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Abstract

We study pattern formation in magnetic compounds near the helimagnetic/ferromagnetic
transition point in case of Dirichlet boundary conditions on the spin field. The energy
functional is a continuum approximation of a J; — J3 model and was recently derived
in Cicalese et al. (SIAM J Math Anal 51: 4848-4893, 2019). It contains two param-
eters, one measuring the incompatibility of the boundary conditions and the other
measuring the cost of changes between different chiralities. We prove the scaling law
of the minimal energy in terms of these two parameters. The constructions from the
upper bound indicate that in some regimes branching-type patterns form close to the
boundary of the sample.

Keywords Microstructure - Energy scaling - Chirality transitions - Frustrated spin
system

Mathematics Subject Classification 49J40 - 82B21 - 82B24

1 Introduction

We study a continuum variational problem that arises from a statistical mechanics
description of magnetic compounds and describes pattern formation in case of incom-
patible boundary conditions. We prove a scaling law for the minimal energy in terms
of the problem parameters. Such scaling results have proven useful in a huge vari-
ety of singularly perturbed non-(quasi-)convex models for pattern forming systems
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where explicit minimizers cannot be easily determined analytically or numerically,
see, e.g., (Kohn 2007) for some examples. Pattern formation is then often related to
competing terms in the energy functional, favoring rather uniform or highly oscillatory
structures, respectively. The proofs of the scaling laws often involve branching-type
constructions where structures oscillate on refining scales near the boundary, among
many others see for instance the scaling laws in Kohn and Miiller (1994), Conti (2000,
2006), Capella and Otto (2009, 2012), Chan and Conti (2015), Kniipfer et al. (2013),
Bella and Goldman (2015), Conti and Zwicknagl (2016), Conti et al. (2020), Riiland
and Tribuzio (2022)) for martensitic microstructure, (Kohn and Wirth 2014, 2016)
for compliance minimization, (Choksi et al. 2004, 2008; Conti et al. 2016) for type-
I-superconductors, (Ben Belgacem et al. 2002; Bella and Kohn 2014; Bourne et al.
2017; Conti et al. 2005) for compressed thin elastic films, (Conti and Ortiz 2016;
Conti and Zwicknagl 2016) for dislocation patterns, and (Brancolini and Wirth 2017,
Brancolini et al. 2018) for transport networks.

We point out that in particular a variety of magnetization patterns (including
branching structures) have been successfully explained via scaling laws of contin-
uum micromagnetic energies, see, e.g., Choksi and Kohn (1998), Choksi et al. (1998),
Dabade et al. (2019), DeSimone et al. (2006a), DeSimone et al. (2006b), Kniipfer and
Muratov (2011), Otto and Steiner (2010), Otto and Viehmann (2010), Venkatraman
et al. (2020)). While these models typically contain local and non-local terms, we will
focus on a purely local model that arises - at least heuristically - from a frustrated
spin system, see Diep (2013), Diep (2015) for the general context and Cicalese and
Solombrino (2015), Cicalese et al. (2019) for the specific setting considered here.
Precisely, starting from a 2-dimensional square lattice £Z? with lattice width ¢ > 0,
we consider spin fields v : £Z? — S! and a configurational energy of the form (also
called J; — J3z-model)

E(v):=—a Y v(ei)-v(je)+ Y v(ei) v(je)

li—Jjl=1 li—jl=2

with some positive parameter o > 0, where the summation is taken over indices
i,jeZ’n éQ While the first term favors nearest neighbors to have aligned spins,
the second term favors next-to-nearest neighbors (horizontally and vertically) to have
opposite spins. Note that the model considered here does not take into account diag-
onal interactions, for a recent analysis in that case see (Cicalese et al. 2021) and the
references therein. Depending on the size of the parameter «, different minimizers
arise. Precisely, the analysis in Cicalese and Solombrino (2015), Cicalese et al. (2019)
shows that (at least locally) the energy is minimized by ferromagnetic configurations,
i.e., constant spin fields, if « > 4, while for small « < 4, the energy is minimized
by helimagnetic configurations, i.e., spin fields in which spins rotate at a fixed angle
¢ = £ arccos(a/4) between horizontal and vertical nearest neighbors, respectively.
Such helical structures have recently been observed experimentally, see, e.g., Schoen-
herr et al. 2018; Uchida et al. 2006.

Of particular interest is the transition pointo * 4 where the ground state changes from
a helimagnetic to a ferromagnetic structure. Mathematically, an asymptotic analysis
in the sense of I"-convergence in this transition regime in the limit of vanishing lattice
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spacing has been performed in Cicalese et al. (2019). In the sequel, we briefly sketch the
idea as outlined there, for details and references see Cicalese et al. (2019). Heuristically,
it can be shown that the appropriately rescaled normalized energy E; — min E; can
be rewritten in terms of an appropriately rescaled version u of the angular lifting i,
given by v = (cos i, sin iz), as an energy of the form

1
e = [ o (1o P o adan ) + - (= 0w P2+ (1= o P?) dn
M

with T = \/%. Here, the preferred derivatives dju = =1 and du = =+1 are the

order parameters describing the chiralities, i.e., they correspond to helical structures
rotating clockwise (—1) and counterclockwise (+1) between horizontally and verti-
cally adjacent spins, respectively. We note that this is a heuristic simplification where
in particular discrete derivatives are approximated by continuous ones and we assume
that there are no vortices in the spin field. However, the rigorous analysis of Cicalese
et al. (2019), Cicalese and Solombrino (2015) supports such a perspective, at least in
certain parameter regimes. Roughly speaking, by the classical Modica—Mortola result,
one expects that the functional /; converges in the sense of convergence as t — 0 to
a functional that is finite only on fields Vu € BV satisfying the differential inclusion
Vu € {(£1, £1)}, see Cicalese et al. (2019) for the rigorous derivation. A respective
rigorous result in terms of I'-convergence in the regime 7 — 19 € (0, 00), relating the
discrete J1 — J3-spin model with boundary conditions to a continuum functional of the
form (1) holds also true (see Cicalese and Solombrino 2015 for a one-dimensional local
result and Ginster et al. (in preparation) for the two-dimensional setting considered
here).

While the analysis in Cicalese et al. (2019) focuses on the local behavior, we study
the system under Dirichlet boundary conditions on the spin field. More precisely, we
start from the continuum model (1) on a square domain 2 = (0, 1)2, and derive the
scaling law of the minimal energy among configurations satisfying affine boundary
conditions # (0, y) = (1—20)y atthe left boundary. Here, the parameter 6 € (0, 1/2)is
a compatibility parameter, where for & = 0, the boundary condition is compatible with
the helical structures (£1, 1), & = 1/2 corresponds to a ferromagnetic configuration
(at least in vertical direction), and 6 € (0, 1/2) indicates that the spin field on the
boundary rotates in vertical direction with an angle that is smaller than the optimal
angle ¢ = arccos(o/4).

For the ease of notation, we present the proof of the scaling law for a slightly simplified
functional, namely

Jo (1) :=/ Zdistz (Vu, {(£1, £D))H dL> + o | D*u | ((0, 1)?)
©.1)
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Fig.1 Left: The four preferred gradients can be combined so that the corresponding function is zero outside
the rotated square. Right: Rescaled versions of the rotated square can be used to cover (0, 1)? so that the
resulting function u satisfies u = 0 on 9(0, 1)2 and Vu € {(£1, £1)} a.e

with affine boundary conditions on one boundary. Precisely, we show that there are
two scaling regimes for the minimal energy,

1
min Jo (1) ~ min {a <M+l),62}.

u(0,9)=(1-26)y | log6 |

The second scaling is attained, for example, by the affine functions u(x,y) =
(1 — 20)y £ x, while the first one, which is relevant for small o, is attained by a
branching-type construction. It turns out that in contrast to many other branching-type
constructions, the length scale on which patterns form, depends only on the compat-
ibility parameter 6 but not on o. Also, our upper bound construction does not show
equi-partition of energy but indicates that the surface term plays a major role. We note
that the second scaling implies that minimizers in this regime just fail to have gradients
in BV, see Riiland et al. (2019).

