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Abstract

Classical geometric mechanics, including the study of symmetries, Lagrangian and
Hamiltonian mechanics, and the Hamilton—Jacobi theory, are founded on geometric
structures such as jets, symplectic and contact ones. In this paper, we shall use a partly
forgotten framework of second-order (or stochastic) differential geometry, developed
originally by L. Schwartz and P.-A. Meyer, to construct second-order counterparts
of those classical structures. These will allow us to study symmetries of stochas-
tic differential equations (SDEs), to establish stochastic Lagrangian and Hamiltonian
mechanics and their key relations with second-order Hamilton—Jacobi—Bellman (HJB)
equations. Indeed, stochastic prolongation formulae will be derived to study symme-
tries of SDEs and mixed-order Cartan symmetries. Stochastic Hamilton’s equations
will follow from a second-order symplectic structure and canonical transformations
will lead to the HJB equation. A stochastic variational problem on Riemannian mani-
folds will provide a stochastic Euler—Lagrange equation compatible with HJB one and
equivalent to the Riemannian version of stochastic Hamilton’s equations. A stochastic
Noether’s theorem will also follow. The inspirational example, along the paper, will
be the rich dynamical structure of Schrodinger’s problem in optimal transport, where
the latter is also regarded as a Euclidean version of hydrodynamical interpretation of
quantum mechanics.
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Abbreviations

HJB equation  Hamilton—Jacobi—Bellman equation
MDE Mean differential equations

SDE Stochastic differential equations
S-EL equation Stochastic Euler-Lagrange equation
S-H equations ~ Stochastic Hamilton’s equations
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A general second-order differential operator or
second-order vector field

Generator of the diffusion X

Stratonovich stochastic differential

Exterior differential on the manifold M, or Itd
stochastic differential

Linear operator extended from the exterior differ-
ential on the tangent bundle 7 M

Second-order differential on M

Mixed-order differential on R x M

Horizontal differential on the tangent bundle 7 M
or cotangent bundle 7*M

Vertical differential on T M

Mean derivatives

Total mean derivatives

Mean covariant derivative and damped mean covari-
ant derivative

Connection Laplacian and Laplace—de Rham oper-
ator

Second-order pushforward and pullback of a smooth
map F: M — N

Mixed-order pushforward and pullback of F
Christoffel symbols or stochastic parallel displace-
ment

Damped parallel displacement

Various sets of M -valued diffusions starting at time
t

Stochastic tangent vectors and stochastic jets

Lie derivatives

Linear connection, Levi—Civita connection, covari-
ant derivative, or gradient on M

Hessian operator

Vertical gradient on T*M
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(2, F,P)

{PI}ZGR’ {ft }te]R

Probability space €2 with o-field F and probability
measure P

Past (nondecreasing) filtration and future (nonin-
creasing) filtration

%, 0 Differential operator with respect to coordinate ¢

%, 0; Differential operator with respect to coordinate x'

%, 0k Second-order differential operator with respect to
coordinates x/ and x*

Bip,-’ Op; Differential operator with respect to coordinate p;

R, Ric Riemann curvature tensor and Ricci (1, 1)-tensor

TOM, TEM Second-order tangent bundle and second-order
elliptic tangent bundle

5M Stochastic tangent bundle

T5*M Second-order cotangent bundle

Vv A general vector field

(x', Dix, Q/%x) Canonical coordinates on 75 M

(xf, Di» 0jik) Canonical coordinates on 7 5* M

X, X* Pushforward and pullback of the diffusion X

X A horizontal diffusion valued on a general bundle
Eoron75*M

X A horizontal diffusion valued on T*M

1 Introduction

Hamilton—Jacobi (HJ) partial differential equations and the associated theory lie at the
center of classical mechanics (Abraham and Marsden 1978; Arnold 1989; Marsden
and Ratiu 1999; Goldstein et al. 2002). Motivated by Hamilton’s approach to geomet-
rical optic where the action represents the time needed by a particle to move between
two points and a variational principle due to Fermat, Jacobi extended this approach
to Lagrangian and Hamiltonian mechanics. Jacobi designed a concept of “complete”
solution of HJ equations allowing him to recover all solutions simply by substitutions
and differentiations. Although, in general, it is more complicated to solve than a system
of ODEs like Hamilton’s ones, HJ equations proved to be powerful tools of integra-
tion of classical equations of motion. In addition, Jacobi’s approach suggested him
to ask what diffeomorphisms of the cotangent bundle, the geometric arena of canon-
ical equations, preserve the structure of these first-order equations. Those are called
today symplectic or canonical transformations, and Jacobi’s method of integration is
precisely one of them.

It is not always recognized as it should be that HJ equations were also fundamental
in the construction of quantum mechanics. The reading of Schrodinger (1926), Fock
(1978), Dirac (1933) and others until Feynman (1948) makes abundantly clear that
most of new ideas in the field made use of HJ equations for the classical system to be
“quantized,” or some quantum deformation of them. There are at least two ways to
express this deformation. On the one hand, one can exponentiate the L> wave func-
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tion, call S its complex exponent and look for the equation solved by S (see Goldstein
et al. 2002). When the system is a single particle in a scalar potential, one obtain the
classical HJ equation with an additional Laplacian term and factor i/, representing
the regularization expected from the quantization of the system. This complex factor
is symptomatic of the basic quantum probability problem, at least for pure states. In
a nutshell, it is the reason why Feynman’s diffusions, in his path integral approach,
do not exist. On the other hand, there is an hydrodynamical interpretation of quantum
mechanics, founded on Madelung transform, a polar representation of the wave func-
tion whose real part is the square root of a probability density. The argument solves
another deformation of HJ equation. The geometry of this transform has been thor-
oughly investigated recently, highlighting its relations with optimal transport theory
(Khesin et al. 2021; von Renesse 2012).

However, the probabilistic content of quantum mechanics, especially for pure states,
remained a vexing mathematical mystery right from its beginning, despite several
interesting (but unsuccessful) attempts (Nelson 2001). The current consensus is that
regular probability theory and stochastic analysis have little or nothing to teach us about
it. And, in particular, that all that can be saved from Feynman path integral theory is
Wiener’s measure and perturbations of it by potential terms. This is the “Euclidean
approach,” one of the starting points of mathematical quantum field theory.

In 1931, however, Schrodinger suggested in a paper almost forgotten until the 1980s
(Schrodinger 1932) [but insightfully commented by the probabilist Bernstein (1932)]
the existence of a completely different Euclidean approach to quantum dynamics. In
short, a stochastic variational boundary value problem for probability densities char-
acterizes optimal diffusions on a given time interval as having a density product of
two positive solutions of time adjoint heat equations. This idea, revived and elaborated
from 1986 (Zambrini 1986), is known today as “Schrddinger’s problem” in the com-
munity of optimal transport, where it has proved to provide, among other results, very
efficient regularization of fundamental problems of this field (Léonard 2014). In fact,
Schrodinger’s problem hinted toward the existence of a stochastic dynamical theory of
processes, considerably more general than its initial quantum motivation. In it, various
regularizations associated with the tools of stochastic calculus should play the role of
those involved in quantum mechanics in Hilbert space, where the looked-for measures
do not exist.

The variational side of the stochastic theory has been developed in the last decades,
inspired by number of results in stochastic optimal control (Haussmann 1986; Flem-
ing and Soner 2006) and stochastic optimal transport (Mikami 2021). In this context,
the crucial role of (second-order) Hamilton—Jacobi—Bellman (HJB) equation has been
known for a long time. It provides the proper regularization of the (first-order) HJ
equation needed to construct well-defined stochastic dynamical theories. In contrast,
for instance, with the notion of viscosity solution, whose initial target was the study of
the classical PDE, HJB equation becomes central, there, as natural stochastic defor-
mation of this one, compatible with Itd’s calculus. It is worth mentioning that in any
fields like Al or reinforcement learning, where HIB equations play a fundamental role
(Peyré et al. 2019), it is natural to expect that such a stochastic dynamical framework,
built on them, should present some interest.
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The geometric, and especially, Hamiltonian side of the dynamical theory had
resisted until now and constitutes the main contribution of this paper. It is our hope that
it will be useful far beyond its initial motivation referred to, afterward, as its “inspira-
tional examples.” In this sense, it can clearly be interpreted as a general contribution to
stochastic geometric mechanics. More precisely, we are trying to answer the following
questions:

e Do we have any geometric interpretation of the Hamilton—Jacobi—Bellman equa-
tion? That is, can we derive the HIB equation from some sort of canonical
transformations?

e Can we formulate some variational problem that leads to a Euler—Lagrange equa-
tion which is equivalent to the HIB equation?

e More systematically, can we develop some counterpart of Lagrangian and Hamil-
tonian mechanics that are associated with the HIB equation?

The first question indicates that canonical transformations should be somehow
second-order, so that the corresponding symplectic and contact structures are also
second-order. Meanwhile, the stochastic generalization of optimal control and opti-
mal transport suggests that the variational problem of the second question should be
formulated in stochastic sense. Combining these hints, the third question amounts to
seeking a new theory of geometric mechanics that integrates stochastics and second-
order together.

The cornerstone of stochastic analysis, the well-known Itd’s formula, tells us that the
generator of a diffusion process is a second-order differential operator. This provides
a very natural way to connect the stochastics with the second-order. That is, in order
to build a stochastic or second-order counterpart of geometric mechanics, we need to
encode the rule of Itd’s formula into the geometric structures.

There is a theory named second-order differential geometry (“stochastic differen-
tial geometry” is also used by some authors but we would like to keep the original
terminology), which was devised by Schwartz and Meyer around 1980 (Schwartz
1980, 1982, 1984; Meyer 1979, 1981a), and later on developed by Belopolskaya and
Dalecky (1990), Gliklikh (2011), Emery (1989), etc. See Emery (2007) for a survey
of this aspect. Compared with the theory of stochastic analysis on manifolds (or geo-
metric stochastic analysis) developed by 1t6 (1962, 1975), Malliavin (1997), Bismut
(1981) and Elworthy (1982) etc., which focus on Stratonovich stochastic differential
equations on classical geometric structures, like Riemannian manifolds, frame bun-
dles and Lie groups, so that the Leibniz’s rule is preserved, Schwartz’ second-order
differential calculus alter the underlying geometric structures to include second-order
1td correction terms, and provide a broader picture even though it loses Leibniz’s rule
and is much less known.

In this paper, we will adopt the viewpoint of Schwartz—Meyer and enlarge their
picture to develop a theory of stochastic geometric mechanics. We first give an equiv-
alent and more intuitive description for the second-order tangent bundle by equivalent
classes of diffusions, via Nelson’s mean derivatives. And then we generalize this idea
to construct stochastic jets, from which stochastic prolongation formulae are proved
and the stochastic counterpart of Cartan symmetries is studied. The second-order
cotangent bundle is also studied, which helps us to establish stochastic Hamiltonian
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mechanics. We formulate the stochastic Hamilton’s equations, a system of stochastic
equations on the second-order cotangent bundle in terms of mean derivatives. By intro-
ducing the second-order symplectic structure and the mixed-order contact structure,
we derive the second-order HJB equations via canonical transformations. Finally, we
set up a stochastic variational problem on the space of diffusion processes, also in
terms of mean derivatives. Two kinds of stochastic principle of least action are built:
stochastic Hamilton’s principle and stochastic Maupertuis’s principle. Both of them
yield a stochastic Euler—Lagrange equation. The equivalence between the stochastic
Euler-Lagrange equation and the HJB equation is proved, which exactly leads to the
equivalence between our stochastic variational problem and Schrédinger’s problem
in optimal transport. Last but not least (actually vital), a stochastic Noether’s theorem
is proved. It says that every symmetry of HIB equation corresponds to a martingale
that is exactly a conservation law in the stochastic sense. It should be observed, how-
ever, that the Schwartz—Meyer approach, together with the one of Bismut (1981), has
also inspired a distinct, Stratonovich-type stochastic Hamiltonian framework (L4zaro-
Cami and Ortega 2008) leading to a stochastic HJ equation (Lazaro-Cami and Ortega
2009), without relations with Schrédinger’s problem or optimal transport.

The key results of the present paper and the dependence among them are briefly
expressed in the following diagram:

; i Stochastic
Stochastic Hsz;%ciﬁil)sr:ilgn Lagrangian
symmetries . .
l mechanics mechanics
. Second-order Stochastic Stochastic Stochastic
SIO(;;];;SUC symplectic Maupertuis’s  Hamilton’s Sla;;‘[’i‘:)‘:y'
J 's/tructu< principle principle principles
Stochastic Mixed-order ~ Stochastic Glﬁbal- Stochastic Schrodinger’s
prolongation contact Hamilton’s 4.]_5509135“? «—»FBuler-Lagrange ol
formulae structure equations egll?zititco)gss equation problem
Mixed-order \ W
Cartan HIB
symmetries equations

Stochastic
Noether’s
theorem

The organization of this paper is the following:

Section?2 is a summary on the theory of stochastic differential equations on man-
ifolds, in the perspective appropriate to our goal. In particular, diffusions will be
characterized by their mean and quadratic mean derivatives as in Nelson’s stochastic
mechanics (Nelson 2001) although the resulting dynamical content of our theory will
have very little to do with his. In this way, we are able to rewrite [td SDEs on manifolds
as ODE-like equations that have better geometric nature. The notion of second-order
tangent bundle answers to the question: the drift parts of It6 SDEs are sections of
what?
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Section 3 is devoted to the notion of Stochastic jets. In the same way as tangent
vector on M are defined as equivalence classes of smooth curves through a given point
and then generalized to higher-order cases to produce the notion of jets, the stochastic
tangent vector is defined as equivalence classes of diffusions so that the stochastic
tangent bundle is isomorphic to the elliptic subbundle of the second-order tangent
bundle. Stochastic jets are also constructed. This provides an intrinsic definition of
SDEs under consideration.

Section4 illustrates the use of the above geometric formulation of SDEs for the
study of their symmetries. Prolongations of M-valued diffusions are defined as new
processes with values on the stochastic tangent bundle. Among all deterministic space-
time transformations, bundle homomorphisms will be the only subclass to transform
diffusions to diffusions. Total mean and quadratic derivative are defined in conformity
with the rules of Itd’s calculus. The prolongation of diffusions allows to define sym-
metries of SDEs and their infinitesimal versions. Stochastic prolongation formulae are
derived for infinitesimal symmetries, which yield determining equations for It6 SDEs.

In Sect.5, the second-order cotangent bundle, as dual bundle of second-order
tangent bundle, is defined and analyzed. The properties of second-order differen-
tial operator, pushforwards and pullbacks are described. When time is involved, i.e.,
the base manifold is the product manifold R x M, the corresponding bundles are
mixed-order tangent and cotangent bundles, where “mixed-order” means they are
second-order in space but first-order in time. More about this topic, like mixed-
order pushforwards and pullbacks, pushforwards and pullbacks by diffusions, and
Lie derivatives, can be found in “Appendix A.” An generalized notion to stochastic
Cartan distribution and its symmetries are discussed in “Appendix B based on the
mixed-order contact structure.

The point of Sect.6 is to use the tools developed before in the construction of
the stochastic Hamiltonian mechanics which is one of the main goals of the paper.
One of our inspirational example will be the one underlying the dynamical con-
tent of Schrodinger’s problem. By analogy with Poincaré 1-form in the cotangent
bundle of classical mechanics and its associated symplectic form, one can construct
counterparts in the second-order cotangent bundle. Using the canonical second-order
symplectic form on second-order cotangent bundles, one defines second-order sym-
plectomorphisms. The generalization of classical Hamiltonian vector fields becomes
second-order operators, for a given real-valued Hamiltonian function on the second-
order cotangent bundle. The resulting stochastic Hamiltonian system involves pairs
of extra equations compared with their classical versions. Bernstein’s reciprocal
processes inspired by Schrodinger’s problem are described in this framework, cor-
responding to a large class of second-order Hamiltonians on Riemannian manifolds.
A mixed-order contact structure describes time-dependent stochastic Hamiltonian
systems. The last subsection of this section is devoted to canonical transformations
preserving the form of stochastic Hamilton’s equations. The corresponding generating
function satisfies the Hamilton—Jacobi—Bellman equation.

Section 7 treats the stochastic version of classical Lagrangian mechanics on Rie-
mannian manifolds. It6’s stochastic deformation of the classical notion of parallel
displacements are recalled. Another one, called damped parallel displacement in
the mathematical literature, involving the Ricci tensor, is also indicated. Each of
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these displacements corresponds to a mean covariant derivative along diffusions. The
action functional is defined as expectation of Lagrangian and the stochastic Euler—
Lagrange equation involves the damped mean covariant derivative. The dynamics of
Schrddinger’s problem is, again, used as illustration. The equivalence between stochas-
tic Hamilton’s equations on Riemannian manifolds and the stochastic Euler-Lagrange
one as well as the HIB equation are derived via the Legendre transform. Relations with
stochastic control are also mentioned. The section ends with the stochastic Noether’s
theorem. The stochastic version of Maupertuis principle, as the twin of stochastic
Hamilton’s principle, is left into “Appendix C.”

2 Stochastic Differential Equations on Manifolds

In this section, we will study several types of stochastic differential equations on
manifolds which are weakly equivalent to It6 SDEs. We start with a d-dimensional
smooth manifold M and a probability space (€2, F, P), and equip the latter with a
filtration {P; };cR, i.e., a family of nondecreasing sub-o-fields of F. We call {P;};cRr a
past filtration. Unless otherwise specified, the manifold M will not be endowed with
any structures other than the smooth structure. In some cases, it will be endowed with
a linear connection, a Riemannian metric, or a Levi—Civita connection.

Recall from Hsu (2002, Definition 1.2.1) that by an M-valued (forward) {P;}-
semimartingale, we mean a {P;}-adapted continuous M-valued process X =
{X(®)}relty,7), where 1o € R and 7 is a {P;}-stopping time satisfying 7o < T < +o00,
such that f(X) is a real-valued {P;}-semimartingale on [tg, ) for all f € C®°(M).
The stopping time t is called the lifetime of X. If we adopt the convention to introduce
the one-point compactification of M by M* := M U {9y}, then the process X can be
extended to the whole time line [y, +00) by setting X () = 9y for all # > t. The
point 9y is often called the cemetery point in the context of Markovian theory.

2.1 1td SDEs on Manifolds

Given N + 1 time-dependent vector field b, o, r = 1, ..., N on M, one can introduce
a Stratonovich SDE in local coordinates, which has the same form as in Euclidean
space (Hsu 2002, Section 1.2). The form of Stratonovich SDEs on M is invariant under
changes of coordinates, as Stratonovich stochastic differentials obey the Leibniz’s rule.

However, for Itd stochastic differentials this is not the case because of 1t6’s formula.
Hence, we cannot directly write an Euclidean form of I1t6 SDE on M in local coordi-
nates, since it is no longer invariant under changes of coordinates. Indeed, a change of
coordinates will always produce an additional term. To balance this term, a common
way is to add a correction term to the drift part of the Euclidean form of Itd SDE, by
taking advantage of a linear connection. More precisely, under local coordinates (x),
we consider the following It6 SDE (Gliklikh 2011, Section 7.1, 7.2):
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dx' () = [b'(r X)) - ZF KX ah, X(r))} dr
+O’r (t, X(t))dWr(t), 2.1)

where (F;k) is the family of Christoffel symbols for a given linear connection V on

T M. When conditioning on {X () = ¢} and taking (x’) as normal coordinates at
q € M, (2.1) turns to the Euclidean form, since at ¢,

N
1 .
Z rioil ol Z (r;k n r,q) i ok = 0. 2.2)
r:l

If we denote

N
oco0 .=Zla,®or Za,ora—j xk'
r=

Then, clearly o o ¢* is a symmetric and positive semi-definite (2, 0)-tensor field.
We also introduce formally a modified drift b which has the following coordinate
expression

Z rjko, k. (2.3)

We change the coordinate chart from (U, (x')) to (V, (¥/)) with UNV # @. Since each
o, transforms as a vector, we apply the change-of-coordinate formula for Christoffel
symbols (e.g., Kobayashi and Nomizu 1963, Proposition II1.7.2) to derive that

L AX™ 3x" dx! 2%l ax'\
i ] k _ l i J k
Fjworor = (F’”” ax) axk 9%l | 9xJoxk axl) rOr

. ?xl axt
I ~m=x~ .
(F’”"U’m P GxTan o/ r ) ozl

It follows that the coefficients of the modified drift b in (2.3) transform as

a)zl 1L aw a2 :
m n __ _ i - J -k
2 Z A Bxi 2 Z <ij axi Bxfaxk> O
r=1

48321 1 9%%!
axt 2 dxJ axk ZU

Therefore, b is not a vector field as it does not pointwisely transform as a vector.
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Finally, using Itd’s formula, we derive the transformation of (2.1) as follows:

xld,.+1 32x! Al 5]
P 2afak A

=l

d
d

o5 () 1 1, 92 0% .
:[W( __Zrko, ) Zax/ak dt+a—adW
( Zan 5! ,)dr+&de’,

where the bracket [-, -] on the right-hand side (RHS) of the first equality denotes the
quadratic variation. This shows that Eq.(2.1) is indeed invariant under changes of
coordinates.

Remark 2.1 One canregard o = (o) ﬁv=1 e (RM*Q@F(M) as an (RY)*-valued vector
field on M. In this way, the pair (b, o) is called an It6 vector field in Gliklikh (2011,
Chapter 7), while the pair (b, o) is called an It6 equation therein.

Now we present the definition of weak solutions to (2.1).

Definition 2.2 (Weak solutions to Ité6 SDEs) Given a linear connection on M, a weak
solution of the 1t6 SDE (2.1) is a triple (X, W), (2, F, P), {P:};cr, where

(i) (2, F, P)isaprobability space, and {P;};cR is apast (i.e., nondecreasing) filtration
of F satisfying the usual conditions,
(i) X = {X(®)}re[s,r) 1s a continuous, {P;}-adapted M-valued process with {P;}-
stopping time T > tp, W is an N-dimensional {P;}-Brownian motion, and
(iii) forevery g € M,t > ty and any coordinate chart (U, (x')) of ¢, it holds under the
conditional probability P(-| X (to) = ¢) that almost surely in the event {X (¢) € U},

X0 = X (1) + f
fo

(bz (s, X(s)) — = Zr LX) (o ( ) s, X(s))) ds

t
+f ol (s, X(s)dW (s).
I

0

Definition 2.3 (Uniqueness in law) We say that uniqueness in the sense of probability
law holds for the 1td6 SDE (2.1) if, for any two weak solutions (X, W), (2, F,P),
{Pilicr, and (X, W), (Q, F, P), {P,},cr with the same initial data, i.e., P(X(0) =
Xx0) = IA’()A( (0) = x0) = 1, the two processes X and X have the same law.

Note that it is possible to change o and W in the It6 SDE (2.1) but keep the same
weak solution in law. In other words, the form of (2.1) does not univocally correspond
to its weak solution in law. For this reason, we will reformulate SDEs in a fashion that
makes them look more like ODEs and have better geometric nature. Moreover, we
will see that it is the pair (b, o o 0™) that univocally corresponds to the weak solution
of (2.1).
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2.2 Mean Derivatives and Mean Differential Equations on Manifolds

In this part, we will recall the definitions of Nelson’s mean derivatives and extend
them to M-valued processes. In Nelson’s stochastic mechanics (Nelson 2001), the
probability space (€2, F, P) is equipped with two different filtrations. The first one is
just an usual nondecreasing filtration {P;};cRr, a past filtration. The second is a family
of nonincreasing sub-o-fields of F, which is denoted by {F;};cr and called a future
filtration. For an R?-valued process {X(#)};¢r, its forward mean derivative DX and
forward quadratic mean derivative QX are defined by conditional expectations as

follows:
v

(X(t+e)—X(1) @ (X(t+¢) —X(t))‘P]
t|>
€

DX(t) = lim E [M
e—0t €

0X(t) = lim E[
e—0t

Their backward versions, i.e., the backward mean derivative and backward quadratic
mean derivative, are defined as follows:
X()—X(t—e€
(1) ( ) }_[] ’
€

E[(X(t) — Xt —€)®(X()— X(t —e))‘f[]‘

€

< .
D X(t) = lim E|:
e—0F

<«
0X(t) = lim

e—0F

In our present paper, we will only focus on the “forward” case, so that only the past
filtration {P;};cr will be invoked. The “backward” case is analogous and every part
of this paper can have its “backward” counterpart (cf. Zambrini 2015).

Denote by Symz(TM ) (and Sym_%_(TM )) the fiber bundle of symmetric (and
respectively, symmetric positive semi-definite) (2, 0)-tensors on M. Now we define
quadratic mean derivatives for M-valued semimartingales, cf. Gliklikh (2011, Chapter
9).

Definition 2.4 (Quadratic mean derivatives) The (forward) quadratic mean derivative
of the M-valued semimartingale {X (¢)};¢[s,7) 1S @ Sym%r(TM )-valued process QX
on [fg, ), whose value at time ¢ € [fo, 7) in any coordinate chart (U, (x')) and in the
event {X(¢) € U} is given by

Xit+e) = X)X/ (t+¢€)— X/ 1)
€

(0X)" (1) = lir(r)1+E|: ‘Pt}, (2.5)

where the limits are assumed to exist in L! (2, F,P).

More generally, we can define the (forward) quadratic mean derivative for two
M-valued semimartingales X and Y in local coordinates by
pt} .
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Due to Itd’s formula for semimartingales, Q X (¢) does transform as a (2, 0)-tensor
and is obviously symmetric, so that the definition is independent of the choice of U.
However, the formal limit E[%(X {(t + €) — X'(1))|P;] under any coordinates (x'),
no longer transforms as a vector, as can be guessed from (2.4). In order to turn it
into a vector we need to specify a coordinate system. A natural choice is the normal
coordinate system. For this purpose, we endow M with a linear connection V, which
determines a normal coordinate system near each point on M.

Definition 2.5 (V-mean derivatives) Given a linear connection V on M, the (forward)
V-mean derivative of the M -valued semimartingale {X (¢)};¢[s,) 1s @ T M-valued pro-
cess Dy X on [fy, T), whose value at time ¢ € [fg, T) is defined in normal coordinates
(x") on the normal neighborhood U of ¢ € M and under the conditional probability
P(-|X(z) = q) as follows:

0

As we force Dy X (t) to be vector-valued by definition, its coordinate expression
under any other coordinate system can be calculated via Leibniz’s rule. Let us stress
that the notation Dy should not be confused with the one of covariant derivatives in
geometry.

Now we formally take forward mean derivatives in Itd6 SDE (2.1), and note that the
correction term in the modified drift involving Christoffel symbols vanishes by (2.2).
Then, we get an ODE-like system:

Xit +¢€)— X()
€

(DvX)' (1) = lim E[
e—0t

where the limits are assumed to exist in L' (2, F,P).

I DyX(t) = b(t, X(1)), 06

0X(1) = (0 0 0™)(t, X(1)).

We call Eq.(2.6) a system of mean differential equations (MDEs). Note that both
MDEs (2.6) and Itd SDE (2.1) rely on linear connections on M.

Definition 2.6 (Solutions to MDEs) Given a linear connection on M, a solution of
MDE:s (2.6) is a triple X, (2, F, P), {P;};ecr, where

(1) (2, F,P) is aprobability space, and {P;};cR is a past filtration of F satisfying the
usual conditions,
(i1)) X = {X(@)}selr,7) 1s a continuous, {P;}-adapted M-valued semimartingale with
lifetime a {P;}-stopping time 7 > ty, and
(iii) the V-mean derivative and quadratic mean derivative of X exist and satisfy (2.6).

2.3 Second-Order Operators and Martingale Problems

Definition 2.7 (Second-order operators) A second-order operator on M is a linear
operator A : C°(M) — C°°(M), which has the following expression in a coordinate
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chart (U, (x%)),

A f 0% f
Af = A'— Alje, GCOO M s 2.7

f o T A e (M) 2.7
where (A/) is a symmetric (2, 0)-tensor ﬁeld,_ Aand the expression is required to be
invariant under changes of coordinates. If (A") is positive semi-definite, then we
say the second-order operator A is elliptic; if (A") is positive definite, we say A is
nondegenerate elliptic.

There is a coordinate-free definition of second-order operators. A linear map A, :
C®°(M) — R is called a second-order derivation at ¢ € M, if there is a symmetric
(2, 0)-tensor 'y, at g such that A, (fg) = f(q)Aqg + 8(@)Aqf + (df ®dg)(T'a,)
for all f, g € C°°(M). Then, a second-order operator is nothing but a smooth field
of second-order derivations. From this, we see that for A in (2.7), A’ = A(x'), AV =
Axixdy — xTA(x/) — x/ A(x"), and

- Aiji ® i (2.8)
4 oxi T 9xJ '

We call I 4 the squared field operator (originally “opérateur carré du champ”) asso-
ciated with A. We also denote I'4(f, g) := (df ® dg)(I"4). Clearly, for a classical
vector field V, I'y = 0 by Leibniz’s rule.

It is easy to verify from the coordinate-change invariance that the coefficients A’’s
and A’/’s transform under the change of coordinates from (x%) to (/) by the following
rule (e.g., Ikeda and Watanabe 1989, Section V.4),

4= g% T+ axja;k A= %% ! 29)
The formal generator of Ité6 SDE (2.1) is given by,
N A U
AY =00+ ;o: (007 (15— (2.10)

which is a time-dependent second-order elliptic operator due to the change-of-
coordinate formula (2.4).

Denote by C;, the subspace of C([t9, 00), M*) consisting of all paths always
staying in M or eventually stopped at dp. That is, @ € Cy if and only if there
exists T(w) € (tp, 00] such that w(t) € M for t € [tg, T(w)) and w(t) = Iy
for t € [t(w), 00). Let B(Cy,) be the o-field generated by Borel cylinder sets. Let
X():Cpy = M*, X(t, w) = o(t),t > to be the coordinate mapping. Foreacht € R,
define a sub-o-field by B, = o{X(s) : 10 < s < to Vv t}. Then, {B;},ecr is a past
filtration of B(Cy,) and 7 is a {3;}-stopping time.
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Definition 2.8 (Martingale problems on manifolds, Hsu 2002, Definition 1.3.1) Given
a time-dependent second-order elliptic operator A = (A;);>4,, a solution to the mar-
tingale problem associated with A is a triple X, (2, F, P), {P;};er, where

(1) (2, F,P)is aprobability space, and {P;};cR is a past filtration of F satisfying the
usual conditions,
(ii) X : Q — Cy, is an M*-valued {P, }-semimartingale, and
(iii) forevery f € C®°(R x M), the process M/ X (1) := f(t, X (1)) — f (to, X (t0)) —
ft;(% + A) f(s, X(s))ds, t € [to, T(X)), is a real-valued continuous {P;}-
martingale.

The process {X (t)}ie[1,z(x)) 1s called an M-valued {P, }-diffusion process with gen-
erator A (or simply an A-diffusion).

The uniqueness in the sense of probability law for both MDEs and martingale
problems can be defined in a similar fashion to Definition 2.3. Note that unlike It6 SDEs
or MDEs, the definition for martingale problems does not rely on linear connections.

When provided with a linear connection on M, one can see, in the same way as in
Stroock and Varadhan’s theory (e.g., Karatzas and Shreve 1991, Section 5.4), that the
existence of a solution to the martingale problem associated with AX = (AX),>,, in
(2.10) is equivalent to the existence of a weak solution to the It6 SDE (2.1), and also
equivalent to the existence of a solution to MDEs (2.6); their uniqueness in law of are
also equivalent.

2.4 The Second-Order Tangent Bundle

As we have seen, the modified drift b in (2.3) is not a vector field. Is b a section (and,
in the affirmative, of what)? In fact, it is not a section of any bundle, as its changes-
of-coordinate formula (2.4) involves o. But if we look at the formal generator AX in
(2.10), or the pair (b, 0 0 0*) of its coefficients, then we can construct a bundle whose
structure group is governed by the changes-of-coordinate formulae (2.9), so that the
sections are just second-order operators.

We denote by Sym?(RR?) the space of all symmetric (2, 0)-tensors on R¢, and by
Symi_ (R?) the subspace of it consisting of all positive semi-definite (2, 0)-tensors.
Also denote by £(R", R?) the space of all linear maps from R” to R<.

Definition 2.9 (The second-order tangent bundle)

(i) Gliklikh (2011, Definition 7.14) The It6 group G‘Ii is the Cartesian product (but
not direct product of groups) GL(d, R) x L(RY @ R RY) equipped with the
following binary operation:

(g2,k2) 0 (g1, k1) = (g2081,820K1 +k20(81 ® g1)),

forall g1, g» € GL(d, R), k1, k2 € LR? @ RY, RY).
(i) The left group action of G‘Ii on R¢ x Sym?(R%) is defined by

(8. k) - (b,a) = (gb+«ka, (g ® ga), (2.11)
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(iii)

(iv)

)

forall (g, k) € G4, b € RY, a € Sym?(RY).

The second-order tangent bundle (7°M, ‘L'A?I, M) is the fiber bundle with base
space M, typical fiber RY x Sym?(R%), and structure group GCII.

The fiber ’TqOM at g € M is called second-order tangent space to M at g. An
element (b, a), € 7:10 M is called a second-order tangent vector at g. A (global or
local) section of rﬁ?, is called a second-order vector field.

Denote by 7% M the subbundle of 79 M consisting of all elements (b, a)g €
’Z:]OM ,q € M, with a, a positive semi-definite (2, 0)-tensors. Let rf[ = 118 | 7Ep-
We call (TEM, tf;, M) the second-order elliptic tangent bundle.

