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Abstract

We consider a system of interacting particles governed by the generalized Langevin
equation (GLE) in the presence of external confining potentials, singular repulsive
forces, as well as memory kernels. Using a Mori—-Zwanzig approach, we represent the
system by a class of Markovian dynamics. Under a general set of conditions on the
nonlinearities, we study the large-time asymptotics of the multi-particle Markovian
GLEs. We show that the system is always exponentially attractive toward the unique
invariant Gibbs probability measure. The proof relies on a novel construction of Lya-
punov functions. We then establish the validity of the small-mass approximation for the
solutions by an appropriate equation on any finite-time window. Important examples
of singular potentials in our results include the Lennard—Jones and Coulomb functions.
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1 Introduction

Given N > 2, we are interested in the following system of generalized Langevin
equations in RY. d > 1:

dx;(t) = v; (t)dr, i=1,...,N,
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mdv;(t) = —yv;(t)dt — VU (x; (¢))dt — Z VG(xi(t) — xj(1))dt + V2y AW, 0(1)
J#i

t
+/ Ki(t — s)vi (s)dsdt + F;(r)dt. (1.1)
0

System (1.1) is introduced to describe the evolution of N interacting micro-particles in
a thermally fluctuating viscoelastic medium, see Baczewski and Bond (2013), Bock-
ius et al. (2021), Duong (2015), Duong and Pavliotis (2019), Gomes et al. (2020),
Gottwald et al. (2015), Jung et al. (2018, Ness et al. (2015), Wei et al. (2016) and
references therein. The bivariate process (x;(¢), v;(t)), i = 1, ..., N represents the
position and velocity of the ith particle. On the v;-equation in (1.1), m > 0 is the parti-
cle’smass, y > 0 governs the viscous friction, {W; o};=1,... v are independent standard
d-dimensional Wiener processes, U : R? — [0, oo) represents a confining potential
satisfying polynomial growth and certain dissipative conditions and G : R?\ {0} — R
is a singular repulsive potential. Furthermore, the ith particle is subjected to a convo-
lution term involving the convolution kernel K; : [0, o0) — [0, 0o) that characterizes
the delayed response of the fluid to the particle’s past movement (Kneller 2011; Mason
and Weitz 1995; Mori 1965). In accordance with the fluctuation-dissipation relation-
ship (Kubo 1966; Zwanzig 2001), the random force F;(¢) is a mean-zero, stationary
Gaussian process linked to K; via the relation

E[F; (1) Fi(s)] = K (|t — s]). (1.2)

In the absence of memory effects, thatis setting K; = O and F; = 0, (1.1) is reduced
to the classical underdamped Langevin system modeling Brownian particles driven
by repulsive external forces

dx;(t) =vi(t)dt, i=1,...,N,

mdv;(t) = —yvi(t)dt — VU (x; (1))dt — Y VG (x;(£) — x;(0))dt + /2y dW; o(t).
J#i
(1.3)

In particular, the large-time asymptotic of (1.3) is well-understood. That is under a
wide class of polynomial potential U and singular potential G, including the instances
of Lennard—Jones and Coulomb functions, system (1.3) admits a unique invariant
probability measure which is exponentially attractive and whose formula is given by
Conrad and Grothaus (2010), Cooke et al. (2017), Grothaus and Stilgenbauer (2015),
Herzog and Mattingly (2019), Lu and Mattingly (2019)

N N
1 1
m(dx,dv) = Z exp{ — (5 Zm|vi|2 + Z Ux;) + Z G(x; —xj)>}dxdv.
i=1 i=1 I<i<j<N

In the above, Z is the normalization constant, X = (x1,...,xy)andv = (v, ..., UN).
However, as pointed out elsewhere in Kubo (1966), Zwanzig (2001), the presence of

@ Springer



Journal of Nonlinear Science (2024) 34:62 Page3of63 62

elasticity in a viscoelastic medium induces a memory effect between the motion of
the particles and the surrounding molecular bombardment. It is thus more physically
relevant to consider (1.1). On the other hand, in the absence of singularities in (1.1)
(G = 0), there is a vast literature in the context of, e.g., large-time behaviors (Glatt-
Holtz et al. 2020; Herzog et al. 2023; Ottobre and Pavliotis 2011; Pavliotis 2014;
Pavliotis et al. 2021) as well as small-mass limits (Herzog et al. 2016; Hottovy et al.
2015; Lim and Wehr 2019; Lim et al. 2020; Nguyen 2018; Shi and Wang 2021). In
contrast, much less is known about the system (1.1) in the presence of both memory
kernels and singular potentials for any of those limiting regimes.

The main goal of the present article is thus twofold. Firstly, under a general set of
conditions on the nonlinearities and memory kernels, we asymptotically characterize
the equilibrium of (1.1) when ¢+ — oo. More specifically, we aim to prove that under
these practical assumptions, (1.1) is exponentially attractive toward a unique ergodic
probability measure. Secondly, we explore the behaviors of (1.1) in the small-mass
regime, i.e., by taking m to zero on the right-hand side of the v;-equation in (1.1). Due
to the singular limit when m is small, the velocity v(#) is oscillating fast, whereas the
position x(¢) is still moving slow. Hence, we seek to identify a limiting process q(¢)
such that x(z) can be related to q(z) on any finite-time window. We now provide a
more detailed description of the main results.

1.1 Geometric Ergodicity

In general, there is no Markovian dynamics associated with (1.1), owing to the presence
of the memory kernels. Nevertheless, it is well known that for kernels which are a sum
of exponential functions, we may adopt the Mori—Zwanzig approach to produce a
Markovian approximation to (1.1) (Glatt-Holtz et al. 2020; Kubo 1966; Mori 1965;
Ottobre and Pavliotis 2011; Pavliotis 2014; Zwanzig 2001). More specifically, when
K; is given by

ki
Ki(t) =Y Afpe ', >0, (1.4)
=1
for some positive constants A; ¢, o ¢, £ = 1,...,k;, following the framework of

Baczewski and Bond (2013), Doob (1942), Duong and Shang (2022), Goychuk (2012),
Ottobre and Pavliotis (2011), Pavlioti (2014), we can rewrite (1.1) as the following
system

dx;(t) = v;(t)dt, i=1,...,N,
mdv;(t) = —yv;(t)dt — VU (x;(t))dt + /2y dW; o(2)
ki
=Y VG (xi(6) = x;(0)dt + Y A ez ()t
i =1
dZi,g(t) = —Oé,',gzi’((t)dl — )»,-,gv,-(t)dt + \/Zai,e dWi,g(t), = 1, ey k,’. (1.5)

See Pavliotis (2014, Proposition 8.1) for a detailed discussion of this formulation.
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Denoting z; = (zi,1,...,%i k) € (Rd)ki,i = 1,..., N, we introduce the
Hamiltonian function Hy defined as
1 al 1
Hy(, v, 21, zw) = SmvP + ZU(x» + Z Gxi —x)) + 5 Z 2]
i=1 I<i<j<N i=1
(1.6)
The corresponding Gibbs measure is given by:
1
aNX,V,Z1,...,ZN) = Zo exp{ —Hy(Xx,v,z1,..., ZN)}dXdVd21 ...dzy, (1.7)
N

where Z y is the normalization constant. Under suitable assumptions on the potentials,
cf. Assumptions 2.1 and 2.3, one can rely on the Hamiltonian structure to show that
(1.5) is always well-posed. That is a strong solution of (1.5) exists and is unique for all
finite time. Furthermore, by a routine computation (Pavliotis 2014, Proposition 8.2), it
is not difficult to see that the Gibbs measure 7 as in (1.7) is an invariant probability
measure of (1.5) and that there is dissipation toward such a measure. On the other
hand, as observed elsewhere in Conrad and Grothaus (2010), Cooke et al. (2017),
Grothaus and Stilgenbauer (2015), Herzog and Mattingly (2019), Lu and Mattingly
(2019), in the presence of the nonlinearities, the Hamiltonian (1.6) does not produce
an energy estimate of the form

%E[V(t)] =—cE[VOI+C, =0,

which is needed to obtain geometric ergodicity. In this paper, we tackle the problem
by exploiting the technique of Lyapunov function, cf. Definition 3.1, and successfully
establish the uniqueness of 7y as well as an exponential convergent rate toward 7y . We
note that our result covers important examples of singular potentials such as Lennard—
Jones functions and Coulomb functions. We refer the reader to Theorem 2.8 for a
precise statement of this result and to Sect. 3 for its proof.

Historically, in the absence of repulsive forces, (1.5) is reduced to the following
single-particle GLE

dx(t) = v(t)drt,
k

mdu(t) = —yv()dt — VU (O)dr + Y Aizi(1)dt + /2y dWo(0),
i=1

dzi(t) = —a;iz; (At — M)At +20; dWi(1), i=1,....k  (1.8)

whose large-time asymptotic has been studied extensively (Glatt-Holtz et al. 2020;
Herzog et al. 2023; Ottobre and Pavliotis 2011; Pavliotis 2014). Particularly, mixing
rates for the kernel instances of finite sum of exponentials were established in Otto-
bre and Pavliotis (2011, Pavliotis (2014) via the weak Harris Theorem (Hairer and
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Mattingly 2011; Meyn and Tweedie 2012). Analogously, kernel instances as an infi-
nite sum of exponentials were explored in Glatt-Holtz et al. (2020). In this work, the
uniqueness of invariant probability measures was obtained by employing the so-called
asymptotic coupling argument. Recently in Herzog et al. (2023), a Gibbsian approach
was adopted from Liu (2002), Mattingly and Sinai (2001), Mattingly (2002) to study
more general kernels that need not be a sum of exponentials.

Turning back to our ergodicity results for singular potentials, the proof of Theorem
2.8 relies on two ingredients: an irreducibility condition and a suitable Lyapunov
function (Hairer and Mattingly 2011; Mattingly et al. 2002; Meyn and Tweedie 2012).
Whereas the irreducibility is relatively standard and can be addressed by adapting to
the argument in, e.g., Herzog and Mattingly (2019, Corollary 5.12) and Mattingly et
al. (2002, Proposition 2.5), the construction of Lyapunov functions is highly nontrivial
requiring a deeper understanding of the dynamics. Notably, in case the viscous drag is
positive (y > 0), we draw upon the ideas developed in Herzog and Mattingly (2019),
Lu and Mattingly (2019) tailored to our settings, cf. Lemma 3.5. On the other hand,
when y = 0, it is worth pointing out that the method therein is unfortunately not
applicable owing to a lack of dissipation in v. To circumvent the issue, we effectively
build up a novel Lyapunov function specifically designed for (1.5), cf. Lemma 3.6. The
main idea of the construction is to realize the dominating effects at high energy (Hy >
1). We do so by employing a heuristic asymptotic scaling allowing for determining
the leading order terms in “bad" regions, i.e., when x| — 0 and |v|, |z] = oo. In
turn, this will be crucial in the derivation of our Lyapunov functions that ultimately
will be invoked to conclude ergodicity when y = 0. The heuristic argument will be
presented out in Sect.3.1.1, whereas the proofs of Lemmas 3.5 and 3.6 are supplied
in Sect. 3.2.

1.2 Small-Mass Limit

In the second main topic of the paper, we investigate the small-mass limit for the
process x(t) = X, (¢) in (1.5). Namely, by taking m to zero on the right-hand side of
the v;-equation in (1.5), we aim to derive a process q(¢) taking values in (Rd)N such
that x,, () can be well-approximated by q(¢) on any finite-time window, i.e.,

sup X, (t) —q()| —> 0, asm — 0, (1.9)
1€[0,T]

where the limit holds in an appropriate sense. In the literature, such a statement is also
known as the Smoluchowski—Kramer approximation (Freidlin 2004; Kramers 1940;
Smoluchowski 1916).

We note that in the absence of the singularities, there is a vast literature on limits of
the form (1.9) for various settings of the single-particle GLE as well as other second-
order systems. For examples, numerical simulations were performed in Hottovy et al.
(2012a,b). Rigorous results in this direction for state-dependent drift terms appear in
the work of Cerrai et al. (2020), Hottovy etal. (2015, 2012a), Pardoux and Veretennikov
(2003). Similar results are also established for Langevin dynamics (Herzog et al. 2016;
Duong et al. 2017), finite-dimensional single-particle GLE (Lim and Wehr 2019; Lim
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et al. 2020), as well as infinite-dimensional single-particle GLE (Nguyen 2018; Shi
and Wang 2021). Analogous study for the stochastic wave equation was central in the
work of Cerrai and Freidlin (2006a, 2006b), Cerrai et al. (2017, Cerrai and Glatt-Holtz
(2020,2014), Cerrai and Salins (2016), Nguyen (2022). On the other hand, small-mass
limits in the context of repulsive forces are much less studied, but see the recent paper
(Choi and Tse 2022) for a quantification of the small-mass limit of the kinetic Vlasov—
Fokker—Planck equations with singularities. In our work, we investigate this problem
under a general set of conditions on the nonlinear potentials. More specifically, let us
introduce the following system

ydg; (1) = =VU (gi(0)dt — Y VG(qi(t) = q;(0)dt + /2y dWi (1)
J#

ki ki
=D A a0+ Y Mg fiodt,  i=1,...,N,
=1 =1

dfie®) = —ai g fie(t) + Aig e gi ()t + /20; (dW; (1), £=1,... k.
(1.10)

Our second main result states that the process q(¢) satisfies the following limit in
probability forall &, T > 0

P( sup X (1) — q(1)] > g) 50, asm — 0. (1.11)
te[0,T]

The precise statement of (1.11) is provided in Theorem 2.10, while its detailed proof
is supplied in Sect. 4.

