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Abstract

Interchanging the role of space and time is widely used in nonlinear optics for mod-
eling the evolution of light pulses in glass fibers. A phenomenological model for the
mathematical description of light pulses in glass fibers with a periodic structure in
this set-up is the so-called dispersion management equation. It is the purpose of this
paper to answer the question whether the dispersion management equation or other
modulation equations are more than phenomenological models in this situation. Using
Floquet theory we prove that in case of comparable wave lengths of the light and of the
fiber periodicity the NLS equation and NLS like modulation equations with constant
coefficients can be derived and justified through error estimates under the assumption
that rather strong stability and non-resonance conditions hold. This is the first NLS
approximation result documented for time-periodic dispersive systems. We explain
that the failure of these conditions allows us to prove that these modulation equations
in general make wrong predictions. The reasons for this failure and the behavior of
the system for a fiber periodicity much larger than the wave length of light shows that
interchanging the role of space and time for glass fibers with a periodic structure leads
to unwanted phenomena.
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Fig. 1 In geometric or nonlinear optics, cf. Rauch (2012) and Agrawal (2013), the space variable xphys
is very often taken as the evolutionary variable. The initial condition is given by the time evolution at the
lower end of the fiber. Since the system is periodic in space we have chosen (1) to be periodic w.r.t. our
evolutionary variable = xphys

1 Introduction

Dispersion management is used in various applications such as in mode-locked fiber
lasers or in optical fiber communication, cf. Ganapathy (2008). These systems are
described by Maxwell’s equations with a weakly nonlinear material law for the polar-
ization of the medium. In such systems dispersion occurs, i.e., the scattering of energy,
which is an unwanted phenomenon w.r.t. the purpose of these devices. An active dis-
persion management is used in order to minimize the possible dispersion of the light
pulses. One aims to stabilize the pulses by a periodic arrangement of two materials
with opposite dispersion coefficients, cf. Kurtzke (1993). See Turitsyn et al. (2003)
for a nice review article.

For the subsequent considerations we use time-periodic systems instead of spatially
periodic systems due to the modeling used in nonlinear optics. There, the role of the
spatial variable xppys and of the temporal variable #,pys is interchanged, and xppys is
taken as evolutionary variable, see Fig. 1. In order to have the usual mathematical
notation we use ¢ for the evolutionary variable which corresponds in the physical
model to the spatial variable xppys.

As a toy model for discussing these questions we consider in this introduction the
following time-periodic dispersive system

82u = a102u + 02020%u — azu + aqu’, (1)

with x, ¢, u(x, 1) € R, and where the a; = «;(¢) for j = 1,2, 3, 4 are real-valued
2 L-time-periodic (step) functions which are defined by

' _Jaja, fort e [0, L)’
@) = {cxj;z, fort € [L,2L), ”
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with aj;1, ;.2 € Rand L > 0. (1) is not derived from Maxwell’s equations, but
we strongly believe that the subsequent results hold similarly for models which come
directly from Maxwell’s equations. For notational simplicity we have chosen both
intervals to be of the same length L. In the following many 2L-time periodic step
functions will occur. They are defined as in (2). The two coefficients of such a step
function a are denoted by a., € Rforn =1, 2.

Remark 1.1 a) Except of the term +a» 83 Btzu Eq. (1) is the cubic Klein—Gordon equa-
tion which is a phenomenological model often used in nonlinear optics.

b) The term +23232u is added to change the convex curves of eigenvalues for
ar = 0 into curves with a local concave behavior which is necessary for dispersion
management.

c) The step functions w.r.t. time are used in the introductory Sects. 1 and 2 and
in the discussion Sect. 7.2 in order to simplify our explanations. In the subsequent
approximation and non-approximation theorem we use smooth functions w.r.t. time.
This is justified by the fact that all phenomena which we would like to address already
appear in smooth systems.

Light pulses are modulated electromagnetic waves consisting of an underlying
carrier wave modulated by a pulse-like envelope. The carrier wave and the envelope
live on different temporal and spatial scales. For an approximate description of this
multiple scaling problem effective equations' for the dynamics of the envelope can
be derived by perturbation analysis. We are interested in the question: which of these
modulation equations make correct predictions about the dynamics of the original
system in the above set-up? We do so by proving error estimates for these identified
formal approximations.

In the homogenous situation, i.e.,in case &; = ;1 = «.2, by inserting the ansatz

ulx,t) ~ epe(x,t) =cAX, T)E(x,t) +c.c. + 0(83), 3)

with the envelope A(X, T) € C, the carrier wave E (x, t) = ¢! %0x+0) with ko, wo €
R, the small perturbation parameter 0 < &2 « 1, the slow time variable T = £2¢,
and the slow spatial variable X = e¢(x + ct) with ¢ € R, into (1) and by equating the
coefficients in front of ¢ E, 2 E, and 3 E to zero yields that the temporal wave number
wo and the spatial wave number ko have to satisfy the linear dispersion relation

a)% = alké — azk(z)a)g + a3,
that the group velocity c is given by

dwo arky — aza)gko

C = —||k= = .
ax ko (1 + azk)eo

1 Other words used here and in the existing literature: modulation equation, amplitude equation, or envelope
equation
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and that A satisfies in lowest order the NLS equation
ivodr A = V1% A + 31, A|A)%, 4)
with coefficients
vy = 2wp + 20{2k8a)o, v = (oq — 2+ aza)(z)) , and v = ay4.

Since (1) contains no quadratic terms, the proof of the following approximation the-
orem is straightforward and can be found for instance in Kirrmann et al. (1992).

Theorem 1.2 Fix Ty > 0 and let A € C([0, Ty], H6(R, C)) be a solution of (4).
Then there exist eg > 0, C > 0 such that for all ¢ € (0, &9) there are solutions
u € C([0, Ty/e21, HY(R, R)) of (1) with

sup  sup u(x, 1) — ey (x, )| < Ce¥/2,
1€[0,Ty /e2] x€R

where e has been introduced in (3).

It is the purpose of this paper to answer the question which modulation equation
takes over the role of the NLS equation from the homogeneous to the time-periodic
case, in particular we would like to investigate whether the so-called dispersion man-
agement equation

- T
iaTA:871U2 (g) 8)2(A+anA|A|2v (5)

with v,; € R, vy a 2w -periodic real-valued function, which is widely used for under-
standing dispersion management phenomena, is more than a phenomenological model
in this situation. Its properties have been analyzed in a number of papers, cf. Bronski
and Kutz (1997), Zharnitsky et al. (2001), Kunze et al. (2005), Erdogan et al. (2011),
Hundertmark et al. (2015) and Green and Hundertmark (2016), in particular, when the
mean value of v, vanishes. The present paper will shed some new light on the validity
of the dispersion management equation in the chosen set-up.

Our results are as follows. Using Floquet theory we prove that, in case of compara-
ble wave lengths of the light and of the fiber periodicity, NLS and NLS like modulation
equations, with constant time-independent coefficients, can be derived and justified
through error estimates under the assumption that rather strong stability and nonlinear
non-resonance conditions hold. In detail, in Sect. 3 we use linear Floquet theory to
transfer (1) into a system with autonomous linear part. In Sect. 4 we make two pre-
liminary considerations about linear instabilities occurring in time-periodic systems
and about nonlinear resonances. In Sect. 5 we justify the NLS equation (4) and the
modulation equation, which appears for vanishing mean dispersion, by proving error
estimates for the associated approximations under the assumption that various linear
stability and nonlinear non-resonance conditions hold. This is the first NLS approx-
imation result documented for time-periodic dispersive systems. In Sect. 6 we prove
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that in case of a failure of the linear stability conditions the modulation equations
make wrong predictions. In all these sections we consider the situation L = O(1).
The paper is closed with a longer discussion. In Sect. 7.1 we discuss possible gener-
alizations of the presented theory. In Sect. 7.2 we explain that for the fiber periodicity
L > O(1) which has to be chosen for a possible derivation of the dispersion manage-
ment equation a cascade of modulated wave packets occur which cannot be described
by a single dispersion management equation. Thus, it turns out that in the chosen set-up
the dispersion management equation is at most a phenomenological model. It cannot
be derived and justified for the modeling of Nonlinear Optics used in this paper.

Before we start, in Sect. 2 we give a number of heuristic arguments for the occur-
rence of various modulation equations and their validity. These arguments will make a
connection to the dispersion management equation. However, our heuristics will turn
out to be rather misleading as the subsequent mathematics will show.

Notation The Fourier transform of a function u is denoted by u. Similarly, to an
operator M the associated operator in Fourier space is denoted by M. Lf, is the subset
of L? for which the norm

1
@l = ( / @R +k2>8dk>2
' R

is finite. The Sobolev space H* is equipped with the norm ||u||gs = |[w(k)|| L2 This
norm coincides with the usual Sobolev norm for s € Nj. ’

Possibly different constants are denoted with the same symbol C if they can be
chosen independently of the small perturbation parameter 0 < ¢ < 1.

2 Some Heuristics

In this section we explain why variants of the dispersion management equation can be
expected to occur as effective modulation equations in the time-periodic case. Already
in this section it will be clear that for periods 2L = O(1) no dispersion management
equation can occur as modulation equation and that autonomous modulation equations,
such as the NLS equation, will appear in a natural way.

2.1 The Time-Oscillatory Modulation Equation

One way to come from (1), with step functions o; = o (), to a time-oscillatory
modulation equation is as follows. For each of the two intervals we make the usual
multiple scaling NLS ansatz as before, namely

ulx,t)y ~ee(x,t) =cAX, T)E(x,t) +c.c. + (9(83), (6)
but now with step functions c(#), wp(#) € R defining the carrier wave E(x,t) =

et kox+o (D) and the slow spatial variable X = e(x 4 c¢(#)t). Inserting the ansatz e/,
into (1) gives now the conditions
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a)(%;n = al:nk(% - az:nk(%w(z);n + a3:p, @)
dwo: | arnko — aZ;nw(z);nkO )
Cn = —lk=ko =
TTodk T (1 ankd)wos
and that A satisfies in lowest order the non-autonomous NLS equation
ivodr A = V193 A + 31 A|A|%, 9)

with 2L-periodic coefficient functions v;(t) = v; (T / &2), where
=2 20y k2 = — 2 2 d _
Vo:n = 200;n + 2002, K0®0:n, Vi = (algn Con + 0‘2;nw0;n)a and V2., = 04;p.

