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Abstract

In this paper, we propose and study a stochastic aggregation—diffusion equation of the
Keller—Segel (KS) type for modeling the chemotaxis in dimensions d = 2, 3. Unlike
the classical deterministic KS system, which only allows for idiosyncratic noises,
the stochastic KS equation is derived from an interacting particle system subject to
both idiosyncratic and common noises. Both the unique existence of solutions to the
stochastic KS equation and the mean-field limit result are addressed.

Keywords Chemotaxis - Propagation of chaos - Bessel potential - Stochastic partial
differential equation
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1 Introduction

Many bacteria, such as Escherichia coli, Rhodobacter sphaeroides and Bacillus sub-
tilus, are able to direct their movements according to the surrounding environment

Communicated by Eliot Fried.

The research of J. Qiu is partially supported by the National Science and Engineering Research Council of
Canada and the start-up funds from the University of Calgary. H. Huang is partially funded by the DFG
research project “Identification of Energies from Observations of Evolutions” (FO767/7-1).

B Hui Huang
hui.huang @tum.de

Jinniao Qiu

jinniao.qiu@ucalgary.ca

Department of Mathematics, Technische Universitidt Miinchen, Boltzmannstr. 3,
85748 Garching, Germany

Department of Mathematics and Statistics, University of Calgary, 2500 University Drive NW,
Calgary, AB T2N 1N4, Canada

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00332-020-09661-6&domain=pdf
http://orcid.org/0000-0002-4171-0530

6 Page2of31 Journal of Nonlinear Science (2021) 31:6

by a biased random walk. For example, bacteria try to swim toward the highest
concentration of nutrition or to flee from poisons. In biology, this phenomenon is
called chemotaxis, which describes the directed movement of cells and organisms in
response to chemical gradients. Chemotaxis is also observed in other biological fields,
for instance the movement of sperm toward the egg during fertilization, the migration
of neurons or lymphocytes, and inflammatory processes.

Mathematically, one of the most classical models for studying chemotaxis is the
Keller—Segel (KS) equation that was originally proposed in Keller and Segel (1970)
to characterize the aggregation of the slime mold amoebae. The classical parabolic-
elliptic type KS equation is of the following form:

0pr = Lpr — xV - (pVer), x eR >0,
—Act = Pt (11)
po s given,

where p;(x) denotes the bacteria density, and ¢; (x) represents the chemical substance
concentration. The constant x > 0 denotes the chemo-sensitivity or response of the
bacteria to the chemical substance. From a mathematical point of view, this equation
displays many interesting effects and it has become a topic of intense mathematical
research. An important feature of this equation is the competition between the diffusion
A p; and the nonlocal aggregation — x V- (po; V¢;). Depending on the choice of the initial
mass mg = fRd 00 (x) dx and the chemo-sensitivity yx, the solutions to the KS equation
may exist globally or blow-up in finite time. In particular, for sufficiently smooth initial
conditions, the existence of solutions was verified by Jager and Luckhaus (1992): if
moy is large, then solutions are local in time, and they are global in time if mq x is small.
For the two-dimensional case, Dolbeault and Perthame (2004) completed the result of
Jager and Luckhaus (1992) by providing an exact value for the critical mass: classical
solutions to (1.1) blow-up in finite time when mox > 8w, and there exists a global
in time solution of (1.1) when mgx < 8. For the case with mgx = 8w, Blanchet
et al. (2008) showed that global solutions blow-up in infinite time converging toward
a delta diarc distribution at the center of mass. There is an extensive literature on KS
systems and their variations, which is out of the scope of this paper. A comprehensive
survey on known results related to the KS model from 1970 to 2000 can be found in
Horstmann (2003). We also refer to (Hillen and Painter 2009; Perthame 2006; Biler
2018) among many others for more recent developments.

It is also well known that the KS equation (1.1) can be derived from a system of
interacting particles {(X f)rzo},N: | satisfying the following form of stochastic differ-
ential equations (SDEs):

N
Xle(X;'—X{)dtJr«/EdB;', i=1,....N, >0, (12)

J#i

dx! =
N

where the process (X f)zzo denotes the trajectory of the i-th particle, the function F
models the pairwise interaction between particles and {(B, ),Zo}lNz | are N independent
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Wiener processes. The rigorous derivation of the KS equation, for example (1.1),
from the microscopic particle system, e.g., (1.2), through the propagation of chaos as
N — oo may be found in Huang and Liu (2017a,b), Fournier and Jourdain (2017),
Haskovec and Schmeiser (2011), Huang et al. (2019), Fetecau et al. (2019), Bresch
et al. (2019). For a review of the topic of the propagation of chaos and the mean-field
limit, we refer the readers to Jabin et al. (2017), Carrillo (2014) and the references
therein. An asymptotic method, inspired by Hilbert’s sixth problem (Hilbert 1902),
can also be applied to derive models at the macro-scale (PDEs) from the underlying
description at the micro-scale (particle systems); see Bellomo (2016), Burini and
Chouhad (2019) for instance.

However, for the classical deterministic KS equation (1.1), the associated particle
system (1.2) is only subject to the idiosyncratic noises that are independent from one
particle to another, and the effect of the idiosyncratic noises averages out, leading
to the deterministic nature of Eq. (1.1). In addition to such idiosyncratic noises, this
paper studies the particle systems allowing for common/environmental noises, and the
limiting density function satisfies a stochastic partial differential equation of KS type
which is new to the best of our knowledge. Common environmental noises (such as
temperature, light and sound) are intrinsic to a more realistic setting such as culturing
bacteria .

Let (2, F, (F/)i>0,P) be a complete filtered probability space where the d’-
dimensional Wiener processes {(Bti)tzo}fv: | are independent of each other as well
as of a d’-dimensional Wiener process (Wt)tzo.l The initial data ;i, i=12,...,N
are independently and identically distributed (i.i.d.) with acommon density function pg
and are independent of {(B,i )f20}1N= 1 and (W;);>0. Denote by (.FIW),EO the augmented
filtration generated by (W;);>0.

