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Abstract

We propose a new model that describes the dynamics of epidemic spreading on con-
nected graphs. Our model consists in a PDE-ODE system where at each vertex of
the graph we have a standard SIR model and connections between vertices are given
by heat equations on the edges supplemented with Robin like boundary conditions at
the vertices modeling exchanges between incident edges and the associated vertex.
We describe the main properties of the system, and also derive the final total popu-
lation of infected individuals. We present a semi-implicit in time numerical scheme
based on finite differences in space which preserves the main properties of the con-
tinuous model such as the uniqueness and positivity of solutions and the conservation
of the total population. We also illustrate our results with a collection of numerical
simulations for a selection of connected graphs.
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1 Introduction

Classical SIR compartment models are cornerstone models of epidemiology which
allow one to study the evolution of an infected population at a given spatial scale (e.g.
whole countries, regions, counties or cities). Such models date back to the pioneer
work of Kermack and McKendrick (1927) and describe the evolution of susceptible
(S) and infected (I) populations which eventually become removed (R) via systems of
ordinary differential equations which typically take the form
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S'(t) = —1SMI (1),
I'(t) =tSW)I(t) —nl (), (1.1)
R'(t) = nl(1),

where T > (1is a contact rate between susceptible and infected populations, and 1/ >
0 is the average infectious period; see Hethcote (2000) for a review on SIR models.
These models have been used in the past to reproduce data of epidemic outbreaks such
as the bubonic plague (Kermack and McKendrick 1927), malaria (Mandal et al. 2011),
SARS influenza (Centers for Disease Control and Prevention 2003; Magal et al. 2016)
and most recently COVID-19 (New England Journal of Medicine 2020; Magal and
Webb 2018; Liu et al. 2020); see also Stolerman et al. (2015) and Magal and Webb
(2018) for other applications.

In classical SIR models such as (1.1), interactions among the infected population are
oversimplified, and when taken into account they typically involve transfer matrices
of populations of infected between various uniform patches (Van den Driessche and
Watmough 2002; Magal et al. 2016, 2018). Our interest lies in the understanding of
the intricate interplay between spatial effects and heterogeneous interactions among
infected populations. Schematically, we propose a model composed of cities linked by
a given transportation network (roads, railroads or rivers), see Fig. 1 for an illustration
in the case of France. It will turn out that the appropriate theoretical framework will
be graph theory where each vertices of the graph will be thought as the cities and the
edges the lines of transportation. In a first approximation, we will assume that infected
populations are only subject to spatial diffusion along the lines, as it is traditionally
assumed in classical spatial SIR models (Aronson 1977; Diekmann 1978; Reluga
2004; Berestycki et al. 2020). As a consequence, in our model, the dynamics of the
epidemic only takes place in the cities. Interactions are then modeled by flux exchanges
between cities and lines where we assume that some fraction of infected individuals
can either leave a city to be on a line, or leave a line and stop in a city, or pass from
one line to another through a city. The typical question that we address here can easily
be stated as follows. Given a connected graph of cities linked by roads and an initial
configuration of infected individuals, how does the epidemic spread into the network
and what is the eventual final configuration of the infected population? Our aim here
is to gain insight into this spreading aspect at the fundamental mathematical level of a
SIR type model that incorporates the possibility of infected individuals to travel along
a specific given transportation network.

Our framework is at the crossroad of models that take into account lines of trans-
portation such as recent reaction-diffusion models that study propagation of epidemics
along lines with fast diffusion (Berestycki et al. 2020) and models that incorporate net-
works with more sophisticated interactions dynamics (Britton et al. 2008; Sahneh et al.
2013; Spricer and Britton 2019; Ball and Britton 2020; Bonnasse-Gahot et al. 2018).
On a formal level, our proposed model can be thought of as being a one-dimensional
version of the planar reaction-diffusion system of Berestycki et al. (2020) with a line
of fast diffusion in the case of one city and one line of transportation. Actually, the
graph structure of the transportation network provides a natural embedding into a
planar spatial domain. From a mathematical point of view, our model shares also
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Fig.1 Map of France with an
illustration of a connected graph
connecting major cities

some similarities with the PDE-ODE model of David et al. (2020) which studies the
spread of airborne diseases where the movement of pathogens in the air is assumed
to follow a linear diffusion. Actually, one-dimensional PDE-ODE models have been
successfully used in other biological contexts, and we refer to the line of works (Gou
and Ward 2016; Gou et al. 2015; Paquin-Lefebvre et al. 2020) on cell-bulk models of
cell signaling. Although these models share some similarities, the long time dynamics
are different. In Gou and Ward (2016), Gou et al. (2015) and Paquin-Lefebvre et al.
(2020), one typically observes oscillatory dynamics caused by the coupling at the
boundary via the loss of stability of steady-states through Hopf bifurcations, whereas
the long time behavior of the solutions of our model presents the characteristics of
SIR compartment models with the convergence to a steady-state of the system. As
it will be demonstrated, the selected steady-state is entirely determined by the initial
configuration of individuals in our network.

Finally, we highlight that there is an intrinsic difference between the PDE-ODE
model that we propose and the compartment models on fixed graphs that are prominent
in the literature on the subject, see for example (Britton et al. 2008; Sahneh et al. 2013;
Stolerman et al. 2015; Spricer and Britton 2019; Ball and Britton 2020; Bonnasse-
Gahot et al. 2018) and references therein. In our setting, connections between vertices
are not instantaneous as infected individuals have to diffuse along edges in order to be
transported from one vertex to another. As a consequence, our PDE-ODE model intrin-
sically incorporates very subtle nonlocal in time behaviors that typical compartment
models on fixed graph with local interactions do not take into account.

2 Model formulation and main results
Throughout, we denote by G = (V, £) a compact metric graph, i.e. a collection of
vertices V) and edges £ and further assume that G is finite and connected. Each edge

e € & is identified with a segment 2, = [0, £.] with £, € (0, c0), where £, is the
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finite length of the edge. A real valued function u : G — R is a collection of one
dimensional maps defined for each edge ¢ € &:

Ue : L —> R.

For future references, we define BC (G, R) the space of bounded continuous functions
on G as

BC(G.R) := P BC(Q, R),
ec&

and similarly BC*(G, R) with k > 1. We define the L norm on G foru € BC(G, R)
as

lulloo := max sup |ue(x)].
€eC xeQ,

2.1 A SIR model on compact connected graph

Given a graph G, we let X, (¢) := (S, (¢), I,(t), R,(t)) € RR3, for each v € V, where
Sy () represents the population of susceptible individuals, ,(¢) the population of
infected individuals and R, (¢) the population of removed individuals at vertex v € V
and time ¢ > 0. We assume that X, evolves according to a SIR model of the form

Sy(t) = =S 1 (1),
I;(t) =Sy () — nuly(1) + Za:”e(tv v) — Ay Ly (1), 2.1

e~v

R;(t) = nuly(2),

where 7y, 1, > 0 are the intrinsic parameters of the epidemic which may depend
on the vertex v. The contribution —A, I, (¢) in the right-hand side of the equation for
the infected population encodes the fact that infected individuals can leave the vertex
v to incident edges whereas Y e~y %o tte(t, v) reflects the contribution of incoming
infected individuals from incident edges. Here, e ~ v denotes the edges incident to
the vertex v and

hy 1= Z)‘:’

e~v

such that A? I, (¢) infected individuals leave vertex v to edge e. We have assumed that
only the infected population is subject to movement, and we think of §, being an
ambient population whose movement does not affect its distribution. We recover the
standard SIR model (1.1) by considering the trivial graph G = ({v}, #). Throughout
the manuscript, we will assume the following standing hypothesis on the coefficients
a, and A in (2.1).
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Hypothesis 2.1 For each (e, v) € £ x V we assume that
ap €(0,1) and 2} €(0,1),

together with

Y ale©.1) and Y ol €(0.1).

e~v e~v
Next, for each e € £, we let d, > 0 and we assume that u, evolves according to

o

due(t, x) = dpd’up(t,x), t>0, x€Qe. (22)

Assuming that infected individuals have local diffusion along the edges of the graph
is a first approximation, and this can be viewed as a limiting Brownian movement of
individuals. Possible extensions could be to incorporate nonlocal diffusion or transport
terms.

It now remains to model the exchanges of infected individuals at the vertices. For
each v € V, we associate an integer §, > 1 which we refer to as its degree (i.e.
number of edges incident to the vertex v). We define u, (¢) € R% as the column vector
function

uy (1) := (ue(t, V) e~y
where we recall that e ~ v denotes the edges incident to the vertex v, and thus u, (¢, v)

is the corresponding limit value of u, at x = v. Define also d,u,(¢) € R% as the
column vector function

Oy (1) := (Opue(t, v))e~v,

where 0, u, (¢, v) is the outwardly normal derivative of u, at the vertex v. Our boundary
conditions at the vertex v that link (2.1) and (2.2) are described by

Dyduuy (1) + Kyuy (1) = ALy (2), (2.3)
where D, € .45, (R) is the diagonal matrix D, = diag[(d,).~y] and K, € #5,(R)
whose structure will be specified below. Formally, (2.3) encodes the balance of fluxes

of infected individuals at the vertex v, and we will demonstrate this heuristic rigorously
by showing in the forthcoming Sect. 2.4 the conservation of total population.

2.2 Assumptions on the connectivity matrices K,
We now precise the form of the matrix K, entering in the boundary condition (2.3).

Essentially, K, gathers two contributions. One contribution comes from the exchanges
between infected individuals at the vertex with the incoming infected individuals for
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the incident edges. The second contribution models exchanges between edges. Indeed
we allow infected individuals to pass from one edge to another one. More precisely,
we have that K, splits into two parts

Ky := Ay + Ny,

where the matrix A, € .#;, (R) is the diagonal matrix A, = diag(a?).~, While the
matrix N, € .#;s,(R) is such that the sum of each column is zero. More precisely, if
we label by e ~ v = (ey, ..., es,) the edges incident to the vertex v, we have that for
alli=1,...,68,

(No)ii = Ver.e;

J#
andfori £#j=1,...,8
(Nv)l,] - ij,el"
In the case §, = 3, we get
v v v v
Vey ez + Vei,e3 “Veye “Vese
— _ v v _
Ny = Vel,e Ves.er T Vey.es Ves,er ’
v v v v
“Veye3 Ve Ves ey + Ves,er

see Fig. 2 for an illustration in that case.
Furthermore, for the diagonal term we will use the shorthand notation

(Ny)e,e = Z V:’e/-
e'#e

The fact that N, € .#;s,(R) is such that the sum of each column is zero precisely
encodes the fact that there is the conservation of infected individuals through exchanges
between incident edges at each vertex. And, we remark that it implies that the matrix

K, has a strict column diagonal dominance in the sense that for eachi =1, ..., 4§,
Sy
Z(Kv)ej-,e,- = a:i > 07
j=1

because of this specific structure of N,. From now on we also assume that K, has
a diagonal dominance with respect to its lines. This property will be crucial later on
in the proof of existence of solutions. As a consequence, we impose the following
running assumptions on the matrices K.