Let us briefly comment on the differences of J, compared to /. First, the double-
well potential penalizing deviations from the preferred gradients (1, 1) is different.
However, the main difference lies in the growth for large arguments which play no
role in our estimates, and we can easily transfer our results to the original double-
well potential, see Sect. 4.2. Next, the higher-order term in I; does not control the full
Hessian but only the two diagonal components. This also does not influence the scaling
properties, see Remark 3. Finally, we work in J, with a BV-type regularization while
I contains a quadratic regularization term. As is well known for related problems
(see, e.g., Schreiber 1994; Zwicknagl 2014) this usually does not qualitatively change
the scaling regimes of the minimal energy, see also Remark 2.

The functional J, is a four-gradient functional, and hence formally lies “in between”
very well-studied problems, namely scalar models for martensitic microstructures
(preferred gradients (1, +1)), see, e.g., Kohn and Miiller (1992), Kohn and Miiller
(1994), and the Aviles—Giga functional (preferred gradients in S!), see, e.g., Aviles
et al. (1987). While for the two-gradient problem, the minimal energy scales as
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min{o2/36%/3, 62} (this follows by a change of variables' directly e.g. from Zwick-
nagl 2014), the minimal energy for the Aviles—Giga functional in our setting is 0.>
Thus the scaling we prove here for the four-gradient setting indeed lies “in between.”
However, while any test function for the two-gradient problem yields a test function
for J,, this functional has much more flexibility which comes from the high compati-
bility of the four gradients, see Fig. 1. Roughly speaking, this allows to construct test
functions with low energy by covering the domain with building blocks using only
the preferred gradients in the spirit of a simplified convex integration for differential
inclusions, see, e.g., Conti (2008), Miiller and Sverak (1999), Pompe (2010), Riiland
et al. (2018), Riiland et al. (2020), Riiland and Tribuzio (2022). This relation will
be explored in Sect. 5. We remark that a similar functional with corresponding four
preferred magnetizations, in which patterns form due to non-local terms, has been
studied in Dabade et al. (2019), Venkatraman et al. (2020).

The rest of the article is structured as follows: After briefly collecting the notation in
Sect. 2, the main result will be proven in Sect. 3. We state the energy scaling law, discuss
the regimes and prove the upper bound in Sect. 3.1 and the lower bound in Sect. 3.2. In
Sect. 4, several generalizations are considered, including p-growth, different double-
well potentials, boundary conditions on the full boundary, and rectangles. Finally, in
Sect. 5, consequences for solutions of the related differential inclusion as derived in
Cicalese et al. (2019) are collected.

2 Notation and Preliminaries

We will write C or ¢ for generic constants that may change from line to line but do
not depend on the problem parameters. The notation ¢; with an index i indicates that
these are fixed constants which do not change within a proof. We write log to denote
the natural logarithm. For the ease of notation, we always identify vectors with their
transposes.

For a measurable set B C R” with n = 1, 2, we use the notation | B | or L"(B) to

denote its n-dimensional Lebesgue measure.
Foro > 0and 6 € (0, 1/2], we set

Ag = {u e WI2((0, )?) : Vu € BV(0, )?), u(0, x2) = (1 — 29)x2},
and consider the functional E, g : Ag — [0, 00) by

Eq.0(u) =/ dist?>(Vu, K)dx + o | D*u | (R)
0,1

where

K = {(£1,£D)}.

USetv(x, y) = du(x, y) —x — (1 =20)y).
2 Take u(x, y) = (1 — 20)y +2(0(1 — 0)1/2x.

@ Springer



20 Page6of36 Journal of Nonlinear Science (2023) 33:20

The expression | D%y | () in the second term of the functional Es ¢ denotes the
total variation of the vector measure D?u. Note that u € Ay in particular implies that
u € WEI((0, D?) and Vu € BV. Hence, u has a continuous representative on the
closed square [0, 1]2, see, e.g., (Conti and Ortiz 2016, Lemma 9). We will always
identify such functions with their continuous representatives.

For a Borel set B ¢ R? and u € W'2(B) with Vu € BV, we use the notation
Es ¢(u; B) for the energy on B, i.e.,

Eqo(u; B) = / dist’>(Vu, K)dx + o | D*u | (B). 5)
B

3 Energy Scaling on the Square (0, 1)2

Our main result is the following scaling law for the minimal energy.

Theorem 1 There exists a constant Ct > 0 such that for allo > 0 and all 6 € (0, %],
| | logo | 5 .
— min 3o +1),07F < min E;g(u)
Cr | log@ | uedy

1
< CrminJo |0g—0|+1 ,02 .
| log6 |

We will prove the upper bound in Proposition 2 and the lower bound in Proposition 3.

Remark 1 We note some properties of the scaling regimes in Theorem 1.

(i) If o > 62 then

1
| log6 |

(i) If o e [0FL, 6%) for some k € N, then

| logo |

k<ok+1)<
ok =ol +)_G(H%9|

+ 1) <o(k+2) <30k.

3.1 The Upper Bound

In this section, we provide test functions to prove the upper bound in Theorem 1.
Before we start the proof, let us briefly explain the heuristics of the construction of
the test function in the regime o < 62 in which the affine function does not yield the
optimal scaling. Instead, we provide a branching construction which (up to a small
interpolation layer) only uses the four preferred gradients. In particular, in the y-
variable the function is a saw-tooth function with slope £ 1, where the volume fraction
of slope +1is 1 —6 and of slope —1 is 6 to match the slope 1 =20 = (1—-6)-14+60-(—1)
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on the boundary, see Fig. 2. If we assume that dju = =1, we observe that from the
boundary condition, we have | u(x, y) — (1 —26)y |< x. On the other hand, assuming
that dru(x, y) = =1, one obtains that the number of jumps of the y-derivative on
the slice {x} x (0, 1) is of order )QC, see Fig. 4. Following these estimates, we present
a self-similar construction that refines in the k-th step from x ~ 6% approximately
6~%*+1 jumps of the y-derivative into approximately 6~ jumps at x ~ 0¥+ 1f9 = %
for some m € N (i.e., o~k ¢ N) this can be done in an exact manner, see Fig. 2,
for other 6 a modification is needed leading to slightly more complicated branching
patterns, see Fig. 3. Moreover, we note that although other branching constructions
are in principle possible, the construction presented below yields in every construction
step an approximate balance between the occurring horizontal and vertical interfaces.
The proof of the lower bound (see Sect. 3.2) indicates that this is essential for a function
providing the optimal scaling.

Proposition 2 There exists a constant Cy > Osuchthatforallo > Qandall6 € (0, %]
there exists u € Ay such that

: | logo | 2
Eso(u) <Cymin{jo| —+1),67;.
’ | log6 |

Proof Step 1: Preparation. We first note that the affine function uag(x, y) = (1 —
20)y + x satisfies

Eq o (uat) < 402

In view of Remark 1(i), it hence suffices to consider the case o < 62 and to construct

a function u such that E, (1) < Cyo (‘Gggggll

+ 1) with a constant Cy; chosen below.

Let k € N be such that 9! < ¢ < 9¥. To simplify notation, set

<4é.

3=

1 1

m:={51<5+1 and 8=

We note that we always have 1/§ e Nand § = 1/m > 6/(0 + 1), and hence
80 — (@ —58)=80+1)—6>0.

We point out that many of the expressions below simplify if §~! € Nsince then § = 6.
For an illustration of the construction described in the next steps for 6 = % see Fig. 2
(the case 8 = 1/2 is sketched in Fig. 6).
Finally, we fix some N € N to be chosen later (see (14)).

Step 2: Construction of the building block.
As in many branching constructions (see, e.g., Kohn and Miiller 1994), we first con-
struct an auxiliary function that acts as a building block for the construction of u. For
the ease of notation, we describe an admissible function via its gradient field. By the
boundary condition u (0, x2) = (1 — 20)x», this uniquely determines the function u.

