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Abstract

Recent experimental work has revealed that interstitial fluid flow can mobilize two
types of tumor cell migration mechanisms. One is a chemotactic-driven mechanism
where chemokine (chemical component) bounded to the extracellular matrix (ECM)
is released and skewed in the flow direction. This leads to higher chemical concen-
trations downstream which the tumor cells can sense and migrate toward. The other
is a mechanism where the flowing fluid imposes a stress on the tumor cells which
triggers them to go in the upstream direction. Researchers have suggested that these
two migration modes possibly can play a role in metastatic behavior, i.e., the process
where tumor cells are able to break loose from the primary tumor and move to nearby
lymphatic vessels. In Waldeland and Evje (J Biomech 81:22-35, 2018), a mathemat-
ical cell-fluid model was put forward based on a mixture theory formulation. It was
demonstrated that the model was able to capture the main characteristics of the two
competing migration mechanisms. The objective of the current work is to seek deeper
insight into certain qualitative aspects of these competing mechanisms by means of
mathematical methods. For that purpose, we propose a simpler version of the cell-fluid
model mentioned above but such that the two competing migration mechanisms are
retained. An initial cell distribution in a one-dimensional slab is exposed to a constant
fluid flow from one end to the other, consistent with the experimental setup. Then, we
explore by means of analytical estimates the long-time behavior of the two competing
migration mechanisms for two different scenarios: (i) when the initial cell volume
fraction is low and (ii) when the initial cell volume fraction is high. In particular, it
is demonstrated in a strict mathematical sense that for a sufficiently low initial cell
volume fraction, the downstream migration dominates in the sense that the solution
converges to a downstream-dominated steady state as time elapses. On the other hand,
with a sufficiently high initial cell volume fraction, the upstream migration mecha-
nism is the stronger in the sense that the solution converges to an upstream-dominated
steady state.
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1 Introduction
1.1 Aggressive Cancer Cells and Fluid Flow

How and why is it so that aggressive cancer cells are able to detach from the pri-
mary tumor and migrate to nearby lymphatic vessels through which they can escape
and give rise to formation of tumors at other places in the human body? This phe-
nomenon of lymph node metastasis, which is a main reason why cancer becomes
a deadly disease, has been recognized for a long time. However, the underlying
mechanism by which malignant tumor cells leave the primary tumor site, invade the
lymphatics and metastasize to lymph nodes is unclear (Shields et al. 2007; Polacheck
et al. 2011). Many malignant tumors are associated with an elevated interstitial fluid
pressure (IFP) caused by leaky blood vessels situated at the inside of the punc-
tum. Lymphatic vessels normally adsorb this fluid and keep the IFP at a normal
level. However, lymphatic vessels are often defective in the intratumoral region.
This implies that the additional fluid oozes to the region outside the tumor periph-
ery where it is adsorbed by collecting lymphatic vessels. It has been proposed that
this elevated IF flow can be exploited by the tumor cells and has led researchers
to systematically explore how tumor cells are sensitive to IF flow. In Shields et al.
(2007), it was suggested that interstitial flow caused by lymphatic drainage directs
tumor cell migration through chemotaxis. More precisely, the tumor cells utilize
interstitial flow to create and amplify gradients in chemokine (a protein) and thus
chemotact toward the adsorbing lymphatic vessels in a process termed autologous
chemotaxis. Polacheck et al. Polacheck et al. (2011) extended the study by Shields
et al. (2007), demonstrating that the IF velocity as well as the cell seeding den-
sity affected the migration direction. Experiments were conducted at two different
seeding densities and at two different flow velocities. In particular, it was observed
that for the low cell seeding density, culture tumor cells tended to migrate with the
flow in accordance with the behavior reported in Shields et al. (2007). However,
for the high cell seeding density, the migration was dominated by upstream migra-
tion.

1.2 A General Cell-Fluid—-ECM Model

A rather general cell-fluid-ECM model was proposed in Waldeland and Evje (2018a)
and further developed in Waldeland and Evje (2018b) and Evje and Waldeland (2019)
to shed light on the above-mentioned competing cell migration mechanisms governed
by interstitial fluid flow. A gently simplified version of the model, where we ignore
certain details of the biochemical part by assuming that chemokine C is directly
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produced by the tumor cells instead of being released from ECM, takes the following
form:

ac + V- (acue) =+

ayr + V- (ayply) = - L?c ~
acV(Py + AP(ac) + A(C)) = _gcuc+§SUU) —u) (1.1)
ayV Py = —{ply — £ (uy —ue)

C; 4+ V- (Cuy) =V .- (DcVC)+ Rc

The model, which bears similarity to the model studied in Evje and Wen (2018),
accounts for the volume fraction «,, of interstitial fluid (IF) and the volume fraction
a, of cancer cells such that «. 4+, = 1. In other words, the pore space is occupied by
cancer cells and fluid and described my the two mass balance equations (1.1)1 2. The
two different phases move with their own interstitial velocity, respectively, u,, and u,.
These are involved in the two momentum balance equations (1.1)3 4. The momentum
balance for the IF given by (1.1)4 reflects that the interstitial fluid | pressure gradient
V P, is balanced by two interaction forces whose coefficients are {w and {

The first one reflects the resistance force felt by the fluid as it flows through the
porous tissue, whereas the second reflects a drag force effect between the fluid and
cells. Similarly, the momentum balance (1.1)3 reflects that the cell phase pressure
Py, 4+ AP(a.) + A(C) differs from the IFP P, by two stress effects: AP () is an
increasing function which accounts for the effect that cells tend to move away from
each other toward a region of lower cell volume fraction when they are densely packed
to reduce the total cell phase pressure. A(C) is a decreasing function which accounts
for the cell’s ability to create directed motion toward higher concentration of C (i.e.,
toward positive gradients in C) to reduce the overall pressure. Similarly, Z‘c represents
cell-ECM interaction and ¢ the cell-fluid drag. The last equation (1.1)s5 reflects that
the chemokine concentration C is advected according to the fluid velocity field u,,,
in addition to a diffusive spreading, combined with production and consumption as
described by the source term Rc.

From the two momentum equations (1.1)3 4, we can compute explicit expressions
for the cell and fluid velocity, respectively, u. and u,, (Waldeland and Evje 2018a).
The following expressions are found:

acu, = Ur fe(ae) — hae) V(AP () — h(a:) VA(C)

N A A (1.2)
ayly = Ur fy(ac) + h(a) VIAP(ac)) + h(a) VA(C)
with coefficients fAc(aC), fw (a.) and fz((xc) given by
fC(aC) o [afécw]+[0t§);:z]+2
r _ [aﬁ;gc]+aw2
Jw(ae) = [azéw];[QOlﬁ,Ec]‘Ff (1.3)
r aCaU)
hiae) = a2tutad i+t
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Fig. 1 An illustration of typical examples of fc (a¢) (left) and — fl(ac) (right) defined by (1.3) used in
Waldeland and Evje (2018b)

and where the total velocity Ur = a.u, + o1y, is determined from the equation
Ur = —iTVPw — icV(AP + A) and the fact that V- U7 = 0. We refer to Waldeland
and Evje (2018a) for details. Model (1.1) then takes the more compact form with
unknowns («,, C):

ae + V- (aeue) =S¢

C,+V-(Cuy) =V -(DeVC) + Re (1.4)

where o u, is given by (1.2);. Note that fc(ac) and fz(ac) given by (1.3) are direct
functions of the specified fluid-ECM interaction Z‘w, cell-ECM interaction Zc and
cell-fluid interaction . These correlations reflect essential information in what way
tumor cells respond and relate to their microenvironment. Moreover, we note that there
are three different mechanisms involved in (1.2);: (i) the term Uy fc(ac) represents a
cell migration effect due to fluid stress; (ii) flc (ae)V(A P(a)) represents a diffusive
cell—cell migration effect; and (iii) h (@) V(A(C)) represents a chemotaxis migration
effect.

For typical correlations used for Zw, fc and E, the shape of fc(ac) and ﬁ(ac) will
be as shown in Fig. 1. The resulting cell migration behavior is shown in Figs. 2
and 3, respectively, for the case with an initial low cell volume fraction and a high
initial cell volume fraction. The numerical examples illustrate the competition between
downstream and upstream migration as a function of cell volume fraction.

1.3 AToy Model with Competing Downstream and Upstream Migration

In order to obtain a model that is more amenable for mathematical investigations, with-
out losing the key characteristics of the cell-fluid model (1.4), we make the following
assumptions:

(i) We use the approximation Ur ~ u,, ~ const.
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Fig.2 Competing tumor cell migration mechanisms for a cell aggregate with low volume fraction o ~ 0.1.
a cell volume fraction «.. The downstream chemotactic-driven mechanism dominates. b The interstitial
fluid pressure Py, gradient. High pressure at x = 0 and low pressure at x = 1 give rise to fluid flow from
left to right. ¢ The three different cell migration components. d Chemokine (chemical component) whose
concentration is skewed in the downstream direction

(ii) A(oe) AP/ () ~ const.

(ili) fe(ae) ~ —a withk > 1.

(Av) h(a) A (C) ~ —ae(1 — a)* with A > 1.
(v) Dc =1, S, =0,and Rc = ae(1 — C).