As the mean-field limit from the interacting particle system that allows for both
idiosyncratic and common noises, the stochastic aggregation—diffusion equation of
Keller—Segel (KS) type, also called stochastic KS equation, is of the following form:

’ . 'k . 'k
dpr = %sz,jﬁ Di; (Pt Yo ik 4 oiko] )> dt — xV - (Veopr) dt
-3, D (Pt i ok szk) ;

—Act + ¢ = pr,
po is given,
(1.3)
2 . . e
where D;; = da_ D; .= i and the leading coefficients v and o are deterministic
X 0x dx;

functions from [0, T] x RY to R?*4". One may solve the second equation for the
chemical concentration:

a=U—-20)7""p=Gxp(x), (1.4)

! The dimension of Wiener process W may be different from d’; we assume the same dimensionality for
notational simplicity.
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with G being the Bessel potential, and it follows that V¢; = VG % p, where VG is
called the interaction force. The underlying regularized interacting particle system has
the form:

. N . ; . . .
dX;* = 45 2 VG(X; — X!y dr + v (X ) dB! + 0y (X;*)dW;, i=1...,N, t>0,
J#
Xy =1,
(1.5)

where
Ge(x) = ¥ % G(x) = /R GOYe(x —y)dy, xR &>0,

is the regularized Bessel potential with the mollifier function ¢ (x) := gidw(f) satis-
fying

0<y eCP®RY), suppy € B, 1), f Yx)dx = 1. (1.6)
B(0,1)

We mention here relevant work (Cattiaux et al. 2016; Fournier and Jourdain 2017)
for the existence of solutions to the non-mollified stochastic particle system (1.2).
Especially in Fournier and Jourdain (2017), Proposition 4), they proved that for any
N>2and T > 0, if{(Xﬁ)lzo}f\’zl is the solution to (1.2), then

P(ase[o,T],algi<j5N:X§=x§')>o,

i.e., the singularity of the drift term is visited and the particle system is not clearly
well-defined. Therefore, in order to obtain a global strong solution to the interacting
particle system, we regularize the singular force term VG.

In contrast with the classical KS models (1.1) and (1.2), which only allow for
the idiosyncratic noise (B!),>0 that is independent from one particle to another, the
stochastic systems (1.3) and (1.5) are additionally subject to common noise (W;);>0,
accounting for the common environment where the particles evolve. This common
noise leads to the stochastic integrals in stochastic KS equation (1.3), whose (contin-
uous) martingale property and unboundedness result in the inapplicability of classical
analysis for deterministic KS equations. In addition, the diffusion coefficients o and
v are time-state dependent; along the same lines, a general model may allow for dif-
fusion incorporating Lévy type noises and/or dependence on the density (for instance,
see Burini and Chouhad 2019; Escudero 2006; Huang and Liu 2016 for discussions on
deterministic KS models with flux limited or fractional diffusion), although we will
not seek such a generality herein.

In this paper, we first prove the existence and uniqueness results for both weak
and strong solutions to SPDE (1.3). Basically, over a given finite time interval [0, T']
when the L*-norm of py is sufficiently small, the weak solution exists uniquely and
its regularity may be increased for regular initial value pg (see Theorems 3.2 and 3.3).
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Then, based on a duality analysis of forward and backward SPDE, we prove that the
following stochastic differential equations (SDEs) of McKean—Vlasov type:

dY] = xVG* pl(Y))dt + v(Y))dB! + o (Y))dW;, i=1,...,N, t>0,
ol is the conditional density of ¥/ given 7V,
Yo =1,
(L.7)

has a unique solution with the conditional density p! of ¥/ given the common noise W,
existing and satisfying SPDE (1.3); see Theorem 4.1. Here by the conditional density
ol of Y/ given F¥, we mean that

E[Y! € dx|FY] = p!(x)dx,

,1.e., forany ¢ € Cb(Rd), it holds that
Elp(Y)HIFY] = /R L 9(0p; () dx.

Finally, we prove that the solution {(Xf’g)lzo}f\’: | of the particle system (1.5) well
approximates that of (1.7), which indicates the mean-field limit result, i.e., the empir-
ical measure

1 N
&N | _ )
G P
1=

associated with the particle system (1.5) converges weakly to the unique solution p to
SPDE (1.3) as N — oo and ¢ — 07; see Theorem 5.1 and Corollary 2.

In view of SPDE (1.3) and the particle system (1.5), one may see that when the
particle number N tends to infinity, the effect of the idiosyncratic noises averages
out, while the effect of common noises does not, leading to the stochastic nature
of the limit distribution characterized by SPDE (1.3). We refer to Bensoussan et al.
(2013), Carmona et al. (2016), Carmona and Delarue (2018), Coghi and Flandoli
(2016) for different models with common noise in the literature. In particular, in a
closely related work (Coghi and Flandoli 2016), the authors study the propagation of
chaos for an interacting particle system subject to a common environmental noise but
with a uniformly Lipschitz continuous potential, and in Choi and Salem (2019), the
stochastic mean-field limit of the Cucker—Smale flocking particle system is obtained
for a special class of noises. In contrast to the existing literature concerning common
noise, the main difficulties in dealing with the proposed stochastic KS models are
from the Bessel potential G which entails the singularity of the drift of SDE (1.7)
and the KS type nonlinear and nonlocal properties of SPDE (1.3); in particular, the
KS type nonlinear term —x 'V - (VG % p;)p;) prevents us from adopting the existing
methods in the SPDE literature. Accordingly, the existence and uniqueness of solution
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to SPDE (1.3) is established within sufficiently regular spaces under a divergence-free
assumption on coefficient o, and we prove that the conditional density exists and
satisfies equation (1.3) with a new method based on duality analysis. In addition, for
the mean-field limit result, we also introduce regularization with a mollifier function
in the particle system (1.5). In this paper, the approaches mix and develop the existing
probability theory and stochastic analysis, (S)PDE theory, and the duality analysis in
nonlinear filtering theory. Given the outstanding interests shown in the mathematical
analysis of biological phenomena, we hope this article will set the stage for further
studies on stochastic aggregation-diffusion type equations, opening new perspectives
and motivating applied mathematicians to expand the research on this class of models
to novel applications.

The rest of the paper is organized as follows. In Sect. 2, we set some notations,
present some auxiliary results and give the standing assumptions on the diffusion
coefficients. Section 3 is then devoted to the proof of the existence and uniqueness
of the weak and strong solution to stochastic KS equation (1.3) in certain regular
spaces. On the basis of the well-posedness of SPDE (1.3), we prove the existence and
uniqueness of the strong solution to SDE (1.7) in Sect. 4. Finally, the mean-field limit
result is addressed in Sect. 5.

2 Preliminaries

2.1 Notations

The set of all the integers is denoted by Z, with ZT the subset of the strictly positive
elements. Denote by | - | (respectively, (-, -) or -) the usual norm (respectively, scalar
product) in finite-dimensional Hilbert space such as R, RF R¥*L kI € Z+. We use

| £, for the L? (1 < p < oo) norm of a function f.
Define the set of multi-indices

A:={a=(a1,...,09) : a1, ..., 0y are nonnegative integers}.

Foranyo € Aand x = (x1,...,xq4) € Rd, denote

d o) o oy 8|a|
|a|:§ o, x¥ =x7"x5% x5, DY = .
L2 d axyoxy? ... 9xy!
i=1

For each Banach space (X, | - ||x), real ¢ € [l,00],and 0 < ¢t < 7 < T, we
denote by Sz_-([t, 7]; X) the set of X-valued, F;c[o,7]-adapted and continuous pro-
cesses { Xy }se[z,7] such that

1/q
]EI: X A :I) ’ € 17 5
”X”Sz:([t,r];/\,’) = [ ( SUPse[r,7] I SHX q €[1,00)

eSS SUPy e SUPserr 7 1 Xslly, g = o0.
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Lg:(t, 7; X) denotes the set of (equivalent classes of) X'-valued predictable processes
{Xs}selr,z) such that

/g
e L E[F G as]) g et oon
Lt X) "
essSup(, gcqx o] I Xslx, g =o0.