@ Springer



20 Page8of36 Journal of Nonlinear Science (2023) 33:20

Precisely, we define V : (60,0] x R — R? as the function which is 1-periodic in
y-direction and satisfies the following (see Fig. 3):

() If (x, y) € [86,0] x [1 — 8, 1) then

(-1,-1) ify>1-8§—(x—6)andx > 86 +6 — 4,
Vix,y) =1, -1 ify>1—-680andx <80 +6 —34,
(1, 1) else.

(i) If (x, y) € [86, 0] x [1 — 25, 1 — &) then

(1,-1) ify>max{l —(1+6)51—60+ (x —6)},
Vix,y)=1(,1) ify<1l—(1+46)5 anddd <x <20 —35— 4860,
(—1,1) else.

(iii) If (x, y) € [80,0] x [(¢£ — 1)8,£8) for | < £ < 1 — 2 then

(1,—1) ify>max{({ —6)§, € —0)5+x—(80+60 —35+ (£ —1)§0)},
Vix,y)=14(,1) ify<@—6)5andx <80 4+60 —35+ (£ —1)86,
(—1,1) else.

Note that V is curl-free on (86, 8) x R as it is piecewise constantand v || (V™ — V1)
on its jump set Jy, where v is the measure-theoretic normal to Jy, see also Fig. 3.

Consequently, V is a gradient field on (60, #) x R, and additionally,
V(x,y) € K for almost all (x, y), and

| DV | ((86,6) x (0,1)) <2(1 —8)6m (v2+2) < 8mb < 16.
We will use in the next step that for the second component V' of V, we have
v@@,y) =v®@©0,5y) forally € R. (®)

Step 3: Branching construction.
We now set Viy : (876, 1) x (0, 1) — R? for the fixed number N € N by

1, -1 ifx>6andy>1-6,
Vn(x,y)=3(,1) ifx>60andy <1-86,
V(x5 k*ly) ifx € [8%0, 8¥710) forsome 1 <k < N.

We note that Vi is curl-free as v || (Vy — V;,r ) on Jy,, where v is the measure-
theoretic normal to Jy, , see also (8) and Fig. 3. Moreover, Vy(x, y) € K for almost

all (x, y)e (8V6, 1), and

| DVy | ((aNe), 1) x (0, 1)) < (16 +2)N +2 < 20N. )

@ Springer



Journal of Nonlinear Science (2023) 33:20 Page9of36 20

Let uy : (SNQ, 1) x (0,1) — R be a potential, i.e., Viiy = Vy, such that
iy 8V, 0) = 0. Then notice that (see Fig. 4)

118N, y) — (1 —20)y| < 8V26. (10)

Finally, we interpolate linearly in x to satisfy the boundary condition, and eventually
define uy : (0, 1)2 — R by

un(x,y) if x > 89,
un(x,y) = Noael. (~ N
1-20)y+56"0" x (uN((S 0,y)— (1 — 29)y) else.
(11)
Step 4: Estimate for the energy.
By (11) and (10), we have for a.e. (x, y) € (0, 8V8) x (0, 1) that
| diun(x,y) | <2 and | doun(x,y) |
< (1=20)+ | diin(8V6,y) — (1 —20) |< 3.
In particular, we have
/ dist(Vuy, K)? dxdy < 58V6. (12)
(0,1)?

Next, by (9), and since £'({y € (0,1): dun(V0,y)=1}) = 1 — 6 and
L£'({y €0, 1) : bun V0, y) = —1}) = 6, we have

| D%uy | ((0, 1)?)
< 20N+ | DzuN | ((0, (SNG] x (0, 1))
1
< 20N + 8N 018200un (M0, )1((0, 1)) + 2/ | doiin (876, y) — (1 —26) | dy
0

< 20N +8V0257N +2((1 — 0)20 + (2 — 20)0)
< 20N + 106 < 30N. (13)

Now fix

log &
N::[—g g W (14)
log s
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Fig.2 Sketch of the construction
for6 = 1/3 and N = 4. The
regions of the four different
gradients are color-coded as in
Fig. 1

Since 0 < o < 02 < 1 we have % 7 > 0 and consequently N > 1. Combining (12)

log é
and (13) and using that | log§ |>| fT’ogQ |, we obtain

log § log §
Eso(un) < 508N + 300N < 506 lugg + 300 (1 ) Z + 1)
0g

1
< 50 + 300 (E—Fl)
log é

1
<50 4300 (110891 ).
| log6 |

This concludes the proof of the upper bound with Cy; :=35. O

Remark 2 1f we replace the BV-type regularization o | D?u | by the smoother one
02 [o(D*u)? dL£?, we can use slight modifications of the above-constructed test func-
tions to obtain the same upper bound on the energy scaling. Clearly, the function
u = (1 —26)y £ x produces again an energy of order 2. Hence, it remains to
consider the branching regime o < 62. Starting with the branching construction
uy : (0, 1)2 — R (N chosen as in (14)) which we can extend in y-direction so that
Vuy is 1-periodic, we set

- un(x —20,y) if x € (20, 1),
ulx,y) = .
(1 —-20)y if x € (0,20)
and smooth this function with a symmetric mollifier of support B, (0). For the
smoothed function a straightforward computation shows that one can estimate the
term o2 fQ(Dzu)2 dr?, up to a constant, by o N. On the other hand, in addition to
the region (0, 40') x (0, 1) (outside of (0, 30) x (0, 1) we have Vi € K) the gradient
of the mollified function agrees with one of the preferred gradients except for a tube
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0-5 (1-0)%
——~—
05
0
(1-0)s
05
(1- )6
1-0
05
(1- )
R
(1-09)0 520 0 0

Fig. 3 Left: Gradient field V of the building block described in Step 2 for 6 = 2/5 and m = 3. Note that
the left region of size @ — § is not needed in the construction but is rather added for the sake of an easier
notation in the proof. On the other hand, due to Proposition 3 deleting this region from the construction
cannot lead to an improved energy scaling. Right: The corresponding branching construction for N = 3

1— 26 1— 26

1—26 1-—26

0 1 0 1

Fig.4 Sketch of the function u(8k6, Sfor§ =60 = % andk=0,1,2,3

with width 20 around the jump set of Jy;. Thus, we can estimate the second term in
the energy, up to a constant, by o N 4 4o . Recalling the computation at the end of the
proof of Proposition 2 leads to the claimed energy scaling.
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3.2 The Lower Bound

In this section, we prove the ansatz-free lower bound in Theorem 1. Precisely, we
show the following statement.

Proposition 3 There exists a constant Cy > 0 such that for all o > 0, all 0 € (0, %],

and allu € Ag
. | logo | 2
Es9(u) > Cpmin{o +1),07¢.
’ | logo |

Remark 3 A careful inspection of the upcoming proof shows that the same lower
bound holds true even if the term o | D%*u | () is replaced by the term
o (] 0101u | ()+ [ 9202u | (£2)).

Proof The proof is split in several steps. By Lemma 4, for fixed 6y € (0, 1/2], there
exists a constant ¢4 > 0 such that for all 6 € [0y, 1/2],allc > O and all u € Ay,

Eso(u) > camin{o (] logo | +1), 1}.

On the other hand, Corollary 7 shows that there exist 9y € (0, 1/2], ko € N with
ko > 2 and cp > 0 (depending only on kq) such that for all 0 > O and all 6 € (0, 6],
we have

min{o, 62} ifo > 6%,

15
ko if o € [0FF!, 6%)for some ko < k. (15)

min E, (1) > ¢
el 0,9()_ B{

Note that by Remark 1, this indeed implies the assertion:
(i) If o > 1 then

. . 2 2 . | logo | 2
min E, () > cpmin{o, °} = cpf° > cpmin o +1),0°¢.
uE.Ag | log@ |

(i) If o € [0¢F), %) for some 0 < €<kp then by Remark 1(ii), we have

1
o+ 200 > (L +20 o [ 108711,
| log6 |

and consequently, by (15),

ko +2 1
min E;g(u) > cp ot min{o, 92} > B min | o | logo | +1 ,92 .
uedy ko +2 ko +2 | log6 |
(i) Ifo € (9"‘“, 0]‘) for some 2 < ko < k then again by Remark 1(ii), we have

1 1
2ko > (k+2)0 >0 Ioga|+1 > min yo IOga'—i-l N
| log6 | | log6 |
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and consequently, by (15),

min E g(u)>cho>C_ijn o Iloga|+1 02
uedy 00T -2 | log6 | o

Hence, choosing ¢;, = min{cg4, ﬁ} concludes the proof. 0O

As outlined above, we will prove the lower bound (15) separately for large and small
0, respectively. We build on some techniques that have been used for example in
the derivation of scaling laws for martensitic microstructures, see, e.g., Conti (2006),
Conti et al. (2017), Conti et al. (2020), Zwicknagl (2014).

