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Abstract

Reaction-nonlinear diffusion partial differential equations can exhibit shock-fronted
travelling wave solutions. Prior work by Li et al. (Physica D 423:132916, 2021) has
demonstrated the existence of such waves for two classes of regularizations, including
viscous relaxation (see Li et al. in Physica D 423:132916, 2021). Their analysis uses
geometric singular perturbation theory: for sufficiently small values of a parameter
& > 0 characterizing the ‘strength’ of the regularization, the waves are constructed as
perturbations of a singular heteroclinic orbit. Here we show rigorously that these waves
are spectrally stable for the case of viscous relaxation. Our approach is to show that
for sufficiently small ¢ > 0, the ‘full’ eigenvalue problem of the regularized system is
controlled by a reduced slow eigenvalue problem defined for ¢ = 0. In the course of
our proof, we examine the ways in which this geometric construction complements
and differs from constructions of other reduced eigenvalue problems that are known
in the wave stability literature.
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1 Introduction

Regularized PDEs exhibiting travelling wave solutions can frequently be regarded as
singularly perturbed dynamical systems, since the regularization is modelled by the
inclusion of strictly higher-order partial derivatives multiplied by a small constant.
The singular perturbation in turn has a physical/dynamical interpretation reflecting an
inherent hierarchy of spatiotemporal scales, which we refer to more succinctly as a
fast-slow structure. We consider the following reaction-nonlinear diffusion PDE with

a viscous relaxation term, exhibiting (regularized) shock-fronted travelling waves':
w_ 2 D(0)80 + R(U) + rU (0
_ = _ &——
ot ax ax 0x29t

for (x,#) € R x R and ¢ > 0 the singular perturbation parameter characterizing the
strength of the regularization. The nonlinear diffusion and reaction terms are given by
the quadratic resp. cubic polynomials D(U) and R(U). We suppose that D(U) < 0
within an interval (a, b) C (0, 1); the potential function F(U) = f D(U)dU is hence

1 Throughout the paper, we use bar notation to refer to phase space variables. Later on, we will use
unbarred variables to denote variables defined on the linearized subspaces along the curve, and carets to
denote projectivizations of these variables.
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nonmonotone. Nonlinear diffusion processes with nonmonotone potential functions
serve as prototypical models for the formation of coherent solutions with sharp fronts,
see, e.g. Witelski (1995, 1996). Arguably the canonical system from a physical context
is the Cahn—Hilliard model (Pego and Penrose 1989). The system (1) for ¢ = 0 is
derived as a particular continuum limit of stochastic agent-based models of invasion
processes (Simpson et al. 2010a, b). The choice of viscous regularization in (1) appears
in the shock regularization literature (Novick-Cohen and Pego 1991; Padrén 2004;
Witelski 1996), but there are other physically motivated high-order regularizing terms
that give rise to (smoothed families of) shock-fronted travelling waves. We refer the
reader to Li et al. (2021) for a comparison of the existence problems under viscous
resp. nonlocal regularizing terms relative to system (1).

In the case of existence, the effectiveness of geometric singular perturbation theory
(GSPT) is now well established. When (1) is written in a coordinate frame that follows
the travelling wave, it takes the structure of a closed fast—slow system of ODEs. A one-
parameter family of travelling waves for 0 < & < 1 is then constructed rigorously as a
perturbation of a singular heteroclinic orbit, composed of segments defined by the slow
flow along a so-called critical manifold, concatenated with fast jumps along the fast
fibres, according to the dynamics of the layer problem. Li et al. follow this approach in
Li et al. (2021), numerically demonstrating the existence of smooth travelling waves
of (1) for small values of ¢ > 0. These one-parameter families of waves limit to
‘genuine’ (piecewise continuous) shock-fronted waves as ¢ — 0; furthermore, such
singular limits are nonunique, strongly depending on the regularization chosen. Li
and coauthors have also studied smooth travelling-wave solutions of the unperturbed
problem arising as so-called ‘hole in the wall’ solutions; see Li et al. (2020) and the
footnote on page 9. Generally speaking, one can attempt to construct shock-fronted
limiting solutions directly as weak solutions, but there may be infinitely many, see eg.
Holling (1983).

It is worth re-emphasizing the effect of the singular perturbation in (1), in terms of
coordinate representations of the travelling wave. With respect to a natural Liénard-
type representation, the unperturbed problem can be thought of as modelling the slow
dynamics on the critical manifold itself. The introduction of a regularization term is
then tantamount to embedding this slow flow within a higher-dimensional space and
introducing a rule (i.e. the fast layer flow) for connecting the wavefront smoothly. In
Li et al. (2021), it is explicitly shown that viscous relaxation adds a one-dimensional
layer flow, while a fourth-order nonlocal regularization term adds a two-dimensional
layer flow.

The objective of this paper is to demonstrate the spectral stability of travelling waves
arising in (1). To determine the spectral stability along a wave, we must find the spec-
trum o (L) of a corresponding linearized operator L. The total spectrum is decomposed
into its continuous and point components as o (L) = o.(L) U o, (L). Typically, most
of the work involves deducing the point spectrum o, (L), by recasting the eigenvalue
problem (L — AI)v = 0 as a bifurcation problem posed on the underlying linearized
subspaces along the wave. The major point that we want to highlight is that although
the existence problem remains amenable to the usual GSPT techniques, the analysis
of the stability problem (in particular, the computation of the point spectrum) is quite
distinct.
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The literature on geometric and analytic techniques for linearized stability problems is
substantial (see, e.g. Kapitula and Promislow 2013; Sandstede 2002 for comprehensive
surveys). In this paper, we follow the geometric framework developed in a series of
seminal papers by Alexander etal. (1990), Gardner and Jones (1991), Jones (1984). The
key point s that L also inherits a slow—fast structure, enabling a reduction via linearized
subsystems defined along either the slow manifold or along the fast fibres. The typical
approach is then to hope that the spectrum of the full system, for ¢ > 0 sufficiently
small, is close to the ‘fast’ and/or ‘slow’ spectra of these linearized subsystems, which
are defined for ¢ = 0.

Our principal result is Theorem 2.11. As a consequence of the above-mentioned high
order of the singular perturbation term representing the regularization, the stability
problem for small ¢ > 0 is now close to a slow eigenvalue problem defined on the
critical manifold. We outline our argument in detail in Sect. 6.2. We show in Sects. 6
and 7 that the eigenvalues for the perturbed problem are the same as the eigenvalues
for the reduced problem, which are calculated in Sect. 8. Together with the fact that
the essential spectrum lies in the left half complex plane as shown in Sect. 5, we can
conclude that there is no spectrum of solutions to (1) in any fixed contour K in the
right half plane.

The principal estimate for constructing these reduced eigenvalue problems is the ele-
phant trunk lemma, which characterizes an attracting set over a fast unstable subbundle
in the linearized space when A is not a fast eigenvalue; see the construction in the
paper of Gardner and Jones (1991). We highlight that a nondegenerate fast eigenvalue
problem is a requirement to construct linked elephant trunks over the entire wave.
Furthermore, the construction of a slow eigenvalue problem, corresponding to the sin-
gular limit of some slow subbundle, is essentially auxiliary to that of the fast problem,
and many of the key properties of the slow subbundle are indirectly enforced by the
elephant trunk over the fast subbundle.

In order for us to define the promised slow eigenvalue problem, it is essential that
we determine how exactly slow linear data on one branch of the slow manifold are
transported across fast fibres to another branch of the slow manifold. When an elephant
trunk lemma is available, it enforces certain nice properties, such as continuity of the
slow subbundle across the fast layer in the singular limit. In other words, slow linear
data from one branch of the slow manifolds are transported across fast fibres to the other
branch identically, allowing a straightforward definition of slow eigenvalue problems
across disjoint subsets of the slow manifolds.

We will show that our problem does not allow for elephant trunk-type estimates over
the fast layer. The main obstruction is that, relative to a natural set of coordinates for
the linearized system so that setting . = 0 recovers the usual variational equations
along the flow, the parameter A enters the equations ‘weakly,” i.e. only through O(gA)
terms. The singular limit of the fast linearized system therefore degenerates such that
there is ‘always a fast eigenvalue,’ i.e. there is a connection made between unstable
and stable directions across the wavefront for all A € C as ¢ — 0. In the present
case, the eigenvalue problem is low-dimensional enough that we can partly avoid this
problem by concentrating on the slow problem only, but we return to this issue in the
conclusion when we consider fourth-order regularizations.
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Consequently, it must be the case that the slow linearized dynamics is responsible for
the generation of eigenvalues near the tails of the wave. In this context, we think of
our work as complementing Jones’ early result on the stability of a travelling pulse
in the FitzHugh—-Nagumo system, in which the eigenvalue problem of the full system
is strongly controlled by the fast eigenvalue problems along the wave front and back
(Jones 1984), as well as the result of Gardner and Jones on the stability of travelling
waves in predator—prey systems, where both fast and slow eigenvalue problems are
constructed (Gardner and Jones 1991).

While we do not have access to a fast elephant trunk over the entire wave, we never-
theless retain control of the linearized dynamics for small values of ¢ since A enters
the equations only weakly. The key observation here is that the eigenvalue problem
can be thought of as a ‘weak’ (O(¢))-perturbation of the standard variational problem.
We will show that the corresponding transport of slow data is not the identity map, but
instead is replaced by a nontrivial jump map that we can write down explicitly in the
limit as ¢ — 0. The key technical tools that we use are desingularized linearized slow
flows; e-dependent rescalings along the fast fibres; and a continuous differentiability
criterion that holds across the fold. We remark that this analysis holds also for the
A = 0 case (corresponding to the regular variational dynamics carried by the wave),
but to our knowledge such a statement about jump compatibility is new in the GSPT
literature.

The exchange lemma, another fundamental GSPT technique (see, e.g. Jones and Kopell
1994; Jones and Tin 2009),2 can also be adapted to our eigenvalue problem, since it
is O(e)-close to the standard variational problem. Exchange lemma-type estimates
allow us to track solutions of the eigenvalue problem as they leave the fast layer and
enter small neighbourhoods of the slow manifolds, where they enter partial elephant
trunks and remain well-controlled along the tails of the wave. The key result here is
that solutions entering neighbourhoods of the slow manifolds in a generic way will
be aligned closely to a slow subbundle defined on the slow manifold after sufficiently
long times. This subbundle is defined from the eigenvalue problem, and is therefore
not generally equivalent to the tangent bundle of the slow manifold (but it is nearby).
These new techniques cause no extra trouble for the topological arguments that allow us
to calculate the point spectrum of the perturbed problem: the corresponding evaluation
of first Chern numbers of certain augmented unstable bundles (defined in Alexander
et al. 1990) follows, as usual. Following the approach of Gardner and Jones (1991),
we construct a homotopy between the augmented unstable bundle &, (K) of the “full’
problem with ¢ > 0 and that of a reduced problem £ (K), when ¢ is sufficiently
small. The reduced vector bundle is defined over separate hemispheres using the
slow eigenvalue problem. The jump map now plays an essential role in defining the
appropriate clutching function, which glues these vector bundles together along the
edges of the hemispheres. We also highlight that the translational eigenvalue at A = 0
is now counted by the slow problem.

In the course of proving stability in our problem, we also demonstrate explicitly the
geometric consequence of eigenvalue crossings in the full system for 0 < ¢ < 1: the

2 Strictly speaking, in this paper we consider the case of an inclination lemma (see e.g. Brunovsky 1996;
Schecter 2008). We also point out that the adaptation of the standard (k + o )-exchange lemma to the case
of zero unstable fast directions is straightforward.
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projectivized solutions wind around according to the number of eigenvalues crossed,
and these winds occur entirely within the slow dynamics of the critical manifold.
The propagation of winding in the reduced problem, as well as the generation of new
winds (eigenvalues) can be identified by locating the poles and zeroes, respectively,
of a meromorphic Riccati-Evans function (Harley et al. 2020), defined with respect
to a judiciously chosen section of the projective dynamics. This also gives us another
opportunity to demonstrate the computational utility of the Riccati—Evans function to
count eigenvalues via the argument principle.

Before describing the content of our paper, we wish to highlight some results in the
literature in the context of our present problem. Slow eigenvalues appear in a doubly-
diffusive Fitzhugh—Nagumo system, which is considered as an early application of
the augmented unstable bundle theory in Alexander et al. (1990), but here the extra
fast dynamics is relatively trivial; furthermore, the ‘slow’ problem is in fact fast—slow
relative to another small parameter, with its eigenvalues arising from the corresponding
fast front and back. The occurrence of such a nontrivial slow eigenvalue problem as
described in our current analysis appears to be quite atypical; we highlight the work
of Bose (2000) in this vein as one of the only comparable examples we have found
in the literature. Bose provides similar geometrical results for pulse (meta)stability in
singularly perturbed nonlocal RDEs. The singular perturbation occurs at the second
order, so the resulting nonlocal eigenvalue problem can then be studied with traditional
Sturm-Liouville techniques, and an oscillation theorem is proven. Relative to Bose’s
result, we have two additional technical issues to settle: (i) we must first ‘reduce’ our
singularly perturbed third-order eigenvalue problem (see (24)) by showing closeness
to a second-order eigenvalue problem defined on the critical manifold and (ii) we must
also find the corresponding compatibility condition to connect the eigenvalue problem
across disjoint branches of the critical manifold. We also wish to highlight de Rijk
et al.’s recent work on analytical slow—fast factorizations of Evans functions (de Rijk
et al. 2016); the relationship between the geometric obstructions discussed above and
analytic conditions to produce reduced Evans functions in de Rijk et al.’s paper bears
further exploration, but we do not attempt this in our paper.

Remark 1.1 The reaction-nonlinear diffusion PDE (1) also shares some similarities
with the Camassa—Holm equation (Camassa and Holm 1993); notably, the occurrence
of the higher-order mixed derivative term u, ;. The geometric techniques in this paper
can potentially be applied in that context to investigate, e.g. the stability of peakons. In a
suitably chosen travelling wave frame, analogous soliton structures would be found as
homoclinic orbits in our model, but such structures seem difficult to produce in (1) in the
parameter regime that we study. Furthermore, we highlight the importance of a singular
perturbation term in our PDE (1) in order to take advantage of a multiple-scale splitting
in the stability problem—it is unclear whether our PDE remains singularly perturbed
in the parameter regime where other kinds of coherent solutions exist. Integrability is
also another key difference relative to the system that we study. We refer the reader
to Constantin and Strauss (2002) for a stability analysis of Camassa—Holm solitons
using energy functionals. O

We find it sensible to closely follow the general structure in Gardner and Jones
(1991) in organizing our paper. In Sect. 2, we describe the construction of a one-
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parameter family of travelling waves limiting onto a singular shock-fronted travelling
wave using geometric singular perturbation theory. In Sect. 3, we define the relevant
geometric spaces in which our objects of interest lie and write down some key facts
about them. In Sect. 4, we write down the spatial eigenvalue problem for the asso-
ciated linearized operator of (1), and we write down some leading-order estimates
for the eigenvalues and eigenvectors of the associated asymptotic systems. We also
define the linearized slow and fast subsystems that we will use often to estimate the
linear dynamics of the ‘full’ system. In Sect. 5, we describe some general stability
theory for travelling waves and show that the essential spectrum is bounded away
from the imaginary axis in the left-half complex plane. In Sect. 6, we construct the
augmented unstable vector bundles over a complex contour enclosing the remaining
point spectrum, and we also take the opportunity to outline the proof of the main
stability theorem in the paper. In Sect. 7, the most technical part of the paper, we
prove some uniform closeness estimates of the linearized dynamics in terms of the
singular subsystems. We use these estimates to construct a homotopy between some
augmented unstable bundles. In Sect. 8, we characterize the point spectrum of the
reduced subsystem, finally allowing us to deduce the stability of the wave of the full
system for ¢ > 0 sufficiently small. We conclude in Sect. 9, and the most technical
lemmas are relegated to the Appendices.

2 Existence of Travelling Waves

Our first task is to construct constant-speed travelling waves for the PDE (1). In this
section, we summarize the setup and analysis in Li et al. (2021). We highlight that the
techniques and terminology used here are entirely standard in the context of GSPT;
we point to the usual references (Jones 2015; Kuehn 2015) for general definitions.

2.1 The Travelling Wave Equations

The PDE (1) is expressed in terms of the frame (¢, ') = (x — ct, t) (where ¢ is a
constant parameterizing the wavespeed) is given by:

O — o 4 0 DUaU R 33U U )
1=c ;+§ ()& +RWU) +¢ m—ca—é . 2

Li et al. (2021) provide the precise conditions necessary on D(U) and R(U) for
the existence of a shock-fronted travelling wave solution. We refer the reader to Li
et al. (2021) for an in-depth discussion about the modelling assumptions and potential
generalizations underlying these definitions. Here we continue with the definitions
used by Li et al. (2021) in their computations for the sake of consistency: we take a
quadratic nonlinear diffusion term

D) =6(U—17/12) (U — 3/4) ©)
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and cubic reaction term
R(U) =5U(1 —U)(U — 1/5). 4)

We also record the following potential function (i.e. integral) of D(U), which will be
used to define the vector field in the travelling wave frame:

_ _ _ 21 -
FU) =20° —40% + U 5)

Note that the diffusion term is negative within the range 7/12 < U < 3/4, and the
reaction term is pinned at U = O and U = 1.
A travelling wave solution is found as a steady state to the above equation:

_ - JFU ’U
—RWU)=|(cU+ o _ ec— (6)
ile 32 ),
Letting
pocisF 32U
=c — —¢c
ile 32
V =FU) — ecU;,
we arrive at the following slow travelling wave equations (where " := d /d¢)
eU=-(FWU)-V)
c
P =—R)
V=>P—cl. %)

We also record the equivalent fast travelling wave equations in terms of the stretched
variable & = ¢ /e3:

i =1 (F@ - )
C
' = —eR(@)
¥ = £(p — cil), ®)

where ' := d/d&. From the definitions of R and F, the systems (7)—(8) evidently
admit three fixed points for ¢ > 0. Two of them are

=@ ,p,v7)=(00,0

9
=@t pt ot =1, ¢, 5/8), ©)

3 From now on, we use lowercase letters throughout to distinguish the variables and functions defined with
respect to the stretched scaling, following the convention in Gardner and Jones (1991).
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lyingon S~ and S, respectively, and the third is the point " = (0.2, 0.2¢, 0.381).
Travelling waves of (1) linking the states U = 0 and U = 1 correspond to heteroclinic
connections between the fixed points 7~ and z+.

Since the systems (7)—(8) are odd-dimensional, it is convenient to choose an orientation
that minimizes the dimension of the unstable manifolds W*(z~) and W*(z1). We
therefore apply the orientation reversal { +— —¢ and & +— —£ in the subsequent
analysis and work henceforth with the pair of systems

V=cil—P (10)
and
I _
i =~ (0 — F@@)
C

5 = eR()
v = e(cii — p). (11)

Let us now assess the linear stability of the fixed points in (9).
Lemma 2.1 Let ¢ > 0 be fixed. For each sufficiently small ¢ > 0, the fixed points 7~

and 7T of (11) are both saddle-type equilibria. Furthermore, the three eigenvalues of
the linearization of (11) evaluated at both 7~ and 7" are all real, having the hierarchy

mr <L ps1 <0< g, (12)

Specifically, with respect to the scaling in (11) we have u f = O(1) and ps,; = O(e)
wherei =1, 2.