The IF velocity u,, typically is a 100-fold higher than the cell migration velocity u,.
(Polacheck et al. 2011; Waldeland and Evje 2018a,b), which in turn is largely dictated
by the linear pressure curve seen in Figs. 2 and 3 (panel B). This justifies assumption
(i). The constant diffusion coefficient in (ii) is standard. The choice of fc(ac) in (iii)
accounts for the negative dip that gives rise to upstream migration for higher cell
volume fraction ¢, see Fig. 1 (left). The choice of fz(ac) in (iv) is also consistent with
the functional form of / (ate) in (1.3)3 which amounts to a bell-shaped function starting
and ending at 0, see Fig. 1 (right), combined with the fact that A(C) is a decreasing
function Waldeland and Evje (2018a,b). Finally, the choice of parameters and terms
in (V) is standard.

With these assumptions and by replacing o, and C by u and v, respectively, we
obtain the following simplified version of (1.4):

{ut — fW)x = uyy — (hW)vy)y, (1.5)

Vs + Uy = Vyy +u(l —v).
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Fig. 3 Competing tumor cell migration mechanisms. The situation is the same as in Fig. 2. The only
difference is that we use the higher volume fraction o & 0.5. The upstream mechanism now dominates.
The reason for that can be seen from an inspection of fc (ae) in Fig. 1. A larger cell volume fraction o means
that a larger part of the downward dip is activated and therefore increases the impact from the upstream
migration

where f(u) and h(u) are given by
fw)=u* and h(u) =uy(u) =u(l — u))‘, u €0, 1], (1.6)

where ¥ > 1 and A > 1 are fixed parameters.

1.3.1 Analysis of Related Models for Chemotaxis—Fluid Interplay in the Literature

Understanding the interaction of chemotaxis systems with liquid environments has
been the objective of a remarkably quickly growing literature during the past few
years. Most analytical studies in this direction, however, focus on models addressing
situations in which besides fluid-induced transport mechanisms, also certain buoyancy-
driven gravitational forcing of the considered fluid flows is relevant; especially due
the fact that then the fluid velocity forms a genuine unknown in the model, such
additional feedback effects evidently go along with a noticeably higher complexity
in comparison with (1.5); therefore, the analysis of accordingly obtained chemotaxis-
(Navier—)Stokes systems (Tuval et al. 2005) has yet been predominantly concerned
with rather basic issues such as questions from existence and regularity theory (Duan
et al. 2010; Winkler 2012, 2016; Chae et al. 2014; Cao and Lankeit 2016; Kozono
et al. 2016), and only few studies seem go beyond this by examining qualitative
aspects such as large-time stabilization toward homogeneous equilibria (Lankeit 2016;
Winkler 2014, 2017, 2019). Only for some more specialized and simplified variants
involving suitably designed given fluid flows, more subtle findings on possible effects
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of fluid interaction, e.g., on taxis driven blowup or also certain spreading properties,
are available (He and Tadmor 2019; Kiselev and Xu 2016; Kiselev and Ryzhik 2012).

1.3.2 Main Results I: Dominance of Downstream Migration in Sparsely Distributed
Populations

In the first part of our analysis, we shall consider the fully no-flux-type initial-boundary
value problem

Ugt — (Mﬁ)x = Ugxx — (us(l - us)xvsx) , x e, t>0,
X
Ver + Vex = Vgyx + ue (1 —vg), xe, t>0,
usx—ug(l—ug)kvgx—i—ug =0, vgr —ve =0, x €02, t >0,
us(xvo) = €U)0(.x), UE(X7O) = U()(.x), X € Qs
(1.7)

in the interval 2 = (0, L) with L > 0, with suitably small and appropriately regular
initial data in the sense that & > 0 is suitably small and that
wo € W (Q) s nonnegative with wg %20  and (1.8)
vop € WH®(Q) is nonnegative withvg # 0. ’

Within this framework, the first of our main results states that indeed for appropriately
small values of &, this problem is classically solvable by functions which exhibit a
certain tendency toward migration in the direction of the fluid flow, that is, toward
large positive values of x, in the following sense.

Theorem1.1 Let L > 0, > 1,A > 1 and Q = (0, L) C R, and assume that w
and vq satisfy (1.8). Then, for all 5 > 0, there exists T(5§) > 0 with the following
property: Given any T > T(8), one can find ¢y(5, T) > 0 such that for arbitrary
e € (0,e0(8, T)) the problem (1.7) possesses a classical solution (u., ve) in 2x (0, T)
with

U, € COQ [0, THNCE(Q x (0, T])  and (19

ve € Nyo1 COU0, T1; WH(2)) N CH1(Q % (0, T, '
which is such that 0 < u, < 1 and v, > 0in Q x (0, T), and such that with some
B > 0andy > 0, we have

ug(x,t)
&

Be*

<8 forallx € Qandanyt € [T(8), T]. (1.10)

ve

1.3.3 Main Results ll: Prevalence of Upstream Migration in Densely Populated Groups

In the second part of our study, we consider the parabolic system from (1.7) along
with slightly different boundary conditions for the first solution component, which
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namely enforce the latter to attain the boundary value 1 on 92 throughout evolution.
Specifically, for ¢ > 0 we shall be concerned with the problem

Ugt — (Mf)x = Ugxx — (“s(l - us)kvex) , xe,t>0,
X
Ver + Vex = Vexx +ue(1 — ve), x €, t>0, (1.11)
ey =1, vex —ve =0, x €0, t >0,
M&‘(xs 0) =1- 8Z()(X), U&‘(-x9 0) = UO()C), X € 97

under the assumptions that

vg € WH®(Q) is nonnegative withvg % 0. (1.12)

{ z20 € Wh(Q) s nonnegative with zo Z 0 and zo =0on 92  and
Under these assumptions, we shall see that in sharp contrast to the above, the profiles
of the deviations 1 —u, from the level 1 will, throughout arbitrarily large time intervals,
to a considerable extent remain near functions that are more concentrated near x = 0
than near x = L.

Theorem 1.2 Let Q@ = (0, L) with some L > 0, let k > 1 and A > 1 and suppose
that zo and vo satisfy (1.12). Then, given any § > 0, one can find T (§) > 0 with the
property that for any choice of T > T (8), it is possible to fix o(8, T) > O such that
whenever ¢ € (0, e0(8, T)), the problem (1.11) admits a classical solution (ug, ve) in
Q x (0, T) fulfilling (1.9) aswellas 0 < u, < 1 and v, > 0in Q x (0, T), for which
there exist B > 0 and y > 0 such that

i I —ue(x, 1)

ye_%x sinnL—x <8 forallx € Qandeacht € [T(5), T].
e

(1.13)

2 Preferred Downstream Migration: Proof of Theorem 1.1
2.1 Classical Solutions to (1.7) in Q x (0, T) for Small £

In order to construct solutions to (1.7) by means of a convenient approximation involv-
ing homogeneous Neumann boundary conditions in the first solution component,
following precedent works pursuing a similar idea, we fix a family (¢;) jen C Cgo ()
suchthat0 < ¢; < linQforall j € Nandthat{; — 1in CIZOC(Q) as j — oo. Then,
for e > 0 and j € N, the problems

Uejr — (G )x = Ugjxx — ((j(X)uej(l — usj)ivejx)x, xeQ,t>0,

Vejr + Vejx =Uejxx+ugj(1—vej), xe, t>0,
ugjx =0, vejx —ve; =0, x €d, t >0,
ugj(x,0) = cwo(x), vejlx,0) =vp(x), x € Q,

2.1

admit local classical solutions enjoying a handy extensibility criterion:
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Lemma 2.1 Lete > O and j € N. Then, there exist T, j and a unique pair of nonneg-
ative functions

{ ugj € CO@x [0, Te ) NC>1(Q % (0, Tej))  and
Vej € Ny COU0, Tej); WH(Q)) N C1(Q % (0, Te )

such that (ugj, vej) solves (2.1) classically in Q x (0, T, ;) and such that

ifTej < oo, then lim sup{||u8j(~, Do) + llvej ¢, ’)”WUI(Q)} =00 forallg > 1.
I/'ng
2.2)

Moreover,
/ ugj(x,)dx = 8/ wo forallt € (0, T;). 2.3)
Q Q

Proof All statements can be verified by straightforward adaptation of well-known
arguments to the present context, either following precedents concerned with taxis-
type problems, such as e.g., Horstmann and Winkler (2005), or also directly resorting
to general theory for abstract parabolic evolution problems (Amann 1989). O

A first significant regularity information about these solutions, becoming important
in our derivation of uniform bounds on . ; in Lemma 2.3, can be obtained by conve-
niently transforming the second equation in (2.1) and then performing an essentially
straightforward testing procedure.

Lemma2.2 Letq > 1 and T > 0. Then, there exists C(q, T) > 0 such that for all
e>0andjeN,

llvej (-, t)”WLq(Q) < C(q, T)'{1+ sup ||uej(',s)||%oo(g)} forallt € (0, ij),
5€(0,T:))
2.4)
where T, j:=min{T , T, ;}.