Lemma4 Let 6y € (0, 1/2]. There exists a constant c4 > 0 (depending only on 6y)
such that for all o > 0, all 6 € [0y, 1/2], and all u € Ag

Eso(u) > caomin{o (logo|+ 1), 1}.
Proof Let u be an admissible function such that
Eso(u) < minf{o (| logo | +1), 1}. (16)

(Otherwise we are done.) Note that there exist measurable functions oy, py : (0, 1?2 >
{=£1} such that almost everywhere in (0, 1)2 it holds

min{| dyu — 1], | du+1[} =] du+px| and
min{| dou — 1, dou + 11} =| dou+ py | .

Step 1: Comparison of u on vertical slices to the boundary data
For almost every x € (0, 1) and almost every y € (0, 1) we have by the fundamental
theorem of calculus that

u(x,y) — (1 —=20)y =u(x,y) —u,y)

:/X diu(t, y)dt
0
=/0 @t y) + px(t, ) dr—/o pelt., y) dt.

Consequently, it holds for almost every x € (0, 1) that

1 1 X
/0|u<x,y)—<1—2e>y|dys/0/ | Ouu(t, ¥) + pe(tsy) | dedy +x
0

1
1 X 2
xi(// | drult, y) + px(t, y) |? drdy) +x
0 0

< x7Egp(u)? +x.

IA
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Step 2: A lower bound on the energy on many vertical slices.
We fix a constant

93

Let x € (0, 1) be such that

L | dydu | ({F) x (0. 1)) < &, and
2
2. [ min{] dyu(F, ) — 1], | du(E,s) + 1 [2ds < .

We claim that this implies that x < g—(l) min {o (| logo | +1), 1} or X > 29%, so that

in particular for almost all X € (;—(‘) min {o (| logo | +1), 1}, 20%) at least one of the
two properties fails. Note that by (17), this is an interval of length at least g—(‘) that is
completely contained in (0, 1).

To see the claim, we proceed similarly to Conti et al. (2017) and subdivide the interval
(0, 1) into the three subsets

My :={y €(0,1): du(x,y) = 1 — 6o},
My :={y €(0,1): 0u(x,y) < —1+6},
and M3 :={y € (0,1): =146y < du(x,y) <1—06p}.

Since the three sets form a partition of the interval (0, 1), one of them has measure at

least % From property 2. it follows immediately that | M3 |< 11—2 < %

We consider the remaining two cases separately.

(a) Consider first the case that | M |> % By the coarea formula, we have (using
property 1.)

1-6,
/ w: HO3{ye (0, 1) : du(,y) > s} ds
L3

2

S/Ho(a{ye 0,1): du(x,y) > s} ds
R

= | rdu(X, ) | (0,1) < 2.
X

Therefore, there is some s € (1 — %, 1 — 6p) such that H°(@{y € (0, 1) :
Du(i,y) > s)) < go_; Since [{y : du(X,y) > s}| =| My |> 1, there exists a
family of disjoint open intervals (/i) 15:1 such that

K K
2c¢y 1 -
KSL)O_J’ ;|1k|z§ and kL_Jllkg{ye(o,n.azu(x,y)zs}.
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On each interval Iy, we have dyu (¥, -) > 1 — =L, which implies that for all y € Iy
(recall that 1 — 30 =1 — 26y +6p/2 > 1 — 29 +60/2)

lu(x,y) — (1 —20)y| =

u(x,0)+ v/y (Oou(x,t) — (1 —26)) dt
0

> |ux,0)] — ‘ /Oy (dou(x,t) — (1 —120)) dt

) )
> minja — —y|,
aeR 2

and hence

. . 6o
/ LuEy) — (1—20)y | dy zmmf o — Lypay
I aeR J1 2

6o [/ b 5
=2= dy== |1 . 18
2 ), ydy =3 | I | (18)

Summing estimate (18) over k and using Step [ yields by assumption (16)

K 1

0o - 1 JE
E ) | I 2 Sf lu(x,y) — (1 =20)y|dy < X2E;p(u)2 +x
k=1

< # min{o (| loga | +1), 1}? + £, (19)

There are two possibilities: If K = 1 > 2Ll then X > Zﬂ Otherwise, we have

1<K < IVZC‘-I < gcjc and from Zk 1 Ik |> we deduce by convexity and (19)
that

X
<
r—

S S

K
g" Zg‘) 2< ¥2 min{o (| logo | +1), 1}2 + .

(20)

64.702..2
Note that for ¢ > “* 72 min{o (| logo | +1). 1},
0

2

12
- 8- 72 -c1’

=2 min{o (| logo | +1), 1}

.64.722 2
which implies that (20) can only hold for 7 40472

min{o (| logo | +1), 1}.
0
46472 2 <a

0

Note that which concludes the proof of the claim in this case.
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(b) Consider now the case | My |> % We proceed along the lines of (a), and find that

thereissomet € (—1, —146p) suchthat H*(3{y € (0, 1) : dhu(Z, ) < 1}) < 9°0'x

Consequently, there exists a family of disjoint open intervals (1) le such that

K K
c1 1 -
K<|—]1, Iy |= = and I, C € (0,1) : du(x,y) <t}.
_[W ;|k|3 kLlek{Y()z()’) }

Oox

In this case, we obtain that in each interval Iy,

Lu(E ) — (1= 20)y | dy = min/ o — (1 — o) y] dy
I

190 0 5
— I I I,
| I *> 8|k|

and the rest follows as in case (a).

Step 3. Conclusion.

By Step 2, for almost all x € ((3_(1) min {o (| logo | +1), 1}, 29%) at least one of the
properties 1. or 2. is not true. Consequently,

2c
Tol . Joca 90
Esp(u) > min dx. 21

oL min{o (Jlogo|+1),1) x 12

We now consider two cases separately.

G) Ifo < %then we find for x > g—(‘)min{o(| logo | +1),1} = g—(‘)cr(| logo | +1)
that

ocy ac16o
<———— =<6y
X cio(|logo | +1)

Hence, min{ZL, 12} > —%—‘ fo rallx € ( min {o (| logo | +1), 1}, 29%), and

X
since log(| logo | +1) log(2), | log(o) |}, we deduce from (21)

2¢
9() 97()1 oC] 9
Ecou) > — | “Ldx = 2ejo (log(2) —log (o (| logo | +1)))
12 )8 o (logal+1) X 12

boci log(2)
12 10

v

o (| log(o) | +1),
(23)

6o 1 1
—C|0 (Elog(Z) + 1 | log(o) |) >

which concludes the proof in this case.
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2
(i) If o > 1/2, we have for all x < 29% that "xﬂ > % > %0 > ?—0, and hence
02 7
ae(u)>f > % = (24)
If we choose ¢4 = 9‘1’;' 10%2), the assertion follows from (23) and (24). ]

The proof of the lower bound in the case § < 1 is split into two lemmata which
combined lead to the estimate in Corollary 7. We start with a general estimate which
will be relevant for the lower bound only if o > 032,

Lemma5 There exists c > 0 such that for all 0 € (0,1/2], all o > 0, and all
u € Ag, we have

Eqp(u) > ¢4 min{6?, o}.

Proof Letu be an admissible function such that E g (1) < ﬁ min{@z, o'} (otherwise
there is nothing to prove).

Step 1: Choice of representative vertical and horizontal slices.

