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Abstract

In this paper we propose an age-structured susceptible-infectious-susceptible epidemic
model with nonlocal (convolution) diffusion to describe the geographic spread of infec-
tious diseases via long-distance travel. We analyze the well-posedness of the model,
investigate the existence and uniqueness of the nontrivial steady state corresponding
to an endemic state, and study the local and global stability of this nontrivial steady
state. Moreover, we discuss the asymptotic properties of the principal eigenvalue and
nontrivial steady state with respect to the nonlocal diffusion rate. The analysis is car-
ried out by using the theory of semigroups and the method of monotone and positive
operators. The spectral radius of a positive linear operator associated to the solution
flow of the model is identified as a threshold.

Keywords Age-structure - Nonlocal diffusion - SIS model - Semigroup theory -
Principal eigenvalue - Monotone and positive operators - Global dynamics

Mathematics Subject Classification 35L60 - 92D25 - 47H07

1 Introduction

Age structure and spatial movement are two important features on the geographic
spread of infectious diseases. The age could be chronological age (the age of the
host), infection age (the time elapsed since infection), recovery age (the time elapsed
since the last infection), class age (the length of time in the present group), etc. After
the early work of Webb (1980, 1982), various age-structured epidemic models with
spatial diffusion described by combined hyperbolic-parabolic partial differential equa-
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tions have been proposed and studied, see Chekroun and Kuniya (2020), Di Blasio
(2010), Fitzgibbon et al. (1994, 1996), Kim (2006), Kubo and Langlais (1994), Kuniya
et al. (2018), Kuniya and Oizumi (2015), Chekroun and Kuniya (2020), Langlais and
Busenberg (1997), and the references cited therein. In these studies, the classical
Laplace diffusion was used to describe the random walk of the host in a connected
domain. However, in modern time many infectious diseases are spread geographically
via long-distance travel such as air travel (Findlater and Bogoch (2018)). It seems that
the classical Laplace diffusion is unsuitable to model the spatial spread of infectious
diseases via long-distance travel (Blyuss (2005) and Ruan (2007)).

The nonlocal (convolution) diffusion provides a way to describe long-distance
dispersal (Yang et al. (2013) and Xu et al. (2020)). The goal of this paper is to
propose a new type of epidemic models, namely age-structured susceptible-infectious-
susceptible (SIS) epidemic model with nonlocal spatial diffusion. Note that for scalar
linear and nonlinear age-structured equations with nonlocal diffusion, recently we
(Kang et al. (2020b), Kang and Ruan (2021b) and two forthcoming papers) developed
some basic theories including the semigroup of linear operators, asymptotic behavior,
spectral theory, asynchronous exponential growth, strong maximum principle, global
dynamics, etc. Here we generalize our previous modeling scheme and techniques to
study the dynamics of an age-structured SIS epidemic model with nonlocal spatial

diffusion.
Let S(t, a, x) and I (¢, a, x) be the densities of susceptible and infective individuals

ofagea > Oattimes > Qinpositionx € Q C RN, respectively, where €2 is a bounded

subset of RN and a < a™, the maximum age which is finite. Let A(z, a, x) be the force
of infection of infectious individuals to susceptible individuals of age a at time ¢ in
position x, and y (a, x) be the recovery rate of infective individuals of age a in position
x. We consider the following system of age-structured equations with nonlocal spatial
diffusion

(0t + 04)S(t,a,x) =d[LS](t,a,x) — A(t,a,x)S(t,a,x)— wla,x)S(t,a,x)+y(@a, x)I(t,a,x),
t>0,ac¢ (O,a+],x e Q,
0 +92)I(t,a,x) =d[LI](t,a,x)+A(t,a,x)S(t,a,x)— (u(a,x)+y(a,x)I(t, a,x),
t>0,ae(,at],xeQ,
S(,0,x)=P(t,0,x), I(t,0,x)=0, t>0,x€eQ,
S(0,a, x) = So(a,x), I1(0,a,x)=Iya,x), acl0,at],xeQ,
(1.1)
where 1(a, x) denotes the mortality of individuals of age a in position x and the
nonlocal operator L is defined by

[Lul(t,a,x) = xu—u)t,a,x) = / Jx —yu(t,a, y)dy —u(t,a, x). (1.2)
Q

P(t, 0, x) is the boundary condition given by

a+
P(,0,x) = / / B(a,x,y)P(t,a, y)dyda, t >0, x € Q,
0 Q
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in which B(a, x, y) denotes the birth rate at which individuals of age a in position
y give to newborns in position x and P (¢, a, x) = S(t,a, x) + I(t, a, x) represents
the total population. Sy(a, x) and Iy(a, x) are positive initial value functions. We
mention that the nonlocal diffusion operator in (1.1) corresponds to an elliptic operator
with zero Dirichlet boundary condition. The convolution fQ J(x — yu(t,a, y)dy
is the rate at which individuals are arriving at position x from other places while
fQ J(y — x)u(t, a, x)dy is the rate at which individuals are leaving location x for
other locations. Moreover, J is a diffusion kernel which is a C? nonnegative function
with unit integral representing the spatial dispersal and J(0) > 0; i.e.,

/ Jx)dx =1, J(x)>0, VxeRV.
]RN

In addition, we assume that the force of infection A(z, @, x) is given by

at
A, a, x) = / / k(a,o,x,y)I(t,0,y)dydo, (1.3)
0 Q

where k(a, o, x, y) denotes the rate of disease transmission from infective individuals

of age o in position y to susceptible individuals of age a in position x.

(a) Age-structured SIS epidemic models. If S(t,a,x) = S(¢t,a) and I(t,a,x) =
1 (¢, a) do not depend on the spatial variable, then model (1.1) reduces to the following
age-structured SIS epidemic model provided fQ J(x —y)dy = 1forall x € Q:

(0 +04)S(t,a) = —S(t,a) fél+ k(a,o)I(t,o)do — u(a)S(t,a) +y(a)l(t,a), t >0,a € (0, a+],
(0 + 0q)I(t,a) = S(t,a) féﬁ k(a,0)I(t,0)do — (u(a) + y@)I(t,a), t > 0,a € (0,a™],
S(,0)=P(t,0), I(t,0)=0,1>0,
8(0,a) = So(a), 1(0,a) = Ip(a), a €[0,a™].
(1.4)
Such age-structured epidemic models have been studied extensively in the literature,
see Busenberg et al. (1991), Iannelli (1995), Iannelli et al. (1999), Iannelli et al. (1992),
Tannelli and Milner (2017), Inaba (1990, 2014, 2017), Kang et al. (2020a), Kuniya and
Inaba (2013), Kuniya (2014), Kuniya and Iannelli (2014), Kuniya et al. (2016, 2018),
Thieme (1991), and Webb (1984). Since the model is independent of the location,
most studies focused on the temporal dynamics of these models.
(b) Nonlocal SIS epidemic models. If S(t,a,x) = S(t,x) and I(t,a,x) = I(t, x)
do not depend on the age variable, then model (1.1) becomes the following nonlocal
SIS epidemic model:

3S(t,x) =d[[q J(x — y)S(t, y)dy — S(t,x)] — S(t, %) [ k(x, y)I (1, y)dy
—u@)SE, x) +y@)I(t,x), t >0,x € Q,
dI(t,x) =d[[q J(x — I, y)dy — I(t,x)]+ S(t, x) o k(x, y)I(z, y)dy
—(nx) +y NI, x), t >0,x € Q,
S(0,x) = So(x), I1(0,x)=Iy(a,x), xecQ.
(1.5)
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Nonlocal dispersal epidemic models (without age structure) including (1.5) have also
been studied by some researchers, see Xu et al. (2020), Yang and Li (2017), and
Yang et al. (2013, 2019). These studies were mainly concerned with the existence of
traveling wave solutions in such nonlocal dispersal models. For existence and stability
of steady states in such models, see Yang et al. (2019) and Zhao and Ruan (2018).
Notice that model (1.5) is more general than those considered in Xu et al. (2020),
Yang and Li (2017), and Yang et al. (2013, 2019), since it includes not only nonlocal

dispersal terms but also nonlocal interaction terms.
(c) Age-structured SIS epidemic models with Laplace diffusion. If the spatial domain