For every t € [nL, (n + 1)L), with n € N, the modulation equation (9) is an NLS
equation with constant coefficients. In Antonelli et al. (2013) local and global well-
posedness results and the possibility of finite time blow-up in Sobolev spaces has
been established. At the jump points ¢ = nL, with n € N, there is continuity in time
such that (9) is a well-defined dynamical system. However, as we will see in Sect. 7
we not only have to approximate the original system in the interior of the intervals
(nL, (n + 1)L), but also have to control the handover of the solutions at the jump
points.

The question occurs whether (9) with its highly oscillating coefficient functions
makes correct predictions about the dynamics of (1). In order to answer this question
positively one has to prove an approximation result in the sense of Theorem 1.2.
However, already on a formal level a number of questions occur which we will discuss
now.

2.2 The Averaged Modulation Equation

A description by the limit equation (9) is not satisfactory since the coefficient func-
tions v; of (9) are highly oscillating and depend singularly on the small perturbation
parameter 0 < ¢ < 1.

In order to obtain a limit equation which is independent of 0 < ¢ < 1 we write (4)
as

i0r A = podx A + 1 AAP, (10)
with the 2L-periodic coefficient functions w; = u; (T /€2 =1 j (1), where po,, =
V1:n/Vo.n and (1., = v2.,/Vvo.,. Because of the highly oscillating coefficient functions

 j itcan be expected that the effective dynamics of (4) can be described by the averaged
equation

197 Agy = (10)0% Aav + (11) Aav| Agy |, (11)

where (1) = %(Hj;l + wj:2). In Antonelli et al. (2013) the scaling limit of fast
dispersion management has been considered and the convergence of the solutions of
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(10) towards the solutions of (11) has been established for time-independent 1 1. Again
the question occurs whether for (11) an approximation result in the sense of Theorem
1.2 can be proven.

2.3 The Vanishing Mean Dispersion Case

The case of a vanishing averaged dispersion coefficient () is of particular interest
since it is the physically desired situation. For the description of the effective dynamics
we then make the modified ansatz

ulx,t) ~ep(x,t) =cAE, TYE(x,t) +c.c. + 0(83), (12)

still with the slow time variable T = &2¢, but now with the slow spatial variable
& =&’ (x + c(r)r) with 0 suitably chosen below.

We proceed as above. Again at ¢ E we find the linear dispersion relation and ¢'+¢ E
determines the linear group velocity c. At &3 E we find that the modulation A satisfies
in lowest order the non-autonomous modulation equation

i(vo +ie%v30:)0r A = 1182 29 A + 30, A| AP, (13)

with coefficient functions vy, vi, and v, as above, and 2 L-periodic coefficient function
v3 = v3(t) with

V3., = —2¢.p — 4. kowo:p.

At a first view it seems that various orders w.r.t. € have been mixed up but we kept
the higher-order term &% v3 ¢ 07 A on the left-hand side to compensate below the lower

order term v 1829’28§2A on the right-hand side. As before the coefficient functions v;

in (13) depend periodically on the fast time variable r = T /¢2. Inverting formally the
operator on the right-hand side by

-1

(osn + i%v3,000) ™ = vy — e vy v de + O ()

yields formally
P07 A = poe® 2FA +ipae™ 297 A + p AJAP, (14)

with 2L-periodic coefficient functions pg = po(¢) and w; = w1(¢) as above, and
the 2L-periodic coefficient function u3 = w3 (t) with pu3., = V(;iV3;nV1;n. In (14)
we ignored terms of order O (¢™"?-46=2.1y and higher. The choice & = 1 has been
considered above in Sects. 2.1 and 2.2 and leads to a degenerated equation for vanishing
mean dispersion.

Remark 2.1 The higher-order term +m3g39—2a§A in (14) is smaller than O(1) if
0 > % and then can be ignored. The term
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e 2o (1)0F A = e P po(e PT)FA = 2 o (e 2T A

has a prefactor going to infinity if & < 1. Hence, in case of step functions «; =
aj(t) =aj (e21), with ®j(t) = &;(t +2m), the scaling as it appears in the dispersion
management equation (5) appears with & = £>~2¢ for % < 0 < 1 and the periodicity
L = O(¢~%Y). This situation will be discussed below in Sect. 7.

In case & = 2/3 the higher-order linear dispersive term +i,u3839_23§ A is of the

same order as the nonlinear term 41 A|A|? and appears in the effective modulation
equation, cf. Kunze et al. (2005). The modulation equation (14) is then given by

P97 A = poe *POFA +inszd A + niAJAP (15)

In order to have three terms on the right-hand side of the averaged equation of
the same order, we assume the following scaling property of the averaged dispersion
coefficient (uo): There exist a uj and a C > 0, which are both independent of
0 < & <« 1, such that

1 2L
(0e ™) = gl =157 f po(e > de — pg| < Ce3, (16)
0

where at this point a rate o(1) on the right-hand side is sufficient. The rate £2/3 is
chosen to simplify the notation subsequently in Sect. 5.5. As above, it can be expected
that the effective dynamics of (14) can be described by the averaged equation

107 Aqy = 1308 Aaw + 1 (13)9F Agy + (101) Aav] Ago (17)

where () = %(Mj;l + 14j:2). Again the question occurs whether for (14) and (17)
an approximation result in the sense of Theorem 1.2 can be proven.

3 The Fourier-Floquet Transformed System

Now we change from heuristic to mathematical arguments. In case of comparable
wave lengths of light and of fiber periodicity, i.e. L = O(1), we use linear Floquet
theory to transfer (1) into a system with autonomous linear part. The resulting system
will be the basis of our subsequent analysis.

In the introductory Sect. 1 we considered (1) with step functions «; in order to
simplify our heuristic explanations. For the subsequent analysis we consider smooth
periodic functions «; in (1) in place of (2). This is justified by the fact that all phe-
nomena which we would like to address already appear in smooth systems.

The Fourier transform of (1) w.r.t. x is given by

3k, 1) = —ark*uk, 1) — aak?d87u(k, 1) — azii(k, 1) + aqu*> (k, 1),  (18)
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where %3 = 7 * 0  u stands for the two-times convolution. Thus, (18) can be written
as
30 = —o°u + pu, (19)
with
~ o3 + ak? - o4
K?=—"""—""" and k)= ——. 20
(k) 1 + ak? ) 1 + ark? 20)

In the following we develop our theory for systems of the form (19) with 2L-time
periodic coefficient functions @ = w(k, 1) and p = p(k, t), whose properties will be
specified below. For notational simplicity we choose L = r in the following.

We use Floquet theory in order to discuss the dynamics of this time-periodic system.
In the following we assume smoothness of @ w.r.t. # and that @ # 0. Then, we write
(19) as a first-order system and introduce v by &% = iwv. This implies 8’7 =
i(0;@)V + iwd; v, and so

PG NGOG U
0 =ion — —(0,0)0+ —pu*.
® iw
This resulting system is abbreviated as

3,U(k, 1) = Lk, U (k, 1) + N3(U)(k, 1),

where

~ 0 i® ~ o~ 0

la)

Using the Floquet’s theorem, cf. Verhulst (1996, Theorem 6.5), for each k € R the
solutions of the linear system

83Uk, 1) = Lk, Uk, 1),
with Z(k, t) = Z(k, t + 2m), can be written as
Uk, 1) = Pk, )eM© Tk, 0),

Wlth 1nvert1ble P(k 1) € C**2 such that P(k t) = P(k t + 2m) satisfying B,P +
PM = LP, and with time-independent matrix M(k) € C2*2. With the help of the
transformation U (k,t) = P(k, t)V(k, t) we obtain the system

WV(k, 1) = MUV, t)+ P Lk, ON3(P(-, )V (-, 1) (k, 1).
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The linear part of this system is now autonomous and can be diagonalized (or brought
into its Jordan normal form) with V (k, 1) = S(k)W (k, 1) and S(k) € C>*? suitably
chosen. For W = (W, W_1) we find

IW(x,t) = AW(x, 1) + GW, W, W)(x, 1) 2D
in physical space or

WWk,t) =AWk, 1) + GW, W, W)(k, 1) (22)

in Fourier space, with A(k) a diagonal matrix in case that M can be diagonalized.
The nonlinearity G is defined through its components?

(GW, W, W)k, 1) = (S &) Pk, )N3(P(, DS W (-, 1)) (k, 1))

Z / / lg/l J2s 13(k k— —m,m,1)

Jij2,j3=—1,1
x W (k =1, )W;,(l —m, )W, (m, t)dmdl,

for j = —1, 1. The kernel g (k k—1,1—m,m,t) € Ris symmetric w.r.t. inter-
changing the tuples (ji, k — l) (]2, | —m), and (j3, m). This property will simplify the
notation in Sect. 5 subsequently. This system will be the basis for our subsequent anal-
ysis. It is of the form of all the other original systems for which the NLS approximation
has already been justified, provided that

A(k) = diag(i@y (k), —iwp(k)),

2 We have for j = —1, 1 that

NzOp;= Y. / / Wi DTy k= 10T} (= m 0Ty (m, 1)dmdl,

J1:J2.J3=—11

with ﬁl_ll.l (k,t) = lw(k D ———p(k, 1) and 7 wl (k, t) = O for all other choices of indices. Moreover, we

introduce

J1:J2:73

Pk, 1)), j =pijk.t).  (Sk.0)ij =5k, 1)

and
(P~ k00 j =By jken), SN0 j =57 (k0.
Therefore,
_ _ 1 ~1 ~Js
JI J2:J3 ok =11 =m,m, 1) = Z 5, 14(k t)pj4 Js , t)nlﬁ J1:J8 (k. )

XPjs.jo k=103 jg, jy k= DPjy jio (U = m. D)5y, jo = m)Pjg jy, (m, 15y s (m).
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for some i@y (k) € iR and provided the resonances coming from the time-periodicity
of the nonlinear terms can be controlled. What is meant by this will be explained in
the next section.

