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Abstract

We study the dynamic behaviour of two viscous fluid films confined between two
concentric cylinders rotating at a small relative velocity. It is assumed that the flu-
ids are immiscible and that the volume of the outer fluid film is large compared to
the volume of the inner one. Moreover, while the outer fluid is considered to have
constant viscosity, the rheological behaviour of the inner thin film is determined by
a strain-dependent power-law. Starting from a Navier—Stokes system, we formally
derive evolution equations for the interface separating the two fluids. Two competing
effects drive the dynamics of the interface, namely the surface tension and the shear
stresses induced by the rotation of the cylinders. When the two effects are comparable,
the solutions behave, for large times, as in the Newtonian regime. We also study the
regime in which the surface tension effects dominate the stresses induced by the rota-
tion of the cylinders. In this case, we prove local existence of positive weak solutions
both for shear-thinning and shear-thickening fluids. In the latter case, we show that
interfaces which are initially close to a circle converge to a circle in finite time and
keep that shape for later times.
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1 Introduction

Taylor—Couette flows describe the dynamics of viscous fluids confined between two
concentric cylinders. By the end of the nineteenth century, Couette experimentally
observed that the fluid flow is steady when the relative velocity of the rotating cylinders
is small and the gap between the cylinders is small compared to their radii. This is
the so-called Couette flow. In 1923, Taylor proved mathematically that the Couette
flow becomes unstable as soon as the relative angular velocity of the cylinders exceeds
a certain critical value (Taylor 1923). The more the relative angular velocity of the
cylinders is increased, the more turbulent becomes the behaviour of the flow.

There is a rich literature dealing with the dynamics of one single Newtonian fluid
between two concentric rotating cylinders, both in the mathematical and the physical
literature, c.f. (Baumert and Muller 1997; Chandrasekhar 1961; Chossat and Iooss
1994; Drazin and Reid 2004; Schlichting and Gersten 2000; Renardy and Joseph
1985), to mention only a few contributions. Much less has been done for the two-fluid
Taylor—Couette flow. The dynamics of two immiscible Newtonian fluids in a Taylor—
Couette geometry has been studied in Renardy and Joseph (1985) with a combination
of analytical and numerical methods. In particular, the stability of the flows for different
ranges of viscosities, densities and surface tensions of the fluids in the absence of
gravity is considered. The particular setting in which one of the fluids is localised in a
thin layer is considered in Pernas-Castafio and Velazquez (2020) for the case in which
both fluids are Newtonian.

In the present work, we formally derive a model for the dynamics of the interface
separating two immiscible viscous fluids between two concentric cylinders, where
one of the fluids occupies a rather thin layer and is characterised by a non-Newtonian
rheology. We also study rigorously the well-posedness of the resulting model and the
long-time asymptotics of its solutions.

Two physical assumptions are crucial for the derivation of the model. First, as in
Pernas-Castaio and Velazquez (2020), we assume that the dynamics of the two-fluid
system is described by a small perturbation of the Taylor—Couette flow for one single
fluid confined between two cylinders. Second, while the outer fluid is assumed to
be Newtonian, the inner fluid is assumed to be a non-Newtonian fluid with a strain-
dependent viscosity . We consider the setting in which the inner cylinder is at rest,
while the outer cylinder rotates at a fixed angular velocity.

Originally, the dynamics of both immiscible fluids are described by a Navier—Stokes
system in which gravitational effects are neglected. For different regimes of the surface
tension and under the assumption that the Reynolds number is small enough to avoid
the aforementioned Taylor instabilities, we study the formal asymptotic limit of a van-
ishing thickness of the inner fluid film. To this end, we apply the so-called lubrication
approximation which has been used extensively in the literature on fluid mechanics,
c.f., for instance, (Ockendon and Ockendon 1995). We also refer the reader to the
papers (Giacomelli et al. 2008; Giinther and Prokert 2008) for rigorous mathematical
results concerning the derivation of the classical Newtonian thin-film equation, taking
as a starting point the Navier—Stokes equations.
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The evolution equation that we derive and study in this paper has the general form

1
a:h + 3 (hzf 2y (ﬁ + zh(dgh +agh)) dz) =0, 1>0,0¢eS'=]0,2n],
0

1.1)
for the thickness i = h(¢, ) of the thin strain-dependent fluid film which separates the
thicker Newtonian fluid from the internal cylinder. We assume that the non-Newtonian
fluid has a general strain-dependent viscosity i = (‘L’Cha_r || Du|| ), where u s the veloc-

ity field of the inner non-Newtonian fluid, Du = % (Vu + V(u)T) is the corresponding

symmetric gradient and || Du| = +/tr(|Du|?). Moreover, Tchar is the characteristic
time of the non-Newtonian fluid, i.e. it can be thought of as a characteristic value of
the strains for which the nonlinear effects in the viscosity become relevant. The key
assumption in the derivation of (1.1) is that the function s +— w(|s])s, s € R, is strictly
increasing. Then, the function ¥ in (1.1) is defined by means of lp(,u(|s|)s) = s for
s € R. It can be seen in the derivation of (1.1) that the evolution of the interface sepa-
rating the two fluids is driven by the combined action of surface tension, of the shear
stress induced by the rotation of the outer cylinder, and of the characteristic stress of
the non-Newtonian rheology. We are interested in the interaction of these forces and
on their influence on the structure of the evolutionary equation for the thickness / of
the non-Newtonian fluid. Different scaling limits for these three effects are encoded
in the function v and the parameter g, respectively.

We first comment on the choice of the function . If the effect of surface tension
is comparable with the characteristic stress of the non-Newtonian fluid, we can derive
and study (1.1) for general smooth functions . If either surface tension dominates the
characteristic stress of the non-Newtonian fluid or vice versa, we chose the function
Y such that

1-p
Y(s)=|s| »
in order to allow for an appropriate time scaling. We mention that the definition of
in (1.2) does also correspond to the case in which the function p characterising the

strain-dependent viscosity of the non-Newtonian fluid is given by

s, seER, p>0, (1.2)

n(sh) = 1Is1P7", s eR. (1.3)

Fluids whose rheology is defined by (1.3) are called Ostwald—de Waele fluids. The
parameter p denotes the flow behaviour exponent. These fluids are Newtonianif p = 1.
For p > 1 the corresponding fluids are called shear-thickening as their viscosity
increases with increasing shear rate. Conversely, if p < 1, the viscosity decreases
with increasing shear rate and the fluids are called shear-thinning fluids.

The parameter 8 in (1.1) measures the ratio of surface tension and shear forces
induced by the rotation of the cylinders and plays a crucial role in our analysis.

In the regime in which the surface tension, the shear stress induced by the rotation
of the outer cylinder, and the characteristic stress of the non-Newtonian fluid are of
the same order, we have that 8 > 0 is a positive constant that depends on the radii of
the two cylinders, their relative velocity and the characteristic viscosities of the two
fluids. In these cases the derivation of (1.1) is valid for general smooth functions @
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and ¥, respectively, under the sole assumption that the map s — w(|s|)s, s € R, is
strictly increasing. Using centre manifold theory, as developed, for instance, in Mielke
(1988); Haragus and Iooss (2011), we prove in this paper that solutions to (1.1) behave,
for long times, after a suitable rescaling of the variables, in a manner analogous to
the solutions in the Newtonian case (1« = 1 and ¥ (s) = s or p = 1) in which (1.1)
reduces to the equation

hZ
dh + dp (7> + 35 (P (3yh + 33m) =0, >0, 0¢€S". (1.4)

Equation (1.4) is studied in Pernas-Castafio and Veldzquez (2020), where the authors
observe the same asymptotic behaviour for initial interfaces close to a circle. In par-
ticular, it is shown that in the Newtonian case the solution is globally defined and the
interface approaches quickly a circle which is initially not concentric with the rotating
cylinders. For larger times, the centre of this circle spirals towards the common centre
of the cylinders as time tends to infinity. Equation (1.4) has also been obtained in
Kerchman (1995) describing the motion of a single thin fluid layer evolving on the
exterior of a solid cylinder.

By a straightforward adaptation of the methods used in Pernas-Castafio and
Veldzquez (2020), we prove in this paper that solutions to (1.1) feature the same
asymptotic behaviour as solutions to (1.4). More precisely, we prove that if the inter-
face is initially close to a circle in H!(S!), it is globally defined and converges in
H'(S") to a circle at rate 1/¢ which is not concentric with the rotating cylinders.
However, the centre of this circle spirals at rate 1/ A/t to the common centre of the
cylinders as time ¢ tends to infinity.

If either surface tension effects dominate the effects of the characteristic stresses
of the non-Newtonian rheology or vice versa, we have that ¥ is given by (1.2). For
both settings we study the case when the effects of surface tension dominate the shear
effects due to the rotation of the cylinders. This corresponds to the asymptotic limit
B — 0, and we obtain the evolution equation

1-p

22p 3 G 3 1
ah+0g [ n(O) P ‘39}1(9) +h6)| " (99h(©) + 03h(6)) | =0, 1>0,6¢5"

(1.5)
In this regime, the effect of the shear forces induced by the rotation of the cylinders
is negligible and the whole dynamics of the interface is driven by the combination of
surface tension and the non-Newtonian rheology of the thin fluid film.

We prove local existence of positive weak solutions to (1.5) for general positive
initial data for both shear-thinning and shear-thickening fluids. Moreover, in the shear-
thickening regime (p > 1), we show that if the initial interface is close to a circle,
there exists a global weak solution of (1.5) with the property that it converges to a
circle in finite time t* < oo. The proof is based on the derivation of a differential
inequality for a certain energy functional which implies that the energy drops down to
zero as t — t*. The main obstruction in the proof of the global existence result is the
possibility of the interface touching the interior cylinder, i.e. to have min# (¢, -) = 0
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at some positive time 7. In this paper, we consider only solutions of positive thickness
h since we are interested in the analysis of the stability of circular interfaces. In the
shear-thinning case p < 1, we expect the solutions to (1.5) to approach asymptotically

acircle ast — oo with a correction given by the power-law O(¢ =7 ). However, since
the techniques required to obtain this result differ much from the ones used in this
paper, we do not consider this case here.

Thin-film equations the solutions of which allow for film rupture have been exten-
sively studied in the literature, c.f. (Bernis and Friedman 1990; Beretta et al. 1995;
Kniipfer 2015; Giacomelli 1999), to mention only a selection. Global well-posedness
for non-negative initial data has first been proved in the seminal paper (Bernis and
Friedman 1990). This topic has additionally been pursued in Bertozzi et al. (1994),
where the authors also study numerically the existence of singularities in finite and
infinite time. The existence of global in time weak solutions to (1.4) which allow for
film rupture has been studied in Marzuola et al. (2019) for a cylindrical geometry.

We remark that the surface tension forces tend to drive the interface towards a
circular shape. On the contrary, the shear induced by the rotation of the cylinders
has the tendency to generate fingering’ and to form interfaces which differ much
from a circular interface. In this paper, we consider only situations in which, for large
times, the contribution due to the surface tension dominates the contribution due to the
shear induced by the rotation of the cylinders. Therefore, for large times the interfaces
behave asymptotically as a circle.

Note that when the shape of the interface becomes close to a circle, then the surface
tension forces, reflected in the term (dg /2 +803 h),dono longer yield a considerable effect
on the dynamics. Therefore, for sufficiently long times, the parameter B reflecting
the shear stress induced by the rotating cylinders gives the main contribution to the
deformation of the interface. Consequently, for large times the solution behaves always
as in the Newtonian case, with a viscosity coefficient depending on §. This indicates
in particular that, when the shape of the interface becomes close to a circle, then
the model with 8 = 0 is not a good approximation anymore. Moreover, even if the
interface is not close to a circle, the term (dgh + 83}1) induced by the surface tension
vanishes at some points. Near those points, the effect of the term S, reflecting the shear
forces, becomes the dominant one. Consequently, this might lead to small localised
effects in the solution and to the creation of boundary layer regions in which the shear
stress is dominant. However, these questions are addressed in future works.

The evolution Eq. (1.1), respectively (1.5), belongs to a class of non-Newtonian
thin-film equations with strain-dependent viscosity. Similar equations have been stud-
ied in different settings, for instance, in Ansini and Giacomelli (2002, 2004); King
(2001a,b); Lienstromberg and Miiller (2020). In Ansini and Giacomelli (2004), the
authors consider a single thin film occupied by a power-law fluid. The governing
equation is

1—p

”):O,t>&ercR. (1.6)

w1 g
oh + oy hp)@h
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Note that this equation is very similar to the equation (1.5) with 8 = 0, except that in
(1.6) the nonlinearity depends only on the third-order derivative, instead of (9, h+83 h).
The authors use a two-step regularisation scheme to prove global existence of non-
negative weak solutions to (1.6) for general non-negative initial data. The papers
Ansini and Giacomelli (2002) and Lienstromberg and Miiller (2020) deal with an
Ellis thin-film equation instead of a power-law thin-film equation. This is a constitutive
rheological law for shear-thinning fluids which combines a power-law behaviour with
a Newtonian plateau, cf. (Matsuhisa and Bird 1965; Weidner and Schwartz 1994).
In Ansini and Giacomelli (2002), the authors analyse a class of quasi-self-similar
solutions describing the spreading of a droplet, whose thickness % is determined by
the equation

1—
ah + oy <h3 <1 + |ha§h|pp> aﬁh) =0, r>0,xeQcR. (17

For these solutions the presence of the non-Newtonian rheology plays a fundamental
role removing the well-known no-slip paradox which arises for Newtonian fluids in
the presence of contact lines. However, the non-Newtonian terms become negligible
except in a small region close to the contact lines. In Lienstromberg and Miiller (2020),
the authors prove local existence of strong solutions to (1.7) in the case p € (1/2, 1),
in which the coefficients of the highest-order terms depend only Holder continuously
on the solution.