In order to derive the limiting system (1.10), we will adopt the framework developed
in Herzog et al. (2016), Nguyen (2018) dealing with the same issue in the absence of
singular potentials. This involves exploiting the structure of the z;-equation in (1.5)
while making use of Duhamel’s formula and an integration by parts. In turn, this allows
for completely decoupling z; from v;, ultimately arriving at (1.10). See Sect.4.1 for
a further discussion of this point. The proof of (1.11) draws upon the argument in
Herzog et al. (2016), Nguyen (2018), Ottobre and Pavliotis (2011) tailored to our
settings. Namely, we first reduce the general problem to the special case when the
nonlinearities are assumed to be Lipschitz. This requires a careful analysis on the
auxiliary memory variables z; (¢),i = 1, ..., N, as well as the velocity process v, (¢).
We then proceed to remove the Lipschitz constraint by making use of crucial moment
bounds on the limiting process q(#). In turn, this relies on a delicate estimate on (1.10)
via suitable Lyapunov functions, which are also of independent interest. Similarly to
the ergodicity results, we note that the limit (1.11) is applicable to a wide range of
repulsive forces, e.g., the Lennard—Jones and Coulomb functions. To the best of the
authors’ knowledge, the type of limit (1.11) that we establish in this work seems to
be the first in this direction for stochastic systems with memory and singularities.
The explicit argument for (1.11) will be carried out while making use of a series of
auxiliary results in Sect. 4. The proof of Theorem 2.10 will be presented in Sect.4.4.
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Finally, we remark that a crucial property that is leveraged in this work is the
choice of memory kernels as a finite sum of exponentials, cf. (1.4). This allows for
the convenience of employing Markovian framework to study asymptotic analysis for
(1.1) (Mori 1965; Ottobre and Pavliotis 2011; Pavliotis 2014; Zwanzig 2001) under
the impact of interacting repulsive forces. For SDEs with non-exponentially decaying
kernels, e.g., sub-exponential or power-law, with smooth nonlinearities though, we
refer the reader to Baeumer et al. (2015, Desch and Londen (2011, Glatt-Holtz et al.
(2020), Herzog et al. (2023, Nguyen (2018).

1.3 Organization of the Paper

The rest of the paper is organized as follows: in Sect.2, we introduce the notations
as well as the assumptions that we make on the nonlinearities. We also state the
main results of the paper, including Theorem 2.8 on geometric ergodicity of (1.5) and
Theorem 2.10 on the validity of the approximation of (1.5) by (1.10) in the small-mass
regime. In Sect. 3, we address the construction of Lyapunov functions for (1.5) and
prove Theorem 2.8. In Sect. 4, we detail a series of auxiliary results that we employ
to prove the convergence of (1.5) toward (1.10). We also conclude Theorem 2.10 in
this section. In Appendix A, we provide useful estimates on singular potentials that
are exploited to establish the main results.

2 Assumptions and Main Results

Throughout, we let (2, F, (F;)i>0,P) be a filtered probability space satisfying
the usual conditions (Karatzas and Shreve 2012) and (W; ;(¢)), i = 1,..., N,
j = 0,...,k;, be ii.d standard d-dimensional Brownian Motions on (2, F, P)
adapted to the filtration (F;);>0.

In Sect. 2.1, we detail sufficient conditions on the nonlinearities U and G that we
will employ throughout the analysis. We also formulate the well-posedness through
Proposition 2.7. In Sect. 2.2, we state the first main result through Theorem 2.8 giving
the uniqueness of the invariant Gibbs measure w defined in (1.7), as well as the
exponential convergent rate toward 7 in suitable Wasserstein distances. In Sect. 2.3,
we provide our second main result through Theorem 2.10 concerning the validity of
the small mass limit of (1.5) on any finite-time window.

2.1 Main Assumptions

For notational convenience, we denote the inner product and the norm in R? by (-, -) and
| - |, respectively. Concerning the potential U, we will impose the following condition
(Ottobre and Pavliotis 2011; Pavliotis 2014).

Assumption 2.1 (i) U € C®(R?; [1, o0)) satisfies
U@ <ai(1+ x*, VU@ <ai(1+x*), xeRY, (2.1)
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and
IV2U(x)| < ar(1 + x[*71), 2.2)

for some constants a; > 0 and A > 1.
(i1) Furthermore, there exist positive constants a, a3 such that

(VU@x), x) > aplx " —a3, x e R% (2.3)
(iii) If y =0, then A = 1.

Remark 2.2 The first two conditions (i) and (ii) in Assumption 2.1 are quite popular and
can be found in many previous literature for the Langevin dynamics (Glatt-Holtz et al.
2020; Mattingly et al. 2002; Nguyen 2018). In particular, U (x) essentially behaves
like |x|**! at infinity. On the other hand, for the generalized Langevin counterpart, in
the absence of the viscous drag, i.e., y = 0 in v—equation in (1.5), we have to impose
condition (iii) Ottobre and Pavliotis (2011) requiring U be essentially a quadratic
potential. We note, however, that this condition is unnecessary for the well-posedness.
Rather, it is to guarantee the existence of suitable Lyapunov functions, so as to ensure
geometric ergodicity of (1.5). See the proofs of Lemmas 3.4 and 3.6 for a further
discussion of this point.

Concerning the singular potential G, we will make the following condition (Bolley
et al. 2018; Herzog and Mattingly 2019; Lu and Mattingly 2019).

Assumption2.3 (i) G € C>®(R?\{0}; R) satisfies G(x) — oo as |x| — O.
Furthermore, there exists a positive constant 81 > 1 such that for all x € R4 \ {0}

1

G0l = ar(1+1x] + : |ﬁl) 2.4)

1
VGl < a1+ : |ﬁ1) 2.5)

1

2
and |V2G ()| <a1<1 i |ﬁ1+1) (2.6)
where a; is the constant as in Assumption 2.1.
(i1) There exist positive constants 8, € [0, 1), a4, as and ag such that
d

VG(x) + as—— |ﬂ1+1 ’ < |x|ﬂ2 +as, xeR\ (O} 2.7

Remark 2.4 (i) Although (2.7) is slightly odd looking, this condition essentially states
that VG can be expressed as:

X
VG(x) = —CW + lower-order terms,
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hence the requirement 8> < f;. Also, VG has the order of lx| 7P as |x| — 0, i.e.,

C
—C=IVGW)| = —5 +C,
|_x|:3|

c
x [P
which need not imply (2.7). Condition (2.7) will be employed in the Lyapunov proofs
in Sect. 3.

(ii) A routine calculation shows that both the Coulomb functions

oo {—logm, d=2, 08
X) = 1 .
[Pk d >3,

and the Lennard—Jones functions

co o
X2 |x]6” @3)

G(x) =

satisfy (2.7). Particularly, in case of (2.9), we have

VG (x) = —12¢0—— + 6¢; —
x) = —12co— + 6¢c1 —,
Oy TR

which verifies (2.7) with 81 = 13 and 8, = 7. Another well-known example for the
case B1 = 1 is the log function G(x) = —log |x|, whereas the case 8; > 1 includes
the instance G (x) = |x| A1 t1.

(iil) Without loss of generality, we may assume that

N
D UGH+ Y Glxi—x)) =0 (2.10)
i=1

1<i<j<N

Otherwise, we may replace U (x) by U (x) + ¢ for some sufficiently large constant c,
which does not affect (1.5).

Under the above two assumptions, we are able to establish the geometric ergodicity
of (1.5), cf. Theorem 2.8, in any dimension d > 1. They are also sufficient for the
purpose of investigating the small mass limits when either d > 2 or 81 > 1. On the
other hand, whend = 1 and 8; = 1 (e.g., log potentials), we will impose the following
extra condition on G.

Assumption 2.5 Let G and §; be as in Assumption 2.3. In dimensiond = 1,if 81 = 1,
then

1
- 2.11
a4 > 2, ( )

where a4 is the positive constant from condition (2.7).
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Remark 2.6 As it turns out, in dimension d = 1, log potentials (8; = 1) induce fur-
ther difficulty for the small-mass limit. To circumvent the issue, we have to impose
Assumption 2.5, which requires that the repulsive force be strong enough so as to
establish suitable energy estimates. See the proof of Lemma 4.3 for a detailed expla-
nation of this point. It is also worth mentioning that the threshold a4 > 1/2 is a
manifestation of Lemma A.2 and is perhaps far from optimality. Thus, the small-mass
limit in the case d = 1 and B; = 1, cf. Theorem 2.10, remains an open problem for
allaq € (0, 1/2].

Having introduced sufficient conditions on the potentials, we turn to the issue of
well-posedness for (1.5). The domain where the displacement process X, (¢) evolves
on is denoted by D and is defined as Bolley et al. (2018, Herzog and Mattingly (2019),
Lu and Mattingly (2019)

D:{x:(xl,...,xN)e(IRd)N:xi;éxjifi;éj}. (2.12)
Then, we define the phase space for the solution of (1.5) as follows:

N
X =D x (RHN x H(Rd)k". (2.13)
i=1

The first result of this paper is the following well-posedness result ensuring the
existence and uniqueness of strong solutions to system (1.5).

Proposition 2.7 Under Assumptions 2.1 and 2.3, for every initial condition Xy =
x(0), v(0), z1(0),...,zy(0)) € X, system (1.5) admits a unique strong solution
Xm(t; Xo) = (Xm(t)» Vi (1), Zl,m(t),..., ZN,m(t)) eX

The proof of Proposition 2.7 is a consequence of the existence of Lyapunov
functions below in Lemmas 3.5 and 3.6. The argument can be adapted from the
well-posedness proof of Glatt-Holtz et al. (2020, Section 3) tailored to our settings.
Alternatively, the result can also be proved by using the Hamiltonian as in (1.6) to
establish suitable moment bounds. It, however, should be noted that Proposition 2.7
itself is highly nontrivial as well-posedness does not automatically follow a stan-
dard argument for SDEs (Khasminskii 2011) based on locally Lipschitz continuity,
owing to the presence of singular potentials. Nevertheless, the issue can be tackled by
constructing appropriate Lyapunov functions.

As a consequence of the well-posedness, we can thus introduce the Markov
transition probabilities of the solution X, () by

P/" (X0, A):=P(X,,(t; Xo) € A),
which are well-defined for ¢+ > 0, initial condition X¢ € X and Borel sets A C X.
Letting By (X) denote the set of bounded Borel measurable functions f : X — R, the

associated Markov semigroup P/" : B, (X) — Bp(X) is defined and denoted by

P" f(Xo) = ELf (Xu (t; Xo)], f € Bp(X).
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2.2 Geometric Ergodicity

We now turn to the topic of large-time properties of equation (1.5). Recall that a
probability measure 1 on Borel subsets of X is called invariant for the semigroup P,
if for every f € Bp(X)

[ reo@muan = [ faona,
where (P/")*u is defined as in Hairer and Mattingly (2011)
(P")*(A) :/XP;”(X,A)/L(dX),

for all Borel sets A C X. Next, we denote by /.3,]:,’ ,y the generator associated with (1.5).
One defines ,C,]Z‘V for any ¢ € C*(X; R) by

N ki
1 1
L0 = D[ B0 v0) + (B0, =y = VU ) = VG =) + Y haezie)
i=1 A =1
y ki ki
to7luet D (0,00 —iezie — iovi) + Zai,ZAzi_gﬁa} (2.14)
=1 =1

In order to show that 5 (X)dX defined in (1.7) is invariant for (1.5), it suffices to
show that 7y (X) is a solution of the stationary Fokker—Planck equation

(L ) TN (X) =0, (2.15)

where (L,IX’V)* is the dual of L,]x’y, ie.,

f LN fi(X) - f(X)dX = / A (LY ) LOOX,
X X

for any fi, f> € Cc2 (X; R). In the absence of the singular potential G, this approach
was previously employed in Pavliotis (2014) for a finite-dimensional GLE and in
Glatt-Holtz et al. (2020) for an infinite-dimensional GLE. With regard to (2.15), we
may simply adapt to the proof of Pavliotis (2014, Proposition 8.2) tailored to our
setting with the appearance of G.

Concerning the unique ergodicity of 7y, we will work with suitable Wasserstein
distances allowing for the convenience of measuring the convergent rate toward equi-
librium. For a measurable function V : X — (0, c0), we introduce the following
weighted supremum norm

lelly:= sup el
xex 1+ V(X)
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We denote by My the collection of probability measures i« on Borel subsets of X
such that

/ V(X)u(dX) < oo.
X

Let Wy be the corresponding weighted total variation distance in My associated with
Il llv, given by

Wotrnn = swp | [ p00m@n - [ p0om@n),
lellv=<1"JX X

We remark that Wy is a Wasserstein distance. Indeed, by the dual Kantorovich theorem

W (. p12) = infE[ (14 V(X)) + (1+ V) UXT # X,

where the infimum runs over all pairs of random variables (X1, X») such that X| ~ u
and X» ~ pup. We refer the reader to the monograph (Villani 2021) for a detailed
account of Wasserstein distances and optimal transport problems. With this setup, we
now state the first main result of the paper, establishing the unique ergodicity of my
defined in (1.7) as well as the exponential convergent rate toward .

Theorem 2.8 Under Assumptions 2.1 and 2.3, for every m > 0 and y > 0, the
probability measure wty defined in (1.7) is the unique invariant probability measure
for (1.5). Furthermore, there exists a function V € CZ(X; [1, 00)) such that for all
uwe My,

Wy ((P/")*1, y) < Ce "Wy (u, ), t =0, (2.16)

for some positive constants ¢ and C independent of u and t.