4 Some Preliminary Considerations
Before we derive modulation equations for (21) and later on prove their validity, we

make some preliminary considerations about nonlinear resonances and linear insta-
bilities occurring in time-periodic systems.

4.1 Nonlinear Resonances

We explain with a simple example that the time-periodic situation and the autonomous
situation are rather different.

Example 4.1 We consider the time-periodic system

32u = 2u — u — (1 + 20 cos(2B1))u’, (23)
with o, B, 1, x, u(x, t) € R. Inserting the ansatz

u(x, 1) = eA(ex, 20)e' + c.c. + O
gives

3Q2idr Ay’ + O + c.c.
=& (g A)e" =3 A|APe — A%
—3a83Z|A|262iﬁt_it _ a83A362i/31+3it
—3a83X|A|2€_2iﬁt_it _ a83A3€_2iﬁt+3il + 0(85) +coc.

We obtain the modulation equation for A by equating the coefficient at e3¢’ to zero.
If B # %1 the usual NLS equation

2i07A = 0% A — 3A|A)%, (24)

appears, but in case B = =£1 two of the terms with an « in front are resonant and
appear in the modulation equation for A. It reads then

2i07A = 03 A — 3A|A]> = 3aA|A)? — a A’ (25)

With normal form transformations the non-resonant terms can be transformed into
higher O(&>)-order terms.

Hence, due to temporal resonances additional nonlinear terms can occur in the modula-
tion equation. Therefore, in order to come to the classical NLS nonlinearity additional
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non-resonance conditions have to be imposed. However, since our equations do not
explicitly depend on x, this problem does not occur for kg > 0. Hence, w.r.t. to appli-
cations in nonlinear optics, where kg > 0, this problem has an academical character.

4.2 Linear Instabilities

We need that the semigroup generated by the operator A is uniformly bounded in order
to prove bounds for the error made by the NLS approximation, cf. the subsequent Sect.
5. For this we need that the eigenvalues of A are purely imaginary. These eigenvalues
are given by the Floquet exponents of the operator L, respectively of the equation

3k, 1) = —&° (k, )k, 1).

For fixed k such ODEs are well studied in the existing literature. They are studied for
instance in the form

8t2i[(k, 1) + (a(k) —2q(k)V 2t))u(k, 1) = 0, (26)

with V (2t) = V (2t 4+ 2m). The associated spectral problem is called Hill’s equation.
A special example of Hill’s equation is Mathieu’s equation

920k, 1) + (a(k) — 2q (k) cosRe))i(k, 1) =0 Q27)

for which the associated stability picture is plotted in Fig. 2 as a function of a (k) and
q (k). For the Matthieu problem it is well known (Avron and Simon 1981) that the n-th
instability gap opens with O(8") if ¢ = O(8) for § — 0. This means, for a(k) and ¢ (k)
in this instability region positive eigenvalues occur. For the Hill problem in general
the gaps open with O(§), cf. Erdelyi (1934). Thus, in general it cannot be expected
that the semigroup generated by A is uniformly bounded. See Fig. 3. The occurrence
of such positive growth rates will prevent the validity of the NLS approximation, cf.
the subsequent Sect. 6.

For time-independent coefficients @1 > 0, a» > 0, and a3 > 0 no positive growth
rates occur, since then @(k)? is then given by (20). However, even for small periodic
perturbations

O‘j(l‘) =)0 + (S(Xj,per(t)v

with § > 0 small, one has to make sure to avoid the instability regions plotted for an
example in Fig. 2. Hence, the validity of the NLS approximation can only be expected
if a number of assumptions on (21) hold, cf. Sect. 5.2. The assumptions turn out to be
sharp in the sense that no approximation property holds if the subsequent Assumptions
(ASS1)—(ASS3) do not hold, cf. Sect. 6.
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Fig.2 Stability and instability
regions in the (a, g)-plane for
Mathieu’s equation (27)
alternate. In the regions
indicated with "unstable’,
Floquet exponents with positive
real part occur, cf. McLachlan
(1964)

1.5 T T T T T T T T T

0.5 1

15 ! ] | I I 1 | I I
-25 -2 -15 -1 -0.5 0 0.5 1 1.5 2 25

k

Fig.3 For o2 (k,t)y =1+ k2 +0.25 cos(2t) + 0.25 cos(4t) the curves of the imaginary parts of the Floquet
exponents k +—> +Imay (k) are plotted in blue and the curves of ten times the real parts of the Floquet
exponents k > +10Rewy, (k) are plotted in red (Color figure online)
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5 Approximation Results

In Sect. 5.1 we derive an NLS equation for (21) which is justified in Sect. 5.4 by
proving error estimates for the associated NLS approximation. In order to do so we
construct a higher-order approximation in Sect. 5.3 for decreasing the formal error
made by this approximation. In Sect. 5.2 we pose a number of assumptions on (21)
which allow us to prove the approximation result. Moreover, we check whether these
assumptions can be satisfied for (1). In Sect. 5.5 we consider the case 627’ (ko) =0
and derive a modulation equation similar to (14). We explain how the approximation
proof from Sects. 5.1, 5.2, 5.3 and 5.4 has to be modified for this case.

5.1 Derivation of the NLS Equation

For the derivation of an effective equation in Fourier space we use the NLS ansatz
for autonomous systems, although only the linear part of (21) is autonomous. We
approximate W by eY¥yrs +1 where

~ ~ (k—k i~ i~
SWNLS,l(ka t) = 88_1A1 (TO’ 82t> elwh(ko)telwb(ko)(k_ko)l’ (28)

~ ~ [(k+k ~ oy
eynLs—1(k.t) = ee A, (—0 sZr) R A L 6%
&

for a kg > 0, cf. Schneider and UeckerA (2017, §11.3). Since Wl is then strongly
concentrated at the wave number ky and W_; at the wave number —k(y we introduce

k=ky+¢ekK,
such that
— — N 1 5
@p (k) = @p (ko) + e}, (ko) K + Eazwg (ko) K% + O()
and
Sk k =11 —m,m, 1) =31 _ ko, ko, ko, —ko. 1) + O(e),

where we used the expansion | = ¢L and m = —ko + ¢M for some L, M > O.
These point-wise expansions will be transferred into rigorous estimates for the residual
terms below. Using this expansion at the wave number ko, in Fourier space we find
a cancelation of all terms of order O(1) and of order O(¢). At (9(82)eiab(k0)’ and k

close to ko we finally obtain
- 1 - ~ o~ o~
arA; = Eia;,’(ko)KzAl +iyAl* Al x Ay, (30)
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where y = 3§}’ -1 (ko, ko, ko, —ko)[0] is defined through the Fourier expansion

& ek =Ll —m om0y =3"%) . (k k=11 —m,mnle™.
nez
We used

3 / / 2411 (ko. ko. ko. —ko)[0]

~ (k—1—k ~ ([l —m —k ~ k
<A (—0,82t> A <#,82t> i (’" - 0,82r> dmdl
& & &
=382//§{,1,_1<k0,ko,ko, —ko){0]

xA(K — L, TYA{(L — M, T)A_;(M, T)dMdL
= 82)/;4\1 * ;4\1 * X_l.

In physical space (30) is given by
_ _l .~/ 2 . 2
arA| = 2zcob(ko)aXA1 +iy|A1|7A;. (31)
Remark 5.1 In case ko = 0 additional non-resonance conditions have to be imposed,

cf. Example 4.1. Since ourorlgmal system is real-valued and two-dimensional for fixed
k € R we necessarily have ) (0) = 0. We approximate Wil by KﬁN LS.+1 Where

—~ —~ k i~
UnLs 1k, 1) =ee 1 Ag <—, 82!) eion ko, (32)
€
We find an NLS equation
1 e~/ 2 . 2
orA = _Elwb(o)axAl +iy|A1l" Ay, (33)

with y = 3g1 -1 (0, 0, 0, 0)[0], if the non-resonance conditions

21.1.-1(0,0,0,0)[m] ¢ {2iay(0), —2iey(0)}
are satisfied for all m € Z.

5.2 The Linear Assumptions
In order to prove that (30) makes correct predictions about the dynamics of (21), we

need a number of estimates for the original system (21). According to our preliminary
considerations in Sect. 4.2 we assume
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(ASS1) There exists a C > 0 such that

supsup [|e*® )2 2 < C.
teR keR

(ASS2) There exists a C > 0 such that

sup sup([| P(k, Dllcac2 + 1Pk, 1) Mo c2) < C.
t€l0,2m] keR

(ASS3) There exists a C > 0 such that

:uﬂg(nm)ucmz + ISt M2 2) < C.
S

A direct consequence of the Assumptions (ASS1)—(ASS3) are the following lemmas.

Lemma 5.2 Suppose, (ASS1) holds. Then the operator A generates a strongly contin-
uous uniformly bounded group (€M), cr in every Sobolev space H® for every s > 0,
given by e = F~1eMF. Forall s > 0 there exists a Cp > 0 such that

A
sup [|e™ || s gs < Ca.
teR

Lemma5.3 Let P = F~'PF and suppose, (ASS2) holds. Then for all s > 0 there
exists a C > 0 such that

sup (1Pl gs—ns + 1P Hms—ms) < C.
t€[0,27]

Lemma5.4 Let S = F~'SF and suppose, (ASS3) holds. Then for all s > 0 there
exists a C > 0 such that

—1
ISIlzs—ms + IS s ms < C.