For two-phase thin-film equations, we refer the reader to the works (Bruell and
Granero-Belinchén 2019; Escher et al. 2013; Laurencot and Matioc 2017) dealing
with the Newtonian case. Moreover, a wide variety of two-fluid viscous flows in many
different geometrical settings is described in Joseph and Renardy (1993).

The introduction is closed by a brief outline of our work. In Sect. 2, we use lubrica-
tion approximation to formally derive the evolution Eq. (1.1) and (1.5), respectively,
for the interface separating the strain-dependent thin fluid film from the Newtonian
fluid film. At the end of the section, we discuss the different asymptotic limits, reflected
in the choice of the function i and the parameter 8. The resulting evolution equa-
tions are analysed in Sects. 3 and 4. More precisely, the asymptotic limit § = 0 is
treated in Sect. 3. In Sect. 3.1 we prove local existence of positive weak solutions in
the shear-thinning as well as in the shear-thickening regime. In Sect. 3.2 we prove,
for initial interfaces close to a circle, the existence of a global weak solution of (1.5)
with the property that it converges to a circle in finite time. Finally, in Sect. 4 we study
the equation for § > 0 of order one. We use centre manifold theory, to prove the
aforementioned convergence to a circular interface for long times.

2 Physical Model and Derivation of the Equations

In this section we describe the physical setting of our problem and derive the evolu-
tion Egs. (1.1) and (1.5) for the interface separating the two fluids. These evolution
equations, which contain a parameter 8 that can take the value § > 0 and 8 = 0 in
different asymptotic limits, are analysed rigorously in the subsequent sections.
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2.1 Navier-Stokes System for One Newtonian and One Non-Newtonian Fluid

We consider two immiscible fluid films confined between two concentric cylinders
rotating at different angular velocities. More precisely, we denote by R_, Ry > 0 the
radius of the internal and external cylinder, respectively, both cylinders being centred
at the origin. The hydrodynamic behaviour of the two fluids can be described by the
Navier—Stokes equations

p— (8 +@ V)i~ ) =-Vp~+2V- (i (D a |)D @) inQ ()

p (0F +@" - V)E*) = —Vpt 4 ppaut in Q4.(7)
V.t =0 in Q4 (),
2.1

where 0 (7, ¥) = (aE(7, ¥), 9% (7, %)) denotes the velocity field at time 7 > 0 and
position X € R2, ﬁi is the pressure and p+ > O is the density of the inner (-),
respectively outer (+) fluid. The fluid next to the internal cylinder is assumed to be

non-Newtonian with a shear-dependent viscosity /1_(HI~)_1~1_ ||) > 0.HereD 0~ =
% (Vﬁ_ + (Vﬁ_)T) denotes the symmetric gradient of the velocity field i~ of the inner

fluid and || D H =4/ tr(|ﬁ_ﬁ_ |2). We assume that the shear stress is monotonically
increasing in the shear rate, i.e. the function s — u(s)s is monotonically increasing
on R. The fluid next to the external cylinder is assumed to be Newtonian with constant
viscosity p4 > 0. In order to describe the spatial position between the two cylinders
we use polar coordinates X = (X,z) = (rcosf,rsinf) € R2. Thus, denoting by
d > 0 the average height of the inner fluid film and by h(f,0) > 0 the function
defining the interface, the regions filled by the respective fluid may be described by

Q_(={xeR* R_ <r < R_+dh(i,0)}
Qy() ={XxeR* R_+dh(i,0) <r < Ry}.

Note that we assume the function h(Z, 8) being strictly positive, i.e. the interface of
the two fluid films cannot touch the inner cylinder. A sketch of the problem setting
may be found in Fig. 1.

The Navier—Stokes system (2.1) is complemented by the following boundary con-
ditions. We suppose that the internal cylinder is at rest, while the external cylinder
rotates counterclockwise at angular velocity @ > 0. Moreover, we assume that the
fluid velocities G of the two fluids coincide at the respective cylinders with the angu-
lar velocities at which the respective cylinder rotates. That is, we have the boundary
conditions

u =0, X € dBg_(0)

it = w(=%p, %), X € dBg,(0).
Moreover, we assume that at the interface 92 the normal velocities of the fluids
coincide with the normal velocity V,, of the interface and the tangential velocities of

@ Springer



24 Page8of55 Journal of Nonlinear Science (2022) 32:24

Fig.1 Taylor—Couette flow for
two fluids

the fluids coincide, i.e.

=
=
Il
[=1
+
=
Il
=
1
1

=
|
-
I
=

Finally, denoting by £¥ (i, p) the stress tensor of the respective fluid, we require
the tangential stress balance condition and the normal stress balance condition to be
satisfied at the interface d2. These conditions read

E(i2—il)-ﬁ=o, % el
ﬁ(iZ—il).ﬁzyk, % € 0.

Here, we use the notation i and t for the normal vector pointing from the region
Q_ occupied by the inner fluid to the region €2, occupied by the outer fluid and
the tangential vector at the interface, respectively. Furthermore, ¥ denotes the mean
curvature of the interface and y is the constant surface tension.

THE DIMENSIONLESS NAVIER-STOKES SYSTEM. In this paper we assume that the rhe-
ology of the non-Newtonian fluid is given by a viscous coefficient p_ (r HD’u_ ||) =

140/t~ (Tchar [D~ @~ ||). The function s > 4_(s) is a function that can describe very
complicated nonlinear behaviours. The parameter 1 is the characteristic viscosity
of the fluid when t¢par Hf)fﬁ* H is of order one. Moreover, the parameter T¢hyr iS the
characteristic time of the non-Newtonian fluid that must have unit of time for dimen-
sional reasons. Under this assumption on fi_, we have that the viscous stresses are

given by pofi—(Tenar|[D 6 [) = £ A(renaD 07), where AA) = p(JAIDA

Tchar
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Fig.2 Taylor—Couette flow with
a thin-film layer near the internal
cylinder (in non-dimensional
units)

»

with A € M3,3(R). Note that the order of magnitude of these viscous stresses is T’LTO
Cchar

if Tchaer)_ﬁ_ || is of order one.
We now rescale the original variables in order to obtain the above Navier—Stokes
system in dimensionless form. To this end, we set

x= X wf i:i, P
R_ @R_ prw?R%
__ 7 o4 _Re
YR e TR TR 22)
o prwR* I 1 - _
= —, R = 3 — D = H- D ’
p=_— Re=—r— u (v [pu]) ok (Tehar|[D )
o

T = Tchar®@, M = —.
M+

Consequently, ¢ > 0 is the dimensionless thickness of the inner fluid film. By Re > 0
we denote the Reynolds number which defines the ratio of inertial to viscous forces.

The external characteristic time t is induced by the relative angular velocity of the
rotating cylinders. Observe that the system is now scaled such that the internal cylinder
has radius 1, while the external cylinder has radius 5 and rotates with angular velocity
1, c.f. Fig. 2. Note that the non-dimensional quantities p, Re, t, n and © do not have
indices.
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With this change of variables, the original Navier—Stokes system (2.1) becomes

p(uy +@ -V)u")=-Vp~ + V. (u_(r[D7u"[)D7u") inQ_()
(uf + @" - Vyut) = —VpT + L Aut in Q4(1)
V.out=0 in Q4(1),

where the regions 2_(¢) and Q4 (¢), filled by the inner, respectively the outer fluid,
are now given by

Q_(t)={xeR* 1 <r <1l+eh(t0)}

Q) ={xeR* 14+¢ch(t,0) <r <n}. 23)

The dimensionless boundary conditions read

u =0, x € dB1(0)
u -t=ut-t, X € 0Q

u -n=ut-n=V,, xeiQ
t(ZF—27) n=0, x€9Q
n(Zt—%7) n=yk, x€0Q.

2.2 Taylor-Couette Flow and Thin-Film Approximation

As already mentioned in the introduction we are interested in the case in which the
volume of the liquid film €2_ (¢) next to the internal cylinder is rather small compared
to the volume of the film €24 () next to the external cylinder. Mathematically, this
corresponds to the asymptotic limit ¢ = R‘% — 0.' In order to obtain a nontrivial
dynamic behaviour for the interfaces, we require the surface tension to scale with the

non-dimensional thickness ¢ like

y%% as ¢ — 0, 2.4)
e

where b > 0 is a constant of order one. It is worthwhile to mention that this specific
rescaling strongly effects the character of the resulting evolution equation. Taking the
limit ¢ — 0 and using formal matched asymptotic expansions, we are able to derive
explicit expressions for the pressure as well as for the velocity field of each of the
fluids. Consequently, we are left with a single equation for the for the interface h
separating the two fluids.

! In Pernas-Castafio and Veldzquez (2020), the case in which the layer of fluid closer to the external cylinder
is much thinner than the inner one, has also been considered in the Newtonian case. However, since the
analysis is similar we restrict ourselves in this paper to the case in which the thin layer is close to the internal
cylinder.
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Since the numerical results in Renardy and Joseph (1985), as well as the analytic
results in Pernas-Castafio and Veldzquez (2020), show that the laminar flow solution,
i.e. the concentric circle centred at the origin, is stable for small Reynolds number, we

. R? .
require Re = pf—+‘ to be of order one, but small enough to avoid the appearance of
the Taylor instabilities. In addition, we require the parameters u = l’f—i, n= g—f and

o= Z—; to be of order one.

THE DIMENSIONLESS NAVIER—-STOKES SYSTEM IN POLAR COORDINATES. In order
to perform the formal asymptotic analysis, we first introduce polar coordinates x =
(r cos 6, r sin #) and write the velocity fields u™ as

ut = uF(r,0)e,4us(r,0)es with e, = (cosé,sind) and ey = (—siné,cosf).

Componentwise, the conservation of momentum equations for the fluid next to the
inner cylinder, i.e. in 2_(¢) in these variables, read

0 (Btu; +u, Opu; + %u;Beu; — %(u;)z) =

—0,p™ + 5 (00t + e (8, [Lo,0u)] + S 03u; — Zaguy )

g [a (Luy) + rizagu;]) in Q. (1)

p (B + g Oy + Jug dguy + furug) =

—1o0p + f& (200n— (Fo0u; + Huy)

i (0 [Lo )] + B 03ug + Zogur ) + 0 (0, (Lug) + Lguy)) i @),
2.5)

The conservation of momentum equation for the outer fluid in Q2 (¢) becomes, also

componentwise,

P (8tuj' + u;"B,uﬂ' + %ug'aguj' — %(ug')Z)

—0p* + s (0 [Lo )] + Loduf - Zouf ) in Q4

(2.6)
p (Bt + w2 + Lo + bufu) =
—100p* + g (0 [0 D] + ZZu + Zopu ) in R40),
and the continuity equation transforms into
3 (ruX) + dpui =0 in Qu(r). 2.7)

Finally, the boundary conditions in polar coordinates are given by

u;, (1,0) =0, u,(1,0)=0

u, edgh +uy (1 +eh) = ufedoh + uf (1 + eh)

u, (1+¢eh) —uycogh = uf(1+4¢eh) — u;rsagh =¢e(1 4+ ¢eh)oh 2.8)
(0015 = 0001%) €091 (1 + £h) + 0,017 ((1 + eh)> — £29ph) = 0

o 15 (1 4 eh)? + 0991762 (39h)? — 20,915 (1 + eh)edph = yk.
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For convenience, we perform another change of variables and set

1 —1
ut = 82w§E, uei = swéc, pjE = gPi, and & = FT 2.9)

Therewith, the system (2.5)—(2.8) transforms as follows: The conservation of momen-
tum equation for the inner fluid in 2_(¢) becomes

0 (848,wé_ + 85w§_85w5_ + %w;aewg — %(w(;)z) =
—0: P~ + 4= (28285M,8gwg + e [8235 (ﬁag (a+ Sé)wg))
+ e 0wy — T dewy

o [0 (g ) + rigdews ) in @10
0 (e2a,w; + 83wg85w; + ﬁwe dpw, + l_i—ggwgw(;
_ﬁaeP_ + & (289u, [(1+ 7 dpwy + ﬁwg]

— [ (g 06 (1 + e00w7) ) + rio 0By + 2igmdous |
o [(1 + e8)0 (ﬁu@) + %agwg]) inQ_(1).

Similarly, for the outer fluid, we obtain the conservation of momentum equations

848zw§_ + s5w;85w; + %w;agw l+s$( i )2
_85P+ + ( 29 [ﬁag((l + e)w] )]
+(1+g§)2 39 wg (1+s$)2 agwe ) in Q4 (¢)

sl0wy + e wy dgwy + mwe ) dpwy + %w;w(j =
_ 14_185 Pt + ﬁ (85 [ﬁaﬁ ((1 + 8§)w9+)]
+ 05w,

dyw; ) in Q4 (7).

(1+ s>2 (1+ »:)2

The continuity equation in the new variables reads
dgwy + e (Fwy) + dgwy =0 in Qu(0),
and the boundary conditions transform into

w; (0,0) =0, wy(0,6)=0

g2wgagh +w, (1+eh)=¢ wgagh +w, (1 + &h)

swg(l +¢eh) — ew, dgh = sws (I +&h) — swy Tooh = (1 + sh)8[

(0ze]™ — 000])edgh(1 + eh) + 091" ((1 + eh)* — 2(0ph)?) =

oee 12 (1 + eh)? + 09a 15 e? (9gh)* — 206011 (1 + eh)edph = (1 + eh)2 —eX(dph)?) yk.
(2.10)
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For the elements of the stress tensors, we obtain

+ _ _1p+ 2 .+ +
o =—3P + &5¢ g wy 2
+ _ 1 + + + +
Ogp = ReC (3€we ~ e T Li_asaf’ws)
+ _ 1p+ 2 + + 2.+
0'99——2]) +mc (88911)9 +¢ wg)’
with ¢™ = up—(t|9swy |) and ¢ = 1. Note that « is the rescaled mean curvature of

the interface r = 1 4 ¢h(t, ), given by

26%(3ph)? — e(1 + eh)dzh + (1 + h)?
K = 3 .
(14 eh)? — £2(09h)?)?