Proof Fore > Oand j € N, we let 5)\8./ (x,):=e " vgj(x,1),x € Q, 1> 0,and noting
that then v, jx = € (Vg jx +0g;) and vg jxx = € (Vg jxx +20g jx + Ve j), We obtain from
(2.1) that

T)\sjt :ﬁajxx +ﬁij +hej(x,1), xeQ,te(0,T;)),

Dejx =0, x€dQ, 1€ Tep), 2.5)
Vej(x,0) = e o (x), x €Q,
where
hsj(x,t):ze*xugj(x,t)(l — v (x, z)), xeQ. 1€ Tp)). (2.6)

Thus, abbreviating K ;(T):= SUP(0.7, ) luej (-, $)llLeq) for T > 0,& > 0 and
Jj € N, and with T}jzzmin{T, T¢;}, we see that since

hej(x, 1) < e Fugj(x, 1) < Kej(T) forallx € Qand? € (0, Ty)
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by nonnegativity of u,; and v, ;, we have
7)\fsjtfi)\eijx +ﬁ£jx+K8j(T) inQX((),ij)-

AsvV(x, t):=|lvollLoo()+Kej(T)-t,x € Q,t >0, satisfies Uy —Vyx —Vx— K¢ ;(T) =0
in 2 x (0, 00) as well as v(x,0) > e *vp(x) forall x € Q and v, (-,#) = 0 on I
for all + > 0, by means of a comparison argument, we thus infer that

102 . Oy < e1(T) - (1+ Kej(T))  forallt € (0, ;) 2.7

with ¢1 (T):=max{|lvollpe), T, 1}.

Now in view of the Holder inequality, for verifying the statement of the lemma, it
is sufficient to establish (2.4) for any fixed integer ¢ > 2, and in order to achieve this,
we again use the Neumann-type structure of the boundary condition in (2.5) to see
that for any such ¢,

Yd [0 _ [ 3005,
i - i EX
q dt Q ejx Q ejx ]

~g—2~ ~
—(q - 1)/ Vg jx VejxxVejr

-2~ —l~ —2~
(qfl)/\ Vejx 3j“*(q*1)/6gjx Uijx*(qfl)[)l;gjx Ve jxxhej
Q Q

—2. —2~
—(q - 1)/ 00 — (g — 1)/ B8 Vejuxhe;  forallr € (0, Ty)).
Q

Here, observing that by (2.6), (2.7), Young’s inequality and the fact that ¢ (7)) > 1,
we can estimate

|hsj| Sugi(l+vej)
= Kej (D) - {1+ () - (1+ Koy (1)
< Ko (T) - 2e1(T) - (1 + K¢ j(T))
<d4ei(T)- (1 +K2(T)  inQx (0, T,)),

we see that once more due to Young’s inequality,

2 qg—1 2
—(q—l)/ Vgjx USJxx s'<(q_1)/ Ugjx ;;2Jxx+ 4 QAgjxhz
2A2 q—l
<(61—1)f g]x Ugjxx T Qﬁgjx
1L
+ D8 0y (4 K3 )
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forall ¢ € (O, ﬁj), so that

d -1 ~
e M/ﬁq. +e(g, T)-(1+K2(T)? forallt € (0, Ty))
dt Q Jjx 4 o ejx J

with ¢2(q, T):=4‘1_1q(q — l)c({ (T)L. Integration in time gives

- ety L glg=ni=s
D {/Qe qx'(UOx—U0>q}~e 1 +cz(q,T)-(1+K§j(T))q/O Ay

q(g—Dt

— {/ e~ . (vgy — UO)q} 'eqw—;l)r +0(q. T)-(1+ [(3/,(7))‘1 . (g T — ])
Q .

forall ¢ € (0, i j)» which in conjunction with (2.7) readily entails (2.4). O

Thus, in particular, having at hand some information on integrability of the taxic
gradient in (2.1), by making essential use of the presence of homogeneous Neumann
boundary conditions for u,;, we can invoke smoothing estimates for the Neumann
heat semigroup to assert a favorable uniform a priori bound for the first solution
component, up to an arbitrary fixed time.

Lemma2.3 Let T > 0. Then, there exists eqown(T) > 0 such that whenever ¢ €
(0, edown (T)), for each j € N the solution of (2.1) has the properties that Tej > T
and that

lue; (-, )Ly <1  forallt € (0,T). (2.8)

Proof Given T > 0, on employing Lemma 2.2, we can find ¢;(T) > 0 such that for
alle >0and j € N,

e jx G Dl 3y < €1(T) - { T+ sup luej (- s>||%oo(m} forall 7 € (0, 7),
SE(O,TS_/')

2.9
where again 7‘\8 ji=min{T, T ;}. We furthermore recall a well-known smoothing prop-
erty of the Neumann heat semigroup (e’A)fzo on 2 (Fujieetal. 2016) to fix c2(T) > 0
such that whenever ¢ € C!(Q) satisfies ¢ = 0 on 9<2, then

_3
le*pxllLo@) < c2(T)T 3 @l 2 forallT € (0, 7). (2.10)

As k > 1, it thereafter becomes possible to firstly pick §(7') > 0 small enough such
that §(7) < 1 and

I 8(T)
4er(T)L2T38°(T) < & (2.11)
and then choose g4own(T") > 0 in such a way that
8(T)
lwoll Lo () * €down(T) < T (2.12)
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as well as
1

Tiei6i(T) <

3(T)
6
We now fix ¢ € (0, egown (7)), and we claim that then for each j € N,

861(T)62(T)||w0|| (2.13)

L! (Q)

T.j:=sup {T € (0,T2)) | llue; (-, )Ly < 8(T) forall 7 € (0, T)},

well-defined by continuity of u ; in QxJ0, T: ;) duetothe fact that [lug ; (-, 0)[| Loo(@) <
‘S(TT) < 8(T) by (2.12), actually satisfies i ji= i ;- Infact, if this was false, then again
by continuity of u. ;, we would have |lu.; (-, )| L) < §(T) forall 7 € (0, T¢;) but

e G Tellzoe(y = 8(T). (2.14)
To see that this is impossible, we represent u.; according to a Duhamel formula

associated with the first equation in (2.1) and apply the maximum principle as well as
(2.10) to infer that for all t € (0, T¢],

t
em(swo) — / e(tﬁ)Aax{;/ugj(l — ugj)ivgjx}(-, s)ds
0

t
+/O I8 ¢l Y s)ds

lleg j (-, Ol Loo() =

L®(Q)
< ellwollLm(e) + e2(T) / (1 = )t (5o )l 2y
tea(T) /0 (1 = )31 9)ll 2 gyds,
because 0 < ¢; <land (1 —usj)+ < 1. Since clearly
S Co) 2oy < L2 luej (o9 gy < L285(T)  foralls € 0, T ),
and since by the Cauchy—Schwarz inequality, (2.3), (2.9) and the inequality 6(7") < 1,
we moreover have

3 1
e G )vejue Co )2y < Mtej G )l oo gy e G2 ) 1 g e jx (5 O L4

< 81(T)- (enwony(mﬁ LT +8%(T))

3

< 2c1(T)||wo|| e183(T) foralls € (0, Te)):

LI(Q)
this entails that thanks to (2.11), (2.12) and (2.13),
1 ! _3
lue; (-, DL < ellwollLe(w) +62(T)L23K(T)/ (t —s)"4ds
0

3 ! 3
+261(T)Cz(T)IlwollLl(Q)NW(T)/ (t—s)"4ds
0
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< ellwollLoo() +4c2(T>L%T%aK(T>

8¢ (Tyea(Dlwoll¥, - Thets3(T)  foralls € (0. /1.

L)

When evaluated att = T‘8 j» this contradicts (2.14) and thereby shows that indeed

Tg, = TS, As thus [Jug; (-, )]l Lo < 8(T) < 1forallt € (0, Ts,) in view of (2.9)

and (2.2) this furthermore implies that we must have T, ; > Tg ; and that (2.8) holds.
O

On the basis of the latter, straightforward application of parabolic regularity theory,
followed by suitable compactness arguments, enables us to construct a solution of
(1.7) in 2 x (0, T') as a limit of solutions to (2.1), provided that ¢ < egown (7).

Lemma24 Let T > 0, and let eqown(T) > 0 be as in Lemma 2.3. Then, for all
e € (0, egown(T)), there exist functions

ue € COQ % [0, THNC>1(Q x (0, T]) and
ve € o1 CO0, T1; Wha(2)) N C=1(Q x (0, T])

such that us > 0 and v, > 0in Q x (0, T, that (ug, ve) solves (1.7) in the classical
sense in Q x (0, T) and that

/ ue(x,t)dx = S/ wo forallt € (0,T) (2.15)
Q Q

as well as
lug(-, )llpeey <1  forallt € (0, 7). (2.16)

This solution can be obtained as limits of the solutions to (2.1) in the sense that there
exists a sequence (ji)ken C N such that as k — 00, we have jix — 00, Ugj, — U,

and vgj —> Vg in cOQ@ x [0, T N Clzo’cl, (2 x (0, T as well as Vg jx A Vey N
L*((0, T); L1()) forall g > 1.