Hypothesis 2.2 For eachv € V and (e, e') € £ x &, we assume that

v!, €0, 1).
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€1

€3
v v
Vei,ea Vea,ex

€2

Fig.2 Schematic illustration of the exchanges at a given vertex v with §, = 3

Furthermore, we impose that for allv € V
Z v:,’e <a, + Z v:’e/,
e'#e e'#e
together with
(Ky)ee =al + Y vl €(0,1),
e/ F#e

for each e ~ v.

Remark 2.3 If the exchanges between the edges are symmetric, that is for each v € V
the matrices N, are symmetric, that is

v v /
Voo = Vg Ve, e)eEXE,

then Hypothesis 2.2 is automatically satisfied.
2.3 Initial configuration

Finally, we complement our coupled PDE-ODE (2.1)—(2.2)—(2.3) with some initial
conditions. We assume that at t = 0, we have
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ut=0,)=u’e BCG,R),
such that for e € &,
ud(x) >0, xeQ,.
On the other hand, for the ODE system (2.1), we suppose that

(Sy(t = 0), I,(t =0), Ry(t =0)) = (5°,1°,0) >0, VveV.

v Ly
We further assume that (2.3) is satisfied at r = 0
D3, u’ 4+ Kul = A, 10,

with obvious notations 0¥ := (u%(v)),~, and I := (17, ..., I9)t. Last, we impose
that the initial total population of infected individuals is strictly positive,

> r>o,
veV

and that susceptible individuals are initially present at each vertex of the graph

SO>0, Yv e V.

v
This in turn implies that the total population is initially

MO = Z/ Wndx + Y (SS + 1,?) > 0.
Q

ecE “ e veV

2.4 Conservation of total population

Assuming that there is a solution to (u, (Xy)yey) to (2.1)=(2.2)—(2.3), we have that
the total mass of the system M (¢) defined as

M@ =3 [ et a4 3 500+ L0+ R0
ec€ " veV

is a conserved quantity and thus independent of ¢.
To see that, we first remark that

(S,() + I, (1) + R,(1) = Zague(t, v) = Aoy (1) = (Ayuy (1), 15,) — (AL (1), 15,)

e~v

with
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and (-, -) is the standard Euclidean inner product on R%. On the other hand let us
define

m(t) := Z/Q u.(t, x)dx,

ecE

and assume that u is a classical solution of (2.2), which we will prove in the next
section, and compute

m'() = f duue(t, x)dx =Y " de [Dxute(t, X)]yg,
ecE £ ecE

= Z(Dvanuv(t), 15,)
veV

= Z(AUIU(I) - Kuuv(t)’ 1811)
veV

=Y (M) — A1), 15,) — D (Nywy (1), 15,)
veV veV

:O
== > (S, + I, + Ry()) .
veV

The fact that

D (Nowy(1), 15,) =0
veV

is a direct consequence on the specific structure of each matrix N, and the fact that
the sum of each column is zero. We therefore conclude that M’(t) = 0 and

Zf ue(t, X)dx + Y (Su(t) + L(1) + Ry(1)) = M°, vt > 0.
ecE $2 veV

Biological interpretation. Our model is thus consistent with the conservation of
the total population as it is traditionally the case for SIR model in the case of zero
natality/mortality rate. The exchanges between the vertices and the edges exactly
compensate each other as is natural.

2.5 Main results and outline of the paper
We now present our main results regarding our model (2.1)—(2.2)—(2.3). At this stage
of the presentation, we remain formal and refer to the following sections for precise

statements and assumptions.
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Main result 1: Existence and uniqueness of classical solutions. 'We prove in Theo-
rem 1 below that for each well prepared initial condition our model (2.1)—(2.2)—(2.3)
admits a unique positive classical solution which is global in time. We remark that the
system (2.1)—(2.2)—(2.3) is not standard as it couples a system of PDEs to ODEs at
each vertices through inhomogeneous Robin boundary conditions. As a consequence,
the existence and uniqueness of classical solutions has to be proved. This analysis is
conducted in Sect. 3.

Main result 2: Long time behavior of the solutions. We fully characterize the long
time behavior of the unique solution of our model. More precisely, we prove that the
final total population of infected individuals at each vertex, denoted by Z3°, is a well
defined quantity: 0 < Z3° < oo for v € V and (Z3°),¢y are solutions of a system of
cy + 1 implicit equations, where ¢y stands for the cardinal of V, which belong to the
parametrized submanifold

> (536’_”’130 + r/vafo> =M’
vey

where M is the initial total mass. We refer to Theorem 2 for a precise statement. We
also present further qualitative results on the final total configuration (Z°),cy in the
fully symmetric case where we obtain closed form formula (see Lemma 4.4) and in
the case of two vertices where we manage to obtain sharp bounds on the final total
populations of infected individuals (see Lemma 4.5). In each case, we manage to relate
these quantities to standard basic and effective reproductive number for classical SIR
model. The aforementioned results are proved in Sect. 4.

Main result 3: Amass preserving semi-implicit numerical schemeMain result 3: Amass
preserving semi-implicit numerical scheme. We propose and analyze a semi-implicit
in time numerical scheme based on finite differences in space which has the property
to preserve a discrete total mass associated to the discretization. We prove that if the
time discretization constant is smaller than a universal constant depending only on the
parameters of the system (and not on the space discretization constant) and if N, is
symmetric for each v € V), then our mass preserving semi-implicit numerical scheme
is well-posed and preserves the positivity of the solutions. We refer to Sect. 5 for a
presentation of the numerical scheme and Theorem 3 for a precise statement of our
main result.

Main result 4: Numerical results for various types of graphs. We illustrate our
theoretical findings with selection of numerical simulations for various types of graphs
in Sect. 6. We respectively study the case of 2 vertices and 1 edge, 3 vertices and 3
edges (closed graph), 4 vertices and 3 edges (star-shape graph) and N + 1 vertices and
N edges with N being arbitrarily large (lattice graph). Most notably, in the last case,
we show the propagation of the epidemics across the vertices of the graph in the form
of a traveling wave.

@ Springer



Dynamics of epidemic spreading on connected graphs Page110f52 52

3 The Cauchy problem: existence and uniqueness of classical
solutions

This section is devoted to the proof of the following main theorem which guarantees
that our model is well-posed.

Theorem 1 For each (S, 19) > 0 with SO > 0, 3", ., 10 > 0 and u® € BC(G,R™)
that satisfy the boundary condition (2.3), there exists a unique positive global solution

Sy, Iy, Ry) € €'(RY, RT x Rt x RT) andu € €'2(R} x G, R™).

The proof of Theorem 1 is divided into two parts. We first prove the existence of
positive global classical solutions and then show that such constructed solutions are
unique. We look for solutions that satisfy (2.1)-(2.2)—(2.3) in the classical sense, and
we always assume that (SS, IB) > ( with SS > 0, Zvev Ifj) > 0andu® € BC(G,R™M),
that is for all e € &, u > (0 is bounded continuous on £2.. We further assume that
the initial conditions satisfy the boundary condition (2.3). We remark that the system
(2.1)—-(2.2)—(2.3) is not standard as it couples a system PDEs to ODEs at each vertices
through inhomogeneous Robin boundary conditions. As a consequence, the well-

posedness of the Cauchy problem has to be proved.

Remark 3.1 Our existence and uniqueness result extends trivially in the case that
parameters 7, > 0, o} € (0,1), 1) € (0, 1) and v » € [0, 1) are continuous func-
tions of time satlsfylng 7, () > 0, oz”(t) € (0, 1), )J’(t) € (0, 1) and v} ,(t) € [0,1)
together with Hypotheses 2.1-2.2 verified at all times ¢ > 0.

3.1 Existence

In this section, we construct a classical solution to (2.1)—(2.2)—(2.3) through a limiting
argument. We will obtain a solution (u, (X;),c)) has the limit of a subsequence of
solution (", (X}})yey))n>0 of the following problems

dS”(t) . "
S8 — —nsi o),
dldf” — 2 SIOII (1) — (o + T I7(01)

t>0, VveV, 3.1

+Za (t v),

e~v

dR?(1)

e nly (1),
with
Dy, u’ (1) + Kou' (1) = AI' (1), 1>0, YveV, (3.2)
and
B (1, x) = d,0%u" (1, x), 1>0, x€Q. Veck. (3.3)
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starting from u’ € BC(G,R*) and (Xg)vev. Note that (3.1)—(3.2)—(3.3) is supple-
mented by the same initial condition (u°, (X g)vev) at each step. We proceed along
three main steps.

Step #1: solvability of (3.1)—(3.2)-(3.3). We first show that (3.1)—(3.2)—(3.3) admits
a unique solution. It can be done by induction. Assume that at step n — 1, we have
constructed a solution (u” 7, (Xﬁ’1 )vey) such that for each ¢t +— ug"l (t, v) is contin-
uous, then we get the existence of a unique solution of (3.1) which is € in time. Next
we solve the system of PDEs (3.3)—(3.2) whose coupling comes from the boundary
conditions and owing that now the right-hand side of (3.2) can be seen as given inho-
mogeneous term of class ¢! in time. As both D,, and K, are invertible matrices, we get
the existence of a classical solution u” € €2 which then ensures that ¢ — ul (t,v)
is continuous.

Step #2: a priori estimates. Let0 < 7 < 1 be fixed. We first show by a recursive
argument that 0 < S, 0 < 7,0 < R} foreach v € V and 0 < u/ foreache € £. It
is trivial at n = 0. Let assume that is it true at n — 1. We start from (3.1) and a direct
integration gives

! n
S1(1) = S%e™™ o s g,

_  on
[;’ (t) — Il?e_(ﬂu'f‘)nv)t"rfo Su (s)ds

t _ fon
+ ZO‘Z/ e—(nu—i-}»v)(t—s)—i-fs S (r)druz—l(s’ v)ds > 0,
e~v 0

t
RI(1) = nUA I (s)ds > 0.

Now owing that 0 < I} for each v € V, the maximum principle implies that u”} > 0
for each e € £. Assume by contradiction that e, € £ is the component which reaches
a negative minimum, namely ug’* (ts, x5) = =8 < 0 with uﬁ* (t,x) > =8 fort < t,
and x € ., and for each e # e, we have u}(¢t,x) > —é fort <t, and x € Q.. We
know that x,. € 0€2,, and let denote v, = x, € V the vertex where this occurs. The
Hopf lemma implies that 9,u;_(Z, vi) < 0. Inspecting the boundary condition (3.2)
at vy, we obtain that

de, i, (b, v3) + @71l (15, v2) + (Z v:;,e> (1, V)

e~ey

=) vl (e, vi) = AL (1),

e~ey
which writes
n V. V. V.
0> dg*a,,ue*(t*, vy) + 9 ( E Ve;* - Ole: - E Ve:,e)
e~es e~ey
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- Z Voo, (8 g (t, v4)) = A5 1) (1) > 0,

e~ey

and leads to a contradiction. Here we have used the fact that

Ux Vx
E Vele, <a, +E ve*e,

e~ex e~ey

from Hypothesis 2.2 on the matrices (Ky)yc) .