Proof We verify the spectral hierarchy for z7; the steps for zT are identical. Let
f(u, p, v) denote the vector field of (11). The associated Jacobian matrix is

_Dba) o 1

DfG, p,0) = | eR'G@) 0 0]. (13)
ec —¢0

At z~, we have D(0) = 21/8 and R’(0) = —1. The characteristic polynomial of
Df(z7)is

3 21 2 1 2
p(u) =—u M +en+ —e”
C C
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Therefore, the eigenvalue of largest magnitude has the expansion

-21
mrle) = ——+ O(e). (14)

Thus, 1 ¢ (¢) < 0 and uniformly bounded away from O for & sufficiently small when
¢ > 0. To estimate the remaining two O(¢) eigenvalues ;s ;, i = 1,2, we consider
the scaling u = ev. Then,

3 2

21 1
p(v) = &3 — 8—82\12 + &%+ —e”.
c c

Dividing a factor of €2, regular perturbation theory again gives the solution of
p() = 0in orders of ¢ as

2 42
Vi:ﬁ 2+ 4+C—2 + O(e). (15)

Since the roots limit to distinct real values as ¢ — 0, the pair must perturb to distinct
real values. Furthermore, (5,1 = ev— < 0 < gv; = u, 2 for each ¢ > 0 sufficiently
small. O

Following standard GSPT, we now define two subproblems which characterize the
slow and fast singular limits of (10) and (11). These are used to define a singular
heteroclinic orbit by concatenating solutions of these subsystems.

2.2 Fast and Slow Singular Limits

We first characterize the fast dynamics by considering the singular limit ¢ — 0 of
1.
Definition 2.2 The layer problem of (11) is given by:

i = (- F(@)
c
P =0
v =0. (16)
O

In this limit, the slow variables p, v are constant, parametrizing the fast fibre bundle;
away from the zero set of u/, the layer problem then specifies the one-dimensional fast
dynamics fibrewise.

Definition 2.3 The critical manifold is Sy = {(i, p, v) : v = F(i)}. We decompose
So into the pieces

So=SyTUF_US§UF,US;™,
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with

Sg =SoN{a <7/12}
F_=Syn{u="17/12}
So=80N{7/12 < i < 3/4}
Fy=SoN{u=3/4}
Sg = So N {it > 3/4}.
Here, F_ and F, denote resp. the left and right folds of the cubic manifold So,

where D(U) vanishes. We also define the jump-on curve J, C Sg’+, which is the
horizontal projection of the fold F_ onto S5

Jo=SoN{u=5/6}.
These sets are drawn in Fig. la. O
The Jacobian matrix of (16) has two trivial zero eigenvalues for each x € Sy, corre-
sponding to the locally two-dimensional tangent space at each point. The sign of the

remaining nontrivial eigenvalue determines the dynamics along the fast fibres nearby.

Definition 2.4 We say that Sy is normally hyperbolic at x € Sy if its nontrivial eigen-
value A does not lie on the imaginary axis. Furthermore, we say that Sy is normally
hyperbolic attracting if . < 0 and normally hyperbolic repelling if A > 0. O

The nontrivial eigenvalue of the linearization of (16) is

oo D@
C

from which it immediately follows that Sg " and Sg Fare normally hyperbolic attract-
ing and S is normally hyperbolic repelling when ¢ > 0; see Fig. 1b. Well-known
theorems of Fenichel (1979) specify the existence of normally hyperbolic invariant
slow manifolds Sg’i and S} and fast fibre bundles near to compact normally hyperbolic
subsets of their singular counterparts Sg & resp. S;.

The critical manifold loses normal hyperbolicity via a simple zero eigenvalue cross-
ing at the folds F.. Slow dynamics may be defined on Sy away from F4. by considering
the singular limit of (10). Differentiating both sides of V = F(U) with respect to ¢,
we have

V = D). (17)

Solutions of the reduced problem blow up as they approach F., and so we rescale
¢ by the function D(U) to extend solutions of the reduced problem smoothly across
the folds. Altogether, we define the following two systems.
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0.7

06 . S
05 R N Ss So"
0.4 S S ~
0.3 S ~ <

0.2 S{]‘" P F, I3
0.1

02
01

01 - S < . 08
01 e 06 07
" S 04 05
~ S 03 -
02 04 02

u

0.568 T T T T T T

0.567

0.566

0.564

0.563

0.562 L L L 1
0 0.55 06 0.65 07 0.75 08

S

(b)

Fig. 1 a Depiction of the critical manifold Sp from Definition 2.3 in (i, p, v)-space. b Dynamics of the
layer problem (11) away from Sy, projected onto the (i, p) plane

Definition 2.5 The reduced problem defined on Sy is given by:

DW@)U = cl — P
P = R(D). (18)

Rescaling ¢ by the diffusion D(U), we obtain the (desingularized) slow flow

cU—P
= RWO)DQ). (19)

U
P
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The slow flow extends the solutions of the reduced problem across the lines of
singularities given by F. in finite time. Note that although topological equivalence of
solutions of (18) and (19) is assured on §g *+ and 8§, there is an orientation reversal
on §; owing to the change in sign of D(U). B
The slow flow (19) admits five fixed points corresponding to the zeroes of R(U) and
D(U). A calculation of the eigenvalues of the Jacobian of (19) shows that the fixed
points

Z~ =(0,0)
Zt =(1,0) (20)

are saddle-type when ¢ > 0. These correspond to the singular limits of the fixed points
(9) of the full system as ¢ — O.

Remark 2.6 The set F_ consists mostly of so-called regular (or generic) fold points;
we refer the reader to the precise definition in Kuehn (2015),* One of the seminal
achievements of GSPT is to rigorously characterize the flow of typical orbits across
folds, where Fenichel theory breaks down. This requires extending the slow manifolds
(which a priori exist only over compact normally hyperbolic subsets of the critical
manifold) across such folded singularities using geometric blow-up theory; see, e.g.
Krupa and Szmolyan (2001), Szmolyan and Wechselberger (2004), Wechselberger
(2012). O

We are interested in the existence of a singular heteroclinic orbit that connects z~
to ZT by jumping across a regular fold point on F_. This singular orbit is a hybrid
object defined by concatenating solutions of (16) and (19).

Hypothesis 2.7 There exists a singular heteroclinic orbit Ty for ¢ = ¢o > 0, con-
necting U = 0 to U = 1. This orbit is formally defined as the concatenation of the
following solution segments:

e the portion of the unstable manifold W*(Z~) which connects Z~ to a regular
fold point (7/12, py) on F_, corresponding to a unique trajectory Xg(¢) of (19)
defined on ¢ € (—o0, 0]

e the horizontal fast fibre connecting W*(Z~) N F_ to a point (5/6, Dy, Vy) on
the jump curve J,, corresponding to a unique trajectory xg(£) of (16) defined on
& € (—o0, 00), and

e the portion of the stable manifold W*(ZT) which connects (5/6, ) to Z™,
corresponding to a unique trajectory Xg(¢) of (19) defined on ¢ € [0, 00). We
also suppose that the slow flow is transverse to J, at W*(Z1) N J,.

We furthermore suppose that the heteroclinic connection I'¢ is transversal with
respect to variation in c, i.e. extending the reduced systems with the equation ¢’ = 0,

4 There are also isolated canard points corresponding to folded singularities where trajectories beginning
near an attracting branch of a slow manifold are able to cross over to the repelling branch, tracking it for
O(1) time. In the travelling wave literature, such points are referred to as ‘holes in the wall,’ relating to the
observation that D(U7) = 0 defines ‘walls’ of singularities corresponding to the fold lines; see Harley et al.
(2014), Li et al. (2020), and Wechselberger and Pettet (2010).
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Fig.2 Segments of W¥(Z ) and W*(Z ™) arising from the slow flow (19)-(20), as ¢ is varied within the
range [0.19, 0.23]. The stable manifolds are extended slightly past J, to illustrate the transversality of the
slow flow at J,. The singular homoclinic orbit I is depicted by the red curve for c¢g = 0.199362. The blue
arrows indicate how the (un)stable manifolds vary as c is increased. The magenta dashed line denotes the
U-nullcline for ¢ = ¢

we have 'y = W"(Z_,c) M WS(Z+,C), where W”(Z_,c) = UCW”(Z_(C))
and W*(Z1, ¢) = U.W5(Z(c)) denote, respectively, the extended two-dimensional
centre-unstable (resp. three-dimensional centre-stable) manifolds, continued across
the fast jump in the usual way.

Hypothesis 2.7 can be readily verified numerically; this was done already in Li
et al. (2021). Here we report a singular heteroclinic connection for cp ~ 0.199362
which is clearly transversal with respect to variation in c; see Fig. 2. Based on the
relative location of 'y with respect to the U-nullcline, we also record the following
monotonicity hypothesis.

Hypothesis 2.8 The portions of I'g (from Hypothesis 2.7) lying in Sg’i are strictly

monotone in U, i.e. U (¢) > 0 (equivalently, \_/(g“) > () forall{ < Oon Sg '~ and for
all¢ > 0on Syt

This monotonicity condition turns out to be useful when analysing the reduced
eigenvalue problem introduced in Sect. 8: it is equivalent to the statement that the
projectivized dynamics of the slow coordinates lives entirely on one chart of CP
specified by § = (P/V), V # 0, when the temporal eigenvalue parameter A = 0.
Here, P and V denote, respectively, the linearizations of Pand V.

5 Our notation is equivalent to the “8” convention to denote linearized variables, i.e. V = sV.
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Fig.3 Numerical approximation of a heteroclinic orbit (black solid curve) connecting the saddle equilibria
(0,0,0) and (1, ¢, F(1)) for (¢, ¢) = (0.001, 0.20637), together with the singular heteroclinic orbit I'g (red
dashed curve) from Hypothesis 2.7

2.3 Travelling Waves for0 < £ < 1

We now use hypothesis 2.7, to show the existence of a one-parameter family of trav-
elling waves {I".} for sufficiently small values of ¢ > 0; we write it in such a way as
to make clear the uniform convergence onto the singular wave I'y.

Lemma 2.9 For any § > 0, there exists ¢ > 0 such that for each ¢ € (0, €), there
exists a wavespeed c(&) and a heteroclinic orbit Ty (£) for (11) connecting 7~ to 7T
withdy (Te, Tg) < 6 and |c(g) — cg| < 6.

Shock-fronted travelling waves for small fixed values of ¢ > 0 are numerically
approximated in Li et al. (2021); see also Fig. 3. We sketch a geometrical proof, show-
ing that Hypothesis 2.7 implies that Lemma 2.9 holds. Our sketch follows standard
arguments for constructing heteroclinic orbits by estimating the relative orientations
of slow manifolds and their fast fibre bundles for ¢ > 0 small, see e.g. Szmolyan
(1991). Here we also address the issue that the jump occurs across a regular fold,
necessitating a slightly different estimate.

Proof Fix o > 0 small enough that 'y is the unique transverse singular heteroclinic
orbit for ¢ € By := (cp — «, cg + ). We also fix a section which intersects I'g in its
interior in the middle of the jump, say ¥ = {u = 0.7}. For ¢ > O sufficiently small,
Fenichel theory provides the existence of slow manifolds S~ and S%*, which are
O(e)-close in Hausdorff distance to compact normally hyperbolic subsets of S;*~ and
Sg T

T(I)le slow manifold S¢>~ can be continuously extended across a regular fold of a two-
dimensional critical manifold in R3 using blow-up theory; after crossing the fold,
S&~ lies O(&2/3) close to the singular fast fibre subbundle 7 extending from the
fold F_ to the jump-on curve J,, at the section X (see Theorem 1 in Szmolyan and
Wechselberger 2004 for details). The slow manifold S~ then flows along the fast
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fibre bundle, reaching ¥ in O(1) time with respect to the scaling (11) (this intersection
must exist for ¢ > 0 sufficiently small since I'g intersects X by construction). Thus,
S~ remains O(&?3)-close to 7 at the point of intersection on X.

On the other hand, consider a ball V inside W = U.cp, W*(zZ™ (c)) which straddles
J,. Fenichel theory implies that the (nonlinear) fast fibre bundle over the basepoint set
V perturbs to an O (¢)-close fast fibre bundle over the corresponding basepoints now
given on S (Fenichel 1979). Extend this fibre bundle backwards to X. Therefore at
Y, the transverse intersection of the projection of F with the stable fast fibre bundle
over Sg + persists over a small range in €, and for each such ¢ the intersection occurs at
acorresponding wavespeed c(¢). Evaluated at , the perturbed intersection is O (£2/3)-
close to the original intersection in the extended (i, p, v, c)-space, i.e. c(¢) — cg as
e — 0. O

Remark2.10 We highlight a high-dimensional generalization of this construction,
due to Lin and Wechselberger (2014). They prove a generalization of Theorem 1 in
Szmolyan and Wechselberger (2004), and they also require exchange/lambda lemma-
type estimates to pick out unique waves from two-parameter families. In our case, the
transversal intersection I'; for each corresponding wavespeed c(g) must be unique,
which can be verified directly with dimension counting. O

We are now able to state the main theorem proved in this paper.

Theorem 2.11 Suppose Hypotheses 2.7 and 2.8 hold. Fix a contour K in the right half
of the complex plane. Then, there exists € > 0 so that for each 0 < ¢ < g, the wave
I'c does not have spectrum inside of K.

The proof of this theorem is developed mostly in the second half of the paper;
see Sect. 6.2 for a general outline of the strategy. A characterization of the spectral
stability of a travelling wave must first be developed. This is accomplished by the end
of Sect. 6.

We finish this section with a preliminary estimate, showing that we have strong control
over the dynamics of the wave via the reduced subsystems away from the transition
sets F_ and J,; c.f. Corollary 2.2 in Gardner and Jones (1991).

Corollary 2.12 Given ¢ > O sufficiently small, let X(¢,e) = x(&, &) parametrize
the travelling wave solution from Hypothesis 2.9 corresponding to the wavespeed
¢ = c(¢). The following are true for each fixed a > 0:

liH})x(E, &) = xg(&) uniformly for |&| < a
lir%x(C, &) = Xg(¢) uniformly for|¢| > a.

In the second limit, we take Xpg to mean the embedding of the correspond-
ing parametrized solutions of FO'S(‘;‘_US(‘)’"*' into R? via the map (U, P)

(U, P, F(U)) € Sp.

Proof We sketch the argument for the first uniform limit. Fixana > 0. Then, |x(&, ) —
xg(&)| can be uniformly bounded through a combination of Gronwall’s inequality and
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the distance estimate in Hypothesis 2.9. The argument for the second uniform limit is
similar. o

3 Geometric Preliminaries

Ahead of our analysis in the remaining sections, we explicitly describe the geometric
spaces in which our objects of interest live. We will track the dynamics of fibres of
complex vector bundles, corresponding to points in Gr(k, n), the Grassmannian of
complex k-planes in C". The general set-up is standard: we will study dynamics on
the Grassmannian indirectly via embedded systems on complex projective space.
We first introduce some essential notation for complex projective space. The space
CP" is the quotient space (C"T! — {0})/ ~ subject to the equivalence relation that
identifies complex rays, i.e. y;, y» € cntl — {0} are identified if y; = ay, for some
o € C. We denote the projection map by  : C"*! — {0} — CP", and foreach y € C"
we use the notation [y] or ¥ for the image 7 (y) € CP" (this notation also holds for
sets S € C* — {0}).

Later, in Sect. 7.2 we will use the following elementary lemma to interpret metric
neighbourhoods on CP? in terms of those on C3.

Lemma 3.1 Let p be any metric on CP". Then, there is a constant K > 0, depending
only on p, such that the following is true for each § > 0:
Ify € C"! is a complex vector with unit modulus and if P C C"t! is a complex
n-plane passing through the origin with y ¢ N(s(f’), then

lw| = K34,

where w is the component of y lying orthogonal to P, and N;s(P) denotes the §-
neighbourhood of P with respect to p, i.e. Ns(P) = {x € CP" : p(%,p) <
3 for some p € P}.

Remark 3.2 The norm |x| := vxTx in Lemma 3.1 is the usual Euclidean norm, and
the orthogonal component is defined using the Hermitian inner product x -¢c y :=
Y ', xiyi. Essentially the lemma says that if a vector is inclined far away from a
plane, then the component of the vector lying orthogonal to the plane cannot be too
small, up to a scaling factor that depends on the details of how this inclination is
measured. This lemma was implicitly used in Lemma 5.4 in Gardner and Jones (1991)
for the case n = 3, so we provide an explicit proof for arbitrary n. O

Proof of Lemma 3.1 Suppose that there is no such uniform constant for some fixed
choice of § > 0. Then, we can find a sequence {yx} lying on the unit sphere in
C™*1 such that for each k, we have Vi & N(;(ﬁ) and |wi| < §/k, where wy denotes
the orthogonal projection of y; with respect to P. Choose a convergent subsequence
Yk —> V4, relabeling k if necessary. Then y, clearly has zero component in the direction
orthogonal to P, implying that y, € P and hence that J, € N5(13 ). On the other hand,
we have Ji — Yy ¢ N;(P) since the quotient map is continuous and the complement
of N,g(ﬁ) is closed, giving a contradiction. m]
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Let vq,..., v € C" denote a spanning set of vectors for the k-plane W. The
well-known Pliicker embedding

k
Gr(k, n) Lp (/\ (C”) ~ cp@®-!
Y (W) :=[vi A~ Avg]

provides homogeneous coordinates for the Grassmannian, called Pliicker coordinates.
The image ¥ (W) can be coordinatized by writing down the maximal minors/cofactors
of the (n x k) matrix My = [vy --- vl

Example. Consider a complex 2-plane W € Gr(2,3) with spanning complex
vectors v = (aj, b1, )T and va = (az, b2, c2)T. A coordinate representation of
[v] A v2] € CP? s given by the list of 2 x 2 cofactors of the 3 x 2 matrix [v; v3],
namely

bicr — c1by
Nw = | axc1 —ajc
arby — axby

Observe that the Pliicker coordinate representation Nw can be interpreted as a
parametrization of the plane W by a (nontrivial) normal vector.