Remark 2.10 (i) We indulge in some abuse of notions. For example, the second-order

(ii)

(iii)

@iv)

)

vector fields should not be confused with the semisprays which are sections of the
double tangent bundle T’M (e.g., Saunders 1989, Section 1.4; Lang 1999, Section
Iv.3).

Some authors just defined second-order vector fields as second-order operators as
in Definition 2.7 (Emery 1989, Definition 6.3 or Gliklikh 2011, Definition 2.74).
As soon as we choose a frame for 79 M, it will be clear that second-order vector
fields are identified with second-order operators.

The authors in Belopolskaya and Dalecky (1990), Gliklikh (2011) define a bundle
which has the Itd group as its structure group and has the pair (b, o) of coefficients
in Itd6 SDE (2.1) as its section. They name it Itd’s bundle and denote it as ZM.
The difference is that, in our formulation, the pair (b, o o 0*) of coefficients of
the generator of Itd SDE (2.1) is a section of second-order elliptic tangent bundle
T /51 The advantage of the bundle t /5, is that it is a natural generalization of tangent
bundle to second-order and has a good geometric interpretation, as we will see in
Proposition 3.2.

Note that the typical fiber R¢ x Sym?(R¢) of t 18 is a vector space of dimension
d+ w But tf[ is not a vector bundle, since its structure group G‘Il is not a
linear group (subgroup of general linear group). The typical fiber of t 15 is RY x
Sym?F (Rd), which is not even a vector space, so that rﬁ’f; is not a vector bundle
either. Indeed, we may call them quadratic bundles, just as the way they call It6’s
bundle in Belopolskaya and Dalecky (1990, Chapter 4).

The It6’s bundle ZM defined in Gliklikh (2011, Definition 7.17) is the fiber bundle
over manifold M, with fiber R? x E(RN R4 ) and structure group G‘Ii which acts
on the fiber from the left by

(g.5)(b,0) = (gb + 4tr (k 0 (0 ®0)), g0 0),

for all (g, x) € Gl beRl o e LR, Rd). For the same reason as 7% M or
TE M, 1t6’s bundle ZM is not a vector bundle. There is a bundle homomorphism
over M from ZM to TE M, which maps in fibers from Z, M to ’Z;EM, q eEM,
by (b, 0) — (b, 0 0 0™). It is easy to see that this bundle homomorphism is also
a subjective submersion. If we identify g € GL(d, R) with (g,0) € G4, then
GL(d, R) is a subgroup of G‘; . We define the Stratonovich’s bundle SM to be the
reduction of ZM to the structure group GL(d, R), that is, the fiber bundle over M,
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with fiber R? x LRV, RY ) and structure group GL(d, R) which acts on the fiber
from the left by

g(b,0) =(gb,goo).

Unlike 79 M or M, Stratonovich’s bundle SM is indeed a vector bundle, and
the tangent bundle 7'M is a vector subbundle of SM. It can be expected that
Stratonovich’s bundle is a natural bundle to formulate Stratonovich SDEs. But, in
this paper, we mainly focus on It6 SDEs and their generators.

It is natural to regard the differential operators

9 i I1<i<d1l<j<k=<d (2.12)
—_—, T . <1=<a, = =< = .
dxi’ 9xJoxk ]

as a local frame of 72 M over the local chart (U, (x')) on M. In the sequel, we will

usually shorten them by

{0i, 9jk s 1 <i<d, 1<j<k=d}.

We make the convention that 0;0; = 90k forall 1 < j < k < d. A second-order
vector field (b, a) is expressed in terms of this local frame by

(b,a) = b'0; + 3a7*3;0.

In this way, every second-order vector field can be regarded as a second-order operator
and vice versa. In particular, the generator AX of an M-valued diffusion process X,
for example the generator (2.10) of the It6 SDE, is a time-dependent second-order
vector field, so that we can rewrite AX as AtX = (b(), (0 o ™)(1)).

The tangent bundle 7 M is a subbundle (but not a vector subbunddle) and also an
embedded submanifold of 79 M, as the bundle monomorphism

Vi (TM, ty, M) — (TOM, 2, M), vy~ (v,0), (2.13)

is also an embedding. However, there is no canonical bundle epimorphism from 7 ¢ M
to T M which s aleftinverse of ¢ and linear in fiber. We call such a bundle epimorphism
a fiber-linear bundle projection from T°M to T M. The choice of such a bundle
epimorphism is exactly the choice of a linear connection on M. More precisely, we
have the following connection correspondence properties, the first of which can also
be found in Gliklikh (2011, Section 2.9).

Proposition 2.11 (Connection correspondence) Any linear connection on M induces a

fiber-linear bundle projection from T ° M to T M. Conversely, any fiber-linear bundle
projection from T M to T M induces a torsion-free linear connection on M.
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Remark 2.12 The connection correspondence is similar to the correspondence between
horizontal subbundles of the tangent bundle of a vector bundle and connections on
this vector bundle, cf. Saunders (1989, Section 3.1).

Proof Let (F{‘/) be the Christoffel symbols of a linear connection V on M. Define a
projection by’

ov :TOM — TM, (ba), — (b" + %a-/’kr;k(q)) ), (2.14)
Clearly, ov is linear in fiber and gy o ¢ = Idr . Conversely, let o : TM - TM

be a fiber-linear bundle projection. Then, on each coordinate chart (U, (x")) around
q € M, there exists a diffeomorphism By : U — E(Sym2 (R%), R?), such that

o(b,a) = (b + Bu@@') a1, (.)€ T M. qeU.

The family of diffeomorphisms (By ) determines a spray and then a torsion-free linear
connection on M (see, e.g., Lang 1999, Section IV.3). The torsion-freeness follows
from the symmetry of By’s. O

Observe that a group action of GL(d, R) on Sym?(R?) can be separated from
(2.11), which is given by g - @ = (g ® g)a. Thus, the second component a of each
element (b,a) € ’Z;OM can be regarded as a (2, 0)-tensor. Recall that we denote
by Symz(TM ) the bundle of (2, 0)-tensors on M, then there is a canonical bundle
epimorphism

0:T°M — Sym*(TM), (b,a), > ag, (2.15)

whose kernel is the image of (. Conversely, we also have a similar connection corre-
spondence property for Sym?(T M), as in Proposition 2.11. That is, a linear connection
V on M induces a fiber-linear bundle monomorphism from Sym?>(TM) to 7°M,
which is a right inverse of ¢ and given by

iy : SymX(TM) — TOM, a,+> a'l (a,»aj|q _ rfj(q)ak|q) =a'iV2, |, (216)

where V2 is the second covariant derivative (Petersen 2016, Subsection 2.2.2.3) [which
is also called the Hessian operator when acting on smooth functions (Jost 2017)]. In
other words, Vazi a;la = Iy(dx" ©dx’|y), where © is the symmetrization operator on

T°M.
Combining (2.13) and (2.14) together, we have the following short exact sequence:

0— TM -5 T°M -% Sym%(TM) — 0. 2.17)
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Proposition 2.11 and (2.15), (2.16) imply that when a linear connection V is given,
the sequence is also split, in the fiber-wise sense. The induced decomposition

TOM = (TM) & iy <Sym2(TM)> =~ TM @ Sym>(T M), (2.18)

where both the first direct sum @ and the isomorphism = are in the fiber-wise sense
(but not bundle isomorphism and Whitney sum), while the second direct sum is the
Whitney sum, and is given by

(b,a)y = bi8[|q + %aijvi,a_, |q > (by ag), (2.19)

for by = (6! + %ajkr‘;k(q))aﬂq € Ty;M. A similar short exact sequence as (2.17)
holds with 7F M and Symi(TM ) in place of 7% M and Sym?(T M), respectively.
Now we introduce a subclass of semimartingales on manifolds which contains
diffusions. We call the M-valued process X = {X(t)};c[1,r) an It0 process, if there
exists a {P,}-adapted continuous 7 £ M-valued process {(b, a)(t)}refty,z) satisfying

b,a)@®) € TXEO)M for each t € [fy, T), such that for every f € C®(R x M),

MIX(@) = f(t, X0) = fl0, X(t0) = [ (L + A f(s. X(5))ds. 1 € [t0, 7) is a
real-valued {7, }-martingale, where AX = (b, a)(t) = b/ (t)9; + %aij ()0;0;. We call
the process {(b, a)()}ici.r) = {,A,X},e[,o,t) the random generator of X. A similar
notion “Brownian semimartingale” is also used in the literature (e.g., Driver 1992).
If X is a diffusion with generator Atx = (b(?), a(z)), then it is an Itd process with
random generator .AtX = Agf, X)) = (b(t, X(1)), a(t, X(t))). The difference between
1td6 processes and diffusions is that the randomness of the random generator of the
former can not only appear on the base manifold M, but also on the fibers.

Then, we can define forward mean derivatives in a coordinate-free way, without
relying on linear connections.

Definition 2.13 (Mean derivatives) For an M-valued Itd process X = {X(t)}/e[s,7)»
we define its (forward) mean derivatives (DX (), QX (¢)) at time ¢ € [ty, T) by

(DX (1), QX (1) = (b, a)(t) € T, M,

where (b, a) is the random generator of X.

Comparing with forward mean derivatives defined in local coordinates before, we
have the following relations. The proof follows the lines of Gliklikh (2011, Lemma
9.4).

Lemma 2.14' Given an M-valued It6 process X = {X(t)}ie[1,r) and a coordinate

chart (U, (x')) centered at g € M.

(1) In the event {X(¢t) € U}, QX(t) has the coordinate expression (2.5) and

Xi(t+e)— Xt
cra-x0)p)

(DX)'(t) = lim E [
e—0t
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(ii) Given a linear connection V on M, we have, under the conditional probability
P(|X () = q), that

. . 1 . .
(DvX)' (1) = (DX)'(t) + EF}k(X(t))(QX)’k(t)- (2.20)

It follows from (2.20) that the map ov in (2.14) acts on the generator AX of a
diffusion X by

ov (4% xy)) = 09 (DX (), QX(®) = DyX(®) 221)

For a time-dependent second-order vector field A; = (b(¢), a(t)), we can take
MDE:s (2.6) to set up a new type of MDEs by using the mean derivatives as follows:

{ DX (t) = b(t, X(1)), (2.22)

QX(1) = a(t, X(1)).

Then, similarly to Definitions 2.6 and 2.3, we may also define solutions and uniqueness
in law for MDEs (2.22). We call a solution of (2.22) an integral process of A = (A;).
Note that the system (2.22) does not rely on linear connections. The equivalence of
the well-posedness of (2.22) and the martingale problem in Definition 2.8 is easy to
verify. When a linear connection is specified, the system (2.22) and martingale problem
associated with AX in (2.10) are both equivalent to the Itd SDE (2.1) and MDEs (2.6).

3 Stochastic Jets

In classical differential geometry, a tangent vector to a manifold may be defined as
an equivalence class of curves passing through a given point, where two curves are
equivalent if they have the same derivative at that point (Lee 2013, Chapter 3). This
idea can be generalized to higher-order cases, which leads to the notion of jets. The
jet structures allow us to translate a system of differential equations to a system of
algebraic equations, and make it more intuitive to study the symmetries of systems of
differential equations.

In this section we shall generalize these ideas to the stochastic case. We will first
give an equivalent description to the second-order elliptic tangent bundle rf[ by con-
structing an equivalence relation on diffusions. Then, we will define the stochastic jets
and figure out the “jet-like” bundle structure involved in the space of stochastic jets.
Finally, we shall see that the bundle structure is the appropriate platform to formulate
SDEs intrinsically. In the next section, we will apply stochastic jets to study stochastic
symmetries.
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3.1 The Stochastic Tangent Bundle

Recall that a tangent vector can be represented as a equivalence classes of smooth
curves that have the same velocity at the base point. This leads to the following
equivalent definition of tangent bundle 7' M:

TM’:“{[y]q:yeCf’&q)(M),qu}, G.1)

where C E"(i q)(M ) is the set of all smooth curves on M that pass through g at time
t = 0, and the equivalence relation is defined as y,y € C?& q)(M ) are equivalent
if and only if (f o ) (0) = (f o 7)'(0) for every real-valued smooth function f
defined in neighborhood g. If we replace smooth curves by diffusion processes, and
time derivatives by mean derivatives, then we get the following definition.

Definition 3.1 (The stochastic tangent bundle) Two M-valued diffusion processes
X = {(X®}e,r), Y = {Y(®)}ie)0,0) are said to be stochastically equivalent at
(t,q) € R x M, if, almost surely, X (1) = Y(t) =g and D(f o X)(t) = D(f o Y)(t)
for all f € C°(M). The equivalence class containing X is called the stochastic tan-
gentvector of X atq and is denoted by j ;) X. Whent = 0, we denote j; X := jo,pX
in short. Let I 4)(M) be the set of all M-valued diffusion processes starting from g
at time t. The stochastic tangent bundle of M is the set

TSM = {j,X : X € I0,9)(M), q € M}.

Note that since X, Y are M-valued diffusion processes, f(X) and f(Y) are real-
valued Itd processes, and hence their mean derivatives exists.

At this stage, we have not yet touched the jet-like formulation even though we used
the jet-like notation j, X. Indeed, if one follows strictly the definition of jet bundles
over the trivial bundle (R x M, w, R), it is more rational to use the time line R as
“source” and the manifold M as “target” (cf. Saunders 1989, Example 4.1.16). But
here we just assign the “target” to the manifold M, because, roughly speaking, one can
talk about the velocity of a smooth curve at a moment ¢, but not about the generator
of a diffusion at a moment ¢. Instead, we can talk about the generator of a diffusion at
a position ¢ € M. Later on, we will define the “bona fide” stochastic jet space which
possess the time line R as “source” and the manifold M as “target.”

Similarly to the one-to-one correspondence between tangent space and space of
equivalence classes of smooth curves, we have the following:

Proposition 3.2 There is a one-to-one correspondence between the stochastic tangent
bundle TS M and the second-order elliptic tangent bundle T* M.

Proof For an M-valued diffusion process X € I(g 4)(M), g € M, we denote by AX
its generator. Then, the map j, X — Agf) D= (DX (0), 0X(0)) defines a one-to-

one correspondence between 75 M and 7F M. The inverse map is Ay = (b,a)y —
JgX A, where A is a section of 7¥ M (i.e., an elliptic second-order operator) smoothly
extending the element A, € 7;EM, and X4 € I(0,4)(M) is a diffusion processes
having A as its generator. O
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Therefore, the stochastic tangent bundle 7° SM admit a smooth structure which
makes it to be a smooth manifold diffeomorphic to 7% M, and hence it is a bona
fide fiber bundle over M. In the sequel, we will identify 75M with 7% M without
ambiguity. And the projection map from 75M to M will be denoted by t AS,I that is,
3, (jgX) = q forany j, X € TSM.

Definition 3.3 (Canonical coordinate system on TS M) Let (U, (x')) be an coordinate
system on M. The induced canonical coordinate chart (U, x(V) on 75 M is defined
by

UV = {j;X:qelU,X eloqyM}, x:=(x,Dx, 0/kx),

where x' (j, X) = xi(¢). D'x(j,X) = (DX)'(0) and Q/*x(j, X) = (QX)7¥(0).

Our slightly ambiguous notations D’ x and Q/¥ x are chosen so as to avoid the worse
one Qx/k.

When a linear connection V is provided, we can also define the coordinates via the
V-mean derivative Dy instead of D, as follows:

DLx(jgX) = (DvX)'(0).

Then, x(vl) = (xi, Divx, Q-/kx) also forms a coordinate system on TSM, which we
call the V-canonical coordinate system. It follows from relation (2.20) that

Dix =Dix+1 (r;k ° x) 0k x. (3.2)

Using the identification of elements j, X € TqS M and (b, a), € ’TqE M via Propo-
sition 3.2, as well as their relations with the element (by, ay) € TM @ Symz(TM ),
vig (2.19), we hgve Dix(qu) = b, Dyx(jyX) = b = b' + %ako;-k(q) and
kax(jq X) = a/*. In this way the fiber-linear bundle projection gy of (2.14) maps,
under the canonical coordinates (x, x) on T M, as follows:

i o ov(jyX) = (Dix +4 (Fé.k ox) Qikx) (jgX) = Dix(j,X).  (33)

so that Divx =xilo ov. Therefore, (xf, Divx) is a partial coordinate system on 7 Sm
that coincides with (x‘, x*) when restricted on 7M. Moreover, the decomposition in
(2.19) yields the following expressions for second-order vector fields:

(Dx, Qx) = D'xd; + 1 0/%xd;8 = DLxd; + %kaxvgj,ak. (3.4)

Similarly to Definition 3.1, we define a V-dependent equivalence relation as fol-
lows:

Definition 3.4 Two M -valued diffusion processes X = {X () };¢[0,7), Y = {Y (t) }:¢[0.0)
are said to be V-stochastically equivalent at (t,q) € R x M, if, almost surely,
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X(@) = Y(t) = q and DyX(t) = Dy X(t). The equivalence class containing X
is called the V-tangent vector of X at g and is denoted by j(Y’q)X. When ¢t = 0, we

denote quX = j(vo’q)X for short.

Then, similarly to Proposition 3.2, one can show that the tangent bundle 7 M can
be identified with the following set of equivalent classes of diffusions:

{7 XX etogon.qeml, (3.5)

via qu X +— Dy X(0). Under this identification, it follows from (2.21) that qu X =
ov (jg X).Clearly, if we regard all smooth curves as special diffusions, then the partition
determined by (3.1) is the restriction of the one determined by (3.5) to the set of all
smooth curves.

Remark 3.5 In presence of alinear connection V on M, one can easily follow Definition
3.1 and Proposition 3.2 with Dy in place of D, to verify the one-to-one correspondence
between the set 75 M of equivalent classes and the Whitney sum 7 M @ Symﬁ_(TM ),
which brings back to the fiber-wise isomorphism (2.18). But since such kind of corre-
spondence need to specify beforehand a linear connection, we still endow 75 M with
the structure of 7£ M instead of that of T M @ Sym?(T M) in this paper, although the
latter is also feasible and may provide easier calculations.

3.2 The Stochastic Jet Space

In classical jet theory, for the trivial bundle (R x M, 7, R), there is a one-to-one corre-
spondence between 1-jets and tangent vectors, and there is a canonical diffeomorphism
between the first-order jet bundle J ' and R x T M (Saunders 1989, Example 4.1.16).

Now using similar ideas, we will introduce the “bona fide” stochastic jet space. The
key is to modify the definition of stochastic tangent vectors, to involve the time line
R as the “source” as well as to randomize the initial datum of the diffusion processes.
Intuitively, an M-valued diffusion process X can be regarded as a random “section”
of the trivial “bundle” (R x M, , R) which is merely continuous in time and depends
on the sample point w.

For a metric space (F,d), we denote by LO(Q2, F) the quotient space of all F-
valued random elements, by the following equivalence relation: two random elements
are equivalent if and only if they are identical almost surely. We endow L%($2, F) with
the topology of the following P-essential metric (cf. Munkres 1975, Section 43):

pE,)=inf{c > 0:Pd(,¢) >¢c) =0} A L.

Definition 3.6 Two M -valued diffusion processes X = {X (s)}se[r,7), ¥ = {Y () }selr.0)
starting at time #, are said to be stochastically equivalent at t € R, if, almost surely,
X(@) = Y(t) and (DX(t), 0X(¢)) = (DY(¢), QY (¢)). The equivalence class con-
taining X is called the stochastic jet of X at t, denoted by j; X. Let I; (M) be the set
of all M-valued diffusion processes starting at time ¢. Then, the stochastic jet space
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of M is the set
TISM = {j;X : X € I;(M), 1 € R}.

The functions 7115 and IS o called stochastic source and target projections, are defined
by

0 TIM - R, Xt
and
7ot ISM — Rx LYQ, M), jiX — (t, X(1)).
In the above definition, since 7wy o ¢ = Idys, we have 7 (Y) = mpy o p(X) = X
a.s., that is, X is the projection of Y.

To characterize the relation between J5M and 75M (or TEM), we need the
following definitions.

Definition 3.7 (Horizontal subspace) Let (E, ys, M) be a fiber bundle. The horizon-
tal subspace of LO(Q2, E) is defined by

Lh(Q; y) ={po& e LO(SZ, E) : ¢pisasectionof my, & € LO(Q, M)}.
An element of the horizontal subspace L"(Q; t£) of LO(Q, TE M) is then of the
form A o &, where A is a section of r[f, and £ € LO(Q2, M). Such an element A o &

will be denoted by A¢. By the correspondence of TSM and TE M, one can easily get
the following equivalent definition for L"(Q; t1),

L (sz; r,’;",) =L (sz; r,fl) = UxoX : X € Io(M)} € LV, TSM).
The correspondence is given explicitly by
Jx@X = A = (DX(0), 0X(0)), or Ag= je X",

where X4¢ is an M-valued diffusion with generator A and with X4¢(0) = £ a.s..

Proposition 3.8 The stochastic jet space JS M is trivial. More precisely, we have the
homeomorphism

JSM"ERth(Q;rAS,[),

given by j: X > (t, jx)(0:X)), for any X € 1;(M), where 0; is the shift operator on
C, that is, 6;w(-) = w(- + 1).
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Proof The homeomorphism J SM =R x jOS M is given by j; X — (¢, jo(6;X)). The
homeomorphism jOS M=L"Qt ;54) is given by joX — jx(0)X, whose inverse map
is Ag > j()XAg. O

Definition 3.9 (Stochastic fibered space)

(i) Given a fiber bundle (E, wy, M) with total space E, base space M and typi-
cal fiber manifold F, the stochastic fibered space associated with it is the triplet
(ES, 73, M) where

ES:={(q.&) :q € M, € L(Q, E,)},

nf,, : ES — M is the natural projection given by n;f/l(q, &) =g¢q,and i(Q, F)isa
subspace of LO(Q, F), with E,; denoting the fiber of ) over g. The fiber bundle
E is called model bundle of ES. There is a family of projections {1, }weq from
the stochastic fiber manifold ES to its model bundle E, defined by

To: ES > E, (q.8) (q,6)).

(i1) A global section of (E S w ;E,, M) is called a random global section. A random local
sectionisamap o : U — E defined on some measurable subset U C 2 x M and
such that, for almostall w € Q, o (w) : U, — E is alocal section of (E, wpr, M),
where U, = U N ({w} x M).

Note that a random global section is a random local section defined on all 2 x M.

It follows from Proposition 3.8 that the stochastic jet space (J SM, 7115 ,R) is a
stochastic fibered space, whose associated model bundle is (R x 7° SM, 1, R). Just
like the first-order jet bundle J 7 which is diffeomorphic to R x T M, the model
bundle R x 75 M is itself a jet bundle and also has two bundle structures, with base
space R and R x M, respectively. The corresponding source and target projections are
defined, respectively by

7 RxTSM - R, t, jgX) —t,
and
o RXTSM - Rx M, (t,j,X)r (t,9).

Moreover, we will denote the natural projection from R x 75 M to 75 M by mg 1. This
projection map is indeed a bundle homomorphism from (R x 75M, 71 9, R x M) to
(T SM, T AS,[, M), whose projection is the natural projection from R x M to M, denoted
by 7.

Similarly to Proposition 3.8, we have the following diffeomorphisms for the model
bundle R x 75M:

UepX: X elpgyM),t eRge M}ZRxTM =R xTEM,
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which is given by

JepX = (@ g6 X)) > AX = (1. DX (1), QX (1)), (3.6)

forany X € I(; 4)(M), where A is the generator of X as a section of R x TEM (i.e.,
a time-dependent elliptic second-order differential operator). Furthermore, the proof
of Proposition 3.2 allows us to find simply the inverse maps, especially for the second
diffeomorphism. That is, for any (¢, A;) = (¢, b, a) € nf& (t,q),

(t, Ag) = (t,6,a) = (t, jg(6: X)) = Jj.p X, (3.7)

where A is a section of R x 7 M such that Ay 4) = Ay, and X4 € I 4 (M) is a
diffusion process having A as its generator.

The “stochastic target” of 75M, i.e., the trivial bundle (R x L%(Q2, M), n5, M),
is another example of stochastic fibered spaces. Its model bundle is the trivial bundle
R x M, m, R). The graph of an M-valued stochastic process defined on a random time
interval [0, 7) is a random (local) section of (R x L%(2, M), 75, R). The projection
of 1, on the targets from R x L%(Q, M) to R x M is denoted by 7,,.

We may summarize how all these maps fit together by the following diagram:

TISMERx Lh(@tS) — 2 RxT5M 25 TSM=TEM <> M

N l lﬂ l N
b4 1,0 T
1,0 \ 78 . / N M ™
1 TTw T

R x LY, M) Iy RxM —F—— M

TN

T R

When a linear connection is specified on M, one can easily obtain, similarly to
(3.6), the following homeomorphism:

{j[VX X el,(M),1 € R} =R x L"Qi 1), VX > (t, j§(,)(9,X)),
and the following diffeomorphisms:

[iTpX: X elopn.teRge M} =R x [jTX: X € Iy (M), q € M)

=RxTM=J!7,
where the first two diffeomorphisms are given by
JSpX = (17 @) = @, DyX (),
and the last one is due to the classical theory.

@ Springer



67 Page 26 of 127 Journal of Nonlinear Science (2023) 33:67

3.3 Intrinsic Formulation of SDEs

With the classical machinery of jet structures, it is possible to translate differential
equations into algebraic equations on jet bundle (Saunders 1989). In this subsection,
we follow this way to formulate intrinsic SDEs.

For a subset S of the model bundle R x 75M and ¢ € R, we denote by S; the
intersection of S with the fiber {r} x T5M.

Definition 3.10 A stochastic differential equation on M is a closed embedded sub-
manifold S of the model jet bundle R x 7 SM with Sp # (. A (local) solution of the
stochastic differential equation S is a triple X, (2, F, P), {P;};>0, where

(i) (2, F,P) isaprobability space, and {P;},;>¢ is a past filtration of F satisfying the
usual conditions,
(i1)) X = {X()}se[0,7) 1s a {P;}-adapted M -valued diffusion process over [0, T), where
T is a {P;}-stopping time, and
(iii) almost surely j; X = (¢, jx)(6: X)) € S forevery ¢t € [0, 7).

Remark 3.11 (i) The condition that So # { is just for convenience, in order to set the
initial time at = 0.

(ii) There is an equivalent way to formulate the solution of a stochastic differential
equation S. That is, a (local) solution is a pair (P, t), where P is a probability
measure on (C, B(C), {3;}) and 7 is a {5;}-stopping time, such that for P-almost
surely w, jiw = (1, jo@)(Orw)) € S forevery t € [0, T(w)).

This definition does not look like the traditional definition of a stochastic differential
equation, but we can see the relationship between the two by using coordinates. Since
S is a embedded submanifold of R x 75M, it admits a local defining function in
a neighborhood of each of its points (Lee 2013, Proposition 5.16). That is, for a
coordinate chart (R x UM, (¢, x1)) of the point (0, j, X) € So, there is a function
O :RxUD - RX where K = dim75M — dim S, such that SN (R x UD) =
O© 10)and0isa regular value of ®. Then, the condition j, X = (¢, jx)(6: X)) € S
before X (¢) leaves the neighborhood U = rAS,[(U (M) reads in local coordinates as

O, x, Dx, 0x)(j:X) =0, X(), DX(t), 0X(t)) =0, (3.8)

which defines a general MDE (in terms of mean derivatives). The use of a submanifold
S is therefore a way to distinguish the definition of the equation from a definition of
its solutions.

As an example, the system of MDEs (2.22) can be rewritten to the form (3.8) by
setting the defining function

O(t, x, Dx, Qx) = (Dx — b(t, x), Ox — (6 0 0™)(1,x)). (3.9)
So far we have not done anything but reformulate the basic problem of finding

solutions of systems of stochastic differential equations in a more geometrical form,
ideally suited to our investigation into symmetry groups thereof.
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4 Stochastic Symmetries

The symmetry group of a system of differential equations is the largest local group
of transformations acting on the independent and dependent variables of the system
with the property that it transform solutions of the system into other solutions (Olver
1998). In the stochastic case, we can proceed analogously.

All methods of this section work in the local case, that is, the vector fields are not
necessarily complete and the bundle homomorphisms could be only locally defined.

4.1 Prolongations of Diffusions and Bundle Homomorphisms

Definition 4.1 (Prolongations of diffusions) Let X be an M-valued diffusion process
defined on a stopping time interval [z, 7). The prolongation of X is a 75 M-valued
process jX defined by, for 6; the shift operator,

JX(@) = jx»(6:X), telt, ).

Note that j, X = (¢, jx@)(0:X)) = (¢, jX(¢)). Thus the graph of the prolongation
process j X is nothing but the random section j X of the stochastic jet space J5M. It
is easy to see that if X is an M-valued diffusion process, then j X is a 75 M-valued
diffusion process.

Given two smooth manifolds M and N, a bundle homomorphism F from (R x
M, 7, R)to (R x N, p,R) is a projectable (or fiber-preserving) smooth map, which
means it maps fibers of & to fibers of p. Hence, there exist two smooth maps F 0.
R — Rand F : R x M — N such that F(t,q) = (FO(t), F(t, q)). This leads to
poF = F%om which is the original definition of bundle homomorphisms. We denote
F = (F°, F) and say that F projects to F°.

The following lemma shows that a bundle homomorphisms has the property that it
always transforms diffusions into diffusions. One can find a proof of it in Lemma 4.8
or Corollary A.5.

Lemma 4.2 Given a bundle homomorphism F = (F°, F) from (R x M, w,R) to
(R x N, p, R), where FY is a diffeomorphism, for every M-valued diffusion process
X = {X(®}ielty,r), the image of its graph (or its corresponding random local section)
{(t, X@®) :t €[to,T)} by F, ie,

{F(t,X()):1 € [to, 7)}

is almost surely the graph of a well-defined N -valued diffusion process X given by
X =F(F)76). X(F) T 6)). s e [Fw), FO). @)

As observed in Remark A.6, among all (deterministic) smooth maps from R x M to
R x N, the class of bundle homomorphisms is the only subclass that maps diffusions
to diffusions.

@ Springer



67 Page 28 of 127 Journal of Nonlinear Science (2023) 33:67

Definition 4.3 (Pushforwards of diffusions by bundle homomorphisms) We call the
diffusion X of Lemma 4.2 the pushforward of X by F, and write X = F - X. When
M = N and F is a bundle endomorphism on (R x M, m, R), we also call F - X the
transform of X by F.

We now introduce the idea of stochastic prolongation whereby a bundle homomor-
phism may be extended to act upon the model jet bundle.

Definition 4.4 (Stochastic prolongations of bundle homomorphisms) Let F be abundle
homomorphism from (R x M, 7, R) to (R x N, p, R) projecting to a diffeomorphism
FO : R — R.The stochastic prolongation of Fisthemap j F : Rx75M — RxTSN
defined by

JFGa.g)X) = jra.q(F - X). (4.2)

Itis easy to see from (4.1) thatif j )X = Jjir.q) Y, then jr.q)(F-X) = jr(.q) (F -
Y). Therefore, the map j F is well defined. By letting F = (F 0. F), definition (4.2)
can be rewritten in a more evident way:

JF (., jg0 X)) = (FO). j7.00p00 (F - X)) 4.3)

The following properties are easy to check.

Corollary 4.5 (i) The map jF : my — p1 is a bundle homomorphism projecting to
FO.
(1) The map jF : w0 — p1,0 is a bundle homomorphism projecting to F.
(i) jddrxpm) = I, 75y Let F and G be two bundle endomorphisms on (R x
M, 7, R) projecting to diffeomorphisms. Then, j(F o G) = jF o jG.

By virtue of (4.3) and Corollary 4.5.(i), we may write jF = (F°, jF), where
jF :R x TSM — TSN is the smooth map given by

TF (. jg0: X)) = j5 .0 0r00 (F - X). (4.4)

We can also consider the pushforward of the 75 M-valued process j X by the bundle
homomorphism j F.

Corollary 4.6 Given a bundle homomorphism F : (R x M, 7,R) - (R x N, p,R)
projecting to a diffeomorphism on R, and an M-valued diffusion process X, we have

JF-jX = j(F-X).
Proof It follows from (4.1), (4.4) and Definition 4.1 that
JF X = TF ((F)7' ), X (F) 7 5)
= j_F ((FO)_I(S), jX((FO)_I(S)) (G(FO)_I(s)X))
= Jg(s)(6:X) = jX(s).
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The result follows. O

Now we need to investigate the coordinate representation of jF, in stochastic
analysis terms. Before that, we introduce the stochastic version of the notion of total
derivatives.

Definition 4.7 (Total mean derivatives) Let f be a smooth real-valued function on
R x M. The total mean derivative and total quadratic mean derivative of f are the
unique smooth functions D f and Q, f defined on R x 75 M, with the property that
if X € I,,q)(M) is a representative diffusion process of j, 4)X, then

D) Gao.g)X) = DLf (t0, X (10))],
QN o) X) = QLS (10, X (10))].

There is an abuse of notations in the above definition. Indeed, the left-hand sides
(LHSs) of the above two equations both involve subscripts 7, but their RHS’s do not
depend on 7. Those two equations need to be understood as that functions Dy f, Q; f
taking their values on the point j, )X € R x T $ M equal to the RHS’s.