@2.11)

In order to determine the equation for the evolution of the interface &, separating the
two fluids, we keep only the terms of order one in ¢ in the system derived above.

THE LEADING-ORDER SYSTEM. In this paragraph we consider the formal asymptotic
limit ¢ — 0. In the literature this limiting process is also referred to as lubrication
approximation. For a rigorous justification of the lubrication approximation in the
Newtonian case, we refer the reader to the work (Giacomelli and Otto 2003). Taking
the formal asymptotic limite — 0, we obtain the following system. The Navier—Stokes
equations reduce to

¥ PE=0 in Q4 (1)
_aepi_k%ag(ci&gw;) =0 inQ4(?) (2.12)
dewi + dywi =0 in Q. (7).

Moreover, for the boundary conditions we obtain

we (0,0) =0, w,(0,0) =0 ford e st

wy, = wg onI’
wg = w; onT (2.13)
%ciagwgi]f =0 onI"
—Pi]f =eyK onl,

where we used the coefficients of the stress tensors in the leading order. Note that we
keep the ¢ in the last boundary condition in (2.13) since y depends on ¢ as specified
in (2.4). Recalling that the mean curvature « is of order one, this results in a jump of
the pressures P~ — P of order 1/&. Since we assume the interface being close to a
circle, cf. (2.3), to the leading order the pressure jump does not depend on 6 and hence
does not have any effect on the dynamics of the interface. Nevertheless, the next-order
correction of the mean curvature leads to a contribution of order y ¢> which influences
the dynamics of the interface.
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DETERMINATION OF THE PRESSURE AND THE VELOCITY FIELD BY MATCHED
ASYMPTOTIC EXPANSIONS. With this reduced system we are able to determine explicit
expressions for the pressure P* and the velocity field (wéi, wét). Indeed, from (2.12);

we deduce PT = P*(#). Thus, integrating (2.12), twice with respect to £ yields
+ _Re. 2 + +
we (§,0) = —-3p PT(0)§" + AT(0)§ + BT ()

for functions AT = AT(0) and BT = BT (6) that are to be determined. In view of
the conservation of mass equation (2.12)3 we are finally able to derive an equation
for w; (&, 6). Summarising, for the Newtonian fluid next to the external boundary we
obtain
wy (€.0) = Bedy PT(0)E> + AT(0)E + BF(9)
wi (€,0) = —Re2p+0)83 — 9pAT(0)5 — 9y B + @19
g (§,0) =—"¢0 W AT(0)>5 — BT (0)§ + CT(0).

For the fluid film next to the internal cylinder, we proceed similarly. Recall that the
fluid filling €2_ (¢) is assumed to be non-Newtonian. To leading order its viscosity is a
function u— = pu—(t]dzwy |). In order to derive a well-posed parabolic equation for
the interface separating the two fluids, we assume the shear stress u— (t]0s wy |) s w,
to be a monotonically increasing function of the shear rate d: w, . In the leading-order
approximation of the Navier—Stokes system, this yields

P~ =0 in Q_(1)
—0p P~ 4 8 (u_(t]dgwy Ddzwy ) =0 in Q_(1) (2.15)
dewg + dpwy =0 in Q_(1).

As for the outer fluid, the first equation implies that P~ = P~ (6). Thus, by integration
of (2.15), with respect to £ we obtain

R
n—(T|swy Nosw, = IeBQP*(@)é +A(0), (£.0)eQ_(1).

Since s — w_(|s|)s is monotonically increasing on R, we can define a function v
such that ¢ (u—(|s|)s) = s. Hence, for all £ < h we have

_ 1 TRe _ _

By integration of this equation with respect to & and exploiting the boundary condition
(2.13), we obtain

_ 1 [t TRe _
wy (£.0) = —/ v (—89P ©)s + 1A (9)) ds. (2.16)
v Jo 1
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We can now use the boundary conditions in order to determine A%(), BT (0)
and C*(#) by matched asymptotics. Since the non-Newtonian liquid film next to the
internal cylinder is very thin compared the Newtonian fluid film, we may assume the
velocity of the outer fluid being a small perturbation of the Taylor—Couette flow for
one single fluid confined between the two cylinders. This means we assume that the
angular velocity, before the change of variables, is given by

2

7 and D, = —Dj.

4 D, .
uy (r) = Diyr + — with Dy =
r ns—1

Here we used that the radius of the internal cylinder is 1, the radius of the external
cylinder is n and the external cylinder is rotating at angular velocity w = 1, while the
internal cylinder is at rest. The second-order Taylor series expansion of the Taylor—
Couette flow ug(r) around » = 1 is given by

ug (r) = (D1 — D) (r — 1) + Da(r — > + O((r — 1)?).
With the change of variables introduced in (2.9), this becomes
wy (§) = (D1 — D2)§ + Das€” + O(e78°).

Thus, matching (2.14) with w(;" , we get
Re
7891)*(9)52 + AT O +BT(6) = wf (£,0) = (D1 — D2)é + Dreg” + O(£2£3),

and consequently, AT (0) = D; — D, = 2n?/(n* — 1). Moreover, since the pressure
in the Taylor—Couette flow is constant, that is 39 P (0) = 0, we have

2 2
Wi (€.0) = (D1~ D2)E + B'®) = &+ B*6).

Next, we determine A~ (6). To this end, observe that

2r;2

%) (€.0) = (D1 =Dy = 7.

thanks to the fact that the pressure P is constant. Therefore, the tangential-stress
balance condition (2.13)4, given by

1
g(a,;wg — puu—(tldewy 1)dsw, ) =0 onT,

yields, to leading order,
_ D Re _
A (0)=— — —0g P (B)h(H), (2.17)
[T
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where we set D = D| — D, = 2D = 2772/(712 — 1) > 0. Using this expression in
(2.16) yields

¢
wy (£,0) = l/ v (2 R P (h0) — s)> ds. (2.18)
T Jo noow

Proceeding similarly as above, we may further determine the functions B*(6) and
C™(0) by exploiting the different boundary conditions.

However, we do not compute the explicit expressions since they are not needed in
order to determine the equation for the evolution of the interface.

DERIVATION OF THE EVOLUTION EQUATION FOR h. We first recall from (2.13)s
that to leading order the normal-stress balance condition is o¢¢]* = y«. This yields
— P14+ P~ = gy«. Using the first-order Taylor approximation ¥ = 1 —&(h + 892h) +
(9(52) of the mean curvature (2.11) of the interface around ¢ = 0 and the fact that
9 PT(9) = 0, we obtain

3 P~ (0) = —&>y (dph + 33 h). (2.19)

Moreover, up to order ¢ the boundary condition (2.10) for the normal velocity of the
interface may be written as

orh — e(wg(h(é?), 0) — w, (h(0), G)E)gh) =0.
Inserting into this equation the identity

h(®)
9o (/0 wy (&, 9)d€> = wy (h(0),0)99h(0) — we (h(0), 0),

which follows from the conservation of mass, we obtain that the interface evolves
according to the evolution equation

h(0)
ah + edy (f w, (&, 9)d§> =0, >0, 60¢eS. (2.20)
0

Using the representation of w, (§, ), derived in (2.18), and the representation of
dp P~ (0), derived in (2.19), this equation may further be rewritten as

& h©) & D g’ytRe 3 _
dh + v —+ (96h + 0yh)(R(6) —s) ) dsd& ) =0,
T 0 0 M 2

2.21)

fort >0, 6 ¢ SL.
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In view of Fubini’s theorem, we find that
hO) pE D 2R
/ [ " (L + ZET2 5n0) + 930(0)) (h(O) —s)> ds dt
o Jo o\ m n
hO) ) >
- / / v (2 1 TR G n6) + 931©) (h0) — s)) dé ds
0 s 128 123
h(0) D 2 R
= / (h(©) — 5)y (% + Tg: S (36h(0) + 03(0)) (h(0) — s)> ds
0
h(&) 5 D rszyRe 3 " N
= f 5y (— + (3ph(0) + Beh(H))s> ds
0 u n

1 2
= h(9)2/ zy (% +z TST)/Reh(Q)(B@h(G) + agh(e))) dz
0

Consequently, the evolution Eq. (2.21) reads

D te?yRe
hh+ = ag< /w(r /l/ h(agh+8§h)> dz):

I

(2.22)

fors > 0and @ € S'.

THE EVOLUTION EQUATION FOR DIFFERENT SCALING LIMITS. We now determine
the evolution equation for different scaling limits of the surface tension forces and
the shear forces induced by the rotation of the cylinder. To this end, we define the
parameters

D re?yRe A D

A=—, B= and f===——!
w 3 P= ye’Re

and rewrite the evolution Eq. (2.21) in terms of B and ;6 as

oh+ 2 89( /zw( [,3+zh(89h+83h)]>dz>=0,

(2.23)

fort >0and@ e S!.

We recall that, in this paper, we consider only the regime in which the radii of the
cylinders are of the same order but such that the two cylinders are not too close to
each other. Therefore, D > 0 is just a non-dimensional geometrical constant. We now
discuss the structure of the equation for different ranges of the parameters B and 8.
To this end, note first that, in physical variables, B and g are given by

_ )7827:Char DR_wp+

and =
HoR— P g2y

’

respectively, where we used the scaling for y, 7, Re and u introduced in (2.2). Thus,
the parameter B reflects the ratio of the shear forces induced by the surface tension
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over the characteristic shear % associated to the non-Newtonian fluid and g reflects
the ratio of the shear forces induced by the rotating cylinder over the surface tension
forces.

We first distinguish the asymptotic limits B > 0 of order one, B — Oand B — o0,
respectively.
(I) The case B > 0 of order one. In this case the effects of the surface tension
are comparable with those of the characteristic stresses of the non-Newtonian fluid.
Changing the variables via

h=~Bh and t_—ft (2.24)

and then dropping the tildes for convenience, we have that the evolution Eq. (2.23) for
the interface is given by

1

3 + 9 <h(9)2/ 2y (E +2h(0)(9h(0) + 83h<9))) dz) =0, 1>0,0¢s'
0

(2.25)

with = BB = %

(II) The cases B — 0 and B — 00, respectively. The asymptotic limit B — 0
corresponds to the situation in which the surface tension effects are dominated by
the effects of the characteristic stresses of the non-Newtonian fluid. Conversely, the
limit B — oo represents the regime in which the surface tension forces dominate the
characteristic stresses of the non-Newtonian rheology. Suppose that the function v is

given such that
I-p
o 0, ifBN\0
VOESE M 2.26)

Is| » s, s— o0, if B /o0,

where p > 0. Then, changing the times scale via
. e 1
t=-Brt
T
and dropping again the tilde for convenience, the evolution equation (2.23) becomes

1-p

1
dh + 3o (h(9)2/ z ]ﬂ + zh(0) (9ph(0) + 9 h(0))
0
(ﬂ + zh(0) (9ph(0) + agh(e))) dz) =0 (2.27)

forallr >0, 6 € S'.
For both equations (2.25) and (2.27), we now distinguish different asymptotic limits
of the parameter 8 = %‘;"*.
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(I) The case 28=21+ ~ ¢2 In this asymptotic limit the surface tension forces and
the shear forces induced by the rotating cylinder are comparable. Thus, we obtain the
evolution equations

1
ah + 9 (h(9)2/ Vs (5 +2h(0) (360 (0) + agh(e))) dz) =0 (2.28)
0

and

I-p
)4

1
dh + 3 (h(@)z/ z ’ﬂ + 2h(0) (3ph(0) + 3R (0))
0

(ﬂ + 2h(0) (9ph(0) + agh(e))) dz> =0 (2.29)

forr > 0, 0 € S!, with B , B > 0 being positive constants. These two equations
are studied in Sect. 4, where we prove that if the initial interface is close to a circle,
then the solution is globally defined and converges to a circle which is not necessarily
concentric with the two cylinders. However, as time tends to infinity, the centre of the
circle spirals towards the common centre of the cylinders.

(IT) The case % « €. This corresponds to the asymptotic limit § — 0 in which
the effects of surface tension on the flow are dominating the shear effects induced by
the rotation of the cylinders are negligible. The evolution equations for this setting
read

1
d;h + 0y (h(@)zf k4 (z h(@)(aeh(G) + agh((?))) dz) =0, 1>0,0¢€S!
0

(2.30)
and

I-p

" (3ph(0) + agh(e))) =0, t>0,0¢eS,

2p—1
8,h-+dp (h(@)pf’ |30 (6) + 031 (6)

(2.31)
respectively. Equation (2.31), corresponding to the function i defined in (2.26), is
studied in Sect. 3. We prove existence of positive weak solutions for short times. For
p > 1, we show that solutions that are originally close to a circle, converge to a circle
in finite time. We recall that, as discussed in the introduction, in the regions where
Oph + Bg’h is small, boundary layer effects can arise.

(IIT) The case DR-wit+ 5, ¢2. This reflects the situation in which the shear stress
induced by the rotation of the cylinders dominates the surface tension such that 8 —
oo. We remark that this asymptotic limit is not studied in the present paper.

