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PP
roblems about tilings arise in recreational mathemat-
ics and various research areas such as those
in [5, 7, 9]. Recall that we say that a figure T (for

us, a figure is a closed topological disk) tiles the Euclidean

plane E
2 if there exists a collection T of figures congruent

to T such that
S
T ¼ E

2 and every pair of distinct
figures from T have disjoint interiors. The collection T is
called a tiling, and its elements are called tiles.

The Heesch number of a given figure T (introduced
in [4]) is defined as the maximal nonnegative integer n such
that (speaking somewhat informally) T can be completely
surrounded by congruent copies of itself n times; if such a
maximal number does not exist, we say that the Heesch
number is infinite. The motivation behind this definition is
that the Heesch number measures how ‘‘far’’ we can
advance toward a tiling of the whole plane using the given
figure (the greater the Heesch number, the ‘‘farther’’ we can
advance; and the Heesch number is infinite if and only if
the figure tiles the plane).

Arguably, the main open problem regarding the Heesch
number (referred to as Heesch’s problem) poses the
question whether the set of finite values of Heesch num-
bers of plane figures has an upper bound. The following
versions of the problem have been solved:

• In the hyperbolic plane H
2, the Heesch number is

unbounded [8].

• In the Euclidean plane E
2, it has been proved, in a

version in which more than one figure is used, that for
each fixed integer k greater than 2, there exist sets

consisting of k figures with arbitrarily large Heesch
numbers [1].

• In the asymptotic sense, in E
d for d ! 1, it has been

proved that for every nonnegative integer n, there exists
a dimension d, depending on n, in which there exists a
hypersolid whose Heesch number is finite and greater
than n [2].

However, in its basic formulation as stated above, the
problem is still open. Since the problem was first posed,
there has been moderate progress on it, mainly in the
discovery of figures with larger and larger Heesch numbers,
which reached its peak in 2001. That year, in his PhD thesis,
Casey Mann [6] conducted a systematic study of some
(quite large) families of figures and discovered a fig-
ure whose Heesch number is 5, which became the largest
known Heesch number since then. For almost two
decades, this ‘‘record’’ has defied all attacks. In this note
we announce a result that finally pushes this boundary
further: we present a figure whose Heesch number is 6. A
forthcoming article will contain additional new results on
the notion of the Heesch number in which, among other
things, all the details omitted here will be included, and the
construction of the figure presented here will be put in a
more general context.

We would like to mention here that Heesch’s problem is
tightly connected to some other well-known and important
problems in the theory of tilings. Two such problems are
whether there exists an algorithm to decide whether a
given figure tiles the plane (the so-called domino problem
for monotiles) and whether there exists a figure that tiles
the plane but admits no periodic tiling (the so-called Ein-
stein problem). Up to some (relatively mild) restrictions on
how the tiles may be matched (for example, if only vertex-
to-vertex tilings are allowed), it turns out that a negative
answer to the domino problem implies both that the
Heesch number is unbounded and that there exists an
aperiodic tile. For a nice treatment of these (as well as many
other) connections between various problems on tilings,
we refer the reader to [3].

We begin our analysis with some necessary definitions.

DEFINITION 1. We say that a figure T in the plane can be

surrounded n times if there exist finite collections of fig-

ures C1; C2; . . .; Cn in the plane such that the following

conditions hold:
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• For each i, 1 � i � n, every figure from Ci is congruent to
T.

• Every pair of distinct figures from fT g [
Sn

i¼1 Ci have

disjoint interiors.
• For each i, 1 � i � n, every figure from Ci has a common
boundary point with some figure from Ci�1 (where by
convention, we let C0 ¼ fT g).

• For each i, 1 � i � n,
S Si

j¼0 CjÞ
�

is a closed topological

disk such that
S Si�1

j¼0 CjÞ
�

is completely contained in its

interior.

The collection Ci is called the ith corona.1

DEFINITION 2. The Heesch number of a figure T is the

maximal nonnegative integer n such that T can be sur-

rounded n times. If such a maximum does not exist, then

we define the Heesch number to be infinite.

We are now ready to exhibit a figure whose Heesch
number is 6.

Our figure is presented in Figure 1. Note that it can be
obtained by gluing together 6 regular hexagons, 11 equi-
lateral triangles, and half an equilateral triangle. In
Figure 2(a) we show the white figure in the middle sur-
rounded by six coronas. (There is a total of 169
figures here: the white one in the middle and 168 more
surrounding it.) The individual coronas are shown in Fig-
ure 2(b) (for each corona, the figures forming it are colored
with the same color—bluish gray for C1, tan for C2, ..., cyan
for C6).

We show first that if it were possible to tile the plane,
then all the tiles would have to be placed matching the
gridlines shown in Figure 3 (in Figure 3(a), ignore the thick
line and the fact that some of the hexagons are colored
gray, all of which will be needed in the following para-
graph; Figure 3(b) shows a magnified detail of the grid in
Figure 3(a)). The argument is rather straightforward
(though not too elegant; it reduces to considering a few
cases), and we omit it here.

The observation from the preceding paragraph that a
tiling of the plane would require the tiles to be placed on
the gridlines makes the problem amenable to a brute-force

attack by computer (systematically checking all the possi-
ble ways to build coronas), which gives that 6 is the
maximum number of coronas that can be formed. How-
ever, the (weaker) assertion that the described figure does
not tile the plane can be shown without computer assis-
tance. (Note that this weaker assertion is still enough for the
theorem formulated at the end of this section. Namely,
since the figure does not tile the plane, its Heesch number
is finite, and by Figure 2, we know that it is greater than or
equal to 6.) We sketch the proof. Look at Figure 3 again
(for the sake of simplicity, we shall assume that all the
hexagons, as well as all the equilateral triangles between
them, are of unit side). The figure enclosed by the thick line
contains three unit hexagons in a row in each direction on
the boundary and 24 unit triangles. If we enclose a larger
concentric region containing N unit hexagons in a row, the

total number of enclosed unit triangles will be of order 6N 2

(more precisely, it will equal 6ðN � 1Þ2). We now estimate
the total number of tiles that cover all these triangles. Note
that each such tile can cover only gray hexagons (for a
general N, gray hexagons are those enclosed by the thick
line and an additional ring around it whose ‘‘thickness’’ is
five hexagons; this is so because each tile that covers an
enclosed equilateral triangle also covers at least one
enclosed hexagon, and therefore, since the tile contains six
hexagons in total, it cannot reach any nongray hexagon).

Since there is a total of � 3N 2 gray hexagons (the exact
value is 3ðN þ 5ÞðN þ 4Þ þ 1), the total number of the

considered tiles is no more than �N 2=2. Finally, since each

tile covers 11 1
2 unit triangles, all the considered tiles toge-

ther cover no more than � 23=4N 2 unit triangles.
Therefore, for a large enough N, not all the unit triangles
inside the thick line can be covered, which means that our
figure cannot tile the plane.

Altogether, the preceding discussion leads to the fol-
lowing result.

Figure 1. A figure with Heesch number 6.

1This does not have anything to do with the SARS-CoV-2 coronavirus, though this research was indeed finished during the Covid-19 pandemic.
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THEOREM 3. The upper bound on finite Heesch numbers

in the Euclidean plane is at least 6.
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(a) (b)

Figure 2. (a) The 169 congruent figures comprising the white figure in the middle surrounded by six coronas. (b) The six

individual coronas, each a different color.

(a) (b)

Figure 3. The tiles must match these gridlines.
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