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Abstract

We consider an abstract concept of perimeter measure space as a very general frame-
work in which one can properly consider two of the most well-studied variational
models in image processing: the Rudin—Osher—Fatemi model for image denoising
(ROF) and the Mumford—Shah model for image segmentation (MS). We show the
linkage between the ROF model and the two phases piecewise constant case of MS
in perimeter measure spaces. We show applications of our results to nonlocal image
segmentation, via discrete weighted graphs, and to multiclass classification on high
dimensional spaces.
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1 Introduction

Segmentation is a fundamental process in a variety of fields in Computer Science.
It arises in several areas related to image or video processing and computer vision.
Among the most successful mathematical approaches to partitioning an image into its
constituent parts, we find the variational approach introduced by Mumford and Shah
MS) in [1].

In the particular case where one is interested in segmenting an image into two
different phases, the background and the foreground, the MS-model reduces to the
following optimization problem, which is known as Chan—Vese’s model [2] and which
we denote by CV:

Given an initial image f : Q C R? — [0, 1], find a set of finite perimeter £ C 2
(representing the foreground region) and two constants 0 < mz‘), m“f < 1 (representing
the mean of f in the background and in the foreground, respectively) that minimize

Per(A) + p ([ (my — f(x))*dx +/ (mo — f(x))? dx)
A Q\A

among all finite perimeter sets A C €2 and constants 0 < mg, m; < 1. Here © > 0O is
a parameter acting on the fidelity term.

Obtaining a minimizer triplet of the above energy functional is not an easy task due
to the lack of convexity. However, as it was observed in [3], a partial minimizer can be
obtained with the help of the minimizer of the Rudin—Osher—Fatemi functional (ROF)
[4]:

f |Dw|+5f(w(x> — FO)dr,
Q 2 Ja

with parameter A > (. To be more precise (see [3, Theorem 3.4]), for0 < mg < m <
1 fixed, if u is a minimizer of the ROF functional with parameter A = 2u(m; — my),
then a suitable threshold of u provides the only minimizer of the CV functional (with
mq, m1 fixed). Inthiscase, ¥ := {x € Q : u(x) > M} is the set of finite perimeter
which minimizes the energy. Moreover, the authors give a convergent algorithm to find
atriplet (X, mo, m1) which minimizes the CV-energy in each of its three components.

This linkage between the ROF problem for denoising and the CV model for seg-
mentation has been further studied in [5]. The authors showed that in the £ anisotropic
case (i.e., changing the perimeter by the rectilinear perimeter in the CV functional and
the total variation term fQ | Du| by the corresponding anisotropic one: f o |Dul1) the
same linkage holds. Moreover, in the case that f is piecewise constant on rectangles,
then a true minimizer triplet of the anisotropic CV model can be obtained thanks to
this relation.

The purpose of this paper is to generalise these results to many different settings.
Thus, we provide a unified framework in which the linkage between both problems
holds. A deep look at the results in [3] shows that the only mathematical tools that
are needed are suitable definitions of the perimeter of sets and of the total variation of
integrable functions, and a coarea formula relating these two concepts.
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In Sect. 3 we give the abstract setting in which we work and which we call perimeter
measure space. This framework is so vast that we can gather together a big variety
of situations to which our results apply. In particular, we can generalise the results
to the case of a non-Euclidean setting. We give an up-to-date list of the possibilities;
including the cases of discrete weighted graphs or fractional perimeters.

Section 4 is devoted to stating and proving the linkage between both problems in
perimeter measure spaces, see Theorem 2. As we will observe in Sect. 3, the ROF-
model for denoising has been much more studied than the CV-model in a number
of non-Euclidean settings. Therefore, the results in this paper can be used to obtain
algorithms and properties of CV-minimizers or partial minimizers.

In Sect. 5, we use the previous results to build a two step algorithm (analogous to
the classical Chan—Vese algorithm, see [2]) to find an approximate minimizer triplet
to the CV problem in the case of locally finite weighted discrete graphs. Then, we
show two possible applications of segmentation in weighted graphs: nonlocal image
segmentation and labeling. In the case of image segmentation, we show how our
approach improves the results obtained with standard Euclidean segmentation. In the
case of labeling, a postprocess using the CV model to the results obtained with standard
linear diffusion (i.e., with harmonic extension on graphs) yields an accuracy in the
predictions of labeling comparable to Poisson learning.

2 Related Work

As we have already mentioned, the linkage between the ROF model for denoising and
the CV model for segmentation has already been observed in the particular cases of
the isotropic perimeter (and total variation) and of the £1-anisotropy; both in a domain
in R2.