In order to establish Theorem 2.8, we will draw upon the framework of Bolley et al.
(2018), Hairer and Mattingly (2011), Herzog and Mattingly (2019), Lu and Mattingly
(2019), Mattingly et al. (2002), Meyn and Tweedie (2012) tailored to our settings. The
argument relies on two crucial ingredients: a suitable Lyapunov function, cf. Definition
3.1, and a minorization condition, cf. Definition 3.2. Since it is not difficult to see that
the system (1.5) satisfies hypoellipticity (Ottobre and Pavliotis 2011; Pavliotis 2014),
we may employ a relatively standard argument (Mattingly et al. 2002; Pavliotis 2014)
to establish the minorization. On the other hand, constructing Lyapunov functions is
quite involved requiring a deeper understanding of the dynamics in the presence of
the singular potentials. Particularly, while the construction in the case y > 0 can
be adapted to those in the previous work of Herzog and Mattingly (2019), Lu and
Mattingly (2019), the absence of the viscous drag y = 0 induces further difficulty
owing to the interaction between the singular potentials, the velocity v and the auxiliary
variables {z;};=1, .. n. To overcome this issue, we will follow (Athreya et al. 2012;
Cooke et al. 2017; Herzog and Mattingly 2015a,b, 2019; Lu and Mattingly 2019) and
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perform the technique of asymptotic scaling to determine the leading-order terms in
the dynamics at large energy states. All of this will be carried out in Sect. 3. The proof
of Theorem 2.8 will be given in Sect. 3.3.

2.3 Small-Mass Limit

We now consider the topic of small-mass limit and rigorously compare the solution
of (1.5) with that of (1.10) as m — 0.

As mentioned in Sect. 1.2, the derivation of (1.10) follows the framework of Cerrai
et al. (2020), Herzog et al. (2016), Lim and Wehr (2019, Lim et al. (2020) for finite-
dimensional second-order systems as well as Nguyen (2018, Shi and Wang (2021) for
infinite-dimensional systems. The trick employed involves an integration by parts on
the z-equation of (1.5), so as to decouple the velocity from the other processes. As a
result, it induces extra drift terms appearing on the right-hand side of the g-equation
in (1.10). Also, the initial conditions of (1.10) are closely related to those of (1.5). For
the sake of clarity, we defer the explanation in detail to Sect.4.1.

Due to the presence of singular potentials, the first issue arising from (1.10) is the
well-posedness. To this end, we introduce the new phase space for the solutions of
(1.10) defined as

N
Q=D x [[®R)",

i=1

where we recall D being the state space for the displacement as in (2.12). The existence
and uniqueness of a strong solution in Q for (1.10) are guaranteed in the following
auxiliary result.

Proposition 2.9 Under Assumptions 2.1 and 2.3, for every initial condition Qo =
(q(0), £1(0),....fx(0)) € Q, system (1.10) admits a unique strong solution
0(t; Qo) = (q(), f1(0),..., fn (1)) € Q.

Similar to the proof of Proposition 2.7, the argument of Proposition 2.9 follows
from the energy estimate established in Lemma 4.3 in Sect.4.3. In turn, the result in
Lemma 4.3 relies on suitable Lyapunov function specifically designed for (1.10). It
will also be employed to study the small-mass limit.

We now state the second main result of the paper giving the validity of the
approximation of (1.5) by (1.10) in the small-mass regime.

Theorem 2.10 Suppose that Assumptions 2.1, 2.3 and 2.5 hold. For every (x(0), v(0),
21(0),..., zy (0)) € X, let X,,,(t) = (xm(t), Vin (), Z1 i ()., ZN,m(t)) be the solution
of (1.5) and let Q(t) = (q(t), f1(1),. .., fN(t)) be the solution of (1.10) with the
following initial condition

qi(0) = x;(0), fi,e(0)=2z200)+Aiex;(0), i=1,...,N, £=1,... k.
2.17)
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Then, for every T, & > 0, it holds that

IP’{ sup [xm(t) — q(1)] > g} 0, m—0. (2.18)
t€[0,T]

In order to establish Theorem 2.10, we will adapt to the approach in Herzog et al.
(2016), Nguyen (2018) tailored to our settings. The argument can be summarized as
follows: we first truncate the nonlinearities in (1.5) and (1.10) while making use of
conditions (2.2) and (2.6). This results in Lipschitz systems, thus allowing for proving
the small-mass limit of the truncated systems. We then exploit the moment estimates
on (1.10), cf. Lemma 4.3, to remove the Lipschitz assumption. The explicit argument
will be carried out in a series of results in Sect. 4.

Finally, we remark that the convergence in (2.18) only holds in probability, but not
in L?. Following Higham et al. (2002, Theorem 2.2), the latter is a consequence of an
L? estimate on X, (¢) that is uniform with respect to the mass, i.e.,

limsup sup |x,(@)|7 < oo. (2.19)
m—0 te[0,T]

Due to the singularities, (2.19) is not available in this work and would require further
insight. Therefore, the small-mass convergence in L? remains an open problem.

3 Geometric Ergodicity

Throughout the rest of the paper, ¢ and C denote generic positive constants that may
change from line to line. The main parameters that they depend on will appear between
parenthesis, e.g., ¢(T', g) is a function of T and ¢. In this section, since we do not
take m — 0, we will drop the subscript m in Xx,,, v;, and elsewhere for notational
convenience.

In this section, we establish the unique ergodicity and the exponential convergent
rate toward the Gibbs measure 7y defined in (1.7) for (1.5). The argument will rely
on the construction of suitable Lyapunov functions while making use of a standard
irreducibility condition. For the reader’s convenience, we first recall the definitions of
these notions below.

Definition 3.1 A function V € C2(X; [1, 00)) is called a Lyapunov function for (1.5)
if the followings hold:
(i) V(X) — oo whenever [X| + 3" _j<p |¥i — xj|7! — coin X; and
(ii) for all X € X,
Ly V(X) < —cLy ,V(X)+D, 3.1

for some constants ¢ > 0 and D > 0 independent of X.

Definition 3.2 Let V be a Lyapunov function as in Definition 3.1. Denote

Xg={X eX:V(X) <R}
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The system (1.5) is said to satisfy a minorization condition if for all R sufficiently large,
there exist positive constants tg, cg, a probability measure vg such that vg (Xg) = 1
and for every X € Xy and any Borel set A C X,

Pl (X, A) = crvr(A). (3.2)

In Sect.3.1, we provide a heuristic argument on the construction of a Lyapunov
function for the instance of single-particle GLE. In particular, we show that our con-
struction works well for this simpler setting, both in the case y > Oand y = 0
through Lemmas 3.3 and 3.4, respectively. In Sect.3.2, we adapt the construction
in the single-particle to the general N-particle system (1.5), and establish suitable
Lyapunov function so as to achieve the desired dissipative estimates. Together with
an auxiliary result on minorization, cf. Lemma 3.7, we will conclude the proof of
Theorem 2.8 in Sect.3.3.

3.1 Single-Particle GLE

Following the framework developed in Herzog and Mattingly (2019), Lu and Mattingly
(2019), we will build up intuition for the construction of Lyapunov functions for the
full system (1.5) by investigating a simpler equation in the absence of interacting
forces. More specifically, we introduce the following single-particle GLE (N = 1)

dx(t) = v(t)drt,
k
mdv(t) = —yv(@)dt — VU (x(t))dt — VG (x(2))dr + Z)‘izi (tH)dr + \/Edwo(t),
i=1

dzi(t) = —a;z;(®)dt — Ljv(@®)dr + /2a; dW;(t), i=1,... k. (3.3)
Let £,,,,, be the generator associated with (3.3). That is for y > 0,
k

1
Loy @ = (020, V) + ;{avq), —yv = VU ) - VG(x) + Zm>
i=1

k k
14
+ WAU¢+21:(BZI¢, —a;zZi — Ajv) +X;aiAzi¢a (3.4
1= 1=
where ¢ = ¢(x, v, 21, ..., zx) € C?(R**24) Denote H
H(x,v, 21 zk)=U(x)—i—G()c)—i-lm|v|2—i-li|z|2 (3.5)
9 9 PR ] 2 2 1 . .

i=1
Note that £,, , ¢ can be written as

Lnyp=JVH Vo —0VH - -Vp+div(cVy), 3.6)
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where
o H VU((x) + VG(x) O0x @
dH mv 0y
VH = BZIH = <1 s V(p = 811(/) s
0, H 2k 05,0
o I 0---0 00 0---0
—I 0 Ap--- 05 0---0
J::l 0 =21 001 and o=0,:=|00 -0
myo. o ! Co
0 A 0 --- 0 00 0 - o

We notice that J is anti-symmetric while o is positive semi-definite. This formulation
will be more convenient in the subsequent computations. In particular, if ¢ is linear in
v and z then the last term in (3.6) vanishes.

Now, there are two cases to be considered depending on the value of the viscous
constant y, of which, the first case is when y > 0.

3.1.1 Positive Viscous Constanty > 0

In this case, we observe that system (3.3) is almost the same as the following single-
particle Langevin equation without the auxiliary memory variables

dx(t) = v(t)drt,

mdv(t) = —yv(0)dr — VU (x(0)dt — VG(x(1))dt + /2y dWp(1). (3.7)

Before discussing the Lyapunov construction for (3.3), it is illuminating to recapitulate
the heuristic argument for (3.7) from Herzog and Mattingly (2019), Lu and Mattingly
(2019, Mattingly et al. (2002). As a first ansatz, one can facilitate the Hamiltonian of
(3.7) given by

H(x,v) = %m|v|2 +U(x) + G(x).
Denoting by L the generator associated with (3.7), i.e.,
Lo = (3,0, v) + é(aup, —yv = VU(x) — VG(x)) + %Auw, 3.8)
a routine computation shows that

LH < —c|v|2 + D.
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While this is sufficient for the well-posedness of (3.7), it does not produce the dissipa-
tive effect on x when |x| — oo and |x| — 0, so as to establish geometric ergodicity.
In the absence of the singular potential G, one can exploit the trick in Mattingly et al.
(2002) by considering a perturbation of the form

I:I(x,v)—}—a(x,v), (3.9)

where ¢ is sufficiently small. Applying L to the above function while making use of
condition (2.3), it is not difficult to see that

L(H(x,v) +e(x,v) < —c(v> + Ux) +C.

On the other hand, in the work of Herzog and Mattingly (2019), the following function
was introduced

exp {b(H (x, v) + ¥ (x, v))},
where the perturbation v (x, v) satisfies
Ly (x,v) < ~C,
for a sufficiently large constant C. In order to construct ¥, it is crucial to determine the
leading order terms in £ when U (x) + G (x) is large while v is being fixed. Following

the idea previously presented in Herzog and Mattingly (2019, Section 3.2), in this
situation, £ is approximated by

L~A =-VUE® +Gx)-V,.
In turn, this suggests ¥ satisfies
Ay < —C.
A candidate for the above inequality is given by Herzog and Mattingly (2019)

(v, VU (x) + G(x)))
V(U (x) + Gx))|?

Y(x,v) x

We refer the reader to Herzog and Mattingly (2019) for the derivation of i in more
detail. While this choice of ¢ works well for Lennard—Jones and Riesz potentials,
it is not applicable to the class of log functions, of which, the Coulomb potential in
dimension d = 2 is a well-known example.

With regard to the specific instance of Coulomb potentials (2.8), in the work of Lu
and Mattingly (2019), the authors tackle the Lyapunov issue by employing the scaling
transformation
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for k« > 0. In dimension d = 2 (with G(x) = —log |x]), L asin (3.8) can be recast as

i 1 x y
E:v-Vx+—(—yv—VU(x)+—2)-Vv+—2Av
m [x] m

. 1 . . £
:KU~V);+—<—)/U—VU(K 1x)+KA—2>~V{,+L2Af,.
m | x| m
Recalling condition (2.1), since |VU (k ~'%)| ~ «~*|%|*
large, we observe that

, which is negligible as « is

=

LAKkDd-Ve+

— . V;, Kk — oo.
X2 "

3=

Likewise, in dimension d > 3 (with G(x) = |x|>~9),

~ 1 E
L=kb Vit —(—yi- vww%wzﬂ*‘#) Vo + Ly
m X m
2 d—1 )’(\:
~ —K — -V;, k— oo.
m %2

So, taking « to infinity (i.e., taking |x| — 0) indicates

U'Vx+ﬁ'vvv d=2,
ﬁ~vv, d > 3.

£~ ~ Ay = {
A typical choice of ¢ satisfying A>y < —C is given by

(x, v)

|x|

Together with (3.9), we deduce that a Lyapunov function V for (3.7) with Coulomb
potentials has the following form Lu and Mattingly (2019)

Y(x,v) <« —

7 (X,U)
Vo H(x,v)4+e1{x,v) — &

)

|x|

for some positive constants €1 and ¢; sufficiently small.
Turning back to (3.3) in the case y > 0, motivated by the above discussion, for
¢ > 0, we introduce the function V; given by

{x, v)
x|

Vi(x,v, 21, ... zk)=H(x,v,21,...,2) + me(x,v) — me (3.10)

where H is defined in (3.5). Since (3.3) only differs from (3.7) by the appearance of
the linear memory variables z;’s, it turns out that Vj is indeed a Lyapunov function
for (3.3). This is summarized in the following lemma.
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Lemma 3.3 Under Assumptions 2.1 and 2.3, let V| be defined as in (3.10). For each
y > 0and m > 0, there exists a positive constant € sufficiently small such that V| is
a Lyapunov function for (3.3).