Q c R¥ is connected and the dispersal of individuals follows is a random walk, we
obtain the following age-structured SIS epidemic model with Laplace diffusion:

(0t + 0q)S(t,a,x) =dAS(t,a,x) —A(t,a,x)S(t,a,x)— wpla,x)S(t,a,x)+y(a,x)I(t,a,x),
t>0,a€e(0,a],xeQ,

0t + 0)I(t,a,x) =dAI(t,a,x)+ \(t,a,x)S(t,a,x)— (u(a,x)+ya,x)I(t, a,x),
t>0ae(0,at],xeQ,

S,0,x)=P(,0,x), I(t,0,x)=0, t>0,x€eQ,

S, a, x) = Syg(a,x), 1(0,a,x)=Iya,x), ae [O,aﬂ,x € Q,

(1.6)
where A(t, a, x) is given by (1.3). There could be appropriate boundary conditions on
a2 in (1.6), but we omit them. Various age-structured epidemic models with Laplace
diffusion related to model (1.6) have been proposed and studied, see Di Blasio (2010),
Kim (2006), Kubo and Langlais (1994), Kuniya et al. (2018), Chekroun and Kuniya
(2020), Kuniya and Oizumi (2015), Langlais and Busenberg (1997), and the references
cited therein. However, due to their complex structures, the spatial-temporal dynamics
of this kind of epidemic models are not well-understood.

Here we provide a comprehensive analysis on the dynamics of age-structured SIS
epidemic model (1.1) with nonlocal diffusion. We first analyze the well-posedness of
the model, then investigate the existence and uniqueness of the nontrivial steady state,
and finally study the local and global stability of this nontrivial steady state. Moreover,
we consider the asymptotic properties of the principal eigenvalue and nontrivial steady
state with respect to the diffusion rate. We would like to mention that the analysis
carried out in this paper is also valid for the age-structured SIS epidemic model (1.6)
with random diffusion. We also refer to our recent study in Kang and Ruan (2021a) on
the approximation of random diffusion by nonlocal diffusion with properly rescaled
kernels in age-structured models.

The paper is organized as follows. In Sect. 2, we define the function spaces, intro-
duce a key lemma and two theorems, and make some assumptions. In Sect. 3, we study
the well-posedness of the model and provide an important monotone property of the
semigroup generated by the solution flow. In Sect. 4, we investigate the existence of
the nontrivial steady state. In Sect. 5 we define the basic reproduction number. A result
on the uniqueness of the nontrivial steady state is obtained in Sect. 6. Then, we study
local stability of the nontrivial steady state and asymptotic properties of the principal
eigenvalue and nontrivial steady state in terms of the diffusion rate d in Sect. 7. In
Sect. 8, we analyze global stability of the nontrivial steady state. We end up the paper
with a discussion in Sect. 9.
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2 Preliminaries

Define the function spaces as follows:
Z:=L"(Q), X:=L"0,a"),2)=L"0,a") x Q)
with positive cones
Zy =L Q) :={feZ:f>0, ae},
Xy =L (0,a"),2):={feX:f>0,ael,

respectively, Then we give a lemma based on Guo and Chan (1994), and its proof can
be found in (Kang et al. 2020b, Lemma 3.1).

Lemma 2.1 Assumethat f € L ((0, a™)xQ), then there exists a unique mild solution

u(a,x), 0 <1t <a <av, to the evolution equation on X for any initial data ¢ € Z

dau(a,x) =[—f(a,x) +dLlua,x), aec(0,a"),xe¢€ Q,

_ 2.1
u(t,x) =o(x), x € Q.

Here a mild solution means that u € C([0,a™], Z). Define the solution operator of
the initial value problem (2.1) by

(F(r,a)p) (x) =u(a,x), Vo e Z. 2.2)

Then {F(t, a)}o<r<a<a+ is a family of linear uniformly bounded positive operators
on Z and is strongly continuous in T and a. Furthermore,

e—ffa ?(P)dpedﬁ(a—f) < F(r,a) <e” s i(ﬂ)dﬂed[«(a—f)’ (2.3)

where f(a) :=infrcq f(a, x) and f(a) = sup,cq f(a, x).
We make the following assumptions on each parameter.

Assumption 2.2

(i) y and p are belonging to LE((0,a™) x Q) with y™* = [l¥ [ L2 (0.a*+)xe) and
ut o= el oo 0,a+)x2)3

(i) k(a,o,x,y) =0forx,y € RN \Qorfora,o0 <0anda,o > at;
(iii) k(a, o, x, y) satisfies

a+
lim f / lk(a +«k,0,x +h,y) —k(a,o,x,y)|dxda =0
lGe. ) 1—0 Jo Q

uniformly for o € [0,at]and y € Q, where k € R, 1 € RN and | - || denotes the
usual Euclidean norm in RV*+1:
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(iv) There exists two positive functions k; € L1((0,a™) x Q) andk, € LL((0,a™) x
Q) respectively such that

€ki(a, x)ka (0, y) < k(a,o,x,y) < ki(a, x)ka(0, y)

for all (a, x), (o, y) € Ry x Q, where € € O, 1);
(v) ki(a, x) has positive upper and lowgr bounds k* and k~ suchthatk™ > ky(a, x) >
k= > Oforall (a,x) €[0,at] x Q.

The lower bound in Assumption 2.2-(v) means that the transmission can occur
between every pair of susceptible and infectious individuals from an epidemiological
point of view.

Next we recall some basic concepts of nonsupporting operators and the fixed point
theorem from Inaba (1990) (see also (Inaba 2014, Proposition 7.7)). Let B(Y) be the
set of bounded linear operators from Y to Y, where Y is a Banach space with a positive
cone Y. L € B(Y) is said to be positive if L(Yy) C Y. L € B(Y) is said to be
strongly positive if (f, L) > 0 for every pair ¢y € Y, \ {0}, f € Y} \ {0}, where Y
is the space of positive linear functionals on Y. For L,V € B(Y), we say L > V if
(L —V)(Y4) C Y4. A positive operator L € B(Y) is said to be nonsupporting if for
every pair ¥ € Y \ {0} and f € Y \ {0}, there exists a positive integer p = p(V, f)
such that (f, L") > O forall n > p. r(L) denotes the spectral radius of L € B(Y),
o (L) denotes the spectrum of L, and op (L) denotes the point spectrum of L.

Theorem 2.3 (Inaba (1990)) Let Y be a real Banach space and Y. be its positive cone.
Let V be a positive operator from E to itselfand L := V'[0] be its Fréchet derivative
at 0. If
i) w() =0;
(ii) W is compact and bounded;
(iii) L has a positive eigenvector vg € Y4 \ {0} associated with an eigenvalue Loy > 1;
(iv) L has no eigenvector in Y associated with the eigenvalue 1,

then V has at least one nontrivial fixed point in Y.

In the case where L is a majorant of W (that is, L is a linear operator such that
W(¢p) < L¢ for any ¢ € Y,), the following theorem also holds (see (Inaba 2014,
Proposition 7.8)).

Theorem 2.4 (Inaba (2014)) Let Y be a real Banach space and Y. be its positive cone.
Let \V be a positive operator from Y to itself and L be its compact and nonsupporting
majorant. Then, V has no trivial fixed point in Y provided r(L) < 1.

3 Well-posedness
3.1 McKendrick equation with nonlocal diffusion

Let P(t, a, x) be the total population density at time ¢ > 0 with age a > 0 in position
x € Q. Then the total population P is governed by the McKendrick equation with
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nonlocal diffusion (see Kuniya and Oizumi (2015)):

@ + 3,)P(t,a,x) =d[LPI(t,a,x)— u(a,x)P(t,a,x), t>0,ae(0,at], xeQ,
P(t,0,x) = [& [, Bla,x,y)P(t,a, y)dyda, t>0,xeqQ,
P(0,a,x)= Py(a,x) € X4, aecl0,at],x e,
3.1
where p(a, x) represents the mortality of an individual of age a in position x, 8 (a, x, y)
denotes the birth rate at which an individual of age a in position y gives to a newborn
in position x. We make the following assumptions on these parameters.