By Fubini and slicing, we find X € (%, 1) satisfying

1
/ min{| Bu(X, 1) — 11, | 0u(x, y) + 1 [}* dy 4+ o|8200u(%, -)|(0, 1)
0
s4</ / min{] dau(r. y) — 11, | daucr, y) + 1 |} dy d
3/4
+ o |D%u|((3/4,1) x (0, 1))>
<4E <2 m (6%, 0} 25)
< g,g(u)_ﬁmm Lo} (

Similarly, there are y; € (1/8, 1/4) and y, € (3/4,7/8) such that

1
/ min {| dyu(x, y1) — 11, | du(x, y1) + 1 [}> dx 4+ o]8101u(-, y1)I(0, 1)
0
<2 in{0?, 0} and
— mim0°, o an
~ 242

1
/o min {| du(x, y2) — 1], | diu(x, y2) + 1 [}* dx + o[3181u(-, y2)|(0, 1)

4
<oz min{6?, o'}. (26)
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Step 2: Partial derivatives do not jump between the wells on the chosen slices.
By the coarea formula,

1/2
HO @ {x € (0, 1) : dulx,y;) > s}) ds < 313 1u(, y)|(0,1) fori=1,2.
—1/2

Hence, there exists § € (—%, %) such that
HO(B{x 2 01u(x, y1) > 5}) +H0(8{x 2o1u(x, y2) > §})
< [0101u(-, y)| ((0, 1)) + [9191u(-, y2)|(0, 1) < 2%22 <1,
and therefore
Ho(a{x cou(x, yp) > 5} = ’Ho(a{x sou(x, y2) > s} =0.
In particular, we have fori = 1, 2 either dju(x, y;) > § for almost every x € (0, 1) or
dru(x, y;) < 5 foralmostevery x € (0, 1). Without loss of generality, we may assume
that
diu(x,yy) > s for almost every x € (0, 1), 27
the other case can be treated analogously. Note that we will consider the two possibil-

ities for y, separately in the sequel.
Proceeding analogously, we also find some 7 € (—%, —%) such that

H? (8{ye (0, 1) : du(F, y) > i}) = 0. (28)
Step 3: A lower bound for the energy.
By (27), for almost every x € (0, 1) we have dju(x, y1) > § > —1/2, which implies
that

[01u(x, y1) — 1| < 3|01u(x, y1) + 1]

Hence, by Holder’s inequality, we have for every x € (0, 1), using the choice of y;

(see (26))
2 X 2 X
< (/ |alu(r,y1)—1|dr> s/ ot y) — 1 P dr
0 0

X
< 9/ min (| (e, y1) — 11, | dyut, yi) + 1) di
0

-y

X
‘/ drut, y1)di — x
0
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Consequently, by the fundamental theorem of calculus,

0

x 0
((x, y1) —u,y1)) —x =/ diu(t,y)dt —x € (_Z’ Z)' (29)
0

We proceed similarly for y, where we consider the two cases from Step 2 separately.
If 0ju(x, y2) > § for almost every x € (0, 1) then as above for y,

(u(x, y2) —u(0, y2)) —x € (_; g) forall x € (0, 1).

In the other case, i.e., if dju(x, y2) < § for almost every x € (0, 1) then we find
similarly

(u(x, y2) —u(0, y2)) +x € <_§’ g) forall x € (0, 1).

We consider the two cases separately.

Case 1: Suppose that u(x, y2) —u(0, y2) —x € (—%, %) for all x € (0, 1).
Recalling (29), in this case, we have that x — % <u(x,y;)—u@©,y) <x+ % for
i € {1,2}. Hence, using y — y; > % and the boundary condition at x = 0, we obtain

(I =30)(2—y1)

1 6
<A-=-20)(2—y1)— 50 =u(0, y2) —u(0, y1) — 5

0 0
=u(x, y2) — (u(x, y2) — u(0, y2)) — yi u(x, yr) + (u(x, y1) —u(0, y1)) — 1

= u(x, y2) —ulx, y1)
= u(O, )’2) + (u(x, YZ) - M(O, )’2)) - M(O’ )’1) - (M(.X, yl) - M(O, yl))

0
=1 =20)(2—y)+ 3 = (I =6)(y2 — y1),
which implies that

151_395u(x,yz)—u(x,yl)S
2 y2 = )i

1—-6 for all x € (0, 1), (30)

and hence in particular

u(x, y2) —u(x, y1)
y2=MN

11>6 for all x € (0, 1).

We now consider X as chosen in Step 1. Using the lower bound in (30) we deduce
from (28) that for almost all y € (0, 1) we have du(x, y) > f > —%, and hence for
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almost all y € (0, 1)
| dau(x, y) — 1 |< Tmin{| dau(x, y) — 1|, | dou(x, y) + 1 [}.

Putting things together, we obtain by Holder’s inequality (recall that | y, —y; |> 1/2),
using (25) in the last step,

- ~ 2 » 2
) — (R, Lo
02 < u(x, y2) — u(x, y1) = / bou(E. y)dy — 1
Y2 — V1 Y2 = Y1 Jy
1 » - 2 : - 2
< / | oou(E,y) — 1| dysz/ | au(E,y) — 12 dy
2=y Jy 0

1
< 98/ min{| du (X, y) — 1|, | u(F, y) + 1 [y dy <392E,4(). (1)
0

This concludes the proof of the lower bound in this case if cp < ﬁ.

Case 2: Suppose that u(x, y2) —u(0, y2) + x € (—%, %) for all x € (0, 1).
In this case, we have (recall (29))

0 0 0
x——<ulx,y)—u@,y1) <x+- and —x—— <u(x,y)
4 4 4
0
—u(0,y) < —x+ rh

Proceeding similarly to Case 1, we apply this with x = X, and we obtain using that
x € (@(3/4,1), % > y» — y1 > 1/2, and the boundary condition at x = 0,

(=3-=30)(y2 —y1)
0 0
<A =20)(y2—y1) -2~ 7 = (1—29)(y2—y1)—2)?—5
<u(0, y2) —u(0, y1) + (u(x, y2) — u(0, y2)) — (u(x, y1) — u(0, y1))
- M(i, )’2) - M()Z, J’I)

0 3 46
=< (1—29)(y2—y1)—2f+§ =d=2002—y)—7+7
=(=1=0)02 =y

This yields in particular

u(x, y2) — u(x, y1)
Y2 — )

—-3-30 < <—-1-0<rt,

and we deduce from (28) that d,u(%, y) < 7 for almost all y € (0, 1). Thus,
| u(x,y)+ 1 |=minf| dou(x,y) —11,| du(x,y)+ 11} for almost all y € (0, 1).
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Since

u(x, —u(x,
(X, y2) —u(x, y1) "
Y2 — )1

1l =90,

the claimed lower bound on E4 g (1) follows as in (31) (with an even better constant).
This concludes the proof of the lemma. O

Lemma 6 There exists a constant cg) > 0 with the following property. For all 6 €
0, 1/2]) and all o € (0, Qk)for some k € N with k > 32, we have

Eso(u) > cg)ka.

Proof 1t suffices to consider o € [9"‘“, 91‘) for some k > 32. Let u € Ay be such that
Es9(u) < ko (otherwise there is nothing to prove). Let K = L%J. We fix ¢; ::ﬁ.