Itis easy to check that the definitions of total mean derivatives are independent of the
choice of representative diffusions. By It0’s formula, we have the following coordinate
representation for total mean derivatives in the local chart (R x U™, (¢, x(1)) on
RxT5M

af L df 1 9°f

pf=L o -7 iky
A P D'x + 2 anionk 2
0 1
Qf = 520 0%x (45)

If a linear connection V is specified, we can use (3.4) to rewrite D; as follows:
D, =8, + DLxd; + %Qikxvgj,ak. (4.6)

Lemma 4.8 Let us be given a bundle homomorphism F = (F°, F) from Rx M, 7, R)
10 (Rx N, p, R) projecting to a diffeomorphism F O and an M- valued diffusion process
X = {X(®)}tero,0)- IfX F - X, then in local coordinates (t, x') around (1, q) and
(s, y/) around F (19, q),

- . . d(F9H-!
(DX)/ (FO(1)) = DF) (jiu.xtnX) ¥<F°(r)),
IFk F! FOy!
Q@XM (F1) = (a— oxi ) (r. X0 (@x) () L2 ) ———(F).

Proof Assume that the diffusion X can be represented in local coordinates by
dX'(t) = b' (1, X(0)dt + o1, X)AW' (1), X' (10) = x'(9)-
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where W is an N-dimensional Brownian motion, so that
JiX =(DX(), 0X(1)) = (b0 0 0™)(t, X(1)).
Let (s0, §) = F(to, q) = (F°(t0), F(to, ¢)). Then,
‘ , (FO 1)
X((F) 7 (5) = xi () + / bf (e, X (u))du
(F)=1(sp)

FO L)
+/ o, (u, X(u))dW" (u).
(FO)~L(s0)

Define

(FO~1(s)
B(s) = fo JEY @dW (w).

Then, (@ksendal 2010, Theorem 8.5.7) says that B is an N-dimensional {(Froy-1(0}-
Brownian motion, as by a change of variable u = (F 0)=1(v), we have

FHe) i P 0y—1 0y—1
f( o (u, X@)AW' () = f ol (F) ™ @), X(F) ™ )

F0)~1(s9) 50

d(FO)fl
( ds

1

2
(v)) dB" (v).
Therefore,

X' (FO ™ (s) =x'(q) + f b (FO) ™' (v), X(F) ' ())d(F) ™ (v)
50

<d(F°)‘

1
P (v)) i dB" (v).

+/ ol (FO) '), X(FO) ™' (v))

S0

Recall that X (s) = F ((F®)~'(s), X((F®)~!(s))). Using Ito’s formula, we have

. ) S oFJ
M6 =y @+ [ 2 (7 X 0n) ar ) o)

S0

S QF ;
[ (0 @ X o) ax () o)

i
so 0X

s a2rJ
v f el (P ), X ))) dext o (RO,

2 Jy, oxkox!
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LAY,
ot T ani 0 T 2 ankan OO

(°>‘

XIO(FO)1>(U):yj(q)+/s|:8F] 9F) . 1 92FJ . l]

S0

(7 @, x( @) L

S (QFJ ; On—1 0y—1
+/SO (a_xigr) ((F )~ ), X((FO) (v)))

d(F0)71
( ds

1

2
(v)) dB" (v).
It follows that

OB dF/ N aﬁjbi+ 1 9%F/ ool
S)=|— - o
ar  axt 2 axkaxl 7"

(F 0, x@ ) © 0) )
= OF) (jroy15).x -1 on X) %(”’
(Q)2>kl(s>=<%ﬁf o,gi/ar) (P01, x((F) o) 2L ? "
. @ik o ) (070X 69) (0x)
(7)) 5 O) W,
This completes the proof. O

We denote the induced local coordinates on TSN by (y/, D7y, O*y). Then,
clearly, y/ o jF = y/ o jF = y/ o F = F/. Now take j. X € R x T5M.
Then,

D’yo jF(ju.pX) = DVy(jra.gpX) = (DX) (FO(1)

_ dr9 7!
= (DeF7) (ji.g X) (T(t)> ; 4.7
0"y o jF(ju.pX) = Oy (jrw.gX) = (QXM (FO())
dFk F! , -
= (3 )(r X(0))(QX)" (1) (—(r)) . (4.8)
xi oxJ

4.2 Symmetries of SDEs

As an important application of the prolongations of diffusions and bundle homo-
morphisms, we now study the symmetries of stochastic differential equations. As in
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classical Lie’s theory of symmetries of ODEs, a symmetry of a stochastic differential
equation is a space—time transformation that maps solutions to solutions. But this is not
sufficient for the stochastic case. As we have mentioned in Sect. 4.1, the only smooth
transformation on R x M mapping diffusions to diffusions are bundle endomorphisms.
Moreover, a solution of stochastic differential equation is always accompanied by a
filtration, which will also be altered under space—time transformations. Thus, we have
the following definition:

Definition 4.9 (Symmetries) Given a stochastic differential equation S C R x 75M,
a symmetry of S is a bundle automorphism F on (R x M, 7, R) projecting to F° such
thatif (X, {P}) is a solution of S, then so is (F - X, {P(po)-1 5 })-

Using the definitions of stochastic differential equations and pushforwards, we have
the following equivalent characterization of symmetries.

Lemma 4.10 Let S be a stochastic differential equation on M. A bundle automorphism
Fon (R x M, m,R)isasymmetry of S, if and only if, whenever ji ;X € S we have
JF(a,pX) € S, or equivalently, jF(S) C S.

Recall that the infinitesimal version of bundle homomorphisms are the so called
projectable or fiber-preserving vector fields. More precisely, a vector field V on R x M
is called m-projectable, if the (local) flow (or one-parameter group action) generated
by V consists of (local) bundle endomorphisms on (R x M, w, R) (cf. Olver 1998,
Example 2.22 or Saunders 1989, Proposition 3.2.15). For such a vector field, we define
its prolongation to be the infinitesimal generator of the prolongated flow.

Definition 4.11 (Stochastic prolongations of projectable vector fields) Let V be a 7 -
projectable vector field on R x M, with corresponding (local) flow ¥ = {Ve}ee(—s,¢)-
Then, the stochastic prolongation of V, denoted by jV, will be a vector field on the
model jet bundle R x 75 M, defined as the infinitesimal generator of the corresponding
prolonged flow {j /¢ }ee(—e¢,¢)- In other words, jV is a vector field on R x TS M defined
by

GYa)Ua.gpX),
-0

]V’jo"q)x = & —
for any ji, X € R x T5M.

Now we can define infinitesimal versions of symmetries.

Definition 4.12 (Infinitesimal symmetries) Let S be a stochastic differential equation
on M. An infinitesimal symmetry of S is a w-projectable vector field V on R x M
whose stochastic prolongation jV is tangent to S.

The following properties follow straightforwardly from definitions.

Lemma 4.13 Given a stochastic differential equation S on M, let V be a complete
1 -projectable vector field on R x M and W = {Y¢}eer be its flow. Then,
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(1) V is an infinitesimal symmetry of S if and only if jV(®) = 0 for every local
defining function ® of S;

(i) V is an infinitesimal symmetry of S if and only if for each € € R, ¢ is a symmetry
of S.

4.3 Stochastic Prolongation Formulae

We consider a coordinate chart (Rx U, (¢, x(l‘))) on the model jet bundle R x 7° SM,
which is induced by the coordinate chart (U, (x')) on M. A w-projectable vector field
V on R x M has the following local coordinate representation

0 : 0
(t.9) ()att+ .93 ) (4.9)
Its prolongation jV is a vector field R x 75M of the form
2% —vo(z)a + Vi, q) 0 + ViGa.pX) 0
J JopX at |, 4 dx! Ja.pX P ID'x Ja.pX
VG X
2 l,([ T .
007k Ja.pX

Now we use Lemma 4.8 to compute the coefficients Vli ’s and V2" ks,

Theorem 4.14 Suppose V is complete and m-projectable and has the local represen-
tation (4.9). Then, in the canonical coordinates (t, xV), the coefficient functions of
its prolongation jV are given by the following formulae:

Vi(t, xV) = DV (r, xPV) = Vo) Dx, (4.10)

. ov/ , vk . . ,
Vf"(r, xD) = —(t, x) 0% x + —(1,x)0Yx — V(1) 0/ x. 4.11)
2 dxt ox!

Proof Let v = {¥e}ccr be the flow generated by V. Since V is complete and
m-projectable, each ¢ is a bundle endomorphism on R x M projecting to a diffeo-

morphism on R. Let ¥ (¢, ¢) = (Y1), ¥e (1, ¢)). Note that ¥ (1) = 1, Yo (t, q) = ¢
and

d
vOot) = —
() P

0 i d
Ve(), Vit,q)=—
=0

P :Olﬁe(t, q).

€ €

Let X = {X(t)}re[so.r) be a representative diffusion of j, X € UV, Then, by
Lemma 4.2 and Definition 4.4, a representative diffusion of je (j,q)X) is

Xe) = ve - X6) = P ()@, X()) ') 5 € [W200). w2(@)-
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Now we apply Lemma 4.8 and take derivatives with respect to €. Since % commutes

with the total mean derivative Dy as is clear from the coordinate representation, we
have

ViGepX) = —| (DX (¥2(®)
=0

N d(y0) !
[(Dtllfé) (Ja.xanX) #(lﬁf(ﬂ)}
e=0 s
=DV (jie.pX) — (DX) () VO (1).

Also,

d -
Vi G X) = P _O(QXe)k’(wS(z))

_d dYE oY ; (we)
P |:( axi Bx J>(l‘ X)) (QX)Y (1) —— (I/f (1))
3Vk i kgl ij 10
< i ’8 ]>(f X(1)(QX) (1) — 8! §;(QX) (V7 (1)

= —(r GRS —(r DOX)* @) — (XM () V).

In the induced coordinate system (7, x() = (¢, x?, D'x, Dékx), the last two formulae
read as (4.10) and (4.11), respectively. O

Stochastic analogs of contact structure on R x 75 M and Cartan symmetries will be
discussed in “Appendix B.” It turns out that the infinitesimal symmetry of the mixed-
order Cartan distribution is equivalent to stochastic prolongation formulae of Theorem
4.14.

Applying Theorem 4.14 to the system of mean differential equations (2.22), we
have

Corollary 4.15 The complete and 7 -projectable vector field V in (4.9) is an infinites-
imal symmetry of MDEs (2.22) if and only if the coefficients VO and V'’s satisfy the
following “determining equations”:

, . 9
Voa_bl Vjab’ avi Vi gLtV g

— - —vO%i,
a1 ol o owi 0 T 2 awiank T Or
a(olal) L d(o/ak) avi vk
0 r k 0
VO i SE S olaf 4+ o] ol —VOsiok  (4.12)

Proof We apply Lemma 4.13.(i) to (3.9) and then use Theorem 4.14, to get

ab! - 9bi S
vOE + vfﬁ =D.Vi —VODix,
X
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Voa(aﬂak) v a(a/ok) 8VJ
ot oxi

k
Qlk Vi Ql]x_VOijx
0x

Then, we use the coordinate representation (4.5) for the total mean derivative D; and
plug Eq. (3.9) in; the results follow. O

Remark 4.16 In Gaeta and Quintero (1999), the author proved a result similar to Corol-
lary 4.15, with the following equation instead of Eq. (4.12):

do; ool Vi, 1.,
0Y%r ro_ 0_J
V 81‘ + Vl axi = WU; — EV Oy . (413)

By multiplying both sides of (4.13) with ork, and using the symmetry for index j, k,
one gets easily (4.12). So our determining equations for infinitesimal symmetries are
more general than those of Gaeta and Quintero (1999). Basically, the paper (Gaeta
and Quintero 1999) concerns symmetries of the It equation (b, o), while we consider
symmetries of the diffusion with generator (b, o o ¢*), or equivalently, a weak for-
mulation of SDE. The former symmetries belong to the latter obviously, but not vice
versa.

Now given a linear connection V on M, we define the V-dependent versions of
Definitions 4.1, 4.4 and 4.11. More precisely, for a diffusion X on M, we define its
V-prolongation to be a 7 M-valued diffusion jV X givenby jV X (1) = j ; o (6;X). For
a bundle homomorphism from F : (R x M, 7, R) - (R x N, p, R) projecting to a
diffeomorphism F? : R — R, the V-prolongation of F is the map jVF : Rx TM —
R x TN defined by jVF(j(Y,q)X) = j;(t’q)(FX). The V-prolongation of V, denoted

by jVV, is defined to be the infinitesimal generator of the corresponding prolonged
flow {jvwe}ee(,w), so that jVV is a vector field on R x T M and has the form

3

X

iVV|.v

= Vo)
JepX at

0 5
V| (78 X) = —

X

t X

j(t.q) ](t q)

for V of the form (4.9). If we denote V = V’ 9 sothat V = V%4 V, we have

Corollary 4.17 Under the canonical coordinates (t, x, x), the coefficient Vé of the
V-prolongation j¥V are given by:

Vot x, ) = (0 +£00;) Vi) + 5 07%x [V2 L V 4+ RV, 5, )ak] (t,x) = VO,

where R is the curvature tensor.
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Proof By (4.10) and (4.11), we have

(Dy X' (v2(1))

e=0

VoG X = 5

de

[(D&)"(wé’(r)) + = F’k<x ) (QX)* (y? (r))}

e=0

P 1, ik, .
=Vi(a.pX) + Er}k(x(t))sz Ga.pX)

koyvix )

ad
= [ar ((DVX) (1) — —Flk(X(t))(QX)’k(t))

2

+—(QX)jk(t)

k} Vi, X)) — (DX) (1)V°@)
+5 ,k(Xm)[ o ,(r (XO)(QX)M (1)
vk . . .

+—m(t, (X0)(QX)™ (1) — (QX)”‘(t)VO(t)]

190" ik
+——(X(t))(QX)’ OV, X))
3
[a + (DvX) (z)—] Vi, X(0)

+5@e0* 0 [V 47 + RV 0pa] @ x @)
— (DvX) OV ().

The proof is complete. O

5 The Second-Order Cotangent Bundle
5.1 Second-Order Covectors

Definition 5.1 (Second-order cotangent space) The second-order cotangent space at
q € M is the dual vector space of ’]:]O M, denoted by ’TqS*M . The pairing of & € ’qu *M

and A € TqOM is denoted by («, A) or «(A). Elements of ’]:IS*M are called second-
order covectors at ¢. The disjoint union 75* M := 11,¢ MTqS *M is called the stochastic

cotangent bundle of M. The natural projection map from 75*M to M is denoted by
rAS,[*. A (local or global) smooth section of 7 S* M is called a second-order covector
field or a second-order form.
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Dual to the left action (2.11) of G”Ii on fibers of 75M, G‘Ii will act on those of
T5*M from the right.

Lemma 5.2 The stochastic cotangent bundle (T5*M, IAS,I*, M) is the fiber bundle
dual to (TM, T[‘EI, M), with structure group G”,l acting on the typical fiber (R? x
Sym?(R%))* from the right by

(p.0)- (g, k) =(g"p. k" p+(g* ®g"o),

forall (g,x) € G, p e RY*, 0 € (Sym?(R?))*.

The notion of second-order forms should not be confused with the classical one of
2-forms. There are two basic examples of second-order forms, say, d? fand df -dg,
where f and g are given smooth functions on M. They are defined as follows: for
AeTSM,

(d*f,A):=Af,  (df -dg, A) :=Ta(f, g = A(fg) — fAg — gAf, (5.1)

where I'4 is the squared field operator defined in (2.8). These notations go back to
Schwartz (1984) and Meyer (1981a) (see also Emery 1989, Chapters VI and VII),
where the term d2 f is called the second differential of f, and the term df - dg is
called the symmetric product of df and dg. Note that in these original references,
there is a factor % at the RHS of the definition of df - dg. Here we drop this factor.
Obviously, when restricted to T M, the second differential d” f is just the differential
df but the symmetric product df - dg vanishes.

The definition of the symmetric product df - dg yields two properties: df - dg is
symmetric in f and g; and (df - dg), = O if one of df,, and dg, vanishes. These lead
to a more general definition for symmetric products of two 1-forms. More precisely,
letw,n € T;*M , then there exist smooth functions f and g on M such that w = df,,
and n = dg,. By the preceding property, the second-order covector (df - dg), does
not depend on the choice of f and g, and we will denote it by w - n. Now if w,
are second-order forms, then their symmetric product is defined pointwisely through
(w - 1n)g = wy - ng. More formally, we have

Definition 5.3 (Symmetric product, Emery 1989, Chapter VI) There exists a unique
fiber-linear bundle homomorphism e from T*M ® T*M to 75*M, which is called
the symmetric product, such that forall w, n € T*M, o(w ® ) = w - 1.

Itis easy to verify from (5.1) that the local frame, dual to (2.12), for (75* M, ri,*, M)
over the local chart (U, (x")) is given by (see also Emery 1989, Chapter VI)

{2, Jax axi dxi -axt 1 i=d1 < j<k=dl,

We adopt the convention that dx* - dx/ = dxJ - dx* forall 1 < Jj < k <d. Under
this frame, a second-order covector o € TqS *M has a local expression

o= aid2xi|q + %ajkdxj - dx* o 5.2)
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where o/ is symmetric in j, k. The coordinates (x’) induce a canonical coordinate
system on 75*M, denoted by (x', p;, 0x) and defined by

X)) =x'(q), pil@) =, oj(a)=aj. (5.3)

for « in (5.2). Since the coefficients («;) do transform like a covector, as indicated in
Lemma 5.2, it will cause no ambiguity to retain (xt, pi) as canonical coordinates on
T*M. As in classical geometric mechanics (Abraham and Marsden 1978; Holm et al.
2009), we still call the coordinates (p;) the conjugate momenta. And we shall call the
second-order coordinates (o) the conjugate diffusivities.

The pairing of o and the second-order vector field A in (2.7) is then

(@, A) = ;A" + aj AR,

It follows from (5.1) and (2.8) that for smooths functions f and g on M,

1 92 . ) .
W i L T gk apag = 2L 98 g g,

d*f = =
! ox! 2 9xJdxk ox! ox/

More generally, for 1-forms w and 5 with local expressions w = w;dx’ and n = n;dx’,
the symmetric product w - 1 has local expression

w1 =awm;dx" - dx’, (5.4)

Dual to the tangent case, there is indeed a canonical bundle epimorphism g* :
(T5*M, t}f,,*, M) — (T*M, t},, M), given by

0" (o) =alry.

In particular 9*(d? f) = df. In local coordinates, 0* reads as
o ((xidzxi|q + Lo jpdxi -dxk|q) = a;dx'],,

The map 0* is well defined since a|7 s is a covector. Clearly, 0* is also a surjective
submersion, so that 75* M is a fiber bundle over T*M. Occasionally, we will use the
notation 0}, to indicate the base manifold M.

However, there is no canonical bundle monomorphism from 7* M to T5* M whichis
aleftinverse of 0* and linear in fiber. We call such a bundle epimorphism a fiber-linear
bundle injection from T*M to 75* M. Similarly to Proposition 2.11, we also have a
connection correspondence property. Namely, if we are given a linear connection V
on M, then it induces a fiber-linear bundle injection from T*M to 75*M by

W T*M - THM, dx'|y > dx'|g + 3T (g)dxd - dxk|y =2 dVx |y, (5.5)
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or in local coordinates iy, (x, p) = (x, p, (F;k (x)pi)). Any fiber-linear bundle injec-

tion from T*M to 75* M induces a torsion-free linear connection on M.

Denote by Sym?(T*M) the subbundle of T*M ® T*M consisting of all (0, 2)-
tensors on M. Then, the symmetric product e, when restricting to Sym?(T*M), is
a bundle monomorphism whose image is the kernel of ¢o*. Conversely, still by the
connection correspondence, a linear connection V induces a fiber-linear bundle epi-
morphism from 75*M to Sym?(T*M) which is a right inverse of e and is given
by

0% : T5*M — Sym*(T*M), aidzxi|q + %ajkdxj ~dxk|q

— (ajk - a,-l"j-k(q)) dx’) ® dx*|,.

We introduce the V-dependent coordinates (ojvk) by ojvk (@) =oajr — air‘; «(q) for o
in (5.2), i.e.,

Uyk =0jk — Di (F;k ox). 5.6)
Then, 0% (@) = 0} (@)dx/ ® dx*|, and in particular

*f ; 0f -
Ydf) = ——— - T == ) dx/ @ dx* = V*f.
ov(d"f) dxJ dxk Tk xi ® f
The coordinates (x', p;, ojvk) form a coordinate system on 7 5* M, which we call the V-
canonical coordinate system. The coordinates (x', ojvk) also form a coordinate system

on Sym2(T*M ) when restricted to it. We will call the coordinates (ojvk) the tensorial
conjugate diffusivities.

To sum up, we have the following short exact sequence which is split when a linear
connection is provided:

0 —> SymX(T*M) — TS*M 2> T*M —> 0. (5.7)
It is easy to check that the bundle homomorphisms 0%, iy, @ and oy are dual to ¢, ov, 0
and (v in (2.13), (2.14), (2.15) and (2.16), respectively, so that the short exact sequence

(5.7) is dual to (2.17). Similarly to (2.18), we have the following decomposition if a
linear connection V is given,

TSM = %5(T*M) @ o (sme(T*M)) =~ T*M @ Sym?(T*M),
with fiber-wise isomorphism = and first direct sum @, which is given by
o= a,-dvxilq + % (otjk — aiF§k(q)> dx’ ~dxk|q
— (aidxi|q, (O!jk — oc,-F;k(q)> dx’ ® dxk|q> .
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In particular,
d’f =0 fdVx" + %ng,akfdxj ~dxk — (df, V). (5.8)

Similarly to the classical cotangent space, the second-order cotangent space may be
defined via germs. To be precise, we denote by C;’O (M) the set of all germs of smooth
functions at ¢ € M, and define a equivalence relation between germs: [f1,, [gly; €
C,° (M) are equivalent if and only if they have the same Taylor expansion at g higher
than order zero and up to order two. Then, one can easily check that there is a one-to-one
correspondence between ’Z:]S *M and the quotient space of C (‘;" (M) by this equivalence
relation. Along this way, we can also observe the following diffeomorphism:

TSM x R = J%7, (5.9)

by mapping (d> Jq, f(@)) to jq2 f, where J?7 is the classical second-order jet bundle
of (M x R, 7, M). This is similar to T*M x R is diffeomorphic to the first-order jet
bundle J'# (e.g., Geiges 2008, Example 2.5.11 or Saunders 1989, Example 4.1.15).
We denote the natural projection maps from 75*M x R to R and from T*M x R to
R by fr&l and 7%01’1, respectively.

The relations and projection maps are integrated into the following commutative
diagram:

711

JAZT*M xR — 27 =T5%M xR 225 750 2 7m

Sx
T
M %

M

Remark 5.4 (i) As in Remark 3.5, given a linear connection V, we can obtain a one-
to-one correspondence between (T*M @ Sym?(T*M)) x R and J2# by mapping
dfy, v? Jfq, f@)to ] qz f.One can find in Dahlqvist et al. (2019) an application of
the jet-like structure on 7*M @ Sym?(T*M) and higher-order bundles to Martin
Hairer’s theory of regularity structures (Hairer 2014).

(ii) As we have seen, the product R x 75 M is the model bundle of the stochastic jet
space 75 M, while the product 75* M x R is diffeomorphic to the second-order jet
bundle J27. So, in a way, we can say that the “stochastic” and the “second-order”
are dual to each other. This stochastic—second-order duality is somehow analogous
to the particle—wave duality in quantum mechanics.

5.2 Second-Order Tangent and Cotangent Maps
Definition 5.5 (Second-order tangent and cotangent maps, Emery 1989, Chapter VI)

Let M and N be two smooth manifolds, F : M — N be a smooth map. The second-
order tangent map of F at ¢ € M is a linear map d*F, : TSM — T, N defined
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by
d*Fy(A)f = A(fo F), forAeT M, feC®N).

The second-order cotangent map of F at ¢ € M is a linear map d” Fy: T, 1;?;; N —
7,5*M dual to d* F, that is,

d*F}(@)(A) = a(d’Fy(A)), forAeT M, a TS N.

The restrictions of d2Fq to T, M coincide with the classical tangent map dFy.
But this is not the case for d2F; when restricting to TF*(q)N, since for o € TF*(q)N,

d*F o () is still a linear map on TqS M. A manifestation of these phenomena may be
seen through local coordinates in the following lemma.

Lemma5.6 Let (U, (x'))and (V, (yj)) be local coordinate charts around g and F (q),
respectively. If

- d e ' o
— r_ 1] . 2 - i j
A=A dxt |, dx1dx/ |, and o = &id"y'|piq) +eijdy’ - Ay’
Then,
.0 . . 2
d*Fy(A) = (AF)——|  +Tu(F, Fly——| |
dy' F(q) dy'ay/ F(q)

d*F}(a) = a;d’F'| + jjd F' - dF/|,.

Now if A € 7, M, then all (A vanish and thereby so do CA(F!, F/ys. Thus,
d*F,(A) = (AF' )%y,.mq) = dF,(A). This makes clear that d*F,| 7, = d F,. But
ifa € ’T;f(q)N, then «/’s vanish and

2Fi

) OF! . )
d*F}(a) = o;d°F'|y = aim(q)d%cj lg + o ydx! - dxk|,,

xJ xk @

while d (@) = a;d F'|; = aia—F‘f(q)d2xf|q. Hence, d*F}|7: v # dF}.

dax/ F(q)

Definition 5.7 (Second-order pushforwards and pullbacks) Let F : M — N be
smooth map. The second-order pushforward by F is a bundle homomorphism
FS:(TSM,ty,, M) — (TSN, t}, N) defined by

Flgsm = d*Fy.

Given a second-order form « on N, the second-order pullback of « by F is a second-
order form FS*« on M defined by

(Fs*a)q ZdZF[;k (OZF(q)) , q¢€ M.
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Let F be a diffeomorphism. The second-order pullback by F is a bundle isomorphism
F5 : (TS*N,t3*, N) — (T5*M, ©j, M) defined by

Sx . 12 %
F |7:1§*N —d FFfl(ql)'

Given a second-order vector field A on M, the second-order pushforward of A by F
is a second-order vector field F5 A on N defined by

(FJA) gy =d*Fr-1yy (Ap-14) . 4 €N.

Clearly, Fg |7 = F, is the usual pushforward, but F5*|7+y # F*. The following
properties are straightforward.

Lemma5.8 Let F : M — N, G : N — K be two smooth maps. Let A be a second-
order vector field on M and f, g be two smooth functions on N.

(i) GS o F5 =(Go F)3.
(ii) If F is a diffeomorphism, then ((F*SA)f) oF =A(foF).
(iii) FS*(d*f) =d*(f o F), FS*(df -dg) =d(f o F)-d(go F).

5.3 Mixed-Order Tangent and Cotangent Bundles

In this subsection, we will extend the notions of the previous two subsections to the
product manifold R x M.

Definition 5.9 The mixed-order tangent bundle of R x M is the product bundle (Saun-
ders 1989, Definition 1.4.1) (TR x 75 M, tr x T3, R x M). The mixed-order cotangent
bundle of R x M is the product bundle (T*R x 75*M, TR X IAS,I*, R x M). A section
of the mixed-order tangent or cotangent bundle is called a mixed-order vector field or
mixed-order form, respectively.

The mixed-order tangent and cotangent bundles are dual to each other. The mixed-
order tangent (or cotangent) bundle is the bundle that mixes the first-order tangent (or
cotangent) bundle in time and the second-order one in space (this is why we use the
terminology “mixed-order”). It also matches the fundamental principle of stochastic
analysis, whose Itd’s logo is (d X (1)) ~ dt.

For an M-valued diffusion X with (time-dependent) generator AX, we call the
operator % + AX its extended generator. This extended generator is a mixed-order
vector field on R x M. Also note that the extended generator % +AXof X € Iy (M)
can be characterized by the property that for every f € C*°(R x M), the process

f@, X(1)) — f(to, X(10)) —f

Ty

)
<5 +AX> f(s, X(s)ds, 1> 19,
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is a real-valued continuous {7 }-martingale. In general, a mixed-order vector field A
has the following local expression:

9 .9 o 92
A=A"— + A  — ATk —
ot + oxi + axJ9xk

To give an example of mixed-order forms, we consider a smooth function f on R x M
and define in local coordinates

af of i 1 f 4
d°f = —dt + —=d°x' + - ———dx/ - dx*.
L PR
Then, d° f is a mixed-order form, and we call it the mixed differential of f.Clearly, the
pairing of the mixed differential d° f and a mixed-order vector field A is (d° f, A) =
Af.
Given a bundle homomorphism from F : (R x M, 7,R) - (R x N, p,R), we
define its mixed-order tangent map at (¢, g) € R x M by

d°Firg) = d*Foglrpxzsm : TR X TM.q) — TR x T°N|F(.q).

Its mixed-order cotangent map at (¢, g) € R x M is defined as the linear map d° F, (’; 0

T*R x TS*N|p@.q — TR x T5*M| 4 dual to d°F 4. If, moreover, F is a
bundle isomorphism, its mixed-order pushforward and pullback, denoted by F*R and
F®R* respectively, can be defined in a similar manner to Definition 5.7. We leave their
detailed but cumbersome definitions and properties to “Appendix A.1.”

6 Stochastic Hamiltonian Mechanics
6.1 Horizontal Diffusions

In this subsection, we consider a general fiber bundle (E, m)s, M) over a manifold M,
with fiber dimension n. We first introduce a special class of diffusions on this fiber
bundle, which we call horizontal diffusions. They are defined in a similar fashion as
the horizontal subspaces in Definition 3.7. Roughly speaking, a horizontal diffusion
process on E is a diffusion that is random only “horizontally,” but not on fibers.

Definition 6.1 (Horizontal diffusions on fiber bundles) Let (E, my, M) be a fiber
bundle. A E-valued diffusion process X is said to be horizontal, if there exists an
M -valued diffusion process X and a smoothly time-dependent section ¢ = (¢;) of
M, such that a.s. X (1) = ¢ (¢, X(¢)) for all 7.

The process X in the above definition is just the projection of X, for my, (X(¢)) =
wy(p(t, X(t))) = X(t) a.s.. Since the projection map mys is smooth, X is still a
diffusion process.

Now we are going to define a subclass of “integral processes” for second-order
vector fields on E by making use of horizontal diffusions. We use (x?, u*) for an
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adapted coordinate system on E (see Saunders 1989, Definition 1.1.5), where we use
Greek alphabet to label the coordinates of fibers.
Given a second-order vector field with local expression

Az aidpan 0L aik ” + AJH »” + AW ’
T bt duk dxJoxk axJ dut dulduY

. (6.1

where A?, A%, A7k AJl AR are smooth functions in the local chart of E, by a hori-
zontal integral process of A in (6.1) we mean an E-valued horizontal diffusion process
X such that X is an integral process of A in the sense of (2.22), that is, it is determined
by the system

(D(x 0 X)) (1) = A'(X(1)),

(0(x o X))/K (1) = 2475 (X (1)),

(D(u o X)) (1) = A*(X(1)), (6.2)
(Q(x o X, u o X))/¥ (1) = A/H(X(1)),

(Q(u o X))M (1) = 24" (X(1)),

where the expression x o X means that the family of coordinate functions (x’) acts on
X, and so on. Set X(#) = ¢ (¢, X(¢)) for some time-dependent section ¢ of ), and
M -valued diffusion X. Denote ¢p* = u* o ¢. By Itd’s formula, the system (6.2) can
be written as

(DX)' (1) = A' (¢ (1, X(1))),
©X)* 1) =24%¢, X(rm,

2

0
(a + Al(p(, X)) 5 +A"‘(¢>(r X))+
= AM(p(1, X(r)))

jk M _ it
2A (¢(I7X(I))) (t, X(1)) = A" (e (1, X(1)))
¢ oM

xJ dxk

)¢“(t, X(@))
6.3)

AR (D (t, X (1)) —— — (1, X (1)) = A" (p (1, X(1))).

If X(¢) has full support for all ¢, then the last three equations in (6.3) translate into a
system of (possibly degenerate) parabolic equations on E,

2
xJaxk

9 i 9 Jk W W
(8— +A (¢(t,q))—l- + AN (@(1, 9)) >¢> (t,q) = A% (9 (1, ),

204,90 5o "’ (1, q) = AT, ) 6.4)

. M v
A, ))%a‘pk( ) = A" (1, 9)).
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Therefore, under suitable assumptions for the coefficients A?, A*, Ak AJl ARV,
Eq. (6.4) is solvable, at least locally, by some time-dependent local section ¢ = (¢;)
over a time interval [0, T']. Then, plugging ¢ (¢) into the first two equations of (6.3),
we can find X and hence X. We call X an projective integral process of A.

6.2 The Second-Order Symplectic Structure on 7*M and Stochastic Hamilton’s
Equations

It is well known that the classical cotangent bundle 7*M has a natural symplectic
structure, given by the canonical symplectic form wg = dx’ A dp;, where (x!, p;)
are the canonical local coordinates on 7* M induced by local coordinates (x’) on M.
Clearly wy is closed, because it is exact as wg = —d68y, where 6y = p,-dxi is called
the Poincaré (or tautological) 1-form.

Now we need to define a similar structure on the second-order cotangent bundle
T5*M, which is a second-order counterpart of the symplectic structure. Firstly, we
adapt the coordinate-free definition of the tautological 1-form to the second-order
case.

Definition 6.2 The second-order tautological form 6 is a second-order form on 75* M
defined by

*
0y = d? (r,f;)a (@), aeT M.