Assumption 3.1
(i) w is belonging to LL((0, a™) x Q) with u* := el L2 (0.a%)x )3
(ii) B(a,-,-) =0fora <0anda > a™ with

lim /Iﬁ(a,x+h,y)—ﬂ(a,x,y)|dx=0
1n1—0 Jg

uniformly ina € (0,a%),y € Q, where h € R and || - || denotes the usual
Euclidean norm in RY . Moreover,

Bi(x)pa(a,y) = fla,x,y) = €p3(a,y) >0

foralla € [0,a*] and x, y € Q, where B; € Z and B, 3 € LL((0,a™) x Q)
ande € (0, 1).

Let P*(a, x) be the steady state solution of system (3.1). Then it satisfies

{aaP*(a,x) =d[LP*|(a,x) — u(a, x)P*(a,x), ac (0,a],x €, (3.2)

aJr —
P*(0,x) = [y [qBla,x,y)P*(a,y)dyda, x € Q.
By Lemma 2.1, we obtain P*(a, x) = (F(0, a) P*(0)) (x), where F is the solution

operator of (2.1) with f being replaced by w. Substituting it into the second equation
of (3.2), one obtains the following integral equation:

at
P*(0,x) = /(; /;Z,B(a, x,y) (F(0,a) P*(0)) (y)dyda. (3.3)

In order to investigate the existence of a nontrivial solution of (3.3), we define a linear
operator K on L'(2) by

(K1) = fo fQ Bla,x,y) (FO.a0) (dyda, ¥ ez,  (3.4)

and investigate the existence of a nontrivial fixed point ¢ * of K. We have the following
proposition. We mention that its proof is very similar to those of Lemma 4.1 and
Proposition 4.2 in the later sections, thus here we only provide a sketch proof.
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Proposition 3.2 Let Assumption 3.1 be satisfied and K be defined by (3.4). If r(K) = 1,
then K has a positive fixed point ¥* € Z; \ {0} := LLF(Q) \ {0}. Here, r(-) denotes
the spectral radius of an operator.

Proof Under Assumption 3.1, we can see from the well-known compactness criterion
in L! (see Brezis (2010, Theorem 4.26)) that K is a compact operator (see (Kang
and Ruan 2021b, Lemma 3.3)). Moreover, K is nonsupporting due to the positive
lower bound of B, see Assumption 3.1-(ii). Then using the Krein-Rutman theorem
(see Sawashima (1964) or Marek (1970)), we see that r (K) is an eigenvalue of K and
there exists a corresponding positive nonzero eigenvector ¥* € L i_(Q) \ {0}. Thus
we have Ky* = r(K)y*. Since r(K) = 1, the proof is complete. O

The spectral radius r (K) is thought to be the demographic reproduction number and
the condition r(K') = 1 corresponds to the situation where the growth rate is 0 in the
well-known Lotka’s characteristic equation. In fact, if the birth rate is separable such
that f(a. x, y) = f1(x)a(a. y) with f1 € LL(R) \ {0} and B3 € LL((0.a*) x Q),
then (3.4) can be rewritten as

at
[K¥](x) = ﬁl(X)/O /9;32(51, W (FQO.a)¥) (y)dyda, 4 € Z,

and the range of K becomes one-dimensional. Therefore, ¥ (x) = B1(x) is a positive
nonzero eigenvector of K such that

at
[K B1](x) =/0 fgﬂz(a,y) (F(0.a)B1) (y)dydapi(x) = r(K)pi(x),

and hence, r(K) = 1| implies that the following Lotka’s characteristic equation holds:

a+
fo /Q Ba(a, v) (FO, )B1) (v)dyda = 1.

Once the existence of a positive fixed point ¥ *(x) of operator K is guaranteed from
Proposition 3.2, it is not other than the nontrivial solution P*(0, x) of integral equation
(3.3) and thus, the existence of a nontrivial steady state solution P* € X \ {0} of
system (3.1) is shown. Therefore, in the rest of this paper, we assume that 7 (K) = 1
and hence system (3.1) has a nontrivial steady state solution P* € X \ {0}. Further,
we assume that such a steady state has been attained from the initial time and bounded;
that is,

P(t,a,x) = P*(a,x),t >0, and sup P*(a, x) < o0o.
(a,x)€(0,at)xQ

3.2 SIS epidemic model

Now we consider model (1.1). Since it follows from P(¢,a,x) = P*(a, x) for all
t > Othat S(¢,a,x) = P*(a,x) — I(¢, a, x), system (1.1) can be reduced to a single
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equation for (t, a, x) as

@ +03)1(t,a,x) =d[LIN(t,a,x) + A(t,a,x)(P*(a,x) — I(t,a,x))— (y(a,x)+ pua,x)I(t,a,x),
t>0,ac¢€ (O,a+],x eQ,
1(t,0,x) =0, t>0,xeQ
1(0,a,x) = Iy(a,x) € X+, ael0,at],xeQ,
3.5)

where A(f, a, x) = féﬁ Jok(a,o,x, )I(t, 0, y)dydo.
Now let us define a linear operator A : D(A) C X — X as

Ay = =0, +d Ly — uy,
DA ={y e X:vy e Wh(0,ah), LY(RQ)), ¥ (0, x) = 0}. (3.6)

Note that ¥ (0, x) is well-defined forany v € W1((0, at), L'(£2)) since the Sobolev
embedding W1((0,a™1), L'(Q)) c C([0,a™], L'(R)) holds. Let E be a closed
convex set defined by

E={¢e€X,:0<¥(a,x)<P"a,x)ael. 3.7
Define F : E C X — X of nonlinear bounded operators by

F(¥)(a, x) == Aa, x|$)(P*(a,x) — ¥ (a,x)) — y(@,x)¥(a,x), ¥ €E, (38)

where

Ma, x|y) = /0 /Qk(a, o, x,y)¥ (o, y)dydo.

Note that A(-, -|¥) € Lof((O, a™) x Q) for a fixed ¥ € E by Assumption 2.2-(iv),
(v). Then system (3.5) can be rewritten as a semilinear Cauchy problem

%I(r) — AI() + F((1), 10) = Io. (3.9)

We can see that operator A is the infinitesimal generator of a Cy-semigroup {e’ A} >0
defined by

(e’Al//)(a,x) _ (Fla—t,a)y(a—1)) (x), t<a, (3.10)

O, t>a,

where {F (0, a)}o<<q<q+ 15 defined in Lemma 2.1 viareplacing f by w. From (3.10)
we immediately have e/AE C E and if ¢ < ¢, then /Ay < /4 ¢ since the compari-
son principle of operators F(o, a) forany 0 < ¢ < a < a* holds, where < denotes
the usual ordering in L'((0,a™), Z).
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5 Page 10 of 30 H.Kang, S. Ruan

We also note that if & > 0 the resolvent (I — aA)~! is given by the formula:

1 a
[ —ad) ™" fla,x) = — / "7 (F(s,a) £ () (¥)ds. (3.11)
a Jo
Then again by the comparison theorem for {F (0, a)}o<5 <4<+, We have that

(I —aA)'E CE,
v<¢p=U—-—aA) "W <U—-—aA)'¢, VY, ¢cE. (3.12)

In fact, we can check that u = P*(a, x) and u = 0 are a pair of super-solution and
sub-solution of the following nonlocal problem with Dirichlet boundary condition

W=d(J*u—u)(a,x)—u(a,x)u(a,x), a>0x¢eQ, (3.13)
u(0, x) = up(x) € E, x € Q. ’
Thus F(s,a) f (s, x) € E forany f € E. Using the fact that y and X are a.e. bounded
and the same kind of argument as in Busenberg et al. (1991, Proposition 3.1), it is easy
to show the following proposition.

Proposition 3.3 Letr Assumption 2.2 be satisfied. Then the nonlinear bounded operator
F . E — X defined in (3.8) is Lipschitz continuous and there exists a constant
a € (0,1)suchthatify € Etheny +aF(Y) € E, andif < ¢ theny +aF () <
¢+ aF ().