Both (S%(11, 715 ), I - ls4(i.r10)) and (L‘;_-(t, T ), || - ||qu(t’r;X)) are Banach
spaces, and they are well defined with the filtration (F;);>0 replaced by (}"tW),Zo.

2.2 Auxiliary Results and Assumptions
We first recall some properties of the Bessel potential introduced in (1.4). For p €
[1, o0], denote by L? = LP(R?) the usual Lebesgue integrable spaces with norm

[l - Il p. Then, for p € (1, 00) and m € R, we may define the space of Bessel potentials
(or the Sobolev space with fractional derivatives) (Triebel 1983, p. 37) as

Hy ®) = [ f]1£ gy = 17710 + | EZ (D, < o0},

where .# is the Fourier transformation. Namely, Hy (R?) (simply written as HYy) is

defined as space of functions f such that (1 — A)%f € LP(RY). In (1.4), if pr € LP
with 1 < p < oo, then¢; € 'H%,. In addition, it holds that

let lrg = |77 [a + 10D Z ]| =l
P p

Due to the equivalence between the Bessel potential space H’; (R?) and the Sobolev
space WEP(RY) (k € N), we have

G * pr llwzr = lici lw2r = Cllpcll, - 2.1)

Here, the Sobolev space Wk-P(R?) is defined as
Wwhr (R = {u e LPRY)| Du € LP(RY), V¥ |a| < k]

and

1
o, P P
lullyrp = (stk 1D ”“Lp(Rd)> I=p<oo
maX|a‘§k ”Dau”Loo(]Rd) p = Q.

On the other side, notice that

=M= == -
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Thus, we may split the Bessel potential into the Newtonian potential @ and a function
¥ such that .Z (¥)(w) = —m, which implies that ¥ € L®(RY) (d = 3) or

V¢ e L®[RY) (d = 2). Namely, one has

G(x) = @(x) + ¥ (x), (2.2)
where
Cy .
D)= | w2 ifd=3
—5-In|x|, ifd =2

is the Newtonian potential. It then follows that for any & € A with |a| > 1, there
holds

C _1_‘0‘|, h d — 3’
|D9(VGe) || < Cue' =41l 1 ] el 1® when
- Co,vw 7%, whend =2

< Cye!=dll, (2.3)

Here, we have used the estimate | D*(V®,) o < Cqe'~?~1% from Huang and
Liu (2017b, Lemma 2.1).
Following are the standing assumptions on the coefficients v and o.

Assumption 1 Given T > 0 any arbitrary time horizon and d = 2, 3 , the measurable
diffusion coefficients o, v : [0, T] x RY — Rdxd satisfy

(i) There exists a positive constant A such that

d d/ N . N N
7Y vk ogel = alg P

i j=1k=1

holds for all x, £ € R? and all ¢ > 0;
(ii) There exist m € Z* and real A > 0 such that for all ¢ € [0, T] there holds

vik(©), ok (yec™, fori=1,....d, k=1,...,d,
d d

and Y > llo/fOllen + IVEOllen < A,

i=1 k=1

where the C™ norm is defined as || f||c» = Z|a|§m 1D f 1l 0o-
(iii) Forall (t,x) € [0,T] x RY andk = 1,2,...,d/,

d N
> Dioj*(x) =0.

i=1
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Remark 2.1 The assumption (i) ensures the superparabolicity of the concerned SPDE,
and the boundedness and regularity requirements in (ii) are placed for unique existence
of certain regular solutions of SPDE. The readers are referred to Krylov (1999) for
more discussions. The divergence-free condition (iii) may be thought of as a technical
one for the well-posedness of SPDE (1.3) (see Remark 3.1); on the other hand, the
common noise in the stochastic integral term o, (X ;"8) dW,; induces the fluctuations of
the velocity field (of the ith particle) formally written as v§ =o0;(X ;’8) % and in this
way, the divergence-free condition means that such fluctuations are of incompressible
type. In fact, such kind of divergence-free conditions have been existing in the liter-
ature; refer to Brzezniak et al. (2016), Coghi and Flandoli (2016) for more clear and
elegant arguments.

In the remaining part of the work, we shall use C to denote a generic constant whose
value may vary from line to line, and when needed, a bracket will follow immediately
after C to indicate what parameters C depend on. By A — B, we mean that normed
space (A, || - ||4) is embedded into (B, || - || p) with a constant C such that

IfllB < Cliflla, V[ €A.

For readers’ convenience, we list Sobolev’s embedding theorem in the following
lemma, see, e.g., Triebel (1983, p. 129, p. 131) and Brezis (2010, Chapter 9).

Lemma 2.1 There holds the following assertions:

(1) For integer n > d/q + k with k € N and q € (1, 00), we have W4 (RY)
CRSRY), forany 8 € (0, (n —d/q — k) A 1).

@) If1 < pgo<p)1 <ocoand —o00 < 51 < 89 < —}—oosuchthat% — 50 = % — S1,
then H‘;,OO (RY) <> H‘;}l (RYY (with Sobolev spaces as special cases ).

3 Existence and Uniqueness of the Solution to SPDE (1.3)
This section is devoted to the global existence and uniqueness of the solution to

nonlinear SPDE (1.7).
As already noted in (2.1), if p; € L*, then it holds that

e liw2s = 11G * pr llw2a < Sallorll4 - (3.1
A direct result of Sobolev’s embedding theorem implies
e liwioo =G * pr llwrco < NG * pr llw2s < Sallprllas (3.2)
where S; depends only on d.
Before stating the theorem about the well-posedness, we introduce the definition
of solutions to SPDE (1.3). Denote by CLZ.(R‘J) the space of compactly supported

functions having up to second-order continuous derivatives.
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Definition 3.1 A family of random functions {p;(w) : t > 0,0 € } lying in
S (10, TT; L'NL*(R%)) is a solution to Eq. (1.3) if p; satisfies the following stochas-

tic integral equation for all ¢ € C 62 (RY),

t
(o1, @) = (po,<p>+x/0 (ps,Vchs)der/O <ps,ZDz¢Zlede>
i=1
—/ <p“ > Dijy Z(v”‘ ”‘+a”‘o!")> ds. (33)
0

i,j=1

1
Theorem 3.2 Let Assumption 1 hold with m = 2. Assume 0 < py € L' N H, (R%)2
with ||po ||y = 1. For each T > 0, there exists a k > 0 depending onlyon T, x, A, A
and d such that if || polla < x, SPDE (1.3) admits a unique nonnegative solution in

M = Loy (0, T3 W' @®RD) N Ly (0, T; WHR?)
NS ([0, T1: L' 0 L*RY). (3.4)

Proof The proof is based on delicate estimates of the solution and the latest develop-
ments of L?-theory of SPDE. First, let

B o= {u € 55,10, T L*RY) lull25, 0, 5y < el

with metric d(u, v) = |lu — v ||5°°w([0 T]:L4(Rd))> and the positive constants « and ¢
“w (0.T;

are to be determined.
Suppose ||polla < «. Now, we defineamap7 : B — S W([O T1; L*(R%)) as

follows: For each & € B, let 7 (£) := p? be the solution to the followmg linear SPDE:

/ k
dpe = [330 11 Dijor T 0] + 0k 0! = 4V - (VG x 800 |

— > Dty Y ok AWy, 3.5)
0o 1s given.