Remark 3.3 The Pliicker coordinates are generally redundant: we have (Z) of them,
whereas the dimension of Gr(k, n) is k(n — k). In this paper our analysis is restricted
to the cases Gr(1, 3) and Gr(2, 3), since we will be occupied with tracking complex
line (resp. plane) bundles. In the case Gr(1, 3), the redundancy arises from nonunique
scalings of the complex ray. In the case Gr(2, 3), an analogous scaling nonuniqueness
arises when choosing a normal vector to represent a complex plane (see the example
above). O

The Grassmannian spaces are metrizable. Here we construct an explicit metric,
because we will need a way to measure ‘angles’ between lines and planes. Using a
complex version of the construction given in Jones and Tin (2009), we take advantage
of the Pliicker embedding to equip Gr(k, n) with the Fubini—Study metric. Complex
projective space can be embedded into the space of Hermitian (n + 1) x (n + 1)
matrices H via the following isometric immersion:

@

CP" < H
=T

XX
o([x]) = W,

where x € C"*! — {0} represents the ray Cx. The space of Hermitian matrices is in
turn endowed with an inner product given by

1
d(P, Q) = -Tr(PQ),
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which allows us to define a norm || P|| = d(P, P)'/2, and hence, a metric induced by
the norm given by dist(P, Q) := || P — Q||. We can pull back this metric on H to one
on CP", and hence on the Grassmannian:

dist([x], [y]) == H

Iyl2

- 2
_ ﬂ _¥
|x|2 |y|2) }
e y)P
X2y P2

We observe that dist([x], [y]) recovers the sine of the so-called Hermitian angle

(Scharnhorst 2001) between a corresponding pair of nontrivial complex vectors repre-
senting [x], [y]. For example, this metric on Gr(2, 3) measures the Hermitian angle
between a pair of normal vectors parametrizing a corresponding pair of complex 2-
planes.
We will use the Pliicker embedding to study (linear) dynamics which describe the
evolution of k-planes in the Grassmannian. Concretely, let y’ = b(&)y denote a nonau-
tonomous linear system on C"*!. This linear system induces a nonlinear flow on CP"
and hence on the corresponding Grassmannian, which we denote by

5 = b($, ). (21)

We mention two elementary facts about these induced flows. The first is that y is
an eigenvector of b(&) if and only if y is a critical point of 13@, &). The second is
that if {A;} denotes the eigenvalues of the linearization of a (constant) matrix » and
if y; is an eigenvector corresponding to the eigenvalue A;, then the eigenvalues of the
linearization of b near the corresponding critical point y; are ; — A; for j #i. Asa
consequence of these facts, if the largest eigenvalue of a linear system is simple, then
the corresponding eigendirection in the projectivized system is a stable fixed point.
We will find it useful to study the system (21) in its own right as a nonlinear flow
on appropriate charts on CP", but it is also convenient to treat the natural system
y' = b(&)y as the Pliicker coordinate representation of the system on projective
space. To clarify this, we introduce the notion of induced variational fields. We repeat
the general treatment of Jones and Tin (2009, Sect. 3.2). Let V be a vector space of
dimensionn andlet1 < o < n.Givenalinearmap A : V — V, aninduced derivation
of order o is the multilinear map A? : A\’ V. — A’ V defined by

g
A --/\va'—>Zv1/\~-~/\Avi/\~--/\va. (22)
We have
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Lemma3.4 Let {A;}!_, denote the set of eigenvalues of AY = A. Then the set of
eigenvalues of A® is given by {A; + Aj};:?,i:l'
Proof Choose an ordered basis for V consisting of eigenvectors of A and use it to
construct an ordered basis for /\2 V. The conclusion follows from a straightforward
calculation using the definition (22). O

If x’ = Ax is a linear vector field, then P’ = A©) P defines a linear vector field on the
oth exterior power space. By using the Pliicker embedding, the latter induced vector
field can be interpreted as evolving points in Gr (o, n) (see Sect. 3.2 in Jones and Tin
2009 for a complete description of this construction in the real setting; the extension
to complex k-planes is direct).

4 Spatial Eigenvalue Problems

We now assume that Hypotheses 2.7, 2.8, and 2.9 hold, and we proceed to define

the spatial eigenvalue problem associated with the one-parameter family of waves

(_I‘g, c(¢e)). L_et us ﬁx_ g > 0_ sufficiently small and represent I'; by the solution

X, e)=(U(,¢), P(¢,¢e), V(¢,¢e)). We consider perturbations of the form
0.0 =0, e +8MU ) + 0. (23)

Assuming that U(Z,t) solves (1) and applying the fact that U (¢, €) is a stationary
solution of (2), we arrive at the eigenvalue problem by collecting O(§) terms:

cUs + (D) U)¢¢ + R'(UYU + e(WUys — cUpee) = AU. (24)
Collecting derivatives and defining

V =DWU)U +e(\U — cUy)
P = CU + V{,

we obtain the following closed three-dimensional system:
. 1 _
eU = = ((ex+ DU)HU - V)
c

P=G—-RO)U
V=P—cU. (25)

In the stretched scaling & = ¢ /e, we obtain

1
u = - (—v + (ed + D(i))u)
p =& — R@@)u
v =e(p — cu). (26)
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In view of the orientation reversal giving the pair of wave Egs. (10)—(11), we will
instead work with the following pair of linearized systems throughout the paper:

eU = %(v — (ex + DU))U)
P = (R (U) - MU

V=cU-P. 27)

and

u' = %(v — (eA + D(@))u)
p =e(R'(ih) — Mu
v =e(cu — p). (28)

Remark 4.1 Setting . = 0 in (27)—(28) gives the standard variational equations of
(10)—(11) along the wave (I, c(¢)) for each ¢ > 0. In particular, we can account for
the existence of the translational eigenvalue; the variational equations are satisfied by
a nontrivial uniformly bounded solution, namely the derivative of the wave (i.e. the
vector field). ]

Collectingy = (u, p,v)andY = (U, P, V), we write the pair of systems (27)—(28)
more compactly in terms of the matrices A, a:

Y =AU, A, )Y (29)
Yy =a(u, i, e)y. (30)

We end this section by recording the fast projectivized eigenvalue problem y =
a(i, &, ) corresponding to the linear eigenvalue problem (28). This system is defined
on the space CP?; with respect to the chart (81, B2) = (p/u, v/u) with u # 0, we
have

A1

1
—(D@)p1 = pi1p2) + e(R' (@) + 2(Br/c = 1))

1 A
B Z(D@)p2 — B3) +e (c - AL+ ;ﬁz) : €1y

Slow projectivized eigenvalue problems can be similarly defined using (27). We
record for future convenience the following system defined with respect to the chart
(B1, ) =(WU/V,P/V) with V #0:

. 1 _
efr =~ (1—D@)B1) +e(Bifr — cBi — (A/c)B1)

Cc

fr = B3 —cBifa+ (R'(U) — MBi. (32)
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4.1 Asymptotic and Far-Field Hyperbolicity

We turn to the asymptotic systems associated with (29)—(30). Broadly speaking, these
systems encode ‘far-field’ information about the wave; for instance, they are useful
in determining the boundaries of the essential spectrum (see Kapitula and Promis-
low 2013). The matrices a(&, A, €) and A(¢(§), A, &) tend to the limits a*(x, ¢) and
AT (A, &) as £ — Zoo. Here the minus (resp. plus) superscript corresponds to an
evaluation at z~ (resp. 7). We have

—LD@*) +er) 0 1
athe)=| eR@wEH-» 0 0],
ec —£ 0
AT, e) = (1/e)aT(r, e). (33)

Note from (4) that R'(1) < R'(0) < 0. Let B be some fixed real number with
R’'(0) < B < 0 and define

Q={reC:Rer > B}. (34)

We will show in Sect. 5 that the essential spectrum lies entirely in the left-half
complex plane, and bounded away from 2. We now record some estimates for the
eigenvalues and eigenvectors of the asymptotic matrices (33) for any A € 2, which
will be important in determining the point spectrum.

Lemma4.2 Let ) € Q. Then for e > 0 sufficiently small, the asymptotic matrices (33)
have three distinct eigenvalues ,uf (A, &) for a*(x, &) (resp. AT(A, e) for AY(x, €)),
which satisfy '

Re/JchE < Re,u,i] <0< Re;},;‘f2
AT = (1/e)u7. (35)

In particular, we have /ﬁ; = O(1) and M;t,/ = O(e), j = 1,2. Furthermore,
let e?(k, e) and ef ; (X, &) denote the eigenvectors associated with uj; and /L;lf j

respectively, where j = 1,2. Then, each e* (X, &) limits to a ‘reduced’ eigenvector
rE(1) as e — 0. These reduced eigenvectors are given explicitly by:

ry=(1,0,00"
riy = (/D) vp+, )T
rE, = (1/D@), vu e, DT, (36)
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where

co + /e + 4D () (h — R (%))
2D(ut)
o — /€t + 4D () (A — R'(aF))

Ut = DG . (37)

Remark 4.3 The smallness of ¢ required for Lemma 4.2 is dependent on X, but a
uniform bound ¢ < & over closed, bounded contours in C can be extracted using
compactness. O

Proof of Lemma 4.2 We outline the proof as it is similar to the proof of Lemma 2.1.
The characteristic polynomial of a® (X, ¢) is

+ _ pl,t
PEW) = —p® — 2 (M) +us+82%, (38)

from which we obtain the expansion ujft = —D(i%) /co+O(e). Leading-order expan-
sions of the O(¢g) eigenvalues are obtained by using the scaling u = ev as before.
Their leading order terms are given by v, + and vy, +; this can be checked by direct
calculation. The remaining small eigenvalues therefore fall into the hierarchy stated
by the lemma at both ™~ and u™, provided that Re A > R’(0). The expressions for the
singular limits of the eigenvectors can also be checked with algebra. O

For fixed a > 0, there exists € > 0 sufficiently small so that the wave x (€, ¢) lies
near S(‘)‘ U S(‘)”Jr for |&| > a/e for all 0 < ¢ < &. The corresponding coefficient
matrix a(§, A, €) has three eigenvalues u; satisfying the hierarchy p, < 51 <
0 < W2, inherited from the asymptotic hyperbolicity described in Lemma 4.2. Let
fiE.xe), f2(6,X,¢), fr(&, X, &) denote a choice of eigenvectors corresponding to
the eigenvalues iy, 1, g2, 1y (note:if 1y 1 and g 2 coalesce, welet fi, f> denote the
generalized eigenvectors instead). We furthermore suppose that the f; are normalized
so that | fi|co = 1 for all (§, A, ¢).

Definition 4.4 The slow subbundle o, of the linearized system is

os€ xe) = | span{fi€ 1. 0), f(E 1, 0)) (39)
|§1=a/e

where the base space is |£| > a/¢ and A € Q. We denote the slow subbundle with
respect to the timescale { = & /¢ by Xj, i.e.

Ys(E, A e) =05(5/e, A, €). (40)

]
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4.2 Complex 2-Plane Dynamics Induced by the Eigenvalue Problem

We now write down a concrete representation of the evolution equations of complex
2-planes that are induced by the eigenvalue problem (28), and recording some essential
properties about this induced system using the formulation described in Sect. 3. We
have

uAp ' —%(8)»+D(ﬁ)) —% 0 uAp
pAv ]| = —ec 0 —&(R'(r) — 1) pAv|. 41)
VAU € 0 —Ler+D@)) \vAru

The coupled system (11)—(41) acts on the complexified tangent bundle TCU =
Upeu Tp(U) ®r C, where U C R3. In view of Corollary (2.12) and Lemmas 4.2
and 3.4, there exists € > 0 and a > 0 so that for each ¢ € (0, £) and |&| > a/e, the
eigenvalues Miz) &), Mgz) &), Mgz) (&) of the linearization of (41) can be ordered so
that

Re(1{?) = O(1) <0
Re(1$?) = O(1) < 0
Re(1i”) = O(e).

Let us provide some geometric intuition to clarify these estimates. When the wave
lies near the slow manifolds, the eigenvalue problem (28) provides an eigenvector
lying near the direction of strong contraction onto the slow manifolds, and a pair of
eigenvectors lying near to the tangent space of the slow manifold. These eigenvectors
can be chosen pairwise to construct an eigenbasis for the linearization of system (41),
consisting of three complex 2-planes. Two of the constructed 2-planes have an axis
lying near the fast fibres of the slow manifolds, so they strongly contract in forward
time under the flow; these are the eigenvectors corresponding to the two eigenvalues of
O(1) negative real part. The remaining 2-plane lies near the tangent space of the slow
manifold. Depending on the relative magnitudes of the singular eigenvalues along the
wave, this eigenvector provides a weakly (un)stable direction.

We can further clarify the local dynamics near the tails of the wave, in view of the ele-
mentary facts about projectivized systems discussed just after (21). The projectivized
system induced by (41) on CP?, written in terms of the coordinate representation

B1, Br) = <’M” UA“), u A p #0,is given by

UAD’ UAD

A+ D 1
+ Mﬂl — &(R'(it) — M) B2 + ;ﬂ%

B = —ec
1
By =¢e+ ~BiB2, (42)

where we remind the reader of the nonautonomous nature of the flow due to the inclu-
sion of the phase space variable u = u(£). associated with the system (42) is a family
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of frozen systems, defined for each fixed ¢ by replacing the nonautonomous system
by a one-parameter family of autonomous ODEs where the variable £ is formally
replaced by an independent parameter y on the right-hand side (see Sect. 7.1.1 for the
explicit construction). A straightforward perturbation argument shows that for ¢ > 0
sufficiently small with @ > 0 defined as above and for each fixed y with |y| > a/e,
there is an (isolated) attracting fixed point of the frozen family for each such y, denoted
Bo(y, &), whichis O(e)-close to (81, B2) = (—D(i(y)), 0). For fixed ¢ > 0, the func-
tion Bo(y, ¢) defines curves of attracting critical points on the left and right branches
of the slow manifold as y is varied, corresponding precisely to the family of eigen-
vector 2-planes near the slow manifolds whose construction was just described. This
is exactly the slow subbundle in Def. 4.4.

These curves of attracting critical points serve as the organizing centres for so-called
relatively invariant sets (see Gardner and Jones 1991), which we construct over the
wave tails in Sect. 7.1.1.

4.3 Reduced Eigenvalue Problems

The dynamics of the linearized systems (25) and (26) are equivalent when ¢ > 0, but
they limit to distinguished problems as ¢ — 0. In analogy to the definitions of the
layer and reduced problems for the wave, we now define two linearized subsystems
using (27)—(28). The desingularized slow eigenvalue problem will be used in Sect. 6.3
to define a slow eigenvalue. This will require the derivation of a jump condition for
two disjoint solution segments, defined separately on Sy~ and S; ’+.

Definition 4.5 The fast eigenvalue problem is the linear subsystem defined by the
singular limit of (28), along the fast fibre bundle:

1
U =—=—D(@@)u (43)
c
with p =v =0. O

Remark 4.6 The limiting system (43) is the variational equation of (11) and thus is
degenerate as an eigenvalue problem. There is always a nontrivial, uniformly bounded
solution to (43). O

Definition 4.7 The slow eigenvalue problem is the linear subsystem on S&~ U S+
defined by the singular limit of (27), subject to the constraint V = D(U)U:

) - 1%
P =R UO) —»N——

D(U)
- DC(E) P, (44)
or more compactly as
W = Ao(U, A, c)W. (45)
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It is convenient to record here the projectivized slow eigenvalue problem on the
chart § = P/V with V # O:

§=—— (K@)~ % e+ DA)S?). 46
D) W) W) (46)
We also record here a desingularized slow eigenvalue problem, which is defined

by first appending (44) to (18) and then rescaling the frame variable of the resulting
autonomous system by D(U):

P = (R(U) -1V
V =cV — D(U)P. 47)

O

Projectivizations of the desingularized problem (47) will be written down and used in
Sect. 8 to identify the slow eigenvalues.

5 Essential and Absolute Spectrum

Our goal is to determine spectral stability of each member of the one-parameter family
of waves {I"¢ }s¢(0,z) for some sufficiently small value of £ > 0. Following the standard
approach, we will compute the essential and point spectra, defined as in Kapitula and
Promislow (2013), and compute them separately. It is more convenient to write the
eigenvalue problem (24) as a first-order system. Following Sandstede (2002), we
consider the (equivalent) family £ of linear operators from (27) and (28)

i i —L(D@O)+er) 0 L
L) := i AU, 1, €)= i (R(U)Y=x» 0 0 (48)
c -10

where £L(1) : H' (R, C?) — L*(R, C%).

The essential spectrum o, (L) of the family of linear operators £()) defined in (48) is
the set of A € C such that either £(A) is not Fredholm, or £(}) is Fredholm but the
(Fredholm) index is not 0. The point spectrum o, (L) is the set of values A € C where
L(1) is not invertible, but does have index 0. We will denote by o (I") or o (L), the
union o, U o, of the spectrum of the family £ associated with the travelling wave I.

Definition 5.1 (Definition 4.1.7 in Kapitula and Promislow 2013) A wave I" corre-
sponding to a stationary solution of Eq. (2) is called spectrally stable if o(I') N {X €
C : Re(r) > 0} = @, except possibly at A = 0. O

For nonzero &, because U approaches its end states exponentially in ¢ (equivalently
&), determining the essential spectrum amounts to determining when the matrices
A% (%, €) from (33) have different signatures (this is the content of Weyl’s essential
spectrum theorem, Theorem 2.2.6 from Kapitula and Promislow (2013) as well as
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and Lemma 3.1.10, also from Kapitula and Promislow 2013). The edges of the essen-
tial spectrum are called dispersion relations or the Fredholm borders as well as the
continuous spectrum. To find the dispersion relations, we look for values where A
has a purely imaginary (spatial) eigenvalue ik, and solve for the temporal eigenvalue
parameter A. This gives a pair of curves A (k; €) in the complex plane, parametrized
by the spatial modes, where the asymptotic matrices fail to be hyperbolic. Working
with (27), and denoting lim; _, 1+ o0 U by U*, we have that the dispersion relations are:

R (U*) — D(UH)k?
1+ k2%¢

Ae(k;e) = —ick + (49)

We have a pair of curves partitioning C into five disjoint sections: the set to the right

of both curves (where we’re going to look for point spectrum) which we denote €2,

together with four more regions which we denote by A; for j =1, 2, 3, 4 (see Fig. 4).
Since the characteristic polynomials of AT are both cubics:

1 DU* 1 _
Pasu) = i — - (A " ﬂ) 2+l Laor@), 60
c 1 & ce

everything can be checked explicitly. We are working in the slow variables, but every-
thing that follows in this section can be computed for the (equivalent) fast systems,
since

1 +
Ppx () = P (ep)

from (38). Defining the transformation

T
o= (1 289),

ce
we have
Paz(n) = =1 + Hin + K,
where
22 2D(U*) DU*)? +3c32
Hi::—2+k (2 )+ ( )22 ,
3¢ 3c*e 3c*e
and

2 5 2DU%) _, 18c%e* —6eD(U*)?

Ky :=—
* 27¢3 9c3e 27c3¢3
9c2eD(U*) 4+ D(U*)3 4+ 27¢%2eR'(U*)
27¢3¢3 '
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We note that the discriminants A . of H. are polynomials in 2 that are independent
of U*:

4
3c2¢

AHi:_ <0

which means that for A € R, we have H+ > 0. Hence for each A € R,

LKL,

27 4 -

We thus infer that for A € R, P4+ () has three real roots (counting multiplicity in edge

cases). We can then use Descartes’ rule of signs to see that for . = 0 (and subsequently

for all A € ), we have that the signature of both AT and A~ is (—, —, +). Thatis AT
has two eigenvalues with negative real part and one with positive real part. Checking
the signatures in the rest of the regions A; similarly produces the following table:
Thus, we find that the essential spectrum is the union of regions A; 3 4 together

Region sgn(A™) sgn(A+)

Q (= =+ (==
A =+ (= =+
Ay (= =+ (= +.+)
Az (= =+ (= +.+)
Ay (= +. ) (= +,+)

with their boundaries. This set in the complex plane with a bounded real part and an
unbounded imaginary component (see Fig. 4).
The dispersion relations are symmetric about k, and they cross the real axis at R’ (U¥)
7+
2= - 20
are parabolic in k near k = 0, opening to the left when & < & and to the right when
e > & before ‘flaring’ up to asymptote towards vertical lines.
It is worthwhile to investigate whether the family L is sectorial when ¢ > 0, since
the property of sectoriality allows us to strengthen spectral stability to linear stability
(see e.g. Henry 1981). When ¢ = 0, the dispersion relations define a pair of parabolas
opening leftward, and as such the linearized operator associated with the unperturbed
problem is sectorial. On the other hand, for any fixed ¢ > 0, the following asymptotics
characterize the behaviour of the Fredholm bolders as k — +oo:

and

when k = 0. The dispersion relations are vertical lines when ¢ = ¢

DU

Ag ~ — + —ick. (51)
Hence, the essential spectrum is contained in the left half plane, but the family £ is
not sectorial since the borders are vertically asymptotic; see Fig. 4.