Proof Relying on Lemma 2.3 and a series of straightforward parabolic bootstrap
arguments, thanks to the assumed limit behavior of (¢;)jen as j — oo, the part
concerning existence and approximation can be seen by following a type of reasoning
well-established in contexts of taxis problems involving no-flux boundary conditions
different from homogeneous Neumann data; as concise derivations can be found in
quite an elaborate manner in the literature on closely related problems, we may refrain
from giving details here, and rather refer to, for example, Cao and Lankeit (2016) (see
also Li et al. (2015) for a precedent). The properties (2.15) and (2.16) can thereupon
easily be obtained on taking j — oo in (2.3) and (2.8). O

With regard to the rescaled version of u, addressed in the finally intended estimate
(1.10), this result can be rephrased as follows.
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Corollary 2.5 Let T > 0, and for ¢ € (0, eqown(T)) let s and v, be as provided by
Lemma 2.4, with e4own(T) > 0 taken from Lemma 2.3. Then, the pair (wg, v.), with
wg:=“8—8, forms a global classical solution of the problem

wer — e W = wes — (we(l —ew)tve) . ¥ EQ 1€ 0T,
X
Ver + Vex = Vgyx + ewe(l — ve), x e, 1e0,7),
Wey — We(l — ewe)*vey + 8"_1w§ =0, Ve —Vv.=0,x€0Q, te(0,T7),
we (x, 0) = wo(x), ve(x,0) = vo(x), X €Q,
(2.17)
which is such that
/ we(x, )dx = / wo(x)dx  forallt € (0,T) (2.18)
Q Q
and 1
O<w,<- inQx(0T). (2.19)

Moreover, for any g > 1, one can find C(q, T) > 0 fulfilling

lve (-, Dllwiao) < Clg, T)  forallt € (0,T) and each & € (0, gown(T)).
(2.20)

Proof The claimed solution features of (w,, ve) as well as (2.18) and (2.19) are obvious
by-products of Lemma 2.4. In view of the statement from Lemma 2.4 on approximation
of (u., vy) by solutions to (2.1), property (2.20) is a consequence of Lemma 2.2 when
combined with Lemma 2.3. O

2.2 Existence, Uniqueness and Stabilization in a Formally Obtained Limit Problem

Motivated by formally taking & ~\ O in the reformulation (2.17) of (1.7), in this section
we shall analyze the behavior of solutions to the corresponding limit problem given
by

Wy = Wyx — (WVx)x, xe, t>0,
U + Uy = Uxx, xeQ,t>0,
wy —wvy =0, vy —v=0, X e 1 >0, 221

w(x,0) =wox), vx,0) =vyx), x € Q,

under the assumptions (1.8). In fact, a basic theory of well-posedness thereof can quite
easily be obtained:

Lemma 2.6 Suppose that (1.8) holds. Then, (2.21) admits precisely one classical solu-
tion (w, v) such that

w e COUQ x [0, 00)) N CE1(Q x (0, 00)),

v e CUQ x[0,00)NCELQ x (0,00) and (2.22)
€ L ([0, o0; L*(Q)).
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Proof As (2.21) consists of two actually decoupled scalar and linear drift-diffusion
problems with Robin-type boundary conditions, global existence of a classical solution
enjoying the claimed regularity properties is asserted by standard parabolic Schauder
theory (Ladyzenskaja et al. 1968).

To see its uniqueness within the indicated class, given two solutions (w, v) and
w, V) both fulfilling the regularity requirements in (2.22), we write ¢:=w — w and
Y:=v — v to see using (2.21) that

(23 = Qxx — (QUx)x — (lz'(/fx))cv xe, t>0,
@x — QUy — WY, =0, x €0, t >0, (2.23)
@(x,0) =0, X e,

and that
Y=Yy =Yrn, x €Q, >0,
Ye—Y =0, xe€dL, >0, (2.24)
Y(x,0) =0, xeQ.

/‘p‘Pxe‘l‘/ WPy Vx
/wx /wv +/52¢§

5 / o+ ||vx||Lz(Q)||<p||Loo(m

Therefore, by Young’s inequality,

Zdt/ /%‘

I /\

| /\

and

55 ¥’ /1// /wwx_sz+ /w forallt > 0. (2.26)

Now for fixed r > 0, (2.22) asserts the existence of c; = ¢1(T) > Oand ¢y = > (T) >
0 such that

lvx G Dl 2 < c1 and [ W(, Do) <2 forallt € (0, T),

whence in particular, using the Gagliardo—Nirenberg inequality and Young’s inequal-
ity, we see that with some cx = ¢3(T) > 0, we have

||vx||iz(m||go||im(9) < c3||q)x||Lz<Q>||q)||Lz<Q) +a3llelfag,
3 2
ol + (2 +e)lglag  forallt e @, 7).
By combining (2.25) with (2.26) we thus infer that
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%{/Q(pz-l-c%/QWZ} <2+cz/§0 +02/w

c?
Smax{l —3—1—63] {/(pz—i—c%/ wz} forallz € (0, T).
2 Q Q

Thus, an integration using the initial conditions in (2.23) and (2.24) shows that
Jo P*Cot) + 5 Ja Y2(-,1) = 0 for all t € (0,T) and therefore implies that
¢ =y =0, for T > 0 was arbitrary. O

Apart from that, thanks to the simple structure of the second equation in (2.21), one
can readily achieve also some higher-order regularity information.

Lemma 2.7 If(1.8) holds, there exists C > 0 such that the solution of (2.21) satisfies
||w“C2v1(§><[t,t+l]) <C forallt>1 (2.27)

and
||U||CZ~'(§x[z,t+1]) <C forallt>1. (2.28)

Proof An application of standard parabolic Schauder theory ( Ladyzenskaja et al.
(1968)) to the second subproblem contained in (2.21) provides 6 € (0, 1) andc¢; > 0
such that

1
v <c forallt > —. 2.29
100 o144 gy = €1 5 (2.29)
Therefore, when rewritten in the form w;, = wy, + a(x, H)wy + b(x,H)w with
a(x,t):= — vy and b(x, t):= — vy, enjoying suitable Holder bounds according to

(2.29), also the first equation in (2.21) becomes accessible to the same tool so as to
allow for the existence of 8, € (0, 1) and ¢, > O fulfilling

lw] o _ <c; forallt > 1.
I+ Gl i41])

This entails (2.27), whereas (2.28) directly results from (2.29). O

Now by means of a transformation in the style of that from Lemma 2.2, we can detect an
energy structure associated with the second equation in (2.21), in particular resulting
in the following basic statement on stabilization of v.

Lemma 2.8 Assume (1.8). Then, the solution of (2.21) has the properties that

/(e—xu)ﬁ(.,t) -0 ast— o0 (2.30)
Q

/OO/ v? < oo. (2.31)
0 Q

and that
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Proof Abbreviating D(x, 1):=e *v(x, 1) for x € Qandr > 0, we compute v, =
e* (U +70) and vy = " (U + 20, + V) and hence obtain from (2.21) that

V=€ Uy — e 0y = (Uax + 20 +0) — (U +0) = Upx + s in 2 x (0, 00)
(2.32)

and that
. =0  0ona x (0, 00). (2.33)

Thanks to the latter, no nonzero boundary terms appear when we test (2.32) by —0yx
and integrate by parts to see that

2dt/A2 /Uxﬁxt:_/ Vx Uy =— / Uyx /vaxx—_/ U,%x forall 7 > 0.

(2.34)
As (2.33) moreover enables us to invoke a Poincaré inequality to find ¢; > 0 fulfilling

/ﬁfx 261/3)% forall t > 0,
Q Q

this firstly implies that

d

o '17)265—2@/'17% forallt > 0
Q Q

and that hence, upon integration, writing cy:= fQ vy 2(.,0), we have
f D2 1) < cpe” 1 forallr > 0, (2.35)
Q

from which (2.30) immediately follows by definition of ¥ and the fact that ¢; is finite
due to (1.8). Secondly, a direct integration in (2.34) shows that

1 ~2 ! ~2 2
Ef v (-, 1) +/ / vy, < > forallt > 0, (2.36)
Q 0 Jo

where we once more use (2.32) to see that as a consequence of (2.35),

t t
([ for
0 JQ 0 JQ
0 7 L

> = v, — v
//vt—cz/ —218 4

=2 2 —2cqt
- _20- 1
2/0/91)’ e

I \/
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I ~ 2
> — v, — —  foralltr >0,
2Jo Ja 2¢)

because (a — b)? > %az — b2 foralla, b € R. In conclusion, (2.36) thus in particular

entails that
1 ! , _ L[ —2x2
2€2Lf/vt§§f/e v
0o Ja 0 Ja
A
= - vl‘
// 261

c2
<
- 2+261

IA

forallt > 0

and thereby establishes (2.31). O

Thanks to an evident mass conservation property of the second equation in (2.21),
the latter in conjunction with one of the higher-order regularity features asserted by
Lemma 2.7 already entails uniform stabilization of v toward one particular steady
state:

Lemma 2.9 Suppose that (1.8) holds. Then, there exists B > O such that the solution
of (2.21) satisfies

v(-, 1) > B-exp inL®(Q) ast— oo. (2.37)

Proof We let 8:= [ Q 0 ~ and note that then  is positive by (1.8), and assuming (2.37)

to be false, we could ﬁnd (t)reny C (1,00) and ¢; > O such thatty — coask — o0
and
lv(:, ) — B -expliz~@) = c1  forallk e N. (2.38)

Now since (v(-, £));~1 is bounded in C' () and hence relatively compact in C 0(Q) by
Lemma 2.7 and the Arzela-Ascoli theorem, upon passing to a subsequence if necessary
we may assume that

V() = Voo INL®(Q) ask — o0 (2.39)

with some nonnegative voo € Co(ﬁl Since therefore Dy (x):=e *v(x, f), x € Q,
k €N, and Voo (x):=€ * v (x), x € Q, satisfy

Vp — Voo INLP(Q) ask — oo,
we may rely on Lemma 2.8 to infer the existence of ¢, > 0 such that
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Voo(x) =cp forallx € , (2.40)

because (2.30) warrants that D¢, — 0 in L2(§2) and k — oo. By definition of Vs, in
view of (2.39), this means that

v(-, 1) —> cp-exp in L2(Q)  ask — oo, (2.41)

whence in particular

/v(-,tk)—>cz/ e*dx ask — oo.
Q Q

Since, on the other hand, a direct integration in (2.21) shows that

d
— v=/(vxx—vx):0 forallt > O,
dt Q Q

this identifies ¢; according to ¢ = ffsz " — B, so that (2.41) contradicts the hypoth-

e*dx

esis (2.38), thus altogether implying that actually (2.37) must have been valid. O

Constituting the apparently most substantial part of this section, the following lemma
turns the L2 integrability property of v; contained in Lemma 2.8 into a first, though
yet rather weak, information on stabilization in the first solution component.