Indeed, as Assumption 1 holds with m = 2, one may write SPDE (3.5) as a non-
divergence form:

ik
dpr = [ Zz = 1Zk 1(V;lsz/ zlk(fzj )Dijp dt + Ft(pt)]

- Zi:l Zk:l Uz D p; de (3.6)
po 1s given,

1
2 Here, the initial condition po € H‘f ®RY) is required by the LP-theory of SPDEs (see Krylov 1999,
Theorem 5.1) for p = 4.
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with

k k
Fi(pr) i = ZD mZD(v:kv,f +07*0i")

t/l

13 o 3 bl el
1] 1

—xV - (VG x&)py),

where we have used Assumption 1 (iii) for the stochastic integral, i.e.,

d d d d

ik ik jk ik
E Dj(o'sj Ps) = 2 ,OsDjUs] + E Dj,OSUSJ = E Djpsasj . 3.7
j=1 j=1 j=1 j=1

For each £ € B and p; € L?(R?) with p € {2, 4}, relation (3.2) indicates that
VG xEDpillp < NIVG *&illoollpellp < Sallé g lloellp < €Saxlipellp, as., foralls € [0, T].

This together with Assumption 1 allows us, through standard computations, to check
that the conditions of the L”-theory of SPDE (see Krylov 1999, Theorems 5.1 and 7.1
for the case when n = —1 therein) and the maximum principle (Krylov 1999, Theorem
5.12) are satisfied and we conclude that the linear SPDE (3.5) admits a unique solution
o% which is nonnegative and lying in LYy, T; whr(RY)N S4w ([0, T LP(R%)),
pe{2.4).

Next, we check that /0s € S% W ([0, T1; L'NL*(R?)) and without causing confusion
we drop the superscript &. It i 1s easy to see that the solution of (3.5) has the property
of conservation of mass, i.e.,

lorlly =1llpolly =1 as.

Applying the It6 formula for L”-norms in Krylov (2010, Theorem 2.1), we have for
any0 <t <T

lo:llg = lloollg
t d d
-/ (Z > (610 Dins. D (080 + 00 )p,))
0 \ij=1k=1
+6Z<|ps |ZD (ps0¥ >
d d )
+12x (05 (V). (VG &) p7) )ds+1222f (|ps|20,-ps, a;"ps)dwf as.
i=1 k=1

(3.8)
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Due to (iii) in Assumption 1, we know that fork = 1,2, ...,d’,

d d d
123 (1052 Din, o™ o) =33 (Di (10sl*) . oi*) = —3<|ps|4, ZDio;k> =0.
i=1 i=1 i=1
Thus, one has
lpell3 = lleolld
;d o d
ik Jjk j ik
== [ 3 S {6lnPio (v 4 oot D) 0
0 i i=1k=1
d d .
i ik i ik
-2 f (61052 Dipy, D v + 0 af*)p,) ds
ij=1k=1"0
. d d
ik
+/ 6Z<|ps|2, 1> Dj(pso! >|2>+12x<ps<m),(vg*ss)pf) ds as.
0 ;
k=1 j=1

Using (iii) in Assumption 1 as in (3.7) again yields that

d d
ik jk j ik

= 3 D (6lnPDins, @it +okof*) D)
ij=1k=1

d d d d 2

j ik ik
=-> Z<6|ps|2Di:0s’ (vifvi )Djps>— Z<6Ips|2, Y Djpso! >
ij=1k=1 k=1 j=1
d d d’ 2
=2 {6l
k=1

d
ik jk ik
= — Z Z<6|,Os|2Dn0s, ikv] )Djps> <6Ips %, ZDj(psaJ ) >
i,j=1k=1 j=1
Therefore, it holds that
lo: 13 — lloollg
,d d
—
= —/ Z Z<6|ps|2Dms, wiky] )Dj)03> ds
0 j=1k=1
,d o d ' _
[ X Y (610 D0 4 0ol
0 i=1k=1
t
+12X/ <,0x(Vps),(Vg*$s)pf> ds, as.. (3.9)
0
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It follows from (i) in Assumption 1 that

d d

= 3" (610 PDins, 0 D;0,) = 621100V,
i j=1k=1

and by (ii) in Assumption 1 one has

-6 Z Z<|pa| Dips, Dj (Vlk ]k lk jk)ﬂs)

i,j=1k=1

(124%)?

< 2Allps Vosll3 + >

llos13- (3.10)

We also notice that

12 (05 (Vps), (VG % £)02) < 12 105V os 21105 131 VG * &lloo
(by relation(3.2)) < 12x Sallos Vs 21l 05115 15 ls < 12€x Sax o5V ps 21l os 13
(6€x Sax)?

(by Young’s inequality) < 2215V ps 13+~ s I3- (3.11)
Collecting above estimates, (3.9) yields that
o113 = llpolly
! 5 ! 5 (12422 (6LxSs)*\ [! 4
<—=6A [ llpsVpsllzds +4x [ llpsVpslzds + + lloslly ds
0 0 2)\. 2)\, 0
(12422 (6LxSqx)*\ (!
5( T X f llos 13 ds. (3.12)
A X 0

Take a sufficiently large ¢ > 1 and relatively small ko> such that whenever k < ky it
holds that

2\2 2
exp{g((lzﬁ) ¢ G300 )} <t (3.13)

3 The selections of £ and « are not unique; a particular case is to take ko < ﬁ with

T (12422 (657)%
Z:exp{4(( 2}») +()fl))’
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Applying Gronwall’s inequality to (3.12) yields that

(12422 (6£x SqK)?
sup [lprlla < llpolla exp{ ( + ,
te[0,T] ' 4 2 A

< Lk,

which gives that p € B.

Fix the constants £ and «( as selected above. Let k < k. For all £ € B, let p* be
the unique solution of the linear SPDE (3.5). From the discussion above, we get the
solution map

T: B—>B, & pb.