The assumptions (ASS1)—(ASS3) can easily be satisfied in case of time-independent
coefficients o > 0, ap > 0, and o3 > 0. There we have

oo wtakt oo 11 = (10

However, even for small periodic perturbations
O5j(t) =ojo0+ Saj,per(t)a

with § > 0 small, one has to make sure to avoid the instability regions plotted for
instance in Fig. 2 centered at n?forn € Np. Hence, for § > 0 a uniformly bounded
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semigroup only occurs, if the spectrum UkeRag(k) is disjoint from the resonant wave
numbers 2 for n € Ny at § = 0. For (1) this can be achieved by classical perturbation
theory by a suitable choice of w9, @20, and a3 since lim k- o @%(k) exists for
az,0 > 0. What happens, if this assumption is not satisfied, will be discussed in Sect.
6.

5.3 Estimates for the Residual

In order to prove an approximation result for (30) we need that the residual
Resw (W) (k, 1) = =, Wk, 1) + AWk, 0) + GW, W, Wk, 1),

i.e., the terms which do not cancel after inserting the approximation in (21), are for-
mally of order 0(83) in Fourier space. By nonlinear interaction of WN LS.+1 through G
terms of formal order O (&) in Fourier space are created which remain in the residual
although A is chosen to satisfy the NLS equation, cf. the subsequent terms s;,1 and

s_1,—1. In the Wl -equation, multiplied by e~ i ko)t o =i} (ko) (k—ko)t , these are

513_elwb(k0)t//218111(kk ll_mm)[n]elnt

nez

~ (k=1—-k ~ (Il —m—k
<R (P ) (R )
& &

A (m;ko P t) dmdie3i@r ko)t

511_36 zwb(ko)t// Z 1811 l(k k—ll—mm)[n] int

nEZN O}
~ (k—1— ~ (1l —m—k
<A <—° ezt) A (# 8%)
& &
A <m ko gzr) dmdle® ko)
s1.-1 =3¢ ””“’“”’//Zlgl i1 ek =11 —m,m) [n]e™
nez

~ (k—=1—k -~ I k
<A () A (ﬂ,gzg
& &

A (m + ko , 52r> dmdle= i@ ko)t
£

sl3=e —i@p (ko)t / / Zlg Lo1-1 (k k — m’m) [n]eint

nez

_ k—1+k —~ /- k
xA_ <—+ O,ezt> Ay (—m R 82t)
£ £
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A (—m tho, 82t) dmdle= 3@ hor,
&

In the W_l-equation, multiplied by i@ ko)t g=i@), (ko) k=Kot ' thege are

s 13 = elwb(ko)t//Zlgl L1 (k k m,m) [n]eint

nez

~ (k—=1—k ~ (l—m—k
<& () A (#,gﬂ
& &

~ (m—k o
Ay < 0, szt) dmdle’i@rkot
&

s_ 1= 3€lwh(k0)t//21gl L1 (k k m’m) [n]eint

nez

~ (k-1 ~ (l—m—k
<A <—0,82t>A1 <#,g2z)
& &

A\ (M 2>dmdlelwb(ko)t

S_1._1 —3elwb<"0>’f/ Z ek = 1,1 —m, m)[n]e™

neZ\{0
~ (k—1—k ~ [l — ki
<A <—°,82t) i (ﬂ 8%)

& &

A (m ko s%) dmdle~ @ ko
&

3_elwb(k0)f//2lg - 1(k,k—l,l—m,m)[n]ei"t
nez

_ k—1+k —~ [ — k
xA_y <—+ 0, 82t> A4 <—m * 0,82t>
£ £

A (m 82[) dmdle 3@ ko)
€

In order to get rid of these terms we could add higher-order terms to the NLS approx-
imation WN Ls.+1 or, what we will do here eliminate them by a near identity change
of variables. Before we do so we modify 1//N Ls.+1 by some cut-off function in Fourier
space. We set

Uy (k1) = Unrs (k1) xs (k — ko),
Yy —1 (k1) = Ynrs,—1 (k, 1) x5 (k + ko) ,
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with § > 0 small, but independent of 0 < ¢ < 1 and where xs € Cgo satisfies

1, for |k| < 6,
xs (k) =13 €1[0,1], ford < |k| <26,
0, for |k| > 26.

For A| € L? we have
1/2
W1 Cot) = Yves.er G0 lley < Ce**12,

cf. Schneider and Uecker (2017, Lemma 11.5.1). Hence, ‘//;xil is close to ;Z;NLS’il R
and has the advantage that in the subsequent calculations only a small set of wave
numbers has to be considered.

By nonlinear interaction of I/IX +1 through G, which is mainly a two-times convo-
lution of I/IX 11, terms of formal order O (g?) are created in Fourier space which are
located in four neighborhoods of length 66 centered in k € {—3ko, —ko, ko, 3k0} In
order to eliminate the oscillatory parts of these terms we make, as already said, a near
identity change of variables in

FW(k,t) = AWk, 1) + GW, W, W)(k, 1). (34)
We set
Zk, 1) = W(k, 1) + B(W, W, W)k, 1), (35)
with B a symmetric trilinear mapping. We find

o~ A~

WA _a,W+(a,B)(W W, W, 1)
+B@O,W, W, W.,t)+BW,o,W,W.,1)+BW, W, W,

o~ A o~ o~ A A A

=AW+GW, W, W.,0)+ @&B)(W, W, W,1)

+B@O,W, W, W,t)+BW, W, W,t)+ BW, W, a,W,1)
=AW+GW, W, W.,0)+ @&B)Y(W, W, W,

+B(AW, W, W, 1)+ B(W, AW, W,r)+§(vT/, W, AW, 1) +O( W),
=AZ-AB(Z,2,Z,0)+G(Z,Z,Z,t)+ (&B)Z,Z,Z,1)

+B(AZ,Z,Z,)+B(Z,AZ,Z,0)+ B(Z,Z,AZ,t) + OUZI°),
where we used (34) to replace 0; W and (35), respectively

Wk, t) = Z(k,t) — B(W, W, W)(k, t)
=Zk,t) = B(Z,Z,Z)(k, 1) + O Z1%),

3 1’/7)(_:‘:1 has support in [ko — 8, £kg + §]. The nonlinearity is mainly % *  * u.
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to replace W. We split the nonlinear terms

where in G, stands for the terms which can be eliminated and G for the terms which
cannot be eliminated via B. In order to do so we have to find a B such that

0=-AB(Z,2,Z,0)+G.(Z,Z,Z,1) + &B)Z,Z, Z,1)
+B(AZ,Z,Z,0)+B(Z,NZ,Z,t)+ B(Z,Z, AZ, 1) (36)
Since
G(Z.Z, Dk t)j= Y f / I8 k=11 —m m,1)
Jisj2, j3=—1,1

xZj(k —1,0Z (L —m,0Zj;(m, r)ydmdl,

for j = —1, 1, with

g k=Ll —m.m. =% (k. k—1.1—m, mnle™,

nez

we choose

(B(Z.Z.Z)k.1); = Y / / ib] k=10 —m,m.1)

Jrij2. j3=—1.1
xZj(k —1,0Z (L —m,0Zj,(m, t)dmdl,

with

bl k=11 —m,m, 1) = an s k=1L —m, m)[nle™.

nez

Inserting this in (36) yields

(k,k —1,1 —m,m)[n] b’ (k,k—1,1 —m,m)[n]

]1 J2:J3 J1oj2. 3
= gjl,jz,b (k,k =1, —m,m)[n],
with
JI s kek =11 =m,m)[n] = —jwpk) +in + j1op(k = 1) + jpwp(l —m)

+ j3wp(m).
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Hence, in order to eliminate the terms collected in G, we need that for the associated
indices and wave numbers

“ . /3(k k — —m,m)[n] # 0. (37)
Due to our definition of @X +1 and the purposes of the transformation, namely the
elimination of the terms s;;, the factors 7/ (k,k — 1,1 —m, m)[n] have to be non-
zero for wave numbers

Jrj2J3

Im kol <28, |l—mEko| <28, |k—1%ko| <26.

For continuity reasons (37) follows for § > 0 sufficiently small, but independent of
0 < ¢ « 1, if the following non-resonance conditions are satisfied, see again the
terms s;; above.

(NON) We assume that 3iwy, (ko) —iwp (3ko), —iwp (ko) —iwp(—ko), —3iwp (ko) —
iwp(—3kg), 3iwp (ko) + iwp(3kg), iwp (ko) + iwp ko), and —3iwp (ko) + iwp (3ko) are
not elements of Z.

Thus, only finitely many conditions have to be checked. For the transformed system

o~ o~

WZ=NZ+Go(Z.Z.Z.) + O(Z|). (38)

and the associated residual RgZTZ) (k, t) we have

Lemma 5.5 Assume the validity of the non-resonance condition (NON). Then there
exist &g > 0 and C > 0 such that for all ¢ € (0, &9) for the approximation e, we
have

sup ey — e¥nrslly < Ce™/?

1€[0,Ty /2]
and

sup ||R€Sz(81ﬂx)||Lz < C87/2
1€[0,To /2]

Next we define ¥y through the solution of

Uk, 1) = Ywk, 1) + Bw, Yw, yw)(k, 1).

Then we have

Corollary 5.6 Assume the validity of the non-resonance condition (NON). Then there
exist &g > 0 and C > 0 such that for all ¢ € (0, ) the approximation e\ry satisfies

sup  lleyw — e¥nrsllg < Ce¥/?

te[0,Tp/e2]
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and

sup || Res(eyrw)ll 2 < Ce™/?
t€[0,Ty/€2]

The proof of Lemma 5.5 is standard and can be found at various places, cf. Schneider
and Uecker (2017). Therefore, we refrain from giving a complete proof, i.e., from
showing all estimates. However, for clarity we make a few remarks. We first remark
that the scaling properties of the L?-norm w.r.t. k = £K leads toa gain of afactore!/? in
Fourier space. Therefore, the formal error O(&3) of the residual corresponds to O
in L? and the formal difference O(g?) of ey — ey s corresponds to O(¢>/?) in L.
Secondly we remark that the near identity change of variables is arbitrarily smooth
since only compact sets of wave numbers are involved. For the same reason it can be
inverted for ¢ > O sufficiently small. As a consequence W is well-defined.