Step 1: Choice of representative vertical slices and reduction to auxiliary statement.
By Fubini’s theorem and standard slicing arguments we can find points x; €
(36%,30%),i = 1,..., K, such that u(x;, ) € H'(0,1), du(x;,-) € BV(0, 1)
and

1
/ min{| du(x;, y) — 1|, | du(xi, y) + 1 2 dy + 0 | d28u(x;, ) | (0, 1)
0
—2i I oi 3 0
50 EO'@ M,(-@ 1_9 )X(Ovl) .
’ 2 2

For an illustration, see Fig. 5. Note that by the assumption 8 < 1/2, the intervals
(%92’, %92‘) for1 = 1,..., K are pairwise disjoint and contained in (0, 1).
In the subsequent steps, we will prove the following result: There exists a constant

c3 > 0 (not depending on o and 6) such that for each 1 <i < K — 1 we have (recall
that we chose ¢, above)

1 .
/ min{| dou(x;, y) — 1|, | daulxi, y) + 1 12dy +0 | 920pu(x;, ) | 0, 1) = 20 2o (32)
0
or

Eog(u; (xiy1,xi) x (0, 1)) = c30. (33)
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Note that this indeed implies the assertion since (using the choice of x;)

1
Eqo(u) > 5

1 2i 3 2i
Z Eopu, (507, 267) x (0, 1) + Eop(u, (xit1, xi) x (0, 1))

i=1

K—
1
5 Z (92’/ min{| dpu(x;,y) — 1|, | dau(xi, y) + 1 |} dy

+0%0 | dadou(xi, ) | (0. 1) + Ega(u, (xit1,x1) x (0, 1)))

>

min{cy, C3}k

min{cs, >
in{cz, c3}o > D

N =

I
MR

Therefore, from now on, we fix some 1 <i < K — 1 and assume that (32) does not
hold, i.e., we have

1 .
/0 min{| dpu(xi, y) = 1|, dulxi, y) + 1 1 dy + 0 | dadpu(x;, ) | (0, 1) < 260 (34)

In the rest of the proof, we will show that (33) holds for a constant ¢3 > 0 chosen
below.

Step 2: Choice of a large representative portion with an almost constant derivative.
We note that inequality (34) implies that | d2du(x;,-) | (0, 1) < 2072 and

1
/ min{| du(xi, y) — 1|, | daulxi, y) + 1 [V dy
0

< C29_2'0

< 207K < 03, (35)
We proceed similarly to the proof of Lemma 5. By the choice of ¢, the set

P :={y € (0, 1) :00u(xj, y) € (=1 4+6,1—6) or dou(xj,y) <—1-16
or dou(x;, y) > 1+ 6}

has measure (much) less than 1/3. Next we show that also the set P} :={y € (0, 1) :
—1 —6 < du(x;,y) < —1+4 0} has measure less than 1/3. For a contradiction let
us assume that £'(Py) > 1/3. We find y», y; € (0, 1) such that y, — y; > 1 — 1z L and
forj=1,2

1
/ minf| du(x, y;) — 1 [, du(x, yj) + 1 Y dx < 24Eq 4 (u).
0
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Then we estimate, using that E, g (1) < ko < 62,

»
/ u(x;, t)dt = u(x;, y2) —u(x;, y1)
)7

1

1 1
> u(0, y2) — u(0, y1) — 2x; — 2x; (24Eq0())>

1 ) £\ 2
> (1-20)(1 = ) =30 —2(369) .

Since £! ((y2. y1) N P1) = L1(P) — L1 (0. 1)\ (y1.y2)) = § — 75 we have for

1
00 < 1¢

/ opu(x;,t)dt
(v2,yD)N{02u(x;,-) >0}

1

> 1—29)1—1 —30% —120% — (-1 +6 .
> ( ( E) ( )(5 ﬁ)

>14 1 2+3+3+1
— 12 16 16 4 4

9
> 36
1 (36)
On the other hand, we have by (35) and the choice of ¢;
/ dpu(x;, t)dt
(2, y1)N{02u(x;,-) =0}
1
2
< (/ (u(xi, 1) — 1)? dt) + | {dau(xi, -) = 0} |
(2, y1)N{02u(x;,)=0}
2
<00+ Z<o067. (37)

Combining (36) and (37) yields a contradiction. Consequently, the set
P:={ye,1): 1 -0 <dulx,y <1+6}
has measure at least 1/3. Hence, using the coarea formula, we derive that there exists

6 € (0, 3/260) such that A; = {du(x;, ) € (1 — 6,1+ 6)} is of finite perimeter and
such that

1 .
LA > 3 and HO(3*A;) < 2c,07 ¥,

Let us now consider the disjoint intervals /; = (9i—,292i+1, %92"“) forl € Ny. For

6o so small that c26), 3 > 2 it follows that at least %9’% —1 of those intervals are (up
to a set of measure 0) contained in A;. Indeed, by volume considerations the number
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of intervals I; intersecting A; is larger than 3¢2072~1 In addition, the number of
intervals that contain a point of 9*A; is bounded by the number of points in 0% A;.
Eventually, there might be an interval intersecting A;, which does not contain a point
from 9* A; but is not fully contained in (0, 1). Hence, the number of intervals that are
fully contained in A; is at least 3¢90 21 _¢y2972-1 1 > %29_2"_1. In particular,
we can find an interval I; C A; such that

Eso(u; (0,1) x I) <40 L1 (I}) Eg.0(u)
and  Eqo(u; (xit1, 1) X [}) <40 L' (ID) Ego(u; (xip1,x) x (0, 1)) (38)

Step 3: Estimate on horizontal difference quotients between {x;} x (0, 1) and

{xit1} % (0, 1).
Let us write I; = (aj, by) and estimate for ¢ € (aj, aj+ | I | /2)

lu(xi, t4+ | 17| /2) —u(xi, ) —u(xipr, t4+ | Ip | /2) +ulxipr, 1)
> ulxi, t4+ [ I; | /2) —u(xi, 6) — (1 =20) | I; | /2] — |u(xit1, t) — (1 —20)t]
—luxis1, t+ 1 171 /2) = (1 =20)(t+ | I; | /2)]. (39)

By the definition of A; and I;, we find for the first term of the right-hand side (using
6 € (6,3/20))

-6
ety 141 I | /2) — i £) — (1= 20) | 17| /2] dt = | ’4'

For the second term, we follow the argument of Step I in the proof of Lemma 4 and
find for almost every ¢ € (aj, aj+ | Ij | /2)

lu(xigr, 1) — (1 —20)t]

= |u(-xi+17 t) - M(O, t)'
1

1 1 2
= xiz-‘,-l <‘/(; m]n{l 81M(S, t) -1 |7 | alu(svt) + 1 |}2ds> dS +.Xl'+1.

The third term in (39) can be treated similarly. Putting things together, (39) yields for
almost every ¢

luCxi, t+ | 17| /2) —u(xis ) —u(Xipy, t4 | I7 | /2) +ulxiyr, 1)]

1
2

[ 1716 1 o )
> = 2Xip1 — X min{| dyu(s, 1) — 1], | dju(s, 1) + 1 [} ds
0
1
: b 3 [ 17| 1113 | 1f | L1124 .
BV A min{| du(s,t + ——=) — 11, [ Bu(s,t + —=) + 1 |}7ds

(40)

@ Springer



Journal of Nonlinear Science (2023) 33:20 Page250f36 20

On the other hand, we may estimate similarly to above for almost every ¢

luCei 141 17 | /2) —uxi ) —u(xipr, t+ [ I; | /2) + u(xigr, 1)
Slulxit+ 171 /2) —ulx, ) — (1 =20) [ I; | /2]
+ luCxipr, 1+ 1 17| /2) —uxipr, 1) = (1 =20) | I; | /2]

1
2

1 1
<201 + 2xi 11 + 22, (/ min{| du(s. 1) — 1|, | dyuls, ) + 1 |}2ds>
0

1

1 1
+x7 (/ min{| 81u(s,t+u)— 1|, 0qu(s, t+u)+l 12 ds )
0
(41)

Next, we notice that by the choice of I; (see (38))

aj+1;1/2
/ / min{| dju(s,t) — 1|, | dju(s,t) +1 |} ds dt
ay

1

< Epgu; (0,1) x Iy) <40 | I; | Eqg(u) and

aj+171/2 5
/ / min{| dyu(s, t+ | I; | /2) = 1 |, | o1u(s, t+ | I | /2) + 1|} ds
day

l

< Eoo(u; (0,1) x Ip) =40 | I7 | Eq(u).