Next, we show that the map 7 is a_contraction.
For any &, é € B, set 8p = p¢ — pf and 88 = £ — é As before, we apply 1t
formula for the L*-norm of 8p:

180: 113

:/Ol - Xd: i<6|8ps|2D15,05, ((v’k 4 olk ’k)b‘pv)>

i j=1k=1
2

d/
+6Z<|8ps|2, > DjGos0i") > ds
k=1 j

t - a
+/0 12x (180, P Vép,, VG # ipf — VG # €, pf ) ds

d d

+1222/ 180512 D;8ps, o 8ps>de

i=1 k=1

- [ oy 2(6|8p5| Disps, 0f*d)D;3ps)

i,j=1k=1

_ Z Z<6|5,05| Didps, Dj (v’k Jk +olkovjk)8ps> ds
i,j=1k=1

t _ .
+f 125 (1804 2V60y, VG % Espf — VG % £, ds
0
t ) t ) (12A2)2 t 4
< —6A 1805 Vépsllz ds + 22 1805 Vpslls ds + T 1805 II4 ds
0 0 0

t _ ~
+ / 12 <|8,0S|2V8,0s, VG & pf — VG # &,Of> ds, as. (3.14)
0
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Let us compute that

12 (189,12 V8py, VG # 885

< 1210139V 3ps 12185 pE 121V'G 5 88, loc

< 1218130,V 3ps Iall3ps lall oF s 155 e

< 211805 Vopsll5 + %nmuinpf 15 188 13

< 208V + CES (21l + e 1 I 1)
< 2 113p, Vi, |2 + Wnapsni + Wnaani-

In a similar way to (3.11), we have

(6€x SqK)?

4
N 18055

12 (1805 2V 505, VG  Ex8p,) < 221180, Vo0, 13 +
Thus, combining above estimates gives

12x (160 V8ps, VG % & pf = VG xbopl) = 12x (180, P Vs, VG 58,0 + VG x )

(6€x S4K)? 6€x Syxc)>

(
< 401605 Vs 13 + - 180514 + m 18115, (3.15)

which together with (3.14) and (3.13) implies

(12432 (6€xSak)*\ (! (60x Sqr)* (!
I18p: 115 < + / 1805113 ds + —=——— / 18&,1I% ds
2 A 0 40 0

4Ine (! (6LxS6)* [!
= [ nandas + S [Cisdas as.
T 0 4) 0

By Gronwall’s inequality, we get

<

(6€% Sax)2T
I8P, qo. iz = | = ——

1
7
4)\’ } ZHSS”S;:CW ([0,T];L4(]Rd)) a.s.. (316)

1

Hence, whenever 0 < k < kg A [(663;#] 2, the solution map 7 is a contraction
mapping on the complete metric space B, and it admits a unique fixed point p = p”
which is the unique solution to SPDE (1.3). O

Remark 3.1 For the well-posedness of SPDE (1.3), the main difficulty lies in the KS
type nonlinear term —x 'V - (VG % p;)p;) which prevents us from using the exist-
ing methods in the SPDE literature. In view of Eq. (3.8) and the computation that
follows, one may see that the stochastic integral there equals zero because of the
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divergence-free condition (iii) of Assumption 1. This further allows us to obtain

€ S;__OW 0, T; L*(R?)) which finally yields the conclusions in Theorem 3.2 with
a deterministic k. Without (iii) of Assumption 1, one may try to generalize the local-
ization technique with stopping times (see Karatzas and Shreve 1998, Chapter 1,
Section 5) for random fields which, however, may incur cumbersome arguments not
just for the well-posedness of SPDE (1.3) in this section, but also for the subsequent
sections.

In view of the above proof, we can particularly take

a2 T ((12/12)2 (6Sd)2>}
7 :

1
0 A= , ith £ = —
< Xk < 7 [(6Z3Sd)2T] wi exp{ 0 .
for the well-posedness of SPDE (1.3) in Theorem 3.2. Therefore, whenever x || oo ll4 <

1 41

7N [W] : , the unique existence of solution in M can be asserted as in Theorem
3.2.

Furthermore, suppose that the diffusion coefficients v and o are spatial invariant,
ie.,

the measurable diffusion coefficients o, v : ([0, T], B([0, T]) — (Rdx‘i/, B(]Rdx‘l/)> .
(3.17)

Then, the left-hand side of (3.10) and the third term of line (3.14) will vanish. Repeating
the proof and combining computations around (3.13) and (3.16), we can obtain the
well-posedness of SPDE (1.3) in Theorem 3.2 with a particular selection:

1

1 SV L (654)*
0 < xkVT < 7" [W} , with ¢ = exp{ TR (3.18)

which indicates that for any given pp, the existence and uniqueness of solution may
be guaranteed on time interval [0, Tp] if

L 41
< .
2x2pol " 663 xllpoll4Sa)?

Tp

For this solution on [0, 7Tp], we may conduct estimates as in the proof of Theorem 3.2.
Notice that instead of (3.11) and (3.12), we have

A

12x (95 (V20), (VG % py)02) = 1225 Vs 2l s 131V sl

12X Sallps Vosllalos 13 105 Il

(6% S4)?
2x

IA

< 2llps Vosll3 + lloslIS,
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and
oy — llpolly
t t 2 t
(6x Sa)

< 61 / o5V s 113 ds -+ 2 f losVasllz ds + —=— [ llosl3ds
0 0 2A 0
t 2 t

(6x Sa)

<=1 [ I+ 0 [ pigas, (.19)

0 A 0

Meanwhile, using the Gagliardo—Nirenberg inequality yields that there exists a con-
stant Ny > 0 depending on d such that

_d_ 2 _d_ _4
losli = llp2ll2 < NallV (D l5 2 - 1o = NallV (oD l5 2 - lpslls
_d 8 4
(by interpolation inequality) < NylIV(oD)II5™ - lpsll; " - lpsll;

_d_ _8
= NalIV(eD)I5 - sl

Then, it follows that

212 _2d+2) 444
IV(eOI2 = [Nal™ @ - llpsly ™,

which inserted into (3.19) gives

P ard [((6xSa)? -4 A
||pz||zt—||po||z‘s/ losly | =5 Ioslly ™ = ——gr | ds. - (3.20)
0 Ndl d
Therefore, if
(6354)° -4 “0
TR leolly ™ — W <
,ie.,
_3d_
2)\2 6438
lpolls < — - : (3:21)
INal ™4 (6x54)

then we conclude from (3.20) that ||ps|la < |lpolla for all ¢+ € [0, Tp] and that the

unique solution may actually be extended to any finite time interval [0, T'].
Corollary 1 Let Assumption 1 hold with m = 2 and the diffusion coefficients v and o

1
being spatial invariant [see (3.17)]. Assume 0 < py € L' NHy; (RY) with || po I =1
There exists a constant k > 0 depending only on x, A, and d such that if || polls4 < k,
SPDE (1.3) admits a unique nonnegative solution in

L%y (0. T; W RD) N LY 0, T; WHRD) NS5, ([0, TT; L' 0 LY RY),
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forall T > 0.

In Corollary 1, the constant k may be given as the right-hand side of (3.21) that
is independent of (7', A) and the global solution result with small initial value under
L*-norm seems to hold in a similar way as the deterministic counterparts (see Blanchet
et al. 2006; Corrias et al. 2004; Biler 2010 for instance). The results in Theorem 3.2,
Corollary 1, and subsequent theorems, may be extended to general L”-norms for
p > 3, which would not be discussed in this paper to avoid cumbersome arguments.