5.4 The Error Estimates for the NLS Approximation

We have the following approximation result

Theorem 5.7 Under the validity of (ASS1)—(ASS3) and (NON) the following holds.
FixTy > Oandlet Ay € C([0, Tp], H6) be a solution of (31). Then there exist eg > 0,
C > 0 such that for all € € (0, go) there are solutions W € C([0, To/€*1, H") of (21)
with

sup  sup |W(x,1) — e¥nrs(x, )] < Ce¥2,

1€[0,Ty/e2] x€R
where ey ps(x, t) is defined in (28) and (29).

Proof. Since there is local existence and uniqueness for (21) in H' the subsequent
estimates for the error in H! guarantee existence and uniqueness of solutions on the
long [0, Tp/ 82]—time interval. Hence, it is sufficient to establish an error bound in H'.
Sobolev’s embedding theorem then will yield the statement of Theorem 5.7.

We introduce the error e# R = W —eyryy, with = 3/2 and ey the approximation
from Corollary 5.6. We find

%R = AR +32G(Ww, yw, R) + 3¢ PG Yw, R, R)
+3622G(R, R, R) + ¢ PResw (evrw). (39)

We define the energy E(f) = (R(1), R()) ;1 = (R(1), R(1)) 12- From (39) we find
for any ¢ € [0, To/ez] that

d
S E= C1e°E + CoePTE3? 4 C36?P E? + C4e*(1 + E) (40)

due to the skew symmetry of A, with constants C 7 which can be chosen independently
of 0 < & < 1. For the residual terms we used E'/2 < 1 + E. We integrate (40) with
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E(0) = 0 and find

7

E® < / Cie%E(s) + C2eP E(5)3/? + C36*P E(s5)? + C4e>(1 + E(s))ds.

0

We take supyo ,; on both sides and find
7
sup E(f) < sup / C182E(s) + C28'B+1E(S)3/2 + C382‘BE(S)2
7€[0,1] 7€[0,¢]1 /0
+Cse2(1 + E(s))ds.
We introduce S(¢) = supy¢po.) £ () and use that E(s) < S(s) such that
7
S(t) < sup / C1€%S(s) + C2ePT18(5)%? + C3?P S(5)? + Cae? (1 + S(s))ds.
7€[0,:1/0
Since the integrand increases monotonically we have
1
S(r) < / C1628(s) + C2eP T 8(5)3% + C36%P S(5)? + C4e (1 4 S(s))ds.

0

Now set
M = C1+CH DT, 1
and choose gy > 0 so small that for any ¢ < g9
CoeP M2 4 36?2 M < 1. 41)

We here define

* = sup{t € [0, To/e?] : S(t) < M).

Note that by this definition S(t*) = M since S(¢) is monotonically increasing, and
continuous in 7. It remains to prove that in fact * = T /&> for any & < &9. Suppose

now that there would exist &, < &g such that t* < Ty/ 83, then we may take a § >
such that

To
[ [

We then have for any ¢ < t*,

t
S@t) = / (C1 + C4 + De2S(s)ds + Caelt.
0

0
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Gronwall’s inequality yields
S@t) < e(c.+c4+1)e£zc4gzt
for any ¢t € [0, t*], thus in particular at ¢ = ¢*, we have
St < e(cl+c4+1)e£t*c485,* < CHCHD D= (T — 8y = M — C’

with €’ = ¢€11tC+DTo 5 > 0, which contradicts the fact S(z*) = M. Hence we
have t* = Ty/ &2, for any ¢ < gg. Therefore, we have an O(1)-bound for the H I_norm
of R through the bound on S(¢) = SUPsefo.) E (s). The sup-estimate stated in the
Theorem follows from this H !-estimate by Sobolev’s inequality. O

5.5 The Case of a Vanishing Dispersion Coefficient

As already said the case 62; (ko) = 0 is of particular interest since this is the physi-
cally desired situation. We follow the calculations in Sect. 2 and in accordance with
Assumption (16) we set @), (ko) = g2/3 ug, with u € R arbitrary, but fixed. By this
special choice the second-order spatial derivatives term is included in the limit equa-
tions which gives a richer dynamics in the limit equations. In Fourier space the ansatz,

corresponding to (12) with & = 2/3, is given by

Wl (k, f) — 88—2/31’4\] (k ;/]3(0 , 82f> ei@h(ko)teiaé(ko)(k—ko)t, (42)
&
s 235 (ktko 2\ ity ko) id) (ko) ko)t
W_l(k, l) = &¢ "A_l 2—/3,8 t)e bU0)E ot @) 1RO 0r, (43)
&

We find a cancelation at O(1) and at O(e2/3). At O(¢*/3) no terms occur and at O (g2)
close to ko we find

~ 1 ~ 1 - PO
oarA| = Eiyf(;KzAl + giag’(ko)K3A1 +iyAlx Al x A_y, (44)
or equivalently in physical space
1, 1 :
A = —Em(’;a}(m - gza);;/(ko)a;m +iy|AiPA;. (45)

We have the following approximation result

Theorem 5.8 Under the validity of (ASS1)—(ASS3) and (NON) the following holds.
FixTy > Oandlet Ay € C([0, Tp], H6) be a solution of (45). Then there exist eg > 0,
C > 0 such that for all € € (0, eo) there are solutions W € C([0, To/€*1, H') of (21)
with

sup  sup [W(x, 1) —eve(x,t)] < C85/3,
1€[0,Ty/e2] xR
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where e (x, t) is defined by the right hand sides of (42) and (43).

Proof. As before we introduce the error e# R = W — gy, but now with 8 = 5/3. The
error function R satisfies
&R = AR +32G(, ¥, R) + 3P G, R, R)

o~ oA~

+3¢2G(R, R, R) + ¢ PRes(e). (46)
As before we can achieve

sup  |le P Resw (ey)|l,2 < Ce2.
1€[0,To /2]

We define the energy E = (R, R) 1. Due to the skew symmetry of A we find
d
EE < C1€°E 4+ C2ePTVE3? 4 C36?PE? 4+ C4e®(1 + E),

with constants C; which can be chosen independently of 0 < ¢ < 1. The rest of the
proof follows line for line the proof of Theorem 5.7. O

Remark 5.9 At a first view it seems that the approach of Sect. 3 is a short-cut to
come directly to the averaged modulation equations (11) and (17) without the detour
via (10) and (14) with its highly oscillating coefficients. However, this is not true.
A closer look at the non-resonance conditions which occur in both sections shows
that these are different. Moreover, the possibility of additional resonant terms in the
modulation equations as shown in Example 4.1 is excluded by the approach made in
Sect. 2.. These are a number of hints that something must be wrong with the approach
presented in Sect. 2. This will be explained in Sect. 7.

6 Failure of the Approximation

Ithas been rigorously proved in a number of papers that modulation equations can make
wrong predictions about the dynamical behavior of the original system. The first result
has been shown for the amplitude system describing roll solutions in a rotational sym-
metric pattern forming system by using a center manifold reduction (Schneider 1995).
The failure of the NLS approximation has been established in Schneider et al. (2015)
for the water wave problem with small surface tension using the unstable quadratic
resonances of the system. See also Bauer et al. (2019). The only existing failure result
without imposing periodic boundary conditions on the original system can be found
in Haas and Schneider (2020) again using the unstable quadratic resonances of the
system.

The present situation is simpler since the failure comes from a linear instability.
Statements that a linear instability leads to a failure of modulation equations can be
found in a number of papers, cf. Schneider (2016). However, to our knowledge a rig-
orous proof for failure in such a situation has never been given. This will be done in
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this section. We construct a simple counter-example in case of periodic boundary con-
ditions which shows that the NLS approximation can fail to make correct predictions
if the linear stability assumption (ASS1) is not satisfied. In a number of subsequent
remarks we discuss the ingredients for failure in more general situations and we explain
how the finite speed of propagation in the original system can be used to prove fail-
ure of the NLS approximation without imposing periodic boundary conditions on the
original system. The proof of failure of the NLS approximation in case of periodic
boundary conditions follows the lines of the instability proof for a spectrally unstable
fixed point.

As a counter-example for which the NLS approximation can fail to make correct
predictions we consider

3u = —a'n+u*, (47)
with
~2 _ 2 1
&% (k) = 14 &% + 7 cos20)x (k)

where y € Cg° with

1, for |k| < 2/5,
x (k) = 0, for |k| = 3/5,
e [0,1], else.

By this choice an instability in the sense of Sect. 4.2 can only occur for wave numbers
|k] < 3/5. The counter part to (47) in physical space is given by

Bu = - (—id)u + u’. (48)

In the first step we consider (48) with 2z -spatially periodic boundary conditions and
write u(x, 1) = Y ;o7 Uk ()¢ or restrict (47) to wave numbers k € Z. Before we
start to derive an NLS equation we remark that by our choice only g will grow with
an exponential rate. All other 1y behave oscillatory.

For the NLS approximation we choose the basic wave number ky = 1. Since we
have a cubic nonlinearity by nonlinear interaction only modes 1y with odd k will be
created. Since ko > 3/5 the derivation of the NLS equation is not affected by the
time-periodic amplification for |k| < 3/5. Therefore, the ansatz for the derivation of
the NLS equation is the one used for an autonomous system. It is similar to (3) and
for the pure derivation of the NLS equation given by

u(x,t) ~eynrsx,t) =eA1(T)E(x,t) + c.c., 49)

where we recall E(x, t) = el (kox+wo()1) Plugging ey s(x, t) into (48) and equating
the coefficient in front £3E to zero yields the ODE version

2idr A1 = 3A1|A1 %, (50)
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of the NLS equation (4). As above for the justification of the NLS approximation by
error estimates also for the proof of failure we need an approximation e, (x, ¢) nearby
e¥nrs(x, t) which is constructed in such a way that the residual is at least of order
O(&*). For our purposes it is sufficient to choose

eYe(x, 1) = eA1(T)E(x, 1) + e A3(T)E> (x, 1) + c.c..

The equation for A3 is determined by equating the coefficient in front &3 E3 to zero.
We obtain

—9w} A3 = —9k5A; — A3 + A3

Since —9w3 + 93 + 1 = —18 + 9 + 1 = —8 # 0 the function A3 is well-defined
and all terms of order O (&) have been eliminated from the residual.

