limit’ objects in R

The set *R of all ~-equivalence classes of sequences in RN is called the set of
hyperreals. We directly extend the relation “<” and the operations of addi-
tion and multiplication from R to *R using the “p-almost everywhere” idea

as  follows: (x|, X3, X3,...) < V1, ¥0,¥3,...) iff u({neN:x, <y, =1
(01X, X35 )+ (V1 Y25 Y30 -0) = (0 Y12 + V.05 + 90,005 and
(X1, X9, X35 o) (V1 V25 V30 oo) = (X1 - Y1, X5 * Y2, X3 * Yo, -..). In principle, the relation

° A central result in nonstandard analysis is known as Robinson’s theorem. Applied to metric spaces, it
says that X is compact if and only if for every x € *X, there is an & € X such that for all standard € > 0,
d(x,h) <e.
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should be written “*<,” and the operations should be written “%” and “*-,” but the

notational burden is too high, so we continue to use “<,” “+” and “-.”

Remember that 0 and 1 are the equivalence classes of the sequences constant
at 0 and 1 respectively. We define x € *R to be strictly positive if 0 < x (i.e.
u({neN : 0<x,})=1).It is easy to check that properties of u deliver the fol-
lowing elementary facts: if x is strictly positive, then for all y € *R, y <y + x;
y+x=yforallye *Riff x=0;and y-x=yforally € *Riff x = L.

Our first example of extending a R-valued function on R is the absolute value
function, for x = (x|, Xy, x5, ...), x| = {Ix;], [%,[, |x3],...). It is worth bearing in
mind the following examples: dx = (1, %, %, ...) which satisfies 0 < |x| < ¢ for
every standard positive € as {n €N : 0 < |%| < €} has a finite complement and

u(A) = 0 for all finite sets; y = i =(1,2,3,...) which satisfies |y| > B for every

standard positive B for the same reason; and z = (z;,2,,23,...) Where n — z,, is a
bounded sequence, hence satisfies |z| < B for some standard positive B. By the
Unicity Lemma, there is a unique 2 € R such that|z — h| < e for all standard € > 0.

Definition 3.4 The infinitesimals are the x € *R that satisfy, for all standard € > 0,
|x| < € so that 0 is the only standard infinitesimal; the limited or finite elements are
the x € *R that satisfy, for some standard B > 0, |x| < B; and the unlimited or infi-
nite elements are the x € *R such that for all standard B > 0, |x| > B.

The infinitesimals are limited because they satisfy e.g. |x| < 1. Further, the
product or sum of two infinitesimals is also infinitesimal because, for arbitrary
standard strictly positive € < 1, if |x| < e and |y| < e in *R, then |xy| < € and
|x +y| < 2e. In more detail, the statement about the absolute value of the sum
follows from setting N, ={n€N:|x,|<e} and N,={neN:|y,|<e}
then noting that u(N,) = u(Ny) =1 implies that wu(N, nNy) =1, and that
N,nN,c{neN:|x, +y,] <2e}.

For x,y € *R, we write x ~ y if x — y is infinitesimal, equivalently, if (x — y) ~ 0.

Definition 3.5 For r € R, the set of ¥ € *R with r — ¥ ~ 0 is called the monad
of r, written mon(r) = {¥ € *R : r ~ //}. If ¥/ € mon(r) for some r € R, then we
write r = st(r’) or r = °/ and say that r is the standard part of +/ and that 7 is
nearstandard.

Lemma 3.4 If it exists, then the standard part of a ¥’ € *R is unique.
Proof From the triangle inequality, |[r' — r| + | — s| > |r —s|, so if r # s are both
the standard part of 7/, then |r — s| =~ 0, but the only standard infinitesimal is O,

hence r = s. O

We have used the triangle inequality and the relation “>” here. The triangle
inequality holds because u({n € N : |x, —y,| + |y, — z,| = |x, — z,]}) = 1 for any
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sequences n = x,, n — y, and n — z,, and the relation > is defined, in what should
begin to look like the “usual procedure,” by x > yin *Rif u({n eN : x, > y,}) = 1.
The condition that the standard part exists is simple.

Lemma 3.5 A hyperreal v’ € *R is limited iff st(r') exists iff ' is nearstandard.

The argument for this uses the logic of Unicity Lemma above and we sketch
it here: if #' is limited, then for some standard B > 0, —B < ' < +B, the interval
[-B, +B] can be covered by an increasingly fine sequence of half-open intervals,
and st(+') belongs to the intersection of the closure of a nested subsequence of these
intervals; if st(+) = r, then 7’ is nearstandard; and if 7’ is nearstandard and st(+’) = r,
then we can take B = |r| + 1to show that 7’ is limited.

The idea of infinitesimals has a long and productive history (see e.g. (Robinson
1996, Ch. X)). Intuitively: a function f : R — R is continuous at x € R if for every
non-zero infinitesimal dx, f(x + dx) ~ f(x), and f’(x) = r if ’w ~ r. To make
these and related ideas precise we need to extend functions on R fo functions on *R.

3.4 ‘Limit’ functions and ‘Limit’ sets

For any set X, any A C X can be enlarged to "A C "X by applying the “u-almost
everywhere” construction as follows: (x;,X,,%3,...) € XV, (x;,X5,%3,...) €A
iff u({neN:x,€A})=1 For example, regarding the relation “<” as a
subset of RXR, we have (x,y) € (<) iff u({neN: (x,y,)e<}) =1 iff
u({fneN : x, <y,}) =1, which agrees with the definition given above.

The graph of a function f:X —Y is a subset of XXY, that is
gr(f) ={(x,y) : x€X, yeY, andy = f(x)}. Taking *gr(f) as the definition of the
function ¥ : *X — *Y, we have

x5, X3, ..0) = (fx)),f (), f(x3), ) ©)

If it is clear from context that the domain is *X rather than X and the range is *Y
rather than Y, the function * may be denoted by f.

A sequence in X can be regarded as a function n — x,, from N to X. Its extension is
a function from *N to *X, sometimes known as a hypersequence. Limit properties of
a sequence are determined by the values of the hypersequence at unlimited elements
of *N. The leading example of this can be used to give continuity and differentiablity
infinitesimal formulations.

Lemma 3.6 For a bounded sequence n — r,inRandr,s,t € R;r < liminf, r, iff for
all unlimited N € *N, r < st(ry); s = lim,, r, iff for all unlimited N € *N, st(ry) = s;
and lim sup,, r,, < t iff for all unlimited N € *N, st(ry) < t.

We will have bounded sequences of utilities u#, a population model

0= (I,1,,L5,...), I, ={0,1,...,T,} and probabilities P on [. The “u-almost every-
where” construction gives the integral of u against P the form of a finite sum. Let
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u); denote the restriction of the sequence u to the interval 1, and let A, denote the
uniform dlstrlbutlon on [,. The average, or integral, of |, with respect to A, over
the set /, is —— ZTz u,. With A denoting the ‘limit’ version of the uniform proba—
bility (AI,A2,A3, ...), the integral of u with respect to A is st(TL+1 ZI _o 1) wWhere
T =(T,,T,,T;,...)and the summation is defined as an extension using, as usual, the
“u-almost everywhere” construction. The argument used for the Unicity Lemma and
for Lemma 3.5 shows that this standard part is well-defined.

We hope it is becoming clear that the “u-almost everywhere” construction can
be widely applied. Being able to see what is happening without all of the sequences
will be a drastic simplification. We now begin to develop the tools that allow it.

3.5 The transfer principle and internal sets
Despite its simplicity, the transfer principle has proved to be immensely useful.

Lemma 3.7 (A Simple Transfer Principle) For set a set X and A,B C X, A C B iff
A C*B.