Proof Letting L, ,, and H, respectively, be defined in (3.4) and (3.5), It6’s formula
yields

LyyH=—-0VH -VH+div(cVH)

a 1 d  dg
—ylvlz—ZaiIZilera-§y+§zlja,-. (3.11)
— iz
Similarly, we compute

k
Loy (m(x,v)) = mlv]* = y(x,v) = (VUX) + VG(x), x) + Y Ai(zi, x). (3.12)
i=1

To estimate the right-hand side above, we recall from condition (2.3) that
—(VU(x),x) < —az|x"*! +a5.
With regard to VG, condition (2.5) implies that

KVG ), x)| = —3— +ailx].

|x |ﬁ|

Concerning the cross terms (x, v) and (z;, x), for ¢ € (0, 1), we employ Cauchy—
Schwarz inequality to deduce

k k
—yelx.v) +e > Ailzix) < ye' Pl + &2 Azl + (k + y)ed x|
i=1 i=1

Together with (3.12), we find

k
Ly (emix,v)) < (em +ye' D + 2 221z 2 + (k + y)e¥ x|
i=1

— azelx "+ aze + e——— + eay|x], (3.13)

II’3

whence,

k
1
1/2.,12 1/2 12 3/20,.12
cm,y(5m<x,v>)sc(s ol +¢ ;m +e¥2x| +8|X|ﬂ._1+1>
iz
— are|x |, (3.14)
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for some positive constant C independent of ¢.
Turning to —(x, v)/|x|, it holds that

(x,v)
ﬁ’”<_ Y )

Pl n)P ) (VU@),x) | (VG@), x)
x| |x|? |x]| |x] x|

‘Z {zi, x) (3.15)
IXI

It is clear that

v]? |(x, v)[?

m
|x| |x[3

<0.

From condition (2.1), we readily have

W < VU <ar(+ x]).
Also, recalling (2.7),
(VG(x),x) a4 (VG(x)—{—mW,x) __ as
Xl xA x| =Tp et
<- 2&"‘/31 +C. (316

In the last estimate above, we subsumed |x|~#2 into —|x|~#! thanks to the fact that
B2 € [0, B1) by virtue of the condition (2.7). Altogether, we deduce that

k
<X,U> A ay
Em,)/(_mg ] < Csel|v|+ E |zi| + [x|* + 1 _SW

i=1

k
2012 2 02 A a4
5c<e > + ¢ ;Iz,l + e|x| +1)—82|x|ﬂ1. (3.17)

Now, we combine estimates (3.14) and (3.17) together with identities (3.10) and
(3.11) to infer

Ly Vi =Ly (H + me(x, v) —me OT’ r))
X

k
< —cvf? - CZ zi)? — celx! = 8m +C
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k
1
+C (e 2P+ 2N 5 4 e el + ey ),
|x|A1—1

i=1
for some positive constants ¢, C independent of ¢. By taking ¢ sufficiently small,
we observe that the positive non-constant terms on the above right-hand side are
dominated by the negative terms. In particular, since A > 1, g3/2 |x |2 can be subsumed
into —g|x|**!. As a consequence, we arrive at

k
LnyVi < —clo =Y |zl — celx"! — &

i=1

T +C. (3.18)

Since U and G are bounded by |x M x| =P, (3.18) produces the desired Lyapunov
property of Vj for (3.3). The proof is thus finished. O

3.1.2 Zero Viscous Constanty = 0

We now turn to the instance y = 0. In this case, since there is no viscous drag on
the right-hand side of the v-equation in (3.3), the function V| defined in (3.10) does
not produce the dissipation in v for large v. To circumnavigate this issue, we note that
the z;-equation in (3.3) still depends on v. So, we may exploit this fact to transfer
the dissipation from, say z; to v. More specifically, let us consider adding a small
perturbation to V; as follows:

Vi +me(v, z1).

Denote by £, o the generator associated with (3.3) when y = 0. That is, from (3.4),
we have

k
1
Lun,0p = (0xp, v) + —<8v§0, —VU(x) —VG(x) + Z)\iZi>
m i=1
k k
+ Y (0,0 —izi — L) + Y il (3.19)
i=1 i=1

Applying L, o to the cross term (v, z1), although £, o(v, z1) provides the required
dissipative effect in v, it also induces a cross product (VG (x), z1), which has the order
of |z1]|/|x|P" by virtue of condition (2.5). That is

|z1]

Lo, z1) < —clv]? + —.
|x|/31

(3.20)

How to annihilate the effect caused by this extra term is the main difficulty that we
face in the case y = 0.
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To circumvent the issue, from the proof of Lemma 3.3, particularly the estimate
(3.17), we see that

nol = 557)

where ¢(x, v, 21, ..., zk) consists of lower-order terms. This suggests that we look
for a perturbation of the form

+ox,v, 21, ..., 2),

{x, v)

Y(x, v, z1),

|x]
where i satisfies
¥ >clz1l, and [Lmo¥] = O(v| + |z]). (3.21)

From (3.20) and (3.21), the terms |z;|/|x|?" and O(Jv| + |z|) suggest that the issue
is where |v|, |z| are large and |x| is small. To derive v, it is important to understand
the dynamics in £, ¢ in this “bad region". So, we introduce the following scaling
transformation

(,v,z1, .0 zk) = (KX, k0, k21, K20, .o KZR),
for some positive constant ¢ > 1. Recalling £,, o as in (3.19), under this scaling, we
find that

k
Lmo=v-Vy+ l( —VU®x) — VG(x) + Zm,) -V,
m

i=1

k k

+Z(—a,~zi —Aiv) -V, ‘*‘ZaiAﬁ

i=1 i=1

k
1
= k5. v, + E( — VUK %) — VG %) + « Zmi) - V;
i=1

(—aié,- —)»iﬁ) . Vgi +K_220fiA2,--

k k
=1 i=1

+

i
Recalling condition (2.1) and condition (2.5), suppose heuristically that
—VU K%)= VG T%) ~ —k VU (%) — k“PVG (%),
implying,
k
Lo~ ko Ve k™ IVUR) -V =k PTIVG@E) Vi + ) 8-V
i=1
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k k
=Y G+ D)V kY A
i—1 i=1
Observe that
Lo~ k0. Ve —kP1=IVG(R) -V, k= 0.

In other words, when « is large, the dominant balance of terms in the above
transformation is contained in

Ao =0V —VG(x) - V,.

Together with the requirement (3.21), a typical choice for ¥ is given by

Y = Jailzi2 + imv|? + G(x) + U (x) + az,

for some positive constants aj, a> to be chosen later. In the above, we note that the
appearance of U (x) is to ensure the expression under the square root is positive. In
summary, the candidate Lyapunov function for (3.3) looks like

(x,v)
Vi 4+ me(v, z1) — me

V.

x|

In Lemma 3.4, we will see that by picking ay, a> carefully, we will achieve the Lya-
punov effect for (3.3). We finish this discussion by introducing the following function
V> defined fore € (0,1), R > 1,

Va(x, v, 21,00 2)

=H(x,v.21.. ... 2) + eRm(x, v) + eR2m (v, 21) — em <x|’ r> JOr (322
X

where
Or = R*|z1* + m|v]> 42U (x) + 2G(x) + R. (3.23)

Lemma 3.4 Under Assumptions 2.1 and 2.3, let V> be defined as in (3.22). Fory =0
and every m > 0, there exist positive constants € small and R large enough such that
Vi is a Lyapunov function for (3.3).

Proof Firstly, we note that when y = 0, by virtue of Assumption 2.1, A = 1. From
the estimate (3.13), we immediately obtain

k
1
2, 12 2, 3/2002
ﬁm,o(eRm<x,v>)SCR<e|v| te '§l|z,| + PP e +1>
i=
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— areR|x|%.

Also, (3.11) is reduced to

k k
d
Em,OH = _Z;ai|2i|2 + E Z;O{i.
1= 1=

As a consequence, we obtain

k
1
2 1/2 02 4 23/2)02
cm,o(H+sRm<x,u>)§CR(a|u| +e2 3 5P + 32| oA +1)

i=1
k PR
— weR|x|? — Zai|z,»|2 +3 Zai.
i=1 i=1
By taking ¢ sufficiently small, it follows that

Em,o(H + me({x, v))
k

1
< —ceR|x|* —c Y |zi|* + CeRm|v|* + CeR—— + CR, (3.24)
i=1 |x|ﬁ1_

for some positive constants ¢, C independent of ¢ and R.
Next, we consider the cross term (v, z1) on the right-hand side of (3.22). Itd’s
formula yields (recalling y = 0)

Lno(em(v, z1))

k
— —e(VU(X) + VG z1) + 6 Y hilzi 1) — saim(v, 1) — Aem|ul. (3.25)

i=1
We invoke condition (2.1) with Cauchy—Schwarz inequality to infer
—e(VU @), 21) < sar(1 + [xDlzi| < are? )’ + are!? |21 + arelzi .
Similarly,
k k
& Zki (zi,z1) —eaym{v,z1) <& ZA?|zi|2+5k|Z1 1> + sl/za%mm >+ 2mv|?.
i=l i=1

Concerning the cross term (VG (x), z1), recall from (2.5) that

VG| < L 44,
|x|/31
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As a consequence,

|z1] |z1]

1 2 2
—&(VG(x),z1) < MIW +eaylz1] < 8611W + 58(|Z1| + ay).

Altogether, we deduce that the bound

Lino(R*em(v, 21))
k
< —M€R2m|v|2+C8R2%+ Ce¥ R (Ju + |xPP)+Ce' PR Y |z P+ Ce R,
X
i=1

(3.26)
holds for some positive constant C independent of R and ¢.

Turning to the last term on the right-hand side of (3.22), a routine calculation
together with (3.15) gives

|x]
:S(_m|v|2|x|2 _3|<x,v)|2 L (VU@ - Sk Az, x) N (VG(x),x))@
|x] |x] x|
g0 @2 M) | pe (0) a4 R, 21)
x| VOr x| VOr
1 (no) 1 R®|z)|?
HERGR RV i Gy
=hLh—-—DLh+ L+ 14 (3.27)

Concerning I4, we recall from (3.23) that
Or = ROz1 1> + m|vl?, (3.28)
whence
1 6
14. < EOK]ER dﬁ

With regard to 1, we invoke conditions (2.1) and (2.4) to see that

1
Or < ROz11? + m|v|? +a1<1 + x]? + L + |x|) + R%.

Asa consequence,

VU @) — Y5 vz, k
e< () = > iog hiz x>@5g[al(l—l—lxl)—i-zmlzz‘l]@

|X| i=1
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IA

k 2
1 1
58[01(1+|x|)+zki|2i|:| +§€QR

IA

1
C8<R6Z|Zl| + vl + |x|? +| B +R2>.

i=1

On the other hand, estimate (3.16) implies the bound

8<VG(X)’X>@§5(— aq +C>@

|x| 2)x|P1
a4 1
=ty A Or+Cey/QOr

R3|z1| + 1
§—csL+C8(R6|z1I TP P —— +R2).
I I

It follows that

R3zi| + R

1
6§ 2

A

With regard to I; on the right-hand side of (3.27), since Qg > m|v|?, we find

—12=—8m<x|;cr>-< ’Z‘_QlRA’Z’ <ef|v|Zk|z,|<c8<|v| +;|z, )

Turning to I3, we estimate as follows:

(x,v) [failzil® v, z1)
Iz =eR%m ( + )
PN \Vor T Vox

< eR’mv| - ay|z1| + eRO/m|v| - 11z
< Ce(|v)* + R|z1 %),

where in the first inequality we have used v/ Qg > R3|z1| (which follows from (3.28))
and /Qr > /m|v|. Now, we collect the estimateson I, j = 1, ..., 4, together with
expression (3.27) to infer (recalling ¢ < 1 < R)

toof(-en )

R¥z1| + R k 1
< —ce% + Ce(R‘2 Dol + P+ 1 + At R6>
i=1
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k

R3|zi|+ R

< —ce% +C8<R122|Zi|2+ ol* + |x|2—|—R6). (3.29)
i=l

In the last implication above, we subsumed Ce|x|~#! into —ceR|x|~#1, by taking R
large enough.

Turning back to V; given by (3.22), we combine (3.24), (3.26) and (3.29) to arrive
at the estimate

k
LinoVa < —ceRlx> —c ) |zil* + CeRv|* + CeR——
i=1

1
[Pim T +CR

k
— ceR*v? + CeRz% +Ce 2R (Jv? + |x?) + Ce' PR D |z
X
i=1
+CeR?
k

R|zi| + R
~ ca% + Cs(Rlz Dtz vl + x4+ R‘)),
i=1

ie.,

k
LynoVa < —(ceR*—CeR — Ce¥*R* — Ce)|v|*—(c—Ce'*R* — CeR'*) Y " |z
i=1

z
(csR3— ceR? 21l

1
_ _C32R2 _
(ceR—Ce’’“R Cs)lxl caR| B X |ﬂ1

1
+C8R| e +CR+C8R6.

Since ¢, C are independent of ¢ and R, we may take R sufficiently large and then shrink
¢ to zero while making use of the fact that W’% can be subsumed into |x|2 + |x|P1.

It follows that

k
LmoVa < —ceR?*v|)? — CZ 1zi|?> — ceR|x|> — ceR
i=1

1
FIZ +CeRS.  (3.30)

This produces the Lyapunov property of V, for (3.3) in the case y = 0, thereby
finishing the proof. O

3.2 N-particle GLEs

We now turn our attention to the full system (1.5) and construct Lyapunov functions
for (1.5) based on the discussion of the single-particle GLE in Sect.3.1.

We start with the case ¥y > 0 and observe that there is a natural generalization
of the function V; defined in (3.10) to an arbitrary number of particles N > 2 in an
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arbitrary number of dimensions d > 1. More specifically, for ¢ > 0, we introduce the
following function Vl\l, given by

1
VN(X7V9Z17'~'3ZN)
N

= Hy(X,V,Z1,...,2ZN) + em(X, V) — em Z(vi, Z Lx]|> (3.31)

X — X
i=1 i lxi J

where Hy is the Hamiltonian as in (1.6). In Lemma 3.5, stated and proven next, we
assert that one may pick ¢ sufficiently small to ensure the Lyapunov property of Vj\ll.

Lemma 3.5 Under Assumptions 2.1 and 2.3, let VAI, be the function defined as (3.31).
Forally > 0and m > 0, there exists a positive constant € sufficiently small such that
VI{, is a Lyapunov function for (1.5).