Next, from the positivity of solutions, we obtain some uniform L°° bounds.
More precisely, we claim that there exists a constant K > 0 depending only on
(T, 10, 89, 1u®|| ) such that

dsy ()
dt

drj(t)
dt

dR7 (1)
dt

<K O0<t<T,

’ )

0< S8}, 1), Ry(t) < K, and ‘

and
O<ul(t,x) <K, 0<t<T, x€,.
First, using (3.1) we obtain that

dsp@) dIj(@)  dR;(1)
dt + dt + dt

Y I"(t)+2a” =1t v,

e~v
which gives that

0<S"O)+ 1"+ R'@) < SO+ 10+ T|u" oo, 0<r<T,

together with
dsyy| |dIl@)| |[dRI() _1 20 el

, , < Cl|u" 1+T+T7|u" 0<t<T,
‘ ar ar | = " Moo+ T +T7Nu"" o) 0<1t=<

which in turn implies that
4" loo < CTIu" Mool + T + T|u" o),

for C, C > 0 only depend on the initial condition (u°, (X g)uev) and the parameters
of the system. We now claim that by induction, we have forall0 < < T,

Qn
0<SIO+ I} +RI1) <C Y TP,

p=0
2a,
dsi(n)| |dIj@)| |dR: (t) X
, ; <C T?,
‘ dr dr Z

@ Springer



52 Page 14 0f 52 C. Besse, G. Faye

2ay
"o < €Y TP,
p=0

with a, = 2 + 2a,_; forn > 2 and a; = 1 for some C>0 only depending on
@®, (X9)ye1). As0 < T < 1, we get that

0<S"(t)+1"(t)+R"(t) <Cr, 0<1<T,
together with

dsy ()
dt

drl ()
dt

=<Cr,

1" [loo :

dt

'dkg (t)

for some constant éT > 0 depending on (T, ud, (XS)UE];).

Step #3: existence of a solution. Parabolic Schauder estimates give that the time
derivative and the space derivatives up to order 2 of u” are uniformly Holder continuous
in compact sets. As a consequence, we can use the Arzela—Ascoli theorem to show
that (1", (X7),ep) converges (up to sequences) toward (u, (Xy)ye)) in Cllo’z((O, T) x

C

G) x CL (0, T)) x C_((0,T)) x CL_((0, T)). Passing to the limit n — o0 in

loc

(3.1)—~(3.2)—(3.3) we get that (u, (Xy),cy) satisfies (2.1)—(2.2) subject to boundary
conditions (2.3).
As a by product of the proof we get that for the just constructed solution
(u, (Xy)ypey) we have the uniform bounds:
0<8(t) <S8 0<t<T, veV,
and
0=< L@, R 0<1=T,
together with
0<u.(t,x), 0<t<T, x€., eck.
The fact that 7,,(#) > 0 implies thanks to the strong maximum principle that in fact
0<uct,x), 0<t<T, x€Q., ecék,
which in turn gives that I,,(¢) > 0 for each v € V since
I'(t) = Ioe*(fiquXu)tJrfé Sy (s)ds
v v
t —
+Z°‘v/ = AT =)+ LT n=1 (s e
e e , .
e~v 0
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Finally, we use the conservation of mass which tells us that

Z/ ue(t, x)dx + D (So(t) + L) + Ru() =M" >0, 0<t<T,
cc€ VSt veV

such that both 7,(¢) and R,(¢) are uniformly bounded in time, together with their

derivatives. This also implies that there exists a constant M > 0, depending only
°, (X9),ey) such that

0<uc(t,x) <M, 0<t<M, xe€,.

Using again parabolic regularity, we obtain the solution (u, (Xy),cy) is global in time
and satisfies (2.1)—(2.2)—(2.3) in the classical sense.

3.2 Uniqueness
Let assume that (u, (Xy),ep) and (i, (f(v)vev) are two classical solutions to

(2.2)~(2.3)—(2.1) starting from the same initial datum O, (Xg)vey). We denote
(@1, (Xy)yey) where foreach e € £

Ue = Ue — Ue,
and eachv € V

Xy = (31}1 IAvy Iév) = (Sv - Sv» I, — ivv Ry — Rv)

By linearity, we get that fore € £

o

e = ded2i,, >0, x€Q,,
together with
Dydyiy (1) + Kpity (1) = A1), t>0, veV.
On the other, one computes that X v satisfies for each v € V

810 = =7 (S:0 ) + 5.0 L. 0).

B0 =1 (So0 L@ + 8:0L0) = o) + Y alie(t, v) = Ty 0),

e~v

R.(1) = ny Ly (1),
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We define the energy

1 . 2 1 N o A~
£ =5 Zg /Q (@ 0) de k5 ZV (8002 + L, + Ry0?),

and note that &(0) = 0 by definition. Next, differentiating & (¢), we obtain

&) = Z/Q fo(t, )80 (2, x)dx
ecf ¢

+ 3 (8080 + Lo + R R,0)

veV
= &, () + Ex(1).

On the one hand, we have

E\t) = Z/Q fo(t, X)3 i1, (2, x)dx =

> d. / fio (1, )02, (t, x)dx
eef

eef S

= — Zde/ (Bt (1, %)) dx + > " de [iie(t, x)ddie (1, 1),
Q e

ee€ ¢ eef
< Y Dyt (1), 6, (1))
veV
= > (AL () — Ky, (1), 6, (1))
veV
= D (AL (1) = Ay (1), By (D)) — D (Nyliy (1), i, (1)
veV vey
< Y (AL — A, (), B (),
veV

as N, is symmetric positive. On the other hand, we compute

ACEDY (Sv(t)ﬁ,ﬁ(t) + L)) + I@U(I)I@{,(t))
veV

=Y % (S OLO30 + 3.0 L0 + S OLO* + SO LOLO)

vey
- Z rlviv(t)z - vaiv(t)z + Z iv(t) Za:ﬁe(ta v)
veV veV veV e~v
+ Y Ry () (1)
veV
<CEM+ Y L)) it v),

veV e~v
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where C > 0 is some large positive constant. Next, we see that
DLW aliot,v) =Y (L), Ay, (1)),
veV e~v veV
such that we obtain
E'(1) < CEM + Y (Ay(t) — Ayl (1), 8, (1) + D (1), Ayl (1))
vey veV

1/2 1/2 4

Next, if we denote W, (1) := %A; (Ay + Ay) L) — AY ", (1), we compute

1 A N
0= ) (W), Wo()) = 3 D (AT (A + 4 L (), L)

veV veV

=Y Ay + AN T, (1), B, (1))
veV

+ ) (Al (1), 6, (1))
veV

= }L DA (A + A T, T,()

veV

=Y (Al () — Ay (1), 6, (1))
veV

=Y {,(0), Ayl ().
veV

As a consequence, we get

E' 1) < CEW) + }1 ;m;l (Ay + AL, (0), 1,(0) - gm(r), Wy (1))

<C&W),
for some C > 0 and we conclude that &(¢) = O for all time which then implies that
#=0and X, =0.
4 Long-time behavior of the solutions
Throughout this section, we denote by (u, (X,),ey) the unique positive bounded

classical solution of the Cauchy problem (2.1)—(2.2)—(2.3) as given by Theorem 1 and
which further satisfies the conservation of total population, namely

Z[ ue(t, x)dx + Y (Sy(t) + Iy() + Ry(1)) = M° > 0, Vi > 0.
eef 2 veV
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4.1 Final total populations: general results

As 0 < S,(1) < SS and S, (¢) is strictly decreasing, it asymptotically converges
towards a limit that we denote

S = lim S,(#), ve.
t——+00

Furthermore, as R, (¢) is strictly increasing and uniformly bounded, it asymptotically
converges towards a limit that is denoted

0<RX:= lim R,(t) <oo, veEV.

li
t——+00

But as foreach ¢t > 0

t
Ro(t) = 2 / 1,(s)ds,
0

this implies that

t ROO
Iy(t) = / Ly(s)ds — I,° = n” <ooast — 400,
0 v

which in turn proves that
oo s —
I° = . llrll I,(t) =0,

pending that we prove that the limit of 7, (¢) as t — 400 exists. To see that, we use
the fact that

L@ dSy@® o+ Ay dInS,(r)
dt dt 7, dt

Z(x:ue(r, v), veE,

e~v

to obtain that

A A
L (1) + Sy(1) — M + vlnSv(t)—Il?—SSvalnSl?
v v
t
:Zag/ Uue(s,v)ds, ve. 4.1)
0

e~v
We now argue that the left-hand side of the previous equation is uniformly bounded

as S;° = SSe’T”Igo > 0, which ensures that fot ue(s, v)ds has a limit as t — +o00 by
positivity of u,. This in turn implies that the limit of I,,(¢) as t — 400 exists.
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If one recall the notation m(¢) for the total population on the edges then we have

m(t) = Z/Q u.(t, x)dx,

ecE "7

and it verifies

D Su) + L0 + R +m(e) = (S0 +10) + Z/ 10 (x)dx.
veV veV ecg ISk

The above computations shows that m(¢) has a limit as ¢+ —> +o0, that we denote
Mmoo and which satisfies

DS HRY) A ma = (SS + 1,?) + Z[ 10 (x)dx. 4.2)
Q

vey veV ecE ¥ e

We shall also keep in mind that

0 T 0 —ILR>® Ny S
SX¥ =8 e " =8¢ m'v  orR®=——In—=2, veV
v v v ’ v T 50’
v v

And so if we introduce the function W, (x) := x — Z—’ In x, then the above conservation
. v
of mass can be written as

Y WS F e =Y (13 n wv(sf})) n Zf 10 (x)dx.
Q,

veV veV eek

On the other, one can compute that

dm(?) = ZXUIU(t) - Z(Avuv(t), 15,),

N veV veV
such that
t
m(t) + Z/ (Ayuy(s), 1s,)ds = Z/ ud()dx + > Ty ().
veV 0 ek $2 veV

Now, as m(t) and each Z,(¢) are convergent we deduce that all fé u, (s)ds are also
convergent so that

Moo + Z/wmvuv(s), 15,)ds = Z/ ul(x)dx + ZXUI;’O, 4.3)
0 Qe

veV ee& veV
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and
o0
/ uy(s)ds < oo, vey,
0

which proves that
u,(t) — OQast — 400, ve.
And the boundary conditions imply that
opu,(t) — Oast — +oo, veV.