Proof If ACB and a = {(a;,a,,as,...) €A, then uy({neN :a, € A}) =1, and
since A CB, u({n €N : a, € B}) =1, so a € "B. If there exists x € A with x ¢ B,
then x = (x,x,x,...) € *B. O

This is very useful because a formal statement “if A holds, then B holds” can be
rewritten as a subset relation, A C B. This set theory rewrite has A denoting the set
of instances in which the statement “A” holds and B the set of instances in which the
statement “B” holds. Viewed this way, the transfer principle says, loosely, that, “a
statement is true in the standard model iff the corresponding statement ‘with stars
everywhere’ is true in the nonstandard model.”

Most often, the sets A and B will themselves be collections of sets. The subtlety
arises with the need to account for the implications of having the “stars” before A
and B. An example makes the point.

Example 3.1 Let A denote the class of non-empty subsets of R that are bounded
below, and let B denote the class of non-empty subsets of R that have a greatest
lower bound (aka inf). The statement that a non-empty subset of R that is bounded
below has a greatest lower bound is A C 5.

Let A C *R denote the set of standard numbers in *R that are strictly positive; it
is bounded below, but it does not have a greatest lower bound in *R: no strictly posi-
tive standard € > 0 is a lower bound, any strictly positive € =~ 0 is a lower bound, but
sois 2 - €. Hence to claim A C *3 will be a mistake.

The mistake is due to the fact that the set A in Example 3.1 does not belong to

*A, i.e. it is not of the form (A, A,, A, ...) for a sequence of subsets of R. There is a
name for the particular kind of sets needed to avoid such mistakes. The set A in the

@ Springer



U. Khan, M. B. Stinchcombe

previous example is not an internal subset of *R, and the transfer principle, in its
statement, only concerns the infernal sets.

Definition 3.6 If X is a set and P(X) is the class of all subsets of X, then the internal
subsets of *X are the elements of "P(X).

In terms of the u-almost everywhere construction, A is an internal subset of *X
iff A=(A,A,,A;,...) where u({fn e N : A, € P(X)}) = 1. For us, the most uses-
ful class of internal sets are the hyperfinite ones.

Definition 3.7 If X is a set and Pp,,(X) is the class of non-empty finite subsets of X,
then an internal subset of *X is hyperfinite if it belongs to *P;,(X).

Taking X =N, our population models are the hyperfinite sets of the form
0={,,1,L;...) where I, ={0,1,...,T,} and T, - oo0. Two properties of such
hyperfinite sets play a role below. First, for any r € Ny, u(fneN:re€l,}) =1,
that is, our model of the infinite population contains each and every t € N,. And
second, despite containing every t € N, [ “acts like” a finite set, e.g. there is an
integer N € *N and bijection between {1,...,N} and [. This follows by transfer:
let A denote the subsets A C N, for which there is a bijection between A and some
initial segment {1, ..., N} and let B denote the finite non-empty subsets of N;; we
have A C B C A, and by transfer, *A C *B C *A.

3.6 Probabilities on hyperfinite sets

Before developing probabilities on hyperfinite sets, we review the fundamental
properties of probabilites. The domain of a probability P is the class of sets B for
which the probability, P(B), is defined. The domain is always a field, and most
often, it has an additional property that makes it a o-field.

Definition 3.8 An F C P(Q) is a field if satisfies (a), (b), and (c), and if it also satis-
fies (d), then it is a o-field.

(a) 0,QeF.

(b) ForAe F,A°e F.

(c) Forany finite {A, : n=1,....,K} C F, UKk A eF.
(d) For any countable {4, : k € N} C F,UnAr € F.

We know that (U,E;)° = N;EY and that a field is closed under complements.
Hence, the assumption of closure under finite or countable unions could as well

be written as closure under finite or countable intersections.

Lemma 3.8 If A is an internal subset of *X for some set X, then the class of internal
subsets of A form a field.
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We will soon show that the class of internal sets is not a o-field except when X
is finite and the distinction between a field and a c-field is moot. The following
set difference and symmetric set difference will be of use.

Definition 3.9 The set difference of sets A,B C X is denoted A\B and defined as
{xeX :x€A, x¢& B}, ie. as An B°. The symmetric difference of two sets A and
B is denoted AAB and defined as (A N B) U (BN A°) = (A\B) U (B\A).

It is the closure of a o-field under countable unions and intersection that guaran-
tees that limit events have probabilities. For example, the strong law of large num-
bers is the statement that with probability 1, the sample average of an i.i.d. sequence
will converge to the theoretical average. The point is that we must assign probability
to the event that the sample average converges, and this event is only expressible
using countable unions and intersections.

There is a property of probabilities, countable additivity, that is complementary
to the domain being a o-field.

Definition 3.10 For a o-field F of subsets of a set Q, a finitely additive probability
is a function P : F — [0, 1] that satisfies (a) and (b), and if it also satisfies (c), then
it is a countably additive probability.

(a) PQ)=1
(b) For finite disjoint collections {A; : k=1,...K} C F, P(UszlAk = Zszl P(A)).
(¢c) For countable disjoint collections {A,, : n € N} C F, P(U,\A,) = X,y PA,).

The vast majority of probability theory work uses countably additive probabili-
ties on o-fields. Without countable additivity, basic limit results such as the weak
and the strong law of large numbers, or even the Borel-Cantelli lemma do not hold.
To do the work we intend to with our model, countable additivity and o-fields are
needed.

3.7 Saturation and internal sets

In R, the intersection of the nested sequence of sets (0, ) keN,is empty By con-
trast, in *R, the intersection of the nested sequence of 1nternal sets *(0, ) keN,is
the non-empty set of strictly positive infinitesimals. More generally, the countable
intersection of a decreasing sequence of internal sets is always non-empty.

Theorem A If A' DA% D> ... D A* D ... is a decreasing sequence of of non-empty
internal subsets of an internal set *X, then

Nien A" # 0. (10)
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This is called the countable saturation property of internal sets. There are strong
parallels between non-empty internal subsets of an internal set and non-empty
compact subsets of a metric space. If the A* were a nested sequence of non-empty
compact subsets of a metric space, then the same non-empty intersection conclu-
sion would hold. One can see a bit more of the parallel in the proofs found in the
literature, references are provided in the appendix. It is a variant of the diagonaliza-
tion argument used to show that countable products of compact metric spaces are
compact.

For our purposes, the following two implications of Theorem A will be most
useful.

Corollary A.1 (Spillover) Suppose that A is an internal subset of *N,,. If A contains
arbitrarily large limited integers, then it contains an unlimited integer, and if A con-
tains arbitrarily small unlimited integers, then it contains a limited integer.

The proof of the first part uses countable saturation on the sets
B* :={t €A : t >k}, the proof of the second part uses transfer on the statement
that every non-empty subset of N, contains its lower bound. The next Corollary
gives the sense in which the field of internal subsets of [ is as far as possible from
being a o-field.

Corollary A.2 If{A* : k € N} is a nested decreasing collection of internal subsets of
an internal set*X, then ), cy AX is internal iff it is equal to ﬂkSK A for some K € N,
and if {A* : k € N} is a nested increasing collection of internal sets, then | keN Ak is
internal iff it is equal to | J, ., A for some K € N,

3.8 ‘Limit’ probabilities and Loeb measures

We find ourselves in the following situation: we have an internal setl = (I}, 1,, 15, ...):
we have internal *[0, 1]-valued probabilities on I, P = (P;, P,, P5, ...) where each P,
is a probability on the finite set /,; and for each internal A = (A;,A,, A5, ...) in the
field, not o-field, of internal subsets of [, we have the [0, 1]-valued, finitely addi-
tive probability P(A) = °(P;(A)), P5(A,), P5(A;), ...) (well-defined by the Unicity
Lemma). The finite additivity of P(-) arises because each P, defining P is a prob-
ability on a finite set. But P(-) is not countably additive on a o-field of sets because it
is not defined for anything but internal sets, and Corollary A.2 tells us that the class
of internal sets is not a o-field. It was Loeb’s pioneering Loeb (1971), Loeb (1975)
that allowed us to take a finitely additive probability P on a field of internal sets and
extend it to a countably additive probability, still denoted P, on the o-field generated
by the field of internal sets.'?