Lemma 2.10 [f (1.8) holds, then the solution of (2.21) has the property that
/ (e_”w)i -0 ast— oo. (2.42)
Q

Proof We substitute w(x, t):=e "®Dw(x, 1), x € Q, t > 0 and use the identity
wy = e”(Wy + v, W), as thereby implied, to see that

W, =0 ondf x (0,00) (2.43)

and that

~

W =e ‘w; —e ‘wyy
=e Y(wy — wuy)y — e ‘wy,
=e V- (e’ Wy)x —e Ywy; inQ x (0, 00) (2.44)

because of (2.21). Thanks to (2.43), an integration by parts in (2.44) shows that

d ~ PO ~
—/ evw)% = 2/ evwxwxl+/ e”w%v,
dr Jg Q Q
= —2/ (e”mx)X@Jr/ W2,
Q Q
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= —2/ e V. (e”@x),% +2/ e V. (" Wy)xvr +/ e”@%v, forallt > 0,
Q Q Q
(2.45)

in which we prepare an appropriate estimation of the two last summands by going
back to Lemma 2.7 to find positive constants ¢;, i € {1, ..., 5}, such that

w=<c and |wy| <cp; InQ x (1,00) (2.46)
as well as
v<c3 and |vy| <cg InQ x(1,00) 2.47)
and
vl <es  in€x (1, 00), (2.48)

and by moreover relying on (2.43) in employing the Poincaré inequality to fix cg > 0
satisfying

/ (€'Wy)? < ¢ / (e’W,)?  forallz > 0. (2.49)
Q Q

Therefore, namely, by utilizing Young’s inequality, we can estimate

~2 ~ ~
[e"wxvt < ||wx||L°O(Q)/ e’|wy| - v
Q Q

ety — €_vwvx||L°°(sz)/ e[y - v
Q

IA

(c2 +6104)/ e’|wy| - v
Q

1 v~ ¢ + crcq)?cee’s
/ 502 + 2+ c1e4) ce / 2
266853 2 Q

2
Vg L + c1e4) cee? 2
A T
2e Q

2
_/ efv(evﬁx)x*_w/ ”12 forallt > 1.
Q Q

2 2
(2.50)

IA

I A

IA

Since furthermore, again due to Young’s inequality,

o 1 Iy _
2/ eiv(evwx)xvt = E/ eiv(é'vwx)/% +2/ e thz
Q Q Q

1
—/ e_v(evwx)§+2/ v} forallz > 0,
2 Jo Q

A

IA
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and since another application of (2.49) shows that

/e”@)% =/e7”~(e”@x)2
Q Q
[ @
Q
~ 2
66/(evwx)x
Q

cee® / e V(e'wy)?  forallr > 1,
Q

IA

IA

IA

from (2.45) we all in all obtain that y(t):= [, e*CPW2(-, 1) and h(t):= [ v (-, 1),
t > 1, satisfy
Y () +c7y(t) < cgh(t) forallt > 1 (2.51)

_ (Cz+0104) cpe3

with ¢7:= 1(3 and cg:= + 2. By straightforward integration, we thus

infer that for allt > 2,

5 t
y() < y(De 7D 4 ¢q / e 7= p(5)ds + cg / e 7= p(5)ds
1 ;

t

7 t
< y(De T peg 2L f e T ds + oy / / '
I t Jo
- 1 CSCSL - —c7(t—1 ! 2
= y(De 7D 4 e —e Tt ))+68/; o

7

c2egl et
< y(1)e =D 4 552 = F +cs/ /””

because h(t) < ch for all + > 1 according to (2.48). Now since Lemma 2.8 ensures

that
t
/./vtz—>0 ast — oo,
£ Ja
2

this shows that
/e“@%—>0 ast — 00,
Q

which by definition of w yields (2.42) due to the fact that e > 1. O

Again relying on Lemma 2.7, this can be seen to imply convergence to some equilib-
rium also in the first solution component:
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Lemma 2.11 Assume (1.8). Then, there exists y > 0 such that with > 0 taken from
Lemma 2.9, for the solution of (2.21), we have

w(-, 1) = y-expo(B-exp) inL®(RQ) ast— oo. (2.52)

Proof Defining the number y according to

positive due to (1.8), we proceed as in Lemma 2.9 by firstly relying on Lemma 2.7
and the Arzela-Ascoli theorem to see that (e’“("’)w(~, t));~1 is relatively compact
in C°(R), and by secondly identifying all corresponding w-limits: Indeed, whenever
(t)ken C (1, 00) and ¢ € CO(Q) are such that fp — oo and e V™ w(-, 1) — ¢ in
L*°(2) as k — o0, in view of Lemma 2.10 we have ¢ = ¢ in Q with some ¢| > 0,
while Lemma 2.9 asserts that e %) — expo(—p - exp) in L®(RQ) as k — oo.
Therefore,

w(-, 1) — c1 -expo(B-exp) in L®°(RQ) ask — oo,

so that since independently we obtain from (2.21) that %w = Oforall r > 0, we must

have
/wozcljeﬁexdx
Q Q

and hence ¢; = y. As (fx)xeN Was an arbitrary sequence having the indicated stabi-
lization properties, by a standard reasoning in the style of that from Lemma 2.9, we
readily infer (2.52). |

2.3 Approaching (2.21) for Small Values of £ in (1.7)

Our next goal consists in establishing a link between our solutions to (2.17) and those
of (2.21) through an appropriate statement on convergence in the limit ¢ N\ 0. The
key ingredient toward this will be provided by the following outcome of a Moser-type
iteration applied to the first equation in (2.17) on the basis of the taxic gradient estimate
from (2.20).

Lemma 2.12 If(1.8) holds and T > 0, and if e4own(T) > 0 is taken from Lemma 2.4,
then one can find C(T) > 0 such that the solution of (2.17) from Corollary 2.5 has
the property that

lweC-. Ol < C(T)  forallt € (0,T) and any € € (0, eqown(T)).  (2.53)
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Proof For fixed T > 0 and nonnegative integers k, we let py:=2* and estimate

My:= sup sup /wfk(~,t) € [0, oo]
£€(0,edown (7)) 1€(0,T)

by testing the first equation in (2.17) against wZ* ~fork > 1 to see that due to Young’s
inequality,

1 d
EE/wg’kak—l)/w“ 2u2, (pk—wa”k (1 — ewe)* ™ vepwey
Q

+(pk_1)8k l/ wpk+lc 2

—1
Pk4 f k22+(pk_1)/wpk2

+Pk I/w”" 2w (- )2,(72/ w£k+2)(72
4 Ja Q

for all # > 0. Since herein sw, < 1 by (2.19), and since % < px — 1 < py for any
such k, this shows that

d Pl
—/ whk +/(w52 )2 < p,ff whEv2, +p,3/ wPe forallr € (0, T). (2.54)
dr Jo Q Q Q
Now an application of Corollary 2.5 to g:=4 yields ¢; = ¢1(T) > 0 such that
f v} <c¢  forallr € (0,T)and any & € (0, ggown(T)),
Q

whence on the right-hand side of (2.54), we can use the Cauchy—Schwarz inequality
to estimate

pi/wmz +p/w£’k
Q Q

| A

Al o o o]

i
capt- :/ wgm} forallz € (0, T) and & € (0, egown(T))
Q

(2.55)

IA

1

with ¢2 = ¢2(T):=c;{ + L?. Here, by means of the Gagliardo—Nirenberg inequality,
we can find ¢3 = ¢3(T') > 0 such that due to our definition of (M;);>¢ and Young’s
inequality,

1

2 Pk
2 2pk 2 2 14
Py - {/ w&‘pl‘} = chk”wé‘z ||L4(Q)
Q

Pk Pk

Pk
2 2 2 2 2 2
< c3pill(we” )x”LZ(Q)”weZ i) + c3pillwe’ I|L|<Q)
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Pk
< capeMi—1ll(we el L2y + c3PeMi_,
1 Lk c2pt
< 51 o + (Z0E + eap) My (2.56)

forall t € (0,T) and ¢ € (0, egown(T)). As furthermore, for similar reasons, there
exist ¢4 > 0 and ¢5 > 0 such that

Z 08 i %2
wak —C4”(w€ )x”Lz(Q)”we ”I;I(Q)+C4”w€ ”LI(Q)

A

4 Pk 2
3 2 3 2
C4M](3_1 [ (we” )x ”22(9) + My

IA

A

1 PE
S lawe? Jall7aiq +esMi_y  forallz € (0, ) and & € (0, eown(T)),

by combining (2.54) with (2.55) and (2.56) and noting that 1 < p,% < p,‘j, we readily
infer the existence of cg = c¢(T) > 0 satisfying

d
o whk —i—/ whk < c6M,§_1 for allz € (0, T) and each ¢ € (0, egown(T)).
Q Q

Through an ODE comparison argument, this entails that

/ wPk (-, 1) < max {/ wé’" , c6M,§_1} forallt € (0,T) and ¢ € (0, e4own(T)),
Q Q

and that thus, as the right-hand side herein neither depends on # € (0, T) nor on
¢ € (0, &down),

My < max { / wht, cﬁM,f_l}. (2.57)
Q

The remainder of the argument is quite standard: If incidentally M; < fQ wé’k for
infinitely many £ € N, then it immediately follows that whenever ¢ € (0, gown (7)),

1
lwe(, Do) < liminf M < liminf [woll Lo @) = llwollz= (@)
k— 00 k— 00

forallt € (0, T).