Next, we define the sequence of functions ul} (f, x) = u.(t +n, x) foreach e € £ and

X7 (t) = Xy(t + n) for each v € V which are uniformly bounded such that one can

extract a convergent subsequence. On the one hand we have that lim X7 () = X° =
n—0o0

(852, 0, R3®) and on the other if u2°(¢, x) = nlirgouﬁ(t, x) it is solution of

B ul(t, x) = d,0*u(t, x),

e

with the boundary conditions

Bpu’ () =u’(t) =05, vel.

This then shows that u3°(z,x) = 0,¢ > 0 and x € . for each e € £. As there is
unicity of the limit, we deduce that

lim u.(t,x) =0, ecf.
—+0o0

From which we also get that ms, = 0 and that
PR ACHEDY (1,‘3 + xp,,(s,?)) + Z/ ud (x)dx.
vey veV ec€ e
We also get from (4.3), that
o f—
Z/ (Ayuy(s), 15,)ds = Z/ ud(xydx + > I
veV 0 eeg VS vey

Finally, as a consequence of (4.1), the final total populations of infected individuals
at each vertices satisfy the following scalar differential equation

dZ, (1)

=) (1=e20) =0 + 10
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t
+ Zag/ (s, v)ds — A, Ty (1), v e V. (4.4)
0

e~v
Passing to the limit as 1 — 400, we get
o0 o0 p—
0=sY (1 _ e oL ) — I+ 10+ Za;ﬁ/ e (s, v)ds — 2,T°, v e V.
e~v 0

To summarize, we have proved the following result.

v tv
that satisfy the boundary condition (2.3), the long time behavior of the unique corre-
sponding solution (u, (Xy)yey) is given by

Theorem 2 For each (S, I9) > 0 with SO > 0, 3", ., 10 > 0 and u® € BC(G, R™)

o
hT ue(t,x) =0, xe€ ., ec&, with / u.(s,v)ds < 400, (v,e) €g,
o0 0

r—
and

: _ 0,—t,I° 00
im (S, 1), Ru(0) = (Sve L0, nyIC ) Ve, (4.5)

where the final total populations of infected individuals 0 < I3° < oo at each vertices
v € V are solutions of the system

o0
ST 4,70 =10 4 80 + Za:/ ue(s,v)ds — 1, I°, ve,
0

Z/ (Ayuy(s), 15,)ds = Z/ wd(ydx + Y I
veV 0 e Ve veV
(4.6)
As a consequence, (I.°)ycy belongs to the parametrized submanifold given by
> (S0e T 1) = M. @7

veV

Remark 4.1 Equivalently, (S5°),cy belongs to the parametrized submanifold given
by

Ui Ui
X\; <S§° - T—:log (85°) + r_: log (SS)) = MO, (4.8)
ve

and (R{°),ey belongs to the parametrized submanifold given by

3 (SS exp(—Ty/1y R®) + R;jO) = M°. (4.9)
vey
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The equations (4.7), (4.8), and (4.9) also read ) ., (S,S’Q + Rfjo) = MO, which is
nothing but (4.2) since we have proved that ms, = 0.

Remark 4.2 1f we assume that T = 7, > 0 and n = 1, > 0 are independent of v € V
andlet S, = 7/ Sy, R = exp(—1/n R}°) and Z3° = exp(—tZ;°). Then, equations
(4.7), (4.8), and (4.9) are respectively equivalent to

[Texp (5) $ = exp (;M ) ,

veV

oo (V7F)
l—[ ——— = ¢&Xp <—M0> .
veV Rl?o g

and

G070
exp (SUIU ) B <7: 0>
———"=exp|—-M").
veV v 1
The common right hand side features % MO that is nothing but the traditional basic

reproductive number Zy.

Remark 4.3 The above equation (4.4) can be interpreted as the counter-part on graphs
to equations that were already derived in a spatially continuous setting (Diekmann
1978; Berestycki et al. 2020). In our case, we can rewrite (4.4) as

dZ, (1)
dt

=Ly -Ly@) + fuZy(@)) + Iz())’ ve.

where f,(x) := SS (1 - e_fvx) —mux and Ly - Zy(1) == Y, af fol Ue(s, v)ds —
2y (1). As a consequence, Eq. (4.4) can be thought as a discrete reaction-diffusion
equation set on the graph G where L, is a heterogenous diffusion process which takes
into account the connectivity of the graph, while f, encodes the nonlinear reaction
terms. As in Diekmann (1978) and Berestycki et al. (2020), the nonlinearity has some
concavity properties as

So(x)

is decreasing and f,(x) < (Sgrv —ny)x Y(x,v) €[0,00) x V.
X

X =

We do not pursue this direction as it would require a thorough study of the heteroge-
neous diffusion operator £, which is beyond the scope of the present manuscript.

4.2 Final total populations of infected individuals: further properties

The aim of this section is to present further qualitative results on the final total con-
figuration (Z;°),cy in the fully symmetric case where one can obtain closed form
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formula and in the case of two vertices where we manage to obtain sharp bounds on
the final total populations of infected individuals. In each case, we manage to relate
these quantities to standard basic and effective reproductive number for classical SIR
model (Diekmann et al. 1990). We also refer to Stolerman et al. (2015) in the case of
networks without diffusion on the edges where properties of the basic reproduction
number are linked to the geometry and heterogeneity of the network.

4.2.1 Fully symmetric case

We assume that the length £, of every edge e € £ is equal to a reference length £. For
every e € &, the diffusion coefficient d, is equal to d. We moreover suppose that for
every vertex v € V, S0 = 8%, 19 = 19 and RY = R®. We also assume that t = 7, > 0
and n = 1, > 0 are independent of v € V. In the same spirit, A = X and o} = «
for every e € £ and v € V. We also assume ”:,-,e, = v for every edges incident to

the vertex v. Finally, the components ug of initial condition on each edges ¢ € £ are
supposed to be even with respect to the center of the interval €2, = [0, £]. Thanks to all
these assumptions, Z;° does not depend on the vertex v € V and we set Z;° = Z°°. Let
us recall the notation ¢y for the cardinal of the set V. The parametrized submanifold
given by (4.7) becomes

§® 4 R® = SOe—rI"O + nIOO — 1\7[-(),
where M0 = MO /cy. We can transform this relation as

n

§0e=7T% L Dopgoo _ g0 — o, (4.10)
T

Let .# = —1Z°°. We have to solve
$%7 _ 1 g _ 30—y,
T

The solutions are given in terms of Lambert W function that is the multivalued inverse
relation of the function f(w) = we® for w € C (Corless et al. 1996). Let us recall
how to compute the real solutions of the equation we* 4+ Bx + y = 0 for (o, 8, y) €
R* x R* x R. Let A = «/B exp(—y/B) be the discriminant. If A > 0 or A =
— exp(—1), the solution is unique and x = —Wy(A) — y /B where Wy is the principal
branch. If A € (—exp(—1), 0), there are two solutions xg = —Wy(A) — /B and
x_1 = —W_1(A)—y/B, where W_j is another branch. When A < —exp(—1), there
is no solution.
In our symmetric case, the discriminant writes

§0¢ MOz
A=———exp|— .
n n
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Since A < 0, there exist solutions to (4.10) if A > —exp(—1), which is equivalent

to
A,/F)r s0¢
exp -1 >—. 4.11)

n n
We recall that when we consider the standard SIR model (meaning in the context of
this paper that we consider an isolated vertex), we can define the effective reproductive

number %, and the basic reproductive number %, respectively given by

50 MO
Ry = —T, and %, = —t, 4.12)
n n

see Diekmann et al. (1990), Van den Driessche and Watmough (2002) and Hethcote
(2000) for further properties of effective and basic reproductive numbers. If we denote
PRy = MO1/n, the equation (4.11) reads
exp (% — 1) > R,.

This inequality is satisfied as long as $* < J,\/F), which is always true since MO =
Yeee Ja, ud(x)dx+cy (80 + 1°) > ¢ S°. Since A = —Z, exp(—Z), the solutions
are

So.—1 = —Wo,—1 (—Z. eX})(—«é??;))) — %,
and so

5% = Wo,—1 (—Ze CXP(—%)) /T + Ao

Both Wo,—1 (—Z. exp(—%)) < 0. However, we can show that Z3° > 0and 7> < 0.
Thus, the only possibility is

I = Wy (—%e exp(—H0)) /T + Ro /7.

We also have access to S and R*° thanks to (4.5). Since exp(—Wy(x)) = Wo(x)/x,
we obtain

5% = —gWo (—%e exp(— ) .
and
R™® = gWO (—Z. exp(—%)) + MO,
We can summarize these results in the following lemma.
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LU I 1 I I
[12°, T2 0 \ @I "

vy 9y

o (\/N‘\ o //%w\
. 5

[S%°, 82

vy Py

0 2 H H
0 L(l) ¥ Yo
Ivl Sv1

Fig.3 Schematic visualisation (red star) of Z° = Igf = IS;, resp. S*° = Sﬁf = Sl?g, in the (Zy, , Zv,)

plane, resp. in the (Sy, , Sy, )-plane, in the fully symmetric case. The asymptotic value Z°, resp. S, lies
at the intersection of the diagonal Z,; = Zy,, resp. Sy; = Sy, , and the implicit curve given by (4.7), resp.
(4.8) (color figure online)

Lemma 4.4 (Fully symmetric case.) Assume that our model is fully symmetric, then
the final total population of infected individuals as given by Theorem 2 is independent
on the vertex that is I2° = I for each v € V, and I has the following closed form
formula

_ W (—Ze exp(—Zo/cv)) n R

-'Z'OO
T cytT’

where %, and X are respectively the effective and basic reproductive number defined
in (4.12) and cy the cardinal of V. See Fig. 3 for an illustration.

4.2.2 Case of two vertices

In this simple case, it is possible to build explicit formulas to deal with the implicit
submanifold equations (4.7), (4.8), and (4.9). Let %, := MO Ty /My, and Py, =
Sgk Tu. /N> kK = 1, 2 be respectively the local to vertex vi basic and effective repro-
ductive number. Then,

Ty Mo SOO
59 = ~ LW | —exp (~Fo.0,) Ferw, (Fey) ™21 exp (Si3 Tur/ ”l”;)z ,

T
vl (SS;’ Tvz/ﬂUQ) Ty My

(4.13)
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where the Lambert W function W can be either Wy or W_j. Indeed, the argument of
W being negative, two solutions have to be considered. We obviously also have

vy exp (SS° Ty, /1
Sy = —%W —exp (—20,v,) Re,vy (Pe,v)) ™17 P (S5 o rv;zu)l ,
v2 (Sl‘)’]o Ty, /N, ) Ty vy

(4.14)

Due to the definition of the domain of the Lambert W function, the argument has
to be greater than — exp(—1). So, the following inequality must be satisfied for S7°
(respectively of S;7

—&xXp (_%0,111 ) %e,vl (%e,vz) Ty vy
vy vy

(85 Ty /10,) ™21 exp (=S T, /10;)

> —exp(—1).