10 1f £ is a class of subsets of Q, then the o-field that it generates is the smallest o-field containing &,
which always exists because the class of o-fields is closed under arbitrary intersection.
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Theorem B (Loeb) If X is an internal set, X° is the field of internal subsets of X, X
is the o-field generated by X°, and P : X° — [0, 1] is a finitely additive probability,
then

(1) P has a unique countably additive extension, also denoted P, from the X° to X,
and
(2) forany B € X, there is an internal B° € X° with P(BAB®) = 0.

Corollary A.2 told us that the class of internal sets fails to be a o-field by not
containing any countable unions or intersections that are not also finite unions or
intersections. This seems to be saying that the field of internal sets is “as far from”
being a o-field as possible. But the last part of Theorem B tells us that for probabil-
ity theory, the difference does not matter, and the distance is “as small as possible.”

Fix a hyperfinite set [, let Z° denote the field of internal subsets of | and Z the o
-field generated by Z°. The uniform distribution on the measure space (I,Z) is the
Loeb extension of the finitely additive probability A(A) = °(#A/#]).!! Ifu : | - R
is a measurable functions, i.e. #~!((—o0,7]) € Z, then it induces the distribution
having the cdf F,,(r) := P({t €1 : u(®) < r}).

The following example of the u-almost everywhere construction is central to
what we do.

Definition 3.11 An internal bijection on [ = (/,1,,1;, ...) is the equivalence class
7w ={m,my, 73, ...)where uy({n € N : z, : I, < I, is abijection}) = 1.

If # : | « [is an internal bijection, then B and z(B) have the same cardinality for
any internal B € X°, hence A(B) = A(z~!(B)). Using Theorem B(2), this extends to
B € X, implying that the measurable 7 — v(f) := u(x(¢)) induces the same distribu-
tion as u. The reverse is also true.

Jerome Keisler (1984) systematically extended Anderson’s (1976) hyperfinite
treatment of Brownian motion to a hyperfinite treatment of more general stochastic
processes. We will borrow a representation result that he developed for the solutions
to stochastic differential equations and adapt it to hyperfinite population models.

Definition 3.12 A probability space (2, F, P) is homogenous if two random vari-
ables X,Y : Q — R induce the same distribution iff there is a measurable bijection
z : Q & Qsuch that X = Yoz P-almost everywhere.

The following is (Jerome Keisler 1984, Theorem 9.2, p. 134), and it delivers the
‘limit’ version the homogeneity property discussed for finite sets in §1.

'l This is often called the “Loeb counting measure.” For A = (A|,A,,As,...), the cardinality of
A is denoted #A and defined as N = (N,,N,,N;,...) where N, =#A, is the cardinality of A, and
0 =(I,,1,,15,...) has the cardinality M = (#1,,#,,#I5, ...).
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Theorem C (Keisler) The probability space (1,7, A) is homogenous and the bijec-
tions (in Definition 3.12) can be taken to be internal.

The uniform distribution in this result can be changed and still have homegeneity, but
the change must be infinitesimal. One can show that if P is an internal *[0, 1}-valued prob-
ability on the internal subsets of [, then, with P denoting its extension to Z, (I, Z, P) is
homogenous iff ), |P(f) — A(7)| ~ 0. In particular, the extension must equal A.

An internal A-almost everywhere bijection if it is a bijection except perhaps on an
internal set of exceptions, E = (E|, E,, E;, ...), with A(E) = 0. One could as easily
state Keisler’s theorem using A-almost everywhere bijections instead of asking that
v = uox on a set having A-mass 1.

3.9 Invariance with respect to internal bijections

Utility allocations for the population model (I, Z, A) are bounded, Z-measurable func-
tionsu : | — [0, o). The set of all bounded, measurable utility allocations is denoted
W,. The L_-norm is defined by ||u||, =inf{r>0: A{{rel : lu@®)| <t}) =1},
and the associated distance is d(u,v) = ||u — v|| . The domain for preferences is
M|, the set of countably additive Borel measures, g, on W, that put mass 1 on norm
bounded sets, g({u : ||u|| < B}) = 1 for some B.

We impose the following on a preference relation % on M with strict preference >.

Postulate I. Weak Order. > is an asymmetric weak order.

Postulate II. Independence. For all p,q,r € M;and alla € (0, 1), if p > ¢, then
ap+ (1 —a)yr>ag+ (1 —-ar.

Postulate III. Continuity. For all g € M,, the sets {p € M, : p > g} and
{p € M, : p < q}are open.

Postulate I'V. Inequality aversion. For any u,v € Wjand any 0 < a < 1, the dis-
tribution putting mass 1 on au + (1 — a)v is weakly preferred to the distribu-
tion putting mass @ on z and (1 — a) on v.

Postulate V. Monotonicity. If u > v and A({u > v}) > 0, thenu > v.

Postulate VI. Strong equity. For any internal bijectionz : | & [, u ~ u”.

The first four Postulates are directly from Fishburn’s (1982, Theorem 4, Ch. 3) work
on expected utility preferences over distributions on convex subsets of vector spaces.
On their own, they guarantee that preferences have a continuous, concave expected
utility representation. The monotonicity assumption guarantees Pareto responsive-
ness (see Sect. 2.4 above).

The strong equity assumption is the essential ingredient. It guarantees that the enjoy-
ments of later generations are equally weighted with the enjoyments of earlier ones.'”

12 There is some flexibility to slightly strengthen the assumption, but the strengthening adds nothing of
any consequence; Because preferences are continuous with respect to the L -norm distance, almost eve-
rywhere equality of # and v implies indifference; thus, one could as well work with z’s that are A-almost
everywhere equal to an internal bijection.
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Theorem D A preference relation 2 on M, satisfies Postulates 1 - VI if and only
if there exists a S © Wy — [0, 00) such that [p Z q] & [f S(u) dp(u) > f S(u) dg(u)]
where S(u) = f ou,) dA() with @ : [0, 00) — [0, 00) a continuous, increasing, con-

cave function and A the uniform distribution on |.

Two comments are in order.

The function ¢(-) is not uniquely determined. Rather, it captures the inequality
aversion of the social welfare function.'® Two of the applications in Sect. 4 investi-
gate the implications of differing degrees of inequality aversion. The first finds that
more inequality aversion implies that optimal efforts to avoid or to recover from
future disasters increase as @(-) becomes more concave. The second, Lemma 4.4,
shows that (one form of) the repugnant conclusion holds in fewer instanceswhen
there is more inequality aversion.

The tractable class of preferences identified in KS were of the form
S(u) = /(p(u,) dQ(t) where Q =(Q,,0,,0;,...) is the limit population meas-
ure associated with a sequence of probabilities Q, having the property that
lim, > 10,(t+ 1) — Q,(1)| = 0. Here Postulate VI imposes the restriction that the
measure Q must be the limit of uniform distributions on intervals, thus what was a
special case of the subclass of tractable preferences identified in KS becomes the
only possible form.

3.10 Ergodicity

For many applications, the outcomes are random, but still regular in the following
sense.

Definition 3.13 A stream of utilities, u, is ergodic with occupation measure v(-|u)
if for any sequence 7,, — oo, the empirical cdfs of the utilities up till 7,

Tn
Fr(rlu) i= = 3,0 1o, (a). (11)
converge weakly to v(:|u), i.e. for all bounded continuous f,
lim, [ f(r)dFy (rlu) = [ f(r) dv(r|w). (12)

The Hardy-Littlewood Tauberian theorem tells us that if u is a bounded sequence

of numbers, then limg, (1 — ) X% u,f" exists if and only if limgy, ﬁ >rou,
exists, and when they exist, the limits are equal. Combined with the nonstandard
characterizations of liminf,, r,, lim sup,, r,, and lim, r,, given in Lemma 3.6, we have

n-'n n r}’[

13 As a referee noted, ‘generalized utilitarianism’ as in Grant et al. (2010) incorporates risk aversion
which in turn leads to similar functional forms. However, we implement this in an intertemporal, infinite
population setting. The similarities to functional forms aside, thinking about Harsanyi-type identity lot-
teries in an intermporal setting has additional substantive implications, as the externalities can only be
imposed on future generations, and not the other way around.