In order to show below that (50) makes wrong predictions about the dynamics of
(48) we need a small amount of 7y (0) initially. Hence we choose for instance

u(x,0) = ey (x,0)+up(0) and  du(x,0) = ed; e (x,0)
as initial condition for (48), with 0 # 7 (0) = O(&3). Then, we have
lu(x,0) — ee (x, 0)] = O(e?)

initially. A typical approximation result, cf. Kirrmann et al. (1992), then would show
that the NLS approximation makes correct predictions on the NLS time scale of order
O(1/€?), i.e., that the difference between the NLS approximation and true solutions
of the original system can be estimated by

lu(x, 1) — ey (x, 1)| = O(eP)

fora f > 1 and all # on an O(1/g%)-time scale. Hence if we can prove that the
difference between the NLS approximation and true solutions of the original system
is of the same order as the NLS approximation before the end of the O(1/&?)-time
scale we say that NLS approximation fails to make correct predictions. Since in the
following we prove

lux, 1) — ey (x, )] = O(e)

forat, < O(1/e'/2), we have the failure of the approximation property. See Fig. 4.
In more detail, we prove

Theorem 6.1 Consider (48) with periodic boundary conditions u(x,t) = u(x+2m, t)
forall x € R. Let A} € C([0, Ty], C) be a solution of the NLS equation (50). Then
there exist g9 > 0, C1 > 0, and Co > 0 such that for all ¢ € (0, gg) there is an open
set of initial conditions in lee, X le,erfor (48) with

lu, 0) = evre(e, -, )l gy, + N0, 0) — £d, e (e, -, O)ll 1, < Cue?,
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Fig.4 The mode distribution for e e
t = 0 and the mode distribution
forr = O(|Ing|) € O(1/¢%).
The NLS approximation is no
longer valid in the right picture,
since the mode at 0 is of the
same order w.r.t. powers of ¢ as [ | | |
the NLS modes at k = £1 1 0 1 1 0 1

for which the associated solutions satisfy

sup  sup |u(x, 1) —eve(e, x,1)| = Cae.
1e[0,1/¢1/2] xeR

Proof. We split u(x,t) = uo(t) + up(x, 1), with fuh(x, t)ydx = 0,ie. up(x,t) =
ZkeZ\{O} U (1)e'™ ™ . Then we write (48) as

2 2 1 271 3
0 = —0, — dx, 51
“uo wplo + e /0 u’dx (1))
1 2
up = - up +ud — — uidx, (52)
27 0

with w(z)(t) =1+ JTcos(Zt). Thus, for ug we are in the instability region plotted in
Fig. 2, and so one positive Floquet exponent A, and one negative Floquet exponent
Mg, occurs. Since the linear part of the uj-equation is autonomous, purely imaginary
Floquet exponents occur for the uj-part. We follow the calculations in Sect. 3 and
using the notation of Sect. 3 finally write (51) as

iRy = Ay Ry + PuG(Ws W, W), 0;Ry = AsRs + PSG(Ws W, W),

where P, and Py are the projection on the unstable, respectively stable subspace. We
introduce the deviation from the NLS approximation for all other modes by u;, =
ey, + Ry, where vy, is the extension of the NLS approximation to the W-variable.
We find the system

atRu = MRy + gu(lk R),
0; Ry = AsRs + gs(l/fv R)v
0rRp = ApRin + gn(¥, R),

with g,, g5, and g, satisfying

|gul = Ce*|Rllm, + CellRIF, + CIRIY, .
|gs| = C&*[IRIlm, + Cel|RIF;, + CIRIl,.
lgnller, = Ce*| Rk, + Cell R, + CIRIG, + Ce,
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where the Ce? in the estimate for g; comes from the residual which by construction
vanishes in the R,- and R;-equation.
We introduce the quantities
E,=|RJ> and  E; =R + IRyl
For E = E, — E we find with
IRIZ = IRul71 + |Rul® + Ry > = Ey + E,
and

Ce’||R|m, < Ce’el|R|lm, < C(e* + (el|R|y)?) < Ce* + Ce*(E, + Ey)

that

d
EE = 2, Ey 4 2R, gy — 2 |Rs|> — 2Rsgs — 2(Ri, 1) g1

> 2hu By — 2IRy |1 gul — 2IRs1lgs| — 211 Rull g1 Il gn 1l g1
> 20, E, — 2C&*|R|ly;, — Ce|| Ry, — CIIRIly, — Ce IR,
> 2A,Ey — 2Ce*(E, + E5) — Ce(E, + E;)/?
— C(E, + E;)* — Ce* — Ce*(E, + Ey)
> hEy — M Es — Ce?

4 l
Z)\.ME—CE‘ EEAME,
under the assumptions

2Ce? 4+ Ce(Ey + Eg)'? + C(E, + E;) + Ce* < Ay, (53)
1
Cce* < S (54)

The assumption (53) follows from the assumptions
1
3Ce? 4+ Ce(E, + E)'/? < S (55)
1
Define then
. 1
t, = inf{r : E(t) > zku}.

We are done if we prove for instance £, < 1/e!/2. If the assumption (56) is not
satisfied fora ¢t € [0, 1/ ¢Y/2] we are done. Hence, we assume in the following that
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Fig.5 The solutions leave the O(e%)
sector in the direction of the
R, -axis R, Ry,

(56) is satisfied. Then choose € > 0 so small that
1 12
3Ce? + Cs <§,\u/c> < Shu

Under this assumption also (55) is satisfied.
In order to satisfy (54) we use that for the autonomous case it is well known that
we can extend the NLS approximation by higher-order terms such that

[Res|lm, = O(e").

Due to the inequality on E' Assumption (54) will follow from

Ce* < 0 E(0). (57)

| =

Assumption (57) holds for g9 > 0 sufficiently small since if we have chosen E;, (0) =
O(&3). Thus

E(t) > E(0)e™/2.

for all # € [0, £,]. Since O(e) = O(e3)e*!/? for t = O(In(1/?)) < 1/e'/?, we are
done. See Fig. 5. O

Remark 6.2 The above idea works whenever (ASS1) is not satisfied, in detail, if there
exists at least one interval [k_, k] for which positive growth rates occur. If an integer
multiple of ko does not fall into this interval, then choose an m € N such that nky/m €
[k_, k4] for an n € Z. Then choose 2w m-spatially periodic boundary conditions for
(48). The proof for this situation works exactly as before.

Remark 6.3 In order to prove that the NLS approximation ey, also fails for (48)
without imposing periodic boundary conditions, we could follow the ideas of Haas and
Schneider (2020, Section 5), i.e., we could use the failure of the NLS approximation
for (48) with 2 -spatially periodic boundary conditions and the fact that (48) has a
finite speed of propagation of order O(1). Due to the finite O(1)-speed of propagation
the following holds. If we have initially a spatial domain of size O(1/!/#) filled with
27 -spatially periodic solutions which are O(e3)-close to V¢, then we know that after
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000000

| o@

Fig. 6 Left panel: A spatial domain of size O(1/&'7%) is not influenced from outside if information is
started outside a slightly bigger domain of size O(1 /sl/ 4) and if information is transported with velocity
O(1) on an O(] In(e)|)-time scale. Right panel: The NLS scaling

a time scale of order O(In(e)) we still have a domain of size O(1/ el/%) filled with
27 -spatially periodic solutions but which are O(g) away from .. Thus, on this spatial
domain this local NLS approximation makes wrong predictions. Due to the scaling of
the NLS approximation, cf. (3), this small domain in space and time corresponds in
the NLS equation to a spatial domain of size O(¢3/#) and to a temporal domain of size
O(&? In(e)). Using the variation of constant formula we can guarantee that solutions
of the NLS equation, cf. (4), change on this spatial domain only by O(e2 In(e)) which
corresponds in (48) to a change of O(¢? In(g)). By the triangle inequality the solution
of (48) is still O(¢e) away from the NLS approximation, cf. (3). As a consequence, the
NLS approximation, cf. (3), fails to make correct predictions about the dynamics of
(48) even without imposing periodic boundary conditions (Fig. 6).

7 Discussion

In this last section we begin with a subsection discussing possible generalizations,
such as the transfer to original systems with quadratic nonlinearities or replacing
the NLS scaling by the N-wave interaction scaling. In the second subsection we
discuss time periodicities L >> 1, in particular the case of step functions «; with
period L = O for % < 6 < 1, which was the situation where the dispersion
management equation (5) occurs, cf. Remark 2.1. The subsequent discussion will
make clear that in the modeling used in Nonlinear Optics as described in Fig. 1, the
dispersion management equation is at most a phenomenological model which cannot
rigorously be derived and justified with some approximation theorem for our toy model
(1). We strongly expect that the same holds for the full Maxwell equations.
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7.1 Generalizations

We start with the remark that there is a second consistent ansatz for the description
of oscillatory wave packets, namely the so called N-wave interaction (NWI) approx-
imation, cf. Craik (1988). For (1) with time-independent coefficients and N = 1 itis
given by

ux, 1) = eAex, 20)E(x, 1) + c.c. + O(&Y),
leading to
ivodr A = cax A + 3 AlAJ?

The justification analysis of the NWI approximation goes very similarly to the NLS
approximation (Schneider and Zink 2005). Only in very special situations differences
occur (Haas and Schneider 2020). Hence the previous analysis not only applies to
NLS scaled wave packets but also to NWI scaled wave packets.

In our considerations we restricted ourselves to an original system with no quadratic
terms. With respect to our application to fiber optics this is motivated by the symmetries
of the problem which only allow for odd nonlinearities. A simple generalization of
our previous toy problem (19) is the consideration of coupled systems

2~ D~ -~
duj=—ou;+ fiu, ... un),

for j = 1,...,N, with f; = O(u1l?, ..., luy]?) smooth functions from R" to
R. The non-resonance conditions (NON) transfer in an obvious way. The Maxwell-
Lorentz system falls into this class, cf. Schneider and Uecker (2017, §11.7).