POWER-LAW FLUIDS. In this paper we are particularly interested in the case in which
the viscous behaviour of the thin non-Newtonian fluid film is governed by a power-law.
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That is, for the effective viscosity ;— we use the constitutive law
n_(t|dswy ) = t”’1|3§w0_|1”1 (2.32)

with p > 0. Fluids with such a viscosity are usually called power-law fluids or
Ostwald—de Waele fluids. Recall that a flow-behaviour exponent p = 1 corresponds
to a Newtonian fluid. Moreover, for p < 1 the fluid is shear-thinning, while it is
shear-thickening for p > 1.

3 The Case 8 — 0: Existence Result and Asymptotic Behaviour

In this section we deal with the asymptotic limit 8 — 0 in which we have derived the
approximation (2.31). We first prove local in time existence of weak solutions in the
shear-thickening, as well as in the shear-thinning regime. For the latter case, we then
study the asymptotic behaviour of solutions that are initially not too far from a circle.
We observe that they converge to a circle in finite time and then continue to exist as
a circle forever. The centre of the circle is not necessarily the origin, differently from
the case in which g is of order one, which is discussed in Sect. 4.

We recall that, as discussed in the introduction, Eq. (2.31) cannot be expected to be
a good approximation of (2.27) if [(dgh + 83 h)| <« B. Since for a circular interface we
have that (dgh + 83 h) = 0, and the model (2.31) predicts that the interface becomes
a circle in finite time, it follows that (2.31) cannot describe the solutions of (2.27)
for long times. Therefore, (2.31) describes only the intermediate asymptotics of the
interfaces when they are not yet very close to circles.

Before proving local existence of positive weak solutions, we briefly introduce the
notation used throughout the paper. We identify S! with the interval [0, 277]. Moreover,
we identity functions ¢ € L,(S 1) with functions ¢ € L p.loc(R) which are periodic
with period 2. Here, L, (R) denotes the usual Lebesgue space. Finally, by Wg(S D)
and H*(S') we denote the usual Sobolev spaces. They are defined as the closure of the
restriction of 27 -periodic functions in C*°(R) to the interval [0, 277 ] with respect to
the norm in W’; ((0, 27)), respectively H k((0, 27r)). In order to simplify notation, we

consider W]’j (S1) and H*(S") as a closed subspaces of the complex spaces W’;(Sl; (©))

and H*(S'; C), respectively. In particular, we can represent any f € H*(S') by its
Fourier series .
fO)=> ae™, 6es' with a,=a,. (3.1)

nez

3.1 Local Existence of Positive Weak Solutions

In this section we prove local existence of weak solutions to the problem

{a,h + 0y (h¥2 [0+ 3h|""" (9,h + 93h)) =0, 1> 0,6 ¢! -

h(0, ) = ho("), 0 es!,
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with periodic boundary conditions and for all flow behaviour exponents & > 0. We
use the notation
Y =Is|“""s, seR,

such that the evolution Eq. (P) can be written as
h + (ha”w(a@h + agh)) =0, t>060¢cs".

Note that this equation is a quasilinear equation of fourth order that may degenerate in
h and d,h + 8gh. In the non-degenerate case of a positive film height the equation is
parabolic. Moreover, the coefficients of the highest-order terms depend only (o — 1)-
Holder-continuously on the lower-order terms. In order to prove the existence of local
positive weak solutions, we follow the usual ansatz of regularising the equation and
showing that the sequence of solutions to the regularised problem has an accumulation
point 2 which is a weak solution to the original problem. The compactness arguments
mainly rely on a-priori estimates that are derived from the functional

E[v] = %/Sl ((agu)2 - v2) do.

Even if E[v](¢) is not necessarily non-negative, we refer to it as an energy functional.
To be able to pass to the limit in the nonlinear terms, we use lower semicontinuity of
the norm and apply Minty’s trick.

The main result of this subsection is the following theorem on the existence of weak
solutions to (P).

Theorem 3.1 Given an initial film height ho € H'(S) with 0 < Co < ho(0) for all
0 € S, there exist a positive time T > 0 and a positive weak solution h of (P) on
[0, T] in the sense that 0 < C1 < h(t,0) < Cy forallt € [0,T], 0 € st

(1) h has the regularity
h € Lot1((0,T); W2, (SH)NC(0, T1: H'(SY)), 0h € Lowr (0, T); (W),

shH);

(1) h satisfies the integral equation

T T
/0 Oh(D). )1 51y d =f0 fsl R340 (8ph + 93 1)y dO dr

for all test functions ¢ € Ly ((0, T); WJ_H (Sl));
(iii) & satisfies the initial condition h(0, 0) = ho(0) for all 6 € S'.

In addition, this solution has the following properties:

(iv) (Conservation of mass) The mass of the fluid is conserved in the sense that

IA@Il, sty = lhollL, sty

forallt € [0,T].
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(V) (Energy dissipation) The solution dissipates energy in the sense that
T 5 3 a+1
E[h)(t) +/ / 1142 [0k + 83n| " do dr = Elhol
0 N

THE MOLLIFIED PROBLEM. To overcome the problems caused by the degeneracy and
the lack of regularity of (P), we introduce a mollified version of (P) as follows. Let

p € CPR) with f,o(@)d@ =1
R

be the usual mollifier such that, for ¢ € (0, 1),

1 /06
pe(0) = —p <§) and 7 (v)(0) = (pe * v)(0),

where * denotes convolution. Note that the parameter ¢ in this section is a regularisation
parameter that is not related to the average dimensionless height ¢ of the film, defined
in (2.2).

Moreover, we use the notation

1
b= —/ v(0) do
2 st

for the average of a function v € Ly(S'). Since our proofs strongly rely on Fourier
analysis, we use this notation frequently for the zeroth Fourier mode. Therewith, for
afixed ¢ € (0, 1), we replace the mobility 2%*2 by a function

h
me € C®(R; Rxo) with my(s) = Is|**%  for ?0 <|s| and mg(s) <|s|*T?, s e R.
3.2)
and the nonlinear term ¥ (dgh + 83/1) = |0gh + Bg’hl""l (0gh + 803h) by

Ye(s) = (s2 + 82)%1&

Then, we also have ¢, € C OO(RZ(); Rzo)- Finally, we introduce the regularised /

mollified problem

U+ 3y (e [me ) Ve e (01" + 930)]) =0, >0, 08"
10, ) = ho(-). 6es, ’

with periodic boundary conditions. We are interested in solving ( P;) for initial values
ho that are close to their constant average hy > 0.

In order to solve (P), different regularisation techniques are certainly possible. In
Bernis and Friedman (1990) the authors propose two different regularisation tech-
niques for the Newtonian thin-film equation. In both approaches the regularisation is
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restricted to the mobility coefficient. Moreover in Ansini and Giacomelli (2004), where
the authors prove global existence for a doubly nonlinear equation the nonlinearity
of which contains only the third-order derivative, a two-step regularisation is chosen.
The authors regularise the mobility coefficient and introduce an artificial lower-order
term, to guarantee positivity of the regularised solution on the one hand and to obtain
sufficient regularity of the limit problem with the non-regularised mobility.

It follows from a standard fixed-point argument (see, for instance, Majda and
Bertozzi (2002)) that the regularised problem (P.) possesses a local solution as stated
in the following theorem.

Theorem 3.2 Let ¢ € (0, 1). Given an initial value hg = ho € H'(S"), there exists a
positive time T, > 0, possibly depending on ¢, and a unique solution h® of (P.) on
[0, T¢] such that

he e C(10, To); H'(SH) N C((0, Te); H*(SH) N C'([0, Te); La(Sh)

and h® satisfies the integral equation

T Te
/0 (8,17 (1), (p(t)>WJ+1(S]) dr = /0 /Sl Ne (ms(hs) wa(ns(39h8+3gh8)))39¢d9 dr

3.3)
for all test functions ¢ € Ly ((O, Te); WQIH_1 (Sl)).

Note that, if in Theorem 3.2 the initial value A € Hl(Sl) satisfies 0 < h—z" <hye
H'(S"), the continuity of the solution h® € C([0, T.] x S') implies its positivity of 7*
for very small times r > 0. However, in general the solution 4® does not necessarily
remain positive on the whole time interval [0, 7¢] on existence, even if we require
ho > 0 initially.

We now prove that the sequence (h¢), has an accumulation point 4 which is in turn
a weak solution to the original problem (P). To this end, note first that (3.3) may be
rewritten equivalently as

T T
/0 (D0 (1), )51t = /0 /S B e (e (39 +034°)) o (e 9) do dr

forallg € Loy ((0, T); WJ L1 (S 1)). We start by collecting some important properties
of the solution 4° to the regularised problem (P;). To this end, we denote by T be the
maximal time of existence of the solution 4 to (P;). In general, T, depends on the
parameter €.

Remark 3.3 It is worthwhile to mention that if A° is defined in some space
C([O, 7]; Hl(Sl)) for some v > 0, then the solution can be extended to a larger
time interval. In particular, this implies that T < T,. We will use this result frequently
in order to prove that the solutions 4 obtained in Theorem 3.2 can be defined in some
small time interval [0, T'], where T > 0 is independent of ¢.

In the next lemma, we observe that solutions /¢ to (P.) conserve their mass.
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Lemma 3.4 Let h® be the solution to the mollified problem ( Pg) on [0, Ty), correspond-
ing to the initial value hy. Then h® conserves its mass in the sense that

||h8(t)||Ll(Sl) = ”hOHLl(Sl)’ re [Ov Ts)

Proof This follows by testing the regularised evolution equation with ¢ = 1 and using
the periodic boundary conditions. O

In addition to the conservation of mass property, solutions /° to the mollified prob-
lem dissipate energy, in the sense that the functional E introduced above is decreasing

along solutions.

Lemma 3.5 (Energy dissipation) Let h® be a solution to (P;) on [0, T;), emanating
from an initial value hg € H'(SY). Then h® complies with the functional equation

E[h*|(T) + 2D%[h®] = E[h®1(0), T € [0, T), 3.4)

where the non-negative dissipation D [h®] is given by
T 2 ot 2
D5 [h°] :/0 /Sl me(h®) ((ng(aghg +33h°)" + 82> ne (dgh® + 9 h*)" do dr.
This, in particular, implies the a-priori estimate

- 2
D5[h*] < |lholl g1 sty + 7 |ho|” < Cllholl i sy (3.5)

Proof

(i) That h® satisfies the functional equation (3.4) follows by testing the equation with
(h® + 32h).

(ii) In order to prove the a-priori estimate (3.5), we use Fourier analysis and write

he(t,0) = Zan(t)emg =h+ Z a,()e"’, 1 €0, T,),

nez neZ,n#0

where the Fourier coefficients a, (¢), n € Z, are, for ¢t € [0, T), given by

1 , 1 _
an(t) = —/ he(t,0)e”™ 40 and ag(r) = —/ he(t,0)do = h°.
27‘[ s! 277.’ sl

Using Plancherel’s theorem, i.e. the identity

2

Z a, (t)eine

nez

. 1€[0,Ty),
Ly(S")

1
2 _
> lan(t)] =5

nez
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we obtain

2E[)(1) =/ (logh* @ = n* @) a0
s1

2 2
= ||39h8(t)||L2(S1) - ||h8(t)||L2(S1)

- 2
=2t | Y (= Dla®F —|ho|"|. t€l0,To),
neZ,n#0

and consequently, we end up with

ElRN0) +mlhol? =7 Y (0* = Dlan(0)]> =0, 1 €10, T).
neZ,n#0

This yields the desired estimate and the proof is complete. O

By means of the energy balance (3.4) we can now derive a uniform (in &)
Loo([O, T, H 1 (S 1)) estimate for A°. It is worthwhile to mention that, although the
energy estimate (3.4) is the natural estimate for Eq. (P), it does not provide any infor-
mation on the Fourier modes a.

Throughout the paper we frequently use the following elementary inequality. Given
e > 0anda € (0, 1) it holds that

1—«

el aa=1) oy x|t
(|XI2 +g2) z x| = (|x|2 +£2)2(a+1) x|att %
(Ix]? + £2) ZarD

a(a—1) o
< (1x2 + &%) 1 x|t x e R. (3.6)
Lemma3.6 Let ¢ € (0, 1) be fixed and let h® be the solution to (P;) on [0, Ty),

emanating from the initial value h{, € H'(SY). Then there exist a positive time T > 0
and a positive constant C > 0, both independent of e, such that

||h8 “Lw((O,T);Hl(Sl)) =C.

The main issue in the proof of this lemma is to observe that the H 1(§")-norm of h¢
is equivalent to the sum of E[4¢] and the low Fourier modes. In virtue of Lemma 3.4
and Lemma 3.5, we thus need to derive estimates for the Fourier modes n = 0, 1.

Proof As in the proof of Lemma 3.5, we use the Fourier series representation of 4% to
obtain the equation

e 1 € €
E[r"](1) = 3 (Haeh (I)HZ(SI) — |n (t)”iz(sl))

=i—nlho +7 Y 0= Dlann)]?

neZ,n#0
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for every t € [0, Ty).
Writing || (¢) ”HI(SI) in terms of the Fourier series of 4 (¢) yields

52O esny = 15O o0, + 1068 O 751
=21 Y (* + Dlan()? (3.7)

nez

= Cilio[* + €2 (IO + la_1OF) + CER*)0)

for all t € (0, T,). Thus, to get an estimate for | h* (t)||H1(51), we need estimates for
the first Fourier modes a_1(¢) and a;(t). Since h® is a real-valued function, we have
a_1(t) = ay(t), where the bar indicates complex conjugation. Hence, it is enough to
estimate a1 (¢). To this end, recall that a; is given by

1 .
ai(t) = —/ he(t,0) e do.
27'[ s1

This immediately implies the estimate |a; (1)| < C |h* @)l (s1y < C 1h* O g5ty 5
t € (0, T;). Moreover,

ial(z) = L/ 8,ht(t,0)e % do
dr 27 Jo o

1 .
= 2_/ me(h®) Yre (ne (3ph® + 33h%)) 3p (nee™?) do
T Js!