Hence, there exists a subset of (a7, aj+ | I | /2) whose measure is at least 4—1L | I7 |
such that for all its elements ¢ it holds

1
/ min{| oyu(s,t) — 1|, | diu(s,t) +1 |}2 ds <320E; 9 (u) and
0

1
I; I;
f min{| dyu(s, t + 7] 2’ |) —11,| duls, t + &/ 2’ |)+1 > ds < 320 Eq g (u).
0

(42)

Next, we note that it holds by assumption that (recall that o < Ok k> 132,i < ]gc, and
0 <1
=2

Espo(u) <ko < koK < 9% < g2+,
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Hence, for all the ¢ from above we obtain from (40) and (42)

| uxis t4+ 117 1/2) —uxi, t) —uxipr, 141 17 | /2) + uxigr, 1) |

L6 5

A — 2xi41 — 2x7, /320y Eq g (u)

o L priva _gpniva oy Jaepp2ive

~ 36c¢;

> 941250 — 3 —22)

> 922, (43)

On the other hand, we obtain similarly for the same ¢ € I7 from (41) and (42)

lu(xi, t+ 1 17| /2) —u(xi, ) —u(xipr, t4+ | Ip | /2) +ulxipr, )]
1 . 1
< 299—921“ + 2x141 + 2x21/320Eq.0 (1)

c2
< (500 + 3 4 2+/480)9%*2. (44)

By definition of x; and x; | we have %9” <X —Xig1 < %6‘”. Together with (43)
and (44) this yields for the ¢ € I7 from above that

22 |Woi A I 1/2) —ulrin, 4 171 /2)  u(xi 1) —ulxign 1)
307 =

Xi — Xi+1 Xi — Xit1
< 8(500 + 3 + 2+/480)6>. (45)

We now choose 6y € (0, 1/2] small enough such that 8(500 + 3 +2+/480)67 < 1/2.
Hence, roughly speaking, at most one of the difference quotients occurring in (45) can
be close (at the order of 92) to {£1}. Precisely, summarizing the results of this step,
there is a universal constant ¢4 > 0 and a subset of /; whose measure is at least }t | I7 |
such that for all 7 in this subset it holds

u(xi, t) —u(xiy1,t)
Xi — Xi+1

-1

> 6492.

Step 4: Conclusion of estimate (33).
Let us now assume that for a point 7 from Step 2 itholds | d101u(-, t) | (xj41, Xi) < %
Then we may assume without loss of generality for almost all s € (xj41, x;) that
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| d1u(s,t) — 1 |< 3min{| dyu(s,t) — 1|, ] 0yu(s, ) + 1|} and thus

Xi

min{| dyu(s, 1) — 1], | duls, 1) + 1 }>ds

Xi+1
L[ 5
> = | dru(s, 1) — 1|
9 Xi+1
1 i 2
2—(/ alu(s,t)—lds>
9(xi — xi+1) \Jxipy
1 u(i. ) —ulxig, )\
= —(xi — Xi+1) -1
9 Xi — Xi+1
s’ 4
> —070
72
2
> Cio’
- 72

For the last estimate, we used again that 2i +4 < lz—‘t +4 < k as k > 32. Consequently,

o1 1
Epp(u, (Xip1, %) x [[) > o | I7 | mm{icﬁ, 2

This concludes the proof of (33) for §p < min {«/02/ 1/16, /16(500+3+2 7350 }

with ¢3 < mm{ ) 42, 4} and hence the assertion is proven.
Combining the estimates of Lemma 5 and 6, we obtain the following lower bound.

Corollary 7 There existcp > 0, kg € N, and 6y € (0, 1/2] such that forall 6 € (0, 6y,
allo > 0and allu € Ay,

min{62, o} ifo > ok,

E >c
o:6() 2 cp ko ifo € [0%F1, 6%) for some ko < k.

4 Generalizations of the Scaling Result
4.1 General p

We consider for 1 < p < oo the energy Eq ¢ : Ag — [0, 00)

El,(u) :f 2dist”(Vu,K)dx+a | D*u | (Q).
.1
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: {1}1} X Il
0 g2i+2 92 0

Fig.5 In the proof of the lower bound representative vertical slices (dashed lines) at x; (x;1) are chosen
in a neighborhood around 0% (green) (92i+2 (red)). On a representative vertical slice {x;} x (0, 1) intervals
{x; } x I (vertical blue line) are identified in which u is almost affine. Then difference quotients of u between
x;41 and x; are estimated along horizontal lines (horizontal blue line)

Corollary 8 Let p € (1, 00). There exists a constant C > 0 such that for all o > 0
and all 6 € (0, §),

1 1 1
— min {o M+l ,07 SminEpg(u)SCmin o M—}—l ,07 ¢ .
C | logo | uehy & | log 6 |

Proof Fix p € (1, 00). For an upper bound one can use the constructions for p = 2
from Proposition 2. Clearly, the function u(x, y) = (1 —26)y £ x produces an energy
of order 67. On the other hand, it can be seen from the proof of Proposition 2 that the
function constructed via branching u y satisfies Vuy € K except for an interpolation
region of size # on which it holds | Vuy |< 5. Hence, one obtains again

f dist(Vuy, K)? dxdy < CoV.
©0.1)2

and | D*uy | ((0,1)®) < CN. Setting N = (Ilog"l] yields as in the proof of

[log 6]
Proposition 2, E(f,@ (un) < Co (“llgigll 1).
The lower bounds can be shown analogously to the case p = 2. O
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u(0,9) =0

saize 9

Fig.6 Left: Sketch of the function u y as constructed in Proposition 2 for 6 = % and N = 4. The regions
of constant gradients are color-coded, the ruled region indicates the necessary interpolation to meet the
boundary values. For larger N the gradient of u 5 is only changed in the interpolation region. Right: Sketch
of the function u = limy_, o, uy as discussed in the proof of Corollary 10

4.2 Classical Double-Well Potential

We define the function W : R2 — R, W(x,y) = (1 — x2)? + (1 — y?)2, and the
energy Fyp : Ag — [0, 00),

Fyo(u) =/ W (d1u, dou)dx + o | D%u | ().
0,12

The following corollary shows that the scaling law for min E, ¢ and min Fj; ¢ are
the same.

Corollary 9 There exists a constant C > 0 such that for all 0 > 0 and all 6 € (0, %]
it holds

1 . | logo | 5 ) . | logo | 2
—minqo | ——+1),0°t < min Fop(u) < Cminjo | — +1),07¢.
C | log@ | ueAy | log6 |

Proof First note that
Wx,y) = (1—x)21 +x)%+ 1 — 1+ y)? > dist((x, y), K)*.

Consequently, inf E; g < inf F; ¢ and the lower bound follows from Theorem 1.
Again, it can be easily checked that the competitors from the proof of Proposition 2
produce a corresponding upper bound for min Fy g. O

4.3 Boundary Conditions on Whole Boundary

In this section we show that in the symmetric case 6 = %, we can replace the boundary

condition u (0, -) = 0 by the more restrictive boundary condition # = 0 on 9(0, 1)2.
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Fig.7 Sketch of a competitor
such that u = 0 on 8(0, 1)%. The
construction is obtained by
subdividing the square (0, 1)2
through diagonals into four
triangles. On each of those
triangles, a version of the
construction sketched in Fig. 6 is
used

Corollary 10 Let o > 0. Then there exists u € W1°((0, 1)?) such that u = 0 on
(0, 1)? such that

Es 12 < Cmin{l,o (] logo | +D}.

Proof Clearly u = 0 meets the more restrictive boundary conditions and satisfies
Eg12(u) = 2.

In the branching regime, o < 1/4, we recall that in the proof of Proposition 2 we
constructed functions uy such that uy(0,-) = O and Es 12(uny) < C(oN + 2Ny,
see Fig. 6. It is easy to see that the limit u = lim uy exists in L', c.f. the proof of
Proposition 12. The function u belongs to W1°((0, 1)?) and satisfies Vi € K almost
everywhere and (0, -) = 0. Moreover, u(x, x) = u(x,1 —x) =0forall0 < x < %
In addition, Vi € BV ((0, 1)) with | DVu | (27N, 1 —27V)2) < CN. Then
define i : (0, 1) — R in the following way: For (x, y) € 2N, 1=2"M2 we set

u(x,y) ifx<y<I1-—x,
N u(l—x,y) ifl —x <y<ux,
u(x,y) = .

u(y, x) ify<x<l-—y,

u(l—y,1—x) ifl—y<x<y.