@ Springer



U. Khan, M. B. Stinchcombe

the following result. For g € *[0, 1), O, is the geometric distribution on N, with
parameter f, i.e. Qy(1) = (1 — p)f".

Lemma 3.9 The following are equivalent:

(a) wis ergodic with occupation measure v,

(b) forany Qp, p =~ 1and any measurable E C R, Q,({t : u, € E}) = v(E); and

(c) for any uniform distribution A on a hyperfinite interval and any measurable
EcCR,A({t: u, € E}) =Vv(E).

For stochastic dynamic programming problems with outcomes that belong to Erg
with probability 1, this result tells us that maximizing limit discounted sums and
maximizing limit average payoffs will yield the same policies. We will see this at
work in the first two applications in Sect. 4.

3.11 Stochastic population models

Suppose now that for each r € {0, 1, ..., T}, there is a newly born population of size
I,, T and each I, an unlimited integer. Each i in the cohort /, lives from t to t + A;, A;
random.'* Policies affect the joint distribution of the /,, the A;, and other aspects of
the quality of life for i € /,. These determine the utility u; , for each i € I,. To extend
the social welfare functions of Theorem D to this class of population models, we
replace the u = (uy, uy, u,, ..., uy), T an infinite integer, with

U= ((ui,O)iEIU’ (ui,l)iell ’ (ui,Z)ielz’ ) (ui,T)ielT)' (13)

If we take [ to be the union of the populations /, and P to the be uniform distribution
on [, Theorems B and D apply directly. Now however, the permutations can switch
people in the same cohort, or switch people across cohorts. In this setting, equity
requires invariance with respect to such permutations.'

There is a long-standing distinction between studies of equity that focus on cur-
rent, intra-generational issues and those that focus on future, inter-generational
issues (e.g. Tremmel’s introduction in Tremmel (2018)). In this model, invariance

14 Here we follow the convention that integers and the set of integers preceding them are one and the
same. E.g. 3 and the set {0, 1,2} are the same.
15 As a referee has pointed out, it may not be clear what an internal union of a class of inter-

nal sets is. Starting with a set X, P(X) denotes the class of subsets of X, and PAX) = P(PX))
denote the class of classes of subsets of X. “Union” is a function mapping PAX) to PX)
defined J&)={xeX:FE€&[x€E]} for each E€ PP(X). The internal union of an
internal collection of sets is the *’d version of this function: an internal collection of sets
is an E£=(£,5.&,...)€ PAX), ie. u{neN: g, € PAx)H=1; an internal set
E=(E,E,,E;,...) €& iff y({neN:E,€&,})=1; and finally, for each internal collection &,
U®) = {x e "X : AE € &)[x € E]}. For this model, one starts with X as the set of all possible people
who might eventually exist, for each € T, one has an internal set /,, and [ is the union of the /,. One
replaces union with intersection by changing “3” to “V.”
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with respect to this class of permutations mixes these considerations into a single
framework. This allows, for example, investigations of how wide expansions of
access to resources in the current generation, as currently happening in Bangladesh,
China and India, can lead to changes in intergenerational allocations of welfare. For
the applications in the next section, we will work with the hyperfinite interval popu-
lation models | = {0, 1,2, ..., T}, T unlimited. At the cost of adapting the models to
the cohort formulations in (13), similar analyses can be done.

In stochastic models, policies affect the set of future people who are born. This
leads to the interpretational question about what the permutations mean when
they may apply to different people.'® Our interpretation comes from the Dietz and
Asheim (2012) ex post approach. In the end, some set of people will be born into
and live in different settings. We require that, conditional on whatever the set of
people being born ends up being, our welfare criterion is immune to permuting who
gets what within that set. This highlights an uncomfortable aspect of all of the social
welfare functions with permutation invariance: cross-generational permutations
are purely fictional. Just as the choices of future generations do not lead to external
effects on current generations, there is no way to permute people across generations.

4 Applications

We give two environmental and one political economy application of the social
welfare functions S, (u) = / @(u,) dA(t), A the uniform on [. The first application
studies the S -optimal level of risk exposure to an irreversible, negative change, and
finds that for our equitable preferences, indeed for all of the patient utility functions
in the literature that can be applied to stochastic models, none of the early genera-
tions should ever run the risk. By contrast, with any finite level of discounting, the
optimal cumulative risk guarantees that the irreversible change will happen, and that
the future will be, by this measure, impoverished.

The second application studies the S -optimal level efforts to be made to avoid
long-lasting and expensive-to-reverse decisions. Here, the degree of inequality aver-
sion encoded in the concavity of ¢(-) determines the appropriate levels of sacrifice
for the future, and increases in the degree of inequality aversion increase the optimal
levels. This is in sharp contrast to the optimal policies for the ‘Rawlsian’ social wel-
fare function, but agrees with many of the other patient preferences. The ‘Rawlsian’
social welfare functions are infinitely inequality averse, they depend only on the
welfare of the worst off. Policies that maximize the utility of the worst off genera-
tions may require no sacrifice at all for the benefit of future generations.

The third application studies versions of two much-discussed conclusions in pop-
ulation ethics—the ‘sadistic conclusion’ and the ‘mere addition paradox’. Higher
levels of inequality aversion in ¢(-) mean that there are fewer instances in which S,
-optimal choices are those that may lead to these counterintutive conclusions.

16 We are grateful to a referee for pointing this out.
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4.1 Other patient/equitable preferences

We will use the tools developed here to examine the performance of several previous
proposals for patient, or intergenerationally equitable, social welfare preferences.
The KS preferences include inequality aversion over generational utilities. With the
exception of the Rawslian preferences, which are effectively infinitely inequality
averse, the others work off of variants of limit average utilities.

Theorem C in KS shows that for the following 4 social welfare functionals,
S|, ..., S, there are sets of translation invariant probabilities 7I(1) — — — TI(4) such
Sp(w) = mingery, [ udQ. This result allows us to more easily examine optimal
policies for these preferences. '’

(1) Limits of discounted utility, S, (w) = liminfg;, (1 — f) Zzo uf'.
T

(2) Tail patient payoffs, S,(u) = liminfr,, inf;5 TLH Do Ui

(3) e-tail patient payoffs, S;(u) = liminf,, liminf;_, i 2?:(1—6)7 u,.

(4) Liminf average payoffs, S,(u) = liminf; T+-1 ZZT:O u, = Sy ().

The preferences in (1) have been extensively used in the analysis of Folk Theorems
in game theory (e.g. (Fudenberg and Tirole 1991, Ch. 5, §1)). The preferences in
(4) have been extensively used in operations research applications, and (2) and (3)
are variants of these preferences that look to put more weight on the far distant tail/
future.'® There are two more social welfare functions that been used in the economic
theory literature on patient or intergenerationally equitable preferences. '’

(5) ‘Rawlsian’ preferences, Ss(u) = inf, u,.

(6) Long run ‘Rawslian’ preferences, S¢(u) = liminf, u,.

These social welfare functions pay no attention to generations whose utility is
above inf, u, or above lim inf, u,. For applications, this will matter.”

4.2 Species extinction tipping points

We give a very simplified fishery model in which different generations balance
current exploitation of a resource against the risks of extinction.

17 Lauwers (1998) uses Mokobodzki’s medial limits as developed by Meyer (1973) to give social welfare
functions that give equal weight to subsets of the population having equal long run densities. Lauwers
does this using linear functionals defining and defined by translation invariant probabilities, i.e. by tak-
ing the sets 77 to be singletons. KS §3.5, Lemma 8 uses the nonstandard analysis tools exposited here to
show that a much broader class of these preferences must ignore distributional concerns in the sense that
they are indifferent between, e.g. the streams of utility # = (1,3,1,3,1,3,...),v=(3,1,3,1,3,1,...), and
(%u + %v) =(2,2,2,2,2,2,..).