Solving the equality part of this inequality, we find that

n 2] Ty
SS; =_w <— ('%e,m) V12 Ry 1y €XP <M (1 — 920,v1)>) .

Tv, Tv Nuy

This equation has to be verified both for Wy and W_j. Let E('f_l be defined by

n
Sy = =2 Wo 1 () .
, o
where
Ay, = (Be )15 % Tl
2 = (Zen) ™12 RBe vy exp | =4 (1 — Ho.0y) 4.15)
Ty Ny

Then, the domain of S as a function of S7° is
Soy € [min (£, £42), max (%, =] .
Concerning S;’f as a function of Sfjlo, we have
S0 € [min (2, 2¢") . max (), 2¢")].
with

25’1_1 = —?Wo,,l (,!qul) ,

V1
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1 1 T
—W — W
—W_, —_W_y
’ S+ Sy >1
s | I st !

[S’x: S

vy 1 Py

0 / Qs 0
k st

Eiz1 i 1 Z?L r \.
. 0

0 = ST 0 = ST
SU‘ Svl

Fig.4 Location of Sfjf and Sf)’;’ together with the visualisation of the domains Q2 (left) and wg (right). The

final configuration of susceptible individuals (Sl‘)’lc , Sl‘)’;) lies on the closed curve parametrized by the two
branches of the Lambert W function (blue and red curve). We note that (S,‘flo, SS;) € wg as indicated by

the red star on the right figure. Values of the parameters are d = 10731 =22 = 6/10, al =a? = 1/8,
T, = L, = 9/10, ny; = 2/5, ny, = 2/6, and initial conditions are set to: I{ = I = 107°,
Sé =3/4— I{), Sg =1/4— I? and u%(x) = 0. The mass M is therefore equal to 1 (color figure online)

where

Tv] vy T ’7
Ay, = Rep, (Re,p,) ™2™ exp (M (1- 920,,)2)> : (4.16)
Ty Ny

Thus,

(87, 855) € Qs == [min (2"}, =¢'), max (2"}, =¢")]
x [min (2, £¢2), max (2, £2)].

We present on Fig. 4 (left) the functions Wy and W_; defining S,‘f as a function of Sv"]O
and the domain Qg for a given set of the parameters and initial conditions. We refer
to Sect. 5 for details regarding the numerical integration of the model and Sect. 6 for
further numerical results on the case of two vertices.

Actually, we can reduce the domain of validity of (4.13)—(4.14) for S77 and Sp7.
Indeed, we know that S,,, k = 1,2, decay with respect to time, so SS:’ < Sy

Moreover, the sum Sl?lo + S;’;’ < M. Thus, we have

(55°, 8) € ws = [min (="}, =¢'), SY ]
x[min (5%, £¢7) . 89,1 0 {557+ 537 < m°].

The domain wg is drawn on Fig. 4 (right).
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Concerning Z;7 and 77, we can perform the same analysis. Let

Tu
jvolo = —%o.v + v (,%’e v, €XP ~tp L —i—tvzl'oo) ,
Ty Ny
and
0 Ty M -1, I 00
Ty = =Ko, + Revy €xp "1 41y L7 ) .
Ty Nvy

We obtain fork =1, 2,

o0
7 = LW (B exp (7)) — L5

Tu Ty

still with W equal to W_; and Wp. Let (& 1,0 and L%LO be defined by

Woro () | tone (Foun = 1= 10g (%en))

O = n , 4.17)
Ty, Ty,

and

" W_i0(—,) ?:_ZZ; (%0,0; — 1 — log (Ze,v,))

= — + , (4.18)

Tv, Tuy

with 27, and &, given by (4.15) and (4.16). Then,
(I, Iy € [min (¢}, ¢g') , max (¢, ¢¢")] x [min (:%), ¢?) , max (:2), ¢5)].

We can show that min (Lv_kl, Lgk) < Ofork = 1, 2. So, we can reduce this domain since
I,‘j,f > 0. So, we define the domain wz

(IS?,I"O) € w7 = [0, max (Lv_ll, )] x [0, max (L_l, I )]

As a consequence, we have proved the following lemma.

Lemma 4.5 Case of two vertices. Assume that ¢y = 2 and cg = 1, where cg is the
cardinal of E. The final total population of infected individuals at each vertex I 7,
k = 1,2 can be expressed as

00 1 o0 ‘71}(/)«0
L, =—W (_'%)&vk €xp (jvk )) - ’
Ty, Ty
with
00 Ty v; L33 00 :
jvk = _%O,vk + (%e,vj exp i +TUJIU ) . k#Fje {1,2},

Tv; M
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— W, — W,
—_—W_, —_W_,
Vo
vy L
' b : Po

WR
wr

o . I \ oS (B2 Bl \
\ pl_'ﬁ L \

UL U1 U1 U1
Lo Lo P-1 Po
7, R,

2

v2

1

Fig. 5 Location of Ilfo and Rglf, k = 1, 2, and visualisation of the domains w7 (left), and domain wg
(right). In both cases, (Z7°, Z5°) € wg and (R{°, RS°) € wp are represented by a red star. Values of the
parameters and initial conditions are similar to Fig. 4 (color figure online)

where %0,y = MO Ty /N, and R v, = Sl())k Ty /N k = 1, 2. Furthermore, we
have the sharp bound

(I, I) € o7 =10, max (", ¢")] x [0, max («"%, ¢5)].

with Llfl,o, k = 1,2 defined in (4.17)—(4.18). See Fig. 5 for an illustration.

Remark 4.6 As the solutions R,‘fko ,

let ,o_l 0= m_l o then we have

k = 1,2, are simply given by R}> = ny, Z7, if we

Vg

(RY°, RYY) € wg == [0, max ("}, py")] x [0, max (0, pg*)1.

We represent on Fig. 5 the domain wg.

5 A semi-implicit numerical scheme which preserves total mass

In this section, we propose a semi-implicit in time numerical scheme based on finite
differences in space which has the property to preserve the discrete total mass.

5.1 Notations
For each e € £, we denote §x, > 0 the space discretization of each edge, and J, € N
the number of points of the corresponding discretization. Foreachi =1, ..., J,, the

space grid on each edge is given by x; = (i — 1)dx, with £, = (J, — 1)dx.. And we
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letJ:=),.cJo € N.Let§t > 0 be the time discretization and denote 1, = mét for
m > 0.

For a given function u € ¢ 1’2(]R+ x G, R™), its space-time discretization is given
by some sequence of vectors

U~ U™z, with U™ = (U, ..., UM e RY.
For each e € &, there exists an integer j, € N such that

Ue(tm, Xi) ~ vt

i i=1,...,J,, m=>0.

We approximate the laplacian on each edge via finite differences. That is, for each

ecé,

U,;?Z+i—l 2U/m+l + U7
5x2

Jeti+1

2o (tm, Xi) ~ =2 d—1, m=>1,

where we have only considered the interior points of the discretized domain. Let us
now precise how we approximate the laplacian at a given vertex v € V of the graph.
So let v € V such that there are §, edges incident to the vertex. We locally label
e~v=(eq,...,es) all these incident edges. For each v € V, we introduce the map
oy - {el, e, 85v} — {1, ..., J} such that o, (ex) corresponds to the global index of
the grid discretization associated to the vertex v on edge ei. Finally, we denote by
n(oy(ex)) the global index of the nearest neighbor on edge ¢ to the vertex v. Note
that either n(oy,(ex)) = oy(er) — 1 or n(oy(ex)) = oy(ex) + 1. To approximate the
laplacian at a given vertex v € V on edge e;, we use the following formula

*,m
Usiter) ~ 2Ysyer) T Uni

oy (ex) 0, n(m(ek)) ;nk, k=1,...,6,,
Sxek ’

32U, (t, V) ~ m>1.

The unknown U ( ) can be expressed by discretization of the boundary condition
as follows. For each veVwithe ~v = (e,...,es ), we approximate the normal
derivative 0, u¢, (I, v) as

k,m m
Usseo " Untovtey , _
, k=1,...,6,
28X,

8nuek(l‘m, v) ~ m>1.

Using (2.3), and denoting I the time approximation of I, (,,), we obtain the following

expression for U(7 (e0)

[}
28x :
*,m _ m _ 43 v
Uo'v(ek) - Un(au(ek)) dek (ot (eA) + Z(N U, (cl)

—A0 I, k=1,...,8, mzl.

()]
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As a consequence, we obtain that foreachk =1,..., 5§, andm > 1

m _ 2o = 2Ys e
vk Sxezk

§
2 v
_d S a:k Urrfr:(ek) + Z(N”)HUZ)(C'/) - )"Zk 11’1“ :
ex OXey =

5.2 The semi-implicit numerical scheme

We introduce the following scheme for each m > 0

ymtl oyt gl
m+1 _ ym Jet+i—1 Jeti Jet+i+1 . _
Uje+i—Uje+i+de(3t( (Sxez , i=2,...,Je—1, e€&,
m+1l  _ ym m+1 _
ou(ek)_UUu(ek)er"kath,k , k=1,...,8y, veV,
sl = gm _ spp, sl pm, (5.1)

)
o= s (rvsg"“u]‘ - nul,ﬂ”“) + 8t (Z o, U(’T’:Elk) —xu{,"“) ,
k=1

R = R™ 4 st 1L,

initialized with U° € RY and some (89, 19, RY),cy. One can find similar semi-
implicit discretization for the SIR part of the model in Sekiguchi and Emiko (2011).

5.2.1 Well-posedness and positivity

We prove that the numerical scheme defined through (5.1) is well defined and preserves
positivity under some condition on §¢. Indeed, we first remark that the equation for
Sm+1and I+ in (5.1) can be used to obtain that

v 1+ 8try I’
et _ I SISy + I 5t il

v (148G + X)) (14817, 1) 14 8t(ny +2) 97D

such that Z,’J",jl can be expressed only in terms of elements of U™ +! as

m+1 . m+1
Zm+l _ n(oy(ex)) 2UUv(ek)
vk T

2
dxg,

$
2 v

+1 +1

e Oé:kng(ek) + Z(Nv)kIUZ:(el)
ex OXey I=1
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SIAY %
3 +1
T s 1 Zo‘gz Ugy (e

L+ 8t (py + Ao) &

2hg, I 4 St I (S + 1)
(148t + Av)) (1 + 8t 1) |

de 8Xe,
As a consequence, there exists a matrix A4 € .Z5(R) such that
Iy + A umtt =ym +ym,

where Y € R is such that

268tM7 I 4 Sty I (S™ + I

. & v PRI LD ) i e,
Vit=19 8xe \ (14 8t(ny + 1)) (1 4 8t7,111)

0 , otherwise.