We note that as ¢ — 0, the continuous spectrum (Fredholm borders) of the perturbed
problem will converge to the continuous spectrum (Fredholm borders) of the linearized
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. Tm(\) Im¥)
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Fig. 4 Left: a plot of the essential spectrum (shaded regions) of the family £ illustrating its qualitative
features, and noting the regions €2 and the A; partitioning the complex plane via the Fredholm borders
(continuous spectrum). The asymptotics of the essential spectrum for large spatial modes means that the
family of operators £, for nonzero ¢ is not sectorial. Right: a plot comparing the Fredholm border of
A7 (A, &) (solid line—blue online) to the Fredholm border of the reduced problem linearized about the
constant solution U~ = 0 with ¢ = 0 (dashed line—red online). As ¢ — 0, the solid line follows the
dashed line for a longer region in the left half plane, before eventually ‘flaring’ up. For the figures, ¢ = 0.1
(where it is present) and ¢ = 1, with D and R as in (3) and (4)

unperturbed problem, linearized about the steady-state solutions U=~. That is we set
e = 0in (2) and consider the dispersion relations of the steady-state solutions U*.
We see that these are given by

As(k; 0) = —k>D(UF) + R'(U*) + ick,

which corresponds to setting ¢ = 0.

We highlight the subtlety underlying the asymptotic convergence of the essential spec-
trum of the linearized operator as ¢ — 0: for any large bounded set intersecting the
essential spectrum of the operator for ¢ > 0 and for any fixed § > 0, there exists
a sufficiently small uniform bound & > 0 so that for each ¢ € (0, £), the Fredholm
borders for the operator when ¢ > 0 can be made §-close to the (parabolic) borders
of the reduced operator within this bounded set; on the other hand, the uniform bound
& must be made smaller and smaller as we take larger and larger bounded sets and
demand §-closeness. See Fig. 4.

Remark 5.2 In view of the nonsectoriality of the family £, spectral stability does not
immediately imply linear exponential stability, i.e. it is unknown whether nearby
translates of the spectrally stable wave decay exponentially onto the wave in forward
time. O

Remark 5.3 Lastly, we note that as the essential spectrum is entirely contained in the

left half plane, any absolute spectrum will also be contained in the left half plane, and
so will play no role in destabilizing the underlying wave. O
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6 Augmented Unstable Bundles

Having shown that the essential spectrum lies to the left of €2 in the left-half complex
plane, we now focus on finding the point spectrum o, (£) consisting of isolated eigen-
values of finite multiplicity. To that end, we fix a simple, closed curve K C €2, such
that o, N K is empty. In view of the hyperbolicity of the asymptotic systems at(x, ),
we henceforth refer to the values in the point spectrum as eigenvalues. Specifically,
we rely on the following geometric characterization of the eigenvalues of (24).

Definition 6.1 The number A € € is an eigenvalue of L(A) if there exists a nontrivial
uniformly bounded solution y (&) of (27) (equivalently, if the bounded solution y(&)
decays to zero as £ — +00; see Alexander et al. 1990). m]

In this section, we construct two augmented unstable bundles E,(K) and &y (K),
over a cylindrical base space formed by extending K along a compactified time vari-
able. As we will outline in Sect. 6.2, our goal is to use a particular correspondence
theorem that relates a certain topological invariant of these complex vector bundles to
the eigenvalue count of £(A) inside K.

6.1 Construction of the Augmented Unstable Bundle £.(K) for & > 0

Following Gardner and Jones (1991), we now use general facts in Alexander et al.
(1990) together with Lemma 4.2 to construct (un)stable complex vector bundles of
solutions along the wave for each sufficiently small ¢ > 0.

Definition 6.2 Let A € Q. For ¢ > 0 sufficiently small, the unstable bundle and stable
bundle ¢~ (£, A, &) resp. ¢ (£, A, &) are the linear subspaces of solutions along the
wave ['; defined by the conditions

¢ (§,1,8) — span{e (A, €)} as § - —o0
ot E N e) — span{eil()\, g), e}'()», e)} as & —> +oo. (52)

The asymptotic convergence to the corresponding (un)stable subspaces of a* (X, €)
is defined with respect to the topologies of the appropriate Grassmannians G 3 and
Go3. |

The linear subspace ¢~ (resp. @) can be viewed as a complex line bundle (resp.

2-plane bundle) over the base space (£, 1) € R x Q. In view of Definitions 6.1 and 6.2,
A € Qis an eigenvalue if and only if ¢~ (£, A, &) and ¢ (£, A, &) intersect nontrivially
for some (and hence all) £ € R.
We now describe a general construction for obtaining an augmented unstable bundle
& (K) over the real 2-sphere s2, using ¢~ ; we refer to Alexander et al. (1990) for
details. The approach is to first compactify £ using the change of variable £ — r,
where

v = ek(l — 72),
7(0) =0,
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for k > Ochosen suchthat t(§) — £1as& — Foo. Withrespect to this compactified
‘timescale’, ¢~ (7, A, €) then specifies a line bundle over (—1, 1) x 2; abundle can then
be defined over the restricted base space (—1, 1) x K. This base space is homeomorphic
to an infinite cylinder (equivalently, a finite cylinder with its caps removed). Our first
goal is to continuously extend the line bundle over the closure of the cylinder (i.e. over
the base space [—1, 1] x K). After this, we fill in the caps, altogether producing a
complex vector bundle over the closed cylinder, i.e. over S2.

Let us explain this continuous extension. First recall that every complex vector bundle
can be realized as a pullback of the universal bundle over a Grassmannian, as follows.
Given a (complex) vector bundle £ : E C B x C*" — B with projection map ,
there is a natural map ¢ : B — Gy, which assigns to each b € B the complex
k-dimensional linear fibre 77~ (b), considered as a k-plane in G . On the other hand,
the universal bundle I'y (C") — Gy, is a trivial (tautological) construction: the fibre
above each element in Gy, is defined to be the corresponding k-plane. Then, £ can
be realized as e*I"y (C"):

E — T(C"
o
B —5 Gnk

Thus, we say that ¢~ |(—1,1)x x continuously extends to a bundle over [—1, 1] x K if
the natural map ¢ : (—1, 1) x K — G 3 extends continuously toe : [—1, 1] x K —
G1,3. The extension to T = —1 is clear: for each A € K, ¢~ continuously extends
to e ,(A,€) as T — —1 by definition. On the other end, we need to specify that
A € K is not an eigenvalue of (27). General considerations about w-limit sets relative
to hyperbolic fixed points (see Alexander et al. 1990) then imply that ¢~ (7, A, &)
continuously extends to the corresponding unstable eigenvector e:fz (A, e)ast — +1.
We note that this limit can be made uniform in A over the closed contour K.

It remains to fill in the interiors of the caps C_ = {r = —1} x K% and C; = {r =
+1} x K 0 at either end of the cylinder. For each A € K 0 this is achieved for both
caps by gluing the corresponding unstable eigenvector efz X, ).

Definition 6.3 The augmented unstable bundle £;(K) is the complex line bundle over
the cylindrical base space C_ U[—1, 1] x K U C4, constructed from ¢~ as described
above. O

This base space is homeomorphic to §2. Our goal will be to relate the eigenvalue count

to a particular characteristic class defined for complex vector bundles.

6.2 An Outline of the Proof of the Stability Theorem

We make use of the main theorem proved in Alexander et al. (1990): the total number
of eigenvalues (counted with algebraic multiplicity) inside K is equal to the first
Chern number, ¢ (€, (K)), of the complex vector bundle constructed above. The main
advantage of this topological characterization lies in the homotopy invariance of c.
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We can now outline the steps of the proof of Theorem 2.11:

1. Construct a reduced augmented unstable vector bundle £ (K') using a complex two-
dimensional reduced (or slow) eigenvalue problem defined on the critical manifold
So. This is accomplished in Sect. 6.4.

2. Show that for sufficiently small ¢ > 0, we can continue & (K) to &y (K), i.e. we
can construct a homotopy between them. By homotopy invariance, ¢1(E:(K)) =
¢1(&(K)). This homotopy is constructed at the end of Sect. 7 only after several
key estimates are proven; see Theorem 7.1.

3. Use the correspondence theorem in Alexander et al. (1990) in the ‘other direction,’
i.e.compute c1 (9 (K)) by finding the slow eigenvalues using Sturm—Liouville tech-
niques. We will verify that the reduced problem admits only a simple translational
eigenvalue A9 = 0, and another simple eigenvalue A; with R’(0) < ReA; < 0.
The slow eigenvalues are computed in Sect. 8.

Steps 1 and 3 turn out to be relatively straightforward; most of the technical issues
lie in proving the uniform estimates required to construct the homotopy in step 2. To
summarize, we will show that for any fixed contour K C C to the right of the essential
spectrum, there exists &€ > 0 so that for each ¢ € (0, £], the following statements hold:

{# of eigenvalues of £ inside K} = ¢1(&:(K)) = ¢1(E(K)) < 2,

where the first equality follows from the general theory in Alexander et al. (1990);
the second follows from the Step 2 above; and the third follows from Steps 1 and 3.
By choosing smaller contours Ko and K surrounding only X¢ resp. A (and shrinking
¢ finitely many times if necessary so that the corresponding homotopies can be con-
structed for all three contours K, Kg, and K simultaneously), we obtain linearized
stability of the one-parameter family of waves I'; for 0 < ¢ < &.

6.3 Slow Eigenvalues and the Jump Map

We now proceed with step 1 of the stability proof. In order to construct the reduced
bundle, we must first define the appropriate geometric criteria for a slow eigenvalue
A € Cfor (25). Let (U(2), P(¢)) parametrize the segments of the singular heteroclinic
orbit 'y from Hypothesis 2.7 on S5*~ U S “*, so that the fast jump occurs at { = 0.

Definition 6.4 The complex number A € 2 is called a slow eigenvalue of (25) if there
exists a pair of nontrivial, uniformly bounded solutions on Sg " U F_ resp. Sg *,
denoted

Yr(A,¢) for ¢ <0 and
YR(%,0) for £=0 (53)

of the desingularized slow eigenvalue problem (47), such that

Yr(%,0) = J, (YL(2,0)), (54)
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where J;, : C> — C? is the (linear) jump map defined by

| RUD=RWp)=(U;=Ur) P
= cUp—Pr
MEV=1, <Us=Pr (v) (55)
cUp—PF
O

The jump map will be derived rigorously as a singular limit in Sect. 7.3.

Remark 6.5 Suppose that A is a slow eigenvalue. Owing to the asymptotic hyperbolicity
of (47) as ¢ — =00, the pair of nontrivial, uniformly bounded solutions (53) must
decay to zero in forward (resp. reverse) time. Given two nontrivial, uniformly bounded
‘half-solutions’ Y7 (A, ¢) and Yg (%, ¢) as given in (53), any nontrivial complex scalar
multiple of these solutions f’L (X, ¢) = KYL(A, ¢) and f’R (A, ¢) = KYr(X, ©) also
satisfy the jump condition (54) owing to the linearity of the jump map (55).

It is instructive to consider the case A = 0, corresponding to a reduction of the
translational eigenvalue. The reduced vector field provides (complex scalar multiples
of) nontrivial, uniformly bounded linear solutions on S§'~ U F_ and S§'* as required
in (53). Indeed, any such solution pair Y7, Yr, separately defined along the segments
of the wave lying in S§'~ U F_ and S§'*, must satisfy

YL (x,0) = (Pr, VF) = K{(R(UF), cUr — Pp)
Yr(A,0) = (Py, V;) = K2(R(Uy), cUy — Pp),

where K1, K> # 0 denote complex scalars. On the other hand,

R(WUF) + (F(UJ)_— R(UF)))
(cUj — PF)

_ RWUy)
o Kl <CU] — PF>

= (K1/K2)(Py, Vy).

Jo(Pr, VF) = K| (

The jump condition 54 is therefore satisfied by rescaling one of the solutions if
necessary, and hence, O is a slow eigenvalue. Observe that the reduced vector field
provides a natural scaling K; = K, = 1 such that the jump condition is automatically
satisfied, but this is a special constraint that arises from the relationship between the
reduced vector field along the singular limit of the wave and the variational equations,
i.e. the linearized problem when 1 = 0. We do not generally expect (or need) to find
such a natural scaling when A # 0.

We end this remark by comparing our definition of a slow eigenvalue to that in Gardner
and Jones (1991). Motivated by the behaviour of their slow line subbundle in the
fast inner layer as ¢ — 0, their slow eigenvalue problem is defined by asking for
continuous solutions across the jump. Hence, O is necessarily not a slow eigenvalue
in their construction, since the tangent vector of a continuous solution at the end of
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the jump is transverse to the reduced vector field at the jump-on point on S +. The
translational eigenvalue is instead counted by their fast eigenvalue problem. O

6.4 The Construction of £¢(K)

We work with the projectivization of (47) on CP:
Z=Wo(Z,5, 3. (56)

Let Z (¢, A) denote the (unique) solution of (56) on Sg ", which tends to the image
of the unstable eigenvector of the (projective) asymptotic reduced system Wo_ (Z, 1)

as { - —oo. We write Zy (¢, X)) = (PL(&, L), Vi (L, L)) € n_l(ZL). Let us denote
by Zr(¢, X)) = (Pr(¢, A), Vr(S, 1)) the corresponding solution on Sg’+ for¢ >0
which satisfies the jump condition (54) (note that this gives a concrete initial condition
for the solution on Sg ). We find the corresponding embedded solutions in R> using

Ep(¢,2) =w, MNZL(&, M)
ER(C? )‘) = LO(gv )")ZR(;9 )\‘)5

where ¢ denotes the inclusion map into TS;O.

Finally, we consider the projectivizations Ey g(¢, A) € CPP?. In analogy to the con-
struction of & (K), we compactify the time variable and work instead with T (¢),
where

T' = k(1 —1?) (57)
T(0) =0, (58)

with —1 < T < 1. When thefe are no slow eigenvalues within A € K, we can then
continuously extend each of E,_g to the appropriate cap of the compactified cylinder
by taking

EL(—1,0) = &5,
ER(+1,2) = &5,(»)

foreach A € K U K©.
We construct £y (K) by gluing together vector bundles over two hemispheres, defined
separately over the singular wave on Sg * In particular, let

iy (0) = Jimio(z. 4) (59)
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and take

B_=Bn{t <0}
By = BN {t =0},

denoting the two sets splitting the base space over left and right hemispheres. By
pulling back Er and Eg with respect to these restricted base sets, we can obtain two
bundles £ £ It remains to glue these bundles together over the hemisphere B_ N B...
The ﬁbres over B_ N B of each bundle 6’0 is specified by

&y 1(B— N By) = spanfiy (M) Z1,0(M)}
ESI(B- N By) = spanfif (A\)Zg 0} = span{ig (\)Jo(ZL,0)(M)},

where Z1 ¢ € n_lzL(O, A) and Zro € 7T_12R(O, A). Then, there is a bundle
isomorphism

" ESIH0Y x K — &£ {0} x K (60)
defined by (the linear extension of)
T Wiy W Zro =ik M Zro =i} ZLo. (61)

The basic properties of bundle isomorphism can be checked by using the linearity of
the embeddings and the jump map.

Definition 6.6 The reduced augmented unstable bundle £y(K) is defined by the clutch-
ing operation

& = 5(; UyH &, (62)

i.e. it is the bundle over the closed cylinder (= S?) obtained by gluing together the
hemispheric bundles along their common boundary via the equivalence relation

y—~ e My-.
using the clutching map (60). O

Remark 6.7 We refer the reader to the standard treatments in differential topology for
a general overview of clutching operations (see e.g. Atiyah 1967; Hatcher 2017). We
will find it useful to work instead with an equivalent bundle SQ(K ) = &y(K) obtained
by projecting the fibre at each point over the base set onto the corresponding two
components. It is straightforward to show that these two bundles are indeed homotopy
equivalent by constructing the explicit homotopy that continuously bends each fibre as
a homotopy parameter goes from 0 to 1; see the remark below Lemma 6.2 of Gardner
and Jones (1991) for details. m]
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7 Comparison of the Bundles £, (K) and £y (K)

With the reduced objects from Sect. 6.4 in hand, let E (¢, A, ) denote the (unique)
projective solution of the e-dependent family of solutions tending to the unstable
subspace as { — —o0. By general arguments in Alexander et al. (1990), we have that
A ¢ 0,(L) if and only if E({ A E) — é+ (A, €) (defined in Lemma 4.2) as { — +o0.
We want to show that particular solutlons of the projectivization of the slow eigenvalue
problem (47) uniformly approximate E (¢, A, &) when ¢ > 0 is sufficiently small.
Let IT : C* — C2 denote projection onto the slow coordinates, i.e.

(u, p,v) = (p,v). (63)

We can also define the inclusion maps ¢, tg in the obvious way. If Y, Y are solutions
to the full system (in the slow timescale, with ¢ # 0) and the linearized slow system
(i.e. with ¢ = 0), respectively, then we use the variables Z, Zy € C? to denote the
projections:

Z =T11(Y) (64)
Zo = I (Yy). (65)

Owing to the linearity of the eigenvalue problem, we can also induce a dynamical
system for Z on projective space:

7 =Bo(Z,t, ). (66)

The goal now is to compare two solutions, denoted 7, and Zo, defined viaa singular
limit of a solution of the full system and a solution of the reduced linear system,
respectively (strictly speaking, we compare their embeddings in CPP?). The solution
Zo is the unique solution of the projectivized linearized slow system (56). On the
other hand, the solution Z* is defined as the projection of the full solution E (¢, A, ¢€)
onto the slow manifolds in the singular limit ¢ — 0, i.e. take Z = I1E and choose a
subsequence &, — 0 so that the limits

Z(E1, A, 8y) = 27

both exist and then define two solutionsA 7 *(¢, 1) of the reduced problem (56) on
¢ <0and ¢ > 0 with initial conditions Z*, setting

. £(¢,n) if £<0
* 7)" = ~
6 ¢t n) if ¢>0.

Finally, define the following two inclusions:

Eo(g, 1) = 10(¢, M) Zo(g, 1)

(67)
E (&, 2) = 10(, M) Z4(C, 1).
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We re-emphasize that the starred data are obtained from approximation of the full
solution, whereas data denoted by ‘0O’ is obtained only from solutions of the reduced
problem on Sgﬁ U F and Sg”L, concatenated by an algebraic jump condition.

An approximation theorem can now be stated.

Theorem 7.1 There exists € > 0 such that for 0 < ¢ < g the following are true:

(a) limg_q E(;,A,e) = E*(g, A) uniformlyina < |{| < A, foreach0) <a <1 <
A.
(b) Let Z0~(A) := lim; o~ Z4(¢, 1). Then,

L2 () = Z,.(0,2) = lin(r)l+ Zy(8, 1). (68)
—

(c) Suppose that X is not a slow eigenvalue. Then,
28, 2) = Zo(g, ),
where

20N for £ <0

. (69)
Zr(&,A) for ¢ =0

Zo(¢, 1) = !

is defined by projectivizations of a pair of solutions defined on Sg’_ U F resp. Sg Al
that tends to the projectivization of the unstable eigenvector in either direction.
The pair also satisfies the projectivized jump condition from (90):

Zr(0, %) = s(iig, A).

Furthermore, E({, A E) —> é?({, A, &) as & — +oo.

Remark 7.2 This theorem should be directly compared to the analogous convergence
theorem 5.3 in Gardner and Jones (1991). Observe that the continuity condition in
part (b) is replaced by a jump condition. In general, we no longer expect the projected
limiting solution Z, to be continuous at ¢ = 0 (however, it is still right-continuous).
O

Sections 7.2, 7.3 and 7.4 are devoted to proving Theorem 7.1 (a), (b) and (c),
respectively. In the final subsection 7.5, we use this theorem to construct a homotopy
between the bundles £ (K) and &) (K).