— —zl_ / me(h°) e (ne (d0h° + 051%)) (nee™") do.
T Js!

With the elementary inequality (3.6) and in view of Holder’s inequality with exponents
p=(a+1)/aand g = @ + 1, we deduce the estimate

ala—1)
2(a+1)

‘%al(t)

< c/ me () | (e (300" + 030))* + &2
s!

|12 (R +33h5)|“% nee'?| do

=t #
SC(/lmg(hs) ‘(n8(36h8+83h8))2+82‘ 2 |n€(89hg+aghg)|zd9) +
s

a+1 %‘H
(/ me (h*) )
s!

+2 a—1

=C ”h£ ”ZT(S]) (/Sl me (h*) ‘(ng(aehg + thg))z + 82‘7

7759_“9

[ne (300" + 03h°) o) !
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for all t € (0, T;). Consequently, for the derivative with respect to time of |a1 () |2 we
find that

d
=2 a0}~ ‘aal(t)

d 2
— a1 (¢
’dr lay ()|

a—1
2

<C ”h (I)HZT(ISI </9] me(h®) ’(ng(aehg + 35’},8))24—82

2 T
d@)

forall t € (0, T;), with B = % > 1. Due to Young’s inequality with exponents

p =% and g = a + 1 we find that, for all t € (0, T),

ne (3ph* + 83h°)

a—1

< / me(h®) ‘(T}s(aghs +pht)) + e
sl

d 2
—lay (¢
‘dtlal()l

ne (dgh® + 35 h°)

" 40 + Cs.a [°O |71 1,

for arbitrarily small 6 > 0, a constant C5, > O that depends on § and « and with
y = (¢ +2)+ (o + 1) > 1. Integration with respect to time yields

a1 <808[h]+caa/ [ [ ggr, ds + a1 OF, ¢ € O, T2).

T_he estima_te for |a_1(t)|2 = |a1(t)|2 is the same. In addition, Lemma 3.4 implies
|h®(2)| = |hg]. Inserting this into (3.7) yields for all € (0, T;)

[ 3151, = €1 ol + €2 (110 + la—1 (0P ) + C3Eh*1(0)
< C([ho|’ + la1 )2 + la_1 (0)|) + S DE[hF]
+caa/ 1) [7y151, ds + CELR10)
< C(|ho* + la1 O + la—1 (0)) + 3D [h°]
+ CM/ |n® (s)||Hl(S1 ds + C3(E[h°1(0) — D{[h°])
< C(Jho” +1a1O)P +la_1 (0)* + E[h1(0))

t
4 Cra fo 1)1 1, ds = (C3 = B D [A°]

t
< CIHI% 1 g1, — € 3—5)Df[hs]+ca,a/0 12 1 1, .
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Choosing $§ small enough, such that C3 — 5= %, we obtain

t
||h (t)”Hl(Sl += Da[hs] = Cl ”hO”Hl(Sl +C2/O ”hs(s)”);_ll(sl) dS7 re (0’ TS)v

with y = (¢ 4+ 2) + (@ + 1) > 2. Thus, in view of Lemma 3.5, we have derived the
estimate

th(t)|‘i]l(sl Cl ”hO”H](S]) + C2/ th(s)”Hl(Sl

for t € (0, T). Finally, using a Gronwall-type argument, we find that there exists a
time 7' > 0, independent of &, such that

1750 3151, < Crngs 1 €O, T).

In addition, we have h® € C ([0, T]; H! S 1)) due to the regularity of the divergence-
term in the regularised equation (P;). Thus, it follows that T < T, (cf. Remark 3.3).
This completes the proof. O

Our next goal is to prove that solutions i° of (P.) that emerge from a positive initial
film height do not immediately drop to zero. For this purpose we need the following
auxiliary result.

Lemma3.7 Let p > l and ¢ € W[%(Sl). Then for all 6 > 0 there exists a constant
Cs > 0, such that the estimate

19p% 1z, csty < 8133V Il 51y + Call¥rllLysn)
holds true.

Proof Let ¢ € L, (S1) with ¢ > 1 such that % + é = 1. As usual, we identify S!

with the interval [0, 27] and we can identity functions ¢ € L, (S l) with functions
¢ € Lg 10c(R) which are periodic with period 27. Let 1, be a standard mollifier, i.e.
let

1
ne(0) = fr;(g), where n € C(R) with supp(n) C [—1,1] and / n(@)do = 1.
€ R

Moreover, we require that
@) =n(=0) and 5 >0.

Since the argument of 1, might be negative in some of the following calculations, we
extend the function 7, periodically by assuming that 1, (6) = n,(6 + 27). We define
¢ = ne * ¢, where * denotes convolution. Then we have ¢, € C>(S') and

0
¢ — e = 9Ge. where G.(6) = / (6(5) — pe(s)) ds
0
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Moreover, since f g1 (¢ — @) dO = 0, it follows that G, € qu (S1) and we may use
integration by parts to obtain, for every i € WI%(S 1, the equation

/¢391//d9=/(¢—¢5)391/fd9+f ¢>5301//d9=—/ Gsagwde—/ dope W dO.
st st s! st

s!

In view of Holder’s inequality, this allows us to derive the estimate

'/Slwex/fde

For the second summand on the right-hand side of (3.8), we have the estimate

< ||Gs||L,,(Sl)||392¢||L,,(s1) + 11909ell L, sHlV 1L, (s1)- (3.8)

1809l py(s1) < C I109@elly sty = C sup
fes!

fsl 99me (0 — 5) () ds| < Cellll, (s1)-

(3.9)
Thus, in order to prove the desired inequality, we are left with estimating the first
summand in (3.8). To this end, we write

0 2
Gs<9>=/0/0 (6(6) — B (5)) 1o (& — ) ds di
2 2
_ /0 Xio<t <o) /0 ($E) — $(5)) me(E — 5) ds d&

2 2
=/0 é(s) /0 (x(0<s<6y — X(0<t<6y) Ne(§ — 5) dE ds

for 6 € S!, where we used symmetry condition of the mollifier. From this equation
we may then derive the estimate

1
2w )
1G:O)] < Cllpll, 51y (/0 W (s, 0)] ds) (3.10)

for (s, 0) € [0, 2712, where W (s, ) = [27 | x(s<6) — X{z<6)| 11 (§ — ) d€. Using that
the support of 1, (§ — s) is contained in the region {|§ — 5| < ¢, | —5s £27| < &}, we
conclude that the support of W (s, 0) is contained in the region {|s — 0| < e, |s — 6 £
27| < ). Since in addition 0 < W (s, ) < 1 for all (s, 6) € [0, 27]%, we find that

2
/ |W(s,9)|pds=/ lds <2 — 0 as ¢ — 0.
0 {|s—0|<e,|s—0+2m|<e}
Inserting this into (3.10), we find that the first summand in (3.8) may be estimated by

1
1GellL,s1) = CliGellL sty = € 2e) 7 lIDllL, (s1)- (3.11)
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Finally, inserting (3.9) and (3.11) into (3.8), we end up with

1
16 961,51y < CQPIDlL, 51 17V, sty + Cellgll, s 1Vl cs-
Since the constant C (2¢) /P becomes arbitrarily small, as ¢ — 0, the statement follows
after choosing ¢ = (dgy)?/7 € Ly (Sh). o
We are now able to prove the following lemma.

Lemma3.8 Let s € (0,1). Given ¢ € (0, 1), let h® be the corresponding solution
to (P;) on [0, T,) with initial value hg € H'(S"). There exist a time Ty > 0 and a
Sunction Ky € C(Ry; Ry) with limpy o K (¢) = 0, both independent of €, such that
forany T € (0, To) with T, < T, we have

”hg(t) _hO”LOO((O,Tg);HS(S])) S KS(T)s NS [1/27 1)

Note that, due to the embedding HS(SY) < Loo(SY) fors > 1/2, the estimate
obtained in Lemma 3.8 implies in particular that

|h* @) - ho”Loo((O,Tg)xSl) = K(T).

Proof For convenience we work with functions u® = h® — h( with zero average, that
is f gl u®(t, 0) do = 0. Given an initial value u(, consider the equation

0 (u” = ug) + 0 (e [me ') e (e (dgu + 93u7))]) =0, 1 €10, T, 6 e 5"
(3.12)
In order to derive suitable estimates, we test the equation with the function

¢ =0,"'S(0 +83)(uf —ufy), (3.13)

where the operator S: Ly(S') — L(S') is defined by

. 1 .
Sf = Z (Sf)nem(') with (Sf)n:mfn for f = Z fnezne.

neZ,n#0 neZ,n#0

Therefore, we obtain

11 S I,
—(=in"+in) fp = —— 0" =1 fu = (=M[)n. 3.14)

-1 3 _ 1
(89 S(89+a9)f);z - in |n| In|

The operator M is now a nice operator in the sense that M is non-negative, self-adjoint
and may be written as M = A2, where A: HY(S') — L,(S!) is defined by

. 2_1 A
AF= X0 (AP with (Af =\ [T for f= 3T fue

neZ,n#0 neZ,n#0
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On the other hand, we can identify S(dy + 83) =H (83 + 1), where H is the periodic
Hilbert operator given by

H(f)©®) =Y hye™ with h, =—isgn(n)f, for f(O)=)_ fue", 0es".

nez nez

Testing (3.12) with the function ¢ = —M (u® — ug), introduced in (3.13), respectively
(3.14), we obtain

/Sl 3 (u° —up) pdf = /Sl me (u®) Y (1 (dgu® + 33u)) 1:(3p9) d6
= - /Sl du MU — up) do = /Sl me(u®) Ve (ne (Jgu® + d3u’))
[5(89 + O3 — uo)] do
= /Sl Bt A(u® — ug) A(u® — ug) do = — /Sl me () Ye (e (dgu® + djut))

[S(ae +03) e (uf — uo)] d6

for t € [0, T;). As in Lemma 3.6, the inequality (3.6) and Young’s inequality with
exponents p = "‘ail and ¢ = o + 1 yield, for all § > O the existence of some constant

Cs.o > 0 such that

d /1
i (5[, 1w —wl )

= — /S] I/Hg(us) ws(ﬂs(aeu‘g =+ 331,[8)) [S(ag + ag)ns(us _ MO)] do

a(a—1)
2(a+1)

< / me(u®) ‘(ng(ague + d3u’)) + &
s1

20
a+1

Ne (89u8 + Bgus)

S + 9316 — uo)‘ do
(3.15)

ezt 2
<$ /] me (h°) ‘(ng(aehs +3h%)) + 52‘ ’ do
S

Ne (8(,u‘E + Bgug)

a+1

+ o [ metu®y 5@+ 35met — )| a9
N

2
e (9 + 90| 6

a+1
do

a1
< /1 me(h) | (ne 9ok + 3h%)) + &%) °
S

+ Cs.a /sl me(u®) ‘H(BQ2 + Dneu® — ug)
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for all + € [0, T;). Next, we estimate the second integral on the right-hand side of
(3.15). Using the definition of the operator S and Lemma 3.7, we find that

[ metw 1 + Dt = )|

=C |u® “Z:z(sl) | H @5 + Dne — MO)HOL(:::I(S'

< Clut |5 @3 + D —uo) |77

a+2 a+1

< ¢ (51, + . — o

5 e, 10 + ame —uo) 37 g1y + 5 5555 I = woll s,

4Gy @+ 07 e —uo)H“S,)

for arbitrarily small § > 0. Integrating (3.15) with respect to time and using that at the

initial time 1 = 0 we have || A(u®(0) — uo) |, 51, = 0 yield

1
S 1A ® = )7, 6,
T, ot
<o [ [ mewy |neGoon + 550e)) 4 2|

T
& jo+2
+C§’(§7a/0 ||I/l ”HI(SI)”M MOHHI(SI dr

d9 dr

a+1
+ ca/ a1 21, /Sl ‘(ag + 0p)me (u® — uo)( dodr
<Cs+Cy5,T +C4,

where we use Lemma 3.6, the fact that the dissipation is bounded thanks to Lemma
3.5and T, < T.Note that the right-hand side of this inequality can be made arbitrarily
small by choosing §, S, and then T sufficiently small. Hence, by definition of A, we
find that there exists a function K 1 (T) > O with limyp_o K 1 (T) = 0 such that

| = ol o.rymirsry < K(T).
In view of Lemma 3.6, interpolation between H 172(s1y and H'(S') leads us to the
desired estimate

|u® < Ky(T)

“0” Loo((0,T); HS(S1)) =
for all s € [1/2, 1]. This completes the proof for s € (0, 1/2]. O

Note that Lemma 3.8 implies that the solution 4° stays bounded away from zero in
the sense that

h _
0<7°§h(t,9)52h0, tef0,T], 0 ¢S,

for T > 0 sufficiently small, i.e. with a bound independent of &, if we require
lho — holl g1 (s1y < 8 for § > O sufficiently small (and independent of ¢).
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In the following lemma we collect the uniform (in &) a-priori estimates for the
approximations h°.

Lemma 3.9 (Uniform bounds) Let & € (0, 1) be given and let h® be the corresponding
solution to (Ps) on [0, Ty) with initial value hg € H'(SY). There exist§ > 0 sufficiently
smalland T > 0, both independent of ¢ such that, if||ho—f_to||H1(51) <6, thenT, > T
and the functions h® have the following properties.