18 A more extensive discussion of these and related social welfare functions is in §3.5-6 of KS.

19" As one referee rightly pointed out, this is by no means an exhaustive list of all the different social wel-
fare functions in the literature that could be considered or compared; we made a selection to highlight the
contrasts with our results.

20 Tt seems unfair to Rawls” work to name these preferences after him, but the frequency of this usage
must be a variant of the Law of Eponymy.
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Example 4.1 Suppose there are two possible states, fand e, corresponding to a fishery
being viable and the fish being extinct. We suppose further that the sets of available
actions to each generation are A(f) = [0, 1] if the fishery is viable, and A(e) = {0}
if the fish are extinct. Generational utilities after extinction are u(e,0) = 0. In the
viable state, f, the choice of a € [0, 1] corresponds to the degree of current exploi-
tation of the resource. We assume that u(f,a) > 0 and that ou(f,a)/da > 0. But
higher actions also make it more likely that the fish will become extinct. Extinction
is absorbing, p, (1) = 1. Assume that the probability of extinction (moving from f
to e) as a function of a is given by

(@) = 0 ifa<a®
Prefd) = gla—a®) ifa > a° (14)

where g(0) = 0, g() is positive and strictly increasing, and g’(0) = 0.%!

4.2.1 The unique patient outcome avoids extinction

Extraction at the rate a° keeps the fishery safe. For this sustainable policy, the popu-
lation utility, as measured by S,(-), is the utility associated with permanent repeti-
tion of the per generation utility @(u(a®)). The question is, can one do better? The
answer is, “No,” and the answer is the same for any of the patient preferences given
in (1)-(6) above.?

Lemma4.1 For the S, (-) preferences, and for any of the social welfare functions (1)-
(6) given above, in any optimal policy, the social welfare is bounded above by the
per period welfare of the long-run sustainable policy a, = a°.

4.2.2 Disastrous discounting

Using any standard discount factor § < 1 to discount future utilities leads to ‘opti-
mal’ policies that destroy the fishery, an outcome that minimizes any of the patient/
equitable social welfare functions.?® There is a discontinuity between the occupation
measures: the fish are long-run extinct with standard discounting; and the fish are
long-run viable for any of the patient preferences. However, the discontinuity is a

2l While this model has a very simple, two state dynamic structure to the fish population, hence it
applies more to shrimp than to, say, tuna, the essential lessons remain valid with more complicated pop-
ulation dynamics. See Huang and Smith (2014, §1) for the bioeconomic appropriateness of modeling
shrimp as an annual industry with simpler dynamics.

22 From the Tauberian Lemma, 3.9, we expect this answer for limit discounted utility functions and the
S,(+) utility functions, but the other utility functions require a different argument.

23 As a referee pointed out, models as in Asheim and Mitra (2010) and Dietz and Asheim (2012) that
combine discounted and undiscounted features may avoid this. However these models are explicitly engi-
neered for such a purpose, and would be unweildy for our other applications.
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bit less sharp than this seems to imply. As g 1 1, the associated random time until
extinction, T4 has the property than Prob(rﬂ > N) — 1 for all standard M.

Lemma 4.2 For any standard discount factor f < 1, maximizing the welfare function
a1-p ZZO @(u)f" leads to certain extinction, which minimizes any of the patient/
equitable social welfare functions, but as f 1 1, Prob(zy > N) — 1 for all standard
N.

There is a fundamental asymmetry between present and future generations. The
actions of the current generation impose risks on future generations, but there are no
risks that the future generations can impose on the present generation. As Dierks-
meier (2006) argues, “Rawls’ attempt to derive the notion of rights out of a concep-
tion of reciprocal arrangements to enhance the individuals® self-interests .. cannot
provide a satisfactory foundation for the rights of future generations.” Basic proper-
ties of geometric growth show that any standard level of discounting very strongly
downweights the far future. The present optimal actions for a discounted social wel-
fare function involve risks that no-one in the future would tolerate, if only they had
an effective method to protest.

4.3 World-wide climate catastrophe

The previous application studied extinction, and extinction is forever. We now turn
to the study of changes that are reversible, but only at great cost, this in a drastically
simplified model in which the richness of the biosphere is a crucial ingredient to
human welfare.**

Example 4.2 The world’s ecosystem can be in a livable state, L, or a crippled state,
C. In C, the seas, forests and the biota that survive are unable to produce oxygen and
resources in the amounts humans have become accustomed to. In L, the seas and
forests are able to produce oxygen concentrations and resources that can support life
as we currently know it. Payoffs and actions capture the following tradeoffs: a gen-
eration in L can sacrifice present utility in order to lower the transition probability, r,
from L to C, notationally u} (r) > 0; and a generation in C can sacrifice present util-
ity to increase the transition probability, s, back from C to L, notationally u’C(s) < 0.
We assume that min, u; (r) > max, u.(s), that is, it is much worse to be living on a
planet with a crippled ecosystem.

24 The ideas in this model have several sources. The first one is Ehrlich and Ehrlich’s (1981) analogy
between species in an ecosystem and rivets in an airplane: some rivets are redundant and one would not
miss them if they are lost, but a large enough cumulative loss of rivets leads to a crash. More specific
worries include the production of oxygen by natural systems: Baccini et al. (2017) show, more precisely
than before, that ongoing degradation of tropical forests has made them into a large net carbon source;
and the majority of the studies of the effects of warmer and more acidic oceans on phytoplankton suggest
that roughly two thirds of global production of oxygen by phytoplankton may disappear by the end of the
current century. Finally, Costanza et al. (1997) systematically under-estimate the value of the non-mar-
keted services that humanity receives, yearly, from the world’s ecosystem, and arrive at a conservative
figure of 1.8 times the yearly world GDP.
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4.3.1 Analysis

There is no loss in examining stationary policies, those specified by the pair (7, s).
Stationary policies lead to a Markov chain of outcomes with the steady state distri-
bution spending — of the time in L and — of the time in C. Because the outcome is

Markovian, it can be shown that the problems of maximizing the preferences given
in (1), (2), (3), and (4) above reduce to maximizing long run average utihty,

ax, [ﬁuL(r) + iuc(s)] = %ﬂ [su, (r) + ruc(s)]. (15)

In a similar fashion, the problem of maximizing S, (-) reduces to

max, , [ @0,() + L elue(s)] (16)
The FOC:s for interior solutions for the first utility functions are
s[u,(r) = ui(9)] = [u () — uc(s)], (17)
and for S,,(-), they are
s, (N, (r) — @uc(sDuy(s)] = [@(uy(r) — puc(s))]. (18)

To interpret these: on the left-hand sides, s is the probability of transitioning from
C to L in a generation while [u} (r) — u/.(s)] or [@(u, (), (r) = @(uc(s))ul(s)] is the
difference of two terms, the marginal benefit of the current activities that tip the
world toward disaster, and the marginal cost of the activities that make it possible
for future generations to recover; the right-hand sides are the difference in per gen-
eration utility between being in the livable state and the crippled state.

Because ¢(-) is concave, comparing (17) to (18) shows that, since the weight
on the u’L(r) term relative to the u’C(s) term declines, we expect the optimal r to be
smaller and s to be larger when the social welfare function dislikes inequality. Put
simply, more inequality aversion in the intergenerational utility function means
that optimal policies make more effort to avoid inequality. We suspect that in many
sensibly calibrated versions of this model, if there are non-boundary limits on
s and r, then the solutions will involve s being as high as possible and r as low.
Our preliminary investigation of boundary solutions indicates that the same basic
analysis holds, although the comparitive statics increases in s or decreases in r are
replaced by higher Lagrangean multipliers on the constraints. This too is useful
information, the higher the multiplier on a constraint, the more important it is to
loosen it.