7.1 Preliminary Estimates

Before proving Theorem 7.1, we need some preliminary estimates that will allow
us to control the dynamics of the eigenvalue problem within the slow manifolds,
and as they connect from the fast layers to the slow manifolds. The key points are
that although we do not have access to an elephant trunk lemma, (i) we may still
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define partial relatively invariant sets over the attracting branches Sg’i of the critical
manifold S, for sufficiently small values of ¢ > 0, and (ii) the way in which the
eigenvalue parameter A enters the equations suggests that we can retain control of the
dynamics using exchange lemma-type estimates. Let us highlight that the exchange
lemma estimates are apparently new relative to the techniques introduced in Gardner
and Jones (1991). Furthermore, the use of relatively invariant set theory applied to the
case of two-plane dynamics (i.e. the construction of a so-called slow elephant trunk
over a slow subbundle) also appears to be new.

7.1.1 Fast and Slow Elephant Trunks Over Sg’i

In this section, we construct relatively invariant attracting sets for (28) defined within
compact neighbourhoods of S¢*. Here we closely follow the treatment of Sect. IV in
Gardner and Jones (1991). Let

Q= UgerQ2(8) x {&}

denote a subset of C> x R such that I is an open interval in R and Q (&) is a neigh-
bourhood in C? for each &, such that 32 N C2 x I is a smooth manifold (with (&)
varying smoothly in &). Furthermore, consider a sufficiently smooth nonautonomous
system on C? of the form

B'=G(B.& ¢). (70)

Definition 7.3 The set 2 is (positively) invariant relative to I if for any solution 8 (&)
of (70) with B(&y) € Q2(&y) for some &y € I, we have B(§) € Q2(¢) for all ¢ > ¢ for
which ¢ € I. O

We will define two distinct collections of relatively invariant sets over the disjoint
branches Sg"i, referring to one type as fast elephant trunks, denoted Qi and to the
other as slow elephant trunks, denoted Q7.

The starting point is to consider the auxiliary autonomous family of frozen systems
associated with (70):

p
g—G(ﬁv Y 8) (71)

and to assume that (71) admits a smooth curve of critical points By(y, ¢) (i.e. for
each ¢ > 0, Bo depends smoothly on y). Thinking of (71) as the frozen family
corresponding to a projectivization of a linearized system over a reference chart, such
curves arise naturally by continuing the eigenvectors of the linear system along the
travelling wave, which is parametrized by y. We will consider subsets of the following
form as candidates for elephant trunks:

Qd,n,e)={B,n:1B—Boy,)ly <n,yelld} (72)
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VY

(a)

Fig.5 Sketches of the a fast resp. b Slow elephant trunks constructed in Lemmas 7.4-7.5

where the real parameter d parametrizes a nested family of subintervals 7(d) (i.e.
I(dy) C I(d») whenever di < d;), and the metric | - |, is defined according to the
construction in Sect. IV. B. in Gardner and Jones (1991). As noted there, the parameter
d can be thought of as characterizing the slowly varying character of (70) (with respect
to £ when ¢ > 0 is sufficiently small), while 1 characterizes the width of the tube. See
Fig. 5 for a sketch of the elephant trunks we construct.

We begin with the construction of the fast elephant trunks, which are defined for
(26), i.e. (28) with the frame variable having reversed orientation & +— —&. Strictly
speaking, we work with the (orientation-reversed) projectivized system (31).

Lemma 7.4 Foreach) € 2 (see (34)), there exist ey > 0anddy > 0 such that for each
e € (0, e9landd € (0, do], there is a pair of fast elephant trunks QJ_C = Q}_C(d, n,A,8)
(over S¢>~ ) and QJfr = Q_{ d,n, A, &) (over Sg*"’); namely Qf (resp. Q_{) is positively
invariant relative to the nested families of sub-intervals 1_(d) (resp. 1+(d)), where

I_(d)={:§<&_(8(d) <0}
and

Ii(d) =1{§ :§ 2 §,(8(d)) > O},

where § : [0,dy) — [0, 0o) varies smoothly in d with §(0) = 0, and £+ (5(d)) are
defined so that:

e the travelling wave x (&, €) lies 6-close to the singular limit of the travelling wave
forall € < &_(8) < —& and for all € > &,.(8) > &, where E is defined so that:

o the matrix A(§, X, &) := Gg(Bo(§, A, ¢€),&, A, &) has eigenvalues j1p — p1 and
w3 — ju1 uniformly negative and bounded away from 0 for all |§| > &, where G
denotes the orientation reversal of the projectivized system (31).

Proof See Appendix A.
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Lemma 7.4 provides elephant trunks about the fast unstable directions near the slow
manifolds in reverse time. In fact, we will only require the fast elephant trunk near the
fixed point at u = O (i.e. over the branch S¢>7), in order to verify one part of a uniform
closeness estimate of the unique solution E (&, X, €) of (28) with |[E(0, A, ¢)| = 1 and
EE, A e) > u~ as & - —oo. As we track E(, A, ¢) for & sufficiently large, we
will also require a slow elephant trunk over S+ which guarantees uniform closeness
of E near the slow subbundle. We work with the projectivized system (42).

Lemma7.5 For each . € Q (see (34)), there exist &g > 0 and dy > 0 such that
for each ¢ € (0,&0] and d € (0, dol, there is a pair of slow elephant trunks Q° =
QP (d,n, A, e) (over S&7) and Q% = Q%.(d, n, A, &) (over S4F) for system (42);
namely, Q° (resp. Q) is positively invariant relative to the nested families of sub-
intervals 1_(d) (resp. 1,.(d)), where

I_(d)=1{§:§ =§_(5(d)) <0}

and

I4(d) =1{§ : § = £,.(8(d)) > 0},

where & : [0, dy) — [0, 00) varies smoothly in d with §(0) = 0, and £+ (5(d)) are
defined so that:

e the travelling wave x (&, €) lies §-close to the singular limit of the travelling wave
forall £ < &_(8) < —& and for all £ > &,.(8) > &, where £ is defined so that:

o the matrix A(§, L, &) := Gg(Bo(§, A, €), &, A, €) has eigenvalues uniformly neg-
ative and bounded away from 0 for all |&| > .

Proof The steps are essentially identical to those shown in Appendix A for Lemma
(7.4). We point out that the corresponding family of frozen systems for (42) admits
a curve of attracting critical points, as described in the paragraph below (42). The
remaining conditions are checked with direct calculation. O

Remark7.6 The slow elephant trunks in Lemma 7.5 define attracting invariant
neighbourhoods relative to a metric defined in Gr(2, 3). Switching instead to the
Fubini—Study metric (which gives equivalent estimates up to a constant factor depend-
ing only on the metrics), it is a rather lengthy calculation to show that these planar
neighbourhoods can be in turn expressed as neighbourhoods of complex lines relative
to the slow subbundle. O

7.1.2 Exchange Lemma-Type Estimates

Per Fenichel’s original setup (Fenichel 1979), we consider a singularly perturbed sys-
tem of differential equations in R", which admits a family of k-dimensional normally
hyperbolic invariant manifolds S,, with 0 < k < n, for ¢ € (0, €], arising from a
critical manifold So when ¢ = 0. We remind the reader that n = 3 and k = 2 in our
model, and we restrict our interest to the case of attracting slow invariant manifolds.
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(20, dbo, dyo) - Tc

(oo ) (™ (e 75 o, ) - 2

(7™ (20), y (dbo, dyo)) € T

S. ={b=0}

Fig.6 Setup of the exchange lemma-type estimate using system (76). Here the projection 7~ x 7, refers
to the projection onto the invariant manifold {# = 0}, extended by the corresponding invariant manifold
given by the eigenvalue problem (76)

We use freely a Fenichel normal form defined over a common neighbourhood U of
Se, appended with its variational equations:

b =T(b,y,e)b
Y =ef(y,e)
db' = T'db + D,I'(dz ® b)
dy' =eDyfdy, (73)

where z := (b, y) and dz := (db, dy). In terms of the geometric objects introduced in
Sect. 3, the system (73) may be regarded as an induced derivation on the tangent bun-
dle, with the dynamics on the tangent vectors coordinatized according to the Pliicker
embedding. We highlight a few properties of Fenichel theory and the Fenichel normal
form. The slow manifolds are given by S, = {b = 0}, so that y € R* may be viewed
as the slow variables. The stable manifold W} is foliated by invariant fibres, with
associated projection map w~ : W) — S;.

With respect to the straightened dynamics of the normal form, this stable fibration is
given by (b, y) + y. Each function in (73) is regarded as ‘sufficiently’ smooth for
every succeeding statement to hold, and we further assume that the spectra of the matrix
functions I" and ¢ D, f satisfy the necessary conditions for Fenichel’s Lyapunov-type
numbers. Specifically, for each y € U we list the spectrum

specI'(0, y,0) == {y1(»), ..., ¥a—t (M)}

in ascending order of their real parts, i.e.
Re (yi(») = -+ = Re (vu—k (),
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and we assume a spectral gap Re ,_x(y) < 0 uniformly for y € U. Define

Y0 = SUPyey Ya—k (Y)- (74)

Let us summarize the geometric ideas underlying the exchange lemma. We con-

sider families of manifolds that enter neighbourhoods of normally hyperbolic slow
invariant manifolds in a generic way. The primary goal is to track both the position
and orientation (i.e. the corresponding evolution of tangent spaces according to the
variational equations) as trajectories enter near the stable foliation and spend suffi-
ciently long times near the slow manifold. If the entry manifolds intersect the stable
foliation transversally, this generic entry is ‘exchanged’ for exponential closeness, in
both position and orientation, to the unstable foliation (or in our case, to the tangent
space of the slow manifold) at exit.
This geometric result can be expressed explicitly in terms of the rectified variables in
(73). We follow the treatment by Jones and Tin in Jones and Tin (2009). Fix a parameter
A > 0 and consider a one-parameter family of entry manifolds {M,} intersecting the
stable manifold transversally at some section {|b| = A}. We focus on initial conditions
within the entry manifolds that remain within the box specified by

Ba = {lyl = A, |b] = A}, (75)

leaving Ba through {|y| = A} only after a sufficiently long time, say 7, = 1/¢&* for
some 0 < s < 1. Let z(¢) parametrize an incoming trajectory y corresponding to such
an initial condition lying on M,. The exchange lemma assures us that for « € (0, |yl)
(see (74)), z(1) is C1-O(e*T)-close to Sy at t = Ty, i.e.

dist(z(Tz), Se) = O(e %)
dist(TL(7,) V. Ta-(2(7o) Se) = Oe ™),

where the dist(-, -) map is defined in the usual way, after specifying some appropriate
metrics. In view of the rectified coordinate system for (73), 7 S; = {db = 0} (the
tangent space of S, at x) for each x € S;. Complete details about the formulation
of the problem and a statement of the Exchange Lemma are given in Jones and Tin
(2009). This general formulation is referred to as the (k4o )-Exchange Lemma, where
k denotes the dimension of the local unstable manifolds of the critical manifold. In
the present case k = 0, the Exchange Lemma is referred to as an inclination lemma
(Brunovsky 1996).

The first step is to write down the ‘straightened’ eigenvalue problem. Although the
coordinate change—i.e. the composition of straightening diffeomorphisms—which
defines the Fenichel normal form is usually highly nonlinear and difficult to write
down, we highlight that the linearization of this composition acts linearly on the
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dynamical system defined on the tangent spaces.® Hence, we obtain

b =T(,y,eb
y =e(f(y.e)+ H(b,y, e)b)
db' =Tdb+ D.T(dz®b) +erG(b, y,¢) - dz
dy = e(Dyf dy + D.H(dz ® b) + HdD) + eAGa(b. y.£) -dz.  (76)

Here, Jz = (c?l;, &’}) and G, G, are smooth functions that are defined from the
e-family of diffeomorphisms used to derive the Fenichel coordinates, and so are inde-
pendent of A. Let us write the transformed eigenvalue problem in (76) in the more
compact form

d7 = Az, e)dz + eAM(z, £)dz, 77

with M A.go ‘= MAXzeB, 0<e<ep M (z, €). We drop the tilde notation for the remainder
of the section for ease of reading. For T > 0, let Q7 denote the set of initial conditions
within the box of width of A > 0 so that for each g := z(0) = (bo, yo) € QO7, we
have that z(¢) remains within the A-box for each ¢t € [0, T].

Lemma 7.7 Assume the hypotheses of the (k 4+ o) Exchange Lemma in the singularly-
perturbed case (Theorem 6.7 in Jones and Tin 2009) with k = 0 (i.e. the normally
hyperbolic critical manifold does not admit fast unstable directions). Furthermore,
let (y(t,¢),dz(t,€)) be a one-parameter family of trajectories of (716) (where the
components of the tangent vector are given by dz(t, €) = (db(t, €), dy(t, €)), so that
y (¢, €) satisfies the hypotheses for the invariant manifolds M, in Jones and Tin (2009).
Furthermore, let dz(0, €) =: (dby(¢), dyo(e)) satisfy the estimate

|dyo| > Me

for some M > 0 independent of e, when ¢ > 0 is sufficiently small, and fix § with
0 < B < 1. Then, there exists € > 0 so that for 0 < ¢ <@g,

dist(dz(T,), Ty (1) Se) < Kog”

K> depending only on € and A.
Proof See Appendix C.

Remark 7.8 Let us highlight a few points about Lemma 7.7 relative to the (k + o)
Exchange Lemma in the singularly-perturbed case. The first obvious difference is that
the estimate is weaker, being only linear in order of ¢. This is because we compare
a generic incoming trajectory to the tangent space of the slow manifold (i.e. the set

6 Indeed, if the eigenvalue problem in the original coordinates is written as dx' = A(x, &)dx +eAM - dx,
where A(x, &, A)dx denotes the original variational equations and M is a constant square matrix, and
z = @(x, &) is the diffeomorphism giving rise to the Fenichel normal form, then dz =B (z. &)dz+erM-dz,
where B dz is the transformed variational equation and M= DypoM o D(p_l.

@ Springer



82 Page44of 71 Journal of Nonlinear Science (2023) 33:82

{b = 0, db = 0}) instead of the slow subbundle, where the computation becomes
more difficult. For our present purposes, this weaker estimate is sufficient, since it
is immediate that the slow subbundle is O(¢e)-close to the tangent space of the slow
manifold relative to the Fubini—Study metric (note: it is crucial here that the eigenvalue
problem depends ‘weakly’ on A, i.e. through terms of O(gA) only).

However, we highlight that the system (76) is singularly-perturbed, with the identical
normally hyperbolic critical manifold {b = 0, db = 0} as that of the variational
equations. By standard Fenichel theory, there exists a one-parameter family of (real)
six-dimensional locally invariant attracting slow manifolds M, for sufficiently small
values of ¢ > 0, which lie O(g)-close in Hausdorff distance to the critical manifold;
two of the dimensions come from the slow directions in the phase space and the
remaining four come from the slow complex directions of the eigenvalue problem.
We therefore expect that the tangent spaces of incoming trajectories under the flow
of the eigenvalue problem align exponentially closely to that of M, i.e. there is
an analogue to the standard Exchange Lemma estimate for the eigenvalue problem.
Furthermore, the slow subbundle should provide the O(e) correction of the tangent
bundle of the slow manifold (i.e. it is O (g?)-close with respect to the Fubini—Study
metric), in analogy to the standard computations using Fenichel theory. We illustrate
this in Appendix D with a toy problem. O

7.2 Estimates Near the Slow Subbundle

In this subsection, we prove Theorem 7.1 (a). Our aim is to prove a similar result to
Corollary 5.6 in Gardner and Jones (1991), namely that the projectivization E €, A, e)
of any nontrivial solution E (¢, A, €) lies uniformly close to the slow subbundle when
the wave is near to the slow manifolds. A new technical issue here is that we do
not have an elephant trunk estimate over the fast layer. We will instead combine our
existing ‘partial” fast and slow elephant trunks with our exchange lemma-type estimate
to achieve this uniform closeness.

In the commg analysis, we will work with prOJect1v1zat10ns of the slow subbundle,
denoted &, and 3 as usual. Now fix any metric p on CP.

Definition 7.9 For any set ScCPands > 0, a §-neighbourhood of S is the set
Ns(8) = {9 € CP? : p(§, $) < & for some § € S}. (78)

]

We begin by estimating the closeness of E(¢, A, €) to X,(¢, A, €) near Sg’i. To do
so, we consider the following family of autonomous frozen systems (and their projec-
tivizations) corresponding to the linearized problem:

y =a(y, x, &)y

VO (79)
y=a@,y. re).

We refer the reader to a series of technical lemmas in Appendix B, which are used
in the following proof.
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Proof of Theorem 7.1(a) Fix two constants ¢ and A with 0 < a < 1 < A and sup-
pose ¢ € [a, A]. We select a representative solution E € 77! E scaled so that slow
components |Z| < lona < ¢ < A for each ¢ € (0, &). It quickly follows that for
¢ = 1 fixed, we have Z — Z* as ¢ — 0. Our primary task is to compare a solution
Z representing Z to a solution Z, representing the corresponding projectivization of
the reduced problem, i.e. we show that |Z — Z,| — O uniformly ona < ¢ < A as
e — 0.

Away from the jump, the projection onto the slow components Z = (P, V) and
Zr = (Pgr, Vg) of the full and reduced systems, respectively, may be written as:

Z =B, e)Z+GT
Zr = Br(¢, V) Zg,

where (suppressing the dependence of the phase space coordinate U on ¢ and & > 0):

0 R(U)=1
B(§,k,€)=( | b )

D(U)

G, A, e) =R U)— 1
N U—L_
D)

and

0 RW)-
Br(¢, 1) = (_1 b )

D(U)

Here the term GI" can be thought of as a forcing term that is ‘turned on’ when
¢ > 0; specifically, I' measures how far (the slow projection of) the solution Y is from
solving the reduced eigenvalue problem. Evidently B(¢, A, €) — Br(¢, M) ase — 0,
uniformly in the interval a < ¢ < A. It remains to estimate the forcing term GT’
uniformly within this ¢-interval. The term G has a uniform singular limit for ¢ — 0,
so we concern ourselves with the singular limit for I". For § > 0 arbitrarily chosen,
Corollary B.4 provides a sufficiently small € > O such that

E(, % 8) € Ns(E5(&, %, ©))
foreach e € (0, €] and ¢ > a. A fixed representative E (¢, A, &) of the projectivized
solution of the full linearized system can thus be made arbitrarily close to a linear
combination of the basis vectors F1, F, by varying § (see the definitions of f1, f> in

(39); we use capital letters to denote the appropriate timescale). Each of these basis
vectors in turn has a singular limit. Indeed, we have

E(, A &) > a1(§, MRs1 (8, A) + a2, M Rs2(8, A) (80)
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as ¢ = 0, where R, 1(¢, A) and R 2(¢, 1) are the eigenvectors spanning the reduced
slow subbundle. These are the required singular limits of the basis vectors F, F3, and
they admit explicit formulas:

Fi — Ry 1 = (1/DU), V,, DT

_ T 81

Fy = Rs o =(1/DWU), Vi, 1) ",
and «1(¢, A) and a»(¢, A) are uniformly bounded coefficients. Note that the basis
vectors R ;, i = 1,2 are derived similarly to the asymptotic case in (36), and the
auxiliary quantities V), ,, are defined analogously to v; + in (37). Finally, we write I
in a convenient form by including and rearranging terms:

v 1 !
e U o S V. (82
&, A, 8) &, DU (¢, 0)) (D(U(;,e)) D(U({,O))) ®

The term in parentheses converges uniformly to 0 and |V| < 1 by construction, and
the first to terms also converge uniformly to zero by 81; hence, |[I'| — 0 uniformly on
the required ¢-interval, and thus, Z — Z, uniformly on this interval by Gronwall’s
inequality. Finally, the U-components of E also converge uniformly to those of E,
by (80), (82), and Corollary B.4. Altogether, the uniform convergence of E to E, on
a < ¢ < A follows from Gronwall’s inequality. The case ¢ < O proceeds identically,
so we omit the proof. O

7.3 The Jump Map as a Singular Limit

We now construct the jump map used to define the slow eigenvalue problem in
Def. 6.4. Our goal is to determine the fate of the slow components y,(§, A, &) =
(p&, A, e),v(&, A, e))of y(§, A, ) across the fast layer. The difficulty in tracking the
slow data in this inner layer is that ys (&, A, €) remains O(¢), while u(&, A, &) grows
to O(1) for a time interval that is O(1/¢); in other words, the linearized solution can
be made to align arbitrarily closely to the fast fibres after crossing the fold, and they
remain close throughout most of the jump. The directional information carried by the
slow variables is not annihilated as ¢ — 0, however. The natural approach from the
point of view of GSPT is to perform an e-dependent rescaling of the fast linearized
equations: for ¢ > 0, let

efr=p
efr = v. (83)

Then, we have

1
u' = ;(8/32 — (ek + D(@)u)

B = (R'() — Mu
B; = cu — i, (84)
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where a factor of ¢ has been cancelled from the latter two equations. The resulting
equations limit to the following linear system as ¢ — 0O:

/ 1 P
u =——D(u)u
c
Bl = (R'(@) — Mu
B5 = cu. (85)

The first equation in (85) is the variational equation of the linearized layer problem
(43) and thus has a family of nontrivial bounded solutions u(§) = K (vg — F (u(§))) =
K (du/d&), where vy is the v-component of F_. It is then possible to calculate S (§)
and B, (&) explicitly. We find it more convenient to perform the intermediate calcula-
tions in the projective space CP2. This allows us to fix a free parameter by applying
a smoothness condition across the fold.