The case of quadratic nonlinearities is more challenging from a mathematical point
of view. In the autonomous case already in the derivation of the modulation equa-
tions additional non-resonance conditions are necessary. In the justification analysis
the quadratic terms have to be eliminated by near identity changes of variables, cf.
Kalyakin (1988) and Schneider (1998). In order to do so even more non-resonance
conditions have to be satisfied. The case so-called stable resonances has been han-
dled in Schneider (2005). The handling of nonlinear wave equations with quasilinear
quadratic terms was an open problem for a long time and has only been solved recently,
cf. Duell (2017) and Hess (2019). We expect that all these existing justification results
can be transferred from the autonomous case to the time-periodic case under the valid-
ity of assumptions similar to (ASS1)-(ASS3). However, such assumptions would be
very restrictive and the related approximations not very helpful.

7.2 Remarks About the Case L > 1.

For the subsequent discussion we ignore the possibility of linear instabilities in time-
periodic systems and explain that, even in the stable case, in the scaling which is
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necessary for the derivation of the dispersion management equation a behavior occurs
which in general cannot be described by a dispersion management equation.

If the time-periodicity 2L is large compared to the wave-length of the underlying
carrier wave, i.e., if for instance L = 0(5_20) for % < 0 < 1, then the previous
Floquet analysis is no longer of any help, because then the amplitude of the periodic
matrices P (¢) in Floquet’s theorem also depends singularly on € and can be very large.
As already said, L = O(g2?) for % < 0 < lis of particular interest due to the formal
occurrence of the dispersion management equation (5) for such L, cf. Remark 2.1.

Hence, we come back to the discussion made in Sect. 2 and consider again the
situation of 2 L-periodic step functions «; for (1). The main purpose of the subsequent
discussion is to explain the influence of the jumps at t+ = nL on the dynamics. As
in Sect. 2 on each of the intervals (nL, (n + 1)L) and ((n + 1)L, (n + 2)L) we can
derive a NLS equation with constant coefficients. For the description of the effective
dynamics we make the ansatz

u(x, 1) ~ ey (x, 1) = eAE, T)E(x, 1) + c.c. + O(e), (58)

with the slow time variable T = £2r and the slow spatial variable & = &(x + c(Hr)
with % < 0 < 1. As explained in Sect. 2 we obtain the NLS equation

) e T - T
10T A :5‘20 2//L() (ﬁ) 3§A+,u1 (SZTZG) A|A|2 59)

with highly oscillatory coefficients. The 27 -periodic coefficient step functions 1z ; (1)
are related to the original step functions through () = I %),

Remark 7.1 Before we go on, we recall why (58) is exactly the scaling which has to
be chosen for a possible derivation of the dispersion management equation (5).

1. Inorder to have the time derivative 37 A and the nonlinear terms A|A|? of the same
order, we need that the ratio, coming from 7" = &2t and the scaling €A, of these
two terms is O(1). This is used for the definition of €.

2. The choice & = e/ (x + ¢(r)r) with % < 6 < 1 is made to include the term 8§A

into (59). For 6 < % higher-order terms such as 8§A have to be included in (59),

too, since they are larger than or equal to 7 A and A|A|?. For @ > 1 the term BgA
is of higher-order and can be ignored. For 6 = 1 it is of the same order as dr A
and A|A|? and a scaling as in (5) cannot be obtained. Thus, we have to choose
% <0 <1

20

3. In order to get a scaling as in (5) we have to set £~! = ¢2~2 and to choose
L =0("%).

As already discussed in Remark 5.9 this formal derivation of (59) must have ignored
a very relevant aspect. What is considered wrong so far is the continuation of the
solutions of (1) at the jump points ¢+ = nL with n € N. For the dispersion management
models (10) and (14) the value A|,—,, of the solution at the end of the n-th interval is
taken as initial condition for the (n + 1)-th interval. However, for the original system
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(1) the two functions u|;—,1 and d;u|,—, at the endpoint of the n-th interval have to
be passed as initial conditions to the n + 1-th interval.
In detail, at the end of the time interval [0, L) we have that

u(x, L_) = A’ (x + .1 L_), e L_)eoxtionil- 4 ¢ c 4 O(e?),
du(x, L ) = iwp16AE? (x + .1 L ), e2L_)elkortieonl ¢ o 4 O@!?),

where L_ stands for the left limit + — L. However, at the beginning of the next
interval we have

u(x, L) = A’ (x + c.oLly 4 Xo), e2 Ly )elkortieoaleFido 4 ¢ o 4 O(eY),
du(x, Ly) = iwo2eA(e (x 4+ c.oly + Xo), 82 Ly )etkortiwoaltido
+c.c. + 0@,

where L stands for the right limit # — L. Moreover, we introduced the extra phase
¢o € R and the extra shift Xy which are chosen in such a way that

eik0x+iw0;1L_ ikox+iw0;2L++i$0

=e
and
x+ciLo =x+caly +Xo.

It is obvious that the continuity of d;u at + = L cannot be satisfied if wg.1 # wo.2 and
in fact, although the initial conditions at # = L for (1) are concentrated at k = +kg
they are no longer of the form which is necessary for the associated solutions to be
approximated by a single NLS scaled wave packet on the next interval. A second wave
packet propagating in the opposite direction is created. See Figs. 7 and 8.

For ¢t € (L, 2L) the left and right traveling wave packets can be described by the
extended ansatz

ulx,t) = 8A1’1(89 (x + ot + x1.1), T)elkoxtiooat oidi.i
+eA1.0(% (x — c.ot + x1,0), T K0 71902161910 4 ¢ ¢ 4 O(e3), (60)

with the envelopes A1 ;(X,T) € Cfor j € {0, 1}. The extra phases ¢ ; and extra
shifts x; ; for j € {0, 1} are again used to adjust the positions and phases at the jump
point ¢ = L. They are determined by

eikox-‘riwo:lL, — eik0x+iw0;2L+ei¢71’| — eikox—iw0;2L+ei¢)10
and
xX+ciLo=x+caLly+x11=x—caLy+xp0.
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The continuity condition for u at t = L leads to

u(x, L_) = A% (x + . L_), 2L _)etoxtioonl- 4 ¢ o 4 O(3)
=¢Aj & (x + coLly +x1.1), g2 L )etkoxtiooaly pidr
+eA10(" (x — oLy + x1,0), €2 Ly )etkox—ioo2lspid1o Lo o 4 O(e3)
=u(x, Ly),

respectively to
AX,e2L_) = A1 (X, e°Ly) + Ao(X, e2L). (61)
The continuity condition for d,u at t = L leads to

du(x, L_) = iwp 1A% (x + c.1L_), e L_)e*oxtiooil- o ¢ o 4 0!t
= iwo28A1,1(e% (x + oLy + x1,1), 82 Ly )etkortiwoale pion
—i@026A10(6" (x — oLy + x10), 87 Ly )e! 0TIl gl
+c.c.+ O
= oru(x, Ly),

respectively to
iwo A(X, e2L_) = iwop A1 (X, €2 Ly) —iwonAro(X, e°Ly).  (62)

The two conditions (61) and (62) form a linear system for Aj (X, 82L+) and
Aro0(X, 82L+) which can be solved in terms of A(X, 2L_).
In order to understand the global behavior we have to recall a few facts.

1. The modulated wave packets described by (60) move with a velocity c(t) = O(1).
Hence on a time interval of length L = O(s~2Y) the wave packets have moved a
distance of order O (e ~2%). Since the wave packets have a width of order O
they are well separated at the end of the time interval, see Fig. 8, if the extended
ansatz is a good description of reality, see below.

2. Plugging in the ansatz (60) into (1) shows that the amplitudes A and A_ satisty
in lowest order

ivodr A1 = 2720105 A1 + 31A 1A+ 61AL Aol
ivodr Aro = —2 20103 A0 + 31 A1 0l Arol* +6vALo|AL[* (63)

3. Fort € [0, 8‘29], respectively T € [0, 82_29], the influence of the dispersion is of

order O(1) because for the Fourier multiplier we find e TR Ty /v — piviK2 /v
for Ty = e2L = £2729 Therefore, on this time interval the width of the wave
packet remains of order O (™). The influence of the nonlinear terms is of order
O(272%) and therefore of lower order. Hence in lowest order the two wave packets

split and separate as predicted by (60). Since the same behavior occurs at the next
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wO;l
Wo;2

~ A

Fig.7 The Fourier mode distribution of the solutions changes at the first jump point. The left panel sketches
the distribution for t — L_. There are modes associated to the curve w.| concentrated at k = k¢ and
modes associated to the curve —wy.| concentrated at k = —kq. The right panel sketches the distribution
for t — L. There are modes associated to the curves wg.| and —wy.| concentrated at k = kg and at
k = —k¢. The modes corresponding to (wy. 1, ko) and (—wy. |, —ko) correspond to left moving waves. The
modes corresponding to (—wy. 1, ko) and (wp, 1, —kg) correspond to right moving waves

interval a cascade of wave packets is created. See Fig. 9. For example the ansatz
for the four wave packets created at t = 2L is given by

u(x, 1) = eA111(% (x + cat + x1.1.1), T)e kool pioni
+eA110(e% (x — c.1t 4 x1,1,0), T)e kool gidnio
+eA1,0.1(% (x + c.1t 4 x1,0,1), T)e Koxtionl gidron
+eA1.00(% (x — ¢t + x1.0.0), T)e k0¥ 710011619100 L ¢ o 4 O(?),

with the envelopes Ay j, j,(X, T) € Cfor ji, j» € {0, 1}. The extra phases ¢y, j,
and extra shifts x_j, j, for ji, j» € {0, 1} are used to adjust the positions and phases
at the jump point ¢ = 2L. The wave packet A; 1 is splitinto Ay 1,1 and Ay 1,0 and
the wave packet A g is splitinto Aj o1 and Aj 0,0.