Note that in the proof of Proposition 3.3, we will obtain o < where A7 is

1
yFaF T
the upper bound of A; that is, A[a, x|y] < AT for any ¥ € E in [0,a™] x Q. Note
that AT can be obtained by

aJr
AT = k+/0 /ka(a, Y)P*(o, y)dydo.

Using « appeared in Proposition 3.3, we can write problem (3.9) as

iI(t) = (A — l) I1(t) + l(I(t) +aF({@®), I10)=I. (3.14)
dt o o

Now we are in a position to look for a mild solution / € E of (3.14), which is given
by a solution of the integral equation

1 ‘
[() = e a'e ™o+ ~ / e~ 5D (5) + a F(I(s))]ds. (3.15)
a Jo

Equation (3.15) provides the following scheme of the standard iterative procedure for
obtaining a mild solution I € E:

1°(r) = I,
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1 t
") = eae A Ty + - / e =9 =AM (g) 4 o F (1" (5))]ds,
0

n=0,1,2,.... (3.16)

Since we can see that E is invariant with respect to the iteration process, thatis "1 €
E if I" € E, according to the argument in Busenberg et al. (1991, Theorem 3.2), we
can prove the following theorem.

Theorem 3.4 Let Assumption 2.2 be satisfied and Iy € E. Then Eq. (3.9) has a unique
mild solution I (t) = S(t)1y € C([0, 00), E), where {S(t)};>0 defines a Co-semigroup
in X with the following properties:

(i) SO)E C E;
(i) If Iy < Iy, then S(t) Iy < S(t) 1,
(iii) If§& € (0, 1), then £S(t)1p < S(1)( lp).

Proof For the completeness, we provide the proof based on Busenberg et al. (1991,
Theorem 3.2). In fact, (i) and (ii) can be obtained easily by the arguments before the
theorem. Thus we are only concerned on (iii). Let Ig‘ be the iterates (3.16) with Iy
replaced by &£ 1. Since 0 < & < 1, we have

El +aF(ED > &6 +aF (1)),
so that
I > &1,

and going to the limit, we obtain (iii). O

4 Existence of nontrivial steady states

Now in this section we investigate the existence of steady states of (3.5). Let I*(a, x)
be a (time-independent) steady states solution of system (3.5). Then it satisfies

8a 1" (a, x) = d[LI*(a, x) + X*(a, x)(P*(a,x) — [*(a,x)) — (y + W) I*(a,x), ac(0,at], xeQ,
1*(0,x) =0, x€Q,

Aa, x) = fé’+ Ja k@, o,x, )I*(o, y)dydo, ae(0,a™], xe.

4.1

It is obvious that the trivial disease-free steady state solution I*(a, x) = 0 always

exists. In what follows, we investigate the existence of a nontrivial endemic steady

state solution I* € E \ {0}, where E is defined in (3.7).
Considering the linearized equation of (4.1) at I* = 0, we have

8a1*(a, x) = d[LI*)(a, x) + X (a, x) P*(a,x) — (y + w)[*(a,x), ac0,at], xeQ,
1*(0,x) =0, xeqQ, 4.2)

T _
Ma.x)= [y [qka,o.x,y)I* (0, y)dydo, ae(0,at], xeQ.
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Viewing f(a, x) = A*(a, x) + y(a, x) + p(a, x) in Lemma 2.1 and solving the first
equation of (4.1), we obtain

I"(a, x) :/0 (Fox (0, a)(W* P¥)(0)) (x)do, (4.3)

where F;x is the solution operator of (4.1) as in Lemma 2.1 with f being replaced by
A+ y + u (note that A* +y + € L3°((0, a™) x Q)). Substituting (4.3) into the
third equation of (4.1), we obtain the following integral equation of 1*(a, x):

at o
Afa, x) = / / k(a, o, x, y)/ (For(r,0) W P*)(D)) ()drdydo.  (4.4)
0o Ja 0
Solving the first equation of (4.2), we obtain

I*(a, x) :/0 (Folo, a)(W* P*)(0)) (x)do, (4.5)

where Fy is the solution operator of (4.1) as in Lemma 2.1 with f being replaced
by y + u. Substituting (4.5) into the third equation of (4.2), we obtain the following
integral equation of A*(a, x):

a+ o
A (a, x) :fo /Qk(a,a,x,y)/o (Fo(z, 0)(AW*P*)(1)) (y)dtdydo.  (4.6)

Observe that we have Fx (0, a) < Fo(o,a) forall0 < ¢ < a < a™ in the operator
sense by Lemma 2.1. Now we define a nonlinear operator & on X by

[D¢](a, x) = /0 fQ k(a, 0, x, y) fo (Fo(r.0)@P)(D)) (drdydo, € X,

4.7
and investigate the existence of a nontrivial positive fixed point ¢* € X4 \ {0} such
that ®(¢*) = ¢*, which is no other than the desired nontrivial positive solution

A* e X4\ {0} of (4.4).
We can check that @ is bounded and positive by Assumption 2.2 and the bounded-
ness of P*. Next, consider the following linear integral operator M on X:

[Mo](a, x) ::/0 '/S;k(a, o, X, y)/o (.7-"0(7:,0)(¢P*)(r)) (y)dtdydo, ¢ € X.

4.8)
One can see that M is the Fréchert derivative of ® at ¢ = 0 and a positive linear
majorant of ®. We will show that the spectral radius r (M) of operator M plays the
role of a threshold value for the existence of a nontrivial fixed point of operator ®; that
is, if (M) > 1, then ® has a positive nontrivial fixed point. We prove the following
lemma about M.
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Lemma 4.1 Let Assumption 2.2 be satisfied and M be defined by (4.8). Then M is
positive, bounded, compact and nonsupporting.

Proof First we can see that M is positive since {Fo (7, 0)}o<r<q 1S positive. Next we
prove the compactness. Note by Assumption 2.2-(i) that for ¢ € B, where B is a
uniformly bounded subset in X,

M@+« -+ h) — [M](-, )lx

6{+ 6{+
5[ / / / lk(a +k,0,x +h,y) —k(a,o,x,y)|
0 Q 0 Q

x /U(}'o(a, ) (P P*)(1)) (y)dtdyda:| dxda
0

at at
5/ / |:/ / lk(a + «k, o,x—l—h,y)—k(a,o*,x,y)|dxdai|
0 Q|Jo Q

Xfo (Folo, D) (9 P*)(0)) (n)drdydo
=0 as [ b —0, 4.9)

where we used Minkowski inequality and Assumption 2.2-(iii). Thus M : X — X
is compact by Kolmogorov compactness theorem, see Brezis (2010, Theorem 4.26).
Finally, we prove that M is nonsupporting. By Assumption 2.2-(iv), we can define the
following linear functional fy € X* on X,

at -
Z/o /Qek_kz(rf, y)/(; (Fo(r, 0)(@P*)(1)) (y)dtdydo,

and hence we see from the positivity of P*, k= and {Fo(7, 0)}o<r<o<4+ that the
functional fj is strictly positive (that is, { fo, ¢) > 0 for all ¢ € X, \ {0}). Now we
have

Mo > (fo, e, e(a,x)=1, V(a,x)€[0,a"]xQ.
Note that e € X, then we have

Mo > (fo, M"¢)e
fos (fo, M p)ee
fo.e)(fo, M" '¢p)e

Sfo.e)'"{fo. p)e, n=1,2,.... (4.10)

>
>
=
>
Thus, for any M* € X% \ {0} and ¢ € X \ {0}, it follows that

(M*, M"9) = (fo, )" (fo.$)(M*. &) >0, n=12,...,
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which implies that M is nonsupporting. The proof is complete. O

Similar to Lemma 4.1, one can show that ® defined by (4.7) is also compact. Under
Lemma4.1, we can apply the fixed point theorem (Theorem 2.3) to prove the following
proposition.

Proposition 4.2 Let Assumption 2.2 be satisfied and ®, M be defined by (4.7) and
(4.8), respectively.

(1) If r(M) < 1, then ® only has the trivial fixed point ¢ = 0 in X
(ii) Ifr(M) > 1, then ® has at least one nontrivial fixed point ¢* € X4 \ {0}.