(i) The family (h®), is uniformly bounded in Lo ((0, T); H'(S1));
(ii) the family (ms(hg) Ve (775 (80h’3 + 33h8)))8 is uniformly bounded in
Lo ((0.7) x S);
(iii) thefamlly (0:h®), is uniformly bounded in La+1 ((O T); (WIH(S ) )
(iv) the family (775 (8 h® + 0, hg))a is uniformly bounded in Loy ((0 T)x S );
(v) the family (n.h®). is uniformly bounded in Ly ((O T); W:‘_H (S ))
(vi) the family (8,(89}1‘9))‘S is uniformly bounded in Lo+ ((0 T); ( atl. O(S )N

Waash)).
Proof

(i) Uniform boundedness of (h%), in Loo((O, T); H'(S 1)) has already been proved
in Lemma 3.6.

(i1) This follows by applying (3.6), Holder’s inequality with exponents p = « + 1 and
q = (¢ + 1)/ and using the uniform bounds on the dissipation term (Lemma
3.5) and on the L ((O, Te) x Sl)-norm (cf. part (i) of this lemma):

[ meh) W (ne (8,h° + 31|

Loy ((0.T)xSh)

=C|n* ||i:02((0,T)><Sl) (D5[A°1)*F < C(ho).

(>iii) Since h® is a weak solution to (P), we have that
f (8ch° (1), eO)w ED) dr = f / me(h®) Ve (ne (9gh° + I ht)) ne(yp) dO dt,

forall g € LaH((O T); w! wr1(S )) Using again the elementary inequality (3.6) and
Holder’s inequality with exponents p =« + 1 and g = (« + 1)/, we obtain

T
‘ / (B (1), 9y (51 d
B e + 9307 ey a0

/ / me (h® ) (me 39h8+30h8))
%
C (D5 [h°]) (/ / me(h®) |ne(3p0) [ dedz) :
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Young’s inequality for convolutions and the fact that the mollifier has mass 1, thus
lead to the uniform estimate

‘/ @k (1), o)y (51 dt <c||h€||z;((0 yxsh) (Dg[R]) e+ 1 < C(ho)

with a positive constant C (h) that does not depend on .

(iv) We prove that ), (89h‘g + 8éh8) is uniformly bounded in Ly ((0, T) x Sl). To
this end, recall from Lemma 3.8 that /¢ is, for each ¢ € (0, 1), bounded from away
from zero for short times. For ¢ > 0, we split

T a+l1
/ / 1 (9gh® + 33 h°)
0 S!
/ﬁlns(agh5+83h€)<e}
+f
{16 (3phe+33h®)|> e}

Using the inequality

de dr

a+1
ne(9ph® + 3h°)|  dodr

+1
ne(95h° + 30%)|" o dr.

a1 1 ol
| L2 0 L2 2 02 < (YT (162 2 02) 2 (o2
= (BP 4 JP) T e = ()T (WP +0?) T P Il e

this leads us to the estimate
T
/0 /

2w Tet! 4 / / ne (dgh® + 35h°) + o2 ‘ o ne (dph® + 93h°)| dodr

+1
ne (0ph° + 03%)|" dodr

IA

2n Tt + Dr[h%].

IA

Using again the uniform bound for the dissipation functional derived in Lemma
3.5, we obtain the desired bound

I

(v) We prove the estimate

I

a+1
1 (9gh® + 83 h°) do dr < C(ho).

ne (931 ne (3ph* + 33h°) “agar

+1 T
do dr 5/ /

+C(T)lIne ()15 -
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To this end, we define V() = span{cos(9), sin(0)} C L»(S 1) and V; as the orthogonal
complement of V & span{1} in Lo(SY). Given ne(h®) € H3(SY), we can decompose
ne(h®) as

ne(h®) =ap+ ® +v (3.16)

withag € R, ® € Vo N H3(S") and v € Vi N H3(S"). In terms of the corresponding
Fourier series we may write

(agv)n = —in3vn =mn)i(n — n3)vn, where m(n)
in’ G £0,£1
=— = or , x1.
in—nd) -1 "

Since m(n) is bounded, we can apply the Littlewood—Paley Theory (c.f. (Stein 1970,
Chapter 4)) to obtain

185015F! 1) < All@y + Dol F! (3.17)

1shH = 1(sh

with a positive constant A which is independent of v. Therefore, using (3.17) and the
fact that ® = a(¢) cos6 + a_;(¢) sin 6, we can write

T 1 T T
/ / d@dth(/ / |agc1>|“+1d9dt+/ / |893v|“+1d9dt>
0 Jst 0 Js! 0 Js!

T
<c ( / a1 OFH + sy (! dz)
0

T
+CA</ / |89v+83v|°‘+1d9dt>.
0 Jst!
(3.18)

Indeed, for the first term on the right-hand side of (3.18) we use the structure of &
and Young’s inequality for convolutions to derive the pointwise estimate

ne(830°)|"

o+l
@@+l OF ! < € (Jar 0P + laa )
+1
= ClomIgTs,

< Cllne(h* )%,

For the second integral on the right-hand side of (3.18) we use that 9, ® + 893d> =0
and we obtain that

! 3 1 T 3 a+1
/0 /51 130 + 501" dedf:/o fsl [0me (h°) + 03 h)| a0 ar.
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Thus, we can conclude that

I

T T
1 3 +1
=c [Cwrongil s ca [ [ nGon -+ o) s

= C(T, ho)

a+1
dé dr

Ne (ths)

and we have proved the desired result.
(vi) This follows similarly as in (iii). O

Next, we prove that the approximations 4° converge in a suitable sense.

Lemma 3.10 (Convergence of approximations) Let ¢ € (0, 1) be given and let h®
be the corresponding solution to (P;) on [0, T;) with initial value hy € H'(S").
There exist 6 > O sufficiently small and T > 0, both independent of ¢ such that, if
lho — f_to||H1(S1) < §, then T, > T and we may extract a subsequence (h®). (not
relabelled) such that, as € \ 0,

(i) h® — h strongly in C([0, T1; C*(S1));
(i) me(h®)We(ne (9ph® + 03h°))—® weakly in La+i ([0, T] x S') for some limit
function ®; ‘
(iti) d;h*—0;h weakly in Las1 (0, T) x (W), (SHY);

(iv) 16 (Byh® + I3h®)—(d,h + 33h) weakly in Lo41([0, T] x S');
(V) 8 (3ph®)—d,9ph weakly in Las1 (0, T): (Wo g o(S1) N w2, (shH)).

Proof

(1) In the previous Lemma 3.9 (i), (iii) we have proved that

(h®), is uniformly bounded in Lo ((0, T); H'(Sh))
(3;h®)¢ is uniformly bounded in L a1 ((0, T); (W, (S))).

Moreover, thanks to the Rellich—-Kondrachov theorem, cf., for instance, in Adams
and Fournier (2003, Thm. 6.3), we know that

H'(S") S c7(sh) — (Wl (sh), pelo,1/2),

where <> indicates compactness of the embedding. This allows us to invoke
(Simon 1987, Cor. 4) in order to conclude that the sequence

(h®) is relatively compact in C([O, Tl; C? (Sl))

with p € [0, 1/2) as above.
(i1) This is an immediate consequence of Lemma 3.9 (ii).
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(iii) Thanks to Lemma 3.9 (iii), we may extract a subsequence (9;4%), such that

8hf—v weakly in Lot ((o T); (W (S1)) = D'((0, T); (Wo,, (SHY)

for some limit function v € Lot (0, T); (W2, (SH)Y'). Since we know in addi-
tion that

he —s h in C([0, T1; C*(SY)) = D'((0, T); (W2, (81)), pel0,1/2),
we conclude that
dh* — h inD'((0, T); (Wa1(S"))),

and consequently, v = ;4 € Lasi (0, T); (W2, (SD)).
(iv) The strong convergence h° — h in C([O, T]; CP(S! )), p € 1[0,1/2), in Lemma

3.10 (i) in particular implies uniform convergence 1 — h in C([0, T] x S') and
then, by definition of the mollifier,

neh® — h in C([0, T]1 x S'). (3.19)

Moreover, Lemma 3.9 (v) guarantees the existence of someh € LO,_H((O T);, w3 ar1(S ))
such that .
neh®—h in Lo11((0, T); Wo 1 (Sh). (3.20)

In virtue of the uniqueness of the limit function, (3.19) and (3.20) imply
neh®—=h in La11((0, T); Wo . (Sh).

Thanks to the weak lower semicontinuity of the norm and Lemma 3.9 (iv), (v), we
finally obtain

3 o 3
” dph + aeh“Lo,H((o Tyxsh) = lim inf, .o ”(39 + 9 )(nfhg)”LaH((o Tyxsh = ¢
||h||La+1((o,T);Wj+,(s')) < liminf, ¢ [[7eh* Izr0.7); w3, (sh) = ¢
(3.21)
for some positive generic constant C > 0 that does not depend on ¢.
(v) This follows similarly as in (iii) and the proof is complete.
O

It remains to prove the convergence of the nonlinear flux term m (h®) ¥, (ng (89/18 +
a3h®))— |h|*T2 y (d,h + 83h) in Les1 ((0, T) x S'). This is the content of the next
lemma. The main idea of the proof is to use lower semicontinuity of the norm and to
apply Minty’s trick in order to be able to identify the nonlinear limit flux.
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Lemma3.11 Let e € (0, 1) be given and let h® be the corresponding solution to ( P;)
on [0, T,) with initial value hg € H' (Sl). There exist 6 > O sufficiently small and
T > 0, both independent of ¢ such that, if ||ho — l_10||H1(51) <6, then T, > T and we
may extract a subsequence (h®). (not relabelled) such that

me (W) Yre (06 (Bph® + 33h%))— [h1*F2 Y (dyh + 83h) weakly in Lusi ([0, T] x S*)

as e N\ 0.

Proof We divide the proof in several steps. For convenience, we pass to a subsequence
where necessary without explicitly mentioning.

(i) First, in virtue of Lemma 3.10 (ii), we know that m, (h®) ¥, (ng (89h8 + 33}1@)) is
weakly sequentially compact, i.e. there is an element ® € Lg+1 ((O, T) x Sl))
such that

me(h®) e (ne (dph® + 9h°))—~@ weakly in Los1 ((0, T) x S1).

It remains to identify the limit flux ®.
(i) Next, we prove that 4 is bounded in C ([O, T H'(S 1)). We already know from
Lemma 3.10 (i) that

he C([O, TI; Cp(Sl)) — C([O, T1; LZ(SI)).
Moreover,

dgh € Las1((0, T); Wy i o(SHN W2, 1(S")) and
ddgh € L@((()’ T); (WJ—H,O(SI) N W5+1(Sl))/)’

thanks to Lemma 3.10 (iv) and (v) and lower semicontinuity of the norm. Using
(Bernis 1988, Remark 3.4), this implies that dph € C([0, T]; L2(S")). Conse-
quently, h € C([0, T]; H'(S)).

In view of the previous steps, we may choose ¢ = h+8gh € Lyt ((0, T); WD}_H (Sl))
as a test function in the weak formulation (3.3) for 4°. This yields

(iii)

T
/ / e (h + 93h) d6 dr
0 s!
T
+/ /1 me(h)e (e (99h° + 03h°) ) ne (g + 03h) d6 dr = 0.
0 S
As g N\ 0, the first term satisfies
T T
f / dhf (h+95h) do dr —> / f dh (h+3zh) A6 dr = E[R](T)—E[h](0),
0 sl 0 sl
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where we have used that the limit function satisfies 7 € C ([0, T, H 1 (S 1)). More-
over, since (3,4 + 33h) is bounded in Le11((0, T) x S') by (3.21), the definition
of the mollifier yields the strong convergence

ne(dgh + 9 h) —> dyh +3h in Lo11((0,T) x S').

Together with Lemma 3.10 (ii), this implies
T
/ /1 me(h°) Ve (e (96h° + 03h°) ) ne (251 + 03h) do s
0o Js

T
—>/ /<I>(8gh+393h)d6dt,
0 st

and consequently, we obtain the identity
ELRI(0) + (®13yh + 93h) = Elho]

for almost every ¢ € [0, T'].
(iv) Monotonicity and identification of the limit flux ® by Minty’s trick. Observe that
the operator

u

{ws t La1((0, T) x ST) — Lax1 ((0,T) x S'),
Vo) = (P +¢2)°T

is monotone, i.e. we have

T
(We) = Ye(W)|lu = V)L, = /0 /31(%(”) — e (v))(u —v)do dr > 0

for all u,v € La+1([0, T] x Sl) with u # wv. This follows immediately from

the monotonicity of the function ¥.: R — R, s (s2 + 82)%s. Let now
¢ € WS 4 ((O, T) xS 1). For better readability, henceforth we simply write (u|v)
for the dual pairing (u|v);_  (0.7)xs1) between u € LaT-H((O, T) x S') and v €

La+1((0, T) x S'). Thanks to the monotonicity of ¥, we have

0 = (me () (ne (96h° + 030°)) = e () (09 + 030) 10 + ) (neh” = )
= (me ()0 (ne (001 + 33°)) Ine (901 + 33°))
= (me e (ne (300" + 0307)) 00 + 03 0)

— (e (e (0 + 030) Ine (B0 + 31%)) + (me (0 e (909 + 30) 100 + 83
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Let us consider the different pairings on the right-hand side separately.
First, we have proved in Lemma 3.5 that 4° satisfies the energy dissipation formula
for the problem (P.). We rewrite it here as

(me(h®)Ye (ne (861 + 830°)) s (d6h° + 83h%)) = Elhol — E[h°1(t), forae.t € [0, T].