To explore the connections between the stochastic Keller—Segel Eq. (1.3) and asso-
ciated SDEs of McKean—Vlasov type (1.7), we need stronger regularity of the solution.

Theorem 3.3 Let Assumption 1 holdwithm = 3. Suppose further pg € L'NW22(R?).

Then, for any T > 0, there exists k > 0 depending only on T, A, L, x and d such
that if | polla < k, SPDE (1.3) admits a unique nonnegative solution in

M = Loy (0, T; WP2(RY) 1§75 (10, T1; WH*(R?))

ﬂL4 w (0, T; W”(Rd))ms W ([0, T1; L' N LA*(RY)).

1
Proof Notice that W>2(R?) — H7 (R?) < L*(R?) for d = 2 or 3. Comparing
Theorems 3.3 and 3.2, we only need to prove that the obtained unique solution p in
Theorem 3.2 is also lying in L;W 0, T; W32(RY))N S;W ([0, T1; W22(R?)). In fact,
p € M [defined in (3.4)] is the solution of the following linear SPDE:

dpr = [ sz/ 1 Dij (o Zk 1(VlkV/k+UlkUjk))+Xft:| dr
— YL Do Y4 o) dwk (3.22)
po 1s given,

with
fi ==V - (p:Ve)) ==V - Ve, + pf — pici.
As p € M, it follows that

I fill2 =1V - (o Vel = IVer oo Vsl + ||Pt||3, + llor llz ller lloo
< Sallplla Vol + ||,0t||42; + Salloell2 lor lla < Sallellalloe w2 + ||Pt||4217

which indicates that

”f” (() T: L2) — 2Sd||p”SOO ([0,T1; L4)||p||L2 (0 T; wl 2) +2”p” (0 T; L4) < 0.
(3.23)
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The L?-theory of SPDE (see Krylov 1999, Theorem 5.1) and Theorem 3.2 imply that
p € Loy (0. T: W2 (RY)) N S5 ([0, T1; Wh2(R?)) N M. (3.24)
Similarly, for j =1, ..., d, one has

||Djft||2 < Cllpr w22 llpe la + C llor lwis o llg s

which together with (3.24) and (3.23) implies that
”f”Lz}_W(O,T;Wl»Z) < Q.

Hence, applying the L?-theory of SPDE (see Krylov 1999, Theorem 5.1) and Theorem
3.2 again, we conclude

p € Loy (0, T: W2 ([RY) N STy (10, T]; W2 (R?))
N LYy (0, T: WH®RD) N SE, (10, T1; L' N LA RY).

The proof is completed. O

4 Well-Posedness of the Nonlinear SDE

Let us consider the following SDE:

dY, = xVG* p(Yy) dt + v, (Y;) dB; + 01 (Yy) dW;, t >0,
pr 1s the conditional density of Y; given }',W, “4.1)
Yo = ¢,

where we take B; = B in this section as ad’-dimensional Wiener process independent
of W, and ¢!. In the following, we prove the well-posedness of the nonlinear SDE
(4.1) which actually shares the same solvability as SDE (1.7) for each i € Z™*.

Theorem 4.1 (Well-posedness of the SDE) Under the same assumptions as in Theo-
rem 3.3, let p be the regular solution to the SPDE (1.3) obtained in Theorem 3.3.
Then, the nonlinear SDE (4.1) has a unique strong solution (Y;);=o0 with p €
S;W([o, T1; W22(R)) N 5% ([0, T1; L*(RY)) being its conditional density under
filtration (F)V),e(0.11-

Proof For the solution p € S7.,, ([0, TT; W>2(R%)) N S5, ([0, T1; L*[RY)) of the
SPDE (1.3) given in Theorem 3.3, by embedding theorems , we have

VG % p € Sy ([0, TT; WH2(R) N 8%, ([0, T1; WHH(RY))
> S7y ([0, T WHO®RY) N SFy (10, T1; L¥(RY)), 4.2)
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which ensures the existence and uniqueness of strong solution (Y, ), to the following
linear SDE:

dY, = xVG* p,(Y,)dt +v,(Y,)dB, + o, (Y,)dW,, >0, 43)
70:{1. '

To prove that the conditional density given .7-"ZW of (7,),20 exists and is the solu-
tion to SPDE (1.3), we need the following result on backward SPDE and associated
probabilistic representation.

Lemma 4.1 Let Assumption 1 hold with m = 3, p € S%_.W ([0, T1; W22(R%)) N
S35 ([0, T1; L*R?) and Ty € (0, T. Then, for each G € L*(Q, Fr;; W>*(R?)),
the following backward SPDE:

d d d d d
1 . ik . ik .
- du; = {2 > Y i ool ) Dijus+x Y DiG# pDing+Y Y c;"D”//,"} dr

ij=1k=1 i=1 i=1 k=1
d 4.4)
= >yt dwf,
k=1

ur = G?

admits a unique solution

w, ¥) € (Lifw 0, T; WR?) 0§y (10, T; Wz’z(Rd») X Loy (0, T; W2 (RY)),

i.e., forany ¢ € C?(Rd), there holds for each t € [0, T1],

(ur, @) = (o, G)
d

7 { 4 . d 4 d
+/ <fﬂ, 3 E E (Vikvf +0;k0sj )Djjus+x E Dig*psDius+§ E U;kDi‘//!~(>d5
t

ij=1k=1 i=1 i=1 k=1
n d
_/ Z<¢ %k) de, a.s.
k=1

t

Moreover, for this solution, we have
() =E [G(YT])\?, =y, ]—",W], a.s.foranyt € [0, Ty]. (4.5)

Foreach T} € (0, T'], take an arbitrary § € L>(Q2, Fr;) and ¢ € CSO(Rd). In view
of the SPDE (1.3), applying the Itd formula to (u,, o) [the duality analysis on the
(1.3) and (4.4) as in Du et al. (2011), Zhou (1992)] gives

T d d ) T d
<uo,po>=<é;¢,pn>—/0 DY us, Di(a;kp,»dw,k—/o D o v AW, s,
k=1

i=1 k=1
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where (u, 1) is the solution in Lemma 4.1 with G = £¢. Then, we have by taking
expectations on both sides,

(o, po) =E[(§¢, pr;)] = E[&(, p1y)].