Lemma 5.1 There exists a constant Cy > 0, which only depends on the parameters of
the system, such that if 0 < §t < Cg then we have

o Iy + A is invertible;
e if N, is symmetric for each v € V), then given V€ RY with V > 0, the unique
solution U € RY of Iy + AU =V also satisfies U > 0.

Proof Let U € RY # 0 be such that (Iy + A)U = 0. Without loss of generality,
assume that Uj, = max;—; _jU; > 0. If there exists e € £ such that jo = j. + io
for some ip € {2, ..., J, — 1}, then we have

d.St

Ulo Sx 2

(2U/0 Ujo—l - Ujo+l) =0,

which is a contradiction by definition of Uj,. Nextif jo is such that there is v € V and

k e{l,...,d,}such that jo = oy (ex), then we have
2d,, 8t
Uower) + 5.2~ 2 WUoy(er) = Un(oy(er))
§ §
28t d Sth, -
= a, Us (e) + N Us, R S— o) Uy, .
(Sxek < oy(ek) 121:( Wt Us,(er) — 1+ 60(py + ) e e Youler)

The left-hand side of the above equality is strictly positive and we claim that the
right-hand side is negative. We use the fact that (N,)y; = —v) , when k # [ and

el ek
(No)kk = Zj;ék ng,ej

Z(N WUsyen = [ I vee; | Ussteor = D v e Usien

j#k 15k
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_ v v
- Zvek,ej Zvez,ek UUv(ek)

J#k I#k
+ Z Vevl,ek (Uﬁu(e’k) - UGv(e[)) .
I#k

As a consequence, we deduce that

0 5
- SIAY v
U =l Usyiep) + D (No)Usy(e) = ——————=— > 022 Usyer)
I=1 L+ 8t(ny + Av) 1
SIAY all
= k
= Ol:k + Z V:k,ej - Zv:[sEk - m Za;’[ Us, (e
J#k I#k M+ Av) 15
+ Z V:l,ek (Uo'v(ek) - Uov(el))
I#k
StAY, ull

ZO‘:, (Uav(ek) - Uau(ez)) :

—‘l_—_
1+ 381(ny + Av) =1

The last two terms are positive by definition of U, = Us,(¢,) = max;=1,.. yU; > 0.
Now using Hypothesis 2.2, we have that

v v v
g + Z Verej — Z Verer =~ 0,

J#k I#k

such that the term in bracket is positive provided that

S ca T, - T
— Ay, < + Vero; — Ve e
1+ 6t(ny + Ay) = o / 12k

or equivalently

Oy
ot )‘:k Zalf, =y + Av) a:k + Z U:k,e_/ o Z U:uek
=1

J#k Ik
v v v
<+ Z Ver,ej — Z Verex
J#k I#k

As a consequence, we impose that

v v
0 <&t <min min o ¥ Zj#k ng,ej _ Zl#k Yer.ex
= 8 T
veV k=l1,...,8, I:)\,gk Zlil O[gl — (T]v —+ )\.v) (Olgk + Z];ﬁk l)gk’ej — Zl;ﬁk Ugl,ek>i|+

)
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where it is understood that when the positive part is zero there is no condition on §¢.
And we have reached a contradiction since

2d,, 8t 25t
0<Usyer) + 55— S 2 WUo,(ex) = Un(oy(er)) =

u <0

ek
This shows that Iy + A is invertible.

Next let U € RJ be the unique solution of (Iy + A)U = V with V > 0. We denote
by U~ e RJ the vector with components given by

U; =min(0,Uj), j=1,....J.

Our aim is to evaluate ((Iy + A)U, U™ )y where (-, -)j is the following scalar product
on RJ:

Jo—1 Sy
(U, V)y:= Z (Z Ujeri ]e+l> l Z (Z UUu(ek)VUv(ek)) :

ecE veV k=1

We divide ((Iy + .A)U, U™ )y into three parts:

(My+ AU, U )y=Q1+ Q2+ 93,

where
Je—1
Q=) > ( Jeti T (2Uje+z —Ujeti-1 = Uje+i+1)> U tir
eck i=2
Zde 8t -
ver 1 €k

3y
Q3 = ot Z Z ((ng Uo'v(ek) + Z(Nv)klUO'v(el)
vey k=1 e =1

s PP
1+8t(nv+kv) “alouten | Yo e

The first and second terms are handled as follows

d. St _ _
Q+Q=(U.U )+ Z § : Ujerit1 = Ujeri) (Uje+i+l - Uje+i) > 0.
ek i=1

For the third term Q3, if we further assume that N, is symmetric, then the matrix
K, = A, + N, is symmetric positive definite, and thus for each v € V there exists
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some B, > 0 such that

) 3y

Sy
LA | ’ _ 1 _
Z 5x (a:k Usu(en) + Z(N”)MUGU(@I)> Uau(ek) = P Z 5x UJ”(e")UUv(Ek)’
ex

k=1 I=1 k=1 ""¢%
while there exists w, > 0 such that

8y

§ Sv
e i 1 B

k=1 =1 k=1

And thus, we get an estimate for Q3 of the form

8
Stw, 1 _
Q3 =6t ( - ) —Usy(e)U ,
3 Z |: /31) 1 +5t(77v +)\v) Z Sxek oy(ex) oy (ex)

veV k=1

which is positive provided that 67 is small enough. As a consequence, we have proved
that

0<(Iy+AU, U )j=(V,U ) <0,

which implies that U~ = 0 and thus U > 0. O

The previous lemma demonstrates the well-posedness of our numerical scheme
(5.1). It also ensures that if we start with positive initial conditions U 0 > 0 and
89> 0,19 > 0with >, ., 12 > 0 and RY > 0, then for all m > 1 we also have that

s by —

um=>0,8">0,1I1">0and R} > 0, provided 6t > 0 is small enough and N, is
symmetric for each v € V.

5.2.2 Preservation of total discrete mass

For any U € RJ, we define the following quantity

Jo—1 Oy
trapy(U) := Z(Sxe (Z Uje+i) + % ZBxek (Z Uo'v(ek)> .
k=1

ecE i=2 veV

The expression trapy(U) is simply the trapezoidal rule applied to the elements of U
adapted to our graph G. From (5.1), we get that

Jo—1
d, <
trapy (U™ 1) = wrapy(U™) +81 ) = (Z (vptl, —2upt! + U,’-ZI,-‘H))

ec€ ¢ \i=2
3t al
1
+5 D e dey <Z zmy ) :
vey k=1
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Upon denoting Z;,'(” the following quantity

m m
2 2U, 6,0 ~ 2Ys,en)
v,k T

2
dxg

we get that

I s
1 - 1,m+1 dek - m+1 m+1
 Tonaan (S 20) = T e (Sl - veih)
k=1

veV veV % \k=1

Next, we observe that

Jo—1
de [\ +1 +1 +1
Z 5% (Z (U;Z+i—l - 2U§f+i + U}Z+i+1>

et O \im2
d, (&
ek m+1 m+1 _
+2. o (Z Unoiern ~ UUv(ek)) =0,
vey % \k=1

where the cancellation comes from the specific structure of the discretized laplacian
through finite differences. As a consequence, we have that

trapJ(Um+1) = trapy(U™)

3y S
+1 +1 +1
SO0 CYEHES SURNERSTa
=1

veV k=1
We also have that

BU 81) 51) SU
+1 _ +1 _
> > vl = 3 (S ezt =0
k=1 1=1 =1 \k=1
as the sum over the lines of N, vanishes. And thus we get

8
trapy (U™ ") = trapy(U™) — 8t <Z ol Uj;z(ti) — ley“) .
veV \k=1
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On the other hand, from (5.1) we also have

SO (Sutt e R = 3 (S0 1+ RY)
veV veV

Sy
oy (Senont, e,

veV \k=l1
As a conclusion, we have proved the following result.

Lemma5.2 Let (U™, S}, 1!, RI') a solution of (5.1), then we have for each m > 0
trapy (U™ 1) + > (S,’j”rl + 1ty RT“) = trapy(U™) + > _ (S0 + I + R)').
veV veV

This is the discrete conter part of conservation of mass for the continuous model.
Now, combining Lemmas 5.1-5.2, we have proved the following theorem.

Theorem 3 There exists a constant Coy > 0, which only depends on the parameters of
the system, such that if 0 < §t < Cy, then the numerical scheme (5.1) defines a unique

sequence (U™, ST, I, RIY)m>0. If we further assume that N, is symmetric for each

v €V, then the numerical scheme (5.1) preserves the positivity of the initial condition.
Finally, for each solution of (5.1), the total discrete mass is preserved, namely for each
m > 0, we have

trapy (U + ) (S,’j’+1 TN (et R{j’“)
veV

= trapy(U™) + > (SI' + 1" + RY').
veV
6 Numerical results for a selection of graphs
In the present section, we illustrate our theoretical results with a collection of numerical

simulations for various types of graphs. Throughout this section the time discretization
is set to 6+ = 0.01 while the space discretization to §,, = 0.01 foreach e € £.

6.1 Case of 2 vertices and 1 edge

—— o
[A] 1%)

We first consider the case where ¢y = 2 and cg = 1, where cg denotes the cardinal
of £. In this setting, we recall that our model reads as follows

du(t,x) =dd’u(t,x), t>0, xe(0,40),
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with boundary conditions

—docu(t,0) + aqu(t, 0) = A 11(1),

t >0,
doyu(t, £) + oou(t, £) = A (1),

where (S;(t), I;(t), R; (1)), fori = 1, 2, solution of

Si(t) = —uSi() i (1),
I[(1) = uSi(0) (1) — ni Iy (t) + oju(t, vi) — AL (1), >0,
R (1) = ni I; (1),

where v = 0 and vy = £. This system is complemented by some initial condition
(uo, SQ, Il.o, Rl(.)) with §; > 0, 110 + Ig > 0, R? = 0 and u°® > 0 such that the boundary

l
condition is satisfied initially. Finally, we normalize the total mass as follows

Y] 2
MO = /0 u® (x)dx + ; (S,Q + I,-O) =1

For the numerical simulations, we have fixed initial conditions to be of the form

2

Al
u0(x) = ;—loexp <—0;2de ) ,x €0, €],

with
)4
(S, 19,89, 1)) = <So — I —/ WO (x)dx, Ip, 1 — so,o),
0

where Sp and Iy may vary. In Figs. 6, 7 and 8, So and I are fixed to (So, lo) =
(1/2, 10_6), while in Fig. 10, Sy is allowed to vary and [y is fixed to Iy = 1079,

In Fig. 6, we report the profiles of the solutions (S;(¢), ; (¢)) together with the total
population on the edge f(f u(t, x)dx and the total mass of the system M (z) as the
parameter A is varied from 0.05 to 0.95, while all other parameters are being kept
fixed. We observe that the dynamics of the epidemic at the second vertex is almost
independent of the parameter A; while it has a significant impact on the dynamics
at the first vertex. Indeed, as A is increased, the maximum of infected individuals
max;>o I1(¢) is decreased. In the last panel of the figure, we also illustrate the conser-
vation of total population where the fluctuations around M® = 1 is of order 10~!2. In
the top panel of Fig. 7, we present the final total populations of infected individuals
and corresponding final population of susceptible individuals as A is varied. The blue
curve is the location of (Z7°, Z5°) respectively (S7°, S5°) while the dark red circles
indicate the numerically computed values. We recover the fact that A1 has a more
significant impact on the final total populations at the first vertex than it has at the
second vertex. To get a better understanding of the intricate dynamics between the
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Si(t)

0.2
300 0

Fig. 6 Profiles of the solutions (S;(¢), ; (¢)) together with the total population on the edge fol u(t, x)dx
and the total mass of the system M (¢) as the parameter A is varied from 0.05 to 0.95. All other parameters
are fixedand settod = ¢ =1, = 1/10, 01 = ap = 1/4,and 11 = 10 = 1 with 1 = np = 1/3. For
the initial condition we have (Sp, Ip) = (1/2, 10_6)

epidemic at the two vertices, we also present the relative distance A7 := 7, — 7}
between time of maximal infection 7; in each population as 11 is varied. We observe
that A7 is not monotone in A1, as it first decreases and then increases. But we also
note that A7 < 0 for A; > 0.1 traducing the fact that the pick of the epidemic occurs
at the second vertex before it does at the first vertex, although initially IS = 0. This
illustrates the effect of the diffusion of infected individuals along the edge.