Under the induced coordinate system on T5*M defined in (5.3), the second-order
tautological form 6 has the following coordinate representation

0= p,-dzxi + %ojkdxj -dx*. (6.5)

We introduce the canonical second-order symplectic form w on 75*M by writing
o = —d*0. Although we do not define the exterior differential for second-order
forms, we can still take d? formally on both sides of (6.5), using Leibniz’s rule and
the composition rule d od = d? (cf. Meyer 1981b, Section 6.(e)), and forcing =0
and (d*>—) - (d—) = (d—) - (d*—) = 0. Then, we get

w=d (dzxi Adpi + %dxj ~dx* A dojx — pid3xt + ojkdzxj A dxk) 66)
=d*x' Ad?p; + SdxT - dxF A d%oy.

We call the pair (75* M, w) a second-order symplectic manifold. The complete axiom
system for a second-order differential system (d, d°, A, -) is beyond the scope of this

paper.

Remark 6.3 In the formal expression (d od) f = d>f, f € C®(M), the two differen-
tial operators d at LHS are different. The second d is still de Rham’s exterior differential
on M, while the first needs to be understood as the exterior differential on 7 M by
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regarding the first differential df as a function on 7' M. Thus, the complete expression
should be dry o dyy = d?. Along this way, the differential operator dry can be
extended to a linear transform that maps 1-forms to second-order forms and satisfies
Leibniz’s rule, see Emery (1989, Theorem 7.1). We shall denote the linear operator
extended from dr ), by d in order to distinguish. In local coordinates, it acts on a 1-
form n = n;dx’ bydn = n;d*x' + %%dxi -dx/ sothat 9*(dn) = nand d* = dod.
When a linear connection V is specified, dn = n;d" x' + %vn(a,-, d;)dx" - dx/ which
covers (5.8).

As in the classical case, we have the following property for the second-order tau-
tological form.

Lemma 6.4 The second-order tautological form 0 is the unique second-order form on
T5* M with the property that, for every second-order form a on M, «5*6 = a.

Proof From Lemma 5.8, we have, for any second-order vector A € ’Z;SM s

((@%0),» A) = (0 derg (W) = (* (zi )., (@), At (A)
= (g, dz(rf;)aq od?ay(A)) = (ag, A),

since IAS,I* oa =Idy. O

Recall that, in Definition 5.7, we have defined the second-order pullbacks of second-
order forms. Now, given asmoothmapF : 75*M — 75*N and a second-order 2-form
n on T5*N, we may also define the second-order pullback FS*7 of by F by allowing
F5* to be exchangeable with the symmetric product - as well as the wedge product A.
Then, as a corollary of Lemma 6.4, we have

Definition 6.5 Let w and 7 be the canonical second-order symplectic forms on 7 5* M
and T5*N, respectively. A bundle homomorphism F : (75*M Loy T*M) —
(T5*N, Oy T*N) is called second-order symplectic or a second-order symplecto-
morphism if F¥*5 = w.

Theorem 6.6 Let F : N — M be a diffeomorphism. The second-order pullback
FS* . TS*M — TS*N by F is second-order symplectic; in fact (F5*)5*9 = 0,
where ¥ is the second-order tautological form on TS*N.
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Proof Forq € M, o, € TqS*M and A € %iTS*M,

((F5)70, A) = (0. @ (F5%),, A) = (& (e e o) (F¥ (@) 4> (F)q, A)
= (F5* (@), d*(t§") pse ) © 4 (F)a, A)
= (ag. d* Fp10g) 0 d> (") pse g,y © 42 (F e, A)
= (g, dZ(TASf)an)
= (dz(ﬁ@*)zq (og), A)
= (O, - A),
where we used the fact that F o 7y* o FS* = 7" in the fourth line. o

Clearly, the counterparts of Hamiltonian vector fields on 7*M are now second-
order vector fields on 75* M. Remark that for a second-order vector field A on 75* M,
the form A_ w take values in the cotangent bundle 75*75* M.

Definition 6.7 Let H : 75*M — R be a given smooth function. A second-order
vector field Ay on 75* M satisfying

Agow=d*H 6.7)

is called a second-order Hamiltonian vector field of H. We call the triple (T5*M, w, H)
a second-order Hamiltonian system. The function H is called the second-order Hamil-
tonian of the system.

According to (6.7), the second-order vector field Ay satisfies
AyH =d’H(Ap) = w(Ay, Ay) = 0. (6.8)

The condition (6.7) cannot uniquely determine Ay . It is easy to verify that Ay is of
the general form

_0H 0 9H 9 OH 9? 9’ H Lc

= dpi dxt  9x' dp;  doji dxJoxk dxJ axk ik 90k
2 2 52

ik + Aijki + A} —

ik ap;jopi Y 00;j00y kaxi d Pk
2 82

AL S LA _
+ k18x180k1+ f"’apjao,d

+a (6.9)

where the coefficients Cji, A jk, Ajjki, A,JC, A,]d, A ji; are smooth functions on local
chart satisfying
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c. OH _ 3*H LA 9*H Y 9*H
ik 90k — Ak dp;jopk ijk 0;j 00 k9x7 0 p
3’H ?H

J
AL ,
Kaxidow jk dp;oor

such that the local expression (6.9) is invariant under the canonical change of coordi-
nates on 75* M induced by a change of coordinates on M, governed by the structure
group in Lemma 5.2.

Given such a second-order Hamiltonian vector field of H, its horizontal integral
process is a 75* M-valued horizontal diffusion X determined by the following MDEs
on T5*M,

; OH
(D(x 0 X)) (1) = a—p(X(I)),

(Q(x o X))/" (1) = 28—(X(t)),
Ojk

oH
(D(poX))i(r) = —F(X(t)),
X
2

0°H
(D(00X)) k(1) = — (— + Cjk) (X()),

dxJ axk
2

oH 1
(C ) X(n) = E(Q(p 0 X)) k(1)

ijgij (X(@)) (6.10)

dp;opk
2

1
+ 5(Q(0 0 X))iju (1) X(0)

00;j00x
. 2
+(Q(x o X, po X))/

073 e X()

(o X, 00X~ xy)
+(Q@xoX, 00 klaxjaokl(

2
+(Q(poX,00X))u

X(),

dpjoop
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or, in coordinates,

. oH
D'x = —,
dpi
. oH
Q/fx =2—,
BOjk
0H
Dip = —W,
D = —82H C
ko= 8xf8xk+ k)
0H 1 PH 1 3*H j 3*H
u@ = EQ’kpap,apk + EQ”HOW + 0 (x, p)axj—apk
. 2 2
+ 0l 00— 1 0, 0) ,
0x7doy; dpjoop

where  (x', pi. 0ji, D'x, Dip, Djro, Q/x, Qjip. Qijuo. Qi (x. p), QO (x. 0).
Qju(p, 0)) are canonical coordinates on 757 S*M. The first and third equations
has been conjectured in Zambrini (2015) as stochastic Hamilton’s equations in the
Euclidean space, since they have the same form as classical Hamilton’s equations
(e.g., Abraham and Marsden 1978, Proposition 3.3.2) except that mean derivative D
replaces classical time derivative.

At first glance, one may think that the system (6.10) is underdetermined, as there
are fewer equations than unknowns (the number of unknowns is equal to the fiber
dimension of 757 5*M). Besides, we haven not yet given (6.10) initial or terminal
data. These will become clear after we make the following observations. Firstly, the
first two equations of (6.10) constitute MDEs that are equivalent to an 1t6 SDE for
x(X) in weak sense, as we have seen in Sect. 2.4. So x (X) should be assigned an initial
value, say,

Law((x 0 X)(0)) = no, 6.11)

where o is a given probability measure on M. Secondly, in the third and fourth
equations of (6.10), only the “drift” information of p(X) and o(X) is clear. To overcome
the lack of information, we need to assign p(X) and o(X) terminal values, say,

(p o X)(T) = p*(x o X(T)), ©6.12)
(00 X)(T) = 0" (x o X(T)), '
where (p*, 0*) is a given second-order form. Therefore, the third and fourth equations
are understood as backward SDEs, whose drifts rely on diffusion coefficients via
the last equation. The system (6.10) together with boundary values (6.11) and (6.12)
could be understood as a (coupled) forward—backward system of SDEs (Yong and
Zhou 1999) (where “backward” is taken in a different sense from ours in Sect. 2).
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Notice that those forward—backward SDEs are not necessarily solvable (see Yong
and Zhou 1999, Proposition 7.5.2 for an example). In order to solve (6.10)—(6.12), we
have to take the horizontal condition into consideration, and make some compatibility
assumption. More precisely, we set X =t lf,l* (X) and

X(1) = a(r, X(1)), (6.13)

for some time-dependent second-order form o on M, and denote p;(t,x) =
pi(a(t, x))and 0 (t, x) = oji(a(t, x)), so thata(z, x) = (p(t, x), o(t, x)). Assume
that for each ¢ € (0, T'), X (¢) has full support. Then, by applying It6’s formula, in the
same way as in (6.4), the system (6.10) reduces to

)

o 9H o  0H 9? _ 0H
ot " ap; ox | doy dxioxk )P T T gy

8+8H8+8H 92 92H ‘c
g a9 9 % N, o (L),
ot dpr dxk oy dxkox! )Y axioxs = Y

oH aH(apkap, 92H o d0pmn 0*H

80 doijj  00;; \ dx! dxJ dpdp;  Ox' dx/ ok 00mn

28pk 9%H N dox 0*H Api doym  0*H )

dxt dxJ 9 py axt dxJdoy oxi dxJ 0 prdomn
(6.14)

Next, by taking partial derivative 3— on both sides of the first equation of (6.14) and
comparing with the next two, we find the following sufficient condition for the last
two equations of (6.14):

0ij (1, x) = ( x) = ap](t X), (6.15)

or equivalent, for the terminal value (p*, 0*),

. opf ap*
0 (1) = 5 (1) = = (x). (6.16)

Equation (6.15) implies that « in (6.13) is “exact,” in the sense that « = dn for
the time-dependent 1-form i = p;dx’, where d is the extended differential operator
defined in Remark 6.3. Similarly, Eq. (6.16) implies that (p*, 0*) = dn* for 1-form
n* = p; *dx'. The second equality of (6.15) [or (6.16)], called Onsager reciprocity or
Maxwell relations (Abraham and Marsden 1978, Section 5.3), implies that the 1-form
n (or n*) is closed. We will refer to Eq.(6.15) or (6.16) as second-order Maxwell
relations.
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Under the second-order Maxwell relations, the original stochastic Hamilton’s sys-
tem (6.10) turns to the following MDE-PDE coupled system.

. OH
(DX) (1) = 5

(X(@), p(z, X(1)), 0(t, X(1))),

i

(QX)/"(1) = 25— (X @), p(t, X)), o(t, X (1)),
Ojk

i + 8H( (t,x),0(, x)) i + 8H( (t,x), 0(, x)) " (7, x)
— 4+ —(x, ,x), o(t, x))— + —(x, ,x),0(t, x))——— | pi(t, x
or T ap; P oxi a0y T axigxk )V

oH
= —F(X, p(l, -X)7 o(t,x)),
X

_ pi
Oij(t,x) - Bxf ([,X),
(6.17)
The boundary values in (6.11) and (6.12) now read
Law(X(0)) = po, (p,o)(T) =dn*. (6.18)

We first use the terminal value in (6.18), which satisfies (6.16), to solve the last two
PDEs in (6.17). This gives (p, o) and hence the second-order form «. Then, we plug
p and o into the first two MDEs and solve them with initial distribution in (6.18). This
yields in law the M-valued diffusion X = 1 AS,I* (X) as a projective integral process of
Ajg.

We call system (6.10) or (6.17) the stochastic Hamilton’s equations (S-H equations
in short). The second-order Maxwell relations are sufficient for the component o of «
in (6.13) to solve the last two equations of (6.10), so we refer to it as an integrabil-
ity condition of (6.10). When restricting settings to Riemannian manifolds, the S-H
equations (6.10) can be simplified to a global Hamiltonian-type system on T*M, as
we will see in Sect.7.4.2.

Lemma 6.8 Let H : T5*M xR — R be a time-dependent second-order Hamiltonian,
and X be a horizontal integral process of Ay. Then, the total mean derivative of H
along X is
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Proof We use (6.10) and local coordinates to derive

DH = D[H(X(t),1)]

OH i OH , OH o 0H 1 ij 32H
= — X— 0— X -
ot oxi O Pap TG0, ox) ok
20 o0 o,
0o——— (x, p)———
P piape 27 M 0000 K P axTapy
j 32H 2
+le(x’0)8xj—801d+ijl(p’0)8 B0
_H i OH 8H+D o0H 1 Q 9’ H L, 0H
= o axt P TR 0 Taxioxk g0,
_0H
oo
The result follows. m]
In particular, when H is time-independent, we have
H =0, (6.19)

which is also a consequence of (6.8). Equivalently, H is harmonic with respect to
the horizontal integral process X. In this case, we can say that H is stochastically
conserved, or is a stochastic conserved quantity. In particular, the expectation E[ H (X)]
is a constant.

6.3 Two Inspirational Examples
Let M be a Riemannian manifold with Riemannian metric g. Assume for simplicity
that M is compact. Let V be the Levi—Civita connection on 7'M with Christoffel

symbols (Fll‘j). In this subsection, we will consider two types of processes on M, to
provide some intuition of our stochastic Hamiltonian formalism.

6.3.1 Diffusion Processes on Riemannian Manifolds

Consider a second-order Hamiltonian H on 75*M with the following coordinate
expression:

. 1 .. 1 .
H(x, p,0) =b'(x)p;i — Eg” (X)F,]-{j(x)Pk + Eg” (x)oij + F(x),  (6.20)

where b is a given smooth vector field on M and F' a smooth function on M. One can
easily verify that the expression at RHS of (6.20) is indeed invariant under changes
of coordinates. We consider the S-H equations (6.17) subject to boundary conditions
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Law(X (0)) = po and (p, 0)(T) = d*Sr, where pg is a given probability distribution
and ST a given smooth function on M.

By the first two equations of system (6.17), the projection diffusion X satisfies the
following MDEs,

. . 1 . .
(DX)'(t) = b" (X (1)) — Eg’k(X(l))l"}k(X(t)),

X)) = g/*(x (1)),

6.21)

subject to the initial distribution Law(X (0)) = po; or equivalently (according to the
end of Sect.2.4), it can be rewritten as the following Itd6 SDE in weak sense,

dX'(1) = [b" (X(1) — %gf'k(X(t»F;k(X(r))] dt + o} (X (1)dW' (1),
Law(X (0)) = o, (6.22)

where o is the positive-definite square root (1, 1)-tensor of g, i.e., Zle olof =gV,

W denotes an R¥-valued standard Brownian motion. Note that the Eq.(6.21) are
independent of coordinates (p, 0), so they form a closed system on the base manifold
M and can be solved independently. Indeed, the solution X is a diffusion on M with
generator AX =@ — %gjkl";k)ai + %gfkajak =V, + %A.

Now we consider the last two equations of (6.17). The LHS of the third equation
reads

9 Co1 N 8 1, % 3 1
Y A ) T DI [ = (Z 46, V) + =A) i,
[ar+( 28 T ) 557 287 Gxiank [P = \gr TV T 58 ) P

where (-, -) denotes the pairing of vectors and covectors, A is the Laplace-Beltrami
operator and V the gradient, with respect to g. In order to find the solution of the third
equation of (6.17), we consider the following linear backward parabolic equation
(where “backward” has a meaning different from that in Sect.2.2)

3S 1
5 V) +AS+F =0, 1€]0.7), (6.23)

with terminal value S(T, x) = S7(x). We let

Pi =7 (6.24)
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and use (6.23) and (6.15) to derive

axi  oxi

0F 3 (dS
ar

+ (b, VS) + 2AS>

a 1
=(— V)4 -A

. . 6.25
N %p. 1agle . _lgklarlilp lag/ko.k ( )
axi 2 gxi KPS 2 gy 2 9xi

d 1 d
=|— b,V —A i+ —(H — F),
(8t+< )+ 5 >p,+ax,< )

which agree with the third equation of (6.17).
Finally, we combine (6.24) with (6.15) to conclude that the horizontal integral
process X is

2

N
X(®) = (p,o)(t, X(1)) = (W e ank

) (t, X (1)) = d*S(t, X(1)).

Example 6.9 (Brownian motions) When b = 0 and F = 0, the second-order Hamil-
tonianis H(x, p,0) = %gij (x)(oij — Fl{‘j (x) pr), the solution process X is a standard
Brownian motion on M with initial distribution . Such second-order Hamiltonian
H can be regarded as a “stochastic deformation” of the trivial classical Hamiltonian
Hp = 0. Indeed, H is the g-canonical lift of Hy that will be defined in forthcom-
ing Sect.6.6. Therefore, we may regard Brownian motions as “stochastization” or
“stochastic deformation” of trivially constant curves on the base manifold M.

We are going to describe in the next example a dynamical approach to diffusions,
elaborated afterward (Sect.7.3), inspired by Schrodinger.

6.3.2 Reciprocal Processes and Diffusion Bridges on Riemannian Manifolds

With the same coefficients b, F' and boundary data p¢, St in Sect. 6.3.1, we consider
the S-H system (6.17) with the following second-order Hamiltonian H on 75*M:

1 ij 1 ij k 1 ij
H(x, p,0) =57 (X)pip; +b'(x)pi — 587 ;@) pr+ 587 (¥oij + F(x),
(6.26)
subject to boundary conditions Law (X (0)) = po and (p, o)(T) = d*Sy. Here, b and
F are called, respectively, vector and scalar potentials in classical mechanics. Again, it

is easy to verify that the expression at RHS of (6.26) is indeed invariant under changes
of coordinates.
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The LHS of the third equation in (6.17) now reads

ot 2° Tk [ axi T 2% Jxigxk |

9 1
=(— V4 b, VY+ =A) p;,
<8t+p + >+2 )pl

In order to find the solution of the third equation of (6.17), we first consider the positive
solution of following backward parabolic equation on M

a 1
a—”t‘ + (b, V) + 3 8u+ Fu=0, 1€[0.7), (6.27)
with terminal value u(7,x) = ¢57™) where (-, -) denotes the Riemannian inner

product with respect to g. If we let S = Inu, then it is easy to verify that S satisfies
the following Hamilton—Jacobi—Bellman (HJB) equation

3S 1 1
5. VS)+§|VS|2+§AS+F=O, tel0,7), (6.28)

with terminal value S(7T', x) = S7(x), where | - | denotes the Riemannian norm with
respect to g. Now we let

S dlnu

:W_ ax!

pi : (6.29)

and use (6.28) and (6.15) to derive, in a way similar to (6.25),

axt  Jxt

d 1 d
— .V b,V ~A)p;+—(H—-F),
(at-l-P + ¢ )+2 )pz+8x,( )

oF _ 0 aS+(bvs>+1|v5|2+1As
at ’ 2 2

which agree with the third equation of (6.17). Therefore, the projection diffusion X
of the system (6.17) satisfies the following MDE:s,

i ij dlnu i L i
(DX)'(t) = gV (X (1)) —(t, X()) + b' (X (1)) — zg’"(X(1))T ‘k(X(t)z
ax/J 2 J

6.30)
X))k @) = g* (X 1)),
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subject to the initial distribution Law(X (0)) = po; or equivalently (according to the
end of Sect.2.4), it can be rewritten as the following Itd SDE in weak sense,

i ij dlnu i Ly i
dX'(t) = [g/(X(t))W(f, X@®)+b(X(®) — 58’ (X(t))ij(X(f)):| dt

. 6.31
ol (X)W o), (@31
Law (X (0)) = o,
where o is the positive-definite square root (1, 1)-tensor of g, i.e., Zle o,i orj =gl

W denotes an R?-valued standard Brownian motion.

The solution process X of (6.31) is called a Bernstein process (Bernstein 1932;
Cruzeiro et al. 2000) [or the reciprocal process derived from the M -valued diffusion
in (6.22) Jamison (1975)]. The time marginal distribution u, of X satisfies a Born-
type formula p;(dx) = u(t, x)v(t, x)dx (see, e.g., Zambrini 1986, Corollary 3.3.1 or
Cruzeiro and Zambrini 1991, Equations (2.9), (4.6) and (4.8)), where v satisfies the
adjoint equation of (6.27). The terminal law of X can be determined in the following
way: we first solve (6.27) to get u(0, x), and then find out the initial value for v
via po(dx) = u(0, x)v(0, x)dx and solve the equation for v to get v(T, x), finally
the terminal law of X is given by ur(dx) = u(T, x)v(T, x)dx. In particular, when
mo = 84, and ur = 8, for g1, g2 € M, the solution X of (6.31) is the Markovian
bridge of the diffusion ¥ conditioning on ending point g Cetin and Danilova (2016).

Again, we combine (6.29) with (6.15) to conclude that the horizontal integral pro-
cess X is

s 9%s
axi’ dxJoxk

X() = (p,o)t, X(1) = ( ) (t, X(1)) = d*S(1, X (r)). (6.32)

Remark 6.10 (i) The derivation of the reciprocal process (6.31) from the diffusion
(6.22) was the way chosen by Jamison (1975), inspired by Schrédinger’s original
problem (Schrédinger 1932). No geometry or dynamical equations like HIB equa-
tion (6.28) was involved by him. Like here, Jamison’s construction was involving
only the past (nondecreasing) filtration. The dynamical content dates back to Zam-
brini (1986), Cruzeiro and Zambrini (1991), Chung and Zambrini (2003), where a
reciprocal process was constructed from the only data of a Hamiltonian operator
as required by Schrodinger’s original problem, and the future (nonincreasing) fil-
tration was also used to study the time-reversed dynamics. Cf. also Example 6.12
and Sect.7.3.

(i) Equations (6.30) suggest that the transformation from coordinates (x, p, o) to
coordinates (x, Dx, Qx) is not invertible. More precisely, the coordinates (D'x)
are transformed from (x, p) but the coordinates (QJ kx) are only related to (xH.
Besides, these two equations have nothing to do WiFh the coordinates (o). How-
ever, if we look at the V-canonical coordinates (Dg,x) for (6.30), then

(DvX)'(t) = gV (X (1) pj(t, X (1)) + b (X (1)),
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which indicates that the transform from (x, p) to (x, Dyx) is invertible. These
will help us establish stochastic Lagrangian mechanics and second-order Legendre
transforms, in forthcoming Sect. 7.

(iii) As observed in Sect.2.2, every result presented here has a backward version (in
the sense of backward mean derivatives with respect to the future filtration {F;}).
Indeed, two forward—backward SDE systems for Bernstein diffusions on Euclidean
space were derived in Cruzeiro and Vuillermot (2015): one is under the past filtra-
tion and coincides with ours, whereas the other one is under the future filtration.

There are some special cases which are of independent interests and have been
considered in the literature.

Example 6.11 (Brownian (free) reciprocal processes and Brownian bridges) Consider
the case where b = 0, F = 0. In this case, Y is a Brownian motion on M, so
we call X a Brownian reciprocal process. In particular, the Brownian bridge from
q1 to go of time length T > 0 is driven by the Itd SDE (6.31) where X (0) = ¢,
b = 0 and u satisfies the backward heat equation (6.27) with F = 0 and final value
u(T,x) = 8g4,(x). See also Hsu (2002, Theorem 5.4.4). Thus, Brownian bridges
are understood as stochastic Hamiltonian flows of the second-order Hamiltonian
H(x, p,0) = 387 (x)pip;j—%8" (x)Ffj (X) pe+%8" (x)0;j, compared with geodesics
as Hamiltonian flows of the classical Hamiltonian Hy(x, p) = % gij (x)pip;j (cf. Abra-
ham and Marsden 1978, Theorem 3.7.1). Here, the second-order Hamiltonian H is the
g-canonical lift of Hy. We can also say that Brownian bridges are “stochastization” or
“stochastic deformation” of geodesics, cf. Example 6.9. Relations between geodesics
and Brownian motions have attracted many studies. For example, one can find various
interpolation relations between geodesics and Brownian motions in Angst et al. (2015)
and Li (2016).

Example 6.12 (Euclidean quantum mechanics Chung and Zambrini 2003; Albeverio
et al. 1989, 2006) It is insightful to consider the case M = R and b = 0. The
Riemannian metric under consideration is the flat Euclidean one. To catch sight of the
analogy with quantum mechanics, we involve the reduced Planck constant A into the
second-order Hamiltonian H of (6.26), so that

1 h
Hp(x, p,o) = Elpl2 + 5o+ F(x).

The system (6.10) then reads as
(DX)'(t) = pi(t, X(1)),
(0X)7* (1) = ne'¥,

oF
D[pi(t, X(1))] = _W(X(I))’

0 pk
oik(t, x) = W(I’ x).
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Note that the first three equations form a sub-system and can be solved separately,
as they are independent of the coordinates o;;’s. Equation (6.27) and its adjoint now
reduce to the following i-dependent backward and forward heat equations, respec-
tively,

L Ly T, B0 Fu—o
— 4+ —Au u=0, —h— + —Av v=0,
ot 2 ot 2

which together with the Born-type formula u,(dx) = u(¢, x)v(¢, x)dx display the
strong analogy to quantum mechanics Zambrini (1986).
The function S = A ln u solves the following i-dependent HIB equation:

8S

|VS|2 + fas +F=0.
at 2 B

The first three equations then can be solved by letting p = V. The first and third
equations imply a Newton-type equation

DDX(1) = —VF(X(1)). (6.33)

This is indeed the equation of motion of the Euclidean version of quantum mechanics,
which was the original motivation of Schrodinger in his well-known problem to be
discussed in Sect.7.3. See Chung and Zambrini (2003, p. 158) and Zambrini (2015,
Eq. (4.17)) for more. Note that Chung and Zambrini (2003) and Zambrini (2015) used
V = —F to denote the physical scalar potential and used the relation S = —AIn u and
p = — VS to formulate the HIB equation from backward heat equation in the case of
nondecreasing (past) filtration.
There are two special cases of which more will be studied later.

(i) Whend = 1 and F(x) = $x% ie., H(x, p,o) = 3(p> + x?) + Jo, we call its
projective integral process X the (forward) stochastic harmonic oscillator. It is a
stochastization of the classical harmonic oscillator with Hamiltonian Hy(x, p) =
%( p? + x2) (Abraham and Marsden 1978, Example 5.2.3). Likewise, here H is
the canonical lift Hy, see Sect 6 6.

(i) Whend = 1 and F(x) = —1x2,ie, H(x, p,o) = 1(p* — x?) + Lo, we call it
the (forward) Euclidean harmonic oscillator.

6.4 The Mixed-Order Contact Structure on 75*M x R

In the later subsections we will investigate time-dependent systems. The proper space
for consideration is now 75*M x R. Recall in (5.9) that 75*M x R = J2#, where
the latter is the second-order jet bundle of (M x R, 7, M).

In classical differential geometry, the first-order jet bundle J'# = T*M x R can be
equipped with an exact contact structure in several ways (Abraham and Marsden 1978,
Section 5.1). Among others, the canonical symplectlc form @ on T*M corresponds
to a contact structure on J!7 via @y = #*wg, which is indeed exact as &y = —a’90
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for 50 = dt + 7*6y. Another commonly used contact structure is the Poincaré—Cartan
form a)(;lo = &0 4+ dHy A dt for a given function Hy € C®(J'#). It is also exact as

w(;lo = —d 920 where 92,0 = 7*0p— Hodt. The advantage of the Poincaré—Cartan form,

compared with the contact form wy, is that it can be related to the (time-depegdent)
Hamiltonian vector field Vg, on T*M of Hy. More precisely, the vector field Vg, =

% + VH,, treated as a vector field on J 17 and called the characteristic vector field of

a)?qo, is the unique vector field satisfying VHOJ “)(I)io =0and VHOJ dt = 1.

Now we proceed in a similar way for the second-order jet bundle J?7 . Define
&=#"%w and 6 =dr+7%*0.

Then, & = —df. We call the pair (J 2%, &) a second-order contact manifold and the
pair (J27, 6) a mixed-order exact contact manifold. In local coordinates, & has the
same expression as w in (6.6), but we stress that it is now a second-order form on
TS*M x R. The form @ has the local expression

0 =dr + p,-dzxi + %oj-kdx-/ - dxk.

This makes clear that 6 is a mixed-order form on 75*M x R. .

A time-dependent second-order Hamiltonian H is a smooth function on J2m =
T5*M x R. The second-order Hamiltonian vector field A g of H is now a time-
dependent second-order vector field on 75*M, its horizontal integral process share
the same equations as (6.10) or (6.17), only with H explicitly depending on time.
Define a mixed-order vector field A on 75*M x R by

~ d
Ay =Ayg + —,
ot

where Ay is a second-order Hamiltonian vector field of the form (6.9). We call Ay

the extended second-order Hamiltonian vector field of H.
We define the second-order counterpart of Poincaré—Cartan form by

oy =&+d°H Adt =d°x" Ad*p; + 3dx) - dx* Ad%oji +d*H Adt,
and call it the mixed-order Poincaré—Cartan form on 75* M x R. It is exact in the sense

that oy = —d°0y, where Oy = 75%0 — Hdt = p;d*x' + Jojxdx/ - dx* — Hat.
The following lemma gives the relations between wy and Ap.

Lemma 6.13 The class of extended second-order Hamiltonian vector fields A is the
unique class of mixed-order vector fields on T5*M x R satisfying

A~H_|(1)H =0 and AH_ldl‘ =1.
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Proof Firstly, we show that Ay satisfies the two equalities. The second equality is
trivial. For the first one, we pick a mixed-order vector field B on 7" S*M x R; then,

on(Ay, B) = @(Ap, B) +d°H(Ap)d1(B) — di(Ay)d° H(B)
=w(Ay, 75(B)) + [d°H(Ay) +d°H(Z)]dt(B) — d°H(B)
=d*H#5(B)) + 2 dt(B) — d°H(B)
=0.
To prove the uniqueness, it suffices to show that any mixed-order vector field A on

T5*M x R satisfying A_wy = 0 is a multiplier of Az . Suppose that A has the local
expression

A=A° 0? + Al 9 + A; 9 + ATk + A2
o dx dpi dxiaxk T 9o
82 2 j 82 j 2 82
+ AL +A-- +A ——— 4 A — +A; )
3[7] ap ikl 00;j00y; koxi d Pk kLo xi Aoy K apjdoy

Then, it follows that

0= Asoy =A'd>p;i — Aid’x' + AV*d%0j; — A3 dxT - dx*

+ terms <A1<,1(, Aijkis A Akp Ajkl)

aH AH 1 9%°H
_ A0 2. 2 2 J
A(aldx+8,d ,—i——a d“o +2818kdx Sdxk 4 )
N L0, OH 4 O°H gy aH N it

axi " ap; dxiaxk "Ik g0y '

The vanishing of each coefficient gives

; oH OH ; oH 8°H
A':Aoa—, Ai:—AOF, AszAOa—, Ajkz—A°< A +)
Di X 0k

Therefore, A = AOAH. O

6.5 Canonical Transformations and Hamilton-Jacobi-Bellman Equations

Let us study the second-order analogs of canonical transformations and their generat-
ing functions. To do so, we need to find a change of coordinates from (xt, Dis Ojk, 1)
to (y', Pi, Ojy, s) that preserves the form of stochastic Hamilton’s equations (6.10)
(with time-dependent second-order Hamiltonian). More precisely, we have the follow-
ing definition of canonical transformations between mixed-order contact structures,
which is adapted from those between classical contact structures in Asorey et al.
(1983).
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Definition 6.14 Let (75*M x R, ®) and (75*N x R, #j) be two second-order con-
tact manifolds corresponding to second-order tautological forms 6 and ¢. A bundle
isomorphism F : (T5*M x R, 1.1, T*M x R) — (T5*N x R, 2.1, T*N x R) is
called a canonical transformation if its projection F is a bundle isomorphism from
(T*M x R, fr&l, R)to (T*N x R, ,65’1, R) projecting to F%:R — R, and there is a
function Hp € C®(75*M x R) such that

FR*5 = o, (6.34)

where wp, = @ + d°Hy AdFY.

The map F in the definition is also a bundle isomorphism from (75* M x R, ﬁg 1 R)
to (T5*N x R, ,68’1,&) projecting to FO. Hence, we may assume Fla,, 1) =
(1_7(05,1, 1), Fo(t)) for all (aty,1) € T5*M x R, where F is a smooth map from
T5*M x R to T5*N. For each t € R, we define a map F, : T5*M — T5*N
by F, (ag) = F(aq, t). We also introduce an injection j; : T5*M — T5*M x R by
Ji(ag) = (g, t). Then, we have F; = p1 1 oF o j;.

Lemma 6.15 The map F; is second-order symplectic for eacht € R ifand only if there
is a mixed-order form o on TS*M x R such that

FR*% = &+ a A dt.

In particular, condition (6.34) implies that each ¥, is a second-order symplectomor-
phism.
Proof The sufficiency follows from
ED> = (™ o F™ o (51,070 = (0" o F*j
= ™o+ n®an nfdt =0+ (e n 0= .

For the necessity, we observe that

So we can write FR*ij — & = a A dt + y, where y is a mixed-order form which does
not involve dt. This leads to y = (71.1)%* o (j)®*y = #1.) ¥ 0 ) F*FR* — > —
o A dt) = 0. The result follows. m]

The following lemma gives some equivalent statements to the condition (6.34).

Lemma 6.16 Condition (6.34) is equivalent to the following:

() FR*9 — 0 + Hpd F° is mixed-order closed;
(i) forall K € C®(T5*N x R), FR*I]K = wn;
(i) forall K € C®(TS*N x R), FRAy = Ag;

where H = (K o F + HF)FO.
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Proof The equivalence between (6.34) and (i) is clear. For (6.34)= (ii), since F
projects to F9,

FRne = FR*5 + d°(K oF) Ad(t oF) = &+ d°Hp AdF° + d°(K o F) AdF°
=+ d°H Adt =wy.