Proof First note that conditions (i) and (ii) of Theorem 2.3 are obviously satisfied.
From Lemma 4.1, we can apply the theory of nonsupporting operators (see Inaba
(1990) or Marek (1970)) to prove that r(M) > 1 is an eigenvalue of operator M and
there exists a corresponding positive nonzero eigenvector and M does not have any
eigenvector associated with eigenvalue 1. Hence, conditions (iii) and (iv) of Theorem
2.3 follow and, consequently, ® has at least one nontrivial fixed point in X .

Next, we prove (i). From Lemma 4.1, we see that M is compact and nonsupporting.
Since @ is a positive operator from the positive cone X 4 to itself and M is the positive
linear majorant of ®, we can apply Theorem 2.4 to conclude that ® has no nontrivial
fixed point in X provided (M) < 1. This completes the proof. O

The existence of a nontrivial fixed point of ® implies the existence of a nontrivial
steady state solution /* € X, \ {0}; that is, the existence of a nontrivial steady state
solution (S*, I*) € Xi \ {0, 0} of the original system (1.1). Further, I* must be
in E \ {0}, otherwise I* = 0 from (4.1). In conclusion, from Proposition 4.2, the
following theorem can be obtained as one of the main results of this paper.

Theorem 4.3 Let Assumption 2.2 be satisfied and M be defined in (4.8).

(i) If r(M) < 1, then system (1.1) only has the trivial steady state (S*, [*) = (P*, 0)
in X2,
(it) If r(M) > 1, then system (1.1) has at least one nontrivial steady state (S*, I'*) in

2
X2,

5 Basic reproduction number

In this section we show that the threshold value » (M) obtained in the previous section
is equal to the basic reproduction number Rg for system (1.1). Following the idea
from Diekmann et al. (1990) and Kuniya and Oizumi (2015), linearizing system (3.5)
at the disease-free steady state, we obtain the following system

@ +8)1(t,a,x) =d[LIN(t, a,x) +v(t,a,x) — (y +wIt,a,x), t>0,ae0,aT],xeQ,
1(t,0,x) =0, t>0,xeQ
1(0,a,x) = Ip(a, x), ael0.at]xeQ,

5.1
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+
where v(1,a,x) = P*(a,x) [y [qk(a,0,x,y)I(t,0, y)dydo denotes the density
of newly infected population at the linear invasion phase. Integrating along the char-
acteristic line t — a =constant, we obtain

I(t,a,x) = /a (Folo,a)v(t —a+o0,0)) (x)do.
0

Here note that it is suffices to consider > a™ from Assumption 2.2-(ii). Now plugging
it into the equation of v, we have

(l+ g
v(t,a,x) = P*(a,X)/ / k(a,a,x,y)/ (Fo(r,0)v(t —o +7,1)) (y)drdydo
0o Ja 0

(l+ o
= P*(, x)fo /ka, o.x, y)fo (Folo = p.o)lt — p,o — p)) (dpdydo

a+ a+
=P*<a,x>/9f0 f k(a, 0, %, ) (Folo = p.o)(t — p, & — p)) (Ndodpdy.
o

5.2)
Defining a linear operator B(p, x,y) : X — L'(0,ah) by
a+
[B(Paxa)’)ﬁo(vy)](a) ::/ k(avavxvy)(fo(a_pva)(p(a_p))(y)dav (pexa

o

we can rewrite (5.2) as the abstract integral equation in X:

at
v(t,x) = P*(’X),/g;/(; B(pvx’ )’)U(f — P, )’)dpdy

Then following the arguments in Diekmann et al. (1990), we obtain the next generation
operator in X as

a+
Gela.x) = P*@) [ [ 1B, el@dpdy
a* a+
= P*(a, x)/ / / k(a,o,x,y)
QJO P
X (Fo(o — p,0)p(o — p)) (y)dodpdy, (5.3)
and the basic reproduction number Ry is defined by its spectral radius
Ro :=r(G). 5.4)

Then we have the following proposition inspired from Kuniya and Oizumi (2015,
Proposition 4.1).
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Proposition 5.1 Let M, G and Ry be defined in (4.8), (5.3) and (5.4) respectively. It
follows that

r(M) =r(9) = Ro.

Proof Considering the calculation of (5.2) conversely, we see that the right hand side
of (5.2)is

at o
[Gol(a, x) = P*(a,x)/O /Qk(a, o, X, y)/O (Fo(r,0)e(1)) (y)drdydo.

(5.5)
Let us define a linear operator Q on X by
[Q¥](a, x) = ¥(a, x)P*(a, x), ¥ €X.
Then, comparing (4.8) with (5.5), we see that
M=07'Go.
Since r(Q_ng) =r(G) = Ro, we obtain r (M) = r(G) = Ry. O

Theorem 5.2 Let Assumption 2.2 be satisfied and R be the basic reproduction number

defined in (5.4).

(1) If Ry < 1, then system (1.1) has only the trivial steady state (S*, [*) = (P*, 0)
in X3;

(i) If Ro > 1, then system (1.1) has at least one nontrivial steady state (S*, I'*) in

2
X2,

6 Uniqueness of the nontrivial steady state

In this section we discuss the uniqueness of the nontrivial steady state /* € E. Note
that I* is a steady state of (3.5) if and only if it satisfies

TI* .= —aA) "I +aF)I* =1 (6.1)
From (3.12) and Proposition 3.3, we can see that T7(E) C E and Ty < T¢ for any
Yy <¢andy,¢ € E.

We need several lemmas to prove the uniqueness. First we state a necessary condi-
tion which should be satisfied by any nontrivial solution of (6.1).

Lemma 6.1 Let I* be a nontrivial solution of (6.1). Then

f ’ / ka(o, y)I* (o, y)dydo > 0. 6.2)
0 Q
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Proof If (6.2) is not satisfied, then

at
/ / k(a,o,x, y)I*(o, y)dydo =0, V(a,x)e (0,a") x Q,
0 Q
and I* satisfies the following equations

{Bul*(a,x) =dLI*(a,x) — (y(a,x) + p(a, x)I*(a,x), aec0at],xeQ,

1*(0,x) =0, x €.
(6.3)
Thus 7* is identically zero by the uniqueness of solution for the above linear equation,
which is a contradiction. O

We next give an estimate on the nontrivial fixed point of 7.

Lemma 6.2 Let Assumption 2.2 be satisfied and I* be a nontrivial solution to (6.1).
Then

eim(a,x) < I*(a, x) < eym(a, x), (6.4)

where

m(a, x) = /0 (F(o, a)(k1 P*)(0)) (x)do, (6.5)

€1 and € are positive constants depending on I'* and {F (0, a)}o<o<q<q+ I from
Lemma 2.1 via replacing f by .

Proof As I* is a nontrivial solution, (6.2) is satisfied so that
ciki(a, x) < Ala, x|I*] < coki(a, x),
where ¢y, ¢; are positive. Hence I* satisfies the inequality

ciki(a, x)P*(a,x) — (AT + y ) I*(a, x)
< 0,1*(a,x) —dLI"(a,x)+ u(a, x)I*(a, x)
< coki(a, x)P*(a, x). (6.6)

Since I*(0, x) = 0, we can find positive €], € such that (6.4) is satisfied. O

Lemma 6.3 Let Assumption 2.2 be satisfied and I'* € E be anontrivial fixed point of T..
+

Leté € (0,1)and I € E suchthaté1*+1 € Eand [ [ k2(o, y)I (0, y)dydo > O.

Then there exists a constant €3 > 0 such that

TE +1) = &EI" + e3(1 = &)m. (6.7)
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Proof Observe that (@ < #)

EI"+ 1 +aFEIF+1)
=EI"+1+aP"—EI" — DAL |ET" + T —ayET*+ 1)
=EI"+aFET) + T(1 —arl-, - |E1" + 1] — ay) + a(P* = EIM)AL, -|1]
> EI+a§ F(I™) + a(P* — ET)AL, 1]

a+
>EI*+aF(I"Y) +ae(P* — £k / / ky(o, y)I (o, y)dydo.
0 Q

Then from (3.11), (3.12) and (6.5), we obtain (6.7). O

Lemma 6.4 Let Assumption 2.2 be satisfied and I* € E be a nontrivial fixed point of
T and let & € (0, 1). Then there exists a constant €4 > 0 such that

TEI") = E1" + &(1 — &)eamy, (6.8)

where my(a, x) := [ (F(o,a)I*(0)) (x)do.