We consider the projection of the linear system (85) on a copy of CPP?, choosing the

chart (s, g) = (B1/B2, u/B2), B2 # O:

s’ = (R'(h) —N)g —csg
Dii
g =- iu)g — (R'(ii — 1)g>. (36)

The g-equation decouples, so we solve it directly to find

_ o — F@u(®))
g&)= G

where C € C is a constant. The s equation is then given by:

L
f=«wmwmrwm%a5%%2 (87)

Equation (87) is now a one-dimensional nonautonomous problem and can be solved
explicitly, but we must first fix the constant C to define an unambiguous jump condi-
tion. Such an ambiguity arises even at the projective level. For each ¢ > 0, the scale
of the linearized solution along the wave is set by one free parameter, whereas in
the singular limit, we split the linearized dynamics into subsystems defined along the
singular heteroclinic orbit. We are able to choose freely the scale of each correspond-
ing linearized solution segment. It follows that these free parameters of the reduced
systems may be constrained so that they are compatible with the scalings of the ‘full’
linearized solutions as ¢ — 0.

A suitable compatibility condition is the C!-differentiability of the desingularized
linearized flow across the fold. We compare (87) with the projectivization of the
desingularized slow eigenvalue problem (47), which we write over the chart § = P/V,
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—c=1072

230 1 1
0.45 05 0.55 0.6 0.65 0.7 0.75 0.8 0.85
u

Fig.7 Demonstration of the convergence of the projectivized dynamics (blueish curves) onto the reduced
dynamics (red curve) as ¢ — 0 for A = 15. Solutions of reduced dynamical system are defined by
concatenating the solution of the projectivized flow of dS/d¢ (see (89)), defined for Ue(,U F)U U 7. 1),
with the graph of the map (90) defined for it € [it F, it y]. The left dotted line denotes the fold it = it , and
the right dotted line denotes the jump curve u = u; (and hence the fast dynamics takes place in between
these dotted lines). The right dotted line is the jump curve, where the jump condition is used to concatenate
the appropriate solutions. The wave speed was held at ¢ = ¢ =~ 0.199362 for each value of &

with V #£ 0, as

j_i = (R'(U) =1 —cS+ DWU)S?. (33)

Using the chain rule, we write

aSdP 39S dS ds _ -
2 L =% _(RIU) — A — S+ D(U)S?
YR TRETT: ac (R'(U) c U)s?)

d—s—#(R/(L_’)—)»— S) (89)
di  ci—C o)

At the point I'g N F_ = {)_( r = (ur, pr, vr)} where the singl_llar orbit intersects
the fold, we have D(Ur) = 0 and thus (dS/dg“)|;(F = (0S/0U)(cur — pr). By
matching (3S/9U) and ds/di at X r, we find

CZPF.
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At the projective level, the jump map u# 7 — s(uy) is defined from the solution s (i)
of the (complex) one-dimensional initial-value problem

ds 1 o
—=——(R W) — 1 —cs)
du cu— py

s(up) = s9.

Note thatcu— pr > 0isbounded away fromOforu € [up, i ]sincecur—pr > 0
by Hypothesis 2.8 and u > u ¢ across the jump. Explicitly, we have

S(@ ) = R(u) — R(ur) — ?»(f? - ’:_lF) +so(ciur — pr) 90)
ci — pr

for ur < u < uy. See Fig. 7 for a demonstration of the approximation of the ‘full’
linearized flow to that of the hybrid reduced problem for a nonzero value of A.

The linear jump map (55) can be extracted from (90) by using the chart map s = p/v.
For a, b € C", we define the equivalence relation a ~ b if a = y b for some complex
number y # 0. We then have

(Po. v0) = (p.v) = ((p/v)v, V) = (sv, V)
~ (s,1) = <R(ﬁ) — R(up) —Au —ur) + so(cup — pr) 1)

cu — ]51:
N (vo(R(ﬁ) — R(up) —A(u —up)) + po(cur — IEF), vo)
U — pr
= J(po, vo, A, U). ©n

We can now define J, (P, V) := J(P, V, A, Uy). Our jump map is defined up to linear
equivalence and is therefore clearly nonunique; however, any two linear choices induce
the same projective jump map J,. := s(iiy, ) on CP. This essentially completes the
proof of Theorem 7.1(b).

7.4 Control from the Reduced Dynamics

Proof of Theorem 7.1(c) By Corollary B.4, the unique solution E (¢, A, &), which tends
to the unstable eigenvector at # = 0 as { — —o0, remains uniformly close to the
(projectivized) slow subbundle .
Fix an interval a < |¢] < A, where 0 < a < A with A < oo. For fixed 2, ¢, let
(B1(&), B2(&)) denote the local coordinates of the solution E (¢, A, &) which coin-
cide with the coordinates used to define the slow projectivized system (32). Then by
Lemma 4.2, for any § > 0 we can find some sufficiently small ¢ = £(8) so that
|1 — 1/D(U)| <8 foralla < |¢] < A and for all 0 < & < &. This estimate can be
read off from the expressions for the reduced eigenvectors in (36).

Now consider the solution 2*@, A) written with the coordinate S.({) =
P(¢)/V(¢) with V £ 0. The dynamics of S(¢) is determined by the system (46).
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Ateither limit { — —oo and { — 4-00, the corresponding asymptotic systems admit
a pair of hyperbolic (saddle) fixed points, interpreted in the projectivized system as an
attractor and a repeller. Let us consider the case { — —oo and denote the projectivized
attractor (corresponding to the unstable eigenvector of the saddle) by 2~ (L) and the
projectivized repeller (stable e1genvector) by §7 (). We seek to verify that the only
possibility is that Z*(§ A) — 1 (A)as ¢ — —oo (i.e. that E*({ A =7 1 with rs1
as defined in (36)).

So suppose that E*(g, A) — f; , (the weak stable eigenvector) instead. Since the
corresponding critical point § ~ is a repeller, let N denote a repelling neighbourhood of
radius n > 0. Then by hypothesis, there exists some {1 = ¢1(n) sothat S, (¢, A, &) € N
forall¢ < ¢1.Aslongas V # Oremains bounded away from zero, for each sufficiently
small ¢ > 0 we may choose a section E € ! E so that

E(, A, &) =(1/D@),aco/D@) + (b — a)vy,—, 1) + O()

where a + b = 1. Thus, |81 and | 82| (the norms of the coordinates of E with respect
to the chart specified by (32)) remain uniformly bounded, while S € N. Now, observe
that the B, equation in (32) may be written as follows:

fr=R(U™)—1) —cB+ DU ) +d(E, 1 e),

where d(¢, A, €) consists of terms characterizing the perturbation from the asymp-
totic system together with terms of the form (8; — 1/ D(U)), which can be uniformly
bounded as stated in the beginning of the proof. Hence, N remains a repelling neigh-
bourhood of §~ for the system above. But this implies that E (¢, A, &) can be chosen to
remain in any small neighbourhood of 7~ 1) as & — —oo, which contradicts the fact

that E(§ A,g) > r j2 48§ — —o0. Hence, E* and Eo = L()Z() coincide for ¢ < 0.
For the matchlng on the right-hand side, we have by Theorem 7.1(b) that the jump
condition is identical and uniquely determined, so in fact E* and Eo coincide for
¢ > 0 as well. It remains to check that E tends uniformly to f;fl. This step proceeds
identically to the preceding argument, so we omit it. O

7.5 Continuing £¢ (K) to £y (K)

We now prove the following corollary of Theorem 7.1:

Corollary 7.10 There exists g9 > 0 such that for each ¢ € (0, go], E(K) = Ey(K). In
particular, ¢1(E:(K)) = ¢1(E(K)).

We follow the approach of Sect. VI-D in Gardner and Jones (1991). The method
is quite natural. With respect to the compactified time 7'-scaling (see (57)), the fast
dynamics over the jump occurs over an O(¢g)-interval straddling the midpoint of the
interval [—1, 1]. The approach is to first define two hemispheric bundles over the
complement of this small interval in [—1, 1], using the flow itself to construct the
gluing map. We then construct a homotopy, which closes this gap continuously as the
homotopy parameter is varied. Theorem 7.1 is then used to show that the gluing map
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and bundles have nice singular limits: they are precisely the ones used to construct the
reduced augmented unstable bundle &) (K).

Proof of Corollary 7.10 Fix the pair of real parameters S ~, S&* with —1 < §~ <
0 < ST < 1. We work with the parameter pair S = (S, 0), where o €
[S2-~, %] is the homotopy parameter that we will continuously vary.

For ¢ > 0 fixed, define the bundle £(S, ¢) as follows. The base space Bgs of £(S, ¢) is
a sphere obtained by gluing the following two hemispheres along their boundaries:

b_(S¢T)y=Bn{T < S§+7}
bi(0)=BN{T = ao}.

We define two hemispheric bundles over these base spaces as follows:
5_(5,‘;’_, g) = ES(K)”L(S;?’*)
ET(0,8) = E(K)lb, (0)-

We complete the construction by defining a gluingmap ¢s,c : E7(S¢ 7, &)lp_np, —
&1 (o, €). Here “b_Nb_.” refers to the intersection curve of the hemisphere boundaries,
corresponding to a copy of K in Bg. Let ¢ and ¢, be the values of ¢ corresponding
toT = S~ and T = o, respectively, defined using the initial value problem (57).
Let E(¢, A, €) be the solution, which has data E; at ¢ = ¢z (by a time translation, if
necessary), where E lies in the fibre of £ (527, €) over (S>~, A). A suitable gluing
map is then the obvious one, which is induced by the flow:

(pS,SEL =E(§0’7}\'7 ‘9)' (92)
The bundle £(S, ¢) is then defined as:
E(S,8) =E (887, 8) Uy, ET(a, 8). 93)
Note that at 0 = §&~, the map ¢s  is the identity (since {;, = ¢y ). Furthermore,
the flow map is continuous for each ¢ > 0, implying that ¢s . forms a homotopy of
isomorphisms. These facts imply (see, e.g. Atiyah 1967) that

E(K) = E(S, ¢)). (94)

Note that we have fixed ¢ > 0 up to now. Let us now fix $¢~ and S* and take
¢ > 0 sufficiently small that Theorem 7.1 holds. By Theorem 7.1 (a) and (c),

lim E(T, 1, &) = Eo(T, )

E—>

uniformly for (7,%) € b_(S%7) U by(S%T). Observe here that the information
about the jump map is already encoded in the solution Eo(T, 1), as described in

Theorem 7.1(c). Let us now determine the singular limit of the gluing map ¢g .
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Let ¢, and (g correspond (as described earlier) to T = S%~ and T = S, respec-
tively, and choose a solution Zy (¢, A) of the reduced problem so that

Eo = 10, N Zo(C, 2).

It follows from Theorem 7.1(a) that

@s.0lto(Sg ™, M) Zo(Sg" ™, M1 = 0(Zr, M) Zo(LR, A). (95)

We now define the ‘singular’ limit of the glued hemispheric bundles £(S, ¢) in the
obvious way:

E(S,0) := Elb_(S=7) Uyg o Eolbs (SET). (96)

We emphasize here that this is a topological limit, and so £(S,¢e) = £(S,0)
directly—this is the advantage of using the augmented unstable bundle. It thus follows
from (94) that £, (K) = £(S, 0) for each ¢ > 0 sufficiently small.

We have so far held S~ and S¢* fixed. Noting that the required smallness of & from
the above argument is independent of these parameters, we are free to send S~ to
0 from below and S to 0 from above. By Theorem 7.1(b), ¢s.0 approaches o as
defined in (60). O

8 Counting the Slow Eigenvalues

We now compute the slow eigenvalues A € €2; see Def. 6.4. We will adapt the technique
presented in Section E of Gardner and Jones (1991); we split the projectivized Eq. (88)
for (47) into its real and imaginary parts, with the spatial eigenvalue parameter written
as A = 1 + iw, and we consider separately the cases w # 0 and w = 0. Afterwards,
we may restrict our analysis to the real line; using comparison of solutions together
with a Gronwall estimate, we demonstrate that there are no positive real eigenvalues.
Here we need the monotonicity hypothesis 2.8 to ensure that we can work with the
chart defined by V # 0 for A > 0. Generally speaking, the jump condition does not
introduce any new complications with respect to these arguments.

Theorem 8.1 There are exactly two slow eigenvalues in 2, given by Ly = 0 and A1,
with Im(L1) = 0 and R'(0) < A1 < 0. Both A and Ay are simple.

Remark 8.2 As far as spectral stability of the wave for ¢ > 0 is concerned, it suffices to
verify that the eigenvalue with the largest real part in the point spectrum is the simple
translational eigenvalue 1o. We resort to a numerical calculation using a Riccati—Evans
function to determine the existence of the secondary eigenvalue A, but the simplicity
of both eigenvalues is verified rigorously. O

Proof that Ao = 0 is the eigenvalue of largest real part:
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We will prove that all slow eigenvalues are real, and furthermore, there is no slow
eigenvalue A with Re(A) > 0. The asymptotic systems associated with the projec-
tivized linearized slow flow (56) admit the fixed points 2, §~ at U = 0 and at, §+
at U = 1, defined as follows:

¢ —+/c2+ D(0)(R'(0) — )

a~(1) =

2D(0)
. ¢ +/c2+ DO)(R'(0) — 1)
s~ =

2D(0)

— 2 / —

ity = ¢ —+/c2+ D) (R'(1) — 1)

2D(1)
oy = ¢+ +/c2+ D) (R'(1) — 1) -

- 2D(1) '

Linear analysis verifies that ¥ are attractors and §% are repellers with respect

to the projectivized asymptotic dynamics, corresponding to the asymptotic unstable
resp. stable eigendirections. We remind the reader of the geometric characterization of
eigenvalues of (47) in terms of their asymptotic behaviour; if A is not a slow eigenvalue,
itsuffices to show that ‘the’ unique solution So (¢, A) whichtendstozi~ (1) as¢ — —oo
does not tend to §t (1) as ¢ — +00.”

We now write (56) in terms of its real and imaginary parts. Specifically, writing S =
X +iY and A = u + iw, we have

X=RU) —pn—cX+X>*-Y>)HDU)
Y = —w—cY +2XYDQ). (98)

We consider the two subcases @ 7% 0 and w = 0.

The subcase @ # 0. Let us focus on the case w > 0; the case w < 0 is similar. We
have Im (i* (1)) < 0 and Im (§%(1)) > O for each A € €, by applying the inequality
R’(1) < R'(0) < Re(A) on this set to the expressions (97) for the asymptotic fixed
points. On the other hand, the half-plane {Y < 0} is forward invariant since Y =
—w < 0 along {Y = 0}. Furthermore, the jump condition is monotone decreasing in
Y,ie. S“T(0, )y = (Li(S&(0, 1)y < 847 (0, A)y. Thus,if S(¢, 1) = X(¢, M)+
iY (¢, A) remains on the chart specified by V # 0, then it is impossible that S(¢, A) —
stV as ¢ — +o0.

It could happen that the solution So(¢, A) leaves the chart by blowing up in the ¥ —
—oo direction, emerging ‘on the other side’ of the half-plane {Y > 0}fromY = +ooto
make a connection to s (A). Let us show that any such blow-up leads to a contradiction.
Following the style of Lemma 6.6 in Gardner and Jones (1991), we observe that if the
blow-up happens at {y = +00, then Sp(¢, A) remains inside the closure of the image
of {Y < 0} on the Riemann sphere, and s+ (1) is bounded away from this closed set;

7 Strictly speaking, Sq refers to a pair of solutions s;“‘ and Sg'+, defined for { < 0 and ¢ > 0, which are
uniquely defined by two constraints: the aforementioned asymptotic constraint at { = —o0, and the jump
condition defined using (90).
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hence, we suppose that £y € R and that g is the smallest real number so that Sy(¢, A)
becomes unbounded as { — ¢ but for which So(¢, A) remains finite within the lower
half-plane for all ¢ < &p. Then, Ty (¢, A) := So(¢, )~ ! remains well-defined for all e
sufficiently close to ¢y. This motivates the corresponding change in chart

D S (99)
S_X2+y2’ _X2_|_y2'
The corresponding dynamical system (98) expressed in the new chart is:
§ = —D(U) +cs —2wst — (R'(U) — p)(s* — %)
i =ct—2st(R'(U) — ) + (s> — 1), (100)

with the solution written as To(¢) = s(¢) + it(¢). If Y — —o0o, then both s and ¢
tend to 0 as ¢ — &op; furthermore, #(¢) > 0 for values of ¢ < ¢ sufficiently close to
the blow-up value according to (99). The contradiction will arise by considering the
behaviour of 7(¢) for ¢ near ¢y using Taylor expansions. In the following argument,
we suppose that ¢y # 0, i.e. we are not exactly at the jump and all two-sided limits
of the relevant functions exist; we discuss the case ¢y = 0 later. By Taylor expanding
s(¢) around ¢ = ¢o and using the first equation in (100), we find that

$(¢) = =DU ) (& — &o) + O — Lo)*. (101)

Using the second equation in (100), we note that f = = 0 at { = o; however, we
have 7'(¢9) = 2wD (U (£0))?, and so the Taylor expansion of 7(¢) gives

wD(U (£0))?

3 (& =) +0¢ — )t (102)

1(¢) =

But this implies that 7 (¢) < Ofor ¢ < ¢p and ¢ sufficiently close to ¢p, which produces
a contradiction.

If the blow-up occurs exactly at the point of discontinuity ¢y = 0, the argument above
survives by constructing continuous extensions of D(U (¢)) and R’ (U (¢)), since their
right limits still exist. Altogether, we have shown that there are no slow eigenvalues
with nonzero imaginary part.