The converse (ii) = (6.34) is straightforward by letting K = 0. To show (ii) = (iii),
by applying Lemma 6.13, it suffices to prove that

FRAp nk =0 and FRAy . dr=1,
while
FRApong = )71 Ao FPg) = B (Agaon) =0,
and
FRAy dr = PRV AR FR*dr) = FF Y FAyLdr) = R L (FY) =1
(iii) = (ii) is similar. O

Definition 6.17 Let F : 75*M x R — T5*N x R be canonical. If we can locally
write

FR*9 — 6 + HpdF° = —d°G (6.35)
for G € C®°(M x R), then we call G a generating function for the canonical trans-

formation F.

Weuse (x, p, o, t) for local coordiI}ates on75*M xR and (y, P, O, s) for those on
T5*N x R. Recall that F(ay, t) = (Fay, 1), FO(r)). Then, using (A.4), the relation
(6.35) reads in coordinates as

Fi
|:F0 + (P; oF)—:| dt + (P; oF) dzxf
3°F F dF/ | .
(P OF) ka l+(01JOF)wW dx" -dx
o1 .
- (dt + pid®x" + Soskdx! -dxk> + Hpd F°

1 9%G
99 1 09 iy

dx’/ - dx* = 0.
8 axt 2 axJxk

Balancing the coefficient of dt, we get

8G+H + (P, F)aFi+FO 1=0
— ioF)— —1=0.
ot F ' ot
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By Lemma 6.16, the new Hamiltonian function K after transformation F is related
to the old Hamiltonian H by (H — K o F)F? = Hp. Let us further assume that we can
choose coordinates in which (yi) and (x?) are independent, so that the independent
variables in (6.35) are (x, y, t). Then, relation (6.35) means

(Pidzyi + %Ojkdyj dy* + dFO) — (p,-dzxi + %ojkdxj -dxk dt)
+(Hdt — KdF®) = —d°G, (6.36)

which implies that the generating function of the canonical transformation G(x, y, t)
satisfies

G dxk %G axk N 3’G
==, Ojk—F = — — —
Py ik oyl axJoxk ayl ' 9xJoy!
2 2 l
p=_29 = 3_Gk _ ‘9_G13_xk, (6.37)
ay'! dy/dy dyJax!t dy
-0 G

The expressions for (0 ;) and (O i) are due to the mixed differential term in d°G and
correspond to the relation (6.15).

Remark 6.18 Unlike the canonical transformations of classical Hamiltonian systems
which have four types of generating functions related via classical Legendre transform
(see Goldstein et al. 2002, Section 9.1), here we can only have the type using (x, y, )
as independent variables but not others. This can be attributed to the ill-behaveness
of the second-order analog of Legendre transform, as indicated in Remark 6.10.(iii).
However, if the configuration space M is a Riemannian manifold, stochastic Hamil-
tonian mechanics can be simplified to share the same phase space T*M as classical
Hamiltonian mechanics, so that we can also have four types of generating functions.
See Sect.7.4.2 for details and examples of canonical transformations.

The Hamilton—Jacobi-Bellman (HJB) equation can be introduced as a special case
of a time-dependent canonical transformation (6.37). In the case where F 0 = Idg
and the new Hamiltonian K vanishes formally, we denote by S the corresponding
generating function G. It follows from (6.37) that S solves the Hamilton—Jacobi—
Bellman equation,

05 +H(xf a5 _8°S t)=0 (6.38)
- X, — = U. .
ot axi’ 9xJoxk

We will refer to Eq.(6.38) as the HIB equation associated with second-order Hamil-
tonian H, and a solution S of (6.38) as a second-order Hamilton’s principal function
of H.

More generally, we have
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Theorem 6.19 Let Ay be a second-order Hamiltonian vector field on (T5*M , w) and
let S € C®°(M x R). Then, the following statements are equivalent:

(1) for every M-valued diffusion X satisfying
(DX, QX (1) = d*(%j1) 25 x1y At

the T5* M-valued process d*S o X is a horizontal integral process of Ay
(ii) S satisfies the Hamilton—Jacobi—Bellman equation

38 s
5 TH@S. =1, (6.39)

for some function f depending only on t.

Proof Let X = d®So X and set x' = x' 0d®S, p; = pi 0od>S, 05 = 0j; 0 d®S.
Then,

2

BN 9-S
pi(t,x) = ﬁ(t,x), 0jk(t,x) = W(t’x)' (6.40)

These imply that the last equation of the system (6.17) holds. Since

9H 3  OH 32
(TipxoAn = 5 -XO) 35 + 72 X055

the first two equations in (6.10) or (6.17) hold. Hence, to turn the process X = d*>So X
into a horizontal integral process of Ay, it is sufficient and necessary to make sure
that the third equation in (6.17) holds. Plugging the first equation of (6.40) into the
third equation, it reads as

0  9H 9 . oH 2 \oS  9H
dt  dp; axI o dxJaxk ) axt  oxi’

A straightforward reinterpretation yields

3 [as .98  9%s
- —+H x],—.,.—,t :O
dxt | ot dxJ’ 9xJoxk

The result follows. O

Remark 6.20 1f S solves the HJB equation (6.39), then S = S — f solve (6.38) with
f a primitive function of f. As a matter of fact, one can always integrate the time-
dependent function f into the second-order Hamiltonian function H such that the
HIB equation (6.39) has the same form as (6.38). More precisely, if we let H =
H — f, then Theorem 6.19 also holds with H and zero function in place of H and
f, respectively. A similar argument holds for S-H equations (6.10). Indeed, adding a
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function f depending only on time to a second-order Hamiltonian does not change its
S-H equations.

Example 6.21 The function S = Inu considered in Sect. 6.3 satisfies the Hamilton—
Jacobi-Bellman equation (6.28), which is exactly %—f + H(d?S) = 0 with the second-
order Hamiltonian H given in (6.26). Hence, this theorem yields that the process
d*S o X is a horizontal integral process of Ay, which coincides with (6.32). The
Euclidean case for such argument has been discovered in Chung and Zambrini (2003,
p- 180) or Zambrini (2015, Eq. (4.20)).

By (6.38) and (6.40), the total mean derivative of a second-order Hamilton’s prin-
cipal function S is given by

EXY 9SS 1 ., 93§
DS=—+4Dx— + -0/Fx—
P I L Py
. 1 .
= piD'x + onka’fx — H(x, p,o,1). 6.41)

where (p(t, x), o0(t, x)) = d%S(, x) as in (6.40).

6.6 Second-Order Hamiltonian Functions from Classical Ones

In the presence of a linear connection V on M, we are able to reduce (or produce)
second-order Hamiltonian functions to (from) classical ones.

Let be given a second-order Hamiltonian function H : 75*M x R — R. We
make use of the fiber-linear bundle injection iy, : T*M — T5%M in (5.5) to define a
classical Hamiltonian by

Hy=Ho (iy xIdg) : T*M x R - R. (6.42)

In canonical coordinates, it maps as Hy(x, p,t) = H(x, p, (F;k(x)pi), 1). If we
introduce a family of auxiliary variables by

djk = 0jk(x, p) =T (x)pi. (6.43)
Then, we can write
Ho(x, p,t) = H(x, p,o(x, p),1).

We say H reduces to Hy under the connection V, or Hy is the V-reduction of H.

Clearly, the way to lift from a classical Hamiltonian Hy : 7*M x R — R to a
second-order Hamiltonian function that reduces to Hp under V is not unique. But there
is a canonical reduction when we are provided with a symmetric (2, 0)-tensor field g
(not necessarily Riemannian), given by
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Hi(x, p,o,1) i= HoCx, p. 1) + 37 (o) (0 = T ()
= Ho(x, p,t) + %gjk(x)ojvk. (6.44)

Then, Hy is the V-reduction of H§, and
%ojkgjk — ﬁg(x, p,o,t) = %6jkgjk — ﬁg(x, p,0,1). (6.45)

We call H(g) the (g, V)-canonical lift of Hy. If g is a Riemannian metric and V is the
associated Levi—Civita connection, then we simply call Eﬁ the g-canonical lift of Hy.
If there is a classical Hamiltonian Hj such that the second-order Hamiltonian H is the
(g, V)- (or g-) canonical lift of Hy, we say H is (g, V)- (or g-) canonical.

As an example, the second-order Hamiltonian H of (6.26) is g-canonical and
reduces to Hy(x, p) = %gij (X pipj + b (x)pi + F(x).

Furthermore, for the canonical transformation F : 75*M — 75*N in Definition
6.14, we can reduce its associated function Hp € C®(75*M x R) to a classical
function Hg € C®(T*M x R) via (6.42). As a consequence of (6.34), the projection

of F,ie,themapF : T*M x R — T*N x R satisfies F*5jg = a)(;lo where a)(;lo =
F F

wy+d HQ A d FO. 1t follows that F is a classical canonical transformation (Abraham
and Marsden 1978, Definition 5.2.6).

We will go back to this issue in Sect. 7.4 where the second-order Legendre transform
will be developed. In particular, we will show there that for the canonical second-order
Hamiltonian in (6.44), the corresponding second-order Hamilton’s equations (6.17)
can be rewritten on the cotangent bundle 7* M in a global fashion, see Theorem 7.22.

7 Stochastic Lagrangian Mechanics

In this section, we specify a Riemannian metric g for the manifold M, and a g-
compatible linear connection V. Note that such g and V always exist but are not
unique in general.

We will denote by |-| and (-, -) the Riemannian norm and inner product, respectively.
Also, denote by g the inverse metric tensor of g, and (F;k) the Christoffel symbols
of V. We observe that g is a (2, 0)-tensor field. Denote by R the Riemann curvature
tensor and Ric the Ricci (1, 1)-tensor.

7.1 Mean Covariant Derivatives

Definition 7.1 (Vector fields and 1-forms along diffusions) Let X be diffusionon M. By
a vector field along X, we mean a T M -valued process V, such that 73, (V (1)) = X (¢)
for all ¢. Similarly, by a 1-form along X, we mean a 7* M -valued process 7, such that
Ty (n(t)) = X (¢) for all 1.

Clearly, for a time-dependent vector field V on M, the restriction of V on X,
i.e., {Vis,x(r) ), is a vector field along X. In this case, we call {V(; x ()} a vector field
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restricted on X . In this way, vector fields restricted on X are just 7 M -valued horizontal
diffusions projecting to X. Similarly for 1-forms.

Definition 7.2 (Parallelisms along diffusions) Let X € I;;(M). A vector field V along
X is said to be parallel along X if the following Stratonovich SDE in local coordinates
holds,

dv'i(t) + Th (X )V (1) odX (1) = 0. (7.1)
A 1-form n along X is said to be parallel along X if
dn;j (1) = T (XO)ni(1) 0 dX (1) = 0.

Definition 7.3 (Stochastic parallel displacements) Given a diffusion X € I;;(M) and
a (random) vector v € Tx ()M, the stochastic parallel displacement of v along X is
the extension of v to a parallel vector field V along X, thatis, V satisfies the SDE (7.1)
with initial condition V (t9) = v. We denote I'(X)} v := V (¢) and CX)PV(t) = v.
The stochastic parallel displacement of a (random) covector n € Ty (zO)M along X is
defined in a similar fashion.

Definition 7.4 (Damped parallel displacements) Let X € I;,(M). Given a (random)

vector v € Tx ;) M and covector 1 € Ty, M, the damped parallel displacement of

v along X is the extension of v to a vector field V along X that satisfies the SDE
. . . 1 . .
dvV'(t) + T (X @)V (1) 0 dX (1) + ER,gj,(X(t))VJ O OX))dr = 0,
V(ty) = v. (7.2)

The damped parallel displacement of ng along X is the extension of 7 to a vector field
n along X that satisfies the SDE

. 1 .
dnj(t) = T (X @)mi (1) 0 dX* (1) = 2 Ry (X0)mi () (@ X) (H)dr = 0,
n(to) = no. (7.3)

We denote T'(X) v := V (1), T(X)! no := n(1),and T (X) V(1) := v, T(X){"n(t) :=
10-

If V and 7 are restrictions on X, thatis, V() = V(;, x()) and n(t) = n¢, x(r)), then
equations (7.2) and (7.3) can be rewritten, respectively, as

aVv 1
Wdt + VodXV =+ ER(V, OdX) odX = 0,

9 1
a—’t’dz + Voax — 3R, 0dX) 0 dX =0,
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where we mean by R (1, V)W the 1-form [R(n*, V)W1’. The Stratonovich stochastic
differentials can be transformed into It6 ones. For example, (7.3) is equivalent to

81"’
dnj(t) =T} av»mUMXWn+-(Qm“m< +Fmr’>av»mmm

1 .
5 R (X O)n:(0)(QX) (1)t (7.4)
Remark 7.5 The notion of stochastic parallel displacements was introduced by Itd
(1975) and Dynkin (1968). The notion of damped parallel displacement is due to
Malliavin (1997). It was originally introduced by Dohrn and Guerra (1979), where
they call it geodesic correction to the stochastic parallel displacement.

Lemma7.6 Let X € I;,(M).

(1) Let n be a I-form on M parallel along X. If V is a vector field on M which is also
parallel along X, then n(V)(t) = n(V)(to) for all t > to; if v € Tx@y) M, then
n(C(X)j,v) (1) = n(v)(to) for all t > to.

(i) Letn bea I-formonalong X satisfying the SDE (7.3). If V is a vector field along X
satisfying the SDE (7.2), then n(V)(t) = n(V)(to) for all t > to; ifv € Txy) M,
then (T (X)} v)(1) = n(v)(to) for all t > 1.

Proof We only prove Assertion (ii), as (i) is similar. Since Stratonovich stochastic
differentials obey Leibniz’s rule, we have

dln(V)l =ni odV' + VI odp;

1
= —ni I VI odX* - En,Rk]lVJ(QX)kldt + VITh i 0 dX*

1 . .
- 5vfR,’q.,m(QX)"’dz

=0.

This proves the first statement of (ii). The second statement of (ii) follows by letting
V() := F(X)iov. O

Definition 7.7 (Mean covariant derivatives along diffusions) Given a diffusion X on
M. Let V and 7 be time-dependent vector field and 1-form along X, respectively. The
(forward) mean covariant derivative of V with respect to X is a time-dependent vector
field 2 I along X, defined by

E

DV , E|:F(X)§+EV(I+6)—V(I)
0

731} . (7.5)
€
The damped mean covariant derivative of V with respect to X is a time- dependent

vector field 2 I along X with T instead of I in (7.5). Similarly, we can define 22 a T and

Dy
dt
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Lemma 7.8 (i) Let V and n be vector field and 1-form along X. If n is parallel along
X, then

E[n(%)] =E@mvD. 7.6)

If n satisfies the SDE (7.3), then (7.6) holds true with g instead of %.
(ii) Let V be a vector field restricted on X. Then,

DV DV oV
—_— = — 4+ - X”RV@a— Vv \%
dt dt+ (Q )7 R( ) or T Voex

+§(QX)U (Vai’a’. V+ R(V, 8,~)8j> .
(iii) Let n be a I-form restricted on X. Then,

Dy Dy an
- = E - —(QX)”R(n, 0j)0; = a3 + Vpox

+5X)7 (V3 n — RO, 0)%).

(iv) Let V and n be a vector field and a I-form restricted on X. Then,

D (v DV
n H—n(d

) 4 _<v> +(0X) (V3,1 (Y, V)

(27 4 P2 4 (0x)T (o (¥ 1)
~ M\ ar dt aYe; v

Proof (i) By Lemma 7.6.(i), we have

i —
E [77 (121_‘;) (t)} = lim E [n(t)(F(X),JréV(t +€)) n(t)(V(t))}

€
— EmE [n(V)(t +e€)— n(V)(t)}
e—0 €
=EDMh(V)®)]).

This proves the first statement of (i) The second statement of (i) follows by a
similar argument w1th 7 in place 0f 7 and T in place of T.
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(i1) It suffices to derive the expression for V. Suppose that 7 is a 1-form satisfying
the SDE (7.3) and the diffusion X satlsﬁes 0X(t) = (o oo™)(t, X(¢)). Then, we
apply 1t6’s formula to n(V)(X(¢)) and make use of (2.20) and (7.4). We get

V! 1 9%vi
dX“r 2 9xJdx o X Xk])

i aV
din(WM)1=dmV") =n;i ( dt+

+Vidn; +dn;, v/]

avi  avi 1 32vi avi
= Iy = X)7* ) dr JdB"
(31‘ +8x1( X)) + 2 9%/ dx k(Q ) ) +7ha -0y

i

i kl 8F m i 1 i kl
+ VT DX + - (QX) ELE N + 3 R QX | mids

L. . v/
+VITiniofdB" + r;ka(QX)“dr
avi avi
N [ at +<a ¢V )va)k]d[

ovi ;L Vi .
axJ Fk1+axkaxl+v i + al +F L

1 wl|
+5771(QX) |:

avJ
+2F/k o ]dt

1 : . Vi .
+ EmR,’(ﬂ(QX)k’V/dt + i (87,( + VJF_;k) okdB"
v 1 i (o2
=0 (5 + VoexV +5(0%) (V2.4,V + ROV, 338, ) dr
+n (Ve V)dB'".

Hence, the result (i) implies

DV
E [n (dtﬂ =EDnhV)®D

oV Ll
=E{n( 5+ VpyxV +5(0%) (vahajv+R(v,a,-)aj) .

The arbitrariness of 7 yields (ii).
(iii) Similar to (ii).
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(iv) We only prove the first equality as the second is similar. By (4.6),
9 i 1 ij2
Di[n(V)] = Py (DvX)'9; + §(QX) Vo, ) (V)]
0 oV
= () @050 ) + (o) )40 (T, V)
1 .
+5(QX)Y [(Vgi,ajn> (V) +1 (Vgi,aj V)
+ (Vi) (Vaj V) + (Vaj n) (Va, V)]
= (D—V) + 20(V) 4 (QX) (T3, (T3, V)
=1\~ o 0 am(Vy, V).

The result follows.

If QX (1) = $(X(t)), then

DV 3V+v V+1AV+1R' (V)
—_— = = —Ric(V),
dt at DvX 2 2

and similarly,

Dy _ 9 +V + 1A lR' ()
— = —~An — =Ric(n) =
dt — ot Dy X1 5 87 = 5 RICU

an

1
o T Vpoxn+ 5Awpn,  (7.7)

2

where A is the connection Laplacian, and Arp = —(dd™ + d*d) is the Laplace—de
Rham operator on forms. The relation A;p = A — Ric is due to the Weitzenbock
identity (Petersen 2016, Theorem 9.4.1). We remark here that the operator A + Ric
acting on vector fields is also called Laplace—de Rham operator in Dohrn and Guerra
(1979).

In the context of fluid dynamics, the operator % + V,, with v a vector field, is often
referred to as material derivative or hydrodynamic derivative. So the mean covariant
derivative d% and its damped variant d% can be regarded as stochastic deformations of
material derivative.

7.2 A Stochastic Stationary-Action Principle

In this subsection, we will establish a type of stochastic stationary-action principle: the
stochastic Hamilton’s principle. Another version for systems with conserved energy,
the stochastic Maupertuis’s principle, can be found in “Appendix C.”

In contrast to second-order Hamiltonians, not all real-valued functions on 75 M
can be used as second-order Lagrangians in stochastic Lagrangian mechanics. This
has been hinted in Sect. 6.3, as we have mentioned in Remark 6.10. For this reason,
we will produce a class of second-order Lagrangians from classical Lagrangians, via
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the fiber-linear bundle projection gy in (3.3) and the V-canonical coordinates (Divx)
in (3.2).

Definition 7.9 By an admissible second-order Lagrangian, we mean a function L :
R x T5M — R such that there exists a classical Lagrangian Ly : R x TM — R
satisfying L = Lo o (Idgr x ov). We call L the V-lift of L.

In local coordinates, the V-lift L of Ly is expressed as
L(t,x, Dx, Qx) = Looov(t, x, Dx, Qx) = Lo(t, x, Dyx). (7.8)

Let T > 0. Our stochastic variational problem consists in finding the extrema (maxima
or minima) of the stochastic action functional

T
S[X;0,T]:= E/ L(t,X(t),DX(t), OX(t))dt
0
T
= E/ Lo (t, X(t), DvX(t))dt (7.9)
0

over a suitable domain of diffusions X on M, where L is an admissible second-order
Lagrangian lifted from L.

In order to formulate a well-posed stochastic variational problem in an economical
way, we assume that the manifold M is compact and the metric g is geodesically com-
plete (which will be used to characterize the variations of diffusions in Lemma 7.13),
and that the connection V is the associated Levi—Civita connection. The geodesic com-
pleteness can be ensured, for example, if M is connected (see, e.g., Lee 2013, p. 346).
Whenever the metric g is given, the associated Levi—Civita connection is uniquely
determined, due to the fundamental theorem of Riemannian geometry (Kobayashi
and Nomizu 1963, Theorem IV.2.2). We will refer to such a geodesically complete
Riemannian metric as a reference metric tensor.

For a fixed point ¢ € M and a probability distribution u© € P(M) on M, we define
an admissible class of diffusions by

A(10.T): g, ) = [ X € 11 (M) - 0X (1) = §(X(1), ¥r € [0, T, as. ]
(7.10)

where 1 ((OT {’;)‘)(M ) denotes the set all M-valued diffusion processes starting from g at

¢ = 0 and with final distribution p, i.e., P o (X(T))~! = p. The action functional S
is now defined on the set A, ([0, T1; g, ), thatis, S : Ag([0, T1; ¢, ) — R.

Note that the admissible class .Ag is similar to the Wiener space, so that a candidate
for its “tangent space” is Cameron—Martin space. Denote by H ([0, T']; g) the Hilbert
space of absolutely continuous curves v : [0, T] — T, M such that fOT [0(1)2dt <
oo. Let Ho([0, T]; g) be the subspace consisting of all v € H([0, T]; g¢) satisfying
v(0) =v(T) =0.
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Definition7.10 Let X € A,([0,T]; g, ). For a curve v € Ho([0, T1; g), the
vector field along X given by V(¢) := F(X)f)v(t) is called a tangent vector to
Ag([0,T1; g, ) at X. The tangent space to A, ([0, T']; ¢, n) at X is the set of all
such tangent vectors, that is,

Tx Ag([0, T1; q. ) := {T'(X)pv() : v € Ho([0, TT; ¢)} .

Definition 7.11 By a variation (or deformation) of a diffusion X € Ag([0, T']; ¢, )
along v € Ho([0, T']; ¢), we mean a one-parameter family of diffusions { X! }cc(—s.¢)s
where for each ¢ € [0, T'], X?(¢) satisfies the following ODE

9 v v\! v
S X0 = L(XY)gu(), X3 = X(0). (7.11)

The diffusion X € A, ([0, T1; ¢, u) is called a stationary (or critical) point of S, if
the first variation 6S vanishes at X, i.e.,

d
% S[xY;0,T] =0, forallv e Ho([0,T]; q). (7.12)
€ le=0

Remark 7.12 (i) The variations of diffusions on manifolds, via differential equation
(7.11), is standard in stochastic analysis on path spaces of Riemannian manifolds.
See for example Driver (1992, Eq. (2.3)) and Hsu (1995, Theorem 4.1), where it
is shown that Wiener measure is quasi-invariant under such variations. This kind
of variations has some equivalent constructions. For instance, the previous two
references also provided an approach by lifting to the frame bundle and projecting
to the Euclidean space (a stochastic analog of Cartan’s development), while Fang
and Malliavin (1993) provided an alternative perspective via Bismut connection.
(ii) The stochastic variational problem (7.9)—(7.12) in the Euclidean context has also
been familiar in stochastic optimal transport/control. See Sects.7.3 and 7.4.4 for
connections to those areas.
(iii) Unlike the infinitesimal variation used in Definition 4.11 for studying symmetries
of SDEs, the infinitesimal variation here in (7.11) needs to be a parallel vector
field.

The following lemma is the key for establishing stochastic Hamilton’s principle.
The first statement shows that the variation X! is well defined on the path space
Ag ([0, T1; g, ). The second one describes the infinitesimal changes of Dy X! with
respect to the variation parameter €. The proof of the latter is based on a geodesic
approximation technique, which is originally due to It (1962).

Lemma7.13 Given X € A,([0, TT; g, ) and v € Ho([0, T1; q). We have

(i) foreache € (—¢,¢), X! € A,([0,T1; g, ), and
(i) forallt € [0, T],

D

1 ..
- ODvXé’(t) =TX)Hu@) + z(QX)’J(;)R (CX)ou(), ;) 9;, (7.13)

€=
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where 0(t) = %v(r) e TyylIyM =Ty M, % is the (classical) covariant deriva-

tive with respect to the parameter €.

Proof (i) Let & and &, be the anti-development (Hsu 2002, Definition 2.3.1) of X and
X7, respectively, with fixed initial frame r (0) € O, M. Equivalently, for example, £ is
an R%-valued diffusion related to X by the following SDEs (Hsu 2002, Section 2.3)

dX'(1) = ri(t) o &’ (1),
dri(t) = =T (XO)rh )k (1) 0 dE™ (1).

Applying the fact that Y"¢_, rir/ = g/ (e.g., Kobayashi and Nomizu 1963, Proposi-
tion 1.5) and the condition QX (r) = g(X(r)), we have

rir] )88 = g7 (X (1) = (0X)7 (1) = ri()r] (QEN @),  (7.14)

and consequently, Q& = I;. Meanwhile, it follows from Fang and Malliavin (1993,
Section 3.5) (or Driver 1992, Theorem 5.1, Hsu 1995, Section 3) that

dEc(1) = exp (e /0[ Q ((r(O)_lv> (s), odg(s))> o dE(t) + ed (r(O)_lv) ),

where 2 is the curvature form on the orthogonal frame bundle O M, taking values in
s50(d), and the frame r(0) is viewed as an isomorphism from R to T, M. It follows
that Q& = Q& = 1. For the reason similar to (7.14), we have QX7 (1) = (X (1)).
The result follows. See (Driver 1992, Theorem 8.3) for a more elaborate proof.

(i) Fix n,m € Ny. Let0 =1 < t; < --- < t, = T be a division of the time
interval [0, T],and let —¢ = ¢, < --- <€e_1 <0=¢ <€ < - <€, =¢
be one of the variation parameter interval (—e¢, ¢). Denote At; :=t; — t;—1. Consider
the polygonal curve x" = {x"(¢)};[0.7], Which is an approximation of X made of
minimizing geodesic segments joining X (¢;_1) with X (#;) for all 1 <i < n. This is
attainable by the geodesic completeness. We will construct an approximation scheme
for the variational processes X!’s.

For € € e, €1], we construct the approximation x/ of X? as follows. We extend
each X (#;),0 < i < n, to a geodesic

y(;”(e) = exXpPy (1) (er(x”)g'v(ti)), € € [eo, e1].

Let x! = {x!(t)}:e[0,7] be the polygonal curve consisting of minimizing geodesic
segments joining yo(i_l)(e) with yo(i)(e) foralll <i <n.

Then, we construct x/ for € € [€j,€;11], 1 < j < m — 1, by induction. Suppose
x, € € €j_1, €], has been defined. Then, in particular, we have a curve xé’j. Extend
each x;’j (;),0 < i < n, to a geodesic by

(@) 1
le (e) = eXPay (1) ((6 - ej)F(ij)ov(ti)) , e €lej, €1l
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Let x! be the polygonal curve consisting of minimizing geodesic segments joining
)/j(i_l)(e) with y;i)(e) forall 1 < i < n.In a similar way, we can define x for
eclej,ej],—-m=<j=<-1

Now we have a family of polygonal curves {x! : € € (—¢, ¢)}, which satisfies
x; =x" and

asign(e)
de

Xe (tl)_r( ) v(#).

€=€;

Asforeache € (—¢,¢)and 1 <i <n, {x!(t)}ie,_,,;) 1s a geodesic, the vector field

J(@) = x2(1), teltiz, 4]

e=0

ad
de
is a Jacobi field along {x" (¢)};¢[;_,,;1- This leads to the following Jacobi equation

2
o 2J(t) + R (J(t) x”(t))x () =0, telt,tl, (7.15)
with boundary values

J(ti—1) = Mg vz, J() = T"gv). (7.16)

Since the connection is torsion-free, we can exchange the covariant derivative and
standard derivative to have

DJ(t ) = D2 e () D3 e (1)
—J(ti— ——x = ——x
dt l d a e=0,1=t;_ d at e=0,1=t;_
= — 1 (ti—1), 7.17
Ic €=Oxe(z 1) (7.17)
On the other hand, Taylor’s theorem yields
P T ) = J(tion) + tJ(ti—l)Ati
2
523 (@) +o ((An)). (7.18)

Combining (7.15)—(7.18), we have

L -n ti v(tl) v(ti—l)
i t I nyti—1 2300 7 P
e . Ox (1 1) = ( ) P

1 nyli—1 .n °n
3R (PG w0, £ £ (-1 Aty 40 (At
A standard limit theorem yields the result (ii). m|
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Remark 7.14 (i) The constraint QX () = g(X(¢)) in (7.10) looks strong. A possibly
better viewpoint is to force all diffusions under consideration to have the same
nondegenerate diffusion tensor a, i.e., QX (t) = a(X(¢)). Then, the inverse of a
defines a Riemannian metric g, cf. Ikeda and Watanabe (1989, Section V.4). As can
be seen from the first part of the above proof, the constraint of fixing the diffusion
tensor is a natural one in the literature of variational calculus on the path space.
An intuitive reason for this constraint is to assure that the induced measures are
equivalent, which is necessary for Eq.(7.11) to be well-posed, cf. Driver (1992).
The assumption of Levi—Civita connection V may be relaxed to that the connection
V is g-compatible and torsion skew symmetric (Driver 1992, Definition 8.1), in
which case the second assertion of this lemma needs to add the effect of torsion.

(i) One may expect from the limits of (7.15) and (7.16) that there is a “stochastic”
Jacobi equation with two boundary values describing the difference between a
diffusion and an “infinitesimally close” diffusion, cf. Arnaudon and Thalmaier
(1998).

For a smooth function f on TM, we denote by d; f the differential of f with
respect to the coordinates (x'). Since T(x ;) TxM = T, M, d; f is treated as a 1-form
on T, M and

0 .
d; f = —',f.dx’. (7.19)
dax?
We call d; f the vertical differential of f. Regarding the differential with respect to
the coordinates (x'), we introduce the horizontal differential which depends on the
connection V, by

dy f = (ﬂ —rkxi ﬂ) dxt. (7.20)

dxt T 9xk

It is easy to check that both definitions (7.19) and (7.20) are invariant under change of
coordinates. In fact, by the classical theory (Saunders 1989, Section 3.5 and Example
4.6.7), we know that the connection V can uniquely determine a 7T M -valued 1-form
on T M horizontal over M, which is given in local coordinates by

. 9 9
gy - _rkyi 2
I' =dx ®<8xi Fijx 8)'61‘).

Hence, the horizontal differential is dy f = I'(df), where df is the total differential
of f. Given a vector field V. on M, f oV : g — f(V,) is a smooth function on V.
Then, it is easy to check that

d(foV)=dyf oV +(difoV)(VyV)dx' (7.21)
The following integration-by-parts formula will be used. Its proof is straightforward

from definitions of stochastic integrals and mean derivatives, cf. Cruzeiro and Zambrini
(1991, Lemma 4.4).
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Lemma7.15 Let X = {X(t)}:c[0,1] be a real-valued continuous semimartingale such
that DX exists, let f be a real-valued continuous process on [0, T, of finite variation.
Then,

T T
E/O X(@)f@)dt = E[f(T)X(T) — f(0)X(0)] — E/O F@)DX(t)dr.

Now we are in position to present the stochastic version of Hamilton’s principle.

Theorem 7.16 (Stochastic Hamilton’s principle) Let Lo be a regular Lagrangian on
R x TM. A diffusion X € Aq([0, T1; g, () is a stationary point of S, if and only if X
satisfies the following stochastic Euler—Lagrange (S-EL) equation

D
E(d)-cLo (t, X(t), DvX (1)) =dxLo (t, X(1), DvX (1)), (7.22)

where % is the damped mean covariant derivative with respect to X.

We remark that since QX (t) = g(X(¢)), the operator % in (7.22) is just the one
of (7.7). The unknown in (7.22) is the process X, so the conditions X (0) = ¢ and
Po(X(T))~! = 1, indicated in the assumption X € A4 ([0, T]; g, ), can be regarded
as boundary conditions of (7.22).