Proof Observe that

EI" +aF(EI)
=EI" +aF(I") +a&(l =&)AL, -|17]

at
> E(I" +aF(I7) + (1l — E)él*klf / ka(o, y)I* (0, y)dydo
0 Q

at
> E(I" +aF(I) +ag(l— S)El*k_/ / ka(o, y)I* (o, y)dydo.
0o Jo

Then we have the desired (6.8) from (3.11), (3.12) and definition of m. O

Theorem 6.5 Let Assumption 2.2 be satisfied, then T has at most one nontrivial fixed
point.

Proof Let u* # v* be two nontrivial fixed points. Let § = sup{k € R : v* > ku™}.
From (6.4), we can see that £ > 0. If & < 1, we have from Lemma 6.4 that

v =T (%) > T?(Eu*) > T(Eu* + (1 — E)eamy).

If €4 is small enough, we can assume that £(1 — §)eqmy, Eu™ + E(1 — E)eamy € E.
Then we can apply Lemma 6.3 (taking [/ = £(1 — &)eqm ) to obtain

vt = TEu" + 61 —§eamy) = Eu™ + (1 — E)esm,

which implies by (6.4) that
* * €3 &
vt =dut + (1 —-§)—u".
€
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But this contradicts the definition of &. Therefore, we have & > 1 and v* > u*. By
using the same approach, we can show that u* > v*. Then u* = v*. O

7 Local stability of the nontrivial steady state

7.1 Local stability

In this subsection we analyze local stability of the nontrivial steady state I* € E. Note
that I* € LE°((0, at) x Q) since I'* € E implies that I*(a, x) < P*(a, x). Consider
the linearization of system (4.1) at the nontrivial steady state /* € E in the following

0 +0)1(t,a, x)=d[LI(t, a, x)+A(t,a, x|)(P*—TI*)(a,x)— A*(a,x)I(t,a, x)(y+n)l(t,a,x),
t>0,ac€ ((J,a+],x eQ,
1(t,0,x) =0, t>0,xeQ
1(0,a,x) = Iy(a, x), a € [0, a+],x eQ,
(7.1)

where A(t,a,x|I) = f0a+ fQ k(a,o,x,y)I(t, o0, y)dydo. Define a linear operator
A: DA C X - Xas

Ay = =3, +dLy — 1 (a, x)¥ — (y(a, x) + pla, )y,
DA ={y e X:yeWhl(0,a"), L1(Q)), ¥ (0,x) =0}, (7.2)

where A*(a, x) = fou+ fQ k(a, o, x,y)I*(o, y)dydo. Rewrite equation (7.1) as

d
El(t) =AIt)+ G @), 1(0)=I, (7.3)
where G : E C X — E is defined as

[G¥(a, x) := Aa, x|¥)(P*(a, x) — I"(a, x)).

Then by using the same argument in Lemma 4. 1, one can show that G is compact. Now
we can check that A generates a nilpotent semigroup and its perturbed semigroup by
the compact operator G is eventually compact. Hence, w1 (A + G) = w1(A) = —o0,
where wi(A) represents the essential growth bound of operator A. It follows that the
stability of I* is determined by the eigenvalues of A+ G. By solving the characteristic
equation (A + G)¥ = Ay and viewing f(a, x) = A*(a, x) + y(a, x) + u(a, x) in
Lemma 2.1, we obtain

Y(a,x) = fo e M) (Fyu(o, @) MY (P* — T%))(0)) (x)do.  (7.4)

Plugging (7.4) into the equation of A, we have
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LI+ (e
Aa, x|¥) :/ /k(a,o,x,y)/ e ATD)
0 Q 0

x (Far (7, ) (Y (P* = I)(1)) (y)dTdydo. (1.5)

Define an operator 'y : X — X by

a* o
(N7 :=/0 /Qk(.,o,-,y)/o e MO (Fox (T, 0)(@(P* — I)(1)) (y)dtdydo.
(7.6)

Here we should emphasize that F,+(t, o) is a linear operator since 1* is fixed now
and that F;«(t, o) is applied to the whole ¢ (P* — I*)(z, y) rather than only ¢(z, y).
Note that " is well defined due to the boundedness of P* and 7*. Then it is easy to
check that ' is also compact and nonsupporting by Lemma 4.1, thus has a simple
eigenvalue r(I"5) corresponding to a simple and positive eigenvector. Moreover the
mapping A — r(’p) : R — (0, 00) is continuous and strictly decreasing from
400 to 0 (see Lemma 3.4 of Kang et al. (2020b)). This implies that there exists a
unique Ag associated with a positive eigenvector ¢y € X4 such that r(I'y,) = 1.
Thus T'ay¢0 = ¢o and hence Ag is an eigenvalue of A + G. In what follows, we
will show that such Ag is also a principal eigenvalue, i.e. A9 > |A| for any other
A € op(A+ G)\ {Ap}, where op(A) represents the point spectrum of A. Once it is
true, we have the following theorem.

Theorem 7.1 Let Assumption 2.2 be satisfied. Then it is locally stable when Ay < 0,
which is equivalent to r (o) < 1; Otherwise, I* is unstable when Ao > 0, which is
equivalent to r(I'g) > 1.

Proof Since ' is compact, it follows that o (I's) \ {0} = op(I'4) \ {0}. Note that
{AeC:1eop(Tpr)}={AeC:A €op(A+ G)}. Hence, it is sufficient to prove
that forany A € op(I'p) \ {Ao}, Ao > |A].

For any A € op(I'y), there is an eigenfunction ¢ such that 'ypp = @a. Then
we have |pa| = [Ta@al < Ireal@al. Let frRea be a positive eigenfunctional corre-
sponding to the eigenvalue r (I'rep ) Of ['Res . We obtain that

(fRea> TReal@al) = r(CRea) (fReas [9al) = (fReas l@Al)-

Hence, r(I'Rep) > 1 and ReA < Ag since r(I"p) is strictly decreasing for A € R
and r(I'p) = 1. If ReA = Ao, then I'pyloal = |@al. In fact, if T'oqloa| > |@al,
taking duality pairing with the eigenfunctional f,, corresponding to the eigenvalue
r(T'a,) = 1 onboth sides yields ( fay. T'aol@al) = (fag. 19a) > (fag: |@a ). which
is a contradiction. Then we can write that [pA | = cgp, where ¢y is the eigenfunction
corresponding to the eigenvalue r(I"'p,) = 1. Without loss of generality, we assume
that ¢ = 1 and write @A (a,x) = @o(a, x)e!*@*) for some real function «(a, x).
Substituting this relation into

Cao@0 = 0o = loal = ITaeal,
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we have

/ ’ / k(a,o, x,) / " e totom) (For (2, ) (@o(P* — I*)(1)) (y)dtdydo
0 Q 0

at pu
/ / k(a,o,x,y) / e~ Mo(o—1) ,~ilmA(o—1)
0 Q 0

% (Foe (2. 0) (go(P* = I*)(1) (y)eio‘(f’y)dtdyda‘ .

From Heijmans (1986, Lemma 6.12), we obtain that —ImA (o — 1) +« (7, y) = 6 for
some constant 8. By 'y = @a, we have eieFA()(po = (poei“, so 6 = a(a, x), which
implies that InA = 0. Then, there is no element A € op(I"s) such that ReA = Ag
and A # Ag. Therefore, the result is proved. O

Remark 7.2 Note that 'y < M in the sense of positive operators since Fy+ < Fq and
that when I* = 0, I'g = M. It follows that if (M) < 1, there exists only the trivial
steady state (P*, 0) for (1.1) which is locally stable. Further, if »(I'g) < 1 < r(M),
there exists a unique nontrivial steady state (S*, I*) for (1.1) which is locally stable.
Otherwise, if r(I'g) > 1, there exists a unique nontrivial steady state (S*, I*) for (1.1)
which is locally unstable.