On the other hand, in view of the probabilistic representation (4.5), we have
ool = [ B[601)[To =y, 7] onts) dy = Bl (7)) = B [€Bto ()| 741
Therefore,
Elé (¢, pr)] = E[¢Elg (Tr)| F1Y1]

which by the arbitrariness of (71, &, ¢) implies that p, is the conditional density
of Y, given FZW for each t € [0, T] and shows the existence of strong solution
to SDE (4.1). In fact, this also means that each strong solution of SDE (4.1) with
pE S_z}.w([O, T1; W22([R) N S;OW([O, T1; L*(R?)) must have the conditional den-
sity p being the solution to SPDE (1.3), and thus, the strong solution is unique. We
complete the proof. O

Proof of Lemma 4.1 Embedding theorem gives (4.2) which by the L?-theory of back-
ward SPDE (see Du et al. 2011; Zhou 1992) implies that backward SPDE (4.4)

has a unique solution (u, /) € (L;W 0, T; Wh2@RY) N S;W([o, TY; LZ(Rd))) X

Lé.w O, T; LZ(JRd)).4 Then, we need to show that the solution (i, ¥) has higher regu-
larity as it is done in the proof of Theorem 3.3. In fact, we have foreachi =1, ..., d,

1 D;G * ps Diugsll, < I1D;G * pslloo I Dittslla < Salloslla | Diuslly

and thus, D;G % pD;u € L%_.W 0, Ty; L2), which by L2-theory of backward SPDE
indicated further

W) € (L2 0,75 W22ARD) 1 8%, (10, T W2 RD)) x L2y (0, T; WH2ARY).
4.6)

Taking derivatives gives further

”Dj(Dig * psDius)“Z = ”Dijg * ps Diug ”2 + ”ng * )OsDijus H2
< | DijG oo, 1Dittslla + 11D:G % ps oo | Dijuts |
< Sq o5 lla 1Dy 1 Dius 13 + Sa llpslla | Dijus |,

< lIpslla llusllwz2 + Sa llpslla lusliwzz

4 The fact u € S;__W ([0, 77; LZ(R‘])) is not claimed in Du et al. (2011), Zhou (1992), but it follows
straightforwardly from Ren et al. (2007, Theorem A.2) for It6’s formula of square norms. It is similar in
the relation (4.6).
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and thus, D;G  pyDiug € Lo, (0, Tr; WHA(R?), i = 1,..., d. Applying the L*-
theory again, we arrive at

u, ¥) € (Lifw O, T; W [®RY) N S5y ([0, T1; W2’2<1R<d>>) X Loy (0, T; WH2(RY)).

W.l.o.g., we prove the probabilistic representation (4.5) for the case when ¢ = 0. In
fact, a straightforward application of Yang and Tang (2013, Theorem 3.1) yields that

w0 = GTr) [ | vk T+ Yok T | awk as
0 k i=1

Noticing that by embedding theorem it holds that L?_.W 0, T; W»2(RY))
L%_.W 0, T; CY/*RY)), we may easily check that the stocEastic _integral in the above
equality is mean-zero. Therefore, we have ug(y) = E [G(YTl ) | Yo=1y, ]-"Ow] by tak-
ing conditional expectation on both sides. For general ¢ € (0, T1], the proof of (4.5)
follows similarly. O

5 Mean-Field Limit of the Particle System (1.5) Toward the Stochastic
KS Equation (1.3)

To prove the mean-field limit, we recall the following auxiliary stochastic dynamics
{(Y])i=0}Y_, as defined in (1.7)

dY} = xVG * p(Y})dt + v, (Y})dB! +0;(Y))dW,, t>0, i=1,...,N,
oy is the conditional density of ¥/ given F," foralli = 1,..., N.
Y, =<
(5.1

This means that {(Y,i),zo}f\’: | are N copies of solutions to the nonlinear SDE (4.1),
and they are conditional i.i.d. given W;. We will also use the regularized version

dY} " = xVGe % pf (Y ) dt + v, (Y, *)dBl + 0,(Y/*)dW,, t>0, i=1,....N,

pf is the conditional density of Y/*¢ given FV foralli =1,...,N.
Yé,s — Y(z)’ — {i,
(5.2)
with pf satisfying the following regularized stochastic KS equation
D e ok
dpf = 3300 Dy (o TIL 0 + aike)) de = 1V - (VG x pfof) i
=3 D (o X ot aw). (53)

PG = P05
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Indeed, following the same arguments as in Sects. 3—4, we obtain the well-posedness
of the regularized system (5.2) and Eq. (5.3). Next, we estimate the difference of
the solutions. Set e; = p; — p; for t € [0, T] with ej = 0. Following the same
computation as in (3.14), one has

- L eae2 Lo e (12422 (.,
lle; Iy < —6A/ lleg Ve, ||2ds+2A/ ||eSVeS||2ds+—/ lleg |; ds
0 0 22 0
t
+ / 125 (I PVl (Ve % 06105 — (VG % p)ps) ds, as. (5.4)
0

Notice that

12x (Ie5 PVeS. (VGe  p))p{ = (VG  ps) )
= 12y (|€£1°Vel, VG % ef pf + VG * pyet) + 12x (|ef|* Ve, (VGe — VG) x pf pf).

Similar to the computation in (3.15), one obtains
12x (les PV, VG x €5 pf + VG 5 pyes) < 20llef Ver 3 + C(T, x4, A, D)l I
On the other hand, we compute
12x (|ef1*Vel, (VGe — VG) x pf pf) < 12x [l Vel |12 | (VGe — VG) # pf o e l1all o5 Ila-
Notice that

[(VGe — V) * pg(x)

= Ve x (VG x pg) — VG * p{|(x) = ’./Rd VeMIVG * pg (x — y) = VG pf (x)]dy

< || VG * 0 || 1 /Rd IV[Ye () dy < Ce [ VG pf || 100 < Ce [0 | s - (5.5)
where C depends only on T', x, A, A, and d. Then, one has

2
12x (1es12Ves. (VGe = VG) % i p5) = 2015 Ves I3 + Ce? [ of [0 NS 13005 15,
(5.6)

and thus

12x (€5 2Ve, (V. # p)ps = (VG * py)ps)

< anllesVes 3 + Ce? o5 s ek 1310515 + C 1€k 3. (5.7)
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It follows from (5.4) that

t t
4 4 2 2 2 2
letld < €y / I 13 ds + Cae / 102 300 e 12110512 ds.
0 0

where C1, C> depend only on 7', x, A, A, and d. By Gronwall’s inequality, we have

T
2
sup lef (I3 < [Czez sup {llef 13110113} / o5 1.4 ds] exp(C1T) as..
tel0,T] t€l0,T] 0

(5.8)
This leads to

lp® — IO”S;W (0, T]; L*(Rd))

& &
=C <C1v Co. T Mlpllsce,, o, 7y Larayy- 0% sz, qo, 74 ey I ”L;qu,r];wlv‘*(Rd))) €

<C(T,x,r, A d)-¢ 5.9

where we have used the fact that the quantities | pl]| §%,, (10,T]; L4(R4))»
Sw (10.T];

||ps||s;ow([0’r];L4(Rd)), and [|p%|l,2 w (10.TT; W14 (Rd)) depend only on 7', x, A, A, and
d, independent of ¢. d

Our main theorem of mean-field limit states that the mean-field dynamics
{(Y,i ’8),20}5\; . well approximate the regularized interacting particle system

((XI%)=0}Y | in (1.5).