The subcase w = 0. The (un)stable eigenvectors associated with the asymptotic sub-
spaces are real, and by (98) the subset {Y = 0} is invariant when w = 0; hence, we
are able to focus on the real one-dimensional problem given by the first equation in
(98)

X=f7X,U;pn):=RU)—pu—cX+X>DQ). (103)

By Remark 6.5, © = 0 is a slow eigenvalue. Now suppose u > 0. Noting that
d9f/ou < 0 and that 92~ /9 < 0 from (97), any solution X (¢, A) which tends to
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i~ (L) as { — —oo satisfies the comparison

X ) <X, (104)

for all ¢ € R whenever 0 < u < ' (note that this comparison is preserved across
the jump). Each such solution for any given p > 0 has a common upper bound, given
by the solution for A = u = 0, which does not blow up by Hypothesis 2.8. We also
have 35T/ > 0 for u > 0 from (97); thus, §T (i) lies on the other side of the
connection for = 0 (relative to the solution X (¢, i)). As long as we can show that
the solution for . > 0 does not blow up (potentially allowing X (¢, n) to connect to
s by ‘looping around’ the Riemann sphere), it is impossible for the solution X (£, A)
to approach §T(u) as ¢ — oo, and we will be done.

According to the comparison to the common upper bound stated above, the solution
X (¢, 1) can only possibly blow up in the direction X — —o0. This does not happen
since for each > 0, a specific lower bound is given by Gronwall’s inequality and a
comparison to the system X = ming_; ., R (U) — u — cX, whose solutions do not
blow up. O
The existence of A1. We now verify the remaining statements in Theorem 8.1. It is
a straightforward task to numerically integrate the one-dimensional projection of the
system (98) along the invariant subspace of real solutions {¥ = 0}. The solution can
blow up by leaving the chart given by S = P/V, V # 0. If this happens, the system
(100) can be numerically integrated without issue on the chart 7 = V /P, P # 0,
around a small interval surrounding the pole, and then, we can return to the original
chart.

These numerics are depicted in Fig. 8 for seven values of A within the range
[—0.85,0.1]. As shown in Fig. 8a—c and e—g, a connection is formed between the
unstable eigendirection of the saddle point at U = 0 and the stable eigendirection of
the saddle pointat U = 1 forthe distinguished values A = Ao = Oand A; ~ —0.80925.
Simultaneously, we observe the winds that are necessarily generated upon crossing
these eigenvalues. These winds can be continued in the parameter A—such coordinate
singularities can of course be characterized as zeroes of the flow with respect to a
suitably chosen chart. They propagate to the left and are preserved across the jump,
as is shown in Fig. 8c—d.

The simplicity of the eigenvalues in the reduced problem. We have now determined
the existence of eigenfunctions as solutions to the Riccati formulation (103) of the
linearized problem (47). Recall that the jump conditions for X are given in Def. 6.4,
and boundary conditions for X given in (97), i.e.

lim X =4~ (w), §%(w).

¢—>=£00

In terms of the original reduced problem (47), this means that we have a value
A = i, and a solution to (47) satisfying the boundary conditions

lim P,V =0,

¢—>=£00
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Fig.8 Numerical integration of (98) along {Y =0} foral =0.1,bA =219 =0,cA =—-0.1,dx = —0.3,
el =—08fir =2 ~ —0.80925, g1 = —0.85. Red resp. black dots: (projectivization of) the unstable
resp. stable eigenvectors of the saddle-point at U = 1. Magenta segments: concatenated fast jumps defined

by the map (90)
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and appropriate jump conditions. )
Differentiating the equation for V with respect to ¢, and substituting in for P, and
multiplying through by

_C{

¢ = 4
= - l D s = —
g() exr>< /(og( ))) +cds> @)

we are led to the ‘Sturm—Liouville’ form of the reduced problem on the slow manifold:

d <e_”§ d

P
dc \ D(O) dt

) + 0V =nuVv. (105)
where Q({) is defined as:

eD'(U)U,

Q@) =R U)+ DO

Letting L be the symmetric linear operator:

d< —<t gy

L R
bl=e 0o \ D@y de

> 0()y

we are interested in establishing the simplicity of the eigenvalues of such an operator
where U (¢) is given as the solution on the slow manifold with the appropriate boundary
conditions, and jump at { = 0.

Remark 8.3 As D(U) is discontinuous at { = 0, the domain of the linear operator L is a
function space that will necessarily incorporate a jump condition, which is compatible
with the one from Definition 6.4. Further, the weighting function ¢¢ will define the
inner product space on which L is symmetric and well-defined. Here we only aim to
establish simplicity of any eigenvalues/eigenfunctions, which a priori exist. O

First we note that because L is symmetric on eigenfunctions, the Fredholm alterna-
tive means that the geometric multiplicity of any eigenvalues must be the same as the
algebraic multiplicity, and in particular if (L — p)[y;] = 0, there can be no nonzero
solutions to (L — w)[y] = y1.

Now, suppose that vy and v, are eigenfunctions of L with the same eigenvalue p,
so L[v;] = pv;. On the one hand, we have

viL[v2] — v2L[vi] = p(vivy — vavy) =0, (106)

while on the other we have

d duvy dvl
viL[vz] — v2L[v1] = e <g(§)( 1— - — 2)) (107)
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Thus, the quantity

&) dﬁ—@v)—~ﬂww ) (108)
8¢ 1d§ d§2_'D(L7) 1, V2

is a constant. Evaluating at { = 400, we have

et
lim — W (v, v2) =0.
(=400 D(U)

We observe that

v12(E) ~ A (HV/ETADO =R O))

as ¢ < 0 grows very large in magnitude, and so in particular

e <t
im — W, v) =0
LN (v1, v2)

when p > R’(0). Thus, %W(vl, v2) = 0 on both sides of the jump, and hence, we
have that W (vy, v2) = 0. Since the Wronskian of the two eigenfunctions is identically
zero, they must be linearly dependent. We conclude that the slow eigenvalues Ay and
A1 are both simple. O
We supplement our proofs with a numerical demonstration of the existence of the
simple eigenvalues Ag, A1, by means of a Riccati—Evans function. Define the cross
section & = {U = 0.95}. The Riccati-Evans function associated with the Riccati
Eq. (98) on the coordinate chart {V # 0} is

EZ(N) i=sE0) —ud (M), (109)

where s 12 (1) denotes the (first) intersection of the unique nontrivial solution s1(¢, 1)
of (98) which converges asymptotically to the stable eigenvector of the saddle point
at U = 1 as ¢ — o0, and similarly for ug (A1), which connects to the unstable
eigendirection of the saddle point as { — —oo. Compare our definition to the general
construction in Harley et al. (2020).

We highlight a few key points about our function (109). The function is meromorphic
(hence satisfying the argument principle), and it vanishes on eigenvalues X. Its zeroes
are intrinsic, depending neither on the choice of section nor on the choice of chart. On
the other hand, as we can anticipate from the dynamics depicted in Fig. 8, the poles
arise for values of A where the solution leaves the chart by winding. In other words, the
poles are an artefact of the choice of coordinate chart as well as the choice of section
and can usually be moved (or even removed entirely) by a judicious selection of the
chart and the section (with our choice of X, we locate a pole near A, = —0.08). See
Harley et al. (2020) for a general exposition.

@ Springer



Journal of Nonlinear Science (2023) 33:82 Page59of 71 82

—W

E%,
E%,

—_—W
—W

+1

®,

+1
0

—W(E®,Co)

RS

e (0,

Im(E®()))

o

-15 -10 -5 0 5 10 15 20 25
Re(E™(X))
Fig. 9 Evaluation of the Riccati-Evans function (109) along circles C; of radius 0.03 centred at the point

z € C. The winding numbers along each contour are given in the legend and are also depicted by the
arrowheads. Note that ¢ and A denote the two eigenvalues and A, = —0.08 is the approximate location

of the pole of E® A)

In this analysis, we find it instructive to work with the ‘naive’ chart S = P/V,V #0,
for all values of A—the dimensionality of the slow eigenvalue problem is low enough
that we can easily demonstrate the utility of the argument principle. As shown in
Fig. 9, the multiplicity of each eigenvalue can be readily computed by evaluating the
corresponding winding number W (E*, C) along simple closed contours C. Contours
which surround poles, corresponding to blow-up of solutions off the chosen coordinate
chart, will map under E to contours with a negative winding number (corresponding
to a clockwise orientation). Here we demonstrate that the poles are also simple. This
completes our numerical verification of Theorem 8.1.

9 Concluding Remarks

We have given a complete characterization of the spectral stability problem for shock-
fronted travelling waves of the regularized system (1). But other types of high-order
regularization terms can be applied to the underlying system that exhibits shock solu-
tions; it can further be shown that these nonequivalent regularizations pick out distinct
one-parameter families of shock-fronted travelling waves, which limit to singular
solutions satisfying different rules.

Consider the following system which applies to both a viscous relaxation and a fourth-
order nonlocal regularization, where the new parameter @ > 0 characterizes the
relative weighting of the two regularizations.

a9 - U - BU LU
— =—(DWU)— ) +R(U) +¢a -
at ax ox

a2t axt

(110)
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Z40 T 20 = 0

Fig. 10 Plot of the essential spectrum (shaded regions) of the of the linearized operator L in (112), which
shows €2 and the A; partitioning the complex plane via the Fredholm borders (continuous spectrum). The
shape of the essential spectrum means that the operator L, for nonzero ¢, is sectorial. The dashed line (red
online) is one of the Fredholm borders coming from the linearization of the reduced problem about the
(constant) steady state U~ c.f. the right figure in Fig 4. For the figure, ¢ = 0.1 and ¢ = a = 1, with D and
R asin (3) and (4)

Setting a = 0 recovers a regularized system with ‘purely’ nonlocal regularization.
In this case, it can be shown that the corresponding one-parameter family of travelling
waves solutions has a singular limit as a shock-fronted travelling wave, which satisfies
a so-called equal area rule—the shock connection across disjoint branches of the
potential function F (0) is selected so that the area bounded above and below the
shock height is exactly balanced. Recent work (Bradshaw-Hajek et al. 2022) has
shown that families of shock-fronted waves persist robustly for @ > 0, with each such
family satisfying a generalized equal area rule in the singular limit. Furthermore, there
is a finite value a = ay > 0 for which the shock connection is formed at the fold,
again resulting in viscous-type shocks. The problem in this paper can be thought of
as the regularization in the (scaled) limit as a — ooc.
Thus, leta > 0 be given and assume the existence of such a family of travelling waves
for (110). As before, we can find such waves as standing wave solutions Uz, 1) =U(2)
to:

(U — eal.;), = —e*U,zz; — eacUsz,; + (F(U))z +cU, + R(U).  (111)

We now discuss how the stability problem changes in this more general case. Lin-
earizing about a standing wave solution U (z) to (111) leads to the eigenvalue problem

Ap —€aipz; = _gzpzzzz —gacp;.; + (D(WU)p)z: + cp; + R'(U)p. (112)
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Defining the variables

s i= &’ p... + eacp.. — (D(U) + ear)p). — cp (113)
r=¢e’p.. + eacp, — (DU) + eal)p (114)
q = ep: +acp, (113)

we can write the closed system

ep —ac 100 p
eg| | DWU)+ear010 q
r o < 001 r|’ (116)
s R'U)—Xx 000 s

Z

with two fast and two slow variables. The calculations for the essential (and absolute)
spectrum follow the same ideas as in Sect. 5. Presuming the existence of a wave U
which exponentially approaches its end states U, we have the dispersion relations
are the pair of parametrized equations given by k € R:

274 7N 7,2 rer7E
—&“k™ — D(UF)k R (U
)\,iz & ( ) * ( )+le
1 + agk?

These are a pair of curves in the complex plane, which are always opening leftward
and intersecting the real axis at the points (R’ (U%), 0) in the left half plane. The
dispersion relations again form the Fredholm borders and make up the continuous
spectrum. As before, C is partitioned into five regions: the region €2 which contains
the right half plane, together with A; for j = 1,2,3,4. The essential spectrum
in this case can again be determined by considering the signatures of the asymptotic
matrices and can be seen to consist of the regions .4 2 3, which is the region “between”
the Fredholm borders. We have Again, the Fredholm borders will be close to the

Region sgn(A™) sgn(A*)

Q (= = ++) (= =)
Al (= ==+ (= —+,+)
Ay (= — ++) (== =+
Az (= —++ (== =+
Ay (=== (= ==+

Fredholm borders of the linearized reduced problem, linearized about the steady states
corresponding to the end states of the unperturbed problem. Eventually, as with the
third-order perturbation problem, the higher-order modes in the dispersion relations
will dominate, and the essential spectrum will diverge from the appropriate continuous
spectrum of the unperturbed problem (see Fig. 10). In contrast to the case of ‘pure’
viscous relaxation, however, the Fredholm borders do not asymptote to vertical lines
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in the complex plane and so the operator is sectorial, and spectral stability in this case
would indeed imply linearized stability of the perturbation problem.

Having shown that the essential spectrum remains remarkably well-behaved in this
more general context, let us now highlight key differences (and difficulties) in calcu-
lating the point spectrum. Here, the problem is now four-dimensional, and it can be
verified with direct calculation that the two-dimensional slow manifolds on which lie
saddle-type equilibriaat U = 0 and U = 1 are now saddle-type (i.e. there is now both
a fast stable and fast unstable direction). The augmented unstable bundle construction
for ¢ > 0 now defines a complex 2-plane bundle over the sphere.

It is natural to ask whether the present problem is amenable to the splitting techniques
introduced in Gardner and Jones (1991): namely, is it possible to decompose this 2-
plane bundle into ‘fast unstable’ and ‘slow unstable’ line bundles which are controlled
by separated reduced eigenvalue problems?

We conjecture that such a separation is not possible: as in the ‘pure’ viscous case, it
can be directly calculated that the eigenvalue problem again introduces the eigenvalue
parameter A only ‘weakly,” i.e. through O(g) terms. Thus, the reduced fast eigenvalue
problem again degenerates. As mentioned in the introduction, this poses issues for the
construction of a fast elephant trunk over the entire wave; consequently, it does not
appear to be feasible with the present techniques to uniformly separate a fast unstable
line bundle from a slow unstable one. Furthermore, any such reduced line bundle over
the fast layer is governed by the layer flow, which connects an unstable eigendirection
to a stable one in the singular limit (i.e. we are not able to construct an augmented
unstable line bundle for the reduced problem).

Nonetheless, we assert that estimates similar to Lemma 7.7 can be brought to bear to
regain control of the unstable 2-plane bundle as we track it across the fast shock layer.
It would be of interest to write down sharper (i.e. exponential closeness) estimates
to the invariant manifold near the slow subbundle, as discussed in Remark 7.8. The
calculation in Appendix D gives a concrete example of such an exponential closeness
result in an elementary problem. Such calculations appear to be very cumbersome in
the general case without resorting to further straightening transformations. It would
also be interesting to situate the construction of such invariant manifolds within the
context of general invariant manifold results in nonautonomous dynamical systems
(see e.g. Kloeden and Rasmussen 2011). These are topics of ongoing work.
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Appendix A: Construction of the Fast and Slow Elephant Trunks

Proof of Lemma 7.4 We follow the strategy to the proof of Lemma 4.2 in Gardner and
Jones (1991). The goal is to verify the following four conditions for the projectivization
of the linearized system (26):

e ((4.6)gy in Sect. IV of Gardner and Jones 1991): There exists ¢ > 0 independent
of ¢ and £ € I so that the curve of critical points By(y, €) associated with the
frozen family (71) satisfies

RCU[Gﬂ (/30()/7 8)3 Vs 8)] < —a;

e ((4.7)gy in Sect. IV of Gardner and Jones 1991): for any d > 0, there exists
&0 = €o(d) and a nested family of subintervals I(d) C I (i.e. I(dy) C I(d>) for
dy < d») with

sup(g.¢.e)ectGle. [1Gp.ells 1Bogl} < d,

where the set C can be taken as

C={B.§.e):|B—Po,¢e) <co.§ €1(d),0 < e =< eo}

for some ¢y > 0;
e ((4.8)gy in Sect. IV of Gardner and Jones 1991): we have

K = sup¢||D*G(B.§.€)|| < oo; and

e ((4.9)gy in Sect. IV of Gardner and Jones 1991): let A(y) := Gg(Bo(y, €), ¥, €).
Then, there exists some invertible matrix Y (y) depending smoothly on y, such
that the following holds for some a > 0 depending only on « (from condition
(4.6)GJ):

Re(A()B, B)y < —alBl?,
Y lly =1,
1Y, Wy <d,

where we define the inner product (81, 82), = Y (y)B1 - Y(y)B> and the norm
1/2
1Bly = (B, B)y "
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Lemma 4.1 in Gardner and Jones (1991) then gives the result. By Lemma 4.2,

there exists & > 0 such that the second bullet point in the Lemma above holds for
all |&] > ;;- and all sufficiently small ¢ > 0. This verifies the condition (4.6)¢g,.
Furthermore, the branch of equilibria By (&, A, ¢) for the corresponding frozen family
is uniformly bounded for all |£| > £ and all A € K, with K C Q a fixed contour.
Hence, condition (4.8) holds for some constant K, with cq in the definition equal
to 1.
Let us check the remaining conditions (4.7)g, and (4.9)G ;. Take the interval I to
beeither I_ = {§ e R: —00 < & < —E}or Iy ={E e R: & < £ < 400}
On either interval, the projectivized vector field G(8, &, A, €) depends on & through
components of the (nonautonomous) linearization matrix, in particular through the
diffusion and reaction terms (i.e. through ). Hence, for each constant L > 0 there
exists g9 := g9(L), so that for 0 < ¢ < gy we have

max{|Gel, ||Ge pll. [Bogl} < Lmax{|u'(€, e)l}.

Now let n(8) denote a §-tube around the singular limit of the travelling wave and
assume that / = I_. Resetting g( again if necessary, we can assume that the travelling
wave x (&, ) lies within n(8) for each & < &7 (§). Then there exists a constant M > 0
so that |’ (&, &)| < M4 for all & < &7.(8), since i’ = v — ® (i) is uniformly bounded
along the entire wave. Hence we may take §(d) = d/M and define

1_(d) = {§ : §L(8(d))}.

Note that §(d) depends smoothly on d and that §(0) = 0, and furthermore that the
definition for /_(d) provides nested intervals. This verifies condition (4.7)g .

To verify the remaining condition (4.9)gy, it is enough to note that the linearization
A, r,e) = A&, 1, e) + O(8) of G (the projectivization of the linear system),
evaluated along the strong unstable eigendirection, is a 2 x 2 matrix which has two
O(1) negative eigenvalues. This matrix A(&, A, €), is necessarily negative definite for
I1.(d), and hence, we can take ¥ = A, ! such that Y~'AY produces a matrix with
diagonal entries of uniformly negative real part and remaining entries of O(8). This
immediately implies the needed inequalities. Applying Lemma 4.1 in Gardner and
Jones (1991), we have constructed the necessary elephant trunk Qf over S&7.

The preceding discussion applies identically for the case I = I} to produce a fast
elephant trunk along S%+. i

Appendix B: Lemmas for Estimates Near the Slow Subbundle

LemmaB.1 Let 8, a > 0 be fixed. There exists ¢ > 0 sufficiently small and T > 0,
both depending only on § and a, so that for each 0 < ¢ < g and |y| > a/e, each
solution Y(s) of (719) must satisfy at least one of the following:

(i) y(0) € Ns(65(y, A, €))
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(ii) $(=T) € Ns(fi(y, 1, €)).