Proof We first consider the Hamiltonian Hy given by (1.6). Applying L’,},\{m as in
(2.14) to Hy gives

N ki N ki
1 1 1 1
— 2 _ ol 12 — )
N =—7Vl ZZa,,uz,,u + o -yNd+ 3 ZZW. (3.32)
i=1¢=1 i=1t=1
Next, a routine calculation on the cross term (x, v) gives
N ki
Ly (emix,v)) = em|v]> — ey (x,v) + ¢ Z<xi, ZZM>
i=1 =1
N
Zx,,vwx, e Y (xi—x;. VG — x))).

1<i<j<N
(3.33)

Recalling (2.3), we readily have
N
=Y i, VU () < —ay Z i+ Nas.

i=1 i=1

Also, from (2.5), it holds that

1
- Y —x/,VG(x,—x,)><al<N2+ > W)

1<i<j<N 1<i<j<N
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Concerning the other cross terms on the right-hand side of (3.33) we invoke Cauchy—
Schwarz inequality to infer

N ki N

xio 3o zie) = C (VR 423 (2P + 1)

i=1 (=1 i=1

:
=
bol
=
+
™
3
—_—

for some positive constant C independent of €. We now collect the above estimates
together with expression (3.33) to obtain

1
LY (emix, v)) <C< 12|y 2 +al/22|z| + e xPre Y W>
i=1 1<i<j<N J

N
—ae Y |t 4 C. (3.34)
i=1

Next, we turn to the last term on the right-hand side of (3.31). A routine calculation
produces

ﬁﬁ,y<—mz<’”’ Zﬁ»

2 2
) lvi — ) 3 [(vi —vj, xi —x;)]
- —m i J +m i ER . J
i —Xj lxi — x|

I<i<j<N 1<i<j<N

+y Z (vi —vj,x; — XJ)+ Z (VU (x;) — VU (x)), xi — xj)

I<i<j=N i = xj] 1<i<j<N Ixi = xjl
N
+Z<Z — | ZVG(XZ XZ)> Z<Z| :x Z)ulgzlg>
T ez i=1 Xi = Xjl

(3.35)

We proceed to estimate the above right-hand side while making use of Cauchy-
Schwarz inequality. It is clear that

2 2
lvi = )| (v — ), x; — %)
—m ), e rm ), e <0,

xi — x;

which is negligible. Also,

y Z (vi —vj, x;i — x;) _i<z

l<i<j<N i = xj =1\ j#i i

_x] Z)\ i Z>
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<)/(N—1)Z|Uz|+(N—1)ZZ?we|Z,z|

i=1¢=1

Concerning the cross terms involving VU, we invoke condition (2.1) and obtain

Z (VU(xi) = VU(x)), xi — xj) < (N — l)al(N + Z |xl|)»)

l<i<j<N xi = xj] i=1

With regard to the cross terms involving VG, we recast them as follows:

(T Dvow -] - a LT E 2 Tt )

=l A CAi lxi = x; 0£i
N —
P i Evet o
VES Xi ul C#£Q

bag—
ag———F— ).
|lxi — xg|P1H1

In view of Lemma A.1, we readily have

Xi—X 1
—a4z<z L) s e Y

" L I<i<j<N

On the other hand, condition (2.7) implies the bound

N
>(3 EE SVG —  +as )

=1\ ji i = xjl t£i
Xi — X¢
< (N — 1)22 ‘VG(X[ —XE) +a4w’
i=1 C#£i
as
<N - 1)[2 > —/32+N(N—1)a6:|.
1<icten Xi =Xl

In the above, a4, a5 and ag are the constants as in condition (2.7). Since 8, € [0, B1),
we observe that |x; — x¢|#2 can be subsumed into —|x; — x¢| #1. It follows that

N
— EVG(xl—x£)> —ay Y ;ﬂjtc. (3.36)
lxi — x|F1

(T a

X
i=1 ,;éz" X 0£i l<i<j<N !

@ Springer



Journal of Nonlinear Science (2024) 34:62 Page310f63 62

From the identity (3.35), we infer the estimate

ey (D 2 =)
i=1 i 1
<—as Yy ——— +Ce<1+2|v,|+2|xl| +ZZ|Z;E|)
1<i<]<N| '_x/| i=1 e=1

(3.37)

Now, we collect (3.32), (3.34), (3.35) together with the expression (3.31) of VI%,
and deduce

my V< —vIVE = ZZa,uz,u —azeZ|x|”1

i=1¢=1

1
— — 4+ C
ase Z v — leﬁl +

N
1
1721012 4 172 02 4 23/212 _
re(eni e St e ¥ L)

i=1 1<i<j<N

+C8<2|vl|+Z|x,|A+ZZ|z,z|) (3.38)

i=1{=1

In the above, we emphasize that C is a positive constant independent of ¢. Finally, by
taking ¢ sufficiently small, we may infer

o m:—(mwuzzmm +azezw+l

i=1{=1

1
— |+ C.
+ ase Z |x,-—x,-|ﬁ1>

This produces the desired Lyapunov property of VAI, for system (1.5)inthe case y > O,
as claimed. O

Turning to the case y = 0, analogous to the function V; defined in (3.22) for the

single-particle system (3.3), for ¢ € (0, 1) and R > 1, we introduce the function VAZI
given by

N
VR, V.21, ...,zy) = Hy(X,V,Z1, ..., Zy) + eRm(x, V) + eR*m Z(Uia Zi,1)
i=1
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_8<Zm<v"’ 2 :Z|>)V Ok 39

where

ON (. V.21, ... zN>—R62|zll| +mv|? +2ZU<x,

i=1
+2 Z G(xi —x;) + R*. (3.40)

1<i<j<N
In Lemma 3.6, we prove that VZ\ZJ is indeed a Lyapunov function for (1.5) in the case
y =0.

Lemma 3.6 Under Assumptions 2.1 and 2.3, let VAZ, be the function defined in (3.39).
In the case y = 0, for every m > 0, there exist positive constants € small and R large
enough such that VAZ, is a Lyapunov function for (1.5).

Proof We first consider the Hamiltonian Hy as in (1.6). Since y = 0, the identity
(3.32) is reduced to

N Kk N ki

LhoHy ==Y Y aiclziel + 5 ZZ%( (3.41)

i=1t=1 11131

With regard to the cross term (x, v), we note that since y = 0, by virtue of Assump-
tion 2.1, A = 1. We employ an argument similarly to that of the estimate (3.34) and
obtain the bound

N
L) o(eRm(x,v)) < —azeR|x|* + CR<a|v|2 +&l/? Z 1zi | + &3/ |x)> + 1)
i=1

+ CeR Z — |ﬁ1 . (3.42)
1<z<]<N *J

In the above, C is a positive constant independent of € and R.
Concerning the cross terms (v;, z;,1), i = 1,..., N, on the right-hand side of
(3.39), applying It6’s formula gives

ki
E,An’,o(mw,-, zin)) = < - VU () — Z VG (x; — xj), Zi,l> + Zki,z(zz‘,e, Zi,1)
J#L =

— o m(vi, zi1) — Aamlvi|.
From the condition (2.1) (A = 1), we have

—e(VU(x1), zi.1) < are(|x| + Dlzi 1| < C&*xi1* + &'z 112 + ).
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In the last estimate above, we employed Cauchy—Schwarz inequality. Likewise,

ki
121, 12 3/21. 12
EZ)»[,@(Z;,Z,ZM) —ea;im(vi, zi1) < Ce'2|z;* + Ce3 | 2.
=1

Also, condition (2.5) implies

N N
1
_E <E VG(X,'—X/'),Z[,1>§(11§ |Zi,1|<2 E m-FNZ)
i=1 P

i=1 Y ji 1<i<j<N

N
1
<C El |zi 1l E m
i=

I<i<j<N
N
+C Z zi|* + C.
i=1

It follows that fore € (0, 1) and R > 1,

N N
EZ’O(SRzm Z(vi, Zi,l)) < —eR’m Z Aialvil?
i=1 i=1

N
+CR? <s3/2(|x|2 VA +e!2 Y 1zl + e)

i=1

N N
1
2 . 2
+ CeR < E |z | E o —leﬁl + El |z; |~ + 1>. (3.43)
1=

i=1 1<i<j<N

In the above, we emphasize again that the positive constant C does not depend on &
and R.
Next, we consider the last term on the right-hand side of (3.39). Observe that

N

Z<v,‘,z x,'—xj>= Z (vi—v‘j,x,-—xj).

i=1 i lxi = x; I<i<j<N lxi = xj

So,
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Cem Z (vi —vj,x —x ,) /ol
J
=1+ L. (3.44)

Concerning /1, from the estimate (3.37) (with A = 1), we have

B N M X
I = Q%‘C’m,0< Z <U“Z|xl—xj|>>

J#i
< —ase,JON Y +C8<1+|V|+|X|+ZZIZ,ZI)\/
l<l</<N i=1 (=1

Recalling Q% given by (3.40)

N N
ON =R lziaP+mv>+2) U +2 Y G —xj) + R,
it is clear that

N

N 1/2
Vor = <R6ZIZi,1I2+R2) >R’ |zial +cR,

i=1 i=1
whence

_048@ Z _xj|/31 =

1<z<]<N

1

_CSR3Z|211| Z w
Xi J

1<i<j<N
1
xi — x; [Pt

On the other hand, in view of conditions (2.1) and (2.4), it holds that
N 1 1/2
N 3 )
V @k = C(R lel,n +V/mlv| + x| +< Z o _xﬂﬁl) +R>.
i=1 1<i<j<N
It follows that
N ki
e(l FIV I+ D |Zi,e|>\/Q]1\e/
i=1¢=1
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1
<c8<R6§ Nzl + VP P+ D TW+R2>.
J

1<i<j<N

As a consequence,

N ki
—aseJo) Y P +Ce<1+|v|+|x|+22|zi,el)@

I <
1<l<J<N i=1 (=1
1
_ 3 )
< —ceR Dz,,u 2 o ok 3 o
i=1 I<i<j<N 1<l<]<N
al 1
+CS<R62|Z,-|2+|v|2+|x|2+ > —ﬁ+R2), (3.45)
— — lxi = xj|”
i= 1<i<j<N

holds for some positive constants ¢, C independent of € and R.
With regard to /> on the right-hand side of (3.44), Itd’s formula yields the identity

N

ﬁn]\f,o@ = \/]Q> Z |:< Z?w 124 z> R6Oti,1|Zi,1|2 - RG(Zi,e, ;)

R i=1
Lo 1d 1 . L2
+ 501 —@az,lkz,ﬂ .
Since
N
YU+ Y, Gli—x)=0,
i=1 I<i<j<N
we deduce the bound

N
|L Q | C 6|V|Zl 1|Zl|+Zl 1|Zl| +1 R6<Z|Zl|+1)
" (RO 22 + V> + D12 Py

It follows that I, satisfies

1<i<j<N
N
<Ce Y | —vj|R6<Z|z,|+1)
1<i<j<N i=1

N
< CeR62|vi|(Z|z,-|+1),
i=1 i=1
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whence

N
L < C8<|v|2 +RZY jzif + R12>. (3.46)

i=1

Now, we collect (3.45), (3.46) together with (3.44) to arrive at the bound

MR
#
1
_CER3Z|ZII| Z = —ceR Z —leﬂl

1<i<j<N 1<l<]<N

1
6 2 2 2 2
+Ce(R Z|zl| FIVP+ P+ Y Py +R>

i—1 l<i<j<N

N

i=1

whence
N Xj — X
LZO<—8Zm<vi,Z l l>> Qll\g])
— — | X _x/|
i=1 JFEi
N 1
_.p3
< —ceR Z|Zzl| Z |x-—x]|ﬂ1 —ceR Z -—x1|/31
1<i<j<N 1<i<j<N
1
12 2 2 2 12
+Ce(R Z|z,| + V2 + x> + Z [ +R ) (3.47)
i=1 1<i<j<N

In the above, we emphasize that ¢, C are independent of ¢ and R.
Turning back to V1\2/ given by (3.39), from the estimates (3.41), (3.42), (3.43) and
(3.47), we obtain

Ly Va < -+ 14,

where

l
aielzi o] — axeRIx|? —stmlenvl
i=1 (=1
N
—C8R3Z|Zzl| Z —ceR Z
|xi—

P — X /31
1<i<j<N l<t</<N jl
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and

N ki N
1 1
= § : § o+ c1e<e|v|2 +el/? § |zi)? + &3 )x > + 1)
i=1 {=1

i=1

N N
1
+CsR2<§ zial Y m+§:|m2+1>
i=1

i=1 I<i<j<N
N
2( 3/2/1412 2 1/2 12
+C6Rl ZN —leﬂ‘ —————— +CR (s (X1 + [v*) +e ;‘lz,l +s)
<[</< 1=

1
2 P 2 2 o 12
+C€<R E |2i |7 + V" + [X|” + Z i — x;|P1 TR >

i=1 1<i<j<N

Since the constants ¢, C are independent of &, R, we may infer

N
Ly oV < —c Y _lzl* = ceRIx|* — ce R*|v|?
i=1

1
_08R3Z|Zzl| Z P [ —ceR Z —leﬁl

1<i<j<N 1<l<]<N
N
+ CeR(1 + Re?)|v> + Ce(1 + R*e'/?)x)? 4+ Ce'/?R"? Z |zi |
i=1

N
+CeR?Y lzial Y. o j|ﬁl+C8 Y ———+CR2

i — X |/31
i=1 1<i<j<N l<l</<N J

Now, by first taking R sufficiently large and then shrinking & small enough, we observe
that all the positive (non-constant) terms on the above right-hand side are dominated
by the negative terms. That is, the following holds

1
‘Cm() —chz,l —cfs:R|X|2 —C8R2|V|2—CER Z —,31 + CR".
i=1 1<z<]<N| _xj|

This produces the desired Lyapunov property of V]%, for (1.5) in the case y = 0. The
proof is thus finished. O

3.3 Proof of Theorem 2.8
The proof of Theorem 2.8 is based on the Lyapunov functions constructed in Sect. 3.2
and a local minorization, cf. Definition 3.2, on the transition probabilities P;" (X, -).