Similarly, in Fig. 7, we report the final total populations of infected individuals
and corresponding final population of susceptible individuals as A (second panel), o
(third panel) and 5 (bottom panel) are varied from 0.05 to 0.95. As expected, the final
total population of infected individuals at the second vertex decreases as A, increases
while at the first vertex it varies less significantly. As o1 increases, the final total pop-
ulation of infected individuals at the first vertex increases while it decreases at the
second vertex. This time the relative distance A7 := 7, — 7; between time of maxi-
mal infection is monotonically increasing with «;. We get the opposite monotonicity
properties as a» is varied.

In Fig. 8, we investigate the joint effect of the diffusion coefficient d and the length
of the edge ¢ on the dynamics of the epidemic at the vertices. Here, we focus on
the delay between time of maximal infection 7; in each infected population I;(¢). As
expected, when the diffusion coefficient is really small while the length is being kept at
order one, A7 takes large value: AT ~ 10* when d = 1073 and £ = 1. Biologically,
this means that when the diffusion coefficient is really small it takes more time for
infected individuals from vertex one to reach the second vertex and start an epidemic.
We also note that at fixed £, A7 monotonically decreases as d increases, while at fixed
d, AT monotonically increases as £ increases.

In Figs. 9 and 10, we vary respectively the initial population of susceptible individ-
uals Sy and infected individuals 7. We visualize the final total populations of infected
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Fig.7 Final total populations of infected individuals (left) and corresponding final population of susceptible
individuals (middle) as one parameter is varied from 0.05 to 0.95 while all parameters are fixed. The blue
curve is the location of (Z{°, Z5°) respectively (S{°, $5°) while the dark red circles indicate the numerically
computed values. Right: relative distance A7 := 7 — 7 between time of maximal infection 7} in each
population, indicated by dark red circles, as the parameter is varied from 0.05 to 0.95. Varying parameters:
A1 (top panel), A7 (second panel), oy (third panel) and > (bottom panel) (color figure online)

individuals and corresponding final population of susceptible individuals on the param-
eterized surfaces (Z7°,Z5°, So) and (S7°, S5°, So), respectively (Z7°,Z5°, Ip) and
(Sf", S2°° , Ip), where the level sets of the parameterized surface are given by the
conservation of total mass (4.7). We note that (Z7°, Z5°) and (S{°, $5°) are almost
independent of Iy when Iy < 10~ with sensible variations only occurring for larger
values of Iy. On the other hand, we observe that as Sy is increased the final total
population of infected individuals increases at the first vertex while it decreases at
the second one. The dependence of (S7°, $5°) as a function of Sy is more subtile and
is presented in Fig. 11. In the same figure, we also show the location of max /;(¢)
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(S

log(AT)

-5
100

100
, 0~ 1000 d

Fig. 8 Log-plot of the relative distance AT = Tp — 7} between time of maximal infection 7; in each
population /;(¢) as the diffusion coefficient d and the length of the edge ¢ are varied while all other
parameters are fixed to Ay = Ay = 1/10, ¢y = ap = 1/4, and 11 = 1p = 1 with n; = np = 1/3. For the
initial condition we have (Sy, 1y) = (1/2, 107). We note that as d becomes smaller AT rapidly increases
as ¢ increases

-2

-4

log(1p)
-6

-8

0.5

0 o Sfc

Fig.9 Final total populations of infected individuals (left) and corresponding final population of susceptible
individuals (right) as the initial population of susceptible individuals [ is varied from 1077 1010~ in log-
scale while Sy = 1/2 is fixed. The dark blue curves are the location of (Z{°, Z5°) respectively (S{°, S5°)
for each value of S, while the dark red circles indicate the numerically computed values. Each dark blue
curve is a level set of the parameterized surface given by the conservation of total mass (4.7). All other
parameters are fixedtod = £ = 1,11 = Ay = 1/10,a1 = ap = 1/4,and 1) = 10 = 1 withn; =np =1/3
(color figure online)

and its amplitude. We observe a strong nonlinear dependence with respect to Sp. As
So increases, we first see that the time at which 7;(¢) is maximal increases and then
decreases, while max /() is monotonically increasing. The converse is observed at
the second vertex.
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Fig. 10 Final total populations of infected individuals (left) and corresponding final population of suscep-
tible individuals (right) as the initial population of susceptible individuals Sy is varied from 0.05 to 0.95
while Iy = 1070 is fixed. The dark blue curves are the location of (Z7°, Z5°) respectively (S7°, S5°) for
each value of Sg, while the dark red circles indicate the numerically computed values. Each dark blue curve
is a level set of the parameterized surface given by the conservation of total mass (4.7). All other parameters
are fixedtod =€ = 1,11 = A2 = 1/10, 01 = ap = 1/4,and 11 = 790 = | with n; = n = 1/3 (color
figure online)
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0.8 0.4
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Fig. 11 Locations of Si),OZ (top) and max /7 (¢) (bottom left and right) as functions of S?‘z. Values of all
other parameters are similar to Fig. 10. The initial condition is of the form (Sp, 1 — Sp) with S € [0, 1]
and to each initial configuration is associated a color code from blue to red. The curve in the top right panel
is a projection on the (S$°, S‘z’o )-plane of the parametrized a curve from Fig. 10, right panel (color figure
online)
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6.2 Case of 3 vertices and 3 edges

U3

V1 B

v2

Next, we consider the case of 3 vertices and 3 edges arranged in a triangular con-
figuration. For the numerical simulations presented in Fig. 12, we have assumed full
symmetry in the parameters that is

e de) =, d), ec&, (ty,m)=(1,n), vEV,
(@), A = (@, A), (e,v)e&xV, VW, =v, (e, v)eExExV.

e,e

Regarding the initial condition, we have chosen
(89,10, 89, 19, 59, 19) = (SO — I, I, $°,0, °, 0) vev,

for a given (89, Iy), while for each ¢ € £ we have set ug(x) = 0 on €2,. Note
that, we have initially a boundary layer as our initial condition does not satisfy (2.3)
for small times. We remark that the final total populations of infected individuals
and corresponding final population of susceptible individuals belong to a surface as
provided by (4.7)—(4.8) from Theorem 2.

InFig. 13, we tested a different configuration. Upon labeling by A the edge between
vertices v; and vy, B the edge between vertices v, and v3 and C the edge between
vertices vy and v3, we have set the parameters to

ak:a%:aézo, anda%:a%:a%: 1/10,
while
A =23 =22 =1/20, and 2} =23 =22 =0,
and
vlhc = v%’A = véB =0, and v]C,A = vf"B = V?B,C =1/30.

The length of each edge is fixed £, = £ = 1 and (7y, ny) = (1, 1/7) at each vertex
v € V. Finally, we have set different coefficients on each edge, namely d4 = 1,
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S5° 0 o0 S

Fig. 12 Final total populations of infected individuals (left) and corresponding final population of sus-
ceptible individuals (right) as v is varied from 0.05 to 0.95. The dark blue surfaces are the location
of (Z7°,Z5°, I5°) respectively (S7°, S5°, S3°) for each value of Sy, while the dark red circles indi-
cate the numerically computed values. Parameters were set to £ = d = 1, (r,n) = (1,1/6), and
(o, A) = (1/8, 1/10), while the initial condition is (Sp, o) = (1, 10_6) (color figure online)

0.05

—h® 0.012
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0 ) o . . : :
0 100 200 300 400 500 200 250 300 350 400

t t

Fig. 13 Time plot of infected populations in the case of 3 vertices and 3 edges in a triangular configuration
between times [0, 500] (left) and a zoom for times between [150, 400] (right). We observe a second wave
of infection at the first vertex resulting from incoming infected individuals that have successively passed
through the two other vertices. This second wave is also present at the second vertex with a slight increase
of I (t) after the second wave has reached the first vertex. Parameters values are set in the text

dg = 1072 and de = 1073, Initially, we assume that infected individuals are only
present at vertex v and each vertex has the same number of susceptible individuals
fixed to 1/3. Finally, for each e € £ we have set ug(x) = 0 on €2,. We see in Fig. 13
that such a configuration can generate a second wave of infection at the first and
second vertices showing that transient dynamics can be complex with multiple bumps
of infection.
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6.3 Case of 4 vertices and 3 edges

v4

V1 D5

U3
Next, we consider a star-shape graph with 4 vertices and 3 edges where one vertex
is connected to the three others. In this configuration, we assume that our parameters
may vary with respect to time, modeling locked down strategies for example (Griette
et al. 2020; Liu et al. 2020). More precisely, we will assume that there exists 7j,-x and
Wiock such that the transmission rates can be written as

T, t € [0, Tiper],
'L'v(l) = T exp(—tiock (t=Tiock)) +Tlock P T
L+exp(—piock (t—Tlock)) ’ lock

for each v € V and for a given 0 < 1j5¢ < T. We will assume that the four vertices
are at equal distance such that £, = £ for each e € £ and that the coefficient diffusion
are equal on each edge, d, = d, e € £. We further assume that at the central vertex v,
exchanges are no longer allowed after locked down. That is, we impose that

2= a? te[o’Tluck], eeg
€ a exp(—piock(t — Tiock)) s t > Tjock, ’
while ag =« for j #2and e € &, together with
2= )"1 te[09n06k]9 eeg
¢ Aexp(—iock(t — Tiock)) > t > Tiock, ’
while Ag =Afor j #2ande € &, and also
2 v ’ I e [07 Y‘l()()k]a /
v, = e,e)e&ExE.
e { v exp(—Uiock (t — Tiock)) » £ > Tiock, ( )