Proof Denote V() =T (X)f)v (1). It follows from (7.13) and (7.21) that

T

S[XZ;0,T]=E —
[Xe ] /0 P

Lo (1, X2(1), Dy X2 (1)) dt
e=0

T 9
0 de

T
=E /O [dxLo (V1)) +dz Lo (T(X)0())

d
de e=0

de

Xg(ﬂ) +diLo (2

Dvxg(t)>] dt

e=0 e=0

1 ..
+§(QX)” (di Lo (R(V (1), 81-)8,-)} dr.
(7.23)

By Lemmas 7.6.(ii) and 7.15 and the fact that v(0) = v(T") = 0, we have
T
E / di Lo (T (X)ov(t)) dt
0

T
_E / C0O(ds Lo) (1)) dr
0

T 0 . _ O0c.
_ / limE|:<F(X)t+€(deO) F(X)t(deo))(v(t))
0

e—0 €

7);:| dt
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T t . I
- _E / lim E [(F(X)’+€ (d’“ELO) deO) (C(X)hv () P,} dt
O €—>
T t . .
—_E f lim E [F(X)”f (d)‘:(’) 4:Lo P,] (C(X)hv(o)) dt
O €—>
T
- _E / D diLo) vy dr. (7.24)
0 dt

Thus, by Lemma 7.8.(iii),

r D
S[X¢;0,T] = E/ [deo (V@) — d—(deo) V(@)
0 0 t

€=

1 .
+§(QX)” (1)R(d; Lo, 9;)0; (V(I))] dr
T D
= Ef <deo - —(de0)> V(1) dr.
0 dt

The arbitrariness of v yields the desired result. O

Remark 7.17 (i) For a special class of Lagrangians in the Euclidean context, the
stochastic Euler—Lagrange equation (7.22) has been established in Cruzeiro and
Zambrini (1991, Subsection 5.1) where they called it stochastic Newton equation,
see also Zambrini (2015). For general Lagrangians on Riemmannian manifolds,
Eq.(7.22) is new (to the authors’ best knowledge). See Sect. 7.3 for discussions
of a special case.

(ii)) The second author and his collaborator formulated a weak stochastic Euler—
Lagrange equation in Lassalle and Zambrini (2016). They mean by “weak” that
their stochastic Euler—Lagrange equation holds in the sense of stochastic integrals.
The main differences between their formulation and ours is that we get rid of the
stochastic integral (martingale) part in our equation since we use mean derivatives
instead of stochastic differentials.

7.3 An Inspirational Example: Schrodinger’s Problem

The inspirational example of stochastic Hamiltonian mechanics presented in Sect. 6.3
also provides an example of our stochastic Lagrangian mechanics. Consider the fol-
lowing Lagrangian defined on R x 7T M:

Lo(t,x,x) = %|5c — b(t, x)|* = F(t,x), (7.25)

where b is a given time-dependent vector field on M. It actually relates to the second-
order Hamiltonian H in (6.26) via the second-order Legendre transform, which will
be considered in Sect. 7.4. For such Lagrangian, we can directly figure out the relation
between stochastic Euler—Lagrange equation (7.22) and Hamilton—Jacobi—Bellman
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equation. We denote by IOT (M) the set all M-valued diffusion processes over time
interval [0, T].

Theorem 7.18 (S-EL & HIB) Let Lg be as in (7.25). If X € IOT (M) satisfies
Dy X)) =VS(@t, X)) +b(t, X(@)) (7.26)

forafunction S : R x M — R, then X is a solution of the stochastic Euler—Lagrange
equation (7.22) if and only if S solves the following Hamilton—Jacobi-Bellman equa-
tion

3 (ISP
§+(b, VS>+§|VS| +§AS+F=f, (7.27)

with f a function depending only on t.

Proof For a function g on R x M, we will denote by dg the exterior differential of g
on M, i.e., with respect to coordinates (x'). Condition (7.26) can be rewritten in local
coordinates as

% = VS +b. (7.28)

Then, it is clear that

oLo . o
diLo = a—fdxl = gi;(+/ — bl)dx' = dS. (7.29)
X

Since Vg = 0, we use Leibniz’s rule to derive

1 . ) .
dxLo(%) = Ed[g(x —b, % —b)1@) — dF (3) = —g (Va,b, ¥ — b) — dF ()
= —dS (Vyb) — dF (). (7.30)
Now we take the differential with respect to x to the HIB equation (7.27). Obviously,

BN 0 )
d— = —dS = —d;Ly.
at ot Jt

For the second term,

d((b. V) (@) = dIdSBYOy) = (Vo,dS) (B) +dS (Va,)
= Vi pS +dS (Va,b) = (VdS) (k) +dS (VD).

For the third term, we use again Vg = 0. Then, we have

1 1
5 (|VS|2) (30) = 5d1dS ® dS@)(2h) = ((Va,dS) ® dS) (2)
= (V5. dS) (VS) = (VysdS) ().
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For the fourth term, in the same way we have
d(AS)(3k)
=d (8793 4,5) @) = d (V25@®) @) = (Va,V25) @ = §7V3, 5.,
:(ng,a,-,a_,s - Vg,-,ak,ajs) + (Vg,,ak,a_,s - V;,-,a_,,ak5> + Vg,-,a_,,aks]
= g7 [(V3.0,d5 = V3 5,d5) 3) + 0+ V3, dS ()]

= 8" | R(3k, 9)dS(d)) + V%,.,a,.dS@k)]

= g [~ RS 88, @) + V3§ 5 dS 3| = [AdS — Rie(d$))3)
= ALp(dS) ().

Combining these together and applying (7.26)—(7.30) as well as (7.7), we obtain
N 1 5 1
d T + (b, VS) + §|VS| + EAS+ F ) (o)

0 1
= (5 + Viivs + EALD) (dS) () +dS (Va.b) + dF(0x)

D D
= E(dS)@k) +dS (Va.b) +dF () = |:E(deo) - deo:| (%)

The result follows. O

Remark 7.19 Equation (7.29) gives the relation between Lagrangians and second-order
Hamilton’s principal functions. It is valid for more general Lagrangians, see Remark
7.23.(1).

Theorem 7.18 strongly suggests some relations between stochastic Lagrangian (and
also Hamiltonian) mechanics and Schrodinger’s problem in the reinterpretation of
optimal transport. In the setting of the latter (see, e.g., Cruzeiro et al. 2000; Léonard
2014; Léonard et al. 2014), there is a given reversible positive measure R on the
path space CI = C([0, T1, M), called reference measure, as well as two probability
distributions po, ur € P(M). Schrodinger’s problem aims to minimize the following
relative entropy:

fCoT log (%) dP, PR,

+o00, otherwise,

H(P|R) = { (7.31)

over all probability measures P on COT such that 1o, (7 are the initial and final time
marginal distributions of P, i.e., Pp = po and Pr = ur, where P, :=Po (X(t))’]
is the time marginal distribution of P and X (¢) : COT — M, X(t,w) = w(t) is the
coordinate mapping. Denote, respectively, by Xr and Xp, the coordinate process X
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under the measure R and P. Then, Girsanov theorem implies that (Léonard 2012a,
Theorem 1) a necessary condition for the finite entropy condition H(P|R) < oo is
OXp = QXR, P-as.. Furthermore, if R is a diffusion measure, i.e., XR is a diffu-
sion process, then a similar application of Girsanov theorem yields that a necessary
condition for H(P|R) < oo is that P is also a diffusion measure and there exists a
time-dependent vector field w such that

(DXp(1), QXp(1)) = (DXR() + w(t, X(1)), QXr(®)), Vt€[0,T], as.

The solution P of Schrédinger’s problem, i.e., minimizing (7.31), is related to the
reference measure R by a time-symmetric version of Doob’s i-transform (Léonard
2014, Section 3). Its coordinate process Xp is sometimes called a Schrodinger bridge
or Schrodinger process. When the reference measure R is Markovian, i.e., the law of
a Markov process, the solution process Xp is also called a reciprocal (Bernstein 1932;
Jamison 1975) or Bernstein process (Cruzeiro et al. 2000; Cruzeiro and Vuillermot
2015).

If the manifold M is endowed with a Riemannian metric g, and the reference
coordinate process Xg has generator

AR = (b V) + A+ F,

for some time-dependent vector field » on M, then the density u(¢, x) = %(x) of
the minimizer P* of (7.31) solves the following Kolmogorov forward equation

3 . 1
D AV (VS + DI = S Au0) =0, (60 €@ 1M,

u(0,x) = po(x), x e M.

where S solves the HIB equation (7.27) with f = 0, or (6.28).
Moreover, an analog of Benamou—Brenier formula was derived (see Léonard 2014).
Consider the problem of minimizing the average action

T
/ / (llv(t, x) — b(t, )c)|2 — F(t, x)) po(t,dx)dr (7.33)
o Jm\2

among all pairs (p, v), where is p = (o(¢)):¢[0,7] 1S @ measurable path in P(M), v =
(v(#))sef0,7] 1s @ measurable time-dependent vector field and the following constraints
are satisfied (in the weak sense of PDEs):

d 1
5P +div (pv) — EA'O =0,

p0) = o, p(T) = ur,

(7.34)
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The relation between p in (7.33) and P in (7.31) is just that p is the time marginal of
P, namely,

o) =P, =Po (X)) L. (7.35)

The minimizer of (7.33) is the pair (u, VS + b) where u solves (7.32) and S solves
(6.28).
These results are summarized in the following equivalent relations:

inf {H(PIR) : P € P(C]), Po = 10, Pr = i | = H (10[Ro)

T
= inf {/ / <%|v(t,x) — b(t, x)l2 — F(t,x)) p(t,dx)dt : (p, v) satisfies (7.34)}
0o Jm

T
:/ /<1|V5(t,x)|2—F(r,x)>u(z,dx)dt.
o Ju\2

Now if the coordinate process X g under the reference measure R is a nondegenerate
M -valued diffusion in IOT (M) which is diffusion-homogeneous, then assigning such a
reference measure R amounts to assigning a pair (br, gr) € '(TM ® Sym2(T*M ),
where gr is a positive-definite symmetric (0, 2)-tensor, i.e., a Riemannian metric
tensor. More precisely, we let AXR = (b, a) + F be the generator of Xg. Since Xgr
is nondegenerate and diffusion-homogeneous, a is a time-independent nondegenerate
symmetric (2, 0)-tensor field. Let gr = a be the inverse of a, so that gg is a Riemannian
metric tensor. We then equip the Riemannian manifold (M, gr) with the associated
Levi—Civita connection V. The isomorphism (2.19) implies that

(7.36)

AXR = bl + %gi{vgiﬁj +F =R V)+1iA+F,

where by is the time-dependent vector field given by bi, = (b + %gﬁkF; «)»and V and
A are the gradient and Laplace—Beltrami operator with respect to gr, respectively.

We set that P is a diffusion measure and QXp = QXRr = ¢gr, P-a.s., which is a
necessary condition for H(P|R) < oo. Then, by (3.4), the generator of Xp is given
by

(DXp(1), QXp(1)) = (DvXp) ()d|x¢) + 2 Alx).

From (7.34) and (7.35), one can see that v(¢, X (t)) = Dy Xp(t) and the action (7.33)
equals to

T
EP/O (%wvxg) — br(t, X(1)> = F (1, X(t))) dr. (1.37)

So the minimizing problem turns into minimizing the action (7.37) over all diffusion
measures P € P(COT) with Py = o, Pr = ur and QXp = gg, P-as.. If py = §,
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and ur = pu, this brings us back to our stochastic variational problem, that is, to
minimize the action functional S in (7.9) over Agg ([0, T']; g, n), with Lagrangian
Lo(t,x,x) = %|)’c — br(t, x)|*> — F(t, x). Note that in this case, since Py = pg is
Dirac, the relative entropy in (7.31) and H (io|Ro) are always infinite, while their
difference H (P|R) — H (i19|Rg) can be finite as in (7.36). Moreover, by Theorem 7.16
and 7.18, a necessary condition for Xp to be the minimizer of S is that Xp satisfies
(7.26) and (7.27), which coincides with (7.32).

Remark7.20 (i) Compared to the Lagrangian (7.25) used here for addressing
Schrodinger’s problem, there is another type of Lagrangians used in the Euclidean
version of quantum mechanics in Cruzeiro and Zambrini (1991, Eq. (5.4)). The
latter has an additional term of divergence of b, which helps to express part of
the action functional as a Stratonovich integral. The stochastic Euler—Lagrange
equation (7.22) applied to their Lagrangians recovers the equations of motion in
Cruzeiro and Zambrini (1991, Theorem 5.3).

(i) In the seminal paper (Otto 2001), F. Otto provided a geometric perspective for
numerous PDEs by introducing a Riemannian structure in the Wasserstein space.
It is known as Otto’s calculus. A similar idea can ascend to V.I. Arnold, who
established a geometric framework for hydrodynamics by studying the Rieman-
nian nature of the infinite-dimensional group of diffeomorphisms (Arnold and
Khesin 2021). The recent paper (Gentil et al. 2020) formulated Schrédinger’s
problem via Otto calculus, where the equation of motion is given by an infinite-
dimensional Newton equation, cf. Khesin et al. (2021) and von Renesse (2012) on
related matters. All these works can be called a “geometrization” of (stochastic)
dynamics. In contrast, the present framework can be called a “stochastization”
of geometric mechanics. The difference and relations between our framework
and theirs are similar to those between two ways of producing HJ equations for
quantum mechanics mentioned in the introduction. More precisely, while (second-
order) HJB equations play a key role in our framework, various HJ equations with
density-dependent potential terms were derived by them (see Gentil et al. 2020,
Corollary 23; Khesin et al. 2021, Proposition 2.4).

7.4 Second-Order Legendre Transform
7.4.1 From T5*M to 7°M and Back

Let us fix a linear connection V on M. Here, for simplicity, we consider time-
independent Hamiltonians and Lagrangians.

We first produce second-order Lagrangians from second-order Hamiltonians. To
this end, we first reduce the second-order Hamiltonian to a classical one. Given a
time-independent second-order Hamiltonian H : 7 S*M — R, its V-reduction is the
classical Hamiltonian Hy = H o[, : T*M — R, as in (6.42). If Hy is hyperregular
(see Abraham and Marsden 1978, Section 3.6), then its fiber derivative FHy : T*M —
T M, which is given in canonical coordinates by X' = %if’, is a diffeomorphism and
defines the classical Legendre transform (Abraham and Marsden 1978, Section 3.6):
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Lo(x,x) = pix' — Ho(x, p) = pix' — H (x, p, 0), (7.38)

where (0 i) is a family of auxiliary variables introduced in (6.43). Then, we lift L to
an admissible second-order Lagrangian L : 75M — R as in Definition 7.9, that is,
L = Lo o gov. Combining (7.38) with (7.8), the relation between L and H is
L(x, Dx, Qx) = piDyx' — H (x, D, 5)
= piD'x + 36,1 Q%% x — H(x, p, d). (7.39)
We call (7.39) the second-order Legendre transform. In particular, if we restrict the
admissible second-order Lagrangian L to the subbundle of 75M with coordinate

constraint Q/Fx = g/¥(x) for some symmetric (2, 0)-tensor field g [which is just the
condition in (7.10)], and let H be (g, V)-canonical, then by (6.45), we have

L(x, Dx, Qx) = piD'x + 30jx Q% x — H(x, p, 0). (7.40)

Consequently, we can find the relation between second-order Hamilton’s principal
functions and action functionals. By (6.41) and (7.40),

D;S = L(t,x, Dx, Qx) = Lo(¢t, x, Dyx).

One concludes, from Dynkin’s formula, that for an M-valued diffusion X €
A ([0, TT; q, p),

T
ES(T, X(T)) — S0, q) = E/ Lo (t, X(t), DyX(t))dr = S[X;0,T],
0

and

S(t,x) = 50, g) = B¢ S, X (1)) — S0, X(0))]

t
— Eq. f Lo (s, X(s), DyX(s)) ds,
0

where E; ) is the conditional expectation E(-| X (t) = x). These mean that the action
functional is the expectation of second-order Hamilton’s principal function (up to an
undetermined constant), while the second-order Hamilton’s principal function is the
conditional expectation version of action functional.

Conversely, let us be given an admissible second-order Lagrangian L : 75M — R
which is the V-lift of a classical Lagrangian Lo : TM — R. If Lg is hyperregular,
then its fiber derivative

FLo:TM — T*M, (x,x)~ (x,d;Lg), (7.41)
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which is written in coordinates as p; = %L?,

classical inverse Legendre transform:

is a diffeomorphism and defines the

Ho(x, p) = pix' — Lo(x, X). (7.42)

We replace coordinates 9 by (Divx), due to (3.2). Now, given a symmetric (2, 0)-
tensor field g, we lift Hy to the (g, V)-canonical ﬁg in (6.44). The relation between
ﬁg and L is

Hi(x, p,0) = piDgx = Lo(x, Dyx) + 187 () (056 = T, ()
= piDix + %ojk ijx — L(x, Dx, Ox) (7.43)
+ 73 (874 () — 07*x) 0},

where (o ) 18 the tensorial conjugate diffusivities defined in (5.6). We call (7.43) the
(g, V)- canonlcal inverse second-order Legendre transform. When g is Riemannian
and V is the associated Levi—Civita connection, we call (7.43) the g-canonical inverse
second-order Legendre transform. In particular, when restricting L onto the subbundle
of 75 M with coordinate constraint Q/Kx = g/¥(x), we have

Hi(x, p,0) = piD'x + Lo 0/%x — L(x, Dx, Ox). (7.44)

Following the procedure in classical mechanics (Abraham and Marsden 1978, Def-
inition 3.5.11), for a given classical Lagrangian Ly : TM — R, we define a function
Ag: TM — Rby Ag(vy) = FL¢(vy) - vy, and the classical energy Ej : TM — Rby

Eo = Ag — L. Notice that in local coordinates, Ag = x ‘;—l and Eg = x* " — L.

Example 7.21 1tis easy to check that the V-lift of the classical Lagrangian L in (7.25)
is the second-order Legendre transform of the second-order Hamiltonian H in (6.26).
And conversely, the latter is the g-canonical inverse second-order Legendre transform
of the former. The classical energy associated with this Lagrangian is given by

Eo(t,x,x) = %p& —b(t, x)|> + (X — b(t, x), b(t, X)) + F(t, x). (7.45)

Each term at RHS corresponds to a kinetic energy, a vector potential energy and a
scalar potential energy, respectively.

7.4.2 Stochastic Hamiltonian Mechanics on Riemannian Manifolds

Given a reference metric tensor g, i.e., a geodesically complete Riemannian metric
as in Sect.7.2, let V be the associated Levi—-Civita connection. If a second-order
Hamiltonian H is the g-canonical lift of a classical Hamiltonian Hp, namely, H = ﬁg
as in (6.44), then the stochastic Hamilton’s equations (6.17) can reduce to a simpler
Hamilton-type system on 7*M, which is exactly equivalent to the stochastic Euler—
Lagrange equation (7.22) via the classical Legendre transform (7.41) and (7.42).
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Similarly to (7.19) and (7.20), we introduce, for a smooth function f on T*M,
the vertical gradient V), f and horizontal differential dy f which are given in local
coordinates (x, p) by

af @ af . af\
Vof =——, dif == +T5ppr——)dx'.
2 dp; Ox! < <8x’ + ”pkapj *

Both are invariant under change of coordinates. Still by the classical theory, the con-
nection V can uniquely determine a 77*M-valued 1-form on 7*M horizontal over
M, given by

M =dx @ i+l“1‘-pki
axt Y0pi )

Hence, we have d, f = I'*(df). Givena l1-formnon M, fon :q — f(n,) isa
smooth function on M. Then, it is easy to verify that

d(fon) =dcfon+Vw,fomn. (7.46)

Theorem 7.22 Given a smooth function Hy : T*M x R — R.

(i) LetH = ﬁg : TS*M xR — Rbe the g-canonical lift of H. Let X be the horizontal
integral process of stochastic Hamilton’s equations (6.17) corresponding to H and
X = tf,l* (X). Define a T*M-valued horizontal diffusion by X := 0*(X). Then,
X(t) = p(t, X(¢)) solves the following system on T*M,

Dy X(1) = VpHo(X(1), 1),

D (7.47)
2, Pt X(1) = —d: Ho(X(1). 1),

subject to QX (1) = g(X(¢)), where C% is the damped mean covariant derivative
with respect to X. In this case, we refer to the system (7.47) as the g-canonical
reduction of (6.17), or global stochastic Hamilton’s equations.

(i) If Hy is hyperregular, then the global stochastic Hamilton’s equations (7.47) are
equivalent to the stochastic Euler—Lagrange equation (7.22) via the classical Leg-
endre transform p = d; Lo and Hy(x, p,t) = p - X — Lo(¢, x, X).

(iii) Let S € C°(M x R). Then, the following statements are equivalent:

(a) for every M-valued diffusion X satisfying
Dy X (1) = VpHo(dS(t, X (1)), 1), QX(1) =g(X()), (7.48)

the T* M -valued process d S o X solves the global stochastic Hamilton’s equations
(7.47);
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(b) S satisfies the following Hamilton—Jacobi—Bellman equation

3 1
5, T H@ES. D+ SAS = [, (7.49)

for some function f depending only on t.

Proof (i) Since H = H{ = Ho + 3g'% (0 — e pi), (QX)7% =22 if and only

90
if 0X(t) = g(X(r)). Since,
OH 0Hy, 1

i = o 58/ Ty = dx' (Y, Ho) - —(QX)ko,k,

we have (DX)i = p H if and only if DyX = V, Hy, due to (2.20). This proves
the first equation of (7.47). Furthermore,

oH dHy 1 ; 1
g = et + 0’ (o = Tham) = 26 AT
dHy . 1 .
= g}, <0jk - Fﬁ-kpz) - Eg”‘ail“ﬂ-kpz.

On the other hand, by applying Lemma 7.8 (ii) and (iv), and the equation Dy X =
VHp, we have

Dp Do;
(D(poX))i =Dipi =Di[p(di)] = (3 )+p ( i )
+(QX)*(Vy, p) (V3 9;)
Dp 1 1.
= E(B,) + [) (VDVXai + Egjkvzgj,akai + Egij(ai, 3])8k>
+ 875 (Va, ) (Y, 3;)
Jjkym . [
+8" iy (ajpm - ijpl> .
(7.50)

Hence,

dH D .
(D(p o X)) + 5= = —E(3) +dx Ho@) + 8" Th, (9P — o)

The second equation of (7.47) follows from (6.15).
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(i) The equivalence between (7.47) and (7.22) follows from the following calcula-
tions:

VpHy = Vp(p-x —Lo) = x,
d0Hy «  OHy ;
dxH() = (ﬁ =+ Fl]pka> dx

dLg  0Lo . ; .
= (—W + Fijmxj dx' = —de().

(>iii) By (7.7), conditions (7.48) and (7.46),

ﬁ(dS)— 9 +V +1A dS)
dt ~\or Dyx T 5 7LD

SPLLIR ds - Laa* + aaas
=do (V) HoodS) >

38 1o,
=d +d(Hy0dS) — diHyodS — ~dd*dS

S 1

The result follows.
O

Remark 7.23 (i) Assertions (ii) and (iii) of Theorem 7.22 generalize Theorem 7.18,
since from the Legendre transform p = d; Ly we observe that the S-EL equation
(7.22) is related to HIB equation (7.49) via Eq. (7.29). However, assertion (iii) is
a special case of Theorem 6.19, since HIB equation (7.49) is just the one in (6.39)
with H = H(g) the g-canonical lift of Hy, due to the observation that ﬁg d*S,1) =
Ho(dS, 1) + 3 AS.

(i) The advantage of Theorem 7.22 is that it formulates stochastic Hamiltonian
mechanics in a global way similar to stochastic Lagrangian mechanics, while its
disadvantage is that it depends on the choice of Riemannian structures. However,
unlike stochastic Hamiltonian mechanics of Sect. 6, neither global S-H equations
(7.47) nor HIB equation (7.49) encodes any new symplectic or contact structures,
as the Hamiltonian functions therein are still classical.

(iii) By a direct calculation similar to (7.50), one easily obtains the following local
version of stochastic Euler—Lagrange equation (7.22):

9L dLo 1 ., dLo 1_ . ( 9’Lo , Lo
D, (—)=—+ gk, — — —8;g’ 1l ——).
' <3x> vt 2% kg T 2%\ Grark T kg

(7.51)

This local version is related to stochastic Hamilton’s equations (6.10) via the
canonical second-order Legendre transform (7.43).
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(iv) Similarly to Remark 6.20, if we let H = H — f, then Theorem 7.22 holds with H
and zero function in place of H and f. We will refer to Eq. (7.49) with f = 0 as
the HIB equation associated with Hamiltonian Hy, or the HIB equation associated
with the Lagrangian L related to Hy via the Legendre transform (when Hj is
hyperregular).

On Riemannian manifolds, canonical transformations of Sect.6.5 can also be
reduced to tangent bundles. We consider a bundle isomorphism F from 75*M x R
to 75*N x R, projecting to a time-change map F* : R — R. The transformation
F is a map from coordinates (x', p;, 0jk, 1) to (y', P;, O, s) satisfying s = FO(r).
Both base manifolds M and N are equipped with some Riemannian metrics and the
corresponding Levi—Civita connections.

By the inverse second-order Legendre transform (7.44) and the integrability con-
dition (6.15), the action functional in (7.9) can be rewritten as

S[X;0,T]

T
=E /0 [mr X)(DX) (1) + » 5 25, xu)@x)*(r) - Hé(X(rm] dr

T
— E/ [p,- (t, X (1)) 0 dX'(t) — Hy(X(2), t)dt] ,
0

where o d denotes the Stratonovich stochastic differential and ﬁé = Ho+ % gj k(o ik —
F;'.kp,-). We denote simply x=xloX, pi = pioXand H = ﬁg. Then, § =
E fOT(Pi odx'(t) — Hdt). Now we make a change'of cogrdinates from (x%, pi,t) to
(y', P;, s) satisfying s = FO(¢), and denote that y/ = y' o X and P; = P; o X. We
have

T

S = E/OT (P,» odyi(s) — de) - E/O (P,- 0d(y' o FO)(1) — KFOdt> :

where the function K plays the role of the second-order Hamiltonian in new coordinate
system.

As in Sect. 6.5, the general condition for a transformation to be canonical is to
preserve the form of stochastic Hamilton’s system (7.47). This is equivalent to pre-
serve the form of stochastic stationary-action principle (7.12), according to Theorem
7.22.(ii). It follows from §S = O that

SE/OT (p,' odx! (t) — Hdt) = 8E/0T (P,- 0d(y' o FO)(t) — KFOdt> —0.

Since the underlying process X has zero variation at the endpoints, both equalities
will be satisfied if the integrands are related by the following SDE:

piodx' — Hdt = Pi ody' — KF%t +dG, (7.52)
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where G is a function of phase space coordinates (x, p, t) or (y, P, s) or any mix-
ture of them and called the generating function. Note that in contrast with the classical
theory of canonical transformation and also (6.36), here Eq. (7.52) for canonical trans-
formations is a stochastic differential equation, instead of equation for forms.

Consider the type one generating function G, thatis, G = G(x, y, t) is given
as a function of the old and new generalized position coordinates (cf. Goldstein et al.
2002, Section 9.1). Then, using 1t0’s formula dG = %tdt + 5%+ odx’ + 521 oy,
and vanishing the coefficients of every (stochastic) differentials odx, ody and dt in
(7.52), we get

G G -0 0G|
=—, PP=———, KF'—H=—,
ax! ay' at

Di
which recovers (6.37). By taking F° = Idg (i.e., no time-change) and requiring the
new Hamiltonian K to be identically zero, and writing G as S the last equation turns
into the following HJB equation

0S ; 08 1 1
— O, y, )+ Hy[x', —(x,y, 0,1 )+ A5, y, 1) + A,S(x, y,1) =0,
ot ox? 2 2

where (x, y) are regarded as coordinates on the product manifold M x N equipped with
the direct-sum Riemannian metric and its corresponding Levi—Civita connection, Ay
and Ay are the Laplacian on M and N, respectively, so that A, + A is the Laplacian
on M x N under the aforementioned connection.

In contrast to the mixed-order contact approach to canonical transformations of
Sect. 6.5, since the changes of coordinates proceed on T*M, one can easily formulate
four types of generating functions that are related to each other through classical
Legendre transforms in the same way as in classical mechanics (Goldstein et al. 2002,
Section 9.1). For example, the type two generating function takes the form G =
Go(x, P,t) — y' P;, for which we have

3G, ., 9G . 3G
I i 0 ppo g 22 (7.53)
oxi P, ot

Pi

In this case, since (x’) and (y’) are no longer independent variables, Riemannian
structures on M and N should be related by the transformation. In view of this, we
only consider point transformations, a subclass of canonical transformations. That is,
we assume G to be the form

Go(x, P, 1) = fi(x,0)Pi + h(x, 1)

for some diffeomorphisms f : M — N’sand h : M — R. The second equation of
(7.53) implies

yo= flx, .
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So we equip N with the (time-dependent) pushforward Riemannian metric of g on M
by f, and with the Levi—Civita connection.

Example 7.24 (Canonical transformations for one-dimensional Bernstein’s reciprocal
processes) Consider the scalar case of Example 6.11, that is, the R-valued Brownian
reciprocal process with second-order Hamiltonian H (x, p,0) = Hy(x, p) + %o =
%|p|2 + %0. The equations of motion are DDX = 0, QX = 1 [cf. (6.33)]. In the
following, we will consider two canonical transformations which transform Brown-
ian reciprocal processes to reciprocal processes derived from diffusions with linear
potentials and quadratic potentials, respectively.

(i) Consider the time-dependent change of coordinates from (x, p,t) to (y, P,1t)
(without time-change) induced by G (x, P,t) = (x + %tZ)P —tx. By (7.53),

y=x+3t2 p=P—t, K=H+Pt—y+ i (7.54)

For the latent second-order coordinates, we have

9P dp
T 9y oax
Hence, by the last equation of (7.53), the new second-order Hamiltonian is

1 1 1
K(y, P,0,1) = Ko(y, P,0) + 50 = 5|P|2 —y+2+ 50

which is still of the form (6.26), with b = 0 and F(r, y) = —y +12. The equations
of motion under new coordinates are DDY = 1 and QY = 1. By Remark 6.20, K
share the same equations of motion with K (y,P,0) = %|P |2 y+3 L 0. In other
words, (7.54) transforms Brownian reciprocal processes to reciprocal processes
derived from diffusions with linear potentials. This example is taken from Lescot
and Zambrini (2007, Theorem 4.1.(1)), where the authors used (7.54) to transform
free heat equations to heat equations with linear potentials. We refer readers to
Lescot and Zambrini (2007) for more applications of canonical transformations of
contact Hamiltonian systems to Euclidean quantum mechanics in Example 6.12.

(i) Consider the following change of coordinates from (x, p, t) to (y, P, s) (with
time-change)

x=yv1—1t% P =pV/1—1t2+yt, s=arctanht. (7.55)

Clearly, the map (x, p) +— (y, P) is induced by the type three generating function

2 . .
G3(y, p.t) = —py~'1 — > — %t via relations x = —% and P = —33—(;3. The
relation between the latent coordinates o and O is

9P 9pd
PN 2 vr=0=o+1. (7.56)
8y © 9x dy
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The new second-order Hamiltonian K satisfies K % —H= %

ing with (7.55) and (7.56), we obtain

. Hence, combin-

1 pyt 1 1
K(v,P,O.5) ==t =|pP+ -2 — |y + =
(y 5) = ( )(2|pl+m 2IyIJrZO
1o, 1, 1 1
=—|P*-= —0 — - tanhs.
2|| 2IyI—i-2 2ans

This differs with the second-order Hamiltonian of Euclidean harmonic oscillators
in Example 6.12.(ii), i.e., K (y, P, 0) = $|P|>—~%|y>+1 0, by aterm depending
only on time. So by virtue of Remark 6.20, K and K share the same equations
of motion DDY = Y, QY = 1. Therefore, (7.55) transforms free reciprocal
processes to Euclidean harmonic oscillators.

Example 7.25 (Canonical transformations for vanishing potentials) Let (M, g) be Rie-
mannian. Take G (x, P,t) = x' P; — S(x, t) for some function S. Then,

B S 8S
y_x7 pl_l 3xi’ - 8[

Since the transformation on base manifold M is identity, it does not change the Rie-
mannian metric, and
ap; 0P 328
Oij = " = — — - =
ax/’ ay/  dx'ox/

(i) We consider the Hamiltonian H@, p) = bl (x) pi — F(x), whose corresponding
second-order Hamiltonian H = H g has a diffusion with generator %A +b-V—F
for solution process (see Sect. 6.3.1). Then, the new Hamiltonian is

Ko(y, P, 1) = b'(») P, — (b(y), VS(y, 1))
1 MY
—F(y) — EAS(y, ) — E(y, 1).

If we choose S solving the backward PDE (6.23), then K(y, P) = b'(y)P; has
a diffusion process with generator %A + V,, for solution. In particular, such a
canonical transformation can transform a diffusion process with a scalar potential
into a free motion.

(ii) Consider the Hamiltonian Ho(x, p,t) = 1" (x)pip; + g (x) pi%(x, 1) +
b (x)p; — F(x), whose corresponding second-order Hamiltonian H = Hj has a
Schrodinger’s bridge with vector potential (b 4+ V.S) and scalar potential — F for
solution process. Then, the new Hamiltonian is

1 .. . 1
Ko(y, P.t) = Eg” V)P Pj + b (y)Pi = (b(y), VS(y, 1)) — EIVS(y, NI = F(y)

1AS( 1) aS( t)
2 Y ar
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To transform K| into the standard form Ko(y, P, 1) = 3¢ (y)P;P; + b' (y) P;
whose solution is a Schrodinger’s bridge with vector potential b, we only need to
assume that S solves HIB equation (6.28). In particular, such a canonical trans-
formation transforms a Schrédinger’s bridge with a scalar potential into a free
one.

Regarding the classical energy introduced in the end of Sect. 7.4.1, for a given
classical Lagrangian Lo : R x TM — R, we introduce its generalized (or deformed)
energy E: R x TM — R by

E(t,x,%) = Eo(t, x, %) + $AS(t, x),

where S is the solution of the Hamilton—Jacobi—Bellman equation (7.49) associated
with Ly (with f = 0). The term %AS stands for the stochastic deformation.