One checks that | @(x,y) |< 27N for all (x,y) € 32~~,1 —2"V)2. Then one
interpolates on (0, 1)>\ 27,1 —27V)2 so that it = 0 on 8(0, 1)%. See Fig. 7 for an
illustration of . The energy estimates on the interpolation layer are analogous to the
computations in the proof of Proposition 2. Choosing as in Proposition2 N =| logo |
leads to E; 1/2(it) < Co (] logo | +1). O
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4.4 Scaling Law on Rectangles

Proposition 11 There is a constant C > 0 with the following property: For L > 0
consider the rectangle Qy := (0, L) x (0, 1) and set

AL = |u e W'A(Qp) : Vu e BV(Qu), u(0,y) = (1 — 29)y} .

We define
min{L6% o (f25l+ 1)} L=
$(L.0,0) = fmin {162 o (1+ BN o <L <6
L0? if L < min{f, o}.

Then forallo, L > 0 and 0 € (0, 1/2),

1
—5(L.6,0) < min E,o(u: Q) < Cs(L.6.0),
c ue A

where we use the notation Eq g(u; Q1) as defined in (5).

Proof Upper Bound. The affine functionu(x, y) = (1—26)y satisfies E4 g (u; ((0, L) x
(0, 1)) < L6?. This in particular concludes the proof of the upper bound if L <
min{6, o}.

For the other two regimes, we use the test function uy : (0, 1)2 — R constructed in
the proof of Proposition 2 and note that

Uy (6. y) = oa+y ifye (0,1—-6)
N = gt 2—200—y ifye(—0,1)

for some value & € R. We now define the auxiliary function u : (0, c0) x (0, 1) - R
via

un(x,y) ifxe0,0), ye 0,1
ux,y) =3a+y—(x-—0) if x € (0,00), y € (0,min{l, x +1—26})
a+2—-20)—y+x—0) ifxe@®,20), ye(x+1-20,1).

Note that this construction resembles the truncated branching construction used for
martensitic microstructures (Conti and Zwicknagl 2016; Conti et al. 2020; Zwicknagl
2014). We claim that restrictions of the so-defined function u yield the respective
energy scalings. We consider the cases from the definition of s(L, 6, o) separately.

(1) If L > 6 then by Proposition 2 we have

| logo |
EU’Q(M,QL)SEU,Q(MN’QQ)+U+GOﬁECO |1 9| +1).
0g
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(i) If o < L < 0 then there exists m € N such that sgmtl < L/0 < &, where

§ = ﬁ < 6 as in the proof of Proposition 2. We note that m < “(l)ling‘gl <
”ﬁ%géf‘ < N with N € N as defined in the proof of Proposition 2, see (14).We

estimate using the computations from the proof of Proposition 2
Esg(u; (0, L) x (0, 1))
< Eqolun; (0,08") x (0,1) < ¢ (65" + (N —m))

1 log L log(L
“co 1Jrloga/el_log /0| o 1Jrog(/a) '
| logd | | logé | | log6 |

Lower bound. Step 1: L > 1. In this case, the proof follows from the lower bound for
Esp on (0, 1)2. We will from now on focus on the case L < 1.

Step 2: 0 > 9(])(0. An argument along the lines of the proof of Lemma 5 shows that
for all admissible functions u,

Ego(u, ) > cmin{L6?, o}.

This in particular concludes the proof of the lower bound in the case L < min{@, o}.
Step 3: L € [0, 1). In this case, the proof of the lower bound follows as for L = 1.
More precisely, for large 6 > 6y both, § and L are of order one, and we can proceed
similarly to the proof of Lemma 4 to obtain a lower bound E g (u; Q1) > ¢ min{o (|
logo | +1), 1}. For 0 > 6 for some k > 33, we can directly use Lemma 6 since this
proof uses only the energy on a domain that is contained in (0, ) x (0, 1) € .
Step 4: L € [o,0). First note that by the argument in step 2 it always holds

Eso(u,2r) > cmin{LGz,U}. This shows the desired lower bound as long as

log(L/o)
Togor = 33

Ifo € [0Ft!, 9F) forsomek and L € [67F), 0™) for somem € N'such thatk—m > 32
define K := L%J Then one can find fori = 1, ..., K points x; € (%LGZZ, %L@z’)
such that u(x;, -) € H'(0, 1), du(x;, ) € BV(0, 1) and

1
/0 min{] dou(xi, y) = 11, | Sau(xi, y) + 11\ dy + 0 | d2dbu(xi, ) | (0, 1)
—15-2i 1 2i 3 2i
= L0 Egp (u GLOY, SLO% x (0, 1) ).

With this notation a lower bound can then be proven with minor modifications along
the lines of part (B) in the proof of Proposition 3. O

5 Regularity of Solutions to the Differential Inclusion

Refining the construction in the proof of Proposition 2, yields a solution to the differen-
tial inclusion problem derived in Cicalese et al. (2019) subject to boundary conditions.
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While our scaling shows that the resulting gradient is not in BV (cf. also Riiland et al.
2019), we can in the spirit of Riiland et al. (2018), Riiland et al. (2019), Riiland et al.
(2020) exploit regularity properties of it.

Proposition 12 There exists a function u € w1200, 1)?) such that u(0, y)=(1-—
260)y, Vu € K almost everywhere, and Vu € W4 forall0 < s < 1 and g € (1, 00)
such that % > 5. Moreover, Vu € BVj,((0, 1)2) and consequently dimy (J,) = 1.

Proof Fix s € (0, 1) and g € (1, 0co) such that 37 > s. Then there exists p € (1, c0)
such that ql = % +s.

Now, recall the branching construction of the function uy : (0, 1)2 — R in the
proof of Proposition 2, see Fig. 6. In particular, we note that for all N € N we have

(i) un(0,y) = (1 =26)yin L'(0, 1),
(il) Yup € K for almost all x € (6V, 1) x (0, 1),
@iii) if M > N then Vuy = Vuy for almost every x € (ON, 1) x (0, 1),
(iv) lluns1 —unllpr < COV,
V) [IVunllp~ < C,
(vi) [Vunllpy <CN,
(vii) [|[Vuny — Vuyyiller < COV,
(viii) |Vuy — Vuny1llpy < C.

First note for M > N that by (iv)

M—1 00

N

lum —unlipr < E luk+1 —ukllpp <C E 0.
k=N k=N

Hence, (uy)y forms a Cauchy sequence in L'. Similarly, one shows using (vii) that
(Vupy)y is Cauchy in L?. Consequently, (u#y)y is a Cauchy sequence in w1 and
converges strongly in W1 tosomeu € WH1((0, 1)?). As the trace is continuous with
respect to strong convergence in W1 we obtain from (i) that u (0, y)=(1—-260)yin
L'(0, 1). Moreover, it follows from (ii) and (iii) that Vu € K.In particular,u € W1,

Next, we apply an interpolation inequality between L? and BV, see (Riiland et al.
2018, Corollary 2.1) to Vuy41 — Vuy which yields using (v), (vii) and (viii)

IViy1 — Vuyllwsa < CllVuy1 — Vuy 15" Vuys1 — Vuyllyy < COU9N.
Hence, we obtain for M > N that
M—1 00 X
IVun = Vaylwsa = Y 1 Vuksr = Vallwsa <€ Y (617)
k=N k=N

In particular, (Vupy)n is a Cauchy sequence in W* 4. Its limit is already identified
to be Vu. Consequently, Vu € W5 9. Eventually, we remark that (iii) and (vi) imply
that (Vuy)y is bounded in BV, ((0, D). By BV-compactness, it follows Vu €
BVj0c((0, 1)?). It remains to show that dimy(Jy,) = 1. Since Vu € BV ((0, 1)?),
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we have for s > 1 that H* (Jv,) < >, H*(Jvu N (1/k, 1 — 1/k)?) = 0. On the other
hand, it follows from the energy scaling result Theorem 1 for that H'(Jy,) = 400
which implies dimy (Jvy) > 1. O
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