The latter property is summarized in the following auxiliary result.
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Lemma 3.7 Under Assumption 2.1 and Assumption 2.3, system (1.5) satisfies the
minorization condition as in Definition 3.2.

The proof of Lemma 3.7 is relatively standard and can be found in literature for the
Langevin dynamics (Herzog and Mattingly 2019; Ottobre and Pavliotis 2011). For the
sake of completeness, we briefly sketch the argument without going into details.

Sketch of the proof of Lemma 3.7 First of all, by verifying a Hormander’s condition, see
Ottobre and Pavliotis (2011, page 1639), we note that the operator 9; + E,,A{J, (y =0
is hypoelliptic (Hérmander 1967). This implies that the transition probabilities P/"
has a smooth density in X. Furthermore, we may adapt the proof of Herzog and
Mattingly (2019, Proposition 2.5) to study the control problem for (1.5). In particular,
by the Stroock-Varadhan support Theorem, it can be shown that P}’ (X, A) > 0 for
t > 0, X € Xand every open set A C X. We then employ the same argument as those
in Herzog and Mattingly (2019,Corollary 5.12) and Mattingly et al. (2002, Lemma
2.3) to conclude the inequality (3.2), thereby concluding the minorization. O

We are now in a position to conclude Theorem 2.8. The proof employs the weak-
Harris theorem proved in (Hairer and Mattingly 2011, Theorem 1.2).

Proof of Theorem 2.8 First of all, it is clear that 7 defined in (1.7) is an invariant
measure for (1.5). Next, we observe that from Lemma 3.5 and Lemma 3.6, the functions
le, and VAZI, respectively, defined in (3.31) and (3.39) are Lyapunov functions for (1.5)
inthecasey > Oand y = 0. It follows that Hairer and Mattingly (2011, Assumption 1)
holds. On the other hand, Lemma 3.7 verifies Hairer and Mattingly (2011, Assumption
2). In view of Hairer and Mattingly (2011, Theorem 1.2), we conclude the uniqueness
of mx as well as the exponential convergent rate (2.16). O

4 Small-Mass Limit

We turn to the topic of the small-mass limit for (1.5). In Sect. 4.1, we provide a heuristic
argument on how we derive the limiting system (1.10) as m — 0. We also outline the
main steps of the proof of Theorem 2.10 in this section. In Sect. 4.2, we prove a partial
result on the small-mass limit assuming the nonlinearities are globally Lipschitz. In
Sect.4.3, we establish useful moment estimates on the limiting system (1.10). Lastly,
in Sect. 4.4, we establish Theorem 2.10 while making use of the auxiliary results from
Sect.4.2 and Sect. 4.3.

4.1 Heuristic Argument for the Limiting System (1.10)

In this subsection, we provide a heuristic argument detailing how we derive the limiting
system (1.10) as well as its initial conditions from the original system (1.5). The
argument draws upon recent works in Herzog et al. (2016), Nguyen (2018) where
similar issues were dealt with in the absence of singular potentials. We formally set
m = 0 on the left-hand side of the v; —equation in (1.5) while substituting the v; ()
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term on the right-hand side by dx; (¢) to obtain

ki
ydy (1) = [ — VUG 0) — Y VG0 —x;(1) + Y )Li,lZi,E(f):|dl
i =1

+ /2y dWo(1).

Next, considering the z; y—equation in (1.5), by Duhamel’s formula, z; ¢(¢) may be
written as:

t t

Zi0(t) = e, (0) — Aj g f e~y (1 dr 4201 ¢ / e~ AW, 4(r).
0 0

(4.1)

We note that the above expression still depends on v; (¢). Nevertheless, this can be
circumvented by employing an integration by parts as follows:

t

t
[ ety (r)dr = x; (1) — e % x; (0) + O[,‘,g/ et =0 i (r)dr.
0 0

Alternatively, we note that the above identity can be derived by applying Itd’s formula
to e%:¢! x; (¢). Plugging back into (4.1), we find

t
Zio(t) = e % (z; ¢ (0) + A ¢x; (0)) — A oxi (1) — Xi,eai,ff et x; (r)dr
0

t
+ V2a; ¢ f e~ =AW, o (r), 4.2)
0
whence
t
2.0 (8) + A oxi (1) = €44 (23.0(0) + A ox1(0)) — Ap ety / e~ x; (r)dr
0
t
+\/2ai,g‘/ et AW, o (r).
0

Setting f; ¢(t):=z; ¢(t) + A; ¢xi (1), we observe that (using Duhamel’s formula again)

dfie(t) = =i o fi o) + Ai gt g x;(0)dt + /204 odW; (1), £=1,...,k;,
fi,0(0) = z; ¢(0) 4+ A; ¢x; (0).

This together with setting g; (¢):=x; (¢) deduces the limiting system (1.10) as well as
the corresponding shifted initial conditions as in Theorem 2.10.

Next, for the reader’s convenience, we summarize the idea of the proof of Theorem
2.10. The argument essentially consists of three steps as follows (Herzog et al. 2016;
Lim and Wehr 2019; Lim et al. 2020).
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Step 1: We first truncate the nonlinear potentials in (1.5) and (1.10) obtaining a trun-
cated system whose coefficients are globally Lipschitz, and establish a convergence
in probability in the small mass limit. This result appears in Proposition 4.1 found in
Sect.4.2.

Step 2: Next, we establish an exponential moment bound on any finite-time window
for the limiting system (1.10). This is discussed in details in Sect. 4.3, cf. Lemma 4.3.

Step 3: We prove Theorem 2.10 by removing the Lipschitz constraint from
Proposition 4.1 while making use of the energy estimates in Lemma 4.3.

4.2 Truncating (1.5) and (1.10)

For R > 2, let O : [0, 00) — R be a smooth function satisfying

1, 0<t <R,
Or(t) = §decreasing, R<t<R+1, 4.3)
0, t>R+1.

With the above cut-off 6z, we consider a truncating version of (1.5) given by

dx;(t) = v;(¢)de, i=1,...,N,
mdv; (1) = —yvi ()t — Og(1x; (D) VU (x; (£))dr + /2y dW; o(1)

ki
= D Or(Ixi() = x;OIT) VG (xi (1) = x;(0)de + ) Aiezie (1),
j#i =1
dzio(t) = =0 ozi (DAt — di v ()dt + 205 0 AW o (1), €=1,...,k;, (4.4)

as well as the following truncated version of (1.10)

ydg; (1) = —0r(Iq:i (HNVU (g (1))dt — Z9R(|qz'(t) —q;OI"YVG(qi(t)—q;(1)dt
JA
ki ki
= >0 ai0de + Y di g fi (O + /2y AW (1),
i=1 =1
dfi o(t) = —ai o fio () + Mg i o qi ()t + 205 (dW; (1), €=1,... ki,
qi(0) = x;(0),  fie(0) = zi ¢(0) + A; ¢x; (0). 4.5)

We now show that system (4.4) can be approximated by (4.5) on any finite-time
window in the small-mass regime.

Proposition 4.1 Under Assumptions 2.1 and 2.3, given any initial condition (x(0),
v(0), 21(0),..., zn(0)) € X and R > 2, let (xR (1), vR (1), z§,,(0),..., 2§ (1)) and
(qR(t), flR 1),..., fll\e,(t)) respectively solve (4.4) and (4.5). Then, for every T > 0,
the following holds
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IE[ sup xR ) —qR(t)|4:| <m-C, as m— 0, (4.6)
T

0<t<

for some positive constant C = C (T, R) independent of m.

In order to establish Proposition 4.1, it is crucial to derive useful moment bounds
on the velocity process vR (¢). More precisely, we have the following result.

Lemma 4.2 Under Assumptions 2.1 and 2.3, given any initial condition (x(0), v(0),
21(0),..., zy(0)) € X and R > 2, let (xR (@), vR(0), z,(®),..., z}§ . (1)) be the
solution of (4.4). Then, for every T > 0, n > 1 and ¢ > 0, it holds that

m"E[ sup |v,§(t)|"] <mi*C, as m— 0, “.7

0<t<T

for some positive constant C = C(T, n, R, ¢) independent of m.

For the sake of clarity, the proof of Lemma 4.2 will be deferred to the end of this
subsection. In what follows, we will assume Lemma 4.2 holds and prove Proposition
4.1. The argument is adapted from the proof of (Nguyen 2018, Proposition 9) tailored
to our settings.

Proof of Proposition 4.1 From the (x;, v;)—equations in (4.4), we find

mdvR(t) + ydxR (1) = —0r xR () VU xR (1))dr + /2y dW; (1)
=Y 0r(1xF @) = xFOIT) VG (xf () — xR (0))de
J#

ki
+ Z/\i,ngl(t)dt.
=1

Substituting zf (2) by the expression (4.2) into the above equation produces

mdviR @)+ ydxl-R (1)
= —0r(x (ODVU (f (1))de
+ 2y dWio(t) = D 0r(1xf () — xR OITYVG (xF (1) — xR (o)) dr
J#i
ki

+ ke 21,0 (0) + A exi (0)]
=1

ki
- <ZA,-2’€)xiR(t)
=1
ki .
_Z)\,%’Zai,['/\ et U= xR pydy
=1 0
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ki ‘
+Z,\,~,gw/za,~,£/ et U=NqW; o (rydr. (4.8)
0
=1

Similarly, from the f; ;—equation of system (4.5), we have

fi{eé(t):eiai’el(Zi,i(o)‘i‘)\ilxi(o))_)\i,liai,Z/ e it R (rydr
0
t
4B [ AW, 0,
0

Plugging into g; —equation of (4.5) yields

ydg (1)
= —0r(Ig/ ODVU (g (1))dt
+ 2y dWiot = Y 0r(laf ) — g F 17 VG (g (1) — ¢ F (1))ds
J#L
ki

+Z)" e O"U[Z,e(o)‘l')\t le(O) (Zk )qiR(t)

=1

ki .
—Z)»%,eai,z/ e et xR rydr
(=1 0
ki .
+Zki,eJM/ et U= AW; (o (r)dr. (4.9)
0
=1

Setting JEI.R = xiR — qiR, we subtract (4.9) from (4.8) to obtain the identity

mdvf (1) + ydif () = =[6rUxFODVU G 0) = 0r(laf ODVU @R ) |

-y [GR(|xiR(t) —xFOITYVG(xf 1) —xF 1)
j#i

—0r(lgf®) = af OI)VG(af 0 - gF o) |ar

ki ki t
- (Zxﬁ,z))zf(t) - Z/\ieai,l/ e~ R (1)
0
=1 =1

(4.10)

By the choice of 6g as in (4.3) and conditions (2.2) and (2.6), we invoke the mean
value theorem to infer

10r (1x)VU (x) — Or(IyDVU )| < Clx — y|, x,y € RY,
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and
Or(IXI7)VG(x) — 0r(Iy ") VGO < Clx — yI, x,y € R\ {0},

for some positive constant C = C(R). From (4.10), we arrive at the a.s. bound
;N
0" < emf ) —vO)" +C / Do IEf e,
(it
whence
¢ N
KEOI" < Cm" VR @) —vO)" +C / Y IKR@rdr.
0 7
j=1

Gronwall’s inequality implies that

E sup XR@)|" < Cm"E sup |vR(@) — v(0)|".
t€(0,T] te[0,T]

Setting n = 4, by virtue of Lemma 4.2, this produces the small-mass limit (4.6), as
claimed. o

We now turn to the proof of Lemma 4.2.