7.4.3 Small-Noise Limits

In this part, we will see, informally, how our stochastic framework degenerates into
classical mechanics as the noise goes to zero. Let € > 0 be a small parameter which
we refer to as diffusivity. The limit when € — 0 is called the small-noise limit.

Let Ag([O, T]; g, ) be the small-noise version of the admissible class (7.10),
that is, with the constraint QX (f) = €g(X(¢)). The e-dependent stochastic varia-
tional problem is to minimize the action functional S[X; 0, T'] in (7.9) among all
X e AZ,([O, T1; g, ). Then, the same procedure as Sect.7.2 yields the following
e-dependent stochastic Euler—Lagrange equation:

~NE

D
E(deo (t, Xe(1), DvXe(1) ) = dyLo (1, Xe (1), DvXe (1)), (7.57)

which is an equivalent condition for X, € .AZ, ([0, TT; g, ) to be a stationary point of

.
S. Here % is the damped mean covariant derivative with respect to X, so that

0 €
— =—+4+V —AID.
dr 9 T Vpyx T 5ALD

Now as ¢ — 0, since QX — 0, X, tends to some deterministic curve y =
(Y (#))tefo,7) (in a suitable probabilistic sense), and Dy X, (¢) tends to y(¢). Thus,
we can write informally

A0, TT; ¢, ) — AYO, T1; g, )
- {y is adapted with paths in C2([0, T], M) : y(0) = ¢, Po (y(T))~! = u} .
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The e-dependent stochastic variational problem tends to the following deterministic
variational problem

T
min / Lo (, y (1), p (1)) dt. (7.58)
yeA%(0.TLq,m) Jo

And the e-dependent stochastic Euler—Lagrange equation (7.57) tends to
D . .

where, = a ; + V,, is the material derivative along y. This is the classical Euler—
Lagrange equation in global form, cf. Villani (2009, p. 153).
We introduce the following e-dependent version of the g-canonical lift (6.44):

He(x, po,1) = Ho(x, p. 1) + 587 () (056 = Ty )i

Let X be a horizontal integral process of stochastic Hamilton’s equations (6.10)
corresponding to H, and X, = t}f,,*(Xe). Since (Q(x o X))k = 28—Hf =eg—> 0
aH, 3 H

o 3_1)0 and

%Hf — %i,o, the limit 7* M -valued process satisfies classical Hamilton’s equations,

as € — 0, X¢ converges to a T*M-valued process. And since

() =@, po), ),
) aH (7.60)
pi(1) = =53 (x (@), p(), 1).

Let X¢ := 0*(X¢). Then, X (1) = p(¢, X, (t)) solves the system of global stochastic

Hamilton’s equations (7.47), with X, X, and 2 7 inplace of X, X and 2 77> respectively,
subject to QX (t) = €g2(X(1)). As € goes to 0, this system tend to the following
deterministic system,

x(t) = vaO(x(l)! p(t)’ t)&

D (7.61)
Ep(t) = —dHo(x(t), p(), 1),

This is indeed the global form of (7.60) which is equivalent to the global Euler—
Lagrange equation (7.59) via the classical Legendre transform.
The corresponding e-dependent Hamilton—Jacobi-Bellman equation is now

BN 39S €
=+ H.(d*S,1) = — + Hy(dS, 1) + =AS = £(1),
ar+ e ( ) 8t+ o( )+2 f@

which, as € — 0, goes to the classical Hamilton—Jacobi equation

§+H(dSt)— (1)
ot oS, D) = f ().
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The latter corresponds to (7.59)—(7.61) via classical Hamilton—Jacobi theory (e.g.,
Abraham and Marsden 1978, Chapter 5).

We list here some previous works that have independent interests in the above small-
noise limits, in some special cases. The time-asymptotic large deviation for Brownian
bridges of Example 6.11 was studied in Hsu (1990). The second author of the present
paper and his collaborator proved in Privault et al. (2016) a large deviation result for
one-dimensional Bernstein bridges which are solution processes of Euclidean quantum
mechanics in Example 6.12. The paper (Léonard 2012b) proved that the I'-limit of
Schrodinger’s problem in Sect.7.3 with small variance is the Monge—Kantorovich
problem. The latter is the optimal transport problem associated with the classical
variational problem (7.58) (Villani 2009, Chapter 7). See Mikami (2021, Section 2.3)
for more on small-noise limits of stochastic optimal transport.

Remark 7.26 There are various terminologies in other areas related to the small-noise
limit. In thermodynamics (Huang and Zambrini 2023), € stands for the Boltzmann
constant which relates to the diffusion coefficient via Einstein relation, as consistent
with Schrodinger’s original statistical problem (Schrodinger 1932); when applied to
quantum mechanics as in Example 6.12, the small-noise limit is called the semiclassi-
cal limit and the parameter € stands for the reduced Planck constant 7; when/if applied
to hydrodynamics (cf. Arnaudon et al. 2014; Chen et al. 2023), it is often called the
vanishing viscosity limit and € stands for the kinematic viscosity v. The latter may
be expected to solve Kolmogorov’s conjecture that the ““stochastization” of dynamical
systems is related to hydrodynamic PDEs as viscosity vanishes (Arnold and Khesin
2021). In physics, diffusivity, Planck constant and viscosity are indeed related to each
other (Trachenko and Brazhkin 2021).

7.4.4 Relations to Stochastic Optimal Control

Following the way of converting problems of classical calculus of variations into
optimal control problems (see Fleming and Soner 2006), we can regard the stochastic
variational problem of Sect.7.2 as a stochastic optimal control problem.

Assume that (M, g) is compact (for simplicity). Consider a stochastic control model
in which the state evolves according to an M -valued diffusion X governed by a system
of MDEs on the time interval [¢, T'], of the form

(7.62)

DyX(s) =U(s),
0X(s) = g(X(s)),

or equivalently, by an Itd SDE of the form
. . 1 . . .
dX'(s) = (U’(s) — Eg-’k(X(s))I‘;k(X(s))) ds + o (X(s))dW'(s), selt,T],

where o is the positive-definite square root (1, 1)-tensor of g, i.e., Zle olof =gV,
W is an R?-valued standard Brownian motion and, most importantly, U is a T M-
valued process called the control process. There are no control constraints for U as it
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is admissible in the sense of Fleming and Soner (2006, Definition 2.1). As endpoint
condition, we require that X () = x.
The control problem on a finite time interval s € [z, T'] is to choose U to minimize

T
J(,x; X,U) :=Eq .y [/ Lo (s, X(s), U(s))ds — ST(X(T)):| , (7.63)
1

among all pairs (X, U) satisfying the system (7.62) and the endpoint condition, where
St is a given smooth function on M. The real-valued smooth function Lo on R x TM
is called running cost function and J the payoff functional. The problem is called
a stochastic Bolza problem. In the case St = 0, this stochastic control problem is
of the same form as our stochastic variational problem of Sect.7.2. For this reason,
we call the latter stochastic control problem to be in Lagrange form. By an argument
similar to Theorem 7.16, one can derive the same equation as (7.22), but with boundary
conditions X (t) = x and d; Lo(T, X (T), Dy X(T)) = dS7(X(T)).

The starting point of dynamic programming is to regard the infimum of J being
minimized as a function S(z, x) of the initial data:

S(,x)=— inf J(,x;X,U).
X,U)

Then, Bellman’s principle of dynamic programming (Fleming and Soner 2006, Section
II1.7) states that forr <t +¢ < T,

t+e
0= inf Egy [/ Lo (s,X(s),DVX(s))ds—S(t—i—e,X(t—i—e))—i—S(t,x)].
Xxell (M) t

Divide the equation by ¢, let ¢ — 07, and then use Dynkin’s formula. We get the
dynamic programming equation

0 =inf[Lo(t, x, Dyx) — (DS)(t, x, Dx, Ox)], (7.64)
subjected to terminal data S(7', x) = St (x). By (4.5) and (7.62),
DS = S + Dxdy S + $0Uxdi0;8 = 0,5 + (Dipx — STy g7%) 0,5 + Lgl010;5.
We let

H(x, p,o,1) = sup [ (Dyx = 4T, (g7 () pi + 36" (0)oy; = Lo(t, x, Dy)|

where the supremum can be ignored if Lo is convex, so that H = Hg is exactly
the canonical inverse second-order Legendre transform in (7.43). Then, the dynamic
programming equation (7.64) can be written as the HIB equation (6.38), cf. Fleming
and Soner (2006, Section 1V.3).
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There is also a stochastic version of Pontryagin’s maximum principle (Yong and
Zhou 1999, Theorem 3.3.2). The crucial objects in stochastic Pontryagin’s principle
are first- and second-order adjoint processes, p and o, respectively. Corresponding to
the stochastic control problem (7.62)—(7.63), its adjoint processes p and o satisfy the
following backward SDEs (Yong and Zhou 1999, Section 3.3.2) (where “backward”
is again in a different sense from ours in Sect. 2),

d
(8", + eair), ) xo)p; 0 = Y- a0 (X025, )

1
dpi(t) = |:§
r=1

+% @, X, U(t))] dt (7.65)

+ zir (AW (1),
pi(T) = 0; ST (X(T)),

and

2778

0°H,
dO,‘j([): i ox]

O (X(1), pt), 0(t), 1)

32 Hy 82
+ 0ik (1) (o,z(t) (X(t) pt), 1) +2

oax/
—ou(t) (9;8™Th, + g”" 0;Th, ) (X() (7.65)

o (X(@®), p(1), t))

d
+ 3 (050F X Zikr (1) + 8,01 (X 1) Zitr () ]dt + Zijp (AW (1),

r=I1

0ij(T) = 0;0; S (X(T)),

which are called first- and second-order adjoint equation, respectively. The unknowns
in (7.65) and (7.66) are the pairs (p, z) and (o, Z), respectively. Suppose that p; (1) =
pi(t, X(t)) and 0;;(t) = 0;;(t, X(¢)) for time-dependent second-order form (p, o)
that satisfies second-order Maxwell relations (6.15). Then,

Zir = 707, Zijr = =0,

Plugging them into (7.65) and (7.66), we get

’

02HS  dpr oap 0HS dpr 02HS dox 92HS
DijO_—( 0 9Pk Op1 0 Zﬂ 0 2& 0

dxioxs | axi gxJ Opkdp; ox’ 0x70 p axt dxJdoy
(7.67)

These coincide with the corresponding equations in the S-H system (6.10) for second-
order Hamiltonian H §. The first equality of (7.67) also recovers (7.51).
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7.5 Stochastic Variational Symmetries

Definition 7.27 Given an action functional S as in (7.9), a bundle automorphism F
on (R x M, r, R) projecting to F is called a variational symmetry of S if, whenever
[71, 12] is a subinterval of [0, T], we have S[F - X, FO(r1), F°(t2)] = S[X, 11, 12]. A
m-projectable vector field V on R x M is called an infinitesimal variational symmetry
of S, if its flow consists of variational symmetries of S.

Lemma 7.28 The m-projectable vector field V of the form (4.9) is an infinitesimal
variational symmetry of S if and only if

[TV + LoV°] (77 X). 1€0.T]

is a martingale, for all X € IOT (M).

Proof As in the proof of Theorem 4.14, we let ¥ = {(/2, ¥¢)}ccr be the flow gener-
ated by V, and denote f(e = ¥ - X. Then, by a change of variable s = 1/;3(1‘),

_ A4G)) . -
ST w200, 020] =B [ Lo (5. %e(0). DeXels)) s
¥(11)
1 - ~ dy?
—E [ Lo (420 Giett. X0, Dy e (9010)) v yar.
1

Since for all [t1, 2] C [0, T] and each €, S[Xc, ¥2(t1), ¥2(12)] = S[X, 11, 12], we
have that the difference

dyd

ar (1) = Lo (t, X (1), Dy X (1)) .

Lo (W20, Fe(t, X0), Dy X2 ())

is a martingale (depending on €). Taking derivatives with respect to € and evaluating
at e = 0 for the above equality, and recalling that jVV = % |€:O 7V ¥e, we can obtain
the desired result. O

Definition 7.29 Given a smooth function ® : R x M — R. A m-projectable vector
field V on R x M is called an infinitesimal ®-divergence symmetry of S, if

[(7V) @)+ LoV°] (57 X) = Do (57 X),

forall X € I/ (M) andt € [0, T].

Recall that for the 7 -projectable vector field V' of the form (4.9), we denote V=
Vi asin Corollary 4.17.

Axt’
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Proposition 7.30 A vector field V of the form (4.9) is an infinitesimal ®-divergence
symmetry of S if and only if

0 > DV 50
\% 3tL0 +de()(V) + deO W -V E() = th)

Proof 1t follows from Corollary 4.17 and (7.19), (7.20) that
D@ =V, Lo+ Vid;Lo
+ (0 +£70;) VI + L (AV + Rie(¥))" = VO |95 Lo + VOLo

= VOE)IL() + de()(\_/) +d; Lo ((3; + Vi + %ALD) ‘_/) —vO (x"a)-(,- Lo — Lo)

_ DV .
=V%,Lo+dyLo(V) +di Lo (7) — VOE,.

This concludes the proof. O

Corollary 7.31 Let Lo : R x TM — R be a hyperregular Lagrangian.
Let V be a vector field of the form (4.9). Given a smooth function ® : Rx M — R,
define the ®-extension of V by

0
Vo=V +d—, (7.68)
u

which is a vector field on R x M x R. Suppose that V satisfies
Lvoas—giv2 s
2 =8 ai,Vaj v

for S the solution of the Hamilton—Jacobi—-Bellman equation (7.49) associated with
Lo (for f = 0). Then, V is an infinitesimal ®-divergence symmetry of S if and only
if Vo is an infinitesimal symmetry of equation (7.49).

Proof By the classical jet bundle theory, we know that V is an infinitesimal symmetry

of Hamilton—Jacobi—Bellman equation (7.49) if and only if (Olver 1998, Theorem
2.31)

j?v (u + Ho(x, (u;), 1) + 38" (X)uij — 58 ()T}, (x)uk) =0, (7.69)

where

oy —pod Ly 00y Oy Py O
R P T L L PR PR
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with coefficients given by Olver (1998, Theorem 2.36 or Example 2.38)

3D ., V! e v/
Vi=——-Vu — —u;, Vi=_———uj,
ot ot axt ox!
v BRI 92Vk vk vk
i = n el n ~Up — — U — —Ujf.
& oxtox/ oxtox/ k dxt Jk dx/ ik

Moreover, the jet coordinates (u,, u;, u;;) satisfy
(uo i uip) = (S, 8;S, 8;;S) = (—Eo — 3AS, 8;: Lo, 9;;S).

where we recall dS = d; Lo from Eq.(7.29) and Remark 7.23, and also that 9;S =
—Hy(dS,t)— %AS =—FEy— %AS. Plugging these into (7.69) and using the fact that
0;Hyp = —9,L¢ and 0,; Hy = —9,i Lo due to classical Legendre transform, we have

0= VOB,H() + Vi (ax,-Ho + %aigjkuj — %Bigijékul — %g/kail*;km)

+ (8@ = Vour — 0, Viwy)
+ (8,~CI> - 8,-Vlul> (a,,,. Ho — %gikr§.k)
+ 16U (3i9;® — 3;9; VFug — 8 VFuj — 3;VFu)

=V, Ho + V'8, Hy — (3 + 8, Hod;) Viu;
— 38t (340, VE = DL vk 2180,V 4+ arh V1) i
—VOu; — g (8,- vE+rh, Vm) (Mik - kam) (7.70)
n [8,61) n (a,,,. Ho — %gikr§.k) 3P+ %gifa,-a@]

= = VO Lo = ViduLo— (8 +478;) Vidu Lo — § [AV +Rie()] a3 Lo

+ VO (Eo+ 3A8) =V o yS+ (a0 + 50+ Jao)

0 (7 ﬁ‘_/ 70
= — | V70 Lo+ dxLo(V)+di Lo vl VYEy,

190AQ_ 4ijo2
+ (2\/ AS —g vahvajvs) + D@,

where, in the last equality, we used the fact that (Q X)/ () = g"/ (X (¢)) to derive D ®.
The result then follows from Proposition 7.30. O

Theorem 7.32 (Stochastic Noether’s theorem) Let Lo : R x TM — R be a hyper-
regular Lagrangian. Suppose that the vector field Vo in (7.68) is an infinitesimal
symmetry of the Hamilton—Jacobi—Bellman equation (7.49) associated with L (with
f = 0). Then, the following stochastic conservation law holds for the stochastic
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Euler—Lagrange equation (7.22),
D, [v"a)-c,-Lo _VE — q>] —0. (7.71)

Proof Recall that dS = d; L and ;S = —Ep — %AS = —E. By applying Lemma
7.8.(iv) and (7.22), as well as the fact that (QX)"/ (1) = g"/ (X(¢)), we have

DV

D [diLo(V)] = diLo <_) o D@ilLo)

S (M) +(0X)7 (V5,(dLo)) (Vo V)

dt

DV > ij S
. - d. 1 + g2
=d; Ly ( p ) +diLo(V) + g 3i,Va_,-‘7 :

Then, we use HIB equation (7.49) (with f = 0) and the classical Legendre transform
Hy =d;Ly-x — Lg to derive

DE = —D3S = —3 (3 + Vi + 5A) S = =, [dS - % + (3 + $A) S]
= —0; (dyLo - x — Hy) = —0;Lyg.

Combining these with the S-EL equation (7.22) and the criterion (7.70) for symmetries
of the HIB equation (7.27), we have

D, [Viax,- Lo—VE — q>] =D, [diLo(V)] — V°E — V'D(E — D,

bV T,

— VO (Eo+ 1AS) + V%9, Lo — D@
=0.

The result follows. O

Remark 7.33 (i) In stochastic Hamiltonian formalism, (7.71) reads as D¢[V'p;

~VH — o] =0.
(ii) The stochastic conservation_law (6.19) of a time-independent g-canonical second-
order Hamiltonian H = H (g) can be regarded as a special case of the above

stochastic Noether’s theorem. Indeed, consider the infinitesimal unit time trans-
lation V = %, ie., VO =1,V =0, ® = 0. Then, the criterion (7.70) reduces
to 0 = 0;Ly = —0;Hp, which means that H = ﬁg is time-independent. The
resulting stochastic conservation law is DiE = D¢H = 0.

Applying stochastic Noether’s theorem to Schrodinger’s problem of Sect. 7.3, we
have the following corollary. Its Euclidean case with zero vector potential (i.e., b = 0)
has already been formulated in Thieullen and Zambrini (1997).
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Corollary 7.34 (Stochastic Noether’s theorem for Schrodinger’s problem) Let Lo be
the Lagrangian given in (7.25). Suppose that the vector field Vo in (7.68) is an infinites-
imal symmetry of Hamilton—Jacobi—Bellman equation (7.27) with f = 0. Then, the
Jollowing stochastic conservation law holds for the coordinate process of the solution
of Schridinger’s problem in (7.33),

D[ (D4x = b7) VI = VO (Eo + A5) — ®] =0,

where Ey is the classical energy given in (7.45) and S is the solution of (7.27).
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Appendix A Mixed-Order Tangent and Cotangent Bundles
A.1 Mixed-Order Tangent and Cotangent Maps

Clearly, the mixed-order tangent bundle TR x 75M is a subbundle of the totally
second-order tangent bundle 7" S(R x M), and contains the tangentbundle T (Rx M) =
TR x TM as a subbundle. Similar properties hold for the mixed-order cotangent
bundle.

It is easy to verify that the mixed-order tangent bundle can be characterized as
follows:

TRxTSM ={A e TSR x M) : 75(A) € TR}.
We also define the stochastic analog of the vertical bundle as
Vinm ={A e TR x T5M : 13 (A) = 0}.
Then, it is easy to see that VSg 2R x TSM.

Given a smooth map F : R x M — R x N, we can define its second-order
pushforward Ff as in Definitions 5.5 and 5.7, so that F*S is a bundle homomorphism
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from ‘L']l‘g oy o rfé - In general, F3 neither maps the mixed-order tangent bundle to
the mixed-order tangent bundle, nor maps the vertical bundle to the vertical bundle.
But if F is projectable, then it does.

LemmaA.1 Let M and N be two smooth manifolds and M be connected. Let F :
R x M — R x N be a smooth map. Then, the following statements are equivalent:

(1) F is a bundle homomorphism from (R x M, w,R) to (R x N, p, R);
(i) F3(TR x TSM) c TR x TSN;
(i) F3(VSm) c VSp.

Proof We first prove that (i) implies both (ii) and (iii). Suppose that F is a bundle
homomorphism projecting to FO. Then, p o F = F° o 7 and hence, for any A €
TS(R x M),

pS(FE(A) = (FO)3n3(A).

If A € TR x T5M, then n5(A) € TR and thus p3(F5(A)) € (FO)3(TR) =
(F%)4(TR) C TR. Thisimplies F3(A) € TRxTSN.If A € VSr,then 3 (A) =0,
it follows p35 (F5(A)) = 0 and therefore F3(A) € VSp.

Next we prove either (ii) or (iii) implies (i). Choose local coordinates (¢, x') around
(to,q) € R x M and (s, y/) around F(t, q). Suppose F has a local expression
F=(F% F/).Let A € TR x TSM|(,0)q) having the following local expression:

0 0 i 0 ik 32
A=A"—| +A —| + A —— (A.1)
ot |y, axt, ax/ox* |,
Then, Lemma 5.6 yields
S 0 0 i 0 0 0 82
F;A=(AF")— +(AF")—| +TaA(F, F)—
35 | Fo1g.9) IV Fito.g) 95~ | Fo(19.4)
2 2
+TA(F', Fly———— + 2T A(F°, Fh) : )
Y'Y | Fiag.q) 350Y" | F(1.9)
If (i) holds, then F3(A) € TR x T5N|p,.q)- It then follows
L dFY 9F0 - L OFY o F!
CA(FO, FO) = AF————_ —0 and TA(F°, F')=AF— " —0(A2
A( ) xT Iak A( ) o7 ok (A2)

Since A is arbitrary, we know that % = 0 for all i. Then, by the connectness of M,

FO is independent of ¢ € M. This implies that F is a bundle homomorphism. Now
assume that A € VSM | (19,4) has alocal expression in (A.1) with AY = 0. If (iii) holds,
then F,f(A) € VSN|F(,0yq). This amounts to (A.2) together with

0 20
AFY =Aiai + AJk d _F
dxi dxJ axk
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Again, the arbitrariness of A yields that % = 0 for all {. Thus, F is a bundle
homomorphism. O

It is easy to deduce from the proof that if F = (F°, F) is a bundle homomorphism
from 7 to p, then FJ |7y 75y is a bundle homomorphism from g x ‘L'A‘S:[ to TR X Ty.

When F : Rx M — R x N is adiffeomorphism, we can also consider the second-
order pullback map F5* which is a bundle homomorphism from Tﬁgi o fﬂgi - But
when we restrict F5* to the mixed-order cotangent bundle T*R x 75* M, there are
difficulties. We can check that even if F is a bundle homomorphism, F 5% does not
necessarily map T*R x 75*M into T*R x 75*M. The reason is basically that the
restrictions of second-order pullbacks to the cotangent bundle do not coincide with
usual pullbacks. To overcome this, we consider the dual map of F|;g, sy, This
motivates the following definition, which contrasts with Definitions 5.5 and 5.7.

Definition A.2 (Mixed-order pushforward and pullback) Let F be a bundle homomor-
phism from (R x M, w, R) to (R x N, p, R). The mixed-order tangent map of F at
(t,q) € R x M is the linear map d°F(; 4) : TR x T5M |19y — TR x TSN|F(.q)
defined by

o 2
d°Fu.g) = d"Fa.g)lrx 75 M-

The mixed-order cotangent map of F at (f,g) € R x M is the linear map d° F(*; D"
T*R x T5*N|F(.q) — T*R x T5*M|(; 4) dual to d° F(; 4), that i,

d°Fj; ;) (@)(A) = a(d°F 4)(A)), for A€ TRx T M, € T*R x T¥*N|r(.q).

The mixed-order pushforward by F is the bundle homomorphism FF : (TR x
TSM, g x tAS,,,R x M) — (TR x TSN, tp x r;f,,]R x N) defined by

R o
F, |T,]R><’];SM =d Fi.g)-

Given a mixed-order form o on R x N, the mixed-order pullback of @ by F is the
mixed-order form F®*a on R x M defined by

(FR*O{)(t’q) = dOF(*;’q) (aF(lyq)) , (t,q) eRx M.
If, moreover, F is a bundle isomorphism, then the mixed-order pullback by F is the

bundle isomorphism F&* : (TR x TR*N, tg x 15* Rx N) = (TR x TS*M, 1 x
737, R x M) defined by

Rx __ o %
F |7§RX7;‘S,*N —d FFfl(S,t]/)'

Given a mixed-order vector field A on R x M, the mixed-order pushforward of A by
F is the mixed-order vector field FRA on R x N defined by

(FFA) gy =d°Fr-15.4n (Ap-154)) . (5.4) €ERXN.
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Clearly, the mixed-order pushforward FR is nothing but F5| ;g 75, Write F =
(F°, F). Then, in local coordinates, FR acts on A of (A.1) as follows:

R 0 dF°
FfA=A —(ro)— + (AF") (1o, q) ;
95 [roa) 9y
IF 9F/ 9>
!
1k aal Jo- Q)aylayf
0dF? 3
=A —(to)—
as
2 i

F(t0.q)

+ AR —

F(to q)
i

0IF a
+ 1 A° —(lo q) +A]—(fo q) (A.3)
FO(1g) o1

v 0
ATk
+AT o (o, t])} 3y
q OF OF7 32

A" —— to, —
dxk 9x! (fo q)ay’ayl

F(to,q)

F(t0.q)

And F®* acts on the mixed-order cotangent vector & = aods| po) +@id*y |7 o)+
aijdyi 'dyj|1j-(t0’q) e TR x TS*N|F(t0’q) by

R dr? o i IF dF kgl
Fa =050T(f0)d1‘|t0 + o d°F1y.9) +0lijmw(f0,4)dx ~dx'ly

dF° dF! dF! 2
= Otod—(to)-l-ai—(lo,CI) dtly, +0li_~(IOaCI)d x’g (A4)
i 32 aF" dFJ

By virtue of these local expressions, one easily deduce that

FRlmsrsm = F@slnr x FOIlgsu,

R P S
F™| raprsey = F@* 1w x F@©> |50y
s q/ q,

And in turn, these verify the linearity of FX and F®*. The following property is easy
to check.
LemmaA.3 Let F be a bundle isomorphism from (R x M, w,R) to (R x N, p, R)

and A be a mixed-order vector field. Let f be a smooth functions on R x N. Then,
(FRA)f)o F = A(f o F).

A.2 Pushforwards of Generators

A smoothmap F : M — N can be associated naturally with a bundle homomorphism
Idp x F: Rx M, n,R) - (R x N, p, R) that projects to the identity on R. In this
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case, the pushforward of a diffusion X by Idr x F is just Idgr x F) - X = F(X).
The stochastic prolongations of the bundle homomorphism Idg x F is then

JAdr X F) (.0 X) = ji,Fg)(F(X)).

CorollaryA.4 Let F : M — N be a diffeomorphism. If a diffusion X on M has
a generator A = (Ay), then the process F(X) is a diffusion on N, with generator
FSA = (F3A)).

Proof Assume X € I;,(M).Forevery f € C°°(N), f o F € C*(M), by the assump-
tion, we have

t

f o F(X(1) —foF(X(to))—/ As(f o F)(X(s))ds

fo

— F(FX@) — f(F(X (1)) — /

]

t

((FEA)f) (F(X6)ds

is a real-valued continuous {7;}-martingale. This proves that F(X) € I;)(N) has
generator F A. O

This corollary together with the identification between R x 75M and R x TEM
in (3.6) and (3.7), give rise to the relation between prolongations and pushforwards as
follows:

j (g x F)(t, Ag) = jAdg x F)(juqppX*Y) = j pgn(F o XY = (1. (FS A1) )

= (. d?Fy(Aug)) = (1. d*Fy(Ap) = (dg x F(1, Ag),

so that j(Idg x F) =Idg x F5.

The following corollary is an extension of Corollary A.4 and a straightforward
consequence of Lemma 4.8. Here, we will present another proof, using notions of
“Appendix A.1.”

Corollary A.5 Let F be a bundle isomorphism from R x M, 7, R) to (R x N, p,R)
projecting to FO. If X is a diffusion on M with respect to {P;} and has a extended
generator 3% + A where A is a time-dependent second-order vector field, then the
pushforward F - X is a diffusion on N with respect to {Fpoy-1)}, with extended
generator

d(FH~! /(9
— ~ FR(—+4).
ds * Bt+
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Proof Assume that X € I,,(M) and F = (F°, F). For every f € C®°(R x N),
Lemma A.3 yields that the process

79
foF(t, X (1)) — f o F(t, X(t0)) —f (E + A) (f o F)(u, X(u))du
fo

= £ (Fw. Fa. X)) = £ (F°o), Flto, X))

tFR 9 A FOw), F(u, X d
—/to *(§+ )f( (), Flu, X@))) du

is a continuous {P;}-martingale. Denote so = F(to). By substituting r = (F)~1(s)
which can be done because F is an isomorphism, and using the change of variable
u = (F®)~!(v), and recalling that F - X(s) = F ((F")~!(s), X((F®)~!(s))), the
process

f(s, F-X(s)) = f(so, F - X(s0))

(FO~1s)
_ / FR (3 + A) f (Fo(u), Fu, X(u))) du
(

FO)’I(S()) Bt
= f(s, F-X(s)) — f(s0, F - X(s0))

s 0y—1
- [ or (54 ) s P xana
g ds at

0
is a continuous {Fro)-1 ) }-martingale. The result follows. O

Remark A.6 (i) As aconsequence, the generator of the pushforward F - X is given in
local coordinates by

d(FH-1T/ 98 _ 18 dFYH! q OF dF/ i 92
— +A|F'oF — + A —— )oF —
ds ot ayt ds axk ox! dyidyl

This coincides with Lemma 4.8.

(i1) This corollary together with Lemma A.1 indicates that the bundle homomorphisms
from R x M to R x N are the only (deterministic) smooth maps between them
that map diffusions to diffusions. Indeed, if a smooth map F from R x M to
R x N pushes forward a diffusion to another diffusion, then a similar argument
as in Corollary A.5 implies that F,f would map the extended generator of the
former diffusion to that of the latter, whereas Lemma A.1 says such F*S must be
the second-order pushforward of some bundle homomorphism.

(iii) In particular, if F' is a smooth map from M to N and X is a diffusion on M with
generator A, then F(X) is a diffusion on N with respect to the same filtration, with
generator F,E (A).
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A.3 Pushforwards and Pullbacks by Diffusions

Definition A.7 (Pushforwards and pullbacks by diffusions) Let X be an M-valued
diffusion process. Let (Rx U, (t x')) be acoordinate chart on R x M. The pushforward
map X, from TR to T;R x T3 X(t)M is defined in the local coordinate by

d 3 1 . 2
X 2] )= (2] s o0 w-=] 42X ) — :
* ( dr m) (az o X' [y 2 9x70xk |
(A.5)
The pullback map X* from 7,*R x 7, )‘(g(t)M to 7,*R is defined by
xX* (Ol()dl‘|to + Ol,‘dzxi|x(t0) + %O{jkdxj . dxk|X(t0))
= (o0 + e (DX) (10) + S QX)) ) dily,. (A.6)

Remark A.8 Recall that in classical differential geometry, the pushforward by a smooth
curve y = (y(t))ie—1,110on M isamap y, : TR — TM given by y*(%ho) =
yi (IO)%U(&))- While if we look at the graph of y as a section of the trivial bundle

% |l() +
yi (to)%h,(,o). For this reason, it would be more appropriate to call X, and X* in
Definition A.7 the pushforward and pullback by graph of X, or by random section
corresponding to X, instead of by X itself. But we avoid that for simplicity.

R x M, m, R), denoted by y, then the pushforward map by y is )7*((;1—[| 0) =

One can see from the definition that the pushforward X, maps the time vector % lto
to the value of the extended generator of X at (#p, X (#p)). There is an informal way to
look at the pullback map X*: one first replace all x’s by X’s in the brackets at LHS of
(A.6) and obtain

aodt +o;dX' + Jojpd X/ - d X5
then substituting d X’ and dX/ - dX*, and following 1td’s calculus,
= (DX)'dt + martingale part,  dX/ -dXx* = (QX)/*dr,
and getting rid of the martingale part, we get the RHS of (A.6).

The following corollary is straightforward. We will see that pushforward and pull-
back maps by diffusions are also closely related to the concept of “total derivatives.”

Corollary A.9 (i) Let X be an M-valued diffusion process. For all T g—l lry € Ty, R and

o« e iR x T M,

(X* (@), T &) = (o, Xu(T 1)) - (A7)
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(ii) If X € Iz,q)(M), f is a smooth function on R x M and g a smooth function on
M, then

(x*@ 1. 5, = X @] o0
= D). X) = (7 + AX.d° ) (10, @),
(x*dg - dg), &), = {dg - dg. Xs (D) | 0.0 = Q&) Gtto.) X)-

(iii) Let X,Y be M-valued diffusion processes satisfying X(t) = Y (t) a.s.. Then,
jtX = j:Y a.s. if and only ifX*(%h) = Y*(g—t|,) a.s.. In particular, if X, Y €
Liq) (M), then jo. )X = ju.qY if and only if X.(1)) = Yu(S10).