25 Applied to u € Erg, two shift invariant probability, the geometric with parameter § ~ 1 and the uni-
form on {0, 1,..., T}, T unlimited, have the same occupation measures, see the Tauberian Lemma 3.9.
There is a subset, Erg’ C Erg, with the property that, applied to all #’ € Erg, all shift invariant prob-
abilities yield the same occupation measure. But we do not have a useful characterization of Erg’.
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4.3.2 Disastrous ‘Rawlsian’ preferences

In this model, the patient utility functions call for current sacrifice to avoid hurting
future generations. The “maximize the welfare of population’s worst off” encom-
passes an extreme aversion to inequality and is often understood as a morally sound
directive. In this context, the implied complete disregard of everyone who is not
worst off is puzzling, and in this class of models, it can lead to disastrous policy
recommendations. Disasters are recurrent if the minimal possible » and s are strictly
positive, and maximizing the utility functions Ss(u) = inf, u, and Sg(#) = liminf, u,
in recurrent versions of the model has the following implications.

Lemma 4.3 If the minimal possible r and s are strictly positive, then optimal poli-
cies for either Ss(-) or S¢(-) involve no sacrifice in state C, and any feasible choice is
optimal in state L.

The intuition is simple: the crippled state will happen infinitely often with prob-
ability 1; these social welfare functions only care about the utility of generations in
that state; hence any choice is optimal in state L; and to maximize the utility of the
generations in state C, those generations should make no sacrifices for the future.

4.4 Some counterintutive conclusions in population ethics

The utility functions under study are of the form S(u) = /n @(u,) dA(t) where A is the
uniform distribution on [. The function ¢(-) encodes inequality aversion.

4.4.1 The sadistic conclusion and the mere addition paradox

Consider a choice between two policies, both from the same starting point of a pop-
ulation that is very, very well off: one policy leads to a small number of truly miser-
able people being added to the future population; and one leads to a large number of
well off, but not very very well off, being added to the same population.’® There are
three situations to compare: the status quo (SQ); the addition of a small number of
truly miserable in the future (TM); and the addition of a larger number of well off in
the future (WO).

e The ‘sadistic conclusion’ is the observation that a social welfare function could
prefer (TM), a small number of miserable lives, to (WO), the larger number of
well off lives.

26 These are related to a general observation in population ethics called the ‘repugnant conclusion’.
Spears and Budolfson (2021) contains a discussion and exhaustive analysis of the variant forms that the
‘repugnant conclusion’ takes, including extensive references to the literature on its development. They
show that societal preferences over variable populations cannot escape ‘repugnance’ in one form or
another.
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e The ‘mere addition paradox’ is that a social welfare function could prefer a status
quo policy over either addition of new people.

Arguing that coming to the sadistic conclusion disqualifies a social welfare function
is, at its core, an argument that only a Rawlsian “choose to maximize the welfare of
the worst off” criterion is acceptable.27 On the other hand, such a criterion can, as
we saw just above, lead to disastrously bad policy recommendations. It also advo-
cates for the status quo policy, and this runs afoul of the second observation.?®

Our equitable social welfare functions, u — S, (u) = /ﬂ @(u,) dA(t), also choose
the status quo policy, basically because ¢(:) is monotonic and whatever the size
of the population, we normalize its mass to 1. In this sense, we have expanded the
scope of long run average utility as a social welfare criterion by incorporating both
inequality aversion and the ability to study long-run problems. But we have not
changed the basics properties of social welfare functions that incorporate averaging.

4.4.2 When is (TM) preferred to (WO)?

We now examine conditions under which S(p(-) prefers (TM) to (WO) or the reverse.
The result hinges on the degree of intergenerational inequality aversion, i.e. the
degree of concavity of @(-).

Fix utilities 0 < upy, << Uy <K< Uyyo Where uyy, is the utility of the very well
off. We are comparing the (TM) situation, (a,0, 1 — ), i.e. « of the population at
upy, and the rest at uyy,, to the (WO) situation, (0, g, 1 — f), i.e. § of the population
at uy,, and the rest at uyy,,. The a and f can be understood as proportions of future
generations at the different utilities, or, using the stochastic population model dis-
cussed in Sect. 3.11, as the proportions of future people at the different utilities.

Associated with a concave ¢ :[0,00) > [0,00) is the social
welfare  function A W - [0,00). For each such ¢, the set
Sit(@) = {(@, §) : aglugy) + (1 = Do) > Ppliyo) + (1 — H@lityo)}
represents situations in which S,,(-) yields the sadistic conclusion above. Recall that
a concave increasing function f'is more concave than a concave increasing function
g if there is a concave increasing s such that f(r) = h(g(r)). The more concave is ¢,
the more inequality averse is S,,(-). The following is an elementary result for concave
functions. It tells us that higher inequality aversion lessens the ‘sadistic’ instances.

Lemma 4.4 If ¢ is more concave than &, then Sit(¢) C Sit(&).
The contrast between the version of average utilitarianism that we are using and

classical utilitarianism is quite striking.”> Let Ny, Npy» and Ny, denote the num-
bers of people in the population that are, or will be, very well of, well off, and totally

27 See Dierksmeier (2006) on the foundations of this social welfare function in intergenerational settings.
28 As noted, this is consistent with Spears and Budolfson (2021) who show that social welfare functions
cannot escape ‘repugnance’ in one form or another.
29 We are grateful to a referee for pointing this out.
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miserable. The question of whether (TM) is preferred to (WO) becomes whether or
not the inequality

Nryttry + Nywoltvwo > Nwoltwo + Nywoltywo (19)

holds. After rearrangement, the question is whether or not (Npy,/Nyo) > (o /)
There are two results. First, if u;;, > 0 shrinks, then the class of situations in which
(TM) is preferred to (WO) shrinks. Second, if one uses composition with increasing
concave transformations / having the property that £(0) = 0 as the definition of more
inequality averse, then more inequality aversion increases rather than decreases the
class of situations in which this ‘sadistic’ conclusion holds.

Classical utilitarianism cannot be invariant to positive affine transformations. If
one is maximizing Y, ; across policies that affect the size of [, then making the
u; negative by subtracting a positive constant asks for policies that deliver a world
without humans. Thus, the concave transformations /A(-) are changing the total desir-
ability of humans as well as representing more inequality averse preferences over
distributions of utilities. Dasgupta’s (2001, Ch. 14.2) examines the implications of
classical utilitarianism for the optimal size of the population. Later in the chapter (p.
221), he ends with a question of “why the attitude towards equality influences the
optimum number of lives.” The conflation of the value of humans with inequality
aversion seems to provide an answer.

5 Conclusions

Before KS, the literature on intergenerationally equitable social preference order-
ings had documented the difficulties in operationalizing patience, understood as a
form of indifference to permutations, and simultaneously satisfying the Pareto cri-
terion. Given the centrality of the Pareto criterion to welfare analyses, this may give
an impression that patient and equitable societal preferences cannot be sensibly
implemented for intergenerational problems. And, by extension, that some form of
discounting must be used. While there are many arguments for discounting, we do
not believe that this is one of them. Viewing the set of generations as a non-atomic
measure space, something implicit but not explicit in previous literature, KS showed
that the purported examples of the failure of the Pareto criterion involved increasing
the welfare of a null subset of the population.

KS also integrated patience/intergenerational equity and Pareto responsiveness
in a class of social welfare functions that are indifferent to the broadest class of
permutations that had been used in the literature, what we call the asymptotic or
o(T) permutations. But we now believe that this class of permutations is much
narrower than is suitable for use in a definition of patience/intergenerational equity.
As Example 2.1 shows, it allows for welfare functions that can be lowered by
switching benefits to later generations from an equal number of early generations.

This paper, by contrast, asks for invariance of the intergenerational preference
ordering with respect to all almost everywhere permutations. Our class of permuta-
tions can switch e.g. the first half of the generations for the second half because we
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take seriously the idea that our limit models should “look like” and “act like” large
but finite models. The results of imposing this strong form of equity are in Theo-
rems B and D. For strong equity to hold, the hyperfinite model [ that replaces N, the
old model of the generations, must be given the uniform (or counting) distribution.