4. There are various interactions of counter-propagating wave packets in this cascade,
cf. Fig. 9. Since A1, 1 and A ¢ depend on the different space variables X =
e?(x + c(t)r) and X_ = & (x — c(#)t), and since

Xy =& (x +e()r) = X_ +2¢.,;6" 2T

the interaction time of the two wave packets is T = O(e*?). Therefore, for
localized solutions the interaction terms are of lower order, i.e., in lowest order
and localized solutions the two equations decouple, i.e., the dynamics of the wave
packets on each interval (nL, (n + 1)L) is described by a system of decoupled
NLS equations. For instance instead of (63) we can consider

. 20—-2 2 2
ll)oaTAlﬂ =& I)]BXAL] —‘,—3U2A1’]|A],1| s
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0(6—20)
L = @) f f

| OE) | z

Fig. 8 The solutions to initial conditions with the scaling necessary for the derivation of the dispersion
management equation split in two wave packets, one moving to the left and one moving to the right. At the
end of the time interval of length L = O ) they are well separated in space

Space Tphys

time #;pys

Fig.9 The cascade of wave packets created at the jump points t = nL

. 20-2 a2 2
ivgdr A0 = —¢ V1dx A0+ 3v2A10lA10l%

See also Fig. 8. This has been established rigorously in a number of papers (Pierce
and Wayne 1995; Babin and Figotin 2006; Chirilus-Bruckner et al. 2008; Chirilus-
Bruckner and Schneider 2012). The analysis also applies in our situation, may be
not for the long O(1/¢?)-time scale but at least for an e-independent number of
interactions which is sufficient for our purposes. Hence, in lowest order the wave
packets do not interact.

We hope that this discussion convinces the potential reader that for the modeling
described in Fig. 1 and in the scaling which is necessary for the derivation of the
dispersion management equation a behavior occurs which cannot be described by a
single dispersion management equation.

As already said at the beginning of this section in the previous arguments we
considered only the best possible situation, i.e., we considered a situation without the
possibility of linear instabilities as discussed in Sect. 4.2. Hence, in most cases the
situation is even worse.

We finally remark that the dynamics shown in Fig. 9 which reminds us of a sequence
of Laplace experiments finally leads to a Gaussian envelope of the wave packets.

Acknowledgements The work of Reika Fukuizumi was supported by JSPS KAKENHI Grant Number
20K03669. The work of Guido Schneider is partially supported by the Deutsche Forschungsgemeinschaft

@ Springer



29 Page380f39 Journal of Nonlinear Science (2022) 32:29

DFG through the SFB 1173 "Wave phenomena” Project-ID 258734477. Guido Schneider is grateful for
discussions with Dirk Hundertmark, Roland Schnaubelt, and Dominik Zimmermann.

Funding Open Access funding enabled and organized by Projekt DEAL.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

Agrawal, G.: Nonlinear Fiber Optics, 5th edn. Academic Press, Cambridge (2013)

Antonelli, P, Saut, E.-C., Sparber, C.: Well-posedness and averaging of NLS with time-periodic dispersion
management. Adv. Differ. Equ. 18(1-2), 49-68 (2013)

Avron, J., Simon, B.: The asymptotics of the gap in the Mathieu equation. Ann. Phys. 134, 76-84 (1981)

Babin, A., Figotin, A.: Linear superposition in nonlinear wave dynamics. Rev. Math. Phys. 18(9), 971-1053
(2006)

Bauer, R., Cummings, P., Schneider, G.: A model for the periodic water wave problem and its long wave
amplitude equations. In: Nonlinear Water Waves. An Interdisciplinary Interface. Based on the Work-
shop Held at the Erwin Schrodinger International Institute for Mathematics and Physics, Vienna,
Austria, November 27-December 7, 2017, pp. 123—138. Birkhduser, Cham (2019)

Bronski, J.C., Kutz, J.N.: Asymptotic behavior of the nonlinear Schrédinger equation with rapidly varying,
mean-zero dispersion. Phys. D 108(3), 315-329 (1997)

Chirilus-Bruckner, M., Schneider, G.: Detection of standing pulses in periodic media by pulse interaction.
J. Differ. Equ. 253(7), 2161-2190 (2012)

Chirilus-Bruckner, M., Chong, C., Schneider, G., Uecker, H.: Separation of internal and interaction dynamics
for NLS-described wave packets with different carrier waves. J. Math. Anal. Appl. 347(1), 304-314
(2008)

Craik, A.D.D.: Wave Interactions and Fluid Flows. Cambridge University Press, Cambridge (1988)

Duell, W.-P.: Justification of the nonlinear Schrodinger approximation for a quasilinear Klein—-Gordon
equation. Commun. Math. Phys. 355(3), 1189-1207 (2017)

Erdelyi, A.: Uber die freien schwingungen in kondensatorkreisen mit periodisch verinderlicher kapazitiit.
Ann. Phys. 19, 585-622 (1934)

Erdogan, M.B., Hundertmark, D., Lee, Y.-R.: Exponential decay of dispersion managed solitons for van-
ishing average dispersion. Math. Res. Lett. 18(1), 11-24 (2011)

Ganapathy, R., et al.: Soliton interaction under soliton dispersion management. IEEE J. Quantum Electron.
44(4), 383 (2008)

Green, W.R., Hundertmark, D.: Exponential decay of dispersion-managed solitons for general dispersion
profiles. Lett. Math. Phys. 106(2), 221-249 (2016)

Haas, T., Schneider, G.: Failure of the n-wave interaction approximation without imposing periodic boundary
conditions. ZAMM 100, ¢201900230 (2020)

Hess, M.: Validity of the nonlinear Schrodinger approximation for quasilinear dispersive systems (2019).
https://doi.org/10.18419/0pus-10738

Hundertmark, D., Kunstmann, P., Schnaubelt, R.: Stability of dispersion managed solitons for vanishing
average dispersion. Arch. Math. 104(3), 283-288 (2015)

Kalyakin, L.A.: Asymptotic decay of a one-dimensional wave-packet in a nonlinear dispersive medium.
Math. USSR Sb. 60(2), 457-483 (1988)

Kirrmann, P., Schneider, G., Mielke, A.: The validity of modulation equations for extended systems with
cubic nonlinearities. Proc. R. Soc. Edinb. Sect. A 122(1-2), 85-91 (1992)

@ Springer


http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.18419/opus-10738

Journal of Nonlinear Science (2022) 32:29 Page390f39 29

Kunze, M., Moeser, J., Zharnitsky, V.: Ground states for the higher-order dispersion managed NLS equation
in the absence of average dispersion. J. Differ. Equ. 209(1), 77-100 (2005)

Kurtzke, C.: Suppression of fiber nonlinearities by appropriate dispersion management. IEEE Photonics
Technol. Lett. 5(10), 1250-1253 (1993)

McLachlan, N.W.: Theory and Application of Mathieu Functions, vol. XII. Dover Publications, Inc., New
York (1964)

Pierce, R.D., Wayne, C.E.: On the validity of mean-field amplitude equations for counterpropagating wave-
trains. Nonlinearity 8(5), 769-779 (1995)

Rauch, J.: Hyperbolic Partial Differential Equations and Geometric Optics, vol. 133. American Mathemat-
ical Society (AMS), Providence (2012)

Schneider, G., Zink, O.: Justification of the equations for the resonant four wave interaction. In: EQUADIFF
2003. Proceedings of the International Conference on Differential Equations, Hasselt, Belgium, July
22-26, 2003, pp. 213-218. World Scientific, Hackensack (2005)

Schneider, G.: Validity and non-validity of the nonlinear Schrodinger equation as a model for water waves.
In: Lectures on the Theory of Water Waves. Papers from the Talks Given at the Isaac Newton Institute
for Mathematical Sciences, Cambridge, UK, July—August, 2014, pp. 121-139. Cambridge University
Press, Cambridge (2016)

Schneider, G.: Validity and limitation of the Newell-Whitehead equation. Math. Nachr. 176, 249-263 (1995)

Schneider, G.: Justification of modulation equations for hyperbolic systems via normal forms. Nonlinear
Differ. Equ. Appl.: NoDEA 5(1), 69-82 (1998)

Schneider, G.: Justification and failure of the nonlinear Schrodinger equation in case of non-trivial quadratic
resonances. J. Differ. Equ. 216(2), 354-386 (2005)

Schneider, G., Uecker, H.: Nonlinear PDEs. A Dynamical Systems Approach, vol. 182. American Mathe-
matical Society (AMS), Providence (2017)

Schneider, G., Sunny, D.A., Zimmermann, D.: The NLS approximation makes wrong predictions for the
water wave problem in case of small surface tension and spatially periodic boundary conditions. J.
Dyn. Differ. Equ. 27(3-4), 1077-1099 (2015)

Turitsyn, S.K., Shapiro, E.G., Medvedev, S.B., Fedoruk, M.P., Mezentsev, V.K.: Physics and mathematics
of dispersion-managed optical solitons. C. R. Phys. 4(1), 145-161 (2003)

Verhulst, F.: Nonlinear differential equations and dynamical systems, 2nd edn. Springer-Verlag, Berlin
(1996)

Zharnitsky, V., Grenier, E., Jones, C.K.R.T., Turitsyn, S.K.: Stabilizing effects of dispersion management.
Physica D 152-153, 794-817 (2001)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Interchanging Space and Time in Nonlinear Optics Modeling and Dispersion Management Models
	Abstract
	1 Introduction
	2 Some Heuristics
	2.1 The Time-Oscillatory Modulation Equation
	2.2 The Averaged Modulation Equation
	2.3 The Vanishing Mean Dispersion Case

	3 The Fourier–Floquet Transformed System
	4 Some Preliminary Considerations
	4.1 Nonlinear Resonances
	4.2 Linear Instabilities

	5 Approximation Results
	5.1 Derivation of the NLS Equation
	5.2 The Linear Assumptions
	5.3 Estimates for the Residual
	5.4 The Error Estimates for the NLS Approximation
	5.5 The Case of a Vanishing Dispersion Coefficient

	6 Failure of the Approximation
	7 Discussion
	7.1 Generalizations
	7.2 Remarks About the Case  L gg1 .

	Acknowledgements
	References