Thanks to Lemma 3.10 (i) we know that h°(r) — h(t) in H'(S") for almost every
t € [0, T]. Thus, as ¢ tends to zero, we find that

<m8(h8)l/fg(n5(agh£ + 33h%)) Ine (dgh® + ag’hS)) —> Elhol — E[h](t) (3.22)
for almost every ¢ € [0, T]. Moreover, Lemma 3.10 (ii) yields

(ng(hg)l//g(ng(agha + 03100 + ag¢>)> N (CD|89¢ + a§’¢> ase N\, 0.
(3.23)
For the third pairing we use that

mg(h®) —> h**2 strongly in c(lo, 7] x s
ne(0ph® + 95h®) — dph + 03h  weakly in Lo ([0, T] x S*),

thanks to Lemma 3.10 (i), respectively Lemma 3.10 (iv). Here we also use the fact
that m. (h®) = |h®|**? in the range of values attained by h® for times ¢ € [0, T, cf.
(3.2). This implies

(e (306 + 036)) e (0h” + 03h°)) —> (181742 4306 + 36) 00 + 83

(3.24)
Finally, for the fourth term, we obtain

(e (e (0 + 330) 1006 + 836 ) —> (1012 (306 + 930) 006 + 036).
(3.25)
where we use again the convergence m(h®) — h**? strongly in C([O, T] x Sl).
Combining (3.22)—(3.25) leads to the inequality

0= Elhol = EIRI0) — (@130 + 038) — (1112 v (36 + 036) 00 + ) (h - )
Thus, using the identity
E[h]() + <<I>|39h + 33h> = Elho),
proved in step (iii), for almost every ¢ € [0, T'], we discover that
0= (® = 1112y (905 + 036)1 B0 + 1) (h = 6)).
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By choosing ¢ = h — Av for some arbitrary v € W3+1((0’ T) x Sl) and A > 0, we
obtain the inequality

(cp — %2y (B + 83)(h — 2v))13gv + agv> )
and hence, in the limit A N\ O:
<q> — |h|* 2y (dph + 33 h)|0pv + 33v> >0, ve W, (0,7)xS"),
for almost every ¢ € [0, T]. Similarly, choosing ¢ = h + Av, we discover that
(® = 1112 g 00k + 03n) g + 0} <0, ve Wi, (0.7 x §"),
and consequently
<<1> — R g (9ph + 93 h) 9gv + agv> =0, ve W, (0,T)x 8.

Since v € W3

o ((0, T) xS 1) is arbitrary, we are finally able to identify

@ = [h* 2y (dph + 9h) € Lasa (0, T) x S').

This completes the proof. O

With the previous convergence results at hand, we are now able to prove Theorem
3.1.

Proof of Theorem 3.1

(1) It follows from Lemma 3.10 (iii) and (iv) and step (ii) of the proof of Lemma 3.11
that

heC(10,T1; H'(SY)) N Lay1 (0, T); W2, (SH)) and 8h € Lon (0, T); (W, (SHY).

(i) We now prove that & complies with the integral equation in Theorem 3.1 (ii). To
this end, recall that

T T
/0 (athg(t),go(t))W;H(Sl)dt :/0 /51 ne [me (h*) e (ne (8ph° + 93 1%))] dyp d6 dt

for all test functions ¢ € Ly ((O, T); WJH (Sl)). Since 9y¢ € Ly+1 ((0, T) x
st ), we may invoke Lemma 3.11 to deduce that, on the one hand,

T T
f (0" (1), o))y (Sl)dt—>/ /h“+2¢(39h+83h)d9dt.
0 a+1 0 sl
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On the other hand, Lemma 3.10 (iii) implies that

T T
‘/(;(aths(t)vfp(t))W;Jrl(sl)dt_)/0 <8’h(t)’¢([)>W;+l(S')dt'

Combining both, we find that / satisfies the desired integral identity

T T
/0 (B,h(t),(p(t))walﬂ(sl)dt:/(; /Sl B2y (9gh + 93 h) d6 dr

forall ¢ € Loq1((0, T): W), (Sh).

(iii) That the initial condition is satisfied is clear since we chose them identically in (P)
and (P;).

(iv) That a solution conserves its mass follows from the convergence h* — h in
C([O, T1]; CP(S! )), cf. Lemma 3.10 (i), and from the conservation of mass property

/hf(r,@)d@:/ ho(0)de, tel0,T],
N st

for the approximations A°.

(v) That the solution satisfies the energy equality has already been proved in step (iii)
of the proof of Lemma 3.11.

(vi) To see that the solution is bounded away from zero for short times, we just argue
as in the proof of Lemma 3.6 and Lemma 3.8. O

3.2 Global Existence and Convergence to a Circle in Finite Time in the
Shear-Thickening Regime

In this section we study the setting in which the thin film next to the internal cylinder is
occupied by a shear-thickening fluid. This corresponds to the regime of flow-behaviour
exponents ¢ < 1. We consider solutions emerging from initial values that are close to
a circle. For these solutions we show that they converge to a circle in finite time. This
circle does not necessarily have to be centred at the origin. Note that this behaviour
clearly differs from the Newtonian case (c.f. Sect. 4).

The main result of this section is stated in the following theorem.

Theorem 3.12 Let oo < 1. There exists a § > 0 such that for all initial values ho €
H(SY) with ”ho — hOHHI(sl) < 6, there is a weak solution h € C([O, 00); Hl(Sl))ﬂ

L(H_uoc((o, 00); W3+1 (S1 )) that exists globally in time. Moreover, there exists a time
0 < t* < oo such that

h(t,0) = ho+v®) with v(®) = v_1(t)e ' +v,(t"e?, t>1*, 0 ¢S,

Here vy denote the Fourier coefficients corresponding to the Fourier modes n = %1
that are constant for times t > t*.
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The idea of the proof is to derive a differential inequality for the energy E that
guarantees that the energy drops down to zero in finite time. Using Fourier analysis,
we may then prove that solutions with zero average and zero energy are necessarily
given by a circle. Let first

ho(®) = ho + vo(9), 6 € S'.

Then, the condition ||iig — ho|| Hi(s!y < dforsomed > 0isequivalent to the condition
lvoll 7151y < & for some § > 0.

Thanks to Theorem 3.1, there exists a time 7" > 0 and a positive weak solution
h e C([0,T]; H'(S")) N Lay1((0, T): W2, (S1)) on [0, T]. We write this solution
in terms of its Fourier series as

h(t,0) = c+v(t,0) with v(z,0) = Z (e, 6 e St
nezZ,n#0

forall ¢ € (0, T'], where the constant c is given by the average

1
c=—f h(t,6)d6.
21 sl

Then it clearly holds that v = 0, i.e. v = h — ¢ has average zero.

Lemma3.13 Leta < 1. Forallv € C([0, T]; H'(SY) with v = 5= [ v(t,0)d6 =
0, the energy E[v](t) satisfies the differential inequality

a+l

d
SEWI0) < —C(ER®) 7. 1e[0.7).
Proof Using the Fourier series representation of v, we have that

v, 0) = Y v and Epl) = Y @* =D, @F =0

neZ,n#0 neZ,n#0,1
forallt € [0, T]and 0 € S!. We define

D(t,0) = u(t,0) + v, 0) = Y Dyt with (1) = (in —in’)v,(t)
neZ,n#0,+1

and write
v(t,0) = (AD)(t,0) + w(t,0) with w(t,0) = a(t) cos(6) + b(¢) sin(h)
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and a(t), b(t) € R for all r € [0, T']. Then the Fourier series representation of A® is

AR)E.O) = Y e

neZ,n#0,£1

. Z D, (1) oino
- (in —in3)

nezZ,n#0,£1

1 D, (1) in(O—¢)
-~ > e

. . ’i
T run —in-
neZ,n#0,£1 ( )

that is, A® is given by

(AD)(t,0) = /1 P, 6)GO —§)dE = (P(¢) *x G)(B), where
N

em9

1
0O =5 L G

nezZ,n#0,£1

for & € S'. Moreover, since G € C!(S'), we observe that the derivative 0y (AD)
satisfies

|35 (A (1)) s/ |D(t,€)| - sup |9,G ()] d&
st pes!

=ClIeDlL, sy =CIPDNL,, sty t€I0,T]

Consequently, using the identities

1 1
Ewi0 = 5 [ @ —vwas =3 [ (0,400 = 1000,

we discover that

1 2 3 a+1 #
0= EI0) = 5 [3A®@) 1) = € (/Sl ‘Bgv(t) n agu(z)‘ de)
2

2 2
<c (/ e+ v(6)[* 2 ‘agv(r) + 8§v(t)‘a+1 d@) T _c <—;—tE[v](t))a+l .
Sl

This yields the desired estimate. O

Using this differential inequality for the energy, we may prove that the energy
converges to zero in finite time. We obtain an upper bound of the extinction time t*
in terms of the distance § from the initial value hg to its average ho. The Fourier
coefficients v4(f) converge to a constant, as t — t*, while the remaining terms
converge to zero in the H I_norm. For times ¢ > t* the solution can be extended
globally in time as the limit circle at time ¢*, i.e. it does not change its shape at later
times. In this way we obtain a solution that is defined for arbitrarily large times.
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Proof of Theorem 3.12 We divide the proof into several steps.

(i) We first prove that there exists a positive time #* > Osuchthat E[v](t) = 0, ¢t > t*.
In the previous Lemma 3.13 we have derived the differential inequality

a+l

%E[U](t) < —C(EwI®) *, rel0,T],

forallv e C ([O, T1; H'(S! )) with zero average and for all flow behaviour expo-
nents o < 1. This inequality implies that E[v](-) is decreasing and thus

d 1o
E(E[v](t) 7)< —Cq, t€]0,T],

as long as E[v](t) > 0, where Cy = @ Therefore,

(E[v](t))l%a < (E[vo])l%a — Cot, t€[0,T], if E[v]()>0. (3.26)
This in turn implies that

2
I—a

1—o
E[v]() < ((E[vo])2 — Caz) , tel0,T], if E[v]() > 0.
Thus, we can conclude that there exists a time t* > 0 such that

(Evo]) 2*

Ev](®) =0, t>1r*, where t* <
Cy

Note that#* > 0is strictly positive, if E[vg] > 0, as a consequence of the continuity
of the energy. Moreover, recall that we assume 4 to be initially close to a circle
in the sense that [|ho — cll g1(s1y = llvoll y1(s1y < & for some small but positive

6 > 0. If we choose § < (CaT)ﬁ, then we find that

1—
”vO”Hl(Zsl) 8170{
<
Cy Cy

E[v](t) =0, t>1t" where 0<t* < <T.

It is worthwhile to mention that the extinction time ¢* is smaller that the maximal
time 7 of existence if § is small enough.
(iii) We can write £ in terms of its Fourier series as

h(t,0) =c+v_1(e ' +v1(1)e + d(r,0) with d@,0) = Z v ()™
neZ,n#0,£1
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fort € [0, T]and 6 € S!. We show that ® converges to zero as time ¢ tends to the
extinction time ¢*. It holds that

2
1DOI31 51y = 1DDI, 1y + 9P D 51,
=2t Y @+ Dlu0P
n=€Z,n#0,£1
<Cr Y @ =Dlu0OP.
nezZ,n#0,£1
= CE[v](?).

Consequently, we discover that
1@ (1) < C8% 1 €[0.T], and [ @@)F 51— 0 ast— 1

(iv) Next, we prove that [vy;(¢)|is bounded by § forall 7 € [0, t*). To this end, observe
first that
lv£1(O)] = llvoll g1 sty < 6.

Moreover, as in the proof of Lemma 3.6 we can derive the estimate

d 1
Fib
dt( / h(t,0)e de)‘

: / W24 (8ph + 03 h)e ™" de‘

d
’d_tvil(t)

2

o
§Cf |h|“+2‘89h+893h) do.
Sl

Integration with respect to time and applying Holder’s inequality lead to the esti-
mate

[v1(t) — v£1(0)]

a 1
t a+T t a+l
<C (/ / A1+ [9,h + 3| “ T o ds> (/ f |h|* 2 do ds>
0 Js! 0 Js!

L o ! a+2 3, o+l @ %
< Cr@t sup O] g |h|*T2|9yh + 0ph|" " dods Lot <tt,
te(0,7) 0 Js!

whence we find that

2a

at2 o
V21 (1) — var O] = CHLDIANFT < Cllwollil,) < COT.

This implies
2a
[ve1(t)] <8+ Csa+1, t <t
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(v) Next, we prove that vy1(t) — v+ (t*) ast — *. To this end, we first observe
that the bound

i) < C sup 1, )l 51y < C. t€0,T),
1€(0,T)

implies that there exists a sequence f,, — t* and an element y € R such that
lim vi1(ty) = x.- (3.27)
n—o0
Moreover, as in the previous step (iv), we obtain

lim |vi1(#) — v41(7)]
n— o0

. % In a2 3 a+1 aaT
< lim C sup ||h(s)|zoo(s,)(/ /Sl Ih| (agh+39h’ d9ds)
1

N=>00  se(t,r*)

el a a+2 3, [*F! I
=C sup I, / /Sl 1142 o+ 03n| " dods) .
t

SE(t,1%)

Thanks to the convergence in (3.27), we also have

[x —vx1(O)] = lim vy (f) — ve1(0)]
n—0o0

o2 a 2 3, ot @
<C sup WO ) / /l|h|a+ ‘89/14-8(;/1‘ d6 ds
d t N

se(t,t*)

and the right-hand side converges to zero, as t — t*.
(vi) Now we construct a solution with infinite lifetime by defining

h(t,0) = c +v_1 (e + v (1)’ + D(1,0), >0,

where
vl (), t<t*
v (1) = . .
v (1), > tF,
O(t,0), t <t*
O(1.0) = (t,0), t=<
0, t > t*.