7.2 Effects of small diffusion

Now let us study the effects of small diffusion rate d on the principal eigenvalue Ag.
We write I;, Ag, Fj{ and .7-")“1* (r,0) for I'*, Ay, T and Fy=(t, o), respectively, to
highlight the dependence on d.
Theorem 7.3 Let Assumption 2.2 be satisfied. Then we have

Ag — Ag as d— 0,
where Ag satisfies r(HAg) = 1 and H) is defined in (7.8).

Proof Consider the following eigenvalue problem

da(a, x) = =AY (a, x) — 0F(a, x) + y(a, x) + pla, D)Y@, x) + [GYla, x), ae(0,at], xeQ,
¥ (0,x) =0, xeQ,
at —
Ma, xl¥) = [y [okla,o,x, )Y (o, y)dydo, acl0,a™t], xeQ.
(7.7)
Solving the first equation of (7.7), we obtain

a
Va, x) = / e—A(a—U)e—f;()»*(77,)6)+V(Tl,x)-HL(n,X))d??)L(O-’ x[¥)(P* = I") (o, x)do.
0
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Plugging it into the equation of A, we have
a+ o

san = [ [ kaoxn [T w0 a7~ 1 ydrdydo,
0 Jo 0

where IT,. (7, 0, x) 1= e~ Jt *00+70+1@2)dn Define an operator Hy : X — X
by

a+ (o2
o= [ [ koo [N et y)
x(P* — I")(t, y)dtdydo, ¢ € X. (7.8)

By using a similar argument as in Lemma 4.1, we have that H, is compact and

nonsupporting for every A € R. Hence, A — r(Hp) : R — (0, 00) is strictly

decreasing with N lim r(Hp) = ooand Alim r(Hp) = 0. Thus there exists a unique
——00 —00

Ag such that r(H Ag) = 1. Moreover, A8 is the principal eigenvalue of (7.7) by the
argument in Theorem 7.1.

Now since F f* (t, o) is continuous with respect to d in the sense of operators and
}'f*(t, o) converges to [Ty«(t,0,x)asd — 0, Fj{ converges to Hpy asd — 0. Thus,
by Krein-Rutman theorem, we have r(F?{) — r(Hp) as d — 0, see Degla (2008,
Proposition 2.1). Hence the result is concluded by the continuity of d — r(l"f\). O

Corollary 7.4 Let Assumption 2.2 be satisfied. Then the nontrivial steady state I is
locally stable for each 0 < d < 1 ing < 0.

Proof The proof follows from Theorems 7.1 and 7.3. O

Remark 7.5 We would like to mention that it is not easy in general to obtain the
monotonicity of Ag with respect to d. However, in some specific cases, for example
if the transmission rate k and birth rate § depend only on age, and the recovery rate
y and mortality rate pu are separated (i.e. y(a,x) = yi(a) + y2(x) and u(a, x) =
ui(a) + pa(x))and I* = 0, thend — Ag is strictly decreasing. Moreover, one can
prove that Ag — —o00 as d — oo under the above assumptions. We will study these
in details in our forthcoming papers.

At the end of this section, we investigate the asymptotic behavior of the steady state
1 j in terms of the diffusion rate. Once we know / j , then §* can be easily obtained via
§*=P*—1.

Theorem 7.6 Let Assumption 2.2 be satisfied. If r(E) > 1, then 1] — Tasd — 0,
where I # 0 satisfies the following equation

dal(a, x) = ra, x)(P*(a,x) — I(a,x)) — (y(a,x) + pua, x)I(a,x), aec,at],xeQ,
1(0,x) =0, x€Q,
at —
Ma.x) = [y [gkla,0.x,y)I(0,y)dydo, ae0,at],xeq
(7.9)
and B : X — X is a linear and bounded operator defined in (7.12).
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Proof Solving the first equation of (7.9), we obtain

ra

a
I(a,x)= / A(o, x) P*(o, x)e—fg G-(o,¥)+y (0, X)+1(p,X)dp o
0

Plugging it into the equation of A, we have

Ma, x) =fa /k(a,o,x,y) fU AT, y)
0 Q 0

x P*(1, y)e~ f,a()»(P,,V)+)/(Ps)')JrM(P,y))dpdrdyda. (7.10)

Define a nonlinear operator W on X by

a+ o
[Wl(a, x) :=/ /k(a,o,x,y>f 6z, )
0 Q 0
x P*(t, y)e_fr”(‘7’("”y)J”’(p*»V)+"(p*y))d"’drdyda, beX,

(7.11)

and investigate the existence of a nontrivial positive fixed point ¢* € X4 \ {0} such
that W(¢*) = ¢*, which is no other than the desired nontrivial positive solution
A€ X4\ {0} of (7.10).

One can check that ¥ is bounded and positive. Next, consider the following linear
integral operator E on X:

a+ o
[E1(a, x) :=/ /k(a,o,x,y)/ 6z, y)
0 Q 0

X P*(z, y)e e W0 gravde, e X, (1.12)

We can see that 2 is the Fréchert derivative of W at ¢ = 0 and a positive linear majorant
of W. We show that the spectral radius r(E) of operator E is a threshold value for the
existence of a nontrivial fixed point of operator W. Then by using similar arguments as
in Lemma 4.1 and Proposition 4.2, we obtain that if »(E) > 1, then W has a positive
nontrivial fixed point; that is, (7.9) has a nontrivial solution I in E. Moreover, by using
similar arguments as in Sect. 6 or in Busenberg et al. (1991, Theorem 4.5), one can
show that I is unique.

Next we prove the limit result. Since .7-'){’ (1, o) is continuous with respect to d in
the sense of operators and F: f (t, o) converges to I, (7, 0, x) asd — 0, it follows that
® converges to W as d — 0, where @ is defined in (4.7) and ]—'f is defined in Lemma
2.1 with f being replaced by A 4+ y + u. Thus by the uniqueness of a nontrivial fixed
point, we have a unique nontrivial fixed point of ® converging to the unique one of W
asd—>0;thatis]j—>f. O
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8 Global stability

In this section we discuss the global stability of system (3.5). First we introduce a
condition as follows

/a / ko(a,y) (F(a—t,a)lp(a —t)) (y)dyda > 0 forsome ¢ >0. (8.1)
t Q

If this condition is satisfied, we say that Iy, with support in [0, at]x Q, is a nontrivial
initial data.

Theorem 8.1 Assume that no nontrivial steady state exists, then
Vipe E, S(t)Ip - 0 as t — oo.

The proof is identical to that of Theorem 5.1 in Busenberg et al. (1991). So we omit
it.
Proposition 8.2 Let Assumption 2.2 be satisfied and Iy be a nontrivial initial data.
Then there exist ty > 0 and & > 0 such that

S(to)lo = &1

Proof The proof is inspired by Proposition 5.2 in Busenberg et al. (1991). Noting
(3.15), we have

t
I(t) > l/ e~ a =) t=9A [ (5) £ @ F(I(s))]ds. (8.2)
o Jo

Now since o < we have

_ 1
Ty
I(s) +aF(I(s)) > w(s),

where

w(s)(a, x) = aeki(a, x)P*(a, x) /u f ko(o, v)I(s)(o, y)dydo,
0 Q

so that

14y (5)(a, x)

_ Jae (Fa+s—t,a)ki P*)a+s—1) (x) f§+ Ja ko (o, ) 1(s)(o, y)dydo fora >t —s,
0 fora <t —s.

Plugging it into (8.2), we obtain
t

I(t)(a,x) > ee_é' / (.7-'((1 +s—t,a) (kP (a+s — t)) (xX)h(s)ds (8.3)
(t—a)V0
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with

at
h(s) =/0 /ka(m WI(s)(o, y)dydo.