One might worry that working strong equity into social preferences would
make the resulting social welfare functions intractable. But the opposite turns out
to be true. In a model with potentially avoidable risks of species extinctions, the
optimal policy for all of the equitable preferences given here call for sustainabil-
ity. In a model with partially avoidable risks of huge downturns in human wel-
fare, the equitable preferences call for sacrifices both to avoid the downturn and
to speed up the return to a better state. It is also possible to perform comparative
statics analyses. In the model with partially avoidable risks, more inequality aver-
sion calls for more efforts to avoid downturns and speed up the return to a better
state. And more inequality averse intergenerational preferences more often avoid
choices that are problematic in terms of population ethics, like the sadistic con-
clusion or the mere addition paradox.

Going forward, there are a number of open problems, some purely theoretical in
nature, and others containing a mix of theoretical and practical issues. On the purely
theoretical side are issues related to what is called the problem of “underselective-
ness” in the studies of maximization of the long run average performance of a sys-
tem. In the context of intergenerational equity, this can arise as the weak optimality
of both “present profligacy” and Chichilnisky’s (1996) “dictatorship of the future.”
The profligacy of the present arises if some finite number of early generations leave
the world in so bad a situation that future generations must make immense sacrifices
to recover. The “dictatorship of the future” arises if a finite number of early genera-
tions must make immense sacrifices in order that future generations have a better
life. For a social welfare function that is invariant with respect to reversible changes
in the utility of finitely many generations, both profligacy and dictatorship are at
least weakly optimal. The most extreme form of underselectiveness showed up in
the case of the infinitely inequality averse ‘Rawslian’ preferences applied to models
with recurrent, even if rare, disasters. In such cases, optimal policies for the social
welfare functions inf, u, and liminf, u, call for no effort to be spent on recovering
from disasters, and they are completely mute on efforts to avoid future disasters.

We have preliminary results indicating that taking account of infinitesimal differ-
ences in payoffs may solve these problems. There is a direct way to see why our
social welfare functions are underselective. They are of the form
S(u) = st(T+rl ZLO @(u,)), and taking the standard part strips out the infinitesimal
differences in payoffs that arise when finitely many generations have their utility
changed. Maximizing without first taking the standard part results in more compli-
cated calculations but, in some models, little change in the “basic aspects of” the
solutions. An additional virtue of such an approach is that it could, potentially, allow
us to find a version of social welfare functions that respect the classic Pareto crite-
rion, as in Jonsson and Voorneveld’s (2018) “limit of discounted utility”” ordering.
However, we do not yet have a full characterization of problems in which the basic
aspects are stable with respect to accounting for infinitesimal differences.
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In a similar fashion, in Example 4.2, we saw that making @(-) more inequal-
ity averse led to policies calling for more efforts to avoid and recover from world-
wide catastrophe, whereas using the patient infinitely inequality averse preferences,
liminf, u,, little useful policy guidance can be had. By scaling a non-standard ¢(-)
to have the risk aversion coefficient, —¢' (r)/@'(r), infinite, it may be possible to
recover something like the liminf, u, preferences, but retain the higher selectivity of
our social welfare functions.

Another set of theoretical concerns relate to the ethics of demanding large sacri-
fices from the earlier generations (see e.g. Portney and Weyant 2013). As Fleurbaey
and Tungodden (2010) shows, such ethical dilemmas seem to be an intrinsic feature
of aggregative models. In the context of our project, exploring the implications of
adopting additional ethical postulates that prohibit “undue” hardship for any gen-
eration is a fascinating open question. There is a related set of questions regarding
the implementability of such prescriptions for generational sacrifice in decentralized
settings.

Problems that contain a mix of theoretical and practical issues stem from the
observation that planning for even a 200 years time horizon is not possible ats any
serious level of granularity. Still, increasing the set of feasible choices for future
generations, even if it costs the current generation, seems intuitively optimal, pro-
vided only that one weights the well-being of far future generations. These includes
the sorts of sacrifices that make the survival of a knowledge based society more
likely, and a return to it possible if it should falter.

Appendix A. Proofs not in the text

Proof of Lemma 3.1 Because x,=x, and x,=y, iff y,=x, we have

both (X, X, X3, ...) ~ (X, X0, X3, ...) and [, %0, X3, ...) ~ (V15 Y2, Y35 - )]
ift [, y2,¥3,-..) ~ (X, X3,%3,...)].  To show transitivity, suppose that

(xl,xz,x3,~~)N(y1,)’2,)’3»~-) and ()’1’)’2’)’35--~)"‘(11922,23,-~)~ Let
E,={neN:x, =y}, E,,={neN:iy, =z} and E,, ={neEN:x,=y,}
Note that u(E,,) = u(E,,) =1, so that u(E, ,NE, )=1. Since E,, CE, NE, ,

HE, ) =L O

Proof of Lemma 3.6 We prove the statement about limits first. Suppose first
that s = lim,, r,,, i.e. for all standard € > 0, there exists N, € N such that for all
n>N,, |r,—s| <e. Let N=(N,,N,,N;,...) be an unlimited number so that
ry =(ry,sTn,> Ty, ---)- Because N is unlimited, u({k €N : Ny > N,}) = 1, hence
u({keN : |rNk — 5| < €}) = 1. Since € was arbitrary, s = st(ry).

Suppose now that s # lim, r,,, i.e. there exists a standard € > 0 such that there
is an infinite set of integers N,,N,,Nj, ... such that |s—ry|>e. If we take

N = (N|,N,,N;,...), then|ry —s| > e.
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We now give the argument for liminf, r,, the argument for limsup,r, is
directly parallel. Let r = liminf, r,,. No subsequence r, can be less than any r — €

for infinitely many n,, so r < st(ry) for any unlimited N, hence if r < liminf, r,

n'n

then r < st(ry) for any unlimited N. On the other hand, if r > liminf, r,, then for

n-'n’

some standard € > 0, there are infinitely many n; such that r > r, +e. Taking

N = (n;,n,, ns, ...) completes the proof. O

Proof of Lemma 3.8 Properties (a) and (b) are immediate. Let {4, : k=1,...,K}
denote a finite collection of internal subsets of *X. For each k, we have
Ay =(Ap 1A Ass o) and u(Ey) =1 where E, ={neN:A, €X}). For
E :=nf_ E, wehave u(E) = 1,hence u({n e N : US_ A, €X}) =1 O

The following is a central result in the development of nonstandard analysis.

Theorem A If A' DA% D> ... D A* D ... is a decreasing sequence of of non-empty
internal subsets of an internal set *X, then

Nien A" # 0. (20)

Its proof can be found in many introductions (e.g. Lindstrom (1988, Theorem
1.2.5, p. 12), Goldblatt (1998, Theorem 11.10.1, p. 138), or Corbae et al. (2009, The-
orem 11.2.4, p. 634)). Usually, the proof is a variant of the classical diagonalization
arguments, but, per Goldblatt, it is “not easy to motivate intuitively.”

Proof of Corollary A.1 Suppose that A contains arbitrarily large limited integers. For
each k € N, let B* = {t € A : t > k}. This is a nested sequence of non-empty inter-
nal sets, hence ) k B # @, and any element of the intersection is an unlimited ele-
ment of A. Now suppose that the non-empty, internal A C N, contains arbitrarily
small unlimited integers. By transfer of the statement that every non-empty subset of
N, contains its lower bound, A contains its lower bound. And that lower bound can-
not be unlimited. O

Proof of Corollary A.2 If K € N, then, because the class of internal subsets of *X is a
field, both (), .4 A* and [ J,  AX are internal. Suppose that A := "), A* is internal
and is not equal to k<K A*for any K € N. Then the nested collection BX := AK\A
is a nested collection of internal sets so that [ « BX is not empty, contradicting the
definition of A. The argument for unions follows by taking complements. O

As there are many proofs of Theorem B in the literature, we only sketch it here.
Of those proofs that we are aware, the shortest and cleanest is still Loeb’s (1975)
appeal to Carathéodory’s extension theorem, a central result in measure theoretic
probability. We give a sketch of his arguments below. There are two proofs that
do not appeal to Carathéodory’s theorem: the most leisurely and thorough is in

@ Springer



U. Khan, M. B. Stinchcombe

(Goldblatt (1998), Ch. 16); while the one in (Lindstrgm (1988), Ch. I1.2) is more
suited to those with a familiarity with the basics of measure theoretic probability.