Then h defines for all times ¢+ > 0 a weak solution of (P).
(vii) Finally, we prove that the extension of the solution to the time interval [¢*, co0) by

h(t,0) =c+v_1(t)e @ +vt9el?, 1 >1* 68!,
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where vy = v4(t*), is unique. For this purpose, assume that f is another solution
of (P) on [0, c0) such that

f@t*,0) = h(t*,0), 6eS.
Then also E[f](t) =0 forallt > t* and f is given by
f@t,0) =c+w_1Oe " +wi e, t>1" 6eS. (3.28)

In addition, f satisfies the integral equation

[e¢] [e¢]
f* (O f gydr = —f* f 129 (00 f +85) d0 i, ¢ € Laga (0, T); Wyyy (Sh).

l n (3.29)
Since f is, for times t > t*, given by a circle, cf. (3.28), it holds that (89 f(,0)+
803 f, 6)) = 0 pointwise forall # > t* and @ € S'. Consequently, (3.29) implies that
f is constant in time. This in turn implies that the w4 are constant in time. Finally,
the continuity property of the solution implies that wy; = v41(t*) and the proof is
complete. O

4 The Case [ of Order One: Stability and Long-Time Behaviour

In this section we study the stability of constant solutions of (2.28) and (2.29) when  is
of order one, i.e. when the surface tension forces are comparable with the shear forces
induced by the rotation of the cylinder. These constant solutions describe circular
interfaces which are concentric with the confining cylinders. We prove that, in the
scaling limit B8 of order one, solutions of (2.28) and (2.29) with initial data close to
a constant, converge to the constant with an error of order one as t — co0. A more
detailed analysis of the solution shows that the interface behaves, to the leading order,
as a circle the centre of which moves along a spiral towards the origin O, as t — o0
(cf. Theorem 4.3).

In the following, we denote by H*(S') the homogeneous Sobolev spaces, consisting
of functions f € H¥(S') with zero average % /. g fdo=0.

4.1 The Case B > 0 of Order One

In the case B > 0 of order one, the effects of the surface tension are comparable
with those of the shear forces induced by the rotation of the cylinder and we have the
evolution equation (2.28), i.e.

1
d:h + 9 <h(9)2/ 4/ (5 + 2 h(6)(dh(0) + 893h(9))) dz) =0, 1>00¢eS.
0

It turns out that, in this physical limit, the asymptotic behaviour of solutions, ast — oo,
is as in the Newtonian case studied in Pernas-Castafio and Veldzquez (2020). However,
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since the involved differential operators are different, we briefly sketch the arguments
yielding the long-time asymptotics in order to give a complete picture of all the possible
scaling limits.

Theorem 4.1 Let ¢ > 0. There exists § > 0 (depending on c) such that, for any
ho € H*(S") satisfying ||ho — Ccllgasty < 8 with % fsl ho = c, there exists a unique
solution h € C([0, 00); H*(S")) N C'((0, 00); H*(SY)) of (2.28), where h(0, ) =
ho(-). Moreover, we have

Ih(t, ) = cllgasry < €8, 120, @.1)

where C depends only on c.

In order to prove Theorem 4.1, it is convenient to reformulate (2.28) in a coordinate
system rotating at velocity c¢. Moreover, we linearise around the constant solution
h = c. More precisely, we define

v(t, @) = h(t,0) —c with ¢ =0 —cy(B)t. (4.2)

Using the evolution Eq. (2.28), we obtain that v solves the equation

((jj—lt) = L(v) + R(v), 4.3)

where L: H¥(S") — L»(S") is a linear operator, given by

3
L(v) = —%w(ﬁ)(ajv +okv), ve HYSY, (4.4)

and R: H¥ (SYY = L,(S') is the non-linear operator defined by
2 2 ) 200 3
R() = =y (B)dy(v°) — §C v (ﬂ)8¢(v (3¢v + 8¢v))
4
+%Iﬁ//(/§)a¢((3gv +03v)%) + hoout 45)

forve H 4(S1). Note that L and R are well-defined bounded operators from H* (sH
to L>(S"). Now we define

Vo = span{cos(¢), sin(¢)} C Lo(S") and Vi = (Vo @ span{l})L C Lo(SH,

where L denotes the ortl}ogonal complement in L>(SY). Moreover, we introduce the
following subspaces of H*(S!),

E=VonH*SY and & =V, nH*SYH, (4.6)
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and we denote by Py and P the orthogonal projections of L, (S!) onto Vp, respectively
V1. Therefore, we have that H 4(SH = & @ &;. Indeed, using Fourier expansion, it
readily follows that Po(H*(SY)) C &, and P (H*(SY)) C &. Consequently, we
can write each v € H4(Sl) as a sum v = vy + v; with vg = Py(v) € & and
v] = P1(v) € &£1. We finally introduce the quadratic operator, Q: & x & — &1 by

llﬁ(ﬂ) 42 029 _ ”//(/3) 2 o2

O(vg) = VP
BTy S =Ny

4.7

for each vg = a_je~'® + a;e'® € &, where a; = a_7. Since the proof Theorem 4.1
follows the lines of the proof of Pernas-Castafio and Veldzquez (2020, Thm 5.1), we
only sketch it here.

Proof First, one can prove existence of solutions
ve C([0, T1; H*(SH) nc'(, T1; H*(SY))

on some small time interval [0, T], cf. (Pernas-Castaio and Veldzquez 2020, Prop.
A.1). By standard parabolic theory, one can then prove that the solution even has the
better regularity

ve C®(, T1; HASY), k=1,

cf. (Pernas-Castafio and Veldzquez 2020, Lemma 5.2). With the improved regularity,
one may then derive appropriate a-priori estimates for the operators introduced above
in order to obtain global existence by a continuation argument. O

A centre manifold theory for quasilinear problems has been developed in Mielke
(1988). We follow here the version of this type of theory as developed in Haragus and
Tooss (2011). Similar techniques can be also found in Lunardi (1995, Chapter 9).

Theorem 4.2 Let L and R be defined as in (4.4) and (4.5). There exists a map ® €
Ck(&o, &1), where & = ImPy = RePy € H*(S') and & = PiH* ¢ H*(S"), with
®(0) = 0and DP(0) = 0. Moreover, there exists a neighbourhood O of 0 in H4(S )
such that the manifold

Mo = {vg + @ (vo); vo € &) € H*(SYH (4.8)

has the following properties:

(1) My is locally invariant, i.e. if v is a solution to (4.3), satisfying v(0) € MoN O
and v(t) € Oforallt € [0, T], then v(t) € Mg forallt € [0, T].

(i) Mo contains the set of bounded solutions of (4.3) that stay in O forall t € R. If
v is a solution to ‘31—'; = L(v) + R(v) that belongs to Mg fort € I, where I C R
is an open interval, then v = vo + ®(vo) and vy satisfies

dv()

E = Lo(vg) + P()R(vo + Cb(vo)), 4.9)
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where L is the restriction of L to ). Moreover, @ satisfies

DCD(U())(L()(U()) + PyR(vo+ (D(U()))) =L1®(wy)+ P R(U() + cI)(U())) Yy € &.

(4.10)

(iii)) My is locally attracting in the following sense. If v(0) € O and if the solution

to (4.3), corresponding to this initial value, satisfies v(t) € O for all t > 0, then

there exist an initial value v(0) € My N O and a constant a > 0 such that
lv—70llgasty < Ce™, ast — oo.

Proof In order to prove this theorem, we have to verify that the operators L and R
introduced above satisfy the Hypotheses 5.1-5.3 of Pernas-Castafio and Veldzquez
(2020). To this end, observe first that

(i) L € L(H*(SY); La(Sh)).
(i) For some k > 2, there exists a neighbourhood V C H*(S') of 0 such that R €
Ck(V: Lo(SY)), R(0) = 0 and DR(0) = 0.

Moreover, the linear operator L has the following spectral properties. First, its spectrum
can be written as 0 = o9 U o_ where 0p = {AL € 0; ReA = 0} and o = {A €
o; ReA < 0}. More precisely, the following statements are true:

(iii) There exists a positive constant y > 0 such that

sup (Rer) < —y.

reo_

(iv) o9 consists of a finite number of eigenvalues with finite multiplicities.

Finally, there exist positive constants sy > 0 and C > 0 such that, for all s € R with
Is| > so, we have that

<
Is]”

W) N1GsT = L) M 2eyes1y <

where L is the restriction of L to P; H4(Sl), P is the projection Pj: L2(S]) —
Lo (SY) defined by P; =1 — Py and Py is the spectral projection corresponding to o
that is given by

1
Py= — / (I — L)y lda, 4.11)
2mi r

for a simple, counterclockwise oriented Jordan curve I' surrounding o¢ and lying
entirely in {A € C; ReA > —y}. It is worthwhile to note that, thanks to Haragus and
Tooss (2011, Rem. 2.16), the only property that we need to check for the operator L
is the one in (v). This is the case since we are working with the Hilbert spaces L>(S!)
and H 4(S1). The theorem is now a minor adaptation of Theorems 2.9 and 3.22 in
Haragus and Iooss (2011). O

Theorem 4.3 Let ¢ > 0. There exist § > 0 and a manifold My as in (4.8) (both of
them depending on c) such that all the properties stated in Theorem 4.2 hold true with
O = B;(0). In particular, if v(0, -) € Mo N O, then the corresponding solution h of
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(2.28) (cf. (4.2)) satisfies:

Hh(.—i—c‘ﬂ(,g)t,t)—c—%cos(._f_[flogt_i_co)”ﬂ - g

s = forall t>1,

(4.12)

23y (B~ 2Y(B)
K= |—— K= —, Co = Co(hy), (4.13)
Vv 20(B) 0T o

and C depends only on c. Moreover, if v(-,0) € O, we have that

where

dist sy (v (-, 1), Mo) < Ce™, 1 >0, (4.14)
with a = a(c).

Proof Using the same techniques as in Pernas-Castafo and Veldzquez (2020), we can
prove that the operators L and R, given by (4.4) and (4.5), are well-defined from
H*(S") — Ly(S") and H*(S") x H*(S') — L1(S"), respectively.

Moreover, the operator L satisfies the properties (i), (iii) and (iv) of the proof
Theorem 4.2 and the operator R satisfies property (ii) for any k& > 2. Therefore,
the operator Py defined in (4.11) is the orthogonal projection of L, (S 1y onto & =
span{cos(f), sin(f)} and there exists a manifold M with the properties stated in
Theorem 4.2 that can be parametrised as in (4.8) with ® e CK(&, &) for any k > 2.
Furthermore, we have ®(0) = 0, D®(0) = 0 and, if vy = a_le’ig + aleie € &,
then . .

l¢(ﬂ)~ a%1€_2i¢ _ ll/f(,B)~ a1262i¢.
4c3y7(B) 4c3y7(B)
The differential equation (4.9) that describes the dynamics of v on this manifold is
reduced to

D2>®(0)(vy, vo) = (4.15)

d
% = PoR (vo + ®(vp)), (4.16)

where we used that Ly (vg) = 0 for vg € &. Using (4.15) and (4.16), we can conclude
(4.12). Finally, the estimate (4.14) is a consequence of the global existence result in

Theorem 4.1 and Theorem 4.2(iii). For more details c.f. Pernas-Castafio and Velazquez
(2020). O

Remark 4.4 The asymptotic behaviour in (4.12) can be reformulated in terms of the
original non-dimensional variables (cf. (2.24)) as:

h(t,0) = rc+2K,/ % cos<9 — ey (B)Ert + K log (1) + Co> +0(1), @17

where A = LB and 1 > =
Moreover, we recall that the interface separating the two fluids is given by the curve
r = 1 4 eh. Therefore, a geometrical argument shows that the interface associated to
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Fig.3 Centre of the interface spiralling towards the centre of the cylinders

the solution described by (4.17) behaves asymptotically as the circle given by

(x — o (1) cos(@o(1)” + (y — o (1) sin@o(1)))” = 13,

t 9
Note that the centre of this circle spirals towards the origin as t — oo (Fig. 3).

where o (1) = 2K /%2, 00(1) = ey (B)Eat + K log (£A1) + Co and ro = 1 + ehc.

4.2 TheCasesB — 0andB —

We recall that in these cases we have the evolution Eq. (2.29). For this case we can
proof exactly the analogous Theorems in Sect. 4.1. For this purpose, we consider:

1
v(t, @) =h(t,0) —c with ¢ =0 —cprt. (4.18)
Using the evolution Eq. (2.27), we obtain that v solves the equation

Z_'t’ = L)+ R©), (4.19)

where L: H*(S') — L,(S') is a linear operator, given by
P e 4 w40 ¢l
L(v) = —§|ﬁ|p (90 +3,v), ve HYS, (4.20)

and R: H*(S') = L,(S") is the non-linear operator defined by

2p+1
P2

1 2 1 .

R(v) = —p78,(v?) — §02|ﬁ|P ! 9, (v(dpv +83v)) +hot., ve HYS.
) 4.21)

Note that L and R are well-defined bounded operators from H 481 to Lo (S1). More-

over, we consider the quadratic operator Q: & x & — & defined by

ip,B 2 2y ip,B 2 2ig —ig ip
—a’ e — —aje”?, vy=a_1e”'? +aq1e'? € &, 4.22

O(vo) =

@ Springer



24 Page 54 of 55 Journal of Nonlinear Science (2022) 32:24

where a; = a—_1. Using (4.18)-(4.22) we can prove the global existence result.
On the other hand, taking

3 . 2p+1c?
K= |—— K=—5——, Co=Colho), (4.23)
p‘BF—H P :3
we can prove that
. C
2K
Hh(t, ety —c — K cos( + Rlogt + co)‘ sy S0 (2L @29

Therefore, we can conclude that in the these cases, we have that the centre of the circle
spirals towards the origin as in Sect. 4.1.
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