Otherwise, however, using that M is finite according to (2.18), one can easily verify
that (2.57) ensures finiteness of M for all kK > 1 and that with some » > 1 we have

My <b*M}_,  forallk > 1.

By straightforward induction, this shows that

k+1

Me < b2 22 forallk > 1
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and therefore entails that

1 ok+1_p_o

lwe(-, DHllLe@) < likm inf MkZT <b ¥ My<b*My forallte (0,T)
— 00

and ¢ € (0, egown (1)),

thus implying (2.53) also in this case. O

Indeed, thanks to a known result from scalar parabolic theory, the latter, once more
in conjunction with (2.20), ensures bounds for both solution components in (2.17) in
appropriate Holder spaces.

Lemma 2.13 Suppose that (1.8) holds and that T > 0, and let eqown(T) > 0 be as in
Lemma 2.4. Then, there exist 0 = 6(T) € (0, 1) and C(T) > 0 such that the solution
of (2.17) from Corollary 2.5 satisfies

el 0§ 07y < CO) Joralle € O caomn(T)  (2.58)

and

10l 0.8 g0y = CT) forall & € O, eaoun(T). (2.59)
Proof In view of Corollary 2.5, Lemma 2.12 and (1.8), the estimate in (2.58) is a
direct consequence of well-known theory on Holder regularity in scalar parabolic
equations under no-flux boundary conditions (Porzio and Vespri 1993). Likewise,
(2.59) is ensured by the uniform bounds resulting from (2.19) and (2.20). O

As a consequence of the latter, two successive applications of interior parabolic
Schauder estimates provide higher-order regularity features:

Lemma 2.14 Assume (1.8) and that T > 0, and let eqown (T) > 0 be as in Lemma 2.4.
Then, for all T € (0,T), one can find 0 = 0(t,T) € (0,1) and C(z,T) > 0 such
that for the solution of (2.17), we have

llwell . =C(T) foralle € (0, &gown(T)) (2.60)

0 _
2+0J+7(Q><[T,T]) —

and

10l o014 g0 gy = CT) forall e € O camn(T). (261)
Proof Firstly, (2.61) results from Lemma 2.13 through standard parabolic Schauder
theory (Ladyzenskaja et al. 1968) applied to the second equation in (2.17). Relying
on the fact that T € (0, T) in (2.61) is arbitrary, we may thereafter apply the same tool
to the first subproblem contained in (2.17) to readily infer from (2.61) that, possibly
upon diminishing 6 (z, T') and enlarging C(z, T'), also (2.60) can be achieved. O

In quite a straightforward manner, the compactness features gathered above, along
with the uniqueness statement contained in Lemma 2.6, enable us to take ¢ N\ 0 in
(2.17) with the desired result.
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Lemma 2.15 Suppose that (1.8) is valid, and for T > 0 let eqown(T) > 0 be as given
by Lemma 2.4. Then the solutions of (2.17) gained in Corollary 2.5 have the properties
that

we —>w inCYQ x[0,T])N c,%;j (@ x (0,7, (2.62)
ve—v  inCU@x[0,THNCLI Q% (0,T])  and (2.63)
Vex — vy in L0, T); LA(R)) (2.64)

as € \y 0, where (w, v) denotes the unique classical solution of (2.21) satisfying
(2.22).

Proof In view of the uniqueness statement in Lemma 2.6, according to a standard
argument, it is sufficient to make sure that with ggown(7') > 0 taken from Lemma 2.4,
each sequence (g;)jen C (0, gown(T)) such that &; N\ 0 as j — oo contains a
subsequence (¢ j, )xen such that (2.62)—(2.64) hold as ¢ = ¢, \ 0, with some classical
solution (w, v) of (2.21) fulfilling (2.22). To verify this, given any such (g;) jen, we
may rely on the bounds provided by Lemmas 2.13, 2.14 and Corollary 2.5 to see upon a
straightforward extraction procedure involving the Arzela—Ascoli theorem that in fact
it is possible to find a subsequence (& j, )xen and functions w and v for which (2.62)—
(2.64) hold as & = ¢, “\ 0. Since from (2.62) and (2.63), it is an evident consequence
of the inequality x > 1 that the validity of (2.21) for these functions results in taking
& = gj; \( 0 in each of the summands in (2.17) in the classical pointwise sense, we
furthermore conclude that (w, v) indeed forms a classical solution of (2.21), having
the additional feature (2.22) due to (2.64), whereby the proof becomes complete. O

2.4 Proof of Theorem 1.1

We are now prepared to derive our main result on preferred downstream migration in
the presence of suitably small population densities by simply combining Lemma 2.15
with Lemma 2.11.

proof of Theorem 1.1 Given§ > 0, by means of Lemma 2.11, we first choose 7' (§) > 0
large enough such that the solution of (2.21) satisfies

w(x,t) —y . ePe < forall x € Qand ¢t > T(5). (2.65)

| o

We then fix any 7 > T(8) and take e4own(7) > 0 as accordingly provided by
Lemma 2.4, and noting that then classical solvability of (1.7) in 2 x (0, T) within
the desired class is asserted by Lemma 2.4, we may rely on Lemma 2.15 to find some
e0(8, T) € (0, egown(T)) such that for the correspondingly obtained classical solution,
we have

forallr € [0, T]  whenever ¢ € (0, g0(5, T)).
(2.66)

<= -

)
.,[ S —
w( )HLOO(Q) 2
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A simple combination of (2.65) and (2.66) thereupon directly yields (1.10) for any
such ¢. O

3 Dominance of Upstream Migration for Large u: Proof of
Theorem 1.2

In order to verify Theorem 1.2, following essentially the same basic approach as

pursued in the previous part, we rescale (1.11) by substituting u, = 1 — €z, which in
fact transforms (1.11) to the problem

Zer — k(1 — SZs)K_Ist = Zexx +5}L_1(Zé(1 - Eza)vax) ,xeQ, t>0,
x

Ver + Vgy = Vgxx + Us(1 —vg), xe, t>0,
Ze =0, vgx —v, =0, x €0, t >0,
Zé‘(xs 0) = Zo(x)s Ué‘(-x? O) = U()(.x), X € Q’

3.1

that again turns out to be solvable in a convenient sense, now even globally in time,
provided that the parameter ¢ > O therein is suitably small:

Lemma 3.1 Assume (1.12). Then, there exists eyp > O such that for each ¢ € (0, eyp)
the problem (3.1) possesses a global classical solution (z¢, ve) with

ze € CO(Q2 x [0,00)) N C*1(Q x (0,00)) and
ve € MNy=1 C10, 00); WH(R2)) N C>1(Q x (0, 00)),

which is such that 7. > 0 and v, > 0 in Q x (0, o) and that moreover

f Ze(x, )dx < / zo(x)dx  forallt >0 (3.2)
Q Q
and 1
2e(x,1) < —  forallx € Qandt > 0. 3.3)
e

Apart from that, given any q > 1 and T > 0, one can find C(q, T) > 0 fulfilling
lve (-, Ollwia < Clg. T)  forallt € (0,T) and any e € (0, eyp). (3.4)

Proof We fix any &y, > 0 such that eyp||zoll (@) < 1 and then readily obtain, again
by following standard arguments (Horstmann and Winkler 2005; Amann 1989), that
for each ¢ € (0, &yp), the auxiliary problem

—1 _
Zer — k(1 — gze)lj,_ Zex = Zexx +&" I(Zé(l - SZg)ng) ,x€Q, >0,
x

Vet + Vgy = Vgyx + Us(1 —vg), xe,t>0,
Ze =0, vgx —v, =0, x €02, t >0,
Ze(x, 0) =z0(x), ve(x,0) = vo(x), x € €,

3.5
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possesses a nonnegative classical solution enjoying the claimed regularity properties
and being extensible up to a maximal time Tyax € (0, oo] fulfilling

either Tpax = 0o, or lim sup [||zg(-, Dl Loo() + llve l)”Wl,q(Q)] =oo0 forallg > 1.

t/Tmax

(3.6)
But since 7 (x, t)::%, x € Q,1 > 0,defines a supersolution of the considered homoge-
neous Dirichlet problem for the first equation in (3.5), it follows that z, < é throughout
Q x (0, Thhax) and that hence (z;, v,) actually solves (3.1) in 2 x (0, Tinax). As this
uniform upper bound together with standard parabolic estimates also warrants that
(Ve (2 1)) e ming1, L Ten ) min(T Ty 15 DOUNed in WH4(Q) for all 7 > O and g > 1,
from (3.6) we conclude that indeed Tih.x = oo and that hence (z;, v,) is global and
satisfies (3.3). Finally, the mass control feature (3.2) can be obtained by direct inte-
gration in the first equation from (3.1) by observing that z., (0, 1) > 0 > z,, (L, 1) for
all # > 0 by nonnegativity of z, and the boundary condition in (3.1), and the estimate
(3.4) can be derived by straightforward adaptation and simplification of the reasoning
in Lemma 2.2. O

3.1 Asymptotic Behavior in a Limit Problem

In comparison with that from Sect. 2, here the limit problem that is formally associated
with (3.1) actually reduces, in its first component, to the Dirichlet problem for a scalar
transport—diffusion equation, as given by

2 = Zyx +KZx, X €Q, t >0,
b4 0, xe€d2, t >0, 3.7
z(x,0) = zo(x). x € Q.