Proof of Lemma 4.2 From the v; —equation in (4.4), variation constant formula yields
_r P v
muf (t) = me™n'v; (0) — f e R (xR (VU (R (r))dr
0

t
—/ em 3" I:OR(|xiR(r) —xFMITVG S o) —xf(r))]dr
0 i#i

ki ' '
+in,@/ e—%”—’)z{fz(r)err,/zy/ e~ AW, o(r). (4.11)
0 0
=1

With regard to the integral involving z; ¢, since ziR ¢ satisfies the third equation in (4.4),
we have

1 t
() = e_a["tzi,z(o)—)»i,e/ e~ (r)dr + \/2Oti,zf e AW, o (r).
0 0
Plugging back into (4.11), we obtain the identity
R L "y R R
muR(t) = me™n'v; (0) —/ e o (xR H)VU R ) dr
0
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_/ DY [or(1xk @) = B O VG ) — o |ar

0 J#

ki i
+Z)~i,€/ e mITDe N 5 (O)dr
=1 0
ki t y r
_Z)‘iz,z/ e_ﬁ(t_’)/ e_“’*“(r_s)viR(s)dsdr
= 0 0
ki t y r
+in,5,/zai,£/ e—m<’—r)/ et =AW, 4 (s)dr
0 0
=1
t
Y (-
+\/2)// e m AW, o(r)
0

—me ' v;(0) =i — b+ Iz — I + Is + . (4.12)

Concerning /1, we invoke condition (2.1) while making use of the choice of ¢ as in
(4.3) to obtain

t
|| < C/ e wdr = mC,
0

for some positive constant C = C(R) independent of m. Likewise, we employ
condition (2.5) to infer

t
|| < C/ e dr = mC.
0

Similarly, it is clear that
ki
1] <m Y hielzi ().
=1
Concerning 14, observe that

ki t t t
4] < Zk?l/ efﬁ(tfr)dr/ sup |vf(s)|dr <mZk / sup [vR(s)|dr.
—l “Jo 0 s€0,r]

0 se€[0,r]

With regard to the noise term /s, note that

| f =) / e IAW, o (s)dr ||

n r ) n
< ‘/ e~ m =gy sup ’[ e %= AW, 4 (s)
0 rel0,7T] 0
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mn r ) i n
< — sup ’/ e_“’-e(’_*)dW,-,g(s)’ .
Y refo,T] 0

We employ Burkholder’s inequality to infer

. n
E sup ’[ e~ m= r)/ e a"l(r_s)de’g(S)dl"’
t€[0,T]

<m—IE sup ‘f et dw; ((S)‘ <m"C(T,n).
Y™ ref0,1]

Turning to g, we set

t
Y 0(t):= f e PUDAW, o), pi=L,
0 m
andlet Z; o ~ N (0, 1) be arandom variable independent of W; o(¢). Then, the process

Xi0(t):=Zi0e P + 2BYi (1)

is a stationary solution to

dX;0(t) = —BXio(t)dr + 2BAW; o(1), Xi0(0) = Z

For n > 1, it holds by the definition of X; o(¢) that

E sup |Yio(®)]" SCﬂ_3<1+E sup IXi,o(t)I">-
t€[0,T] t€l0,T]

By Pavliotis et al. (2022, Lemma B.1), it holds for all n > 1 that

E sup |Xio()]" < C(1+log(l + BT))">.
tel0,T]

As a consequence, for all ¢ > 0

BI°E sup |Yio()|" < C(T,n).
tel0,T]

In other words,

E sup [Yio®" <mI~*C(T,n).
te[0,T]

Now we collect the above estimates together with expression (4.12) to deduce that
foralln > lande > 0

m"E sup [vR(D)["
tel0,7T]
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N T
< m”C<|V(0)|" + ko + 1) +mieC + Cm"/ E sup [vR(r)|"dr,
i=1 0 rel0,t]

holds for some positive constant C = C(T, n, R, ¢) independent of m. In view of
Gronwall’s inequality, for all n > 1, we arrive at (4.7), as claimed. O

4.3 Estimates on (1.10)

In this subsection, we provide several energy estimates on the limiting system (1.10)
on any finite-time window. More precisely, we have the following result.

Lemma 4.3 Under Assumptions 2.1, 2.3 and 2.5, for all (x(0), z1(0),..., zn(0)) €
D x (RHN ler Q(1) = (q(t), f1(t),..., tn (t)) be the solution of (1.10) and B be the
constant as in Assumptions 2.3 and 2.5. For all ¢, k > 0 sufficiently small and T > 0,

the followings hold:
@Ifp1 > 1,
1
E[exp{ sup <K|q(l‘)|2 + ke )H <C, (4.13)
1€[0,7] 1<1§<N |9: (1) — g ()|F1~1
for some positive constant C = C(k, e, T, x(0), z1(0), ..., zny(0)).

(b) Otherwise, if 1 = 1,

E[exp{ sup <K|q<r>|2—xe > log|q,»<z)—q,-<z>|)”sc. @.14)

1€[0,T] I<izj<N

The proof of Lemma 4.3 relies on two ingredients: the choice of Lyapunov functions
specifically designed for (1.10) and the exponential Martingale inequality. Later in
Sect. 4.4, we will particularly exploit Lemma 4.3 to remove the Lipschitz constraint
in Proposition 4.1 so as to conclude the main Theorem 2.10.

Proof of Lemma 4.3 (a) Suppose that 81 > 1. For ¢ > 0, we consider the functions I';
given by

N ki

i fi,....fn) = —y|q| + = ZZ—mu +ey Yy

_ /31 1°
i=1 ¢=1 1<z<j<1v q,l

(4.15)
We aim to show that I'; (¢) satisfies suitable energy estimate, allowing for establishing

the moment bound in sup norm (4.13).
From (1.10), we employ It6’s formula to obtain

( ylaP® + = ZZ—Iﬁz(ﬂl)

1121“
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ki N

N
- <ZA?¢) i () Pdr — > (VU (qi(1)). qi (0)de + Ny*d de

i=1 ~{=1 i=1

— Y (VG ) — q;1). 4i (1) — q; (1)) dr+2f gi (1), dW; 0(1))

1<i<j<N i=l1
N ki

N 1 fiePde o yd i+ g fie (), AW ().
i=1 (=1

Recalling condition (2.3), we readily have

N N

=Y (VU@i(). i) = —Nay Y lgi )" + Nas.

i=1 i=1

To bound the cross terms involving G, we invoke (2.5) and obtain

— D (VG@i() = q; (1)), qi(t) — q; (1))

1<i<j<N

1
<a ), <|q,»<t) — 4Ol + qj(t)lﬁl_l)

1<i<j<N

Since Zl<,~</<N lgi — gl can be subsumed into —|q|2, we infer from the above
estimates that

( yla®® + ZZ—me(m)

e

i=1¢=1
al 1
< —clq@)*dt — clg@) e = Y P+ Cdt +ay Y e ds
i=1 l<i<j<N 19 = 4,
+Z¢ (qi (1), dW; o(1)) +ZZ\/2%£ fie@), dWi (1)), (4.16)
i=1¢=1

for some positive constant ¢, C independent of 7.
Turning to the last term on the right-hand side of (4.15), a routine computation
gives

1
d<8 4 Z i (t) — q,-<r>|ﬂl—1)

I<i<j<N

N
qi(t) —q;(t)
=—cB1—1 Z<§ ) = q]'(tj)|ﬂl+l ,—VU(q;(t))dt
JFi
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=Y VG(gi(t) — qe(t))dt

C#£i
ki ki
- Z A oqi(D)dr + Z Aiye fie(D)dt + \/ﬂdWi,o(l)>
i=1 =1
1
—sB—-DB+1-d) Y dr 4.17)

lgi (1) —q;(@)|Prtl

I<i<j<N

Using Cauchy—Schwarz inequality, it is clear that

N ki ki
qi(1) — q;(1) ~ .5 :
—e(r— 1) ; < > O — 2 O ;xi,gqi (1) + in,zﬁ,z(r>>

j#i =1
1

N
< Ce'?lqn))? + Ce'? ) Ifi(0))? + Cce3? S —
2 2 lgi (t) — q;(1)|21

i=1 1<i<j<N

Concerning the cross terms involving U on the right-hand side of (4.17), we recall
that VU satisfies (2.2). In light of the mean value theorem, we infer

N
qi(t) —q;@)
—e(fr—1 E < E#: lgi (1) — qj (D) Pr+1 —VU(%'(I))>
1\

o (i (1) — 41, VU @(1) = VU (g;(1)))
—e l)m.;w 4 () — ;D

<Ce Y (I +1g;0O") < Cela)* .

1<i<j<N

Turning to the cross terms involving G on the right-hand side of (4.25), we recast
them as follows:

N
gi (1) = q;(1)
—eemh ;<Z a0 —gop 2 o0 - qz(”)>

j#i £

N
(B — qi(t) —q; (1) qi(t) — qe(t)
T ;@2 lgi(6) = q; (017! ’a‘%; gi(6) — 61€(f)|ﬂ‘+1>

N
qi(t) —q;(t)
-1 s VGlg; —
+ (B )§<§;|ql(t)_qj(t)|ﬂ]+] ; (q () q@(t))
" qi(t) — qe(?) >

lgi (1) — qe@)|PrHL [
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In view of Lemma A.2, cf. (A.2), we find

o g (1) = q;(1) gi (1) = qe(1)
£ 1)Z<Z lgi (1) — qj(@)|P1+! ’a4§ lgi (1) —Qe(f)lﬂ'+1>

< (B - Dag —— ) v
TN D A a0 — g PR

On the other hand, the condition (2.7) implies

N
qi(t) — q;(®)
e(Br—1) Z<Z g () — qj(,])|ﬂ1+1 ) g;VG(qz'(t) —q¢(1))
= Jj#i i

) qi(t) —qe(1) >
lgi (1) — qe(2)|P1H!

1 1
== Z<Z 4i () — q,; O Z (“5 14:(1) — qe(0)|P> +“6>>

3/2 el/2
=e’°C E P reE—— C E —+C
_ 2 — 2
Lyl ©) qj(r)m Ly 14 () — ()P

for some positive constant C independent of ¢ and ¢. Since B> < fi, cf. (2.7), taking
¢ small enough produces the bound

o g —q;(0) o
&(Bi 1)Z<Zw)_ O gvc(q,(t) 61@(l))>

- e 4.18
= ) |q,(r)—q,(t)|2ﬂ1 I

1<i<j<N

Similarly, regarding the last term on the right-hand side of (4.17), since in Case 1,
B1 > 1,itis clear that ¢|g; — g |~A1=1 can also be subsumed into —&|g; — qj | 7281 as
in (4.18). Altogether with the expression (4.17), we arrive at the estimate

1
d
(” 2 q,»<r>|ﬂ11)

1<i<j<N

N
<e'2Clq@)de + &' 2Clg@) " de + £2C ) I (1) *de + Cd
i=1

1
- S —
e Z 12 (1) — q; (D) 2P1
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N . J— .
—e), < > ©- 9,0 @dWi,o(t)) (4.19)
i=1 i

S = q; (P

Next, from the expression (4.15) of I'; and the estimates (4.16) and (4.19), we obtain
(by taking & small enough)

N
dry (1) < —clq®)dr — clq@)**dr — e Y Ifi
i=1

1
- ——dr+ Cdr
8C1<I§<N 19: (D) — 4 () [2P
N ki
+ Z V2{ai (0. dWi o)) + 3 S i o fi.e(1). dWi e (1))
i=1 i=1 ¢=1
N

—e) < > ©-4;0) \/gdWi,O(f)) (4.20)
i=1

~ lai () —qj@)|pfrt”

We emphasize that in (4.20), ¢ > 0 is independent of &, whereas C > 0 may still
depend on ¢.

Now, to establish (4.13), we aim to employ the well-known exponential Martingale
inequality applied to (4.20). The argument below is similarly to that found in Hairer
and Mattingly (2008, Lemma 5.1). See also Glatt-Holtz et al. (2021, 2022).

For k € (0, 1) to be chosen later, from (4.20), we observe that

N
kdDy (1) < —cr|q(n)[Pdr — exlq()*Tdr — e Y |fi|? + Credr
i=1

1
—KEC Z mdf+dMl(f). 4.21)

In the above, the semi-Martingale term M (¢) is defined as

ki

N N
dMi () =k Y 2y(qi (). dWi o) + 5 DY e e fio (), dWi o (1))
i=1

i=1£=1

ke Z<Z qi(t) —q;(t) \/ﬁdWl‘,o(Z‘)>,

lgi (1) — q; (@)1

whose variation process (M1)(¢) is given by

. _ a0 —q;0 |
(M) (1) = 2K Z %0)—8Z|q O —a 0 )| ¢
i J

@ Springer



Journal of Nonlinear Science (2024) 34:62 Page510f63 62

N ki
+ .2 Y 20 0] fre (1)t

i=1 (=1

Using Cauchy—Schwarz inequality, it is clear that

1

N
d(M) (1) < —ék?|q(n))Pdr — e ) |f2dr — «c2eé S —
d 21 2 Taw- q; (PP

i—1 1<i<j<N

for some positive constant ¢ independent of both « and ¢. It follows from (4.21) that
kdly (1) < Credt — S(My) (1)dt + dM, (0).
K

Recalling the exponential Martingale inequality applying to M(¢),

IP’<sup [Ml () — E(Mn(t)} > r> <e %, r>0, (4.22)

>0
we deduce that

]P)< sup I:Krl(t) —kT'1(0) —Kct] > r) < e_QITEr.

te[0,T]

In particular, by choosing « sufficiently small, the above inequality implies

Eexp{ sup /cF](t)} <C, (4.23)
tel0,T]
for some positive constant C = C(T, «, ¢, x(0), 21 (0), . .., zy(0)). Recalling I'; asin

(4.15), the estimate (4.23) produces (4.13). Hence, part (a) is established for 81 > 1.
(b) Considering 81 = 1, in this case, we introduce the function I', defined as

N ki
1 1 1
L. fi . f) = SvIaP + 5 )Y —IfielP —ey Y loglgi —q;l.
2 2 4 oy —
i=1 (=1 ’ I<i<j<N

(4.24)

With regard to the log term on the above right-hand side, the following identity holds

d( — &y Z loglgi(t) — 6Ij(l)|>

1<i<j<N

N
S [ O S G — o)
EZ:<#[ lgi (1) — q; (O (qi()dz ; (¢i (1) — qe(0))ds
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ki ki
=D A eainde + Z/\i,zﬁ,z(t)dt - \/ZVdWi,o(l)>

i=1 (=1

I<i<j<N
Similarly to the estimates in Case 1, we readily have

N

§ : qi(t) q/(t) ! >
— _ = VU qi § )\l ; + )\41', ;|
) <j7$l' |qi(t) - (’Ij(t)lz ( (t)) = edi (t) ; 1: lf Z(t)

N
< Ce'Plg) + Celg@)' + Ce' 2 Y I (1)
i=1

4 Ce3? - (4.26)
1<,<Z]<N lai (r) —q;OF

Concerning the cross terms involving G on the right-hand side of (4.25). We employ
an argument from Case 1 while making use of condition (2.7) and the estimate (A.3)
to arrive at

N

qi(t) —q, ) >
- AT NTVG(gi(r) —
8Z<Z |qi(r>—c11<r)|2 2 VO - )

C#£i

-2 - 4 —+é. 4.27
= a482 Iql(t)—q](t)l2 Z lgi (1) — q; ()| 520

1<i<j<N 1<i<j<N

In the above, we emphasize that C is independent of & even though C may still depend
on ¢. Turning to the last term on the right-hand side of (4.25), i.e.,

—e(d —2) _
]<§<N FOETIO

there are two cases to be considered, depending on the dimension d. In dimension
d > 2, it is clear that the above expression is negative and thus is negligible. On the
other hand, in dimension d = 1, it is reduced to

1
Slsi;sfv mdt
In view of Assumption 2.5, we combine with (4.27) to obtain
—ei( O =40 S 96 g0 —QE(I))>+8 ) —
: lgi (1) — q;(®)> lqgi (1) — qj(1)]?