Remark B.2 Fix some y as above and let y(s) denote a solution to the corresponding
member of the family of projectivized frozen systems in (79), and let y(s) € 7~ (3(s))
be chosen so that |y(0)| = 1. The corresponding frozen linearized system in (79)
is autonomous and linear, and thus, its solution can be written explicitly as a linear
combination of eigenvectors

y(s) = g1 f1e’*'s + go o5 + gfffe‘wf. (117)
It thus follows from invariance of (generalized) eigenspaces that if (i) in Lemma B.1
above does not hold for some fixed y, then gy # 0, and so there is some T > 0 so

that (ii) holds. The point of this lemma is to show that for all sufficiently small ¢, such
a T > 0 exists which can be chosen depending only on § and a. O

Proof of Lemma B.1 Assume that item (i) does not hold for some y as given in the
Lemma, so that there exists T so that item (ii) holds for that value of y. Using the
normalization of y(s) in Remark B.2, we note that |g;| < 1. By Lemma 3.1, there
exists some K > 0, depending only on the metric p, so that

lgrl > K. (118)

From (117), we may write

Y(=T) = e T (gpes + R(T)), (119)
where
R(T) = glfle—T(Ml,s—M_f) + ngze_r(ll-lx_llf).

At this stage, we remind the reader that the y; are still y - and e-dependent. We now
apply the asymptotic estimate in Lemma 4.2 to find € > 0, and @ > 0 depending only
on ¢ and a, so that for each ¢ € (0, €] and |y| > a/e, we extract the uniform bound
min{Re(u1,s —pr), Re(ua s — )} > a. It thus follows from the triangle inequality
and the estimates |g;| < 1, | f;| = 1 that

|IR(T)| < 2¢°T.

For each T’ > T, we have |R(T’)| < |R(T)|. This estimate and (118) applied to
the factored form (119) then implies that

$(=T) € Ns(fr(y, », &)

for T depending only on «, §, a, and p. O
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We now turn to the dynamics on the slow timescale. Our objective here is to strengthen
the estimate in Lemma B.1 slightly, so that a(e) = a can be chosen independently of
¢ > 0 such that the solution £ remains uniformly near the slow subbundle for |¢| > a.
This will be crucial in making the comparison to the linearized reduced flow defined
on §&—, 84,

From the construction in Lemmas 7.4 and 7.5, there exists §; > 0 such that for each
sufficiently small ¢,

Ns, (fr (€, 1, 8) C Qp(€) for & < —a/e and
N5, (65(5, 1, 8)) C Q2(€) for & >ale,

where (&) and Q, (&) denote the projectivizations of the slices of the corresponding
elephant trunks within CP? x {&}.

LemmaB.3 Set§ > O with § < &1, with 81 as above, and fix a > 0. Suppose that Y is
a solution to the projectivization of the slow linearized equations

Y =AM, ¢ 0, 6) (120)
so that for each ¢ sufficiently small, there exists A(e) > a with the property that
V(¢ 2, 8) € Ns(E4(¢, A, ). (121)
Then there exists € > 0 such that for each 0 < ¢ < € and |{| > a we have
Y(C, 2, 8) € Ns(E4(¢, A, 8)). (122)

Proof of Lemma B.3 Our strategy will be to verify the uniform closeness estimate sepa-
rately over the slow branches S~ and S . The argument for S~ follows the indirect
proofin Gardner and Jones (1991) closely. With our modified exchange lemma in hand,
the remaining closeness estimate over S%-* is direct.

Suppose the lemma were false over S¢°; then there would exist sequences ¢, < —a
and &, — 0 so that (122) fails to hold for all n. By passing to subsequences, we can
assume that the following sequences converge simultaneously:

tn — ¢ where a < —¢ < 00,
X(&n,en) > x € S, and

?(é‘nv A, &p) = ?n - ﬁk € (CP2~

Let us first suppose that X € Sg"~. After centring the linearized equations near ¢
by making the change of variables s = (¢ — ¢,)/€ and y,, = &, /€&,, We arrive at the
following recentred equations on the fast timescale:
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dz . .

— =a(Z, yn + 5, A, &)
ds

2(0) = Yn-

Proceeding as before, we define an associated family of frozen systems. Let Z, (s, A, n)
denote the solution of the corresponding frozen system

dz . .
— = a(Zx, Yn, My En)
ds

2,00, 0, n) =Y,

. Now fix §, > O such that § < §, < §;. By assumption, for each n we have
Y, ¢ Ns(G5(¥u, A, &n)), and so it must be true by Lemma B.1 that

5y — T, n) € Noy(f (v — T, A, €0)).

Since &, < &1, y must enter the fast elephant trunk about f 7 over Sg°~, which
contradicts the assumed behaviour of y as ¢ — —oo.
We now know that I}(C, A E) € Na(ﬁ:({, A, ¢e)) for each ¢ < —a. Thenseté > 0
small enough that for each sufficiently small ¢ > 0, Lemma 7.7 applies to Y (¢, 1, e)as
the wave enters the vicinity of X := X(a, ¢) € S from the fast layer. In particular,
we have the asymptotics that Y lies O(g)-close to 3 at the time ¢ = a, with respect
to the Fubini—Study metric, and so for each sufficiently small ¢ > 0, we have Y €
Ng(ﬁ:x (a, A, €)). Simultaneously, Y enters the slow elephant trunk over Sg"+ since
8 < &1, and thus remains §-close to the slow subbundle for each { > a. This completes
the proof. O

CorollaryB.4 Fix 2 € C and a,5 > 0. Then there exists € > 0 sufficiently small so
that for each ¢ € (0, g], the unique solution E(Z, \) of the projectivized linearized

equations for which E (¢, M) — e, , (the unstable eigenvector) as { — —o0, also
satisfies

E(¢, X, &) € Ns(2(C, A, €)). (123)

for|¢| > a.

Appendix C: Proof of Lemma 7.7

In this proof we focus on clarifying the essential steps in the estimate, omitting
unwieldy calculations while noting that they can be traced from Jones and Tin (2009).
The key step is to write down a slightly modified version of the estimate given in Propo-
sition 8 in Jones and Tin (2009); namely, there exist positive constants By, Ba, B3,
and Ty depending only on the width A of the defining box (75), so that for all T > Ty
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and for each ¢ € O, we have the upper bounds

ldy(q())| < Bie”’

db(q(1))| < B2e® " + Byene™ (129
forall ¢t € [0, T], where « > 0 and 0 < « < || are growth rate constants character-
izing, respectively, slow growth versus fast exponential contraction (see Proposition
8 and Corollary 2 in Jones and Tin 2009). We highlight the essential modification:
whereas in the standard exchange lemma, the component db(¢) of the tangent vector
that is aligned along the fast fibres can be arranged to shrink exponentially quickly
over long times, i.e. with growth rate (¢ — k) < 0 (in the case of a slow manifold with
only attracting directions), there is now an extra, slowly-growing error term, arising
from the new eA term in the eigenvalue problem.

The strategy to prove (124) proceeds essentially as in the proof of Proposition 8 in
Jones and Tin (2009). By smoothness of solutions to the ODEs, there exists some
T’ > 0 such that the upper bound for |db ()| holds for ¢ € [0, T'] if we choose B, and
B3 sufficiently large. We seek to show that we can take 7' = T for choices By, B3
which are independent of the initial condition. Assume that there is a maximal 7/ > 0
such that the error estimate is attained (otherwise there is nothing to prove). We show
that this leads to a contradiction if 7 is large enough.

By a similar calculation to that in the proof of Proposition 8 in Jones and Tin (2009),
we find that

ldy(t)] < Bje™,

where the new constant B; > 0 depends upon the width of the defining box A > 0,
as well as the growth rate constants. There is also an extra term of the form e(® %)
arising from applying the Duhamel principle (see Lemma 5.1 in Jones and Tin 2009) to
the extra term of the form eAM>db, where M> is a smooth bounded function defined
by compositions of the Fenichel straightening diffeomorphism and its inverse. We
subsume this extra error term into the constant Bj.

By the Duhamel principle and the bounding estimates on points in Q7 together with
the basic flow estimates for slowly-varying nonautonomous linear systems (see Propo-
sition 2, Corollary 1, Proposition 6, and Proposition 7 in Jones and Tin 2009), we then
have

_ _ t
ldb(t)| < Kxe ™" My + i /0 eTMIOIML (b(0), y(2), &)lldy(©)]d¢

elutayt

< [er(a—x)th + EA.MA’ée_HtBI
u+o

< Bze(a—/()t + B3eoct
if T is chosen large enough and for By, B3 defined from the coefficients as in the above
calculation. This contradicts the assumed maximality of 7', and so we conclude that

db(t) satisfies the required inequality for all sufficiently large ¢.
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The remainder of the proof follows the outlines of the main Theorem 6.5 in Jones and
Tin (2009). By assumption we have that |dy(0)| > Me forsome M > 0,andlet 8 < 0
be fixed. It follows from general considerations about slowly varying nonautonomous
linear systems (see Proposition 2 in Jones and Tin 2009) together with the Duhamel
principle that

ldy(Tp)| = KyeePTa.

The result follows from applying the estimate for |dy(¢)| above and calculating the
distance between (db(7;), dy(7;)) and (0, dy(7;)) in the Fubini-Study metric. (J

Remark C.1 An elephant trunk lemma is used in Gardner and Jones to prove an anal-

ogous result. We point out that only partial elephant trunk-type estimates over S5~
and S%* are required to provide an estimate of the type proven above. O

Appendix D: Example: Exchange Lemma Estimates

We illustrate the assertions in Remark 7.8 with the following toy problem defined in
a suitable box A in R x C2, where A € C is taken to be a fixed constant:

Y =—b
/
=¢
Y= (125)
db’ = —db + eArydy
dy' = edy.

The critical manifold Mg of this system is given by {b = 0, db = 0}. This
manifold is normally hyperbolic and attracting since the real parts of the nontrivial
eigenvalues of the corresponding layer problem of (125) along M are both negative
in A, and hence there exists a one-parameter family M, of attracting slow manifolds
for sufficiently small values of ¢ > 0. Without loss of generality we think of this family
as parametrized by the slow variables (y, dy), and evidently b = 0 specifies one of the
defining equations for M. The slow subbundle along M, in terms of this coordinate
representation can be computed by calculating the eigenvector corresponding to the
O(e) eigenvalue of the 2 x 2 Jacobian of the latter two equations in (125). It is given

by the span of the vector
gLy
T+e
1

as y varies. On the other hand, the system (125) can be explicitly solved for
(db(t), dy(t)) given initial values (b(0), ¥(0), db(0), dy(0)) = (bo, Yo, dbo, dyo) to
find

@ Springer



82 Page 70 of 71 Journal of Nonlinear Science (2023) 33:82

_ 1 —t et
db(t) = <1—|——2{;‘> (6 [dbo(1 + 2¢e) — S)LyOdYO] +e 8)\y0dy0)

dy(t) = dype®’.

From this calculation, it follows that M, is given by {b = 0, db = eAy dy/(1+2¢)}.
For times t = 7 = O(1/e), We find that the tangent vector (db(t),dy(t)) lies
exponentially close to

eAyodyo 2T
14+2¢

dyerT

Evidently, this vector is O(e) close to the tangent bundle of the slow manifold,
which has the local representation
0
1)

Further comparing the angle of this vector to the slow subbundle at the point y = ype®
by using the distance estimate Lemma 3.1 in Jones and Tin (2009), we find that the
angle is no larger than

T

282)uy()
(1+2e)(1+¢)°

i.e. the angle scales as O(¢?). This error estimate is sharper than that given by the
tangent bundle of the slow manifold.

References

Alexander, J., Gardner, R., Jones, C.: A topological invariant arising in the stability analysis of travelling
waves. J. Reine Angew. Math. 410, 167-212 (1990)

Atiyah, M.E.: K-Theory. W.A. Benjamin Inc, New York (1967)

Bose, A.: A geometric approach to singularly perturbed nonlocal reaction—diffusion equations. SIAM J.
Math. Anal. 31, 431-454 (2000)

Bradshaw-Hajek, B., Lizarraga, 1., Marangell, R., Wechselberger, M.: A geometric singular perturbation
analysis of regularised reaction-nonlinear diffusion models including shocks. In: Proceedings of 47th
Sapporo Symposium on Partial Differential Equations, pp. 53-64 (2022)

Brunovsky, P.: Tracking invariant manifolds without differential forms. Acta Math. Univ. Comenion. 65,
23-32 (1996)

Camassa, R., Holm, D.: An integrable shallow water equation with peaked solitons. Phys. Rev. Lett. 71,
1661-1664 (1993)

Constantin, A., Strauss, W.A.: Stability of the Camassa—Holm solitons. J. Nonlinear Sci. 12,415-422 (2002)

de Rijk, B., Doelman, A., Rademacher, J.D.M.: Spectra and stability of spatially periodic pulse patterns:
Evans function factorization via Riccati transformation. SIAM J. Math. Anal. 48, 61-121 (2016)

Fenichel, N.: Geometric singular perturbation theory for ordinary differential equations. J. Differ. Equ. 31,
53-98 (1979)

Gardner, J.R., Jones, C.: Stability of travelling wave solutions of diffusive predator—prey systems. Trans.
AMS 327, 465-524 (1991)

@ Springer



Journal of Nonlinear Science (2023) 33:82 Page710f71 82

Harley, K.E., van Heijster, P., Marangell, R., Pettet, G.J., Wechselberger, M.: Novel solutions for a model
of wound healing angiogenesis. Nonlinearity 27, 2975-3003 (2014)

Harley, K.E., van Heijster, P., Marangell, R., Pettet, G.J., Roberts, T.V., Wechselberger, M.: (In)stability of
travelling waves in a model of haptotaxis. SIAM J. Appl. Math. 80, 1629-1653 (2020)

Hatcher, A.: Vector bundles and K-theory, unpublished manuscript version 2.2. https://pi.math.cornell.edu/
~hatcher/VBKT/VB.pdf (2017)

Henry, D.: Geometric Theory of Semilinear Parabolic Equations, Lecture Notes in Mathematics. Springer,
Berlin (1981)

Holling, K.: Existence of infinitely many solutions for a forward backward heat equation. Trans. AMS 278,
299-316 (1983)

Jones, C.K.R.T.: Stability of the travelling wave solution of the Fitzhugh—-Nagumo system. Trans. AMS
286, 431-469 (1984)

Jones, C.K.R.T.: Geometric singular perturbation theory. In: Lecture Notes in Mathematics, Dynamical
Systems, Montecatini Terme. Springer, Berlin (2015)

Jones, C.K.R.T., N. Kopell, N.: Tracking invariant manifolds with differential forms in singularly perturbed
systems. J. Differ. Equ. 64-88 (1994)

Jones, C.K.R.T., Tin, S.K.: Generalized exchange lemmas and orbits heteroclinic to invariant manifolds.
In: DCDS-S, pp. 967-1023 (2009)

Kapitula, T., Promislow, K.: Spectral and dynamical stability of nonlinear waves. In: Applied Mathematical
Sciences, vol. 185. Springer (2013)

Kloeden, P.E., Rasmussen, M.: Nonautonomous dynamical systems. In: Mathematical Surveys and Mono-
graphs, vol. 176 (2011)

Krupa, M., Szmolyan, P.: Extending geometric singular perturbation theory to nonhyperbolic points-fold
and canard points in two dimensions. SIAM J. Math. Anal. 33, 286-314 (2001)

Kuehn, C.: Multiple Time Scale Dynamics. Springer International Publishing, Cham (2015)

Li, Y., van Heijster, P., Simpson, M.J., Wechselberger, M.: Shock-fronted travelling waves in a reaction—
diffusion model with nonlinear forward—backward—forward diffusion. Physica D 423, 132916 (2021)

Li, Y., van Heijster, P., Marangell, R., Simpson, M.J.: Travelling wave solutions in a negative nonlinear
diffusion—reaction model. J. Math. Biol. 81, 1495-1522 (2020)

Lin, X.B., Wechselberger, M.: Transonic evaporation waves in a spherically symmetric nozzle. SIAM J.
Math. Anal. 46, 1472-1504 (2014)

Novick-Cohen, A., Pego, R.L.: Stable patterns in a viscous diffusion equation. Trans. AMS 324, 331-351
(1991)

Padron, V.: Effect of aggregation on population recovery modeled by a forward—backward pseudoparabolic
equation. Trans. AMS 356, 2739-2756 (2004)

Pego, R.L., Penrose, O.: Front migration in the nonlinear Cahn—Hilliard equation. Proc. R. Soc. A Math.
Phys. 422, 261-278 (1989)

Sandstede, B.: Stability of Travelling Waves, pp. 983-1055. Handbook of Dynamical Systems II, North-
Holland (2002)

Scharnhorst, K.: Angles in complex vector spaces. Acta Appl. Math. 69, 95-103 (2001)

Schecter, S.: Exchange lemmas 2: general exchange lemma. J. Differ. Equ. 245, 411-441 (2008)

Simpson, M.J., Landman, K.A., Hughes, B.D.: Cell invasion with proliferation mechanisms motivated by
time-lapse data. Physica A 389, 3779-3790 (2010)

Simpson, M.J., Landman, K.A., Hughes, B.D., Fernando, A.E.: A model for mesoscale patterns in motile
populations. Physica A 389, 1412-1424 (2010)

Szmolyan, P.: Transversal heteroclinic and homoclinic orbits in singular perturbation problems. J. Differ.
Equ. 92, 252-281 (1991)

Szmolyan, P., Wechselberger, M.: Relaxation oscillations in R3. J. Differ. Equ. 200, 69-104 (2004)

Wechselberger, M.: A Propos De Canards. Trans. AMS 364, 3289-3309 (2012)

Wechselberger, M., Pettet, G.J.: Folds, canards and shocks in advection-reaction—diffusion models. Non-
linearity 23, 1949-1969 (2010)

Witelski, T.P.: Shocks in nonlinear diffusion. Appl. Math. Lett. 8, 27-32 (1995)

Witelski, T.P.: The structure of internal layers for unstable nonlinear diffusion equations. Stud. Appl. Math.
97, 277-300 (1996)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


https://pi.math.cornell.edu/~hatcher/VBKT/VB.pdf
https://pi.math.cornell.edu/~hatcher/VBKT/VB.pdf

	Spectral Stability of Shock-fronted Travelling Waves Under Viscous Relaxation
	Abstract
	1 Introduction
	2 Existence of Travelling Waves
	2.1 The Travelling Wave Equations
	2.2 Fast and Slow Singular Limits
	2.3 Travelling Waves for 0 < εll1

	3 Geometric Preliminaries
	4 Spatial Eigenvalue Problems
	4.1 Asymptotic and Far-Field Hyperbolicity
	4.2 Complex 2-Plane Dynamics Induced by the Eigenvalue Problem
	4.3 Reduced Eigenvalue Problems

	5 Essential and Absolute Spectrum
	6 Augmented Unstable Bundles
	6.1 Construction of the Augmented Unstable Bundle mathcalEε(K) for ε> 0
	6.2 An Outline of the Proof of the Stability Theorem
	6.3 Slow Eigenvalues and the Jump Map
	6.4 The Construction of mathcalE0(K)

	7 Comparison of the Bundles mathcalEε(K) and mathcalE0(K)
	7.1 Preliminary Estimates
	7.1.1 Fast and Slow Elephant Trunks Over Sa,pmε
	7.1.2 Exchange Lemma-Type Estimates

	7.2 Estimates Near the Slow Subbundle
	7.3 The Jump Map as a Singular Limit
	7.4 Control from the Reduced Dynamics
	7.5 Continuing mathcalEε(K) to mathcalE0(K)

	8 Counting the Slow Eigenvalues
	9 Concluding Remarks
	Acknowledgements
	Appendix A: Construction of the Fast and Slow Elephant Trunks
	Appendix B: Lemmas for Estimates Near the Slow Subbundle
	Appendix C: Proof of Lemma 7.7
	Appendix D: Example: Exchange Lemma Estimates
	References