We make the following claim. O
Claim 8.3 There exists so such that h(s) > 0 for s > so.
To prove this claim, we first prove another claim.
Claim 8.4 Ifh(s) > O fors € [sy, s2], then h(s) > Ofors € [s; —a™, sy +a™].
Note first that 7(¢)(a, x) > 0 forall x € Q if

a>0, t>s1, si—a” <t—a<s. (8.4)

In fact, if these are satisfied, then (r —a) Vs < t Asp. Setting [ = [(t —a) Vs, 1 As2],
we have

I Clst,8], {a—t+I1}N[0,at]#0, (8.5)

where {a —t + 1} :={a —t+1i:i € I}. So it follows from (8.3) that
INS2

I(t)(a,x) > ceul / (f(a +s—t,a) k1P (a+s — t)) (x)

(t—a)Vsy

xh(s)ds >0 forallx € Q,

because by (8.5) the integrand is positive on some interval contained in /.

Finally, fixing ¢ € [s; —a™, s +a™], noting that k; is positive on [0, a*] x Q, and
using (8.4), we know that I(¢)(a, x) is positive fora > Oanda € R := [t — 52,1 +
a’ — s1]. But our choice of ¢ yields

t—sz<a+, t—i—a+—s1 sat—at =0
so that R N[0, at] # @ and h(¢) > 0.

Now Claim 8.4 is proven. Note that if Iy is nontrivial, then from (3.15) we see that
for some positive constant &,

at at
h(s) = /0 /Q/Q(U, W 1(s)(o, y)dydo > 5/0 /ka(a, Y€1) (o, y)dydo

(l+
=5 [ [ ko) (Flo = 5.0)Io(a = 5)) (dydar =0
K Q
for s in some interval [s1, s2]. Thus, iterating Claim 8.4 we have for any integer n that
h(s) >0 in [s; —na™, sy +na™t).
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So if n is sufficiently large, successive intervals are overlapping, and consequently
Claim 8.3 is desired.
We now use Claim 8.3 to the prove following result.

Claim 8.5 There exists ta, such that I(t)(a,x) > 0 fora > 0,x € Qand t > ts.

In fact, if > 500 +2a™, thent — a > so. By (8.3), we have

t
I1(t)(a,x) > ee’él / (]—'(a +s—t,a)(kiP*)(a+s — t)) (x)h(s)ds
t—a

— cemu! / (F(o,a)(ki P*)(0)) (x)h(o 4+t —a)do > 0.  (8.6)
0

Now let fy > Soo +a™. Then tg — a > 50 and

1
[(to)(a, x) > ce— w0 / ’ (Fla+s —to,a)(ki P*)(a + s —19)) (X)h(s)ds

Ip—a

| 1
> eeal0p_ / O (Fla+s —t0,a)(ki P*)(a + s — 1)) (x)ds
1

o—a

— cemw0h_ /a (F(s, a) (ki P*)(s)) (x)ds = e« h_m(a, x)(8.7)
0

where h_ := infs¢[s,, 1] A(s). Finally, by (6.4) we have
I(to)(a, x) = £E1%(a, x),

1 .
where & = :—ze*a’“’h_ and the proof is complete. O

Theorem 8.6 Let Assumption 2.2 be satisfied. Let I* be the unique nontrivial steady
state. Then for any nontrivial initial data Iy we have

Sty = I* as t — oo. (8.8)
If Iy is not nontrivial, then
St)lp =0 for t>a™". (8.9)

Proof Inspired by Theorem 5.3 in Busenberg et al. (1991), let £ and 7y be as in previous
proposition. We have

EI" < S(to)Iy < P*

and
SHEI* < St +19)ly < S(t)P*. (8.10)
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Now
EI* =ESHI* < SHET*, St)P* < P*.

Consequently, S(¢)& I* and S(¢) P* are respectively nondecreasing and nonincreasing
with respect to ¢ and converge to a nontrivial steady state which coincides with I* by
the uniqueness Theorem 6.5. Then the first result (8.8) follows from (8.10).

Next let

/d / ko(o,y) (F(o —t,0)lp(c — 1)) (y)dydo =0 forall > 0.
t Q

Let us show that the iterates /" (¢) defined in (3.16) satisfy

a+
/ / ka(a, WI"(t)(a — s, y)dyda =0 forall ¢+ >0, s > 0. (8.11)
K Q

In fact, if (8.11) is true, then

Ma x|7(0)( )] < ki(a@, x) /0 " /Q ka(o. NI"(1)(0. y)dydo =0
and
") + a FU" (1)) < I' ().
This implies that
,
"Ny < ey + c/O "4 (0)do,

where ¢ > 0 and consequently,

a+
/ / ka(o, NI (1) (o — 5, y)dydo
K Q

< f f k20, y) (F(o — 1 — 5,0 — $)Io(o — 1 — ) (Ndydo
s+t JQ

t at
+c// /kz(a,y)(]-"(a—t—s+n,a—s)
0 Js+t—n JQ
Xl’l(n)(o—t—s—l—n))(y)dydodn:O.
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Thus, (8.11) is true by induction, where we used the positivity of k> and strong posi-
tivity of semigroup F (o, a) fora —o > 0,

at
/ /ka(o, y) (J—'(a —t—s+n0—)I"(n(o—t—s+ n)) (y)dydo =0,
S+t—n

Vn > 0.

Finally (8.11) implies that

a+
/ f ko(a, y)I(t)(a —s,y)dyda =0 forall >0, s >0.
s Q
Soift > a™, then
l —
(1) < cf "4 1(s)ds in [0,aT] x R,
0

which implies the second result (8.9), see the argument in Theorem 5.3 in Busenberg
etal. (1991). O

9 Discussion

In this paper, we studied an age-structured epidemic model with nonlocal (convolution)
diffusion which describes the spatial spread (via long-distance travel) of an infectious
disease in a host population with age structure. We first analyzed the well-posedness of
the model, then investigated the existence and uniqueness of the nontrivial steady state
corresponding to an endemic state, and finally studied the local and global stability of
this nontrivial steady state. Moreover, we considered the asymptotic properties of the
principal eigenvalue and nontrivial steady state with respect to the diffusion rate.

Recall that the basic reproduction number is defined by the spectral radius of the
next generation operator, Ry := r(G), where G is given by (5.3). We would like
to point out that the effects of age and nonlocal diffusion were implicitly included
in the expression of the operator G. Theorem 5.2 stated that Ry is a threshold for
the existence of a nontrivial steady state; namely, system (1.1) has only the trivial
steady state (P*, 0) if Rgp < 1 and has at least one nontrivial steady state (S*, I*)
if Ro > 1. For the operator I'y defined by (7.6), which also depends on age and
nonlocal diffusion implicitly, there exists a unique (principal) eigenvalue Aq such that
r(I"'ay) = 1. Thus, Theorem 7.1 indicates that r (I'g) plays as another threshold for the
stability of the nontrivial steady state; namely, it is locally stable when r(I"g) < 1 and
unstable when r(I'g) > 1. Rewrite the principal eigenvalue as Ag to represent the fact
that it depends on the diffusion rate d. If the transmission rate k, birth rate 8 depend
only on age and the recovery rate y, mortality rate p are separated and I* = 0, then
d— Ag is strictly decreasing. Moreover, Ag — —ooasd — oo.

We would like to mention again that the analysis of (1.1) with nonlocal diffusion is
also valid for (1.6) with Laplace diffusion; that is, Lu := Au, see Kuniya and Oizumi
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(2015) for the existence of steady states for an age-structured SIS epidemic model with
Laplace diffusion. It is also interesting to investigate the principal eigenvalue of the
age-structured operator coupled with more complicated nonlocal diffusion operator
in SIS epidemic models (for example including cost parameter and diffusion range
in our forthcoming paper), and use it as a threshold to study the dynamics behavior
of SIS epidemic models, see Yang et al. (2019). Note that we assumed d; = ds in
(1.1), it is also valuable to consider different diffusion rates, for example, d; # ds.
In addition, the method of monotone and positive operators will not be valid if we
consider more complicated epidemic models, for example SIR or SEIR age-structured
models with nonlocal diffusion (which might be suitable to describe the geographic
spread of COVID-19), since the system will lose monotonicity. Thus, it is necessary
to study such more complicated epidemic models by using a different approach. We
leave these for future consideration.
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