Theorem 5.1 Under the same assumptions as in Theorem 3.3, let {(Xg’s)[zo}fvzl and
{(Y,i ) 120},Nz | satisfy the interacting particle system (1.5) and the mean-field dynamics
(5.2), respectively. Then, for any fixed0 < 8 < 1, suchthate= < §1n(N)and C§ < 1
it holds that

2 S In(N))“T
:| <C———F—, (5.10)

sup  sup E[ X -yt NT-C5

te[0,T]i=1,....N

where C is a constant depending only on x, T, d,d" and A.
Proof Applying 1t6’s formula yields that
X0t =y

1

N
77 2 VO = XI) = VG pl (Y] | ds

J#i

t . . . . .
+/ 2(X0E — YIE) L (0g(XDF) — vy (YE#)) dB!
0

t
= [ 2rcxie —viey.
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t
+ [ 2000 ¥ X — i aw
0
! d S \2
/ Z (v ety =i (i) ds
/t
Taking expectations on both sides, one has
E[1X1* - ¥ 1)

t N ) )
<E { [ 2xexie - vy (N Y VG - X[ - VG, + pﬁ(Y;f)) ds}
A -

J#

d
>
J
d d ‘ ) . 2
ZZ( e = ol (i) ds,
Jj k=1

t
+Cd.d, A)/ E [|x§’8 - Kf’8|2] ds, (5.11)
0
where we have used the fact that
t . . . . .
E [/ 2XE = YIE)  (ug(XEE) — ug(YEE)) dB;:|
0
t
=] [ 200 = 1 @0 - sy aw | <o
0

and (ii) in Assumption 1.
To continue, we split the error

t . . 1 X . . .
E / 2 (Xg® =Yg - N_1 Z VGe (X — X!’S) = VGe % pi(YyF) | ds
0 J#
into three parts. Notice that
. :
7 2 VO (XS = X3) = VG p{ ()
J#
1 N . N .
= 7 [ 22 VG = X = Y VGt =)
J# J#

N
1 . : .
+ 7 D VO (Y = Y = VG pl (Y]
J#
=: 1} + I
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First, we compute

' i ' 5 Lo i 1 u j i,
fo 2X(Xg° = Y{9) - Iy ds < 2x/0 IXg = ¥ = IV Ge e ; X0 =y ds
C87d t N j.e j.e
= N=1J ]Z: X Y; ds,
which leads to
t ) ) C&‘_d t N . 2
E U 2X(XyF =Y - 1) ds] < / ZE[ xJt -yl } ds
0 N-=1Jo =
t . 2
< Ce d/ sup E[Xi’g—Yslg :|ds,
0 i=1,..,N
(5.12)
where C depends only on x and d.
To estimate the second term, we rewrite
1 X 4 . . 1 M
=y ; (VG017 = 1) = Ve i 017) = N—-1 %

where
Zh = VG (Y1 —Y{*) = VG % pf(Y10), j#£i.
It is easy to check that
EIZ}IFY YEE1 = VG, 4 pf (Y] ) = VG, 4 pE (¥]) = 0,

since {V;"* ?/:1 are conditional i.i.d. with common conditional density p¢ given FY.

Thus, one concludes that

/N N
1 . .
29 _
BUMP = =B (27 | 2%

i ki
| [/~ . N ‘
= -t B Zz'j Zz,g 7Y vk
L L \U# kA
_ L wle|SizeEr v || = ez
_(N_1)2 o j s _N—l 1 .
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Due to the fact that, using (2.3),
EIIZ3P) = E [(VG (V] = Y2%) = VG, 5 pf (¥} ] < 41VG, | = Ce™207D,

one has

C8—2(d—1)

E[|I5,17] < ——.
151 < ——

Thus, we concludes
t . .
E |:/ 2x(Xyf =YY% - I, ds:|
0

t t t
5/ E[1xpe - vpe ] as +/ XCE[115,2] ds < / E[IXE = 0] ds
0 0 0

Ce—2d=1)
+ —9
N —1

where C depends only on x and d.
Now, collecting estimates (5.12) and (5.13) implies

t . 4 1 X . , .
E / 2x(XLE —yEey | —— Z VGe(X® — X)) — VG, % pf (Y1) | ds
0 N-1

t
< Cs_d/ sup E [‘X;E — Y
0 i=l...N

2 Cs_Z(d_l)
d _— 5.13
] s+ N1 (5.13)

which together with (5.11) lead to

2 4 [
§C18_/ sup E
0 i=1,.,N

Applying Gronwall’s inequality further yields that

) ) , 2 Chre—2d—1)
Xt —yle Xi€ _yi€ ] K P

N -1

—2(d—1 2d—-2
2] - Cre~2 >6C1£7dT _ ~8In@))a

sup  sup E[‘X;’S—Yti N1 =C—¢ia

te[0,T]i=1,....N

where we let eefd < N% je,e? < 8 In(N), for any fixed 0 < § < % The proof is
completed. O

Theorem 5.1 implies the convergence in law of the empirical measure in the fol-
lowing sense:
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Corollary 2 Under the same assumptions as in Theorem 5.1, the empirical measure

N
1
&N | _ )
P = ﬁ E 1 (SX;,S (5.14)
1=

associated with the stochastic particle system (1.5) converges weakly to unique solution
pr to the nonlinear SPDE (1.3). More precisely, for any fixed 0 < § < 1, such that
e~ = 8§In(N) and C8 < 1, it holds that for all t € [0, T]

(8 In(N))“T
Nl—CS

1
E [I(pf’N, @) — {pr, ¢>|2] <C ( + v + (6 1n(N))3> , (5.15)

for any ¢ € CCI(Rd), where C depends only on |¢|lc1, x,T,A, A,d, and
ll 0 ||W2v2(]Rd)-

Proof Let us compute

E[ o, @) = (o5, 9)F ]

2

1 al i,e &
_E ‘N ;th’ )—/Rdwx)p, () dx

2
N
1 .
< 2B[Ip (X)) = (1O | +2E | | Do) - /R L B0p] (x) dx
i=1
=: 11 + b. (5.16)
According to (5.10), one has
h=20Ve ILE[1X) - P
B In(N) T
< C— e (5.17)

where C depends only on [Vé ||, x, T, A, A, d and ||pg |ly2.2(ra)- To estimate /2,
we compute that

2
E

AN
5 ;«p(n”f) - /Rdas(xmf(x)dx

1 ¥ ie e 2 1
= WEEUMY{ )—/quﬁ(x)p, (x) ] = Cy (5.18)
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where C depends only on ||¢ || . This combined with (5.17) implies

GIn(N))T 1

E (160", @) = (0. )] = €
Next, using (5.9) we compute
& 2 e 2 e 2 2
E[l(of. ¢) — (o1 9)I)] < CE [leslgpn lof = o \!4} =Clof =5, qorprrmn = Ce*
(5.20)

Hence, one has

E (166 8) = tor. 112 < 2E [ 166" 8) = (6} $)12] + 2E[1(05 . ) — (o1 )]

2d—-2
(§In(N)) 4 ! -7

This completes the proof. O
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