J#i A l<i<j<N
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1 ~
a1 S P — 4+ C,
< —Qas=De ) G —aq;0F 2 |‘11(’)_‘11(’)|2

l<i<j<N l<i<j<N
whence (by taking ¢ sufficiently small)
_SXN:<Z%‘(’)_%‘(I) - VG (@it0) _qz(,))>+8 ) S
=1 Vi lgi (1) — q; (O1* 2 I<izj<N lgi (1) — q; (D2

1 -
—_ - C’
<=t ) o aort

1<i<j<N

From (4.25) and (4.26), we find

d(— Y loglgi (1) —qj<r>|)

I<i<j<N

<—ce Y —————dt+Ce'Pqn)Pdr + Celq(t)* ' de
151</<N lgi (1) = q;(®)]
u (1) — q;(1) )
+Cs'/? Z Ifi (1) Pdt — Z< UL A w/2;/dvv,-,o(t)> +Cdr.
i=1 i=1 ];ﬁl |Ql(t) - q](t)|

(4.28)

Next, we combine estimates (4.16), (4.28) with expression (4.24) of I'; to infer

N
(1) < —clq®)*dr — clq@)**de — e Y Ifi
i=1

1
—&c ——dr + Cdr
1<,§<N lg: (1) — q; (DI
N N ki
+ 3 V270qi (). dWi00) + Y YV 2ai o fio (1), dW; (1))
i=1 i=1¢=1
o gi(t) = (1)
- A aydw; > 4.29
8Z<#i a0 —gyp VAo @2

i=1

We may now employ an argument similarly to the exponential Martingale approach
as in Case 1 to deduce the bound for all « sufficiently small

Eexp{ sup /(Fz(t)} <C
1€[0,T]

for some positive constant C = C(T,«, €, x(0),21(0), ..., zy(0)). Recalling I'»
defined in (4.24), this produces the estimate (4.14). The proof is thus finished. O
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4.4 Proof of Theorem 2.10

We are now in a position to conclude Theorem 2.10. The argument follows along
the lines of the proof of Nguyen (2018, Theorem 4) adapted to our setting. See also
Herzog et al. (2016, Theorem 2.4). The key observation is that instead of controlling
the exiting time of the process X, (¢) as m — 0, we are able to control q(¢) since q(¢)
is independent of m.

Proof of Theorem 2.10 Let (X, (), Vi (1), 21,m(t).. .., zZn.m(1)) and (q(), f;(2).. ..,

fN(t)), respectively, solve (1.5) and (1.10). For R, m > 0, define the following
stopping times

o =;gg{|q(r>|+ > e g0 = R}, (4.30)

1<i<j<N

and

O =lirzl(f){|xm(t)| + Y Wim® =X = R}.

1<i<j<N

Fixing T', & > 0, observe that

IE”( sup X (1) — q(0)] > g) < IE”( sup X (t) —q(t)| > &, 08 Ao R > T)
t€[0,T] t€[0,T]

+P(® Aok <T). (4.31)
To control the first term on the above right-hand side, observe that

PO<t<o®Anak q)=a%@®), xu(®) =xE@®) =1,

where qf(¢) and x,’f, (#) are the first components of the solutions of (4.5) and (4.4),
respectively. As a consequence,

IP’( sup [xu (1) —q(t)| > £, 0% Ao K > T)

0<t<T

< P( sup xR (1) — qf (1)) > s) < ;"—4 .C(T, R). (4.32)

0<t<T
In the last estimate above, we employed Proposition 4.1 while making use of Markov’s

inequality.
Turning to P(ac® A anlf < T), we note that

]P’(GR /\a,f < T)
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IP’( sup [xB(r) —qf(1)| < E,GR Aol < T)
1€[0,T] R

+IP>< sup |xm(t)— R(t)|>§>
1€[0,T R

P( sup |xm (1) —q® (1)) < é,a,,’f <T< ch> +P® <T1)
1€[0,T] R

+1P>< sup [xX (1) — qR(0)] > 5)

1€[0,T] R
=L+ 0L+ 1. (4.33)

Concerning /3, the same argument as in (4.32) produces the bound

Iz = IP( sup |xR(r) —qR()| > i) -C(T, R). (4.34)

0<t<T R

““’L|§

Next, considering I, from (4.30), observe that for all € small and R large enough,

{0R<T}={ sup, Iq(t)|+ > a0 =g }
€lo. I<i<j<N
E{ sup Iq(f)|>£} U {—Eloglﬂh(t)—q,‘(l‘)lZslog<i)}
tel0.7] N2 l<i<j<N ‘ N2

R
g{ sup lq)* —e Y IOqui(t)—q,-(t)lzﬁ}
t€l0,7T] l<i<j<N

R
{ sup lq)*—e Y 1og|q,<t)—q]<z>|>slog( )}

1<i<j<N (1€0.T] l<i<j<N

whence,

R
{oR<T}§{ sup [q)I> —& Y loglq,(t)—qj(t)|>810g( )}

1[0, T] I<izj<N

We note that Proposition 4.1 implies the estimate

E[ sup (|q<r)|2—e 3 log|qi<r)—q,»<r>|)} <C, (4.35)

te[0,T] I<izj<N

for some positive constant C = C (T, ¢). Together with Markov’s inequality, we infer
the bound for R large enough

o _

< . (4.36)
elog(R/N?) ~ elogR

L=PcR <T)<
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Turning to 1 on the right-hand side of (4.33), for R large enough and £ € (0, 1), a
chain of event implications is derived as follows:

{ sup |xX() —qf)] < 5,0,55 <T< aR}
te[0,T] R

={ sup |x,’,‘;<r)—q(r>|s%, sup (|xff,(r)|+ > |xf?m<r)—x,’im<r>|—l>

t€[0,T] tel0,T] l<i<j<N

2R,U,§<T§UR}

g{ sup XK —q0)] < =, sup |x$(r)|z%}
1€[0,T] R iei0,1 N

{ sup |x,’§<r)—q(r>|s% sup 5, 0~ xf, ()1 ‘z%}

1<izj<n L1€l0.T] tel0

={ sup [xX (1) —q(n)] < <£ sup |xR(r)|>5}
1€[0,T] R’ cp0.1 N?

2
{ sup [xR (1) —q(n)] < i Ei[ng] IxR (t)—xR < %}

1<izj<n Lr€l0.7]

Since & and N are fixed, for R large enough, say, % — % > /R, we have

{ sup XK1 — a0l = =, sup |xm(r>|zﬁ2}
1€[0.T] R 10,17 N

R
g{ sup |q<r>|_——5}g{ sup |q(r)|zﬁ}

1€[0,T] R 1€[0,T]
g{ sup |t —& Y 1og|ql<r)—q,<r>|>f}
1€[0,7] 1<i<j<N

On the other hand, by triangle inequality,

inf |qi(t) —q; ()] <2 Rty —q@ inf xR (1) —x® (1),
o lgi (1) —q;(1)| = tES[ISPT] %, (1) — q(0)] + nf X (1) — X3 (D]
implying

swp R0 — a0 < &0 it 1k 0 —xk o<
t€[0,T] " — R’tefo,r] ™M Jm R

. 28 + N2 1
c {tel[ng] lqi (1) — q; ()] = R } c {temf lgi (1) — q; ()] < ﬁ}
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1
={—8 sup 10g|f1i(f)_51j(t)|ZESIOgR}-
t€[0,T]

It follows that for ¢ small and R large enough

2
R S . R R N
t)—q@®)| <=, inf |x' () —x7 ()] <—
{tes[ggllxm() q®)| = R ol X () — X5, (D] < R }

1
c { sup |q(0)* — e Z loglgi(t) —q; ()| > EEIOgR}-
1€[0.71] l<i<j<N

As a consequence, the following holds

{ sup [xX() —qf ()| < i,a,;f <T< a""}
1€[0,T] R

2 1
S| sup la@P —e Y loglgi(t) —q;(n| = Selog Ry,
tel0,T] I<i<j<N

We employ (4.35) and Markov’s inequality to infer

C(T
I :IE”( sup [xR(t) —qf(1)| < i,o”’f <T< 0R> < L. (4.37)
t€[0,T] R SlOgR

Turning back to (4.33), we collect (4.34), (4.36) and (4.37) to arrive at the bound

R m C(T)
P(o® Aok <T) < = C(T,R) + TTog k' (4.38)

We emphasize that in the above estimate C (7, R) and C(R) are independent of m.
Now, putting everything together, from (4.31), (4.32) and (4.38), we obtain the
estimate

C(T)
elogR

El

P( sup [X, (1) —q@)| > S) < % -C(T,R) +
1€[0,T] §

for all ¢ small and R large enough. By sending R to infinity and then shrinking m
further to zero, this produces the small-mass limit(2.18), thereby completing the proof.
O

Remark 4.4 For the underdamped Langevin dynamics, it is well known that the small-
mass limit m — 0 and the high-friction limit y — o0 (under an appropriate time
(or noise) rescaling) both lead to the same limiting system, which is the overdamped
Langevin dynamics, see, e.g., (Lelievre et al. 2010, Section 2.2.4) and also (Duong
et al. 2017) for the Vlasov—Fokker—Planck system. Similarly, one can also derive the
underdamped Langevin dynamics from the generalized Langevin dynamics (GLE)
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under the white-noise limit, by rescaling the friction coefficients (};) and the strength
of the noises («); appropriately, see, e.g., (Ottobre and Pavliotis 2011; Nguyen 2018)
for a rigorous analysis for the non-interacting GLE and (Duong and Pavliotis 2019)
for a formal derivation for the interacting-GLE with regular interactions. This white-
noise limit is different from the small-mass limit studied in this paper. It would be
interesting to study the white-noise limit for the generalized Langevin dynamics with
irregular interactions, which we leave for future work.

Appendix A. Auxiliary Estimates on Singular Potentials

In this section, we collect some useful estimates on singular potentials, cf. Lemma
A.1 and Lemma A.2. In particular, Lemma A.1 was employed to construct Lyapunov
functions in Sect. 3. Lemma A.2 appears in the proof of Lemma 4.3 which was invoked
to prove the small-mass result of Theorem 2.10.

LemmaA.1 Foralls > 0and x = (x1,...,xN) € D, the following holds:

N
sy L |
Z<§ |Xixl_ xj§+l’§ xl‘ Xe >Z 2 Z m (Al)
J#i

Xi — X X,
i—1 o 1 — el l<i<j<nN T

Proof The proof is the same as that of (Lu and Mattingly 2019, Lemma 4.2). See also
(Bolley et al. 2018, Inequality (5.1)). |

LemmaA.2 Forallx = (x1,...,xy) € D, the followings hold:
(a) Forall s > 0,

N
— x¢
Y S ) s o
= ]7&1 1<l<j<N
(A2)
(b) Furthermore, for s € [0, 1],
N 1
>2 _ A3
;(_ZM_WZ,C_W} Y i @9
— i I<i<j<N

Proof (a) With regard to (A.2), we employ Cauchy-Schwarz inequality to infer

N

2
z(z Hy o A
|x; —x/|s+1’£ ‘| x; — x¢l
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2
Xj 2
W NN =D

Sy

In view of Lemma A.1, the following holds

N
Xi — X¢
;<Z|x — X |s+l Z|xl _x£|>

J#i

Therefore, we obtain

N

Xi — Xj
Z Z oy |sHL
im1 |x; xj|AJr

J#

4 1 2
ZN(N—1)2< 2 |xl-—xj|s>'

I<i<j<N

This produces (A.2), thus establishing part (a).
(b) Turning to (A.3), we will follow the proof of (Lu and Mattingly 2019, Lemma
4.2) adapted to our setting. A routine computation gives

N
(X ey )
p |xi_les+l’ = 1xi = Xl

J#i
=2 Z +2 Z |: (xj —xj, x; —xg)
1<z<]<N i T Xj |2S l<i<j<t<N |x; _Xj|s+l|xl' — xg |5t
n (xj —xi, xj — x¢) (xg — xi, X — x;) }
cj — xilH o — xSt g — xS g — x;

It suffices to prove that the second sum on the above right-hand side is nonnegative.
To this end, we claim that fori < j < ¢,

(xi—xj, x; —Xxg) (xj —xi, xj — x¢) (x¢ — xi, x¢ — x;)

i — o 15F e =g IS0 oy = [FF g =g S o — o ST e — o ST T

Denote 6;, 60,6, to be the angles formed by these points and whose vertices are
respectively x;, x, x¢. Observe that the above inequality is equivalent to

cos(8;)|x; — xel® + cos(@))|x; — x¢|° + cos(Be)|x; — x;]° > 0. (A4)

Now, there are two cases to be considered depending on the triangle formed by
Xi, Xj, Xgin R4,
Case 1: the triangle is an acute or right triangle. In this case, it is clear that
cos(6;), cos(f;) and cos(6;) are both non negative. This immediately produces (A.4).
Case 2: The triangle is an obtuse triangle. Without loss of generality, suppose that
the angle 6; € (7/2, ], and thus 6; + 6, € [0, /2). Observe that

min{cos(6;), cos(0¢)} > cos(6; + 0¢) = —cos(0;) > 0.
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As a consequence, since s € [0, 1],

cos(6;)x; — x¢l® + cos(0))|x; — x¢|* + cos(Be)|x; — x;|°

> Joos(0))1 (1) — xel® = | = xel" + |x; = x;1") 2 0.
This establishes (A.4), thereby finishing the proof of part (b). O
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