Sketch of a Proof of Theorem B. The class of internal sets is a field and not a ¢
-field, Lemma A.2 shows that the class of internal sets is not closed under count-
able unions or intersections unless these reduce to finite unions or intersections;
the probability E +— st(P(E)) is finitely additive on the field of internal sets; by the
second point, if E, is a sequence of internal sets with E, | , then, by countable
saturation, P(E,) | O because E, = @ for all sufficiently large n; this means that
Carathéodory’s extension theorem (see e.g. (Corbae et al. 2009, Theorem 7.6.2, p.
412)) applies and P has a unique countably additive extension to the (P-completion
of the) o-field generated by the internal sets proving (1). In the general case, Car-
athéodory’s extension theorem gives, for every E € X, a sequence E, of elements
of X° with P(EAE,) — 0. The exact approximation by internal sets is an applica-
tion saturation and overspill applied to the sequence n — E, where n € N and E,
is an internal set in X°. One can show that there exists an infinite N and such that
nw— E, forne {1,2,...,N} agrees with the original sequence, Ey is internal, and
P(EAEy) ~ 0. O

For a proof of Keisler’s Theorem, C, applicable to all complete and separable
metric spaces, we refer the reader to the original source, (Jerome Keisler 1984, The-
orem 9.2, p. 134), alternatively, to his exposition in Keisler (1988). In the R-valued
case, the arguments are a bit simpler.

Proof of Theorem C If there is an internal automorphism 7 such that v = u” A-almost
everywhere, then they must induce the same distribution. Assume now that # and
v induce the same distribution. Let {G,, : n € N} be a countable collection of open
subsets of R that for a basis for the Euclidean topology on R, e.g. let G, enumer-
ate the set of open balls with rational centers and positive rational radii. Inductively
define internal sets C,, D, such that P(C,Au"'(G,)) = 0, P(D,Av™'(G,)) = 0, and
each Boolean combination of the collection Cy, ..., C, has the same internal cardi-
nality as the cooresponding Boolean combination of the collection D, ...,D,. For
each n € N, there exists an internal bijection z, from [ to [ that maps each C,, onto
each D,, for each m < n. By Theorem A, there is an internal bijection, x, from [ to [
that maps all of the C,, onto the corresponding D,. By construction, v = u”. O

Proof of Theorem D 1If the preferences have the form given, Postulates I- VI are immediate.

The first four Postulates are directly from Fishburn’s (1982, Theorem 4, Ch. 3)
work on expected utility preferences over distributions on convex subsets of vec-
tor spaces. Thus, Postulates I- IV imply the existence of a continuous, concave
S : W, = [0, o0) representing . By monotonicity, there is no loss in the normali-
zation S(0) = 0. By Theorem C, u — S(u) can depend only on the induced distri-
bution p,(E) = A({t €1 : u, € E}). For each r € [0, ), let u, denote the function
constant at r, define @(r) = S(u,). O

Proof of Lemma 3.9 By the Lemma 3.6, u is ergodic with occupation measure v iff
for all unlimited 7, ﬁ > 1p(u,) = v(E), that is, iff for any uniform distribution A
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on a hyperfinite interval and any measurable E C R, A({t : u, € E}) = v(E). Again
by Lemma 3.6, the equality of each Qﬂ({t tu, € E})andeach A({t : u, € E}) = v(E)
is the Hardy-Littlewood Tauberian theorem. O

Proof of Lemma 4.1 Associated with a policy a, are probabilities of extinction,
4, = py.(a,). This yields a random waiting time 7 until the last period in which the
fishery is viable so that u, = u(f,a,) fort < T and u, = O for ¢ > 7. Let Q be an inter-

nal shift invariant probability on a hyperfinite interval {0, 1, ..., T}, i.e. one satisfy-
ing ZZ;O Q) ~1land ), |0(tr+ 1) — Q)| ~ 0. Fix a feasible policy a, with associ-
ated utilities u, = u(f, a,) if t < 7 and equal to O else. O

Claim. E° 2;0 u(a,)O(t) < u® where u® = u(f,a°) is the sustainable utility
achievable with the policy a, = a°.

Let B be an upper bound for per period utility, it is sufficient to show that for
all standard N, E° Z;Q u(a,)Q(t) <u® + B/N. Since Q is non-atomic, for every
standard N, we can subdivide {0,1,...,7T} into intervals E, = {0,..., T, — 1},
E,={T,,....T,}, ---, Ey = {Ty_,, Ty}, such that °Q(E,)=1/N forn=1,...,N.

We show, if
Q(+9,,> ier, W —u?)Q(1) > € o

for some standard € > 0, then °Prob(t > T,) = 0. This means that one can only
achieve utility greater than u° for at most a set of generations having Q-mass 1/N.
Since that utility is bounded above by B, this will complete the argument for the
Claim. If the inequality in (21) holds, then there exists a standard 6 > O such that the
set of t € E,, such that g, > 6 has unlimited cardinality, say M. This means that the
probability that ¢ > T,, which is bounded above by II,.; (1 — g,), is itself bounded
above by (1 — 6 ~ 0. '

KS Theorem C shows that for the social welfare functions S,(-), k=1,...,4,
there exist sets of shift invariant probabilities T1(k), with the property that the social
welfare functions evaluated at w € W are given by the minimal values of integral
'/No u, dQ(t) where Q belongs TI(k). Therefore, for these preferences, the maximal

social welfare arises from sustainable policies. Since A is also shift invariant, the
maximal S ,(-) social welfare is bounded above by ¢(u°) by the same argument.

For the ‘Rawlsian’ preferences, with social welfare function inf, u,, along paths
in which the fish go extinct, the social welfare is 0. Hence, to maximize inf, ,, there
must be a probability 0 of extinction. Let r = inf, u, and fix an arbitrary unlimited 7.
The internal subset of *R_, given by {6 > 0 : |[r —min{u, : t € {0,1,...,T}| <6}
contains all strictly positive standard 6 > 0, hence contains an infinitesimal. This
means that we can work with the population model {0, ..., T} to analyze the inf, u,.
To raise utility inf, u, above u° by some standard amount, we must have all genera-
tions t € {0, 1, ..., T} receiving at least u° + ¢ for some standard € > 0. But as we
have seen above, this means that extinction must happen with probability 1 in the set
{0,1,...,T/2}. The arguments for the long run ‘Rawslian’ preferences, with social
welfare function liminf, u,, are parallel. O
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Proof of Lemma 4.2 For comparability with the other utility functions, we use u(a)
for @(u(a)). For any f, the optimal policy is stationary at some a. Constant use of the
action a has value Vy(a) satistying V;(a) = (1 — flu(a) + p(p(a) - 0+ (1 — p(a))V(a)
where p(a) is the probability of extinction in each generation using action a. This
1-p(1-p(a))
max,s .. Vg(a) are a bit tedious but fairly clear, and we just report the results:
a; >a% - a; is decreasing in f; if °f < 1, then °(a; —a®) > 0, so that Et; < o0}
and for f ~ 1, a;; =~ a° so that Prob(r; > N) — 1 for all standard N. O

leads to Vj(a) = u(a) - [i] The comparative statics of the problem

Proof of Lemma 4.3 For all policies, it is a probability 1 event that there will be infi-
nitely many periods in the bad state. Therefore, across all policies, the maximized
expected value of S5 and Sy are constant for all possible values of r, and are both
equal to u-(0), which is the highest possible utility for the generations in the bad
state, i.e. their utility when they make no sacrifice for later generations to return to
the better state. O
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