This problem is well-understood and can in fact be reduced to the Dirichlet problem
for the heat equation:

Lemma3.2 Let k € R and zg € C%(Q) be nonnegative with zo = 0 on 952. Then,
there exists precisely one classical solution 7 € CcY(Q x [0, 00)) N cz! (2 x (0, 00))
of (3.7), namely the function given by

K2 K —
z(x,t)=e” TleTT¥Z(x, 1), x€Qt>0, (3.8)

withZ € C%(Q x [0, 00)) N CEH(Q x (0, 00)) denoting the classical solution of

/Z\t =/Z\xxv XGQ, f>0,
z =0 x€dQ, 1 >0, (3.9)

Z(x,0) = e3¥70(x), x € Q.
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Proof Since classical solutions of (3.7) in the indicated class are unique by the maxi-
mum principle, we only need to note that if z is as defined by (3.8), then

_ﬁl Ky [~ KZA .
Zr=e 4e 2 ~(z,—zz) in 2 x (0, c0)

as well as

S S R 2 ke (e KEN
w=e Tl ”-(ZX*EZ) and 7., =e Tle zx.<z”7/(zx+7z) in  x (0, 00),

and that therefore z indeed solves (3.7) due to the observation that thus

TS (22 )—A—KzA—(A —KA+K2A)—K (2 -37) =0
Tt —Zxx ix) = 2t 4 Z Txx ix 4 Z Ix ZZ =
in 2 x (0, 00)
by (3.9). O

Indeed, the asymptotic behavior in (3.7) can therefore be described quite exhaustively.

Lemma 3.3 Under the assumptions of Lemma 3.2, the classical solutionZ € CO(Q x
[0, 00)) N CZ1(Q x (0, 00)) of (3.9) satisfies

; ()

It .
et 7(-, 1) —asin —

—0 ast— oo, (3.10)
L%(2)

where .
e2” sin ZX 7o (x)dx
. : szo( o, G.11)
Jq sin® Zrdx

Proof We let 1::”?2 denote the principal Dirichlet eigenvalue of —(-),, on € and
take ® (x):=sin ”L—x, x € [0, L], as a corresponding eigenfunction. Then, abbreviating
Z(x, t):=eM'Z(x, 1) forx € Q and ¢ > 0, using (3.9) we see that

Etzgxx'i_ﬂlg, er,t>O,
=0, x€dQ, 1 >0, (3.12)

Z(x,0) = e2¥z0(x), x €,

where we note that due to our assumptions that zo € wlo°(Q) and zolae = 0, we can
fix ¢; > 0 large enough such that e%"z()(x) < ¢10(x) for all x € Q. As our choice of
® ensures that (c1®); — (c1®)xy — 1 - (€10) = w1¢1® —u1c1® = 01in 2 x (0, 00),
the classical comparison principle asserts that Z(x, 1) < ¢;®(x) < ¢ for all x € Q
and ¢ > 0, so that parabolic Schauder theory (Ladyzenskaja et al. 1968) together with
the Arzela-Ascoli theorem warrants that

Z; is uniformly continuous in £ x (1, 00) (3.13)
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and that o
(-, 1))=1 is relatively compact in C>(Q). (3.14)

In order to identify all elements of the corresponding w-limit set, we first test (3.12)
by Z; to see that due to the variational characterization of 1|, we have

! 1 td M1 d
~2 ) )
[l tf2fes el
1 Ja 2 )y dr Jg 2 )y dt Jg
1

R (A LN (- PR P~ VAN LI eeh
_ 2f9zx(,z)+2/Qz<,z)+2/9zx(,1> 2/9z<,1)

|
czzz—/ z)%(~, 1) forallt > 1,
2 Ja

IA

which according to (3.13) and an elementary argument ensures that in fact
Z(,t) — 0 inL®(Q) ast— oo. (3.15)

Now if (fx)ken C (1, 00) and Zoo € C2(Q) are such that fx — 0o and 1z(-, x) = Zoo
in C2(Q) as k — oo, then (3.15) together with (3.12) implies that Zooxx — 141200 = 0
and that thus there must exist @ > 0 such that 7, = &@®, because the principal
eigenspace of —(-)xy is one-dimensional. But since testing (3.12) against ® shows
that j—t JoZ® =0forall 7 > 0 and that thus [, Z(-,1)® = [,Z(-,0)0 forall 1 > 0,
we necessarily must have & [, 0?2 = Jo(@Z50)0 = [ (€7%20)0. As thus Zoo = a®
in € according to (3.11), this establishes (3.10). O

3.2 Approximation of (3.7) by Solutions to (3.1): Proof of Theorem 1.2

Again, the key observation that will finally enable us to safely take ¢ N\ 0 in (3.1)
consists in a uniform bound on the respective first solution component, to be achieved
once more by means of a Moser-type recursive argument.

Lemma 3.4 Assume (1.12), and let ey, > O be as provided by Lemma 3.1. Then, for
all T > 0, there exists C(T) > 0 such that whenever ¢ € (0, eyp), the solution of (3.1)
from Lemma 3.1 satisfies

”Zé‘('a l)”LOO(Q) < C(T) fOV allt € (0, T) (316)

Proof Pursuing the same basic approach as in Lemma 2.12, fixing 7 > 0, we let
pr:=2% and

Mp:= sup  sup /Zf"(~,t)
e€(0,e4p) 1€(0,T) J 2

for integers k > 0, and noting that My < fQ z0 by (3.2), we proceed to recursively
establish bounds on M} for k£ > 1 by differentiation and integration by parts on the
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basis of (3.1). Since z., (0, #) > 0 > z.,(L, t) for all t > 0, namely we thereby obtain
that

d _
" / P+ pr(pr — 1) / P22 < —pr(pr — Det ! / P21 = 2 Vex Zex
Q Q

+pk/c/(1 —eze) 1Pz, forallt > 0,
Q
(3.17)

where by Young’s inequality,

Pk(Pk -1
— pr(px — 1)5)L l/ Zm+A 2(1 — £Z¢)VexZex < I’A 2 gx
Q
1 82)» 2
+Pk(Pk ) / Zpk+2x_2(l _SZE)zvz
Pk(Pk - 1)/ P22

”"(”" —1 / P2 forallt > 0
(3.18)
due to (3.3). Here, using the Holder inequality, (3.4), the Gagliardo—Nirenberg inequal-

ity and Young’s inequality, we can find ¢; = ¢1(T) > 0,c2 = c2(T) > 0 and
c3 = ¢3(T) > 0 such that

IA

Pk(Pk -1 pelpe —1) %
Poft [ s Pl g {Iveraiqy +1]

Pk
c1pe(pr = Dllze® 174q)

IA

IA

% %
capr(pe — DIz xll2(g llze’ HLI(Q)

Pk(Pk_l)/ Pr— 22

+ C3pk ”Zg “LI(Q)

—1
Pk(Pk )/ 222 4 oespiM? | forallz € (0,T)

(3.19)

whenever k > 1 and & € (0, &yp). Since furthermore, letting p(s):=pik [y (1 —
eo)<~loP—1ds, s € [0, é], e € (0, gyp), we can compute

ik f (1 —ez) 12l lzy = / (p(ze))x = p(ze(L, 1)) — p(z:(0,1)) =0 forallz > 0
Q Q

due to the fact that z,(0, 1) = z.(L,t) = 0 for all ¢+ > 0, from (3.17) to (3.19), we
altogether obtain that for all k > 1 and ¢ € (0, yp),

@ Springer



1840 Journal of Nonlinear Science (2020) 30:1809-1847

d
5/ il +/ P <e3piME |, forallr € (0,T)
Q Q

and that thus
K,, < max { / b, C3p,fM,3_1} forall k > 1 and & € (0, &yp).
Q

In much the same manner as detailed in Lemma 2.12, this can be seen to imply (3.16)
with some suitably large C(T) > 0. O

In quite the same fashion as in Sect. 2, this can be seen to entail further estimates
involving Holder spaces.

Lemma 3.5 Suppose that (1.12) holds, and let ey > 0 be as in Lemma 3.1. Then,
forallt > 0 and any T > 7, one can find 6(T) € (0,1) and C(T) > 0 as well
as0(r, T) € (0,1) and C(t,T) > 0 such that for the solutions of (3.1) obtained in
Lemma 3.1, we have

Z 0Ty _ + v 0T _ < C(T orall e € (0, ¢

el i o A Wl SO (0. )
(3.20)

and

||Zg||C2+9(T‘T)=l+0(t,]') (§><[1:,T])+”v£||C2+9(T'T>*1+0(I'T) Exe.TD <C(z,T) foralle € (0,eyp).