(iv) Let F be a bundle homomorphism from R x M, ,R) to (R x N, p, R) projecting
1o FO, and X be an M -valued diffusion process. Then, F*R 0Xy = (F-X)wo(FY),.

(v) Let F be a smooth function from M to M, and X be an M -valued diffusion process.
Then, (Id7r X F25) o Xy = (F 0 X)s.

Proof Assertions (i), (ii) and (iii) are easy to deduce from the definitions. We prove
(iv) using local express10ns Assume that F = (F°, F) and denote X = F - X. Recall
that X (FO(r)) = F(r, X()). Then,

FRox 4 = ({)—
* U \de|,) T

dF® 3
dr as

AF! . QF!
[B—(I, X(@®) + (DX)’(t)W(t, X))
FO(r) X

! X)7k (1) Gl (t, X (1))
+5(0 (alak }ay

+ 1<QX)"’(r>aFl o (t, X(1)) >
2 axk ox! dyiay/

_dF% 79
——()[as

+ = (QX)”(FO(I))

F(t,X(1))

F(t,X(1))

AN J
+(DX) (FO(1)
FO(r) y
52

X(FO(r))

X(Fo(t)):|

layj
9P o x. (2
T odr S

a
FOr)

as

=(F - X)« o (FY), (—

dt>.

dt

The result follows. O

Lie Derivatives
Definition A.10 (Lie derivatives) Let V be a vector field on M and ¢ = {vc}cer be

its flow. Let A be a second-order vector field and « be a second-order form on M. The
Lie derivative of A with respect to V is a second-order vector field on M, denoted by
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Ly A, and defined by

(-3 (Ay.q) — Aq _

d
(LyA)yg =+ c

de

(V-3 (Ay.q) = lim
-0 e—0

€

The Lie derivative of o with respect to V is a second-order form on M, denoted by
Ly, and defined by

(V)  (ay. () — %
€

d
(Lva)q = &

(V) @y, () = lim
=0 e—0

For sufficient small € # 0, ¥ is defined in a neighborhood of ¢ € M and ¥_¢ is
the inverse of ¥. So the difference quotients in the above definitions of Lie derivatives
make sense. It is easy to verify that the derivatives exist for each ¢ € M, and Ly A
is a smooth second-order vector field, Ly« is a smooth second-order covector field.
Likewise, the restrictions of Ly to 7, M and T;f N coincide with the classical Lie
derivatives. In the following, we will seek properties of £. Some of them can be found
in Meyer (1981b, Section 6.(d)).

LemmaA.11 Let V be a vector field and f be a smooth function. Let A and o be a
second-order vector field and second-order form, respectively. Then,
(1) LyA = [V, A], where the RHS denotes the commutator of V and A as linear
operators;

(i) Lv(fA) =(VHA+ fLVA;

(iii) (Lya, A)y = V({a, A)) — (a, Ly A);

(iv) Ly(fa) =V a+ fLya;

V) Ly(d*f) =d*(Vf).

Remark A.12 Note that the commutator [V, A] is a second-order vector field. Indeed,
if V and A have coordinate expressions V = V/ -2 and A = A’ a—i, + Al r'ix?_;xf’ then
the following local expression for [V, A] is easy to verify:

axJ axJ axJ dxk

N Vi 92 avi 92
axJ axiaxk  axk axioxs )

QA QVi L 92V 9 C9ATk 2
(V,Al=(V/— — A/ — — Ak — VI
dxi axi 9xJoxk

Proof (i) For a function f € C*(M),

-3 Aye@)f = Af _ . (Ayg)(f oo = Ay f

LyA =1
( v )qf EEI}) € e—0 €

— lim Ay ) (foy—e— f) + lim Ay ) f — Aqf.

e—0 € e—0 €

Then, a similar argument to the derivation of classical Lie derivatives yields
(£VA)qf = _Aq(Vf) + Vq(Af) =[V, A]qf‘
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(i) Lv(fAg =1V, fAlg = V(fAg) — fAVg = VfAg + fVAg — fAVg =
VfAg+ f(LvA)g.
(iii) For a second-order vector field A,

()5 (ot (), A) — {otg, A)

(Lya, A) = lim

e—0 €
S
— lim (al/fé(q)v (we)*A) - (aqs A)
e—0 €
S S
— lim (g (q) — %gs (Ve)p A) + lim (ag, (Ye) A — A)
t—0 € e—0 t
S
— lim (ayeq) —aq, A) lim (ag, (Y—e)y A — A)
e—0 € e—0 €

=V({a, A)) — (o, Ly A).
(iv) Use (iii) to derive

(Ly(fa), A) = V(fla, A)) — fla, Ly A)
= (V) A) + fV({a, A) — fla, Ly A)
= Ve, A) + f(Lya, A).

(v) Againusing (iii) we have (Ly (d% f), A) = V((d*> f, A))—(d*f, Ly A) = VAf —
[V.Alf = AVf = (d*(V[). A).
[m}

CorollaryA.13 (i) Ly(df -dg) =d(Vf)-dg+df -d(Vg).
() Ly(w-n)=Lyw-n+w-Lyn.
(iii) Ly commutes with the symmetric product operator e.

Proof For the first assertion,

(Ly(df -dg), A)
=V({(df -dg, A) —(df -dg,LyA) =V (Ia(f,8) —Tv.a(f, 8
= V(A(fg) — fAg — gAf) — (IV, Al(fg) — fIV, Alg — gV, Alf)
=VA(fg) —VfAg — fVAg —VgAf —gVAf
—(VA(fg) —AV(fg) — fVAg+ fAVg —gVAf +gAVf)
=AV(fg) —VfAg—VgAf — fAVg —gAVf
=[A(Vfg) — VfAg —gAVf]—[A(fVg) — VgAf — fAVg]
= (d(Vf)-dg, A)+(df -d(Vg), A).

We use the local expressions to prove the second assertion. Assume, locally, that
w = wijdx"' and n = n;dx". Then, by (5.4), Lemma A.11.(ii) and Corollary A.11.(iv),
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Ly(w-n) = Ev(winjdxi cdx’)y = V(a)mj)dxi cdx’ + a)mj/iv(dx" ~dx’)
=V —i—a),-an)dxi dx’ —l—a),'nj(dVi cdx! + dx! -de)
= (Voidx' + o;dV') - (njdx?) + (widx") - (Vi;dx? +n;dV7)
=Lyw-n+w-Lyn.

The last assertion is a consequence of the second one. Indeed,

Ly(e(w®@n) =Ly(w-n)=Lyow-n+w-Lyn
=eo(Lyo®@n+w® Lyn) = e(Ly(w®n)). o

Given a vector field V on R x M, the Lie derivative Ly can also be defined
for second-order vector fields and second-order forms on R x M, as in Definition
A.10, without any changes. But when restricting to the mixed-order vector fields and
mixed-order forms, it is necessary that the flow in Definition A.10 consists of bundle
homomorphisms on (Rx M, w, R), so thatits mixed-order pushforwards and pullbacks
are well defined. This feeding back to the vector field V amounts to V' is w-projectable.
In this case, we just replace the second-order pushforwards and pullbacks in Definition
A.10 by mixed-order pushforwards and pullbacks, to define the Lie derivative Ly for
mixed-order vector fields and mixed-order forms on R x M.

Now let V be a w-projectable vector field on R x M. Then, Lemma A.11 (i)—(iv) still
holds for smooth functions f on R x M, mixed-order vector fields A and mixed-order
forms @ on R x M. The assertion (v) will hold with the mixed differential instead of
the second-order differential, that is, Ly (d° f) = d°(V f). Moreover, if V and A have

; i — V0L Lyid = A0 4 Al D pij D
coordinate expressions V. = V52 + V! = and A = A" 2 + A" 55 + AY -~ where

V0 only depends on time, then the Lie derivative Ly A has the following expression:

9A0 - 9AY avo\ 9
LyA=[V,Al=(VO—4+Vi— —A'"— )~
va=1v. 4] ( o T x 8[)8t
JA! QA! Vi Vi o 92Vi 9
(VO v — A A — Ak —
at ox/ ot ox/ axJaxk ) dxi
N VOaAJk +Vl.aAfk 32
ot axi ) 9xJjoxk

N avi 92 +avi 32
axJ axiaxk  9xk 9xioxs )

Appendix B The Mixed-Order Contact Structureon R x 75M
B.1 Mixed-Order Total Derivatives and Mixed-Order Contact Forms

We denote by nfo(TR x TS M) the pullback bundle (see Saunders 1989, Definition
1.4.5) of Tp x IAS,[ by . It is a fiber bundle over R x T5M.
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Definition B.1 (Mixed-order holonomic liff) Lett e R, g € M, X € I 4 (M) and
T % |; € T;R. The mixed-order holonomic lift of r% |; by X is defined to be

(X 1D, ja.gX) € 71 o (TR x TSM).
The set of all mixed-order holonomic lifts is denoted by H R, .0, that is,
Hﬁmmz{wAﬁ%Lﬂwm)eﬁhaRxTM@:mmXeRx7“MjghenR}
Since X, depends only upon the mean derivatives of X at ¢, the holonomic lift of a
tangent vector is completely determined by j; 4)X and does not depend on the choice

of the representative diffusion X. In particular, the set H %7 o is well defined and is
clearly a subbundle of 7{ (TR x T SM).

LemmaB.2 The fiber bundle (rf ((TR x TSM), 7} o(tr x Tj), R x TS M) can be
written as the Whitney sum of two subbundles

s R
7 o(V21) Xpyrsy H 0.

Proof Suppose that (A, ji; o X) € ”T,O(TR x TSM).Then, A € TR x T5M, and

(Xe@R ) jonX) € HE 0

It follows easily from the definition of pushforward (A.5) that 7R (A — X . (7R (A))) =
0. Hence, A — X, (7R (A)) € VS and

(A — X.(zR ), jm)x) € 7} o(VSm).

The result follows. O

The decomposition of (A, ji,gHX) € n;kyo(TR x TS5M) may then be found by
letting

a

A=A"—
ot

8
dxJ 9xk

+Na
Bxiq

t q

2
+ (47 = A7k (i) X))

axJ oxk

)

71,07

, 4 3
= (A" = ADix(jr.0n X)) —
( x(Jit,q) )) o,

a

A% —

(5

Definition B.3 A section of the bundle (H® 1 o, 7)o (TR X TAS,I)|HR
called a mixed-order total derivative. The specific section

q
2

dxJdxk

1 e
+ EQ X, X)

: 0
+ D'x(jir.g)X) —
. (](t.q) )8)6’ .

RxTSM)is

82
dxJ axk

O pix L Loi
— X— by X
ot axi 2
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is called the coordinate mixed-order total derivative, and is denoted by D;.

The coordinate mixed-order total derivative is just the total mean derivative in
Definition 4.7. The dual construction is the mixed-order contact cotangent vector,
which may be described as being in the kernel of X*.

Definition B.4 Anelement (@, j,q)X) € 7} o(T*R x T5*%M) is called a mixed-order
contact cotangent vector if X*(«) = 0. The set of all mixed-order contact cotangent
vectors is denoted by C R*mgo, that is,

CR* o = {(a, JupX) € TFo(T*R x TS M) ¢ ji X € R x TSM, X*(@) = 0} .

It is straightforward to check that the vanishing of X* does not depend on the
particular choice of the representative diffusion X. The dual relation between X™* and
X in (A.7) implies that the mixed-order contact and holonomic elements annihilate
each other.

To express a mixed-order contact cotangent vector (a, j,q)X) in coordinates, let
us consider

o = aodt]; + a;d?x’! lg + ajkdxj . dxqu. (B.1)
Using the definition (A.6) we get
0= X*(a) = (ao +ai(DX) + oejk(QX)jk> dtl;.
There are two basic nontrivial solutions of the above equation, say,

{ao=—ai(DX>", and iao=—ajk(QX)-’k,

Oljk=0, Oll'=0.

Plugging these solutions in (B.1), we get two basic types of mixed-order contact
cotangent vectors

(d’x' — D"xdt)lj(t‘q)X and  (dx/ - dx* — ijXd’)U(t,q)X‘

Thus, every mixed-order contact cotangent vector in (CR*m,o) JeoX is a linear com-
bination of these basic mixed-order contact cotangent vectors.

LemmaB.5 The fiber bundle (nf‘yo(T*R x TS*M), ”T,o(fﬁ X IAS,I*), R x TSM) can
be written as the Whitney sum of two subbundles

TFH(T*R) Xporsy CRmip.
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Proof Suppose that (e, jiq)X) € 7{((T*R x T5*M). Then, @ € T*R x T*M,
and the definition of pullback yields

(X*@), ja.pX) € T (T*R).
Since X* (a0 — X*(ar)) = 0, it follows that
(@ = X*(@), jo.q)X) € CR*my 0.

This ends the proof. O
The decomposition of (a, ji,q)X) € JTT)O(TR x T5M) may then be found by
letting
o = apdt|; + aidzxilq + ajkdxj ~dxk|q
= (20 + e D'x Gy X) + e 0™ x G X) )

o (d2 i_ D"x(jg,q)X)dz) | + (dxf dxk — kax(jg,q)X)dt) ‘([ X

Definition B.6 A section of the bundle (C®*r ¢, ”fk,o(fﬁ X IAS,[*)|CR*7T] 0 R X TSM)
is called a mixed-order contact form. The following specific sections

d*x' — D'xdt, dx/-dx* —Q/*xdt, 1<i,jk=<d,

are called basic mixed-order contact forms.

It follows from the construction that the set of basic mixed-order contact forms
defines a local frame of the bundle 7| ; (7 x r]‘S,l,"‘)|CR*7T1 o

Remark B.7 In contrast, we recall the classical contact forms on the first-order jet
bundle J17r =R x TM. Using the coordinates (t, xt, )'ci), the classical basic contact
forms are dx’ — x'dt, 1 <i < d. See Saunders (1989, Section 4.3) and Olver (1995,
Theorem 4.23), also cf. Geiges (2008, p. 9), for a one-dimensional example.

Corollary B.8 Let (R x U, (t, x')) be a coordinate chart on R x M. Let X be a TS M -
valued diffusion process. In local coordinates, the pushforward map X, from TR to
TR x TSTSM is given by

X, (r% 1) =r(% + D' (x oX)% + D'(Dx OX)aDaix + D7 (0x oX)aQW
+ lek(x OX)li2 + lek(Dx (3)()_'972
2 ox/axk 2 0DJxdDkx
+ leklm(Qx oX)L
2 30Q7kxdQlmx
+ 1QJ"‘(x o X, Dx oX).ai2 + lQ-f“(x oX, Ox o)().ai2
2 ’ dx/aDkx 2 ’ dx/ QK x

+ Lo (Dx o X, 0xoX) >
= xo X, Jx o —_—
2 dDJixd Q¥ x

(2.X(1))
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The pullback map X* from T*R x TS*TSM to T*R is given by

X* (otodt +a;d®xt + a-ldzDix + a?kd2 0% x + ajkdxj - dx*

+a]defx dDF x+a]klm do*x .do"x

+a%dx) - dD*x + a%dx’ - d QM x + al}dDix -kolx)

. X(0)
_ (oe() + ;D' (x 0 X) + ] D'(Dx 0 X) + a3, D/ (Qx 0 X)

+ajk 07 (x 0 X) + ), 0K (Dx 0 X) + a%yy,, 07" (Qx 0 X)
+af 0% (x o X, Dx 0 X) + ;07" (x 0 X, Qx 0 X)
+al2, 0™ (DxoX, Qx o X))dt|,.

CorollaryB.9 Let o be a section of (T*R x TS*TSM, t x ‘CTSM,R x TSM).

Then, « is a mixed-order contact form if and only if for every t € R and every
X € Ugem I, (M),

(GX)*(@ljyx) = 0.

Proof We first let @ = agdt + a;d?xt + ozjkdxj - dx* be a mixed-order contact form
and let X € I(; 4)(M). Then,

GX)*(@lj,x) = (ao +o;D'x +a ,-ka"x) G X)dtls = X* (el x) = 0.
(B.2)

To prove the converse, we suppose

o =aodt +aid2xi —l—oz-]dzDix +a?kd2ijx +otjkdxj - dx*

]k,mde'kx -dQ"™x

+ 0l 17 . a Dk ) kl j ki
ojdx’ - x+ozjklx -dQ x—l—adex dQ"x

+a de/x dD*x +a
Fix a particular index io with 1 < ip < d. LetY € I(;4)(M) such that j; X =
Juq¥.D'DY = D'DX + 5 and
(poy. 0/*py, 0"y, 0 (v, DY), QM (¥, Q1), QM (DY, OY))
= (p7*ox, 07*px, 07" 0x, Q7 (X, DX), QM (X, 0X), 0/ (DX, 0X)).
Then,
0= (1) @l 1) = (X" @l x) + /), = .
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It follows from the arbitrariness of iy that ai] = 0forall 1 <i < d. Similarly, all

1 2 2 . 2.0 j k
O s A and Likim vanish. Consequently, @ = aodt + o;d“x' + ajrdx/ - dx*. As

in (B.2), we have (jX)*(a|(,~(t‘q)X) = X*(Ol|j(,,q)x) = 0. Hence, « is a mixed-order
contact form. O

Corollary B.10 Let X be a TS M-valued diffusion process. Then, X = jX, with X an
M -valued diffusion process, if and only if X*(«) = 0 for every mixed-order contact
forma onR x TSM.

Proof We first suppose X = jX with X an M-valued diffusion process. Then, for a
mixed-order contact form «,

X* (@) = (jX)" (@) = X*(a) =0.
To prove the converse, it suffices to show, in local coordinates, that
Dix(X)=Di(x0X), 0% xX)=0/*xoX).

This can be done as soon as we let « be a basic mixed-order contact form. For example,
let @ = d?x! — Dixdt, then

0= X*a) = (Dl’(x oX) — Dixo X) dr,
which leads to D'x(X) = D' (x o X). ]

B.2 The Mixed-Order Cartan Distribution and Its Symmetries

The model bundle R x 75 M is a trivial bundle over R in its own right, and so we may

consider its mixed-order tangent bundle (TR x 7° STSM, tp x rgs u R x 75M).

Definition B.11 The bundle endomorphism (v, Idg) of ﬂik,O(IR X ri,) is defined by
v(A" +AY) = A",

where A" € HRmy g and A € 7} ((VS7).

Definition B.12 (Mixed-order Cartan distribution) The mixed-order Cartan distribu-
tion is the kernel of the vector bundle homomorphism over Idg, 75,/

vo (m,o*, TR X ‘[,}S-SM) TR x T575M — 771*,0(TR X IAS,I)

and is denoted by CRm,o.

Note that C® 71,0 is a subbundle of g x ‘E;_S u It follows from the above two
definitions that

R S -1 R
Cmio = (1,00, TR X T5,,) H'710.
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Hence, for each X € I(; 4)(M),
CRﬂl,olj(,,q)X = (JX)«(T;R) ® Vsm,olj(t,q)x-

Similarly to the proof of Lemma B.2, we can decompose anelement A € C Ry o] X
as

A= (GX0@FA) + [A = (X0 (@FAn]. (B.3)

where (jX)«((T)FA) € (GX)(TR)j, ,x and A — (jX)((x)F(A)) €
N
Vj(,,q)X”LO'
From the duality relations it also follows that (3 x rg-ﬁ M) |cR%x o is the annihilator
of (tr X t; s M) |cRx, o» OF in Other words, the basic mixed-order contact forms are local

defining forms for the mixed-order contact distribution C®m . A typical element
A e CRn1,0|j(,yq)X may be written in coordinates as

B , 9 1. 2
A =A" (_ + D'x(ju.pX)— + = 0% x G X) ——— )
> > k
ot JenX dax! JenX 2 dxJox Jen X
) . . 92
+ Aj 5 e
- = - -
ID'x Ja.pX IQ7x Ja.gpX dDIxdD%x Jae.gpX (B.4)
5 .
ikim 0
pagn O
8Q]kX8lex j(nq)X
Jk ’ jki : jki 9?
oxJ oD x JenX dxJ/ 00~ x JenX 0D/ x0Q%x e X

From this it is easy to deduce (m,o)fA € HRm,o.

Definition B.13 A symmetry of the mixed-order Cartan distribution on R x 75M is
a bundle automorphism F of R x 75 M which satisfies Ff (CRm,o) = CRm,O.

It follows by duality that symmetries of the mixed-order Cartan distribution are
those bundle automorphisms which satisfy FR*(C®*m; ) = C®*my . For this reason,
F is also called a mixed-order contact transformation. Similarly, F may be character-
ized by the fact that whenever « is a mixed-order contact form then so is FR*(a).

Proposition B.14 Let F be a bundle homomorphism from (R x TSM, 71, R) to (R x
TSN, p1, R) that projects to a diffeomorphism FO: R — R. Then, Ff (CRm,o) C
CRpy o ifand only if F = jF where F is a bundle homomorphism from (R x M, 7, R)
to (R x N, p, R) that projects to FP.

Proof First, we prove the sufficiency. Let A € C Rn1,0| o X- According to (B.3), we
decompose A by A = A| + A, with A| = (jX)*((m)f(A)) € (jX)«(T;R) and
Ay € Vth X0 Then, since by Corollaries 4.6 and A.9.(iv), (jF)f o (jX) =
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(GF - jX)so (F%y = (jX)s o (F®), where X = F - X is the pushforward of X by
F, we have

FRAD = (GPHRAD) = GPEGX)@DEA = (G X)(FO () A € (GX)u(Tpo ) R).

Besides, since jF : w10 — p1,0 is a bundle homomorphism projecting to F' by
Corollary 4.5.(ii), we have p1 9 o jF = F o my 0. Then,

(P10 (FR(A2) = (01,0 ()R (A) = F3(m1,0)5(A2) =0,

which yields FR(A) € VSp; . This proves FX(CRm 9) € CRpy 0.

For the necessity, we first prove that F is bundle homomorphism from 71 o to p1,0
by showing Ff(VSm,o) - VS,olgo, by virtue of Lemma A.1. Let A € VSTL’Lo. Set
F*RA = A| + Ay, where A| € (jY)*(TFo(,)R) and A; € VSpl,o for some diffusion
Y. Since F projects to FO,

(PDSESA) = (FOS()3A = (FO)Sr5(n10)5A =0,

while (o1)3Az = p3 (m 0)$Az = 0. Thus, (p)$A| = 0.Since A; € (j¥)s(TroR),
wesetA] = (jY)« (r I |F0(z))~ Then, (,ol)fAl = Tas |Fo(,) = 0. Hence, T = 0 and so
A = 0. This leads to Ff(VSm,o) C VS,ol,o and so that F is bundle homomorphism
from 71 o to p1,0. Denote the projection of F onto a map from R x M toR x N by F.
It follows that

pOFOﬂ,’LQ:pOpI’OOF:ploFZFOOT[]:FOOT[OTFLO.

Since 7y o is surjective, we obtain po F' = F 067, so that F is abundle homomorphism
from 7 to p projecting to FO9 We shall write F = (F°, F) and F = (F°, F).

Next, we will show F = jF.Fixa j.gX € Rx T5M. Let F(j,0)X) = jis.q) Y-
Then, s = FO(r) and (s, ¢') = F(t, ¢). For an element A € CRm‘o|j(,.q)x with local
expression in (B.4), we have from (A.3) that

dF% 9 o 0
FRA =A"— TR +(AFl)(](t,q)X)F
Js.ahY Js.ahY
+A0ij G X)a ’BFJ( ) 92
-5 ¢ XU o LT
2 dx® dx y'dy Js.ahY
9

Jis.ghY >

0
+ terms (aDi , 3—zj
y JsghY Oy

@ Springer



67 Page 120 of 127 Journal of Nonlinear Science (2023) 33:67

Since F only depends on the variables on R x M, we have
AF) X0 = (M 0FA) F (. X)
d dF!
= A’ [—(r 9 + D' x (g X) 5 (t.q)

: 32 F!
k.
+§QJ g X) 5 5oz (0 q)}

Then, the local expressions for j F in (4.7) and (4.8) yield

dF° 9 P 0
FRA = A"— (r)[ +DlyOJF(J(z,q)X);

J(s,q’)Yi|

Since FfA € CRm,0|j(S o,y by the assumption, it follows that jF(j; HX) =
Ji.qnY =F(ji,X). This proves that F = j F. O

as

./(s q/)y j(.Y,q/)Y

2

+ Q yOJF(J(tq)X) oyl

Corollary B.15 Let F be a bundle automorphism on (R x TS M, 71, R) projecting to a
diffeomorphism F® : R — R. Then, F is a symmetry of CRmy ¢ if and only if F = jF
where F is a bundle automorphism on (R x M, 7r, R) that projects to FO.

Proof If F is a symmetry, then FR(CRm ) ¢ CRmyp and FHR(CRm0) C
CR71 . By Proposition B.14, F = jF and F~! = jG for some bundle endomor-
phisms F and G on (R x M, w1, R) that projects to FO and (F°)~!, respectively.
Then, Corollary 4.5.(iii) implies that j(F 0o G) = jF 0 jG = F o F~' = Idg, 75y,
and hence F o G = Idry . For the same reason, G o F = Idrx . Thus, F is a
bundle automorphism on 7. Conversely, if F = j F and F is a bundle automorphism,
thenFo jF ' = jFloF = Idg 75, Which yields F~! = jF~! and hence F is
a bundle automorphism on 7. O

B.3 Infinitesimal Symmetries

Definition B.16 An infinitesimal symmetry of the mixed-order Cartan distribution is
a 1-projectable vector field V on R x 75M with the property that, whenever the
mixed-order vector field A belongs to C Ry 1,0, then so does the mixed-order vector
field LvA.

Like in the classical case, an infinitesimal symmetry of the mixed-order Cartan
distribution may also be called an infinitesimal mixed-order contact transformation.
By duality, V is such an infinitesimal symmetry precisely when Ly is a contact form
for every mixed-order contact form «.

The following lemma is a consequence of the definition of Lie derivatives.
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LemmaB.17 Let V be a my-projectable vector field on R x TSM with flow ¥ =
{Weleer. Then, V is an infinitesimal symmetry of the mixed-order Cartan distribution
if and only if for each €, the diffeomorphism V. is a symmetry of the mixed-order
Cartan distribution.

The following result is the infinitesimal version of Corollary B.15. It can be deduced
directly from Lemma B.17 and Corollary B.15. But here we give a computational proof
based on the Lie derivative of mixed-order contact forms.

Theorem B.18 Let V be a m;-projectable vector field on R x TSM. Then, V is an
infinitesimal symmetry of the mixed-order Cartan distribution if and only if V is the
prolongation of a w-projectable vector field V on R x M.

Proof Let the vector field V having the following local expression:

3 0 o9 9
V=Vl 4V —4Vi— 4V
o TV ax T Vlgpix T 2907kx

where V only depends on time due to the projectability of V. We then derive the Lie
deﬁvative Ly of the basic mixed-order contact forms d*x! — Dixdr and dx/ - dx* —
Q7% xdt as follows:

Ly(d*x' — Dixdr)
=d°V! — Vidt — D'xdV°®
Vi avi , 1 Vi

A PRI A W
or T o Y T ek

. avi Vi
dx’/ - dx* + terms ( )

aDix’ aQikx’

. A
— Vidt — D'x—dt
dr

AL , 1 9%V . 4
_ 9y J_ i - v . gk — pJk
= 527 (d°x D/ xdt) + 2 BT 9k (dx’ - dx Q7% xdt)
avi  avi . 1 92vi . . . dvo
—+ —D/x + - - ijx—Vll—Dlx— dt
ot dxJ 2 dxJdxk dr

+ terms oV A
dDIx’ 9QJkx’ ’
and

Ly(dx’ - dx* — Q7% xdr)
=aV/ -dx* +dx’ - av* —vifar — 7% xav®

avi ave ; ,
=2 i daxk + T axd axt — viRar — 0k xav®
oxt ox! 2
avi . . avk . . y
= W(dx’ dx* — 0 xdr) + W(dxl ~dx! — QYxdt)
av/ . avk . ik A
+(WQ1)C+WQ”X_V2 —Q] x? dt.
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Thus, the mixed-order forms Ly (d%x’ — D'xdt) and Ly (dx’ - dx* — Q7% xdt) are
mixed-order contact forms if and only if

Vi Vi ,
terms ——, ———, etc, vanish and (B.5)
dDJx’ 0QJ*x

avi vl . 1 32vi . . A
— 4+ —Dix+— ikx - Vi — Dix— =0, B.6
ar Y +28x/8ku * T (B.6)

avk y dvo

ik i Tky =0. B.7
Q + 55 —0x — -0 Y (B.7)

Now (B.5) means that V?’s only depend on the variables on R x M, so that the vector
field V is also 71 o-projectable. The two equations (B.6) and (B.7) are just restatements
of the prolongation formulae in Theorem 4.14. O

Appendix C Stochastic Maupertuis’s Principle

Based on Definition 7.11, if we further consider the variation caused by time-change,
as in classical mechanics (cf. Abraham and Marsden 1978, Definition 3.8.4 or the so
called A-variation in Goldstein et al. 2002, Section 8.6), then we need to impose the
constraint of constant energy. So the path space A ([0, T'1; ¢, p) in (7.10) is modified
to

A(10, T): g, s €) 1= { (X, 7) 7 € C2(0, TLR), T/ > 0, X € 1) (),
OX (1) = §(X()). V1 € [1(0), T(D)], as.,

EEo(t, X(t), DvX(t)) =e,Vt € [1(0), ‘L'(T)]},

where e € R is a regular value of Ej.

Definition C.1 Given v € H([0,T];q) and ¢ € C'([0,T],R), by a varia-
tion of the pair (X,7) e Ag([0, T];q,/L; e) along (v, ¢), we mean a family

of pairs {(X¢'°, 1) }ee(—e,s) Where 73 = T, %rf > 0, such that for each

€ Ltélemo = 5, X° € 1(“;(((;) ‘)‘)(M) and for each 1 € [t5(0), 7S (T)],
EEo(t, X2° (1), Dv X2 (1)) = e, X2'° (1) satisfies the ODE

d v
S XESO) =T (XP) 500, XgE (@) = X(). (C.1)

Define a functional 7 : A, ([0, T1; ¢, u; ) — R by
o(T)
71X, 1] := Ef Ao (t, X(t), DvX(t))dt.
7(0)
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The pair (X, 7) € Ag([0, T]; g, u; e) is called a stationary point of Z, if

d
i I[X2c,181=0, forallve H([0,T];¢q)and s € cl(o, 71, R).

e=0

As in Lemma 7.13, it is easy to deduce from (C.1) that QX*° (1) = g(X¢'° (1))
for each t € [t (0), & (T)] so that XJ'° € Ag ([0, T1; g, i1; e). Moreover, formula
(7.13) still holds for all ¢ € [t (0), T(T)], with X¢*° in place of X?.

Lemma C.2 Keep the notations in Definition C.1. Then, in normal coordinates (x') we
have

a i T(s i i
—| E[(x29) ()P | = (TOIGoEen) + s Dy x) (2 6).
e=0

Proof Without loss of generality, we assume T, °(s) > t(s). It follows from (C.1) and
Definition 2.5 that

v,6\i( ¢ _ yi
LHS = lim E {(XG ) (#®) = X' 6D ‘Pms)}

€

v,6\i(_§ _ yi(+S
thE[(xe ) (v () — X'z <s))‘%)}

e—0 €

X'(té () — X' (z(s))
e (s) — T(s)

+ EI%E [ Pf(s)] s(s)

= RHS.

Done. O

Theorem C.3 (Stochastic Maupertuis’s principle) Let L be a regular Lagrangian on
RxTM. Let X € I(Tq’;)(M) such that (X, Id, 1) € Ag([0, T1; g, p; ). Then,
the pair (X, Id[o,17) is a stationary point of T if and only lf X satisfy the stochastic
Euler—Lagrange equation (7.22).

Proof Since all diffusions in Ag ([0, T']; ¢, u; e) have the same average energy e, we
have

o(T)
7[X, 7] == E/ [Lo (t, X(t), Dy X (1)) + e]dt
7(0)
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Denote V(t) = F(X)f)v(t). As in (7.23),

d

de

1[X.°, 1
e=0
T d ; ; T
=E | - Lo (1, XS (1), DyXP* (1)) dt + s (DE[Lg (1, X (1), Dy X (1)) + el
0 e=0

T 1 B
- E/O [deo (V1) +di Lo (DCORO(0) + 5(QX)7 ()di Lo (R(V (1), a,-)a,-)} dr

+ S(OE[Lo (1. X (1), Dy X (1)) +el| -

We apply (7.24) and notice that in the present situation we do not have v(0) = v(T) =
0 in general. Hence,

T T
E/ di Lo (T(X){v(1)) dt =E/ ['(X)?(d; Lo) (0(r)) dt
0 0
T "D
=El[d;i Lo (V(1)]], —E /0 - @iLo) (V1) dr.

One the other hand, since for all €, X¢** (72 (0)) = g and P o (X¢** (z2(T))) ! = w.
It follows from Lemma C.2 that

V(s)+c(s)DvX(s) =0, fors=0o0rs=T.
Therefore,

d r D
—| I[XVs. 1] = Ef deLo — E(d;cLo) V(1)) dt
0

de e=0

+ s(OE[Lo (z, X(1), DvX(t)) — (diLo) (DvX (1)) + €] |§
By the definition of the energy E(, we know that
E[Lo (t, X(1), DvX (1)) — (diLo) (DvX(1))] = —EE (1, X(1), DvX (1)) = —e.

The result follows. O
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