Finally, we set 1, = n for all v € V. Regarding the initial condition, we work with
(S07 1107 Sg’ Igv S:(;)9 I:g)a ng IA?) = (SO - 109 IO’ SOa 0’ SO — €, 07 SO + €, O) )

for given (Sy, Io, €), while for each ¢ € £ we have set ug(x) = 0on Q,.
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0.
0 500 o 1000 1500 0 500 1000 1500

Fig. 14 Location of the time of maximal infection 7,4 for each vertex together with the corresponding

amplitude I,{,ax as a function of 7y, (left) with its projection in the (Tqx, Tiock)-plane (middle) and a
zoom near the turning points (right). Other parameters are setto £ = 1,d = 0.1, n = 1/8, (o, A, v) =
(1/8,1/20, 1/20), Tjpck = 50 and pjocr = 100 with (Sp, Iy, €) = (1/4, 1076, 1072)

In Fig. 14, we report the location of the time of maximal infection Tj,,,, for each
vertex together with the corresponding amplitude 1., = max;>q /;(¢) as a function
of 17,c1. We observe that below a critical value of 7;,., the time of maximal infection
always occurs att = Ty,4x = Tjock traducing the fact that the locked down strategy has
no effect on the dynamics of the epidemic. At each vertex, we observe the same pattern:
as Tjock 1s decreased the corresponding I}y is decreasing while T}, is increasing up
to some value of 1;,x Where we observe a sudden turning point (see the right panel of
Fig. 14). We observe that rltg ckovg? the value of the turning point, is well approximated
(actually always bounded by below) by the value at which the effective reproduction
number of each vertex is equal to 1. Indeed we have Z, , = lifandonlyif 7; = g'—ék,
and we find ‘

¢ ~0.5, £ =0.5, 7,'53 ~0.52, and r§4 ~ (.48,
with our specific values of the initial condition, while we have computed

ip - tp - p - ip -
Tock.vy = 0.53, Tock.vy = 0.51, Tock.vy 0.53, and Tock.vg = 0.49.

We also point out that when 7,4 is below the turning point Tltfck,uk’ the correspond-

ing value of I, is below 1073, On the other hand, in Fig. 15, we present similar
results but this time 7,4 is fixed and 7}, varies. Above some critical value of Tj,cx,
I .. saturates to a fixed value independent of T}, traducing the fact that the locked
down strategy has no effect on the dynamics of the epidemic if it occurs to late in
time. Depending on the initial configuration of susceptible populations at each vertex,
we observe intricate nonlinear relationships on the location of the time of maximal
infection T},4x .

6.4 Case of N + 1 vertices and N edges

— o
V] v2 U3 V4 UN UN+1
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Fig. 15 Location of the time of maximal infection 7,4 for each vertex together with the corresponding

amplitude I}, as a function of 7}, for two configurations of initial susceptible populations at vertices
v3 and vgq, withe = 107! (leftyand € = 10—2 (right). Other parameters are setto{ = 1,d = 0.1,n = 1/8,
(e, 1, v) = (1/8,1/20, 1/20), Tyoe = 50 and nypek = 0.6 with (Sp, Ip) = (1/4, 100)

In our final example, we have considered a network of N 4 1 vertices and N edges
arranged in a lattice, in the sense that vertex v; is only connected to vertices v;_j
and v;41 via two different edges. Figure 16 shows the time evolution of the infected
population I, (r) and susceptible populations S, (¢) at each vertex for several different
initial conditions when the length and diffusion coefficient of each edge are equal. In the
first case (top panel), we assume that I;; 0 > 0 while I;; 0= 0 for all other vertices, and
observe a propagation of burst of act1v1ty among mfected and susceptible populations.
In the second case (middle panel), we assume that [ U W 0 while I;; 0 =0 for all
other vertices, and we see the propagation of two bursts of activity among 1nfected and
susceptible populations going leftwards and rightwards. In the last case (bottom panel),
we assume that 7, 0 = IBN+ , > 0 while 7 0 — 0 for all other vertices, and we note
the propagation of two waves activity Wthh collide at the middle vertex v|y 2. For
very small values of the diffusion coefficient d, this burst of epidemic activity seems
to travel coherently and forms a coherent traveling wave, as can be seen in Fig. 17
where we represent the location of max;~q [, ; (t) at each vertex. Such a traveling
wave of epidemic activity share similarities with traveling waves in excitable media
such as the propagation of electrical activity along a nerve cell (Hodgkin and Huxley
1952; Hupkes and Sandstede 2010) or calcium waves Sneyd (2005). When d = 1073
they are all aligned on the same line, where for smaller values d € {10_1, 10_2} the
location is a nonlinear curve. We also demonstrate that larger diffusion coefficient
leads to a faster propagation of epidemic burst across vertices. Finally, we also remark

that if ImaX | denotes the maximum as a function of d at the first vertex, we have
d
1

<1d

max,l — “max,l1
. di
ordering Imax j >1 max j ford; < ds. o
For the numerical simulations presented in Figs. 16 and 17, we have assumed full

symmetry in the parameters that is

for d1 < d, while for larger vertices j > 6 we have the reverse

(ees de) = (Ea d)s e e 53 (TU» nv) = (Tv n)v v e Va
(@), A = (@, A), (e,v)e&xV, VW, =v, (e, v)eExExV.

e.e
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Fig. 16 Time evolution of the infected (left) population / j(¢) and susceptible (right) populations S (7) at
each vertex for several different initial conditions and N = 24. Top: infected individuals are initially present
only at vertex. Middle: infected individuals are initially present only at the middle vertex. Bottom: infected
individuals are initially present only at the first and last vertices. We observe a traveling wave of infectious
activity propagating though the vertices. Parameters were set to £ = 1,d = 1073, (¢, ) = (1, 1/75), and
(o A, v) = (1/8,1/10, 1/20), while the initial condition is (Sp. Ig) = (1/25, 10~6)

Regarding the initial condition on the edge, we have set ug(x) = 0 on 2, for each
ecé.

7 Discussion
7.1 Summary of main results

In this work, we have proposed a new model that describes the dynamics of epidemic
spreading on connected graphs. Our model consists in a PDE-ODE system where at
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Fig. 17 Left: Location of the maxima of the infected population /() at each vertex j € {1, ..., 25} for

several different diffusion coefficients d € {1073 R 10_2, 10~ 1}, Right: Zoom of the left figure for small
times. We observe that for very small d the location of the maxima is a long a line while it is curved for larger
values of d. We also remark that if Il‘flax | denotes the maximum as a function of d at the first vertex, we have

d d. . . . . d d;
Imlml < Imix, | fordy < d; while for larger vertices j > 6 we have the reverse ordering / mlax,j > mzax,j

for di < dp. Other parameters were set to £ = 1, (z,n) = (1, 1/75), and (a, 1, v) = (1/8, 1/10, 1/20),
while the initial condition is (Sg, Ip) = (1/25, 10_6)

each vertex of the graph we have a standard SIR model and connections between ver-
tices are given by heat equations on the edges supplemented with Robin like boundary
conditions at the vertices modeling exchanges between incident edges and the associ-
ated vertex. Our first main result is the existence and uniqueness of classical, global
in time, solutions of our PDE-ODE model. Our second main result is a complete
characterization of the long time behavior of the unique solution of our model. We
proved that the final total populations of infected individuals at each vertex are well
defined quantities and solutions of a system implicit equations. We also managed to
obtain further qualitative properties in the fully symmetric case by exhibiting closed
form formula and relate these quantities to standard basic and effective reproductive
number for classical SIR model. Next, we proposed and analyzed a semi-implicit in
time numerical scheme based on finite differences in space which has the property to
preserve a discrete total mass associated to the discretization. We have further proved
that if the time discretization constant is smaller than a universal constant depending
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only on the parameters of the system (and not on the space discretization constant)
and if the exchanges of fluxes are symmetric at each vertex, then our mass preserv-
ing semi-implicit numerical scheme is well-posed and preserves the positivity of the
solutions. And finally, we illustrated our theoretical findings with selection of numer-
ical simulations for various types of graphs showing very interesting dynamics such
traveling waves.

7.2 Biological limitations of the model and possible extensions

The first biological limitation of our model comes from the purely diffusive behavior
imposed on each edge of the graph. It would be biologically relevant to incorporate
some kind of directed or ballistic motion (drift term in (2.2)) given that many individu-
als set off on transportation lines travel from one specific city to another preferentially,
see Bertaglia and Pareschi (2021) for a purely hyperbolic model. This would result in
an equation on each edge of the form

o

dute(t, x) = dped?uo(t, X) + codeue(t, x), >0, x € Q,,

for some speed ¢, € R whose sign will determine the preferred direction of trans-
portation. Such a drift term modifies the boundary conditions at each vertex according
to

Dyo,u, (1) + Evuv(t) = AL (),

where I?U is given by Ev = K, — C, where C, = diag[(c.)e~v]. We expect that
the long time dynamics of the system with such a directed motion, which is still mass
preserving, will be somehow similar to the purely diffusive case, and that only transient
dynamics will be affected. However, we leave it as an open modeling problem at the
moment.

A second biological limitation comes from our assumption that the movement
of individuals in the susceptible population does not affect its distribution and thus
only the infected population is subject to movement. Considering the susceptible
population as an ambient population was a first step, and it would be natural to extend
our model to the case that individuals in the susceptible population can also move
along our transportation network. In the case of spatially extended systems of reaction-
diffusion type, it is notorious that allowing the susceptible population to diffuse is more
challenging from a theoretical point of view as monotonicity properties of the solutions
are lost (Berestycki et al. 2020). We leave such an analysis for a future work.

7.3 Scaling limits

Several scaling limits could be considered and we present two directions which seem
natural and very promising. First, it would be very interesting to investigate the limit
of large diffusivity along the edges of the graph. One should be able to recover a class
of network-based ODE models that have been studied in the literature. Indeed, we
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expect that in this limit, one should obtain an ODE for some U, (¢) (now independent

of x € Q.) along the edges that depends only on the population levels at the two
connecting nodes. This should lead to an ODE system at the vertices of the graph that
is globally coupled to (U,).c¢-

Another natural limit to investigate is the one where the number of vertices of
the graph goes to infinity along with the length of the edges which shall converge to
zero. One would expect to obtain in the limit a PDE system describing the evolution
of spatially continuous populations of susceptible, infected and removed populations.
Depending on the initial geometry of the graph the limiting PDE will either be posed on
the real line or on some two-dimensional domain. The exchange term between infected

individuals at the edges, givenby >, odu.(t, v) — oIy (1), is likely to produce in the

limit a spatial diffusion term and we expect to recover reaction-diffusion like models
such as the ones in Aronson (1977), Berestycki et al. (2020) and Berestycki et al.
(2020).
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