(3.21)

Proof These statements can be derived from Lemmas 3.1 and 3.4 along exactly
the same lines as Lemmas 2.13 and 2.14 were deduced from Corollary 2.5 and
Lemma 2.12. O

Passing to the limit thereby becomes possible even throughout the entire positive half
of the time axis.

Lemma3.6 Suppose that (1.12) holds and that eyp > 0 is as in Lemma 3.1. Then, the
solutions of (3.1) from Lemma 3.1 have the property that

ze =z inCp (2 x[0,00) N C*N(Q x (0,00)) as (0, eyp) 36\, 0, (3.22)

where z denotes the unique solution in C°(Q x [0, 00)) N C*1(Q x (0, 0)) of (3.7).

Proof Thanks to the Arzela—Ascoli theorem, the estimates from Lemma 3.5 ensure
that (z¢)ze(0,6,p) and (Ve)ee(0,e,,) are relatively compact in X::Clooc(ﬁ x [0, 0)) N
C>1(€2x (0, 00)). Since taking limits in (3.1) shows that any accumulation point (z, v)
in X x X of ((zg_,., Vej)) jeN, with arbitrary sequences (¢;) jen C (0, &yp) fulfilling
gj 0 as j — oo, necessarily forms a classical solution of

2t = Zxx +KZx, xe, t>0,
Uy = Uxx — VUx, xe,t>0,
: =0, v =u XxedQ. 1 >0, (3.23)

z2(x,0) = zo(x), v(x,0) =vp(x), x €,
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and since another application of the maximum principle warrants uniqueness of clas-
sical solutions from X x X to these actually decoupled scalar transport—diffusion
problems, this already implies the convergence property (z., ve) — (z, v) along the
entire net (0, eyp) > € N\ 0, with (z, v) solving (3.23). The claim of the lemma is an
evident by-product thereof. O

As a consequence, we infer that the behavior of solutions to (1.11) is essentially
determined by that of solutions to (3.7) in the sense specified in our main statement
on dominance of upstream migration:

proof of Theorem 1.2 Proceeding as in the proof of Theorem 1.1, for fixed § > 0, we
first invoke Lemmas 3.3 and 3.2 to pick 7'(§) > O such that for the solution of the

limit problem (3.7), abbreviating 8 :=’(4—2 + Z—; and taking o > 0 from (3.11), we have

K 1) —
‘eﬁtef"z(~, t) — a sin ?‘ < 2 forallx € Qandt > T(5),
which in particular entails that

forall x € Qand ¢t > T (). (3.24)

)
‘ Bo(x, 1) —ae” 2xs1nn—x'§§

Then, letting 7" > T(8) be given, we can thereafter rely on Lemma 3.6 in choosing
£0(8, T) € (0, eyp) small enough such that

8 _
Blr(x, 1) —ePlz(x, )| < 5 forallx e Qands €0, 7], (3.25)

which when combined with (3.24) yields (1.13) with y:=c. O

4 Numerical Investigations

We would like to carry out some numerical investigations that can illustrate the essence
of Theorems 1.1 and 1.2. For that purpose we replace the model (1.5) by a discrete
approximation. We refer to “Appendix A” for details.

For the parameters in (1.6), we set k = 2 = A. Then, we get f(u) = u?, h(u) =
uy(u) = u(l —u)? with Yy (u) = (1 —u)?, and g(u) = [“ Wls) ds = —log || +
ﬁ + C. The function g(u) is introduced to rewrite (1.5) in a form convenient for the
discretization presented in “Appendix A.”

4.1 Case 1: Sparsely Distributed Cell Population

As initial data wo(x) and vo(x) to be used in (1.7), the following functions are
specified

@ Springer



1842 Journal of Nonlinear Science (2020) 30:1809-1847
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Fig.4 Sparsely distributed cell population. The case with ¢ = 0.5. Top: T = 0.1. The solutions w, and w
(left figure) are close to each other but rather far from the steady state w. Bottom: 7 = 0.5. The solution w
of the limit problem is close to the steady state w; however, there is a certain discrepancy between we and
the steady state w, which is natural to be attributed to the relatively large ¢ > 0

wo(x) = %exp(— 200(x — 1/2)2), vo(x) = 25exp(— 100(x — 1/2)2).
“4.1)

We recall that the analytical steady-state solutions v(x) and w(x) of the limit prob-
lem (2.21) are found to be, see (2.37) and (2.52),

1
d
V() = Bexp(x), W) = y exp(Bexp(x), B = M
Jo exp(x) dx
fol wo(x) dx

Yy = .
[ exp(B exp(x)) dx

4.2)

We consider a numerical grid with N = 100 grid cells on the spatial domain [0, 1].
We are interested in an illustration of the result of Theorem 1.1. We set ¢ = 0.5.
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Fig. 5 Sparsely distributed cell population. The case with ¢ = 0.1. Top: T = 0.1. Bottom: 7 = 0.5. We
see that for this choice of ¢ > 0, the discrepancy between w, and the steady state w seen in Fig. 4 has
essentially been eliminated

We compute numerical approximations of the solution (u,, v,) of the initial boundary
value problem (1.7) at a specified time 7. We visualize w.(x,T) = e lu (x, T)
and v (x, T'), which naturally allow us to compare with numerical approximations
to w(x, T) and v(x, T), i.e., the solution of the limit problem (2.21), as well as the
analytically computed steady states w(x) and v(x). The results are shown in Fig. 4.
Focusing on w,, the main observation is that for this choice of ¢, there is a visible
difference between w, and the steady state w that remains. According to Theorem 1.1,
this difference is controlled by ¢. To test this, we reduce it by setting ¢ = 0.1. The
results are shown in Fig. 5 and clearly illustrate the essence of Theorem 1.1 as expressed
by the precise estimate in (1.10): For a sufficiently small ¢ > 0, we can ensure that
the solution w, = u,/e is as close to the steady state w as we want, subject to the
condition that ¢ is sufficiently large.
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Fig. 6 Densely distributed cell population. 7 = 0.1 The case with ¢ = 0.5 (left) and ¢ = 0.1 (right). We

Ky . .
see that the discrepancy between ePlz¢ and the analytical steady state ae 2” sin 7 is controlled by &

4.2 Case 2: Densely Distributed Cell Population

We are interested in an illustration of the result of Theorem 1.2. For that purpose,
we compute numerical approximations of the solution (u, ve) of the initial boundary
value problem (1.11) at a specified time 7' = 0.1, but now with initial data u.(x, t =
0) = 1 — swy. First, we set ¢ = 0.5, i.e., our initial data are close to 1 apart from a
local region in the center of the domain. We compute the corresponding solution u,
by using the numerical scheme for (1.5) specified in “Appendix A” and then compute
the corresponding z, using the relation u, = 1 — ez,. This allows us to compare
ePlz.(x, T) and the steady-state expression ae” ¥ sinwx where « is given by (3.11),

B = "4—2 + 72, and we use that L = 1. We want to show that we can control this
discrepancy by the choice of ¢, consistent with estimates (3.24) and (3.25). In Fig. 6,
results are shown for ¢ = 0.5 (left) and ¢ = 0.1 (right). The numerical simulations
indicate in accordance with Theorem 1.2 that by choosing ¢ sufficiently small and
time 7 sufficiently large, we ensure that the solution u, is as close as we want to an
analytical steady-state solution that is skewed in the upstream direction.
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Appendix: A Discrete Scheme for the Model (1.5)

We may write model (1.5) in the following form:

4.3)

u+ (=@ +h@los = gus) =0,
U + Vgx Uyy +u(l —v).

We introduce the notation g(u) = fa“ ﬁ ds for some constant @ and write the first
equation as

u+ (= F@ +h@ly - gwl:) =0 (44)

and the second as
v+ (u[l _ ln(v)x]> = u(l —v). (4.5)

Based on (4.4) and (4.5), we consider a full discrete scheme where we have divided
the spatial domain [0, L] into N grid cells of length Ax such that NAx = L and with
cell centers x; = (j — 1/2)Ax for j =1, ..., N and cell interfaces x; 12 = jAx
for j =0,1,..., N. The time period we consider is [0, T] with different time lines
t" = nAt where the number of time steps is M such that M At = T. The scheme
which allows us to compute discrete approximations {u;?} and {v;?} takes the form

u —Uu .
U:ﬁz v: + ﬁ(F}lﬂ/z —Fl_ )+ ﬁ(G?H/z -Gl =0,
L+ ax( Tp—H ) =uj (1 =v)).
4.6)
with
Filiip =—fWf )
Glitip = h?ﬂ/zﬁ([v — 8@l — v =]} 4.7

His12 = Vjgp(1 = Dilinvlp).

aj —daj
where Dya; = ““5— and

Wyt when (v — g@)lty, — [v—g@]) = 0

y _ 4.8)
j+1/2 { ui @) when ([v— gl —[v—gl}) <0.

and
v} when (1 — Dy [In v];?) >0

J
Vip1j2i= 4.9)
+1/2
7y { v;’H when (1 — D4 [In v]’}) < 0.

A similar discrete scheme can be defined for the limit problem (2.21) which allows
us to compute discrete approximations {w';} and {v;’}.
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