On the other hand, segmentation in the non-Euclidean case and, in particular, in
the case of weighted undirected graphs, has been studied in [6]. The authors consider
the Mumford—Shah functional defined in a weighted undirected graph with n points
and a parameter ¢ representing the scale in which differences of the values of the
target minimizer function are considered large, and therefore can be interpreted as
jump points. The main result of this work is the I'-convergence, when the graph is
considered in some domain in the Euclidean space R", to the classical Euclidean MS
functional as the point cloud becomes denser in the domain and a suitable scaling in
¢ is considered.

Concerning perimeter measure spaces, our definition of perimeter functional is
very close to the one of generalised perimeter given in [7]. However, their concept of
perimeter is restricted to the case of Lebesgue measurable sets. Moreover, a similar
definition of perimeter measure space is considered in [8]. There, the authors analyze a
perimeter functional alongside a range of potential assumptions and proceed to derive
multiple results by considering various combinations of these assumptions. Here,
we do not seek a profound study of the lower semicontinuity properties of the total
variation functional or the perimeter functional. Instead, we consider the necessary
assumptions for the existence and uniqueness of minimizers for the ROF functional, as
well as for the mentioned linkage to be valid. Concretely, weak lower semicontinuity
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of the functional with respect to the L>-convergence and finiteness of the measure are
assumed (see Sect. 3 for details).

We finally mention [9], in which the authors consider an energy functional very
similar to the CV one in the case of undirected weighted graphs. In their functional, the
total variation on graphs appears. However, their minimization problem only depends
on one variable. To be more precise, they minimize the total variation minus the
variance for functions taking values in the canonical basis of RV,

3 Perimeter Measure Spaces
3.1 Definitions

Definition 1 Let (X, B, v) be a measure space. We say that Per : B — [0, o0] is a
perimeter functional if the following conditions are satisfied:

(i) Per(®) = 0;
(ii) Per(A) = Per(B) for every A, B € 3 such that v(A A B) = 0;
(iii) Per(A) = Per(X \ A) for every A € B;
(iv) Per is sub-modular, i.e., Per(A U B) +Per(AN B) < Per(A) + Per(B) for every
A, B € B.

Definition 2 Let (X, BB, v) be a measure space and Per : B — [0, co] a perimeter
functional. For a function u € L'(X, v), and letting E;(u) :={x € X : u(x) > t}
for every ¢t € R, we define its total variation by

TV(u) = /oo Per(E;(u))dt,

—00

with the convention that TV (x) = oo if the map t +— Per(E;(u)) is not measurable.
Note that TV (xg) = Per(E) for every E € B.

A perimeter measure space (X, 3, v, Per) (PMS in short) is a measure space
(X, B, v) such that v(X) < +o0, together with a perimeter functional Per such that
the total variation functional TV is lower semi-continuous with respect to the weak
convergence in L%(X, v). We will denote it by (X, v, Per) for short.

Observe that the standard Euclidean perimeter in RY endowed with the Lebesgue
measure is a PMS. Additional examples of PMS, including this one, are given in Sect.
3.3.

Proposition 1 Let (X, v, Per) be a PMS. Then, the total variation is a convex functional
in L3(X, v).

Proof The proof of this result essentially follows the lines of [10, Proposition 3.4].
We give the details for the sake of completeness.

Observe that, since v(X) < 400, LZ(X, v) C L! (X, v) so the total variation is
well defined for L%(X, v) functions. First of all, we show that TV is a positively
one-homogeneous functional. Let u € L'(X, v) and A > 0. Then,
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o0

TV(Ow) = / ™ Per(E, () df — / Per (E%(u)) dr

—0o0 —00

=A /oo Per(E;(u))dt = ATV (u).

—00

Then, to show the convexity, it suffices to prove the following inequality:
TV(ui +uz) < TV(uy) +TV(uy) forevery uy, us € LZ(X, V). 3.1

We first prove the following representation formula for nonnegative, bounded and
integer valued measurable functions u in X:

m m
TV() =min Y Per(4;) : u=Y xa. A €B. meNt. (3.2)

i=1 i=1
Note that, if u satisfies these assumptions, then 1 = Z,Ai | XE;_ () forsome M € N.

Take A; € B,i = 1,...,m, such that u = Zf":l X4, Using the sub-modularity of
the perimeter, for any j # k € {1,...,m},

m
Per(A; N Ay) + Per(A; U Ap) + Z Per(A;) < ZPer(Ai).
i¢{j.k} i=1

From this inequality, by induction on m, one easily gets

m M
D _Per(Ai) = ) Per(Ei—i(w).
i=l i=l

Indeed, if m = 1then A} = Eo(u) up toav-null set thus Per(A1) = Per(Eg(u)). Now,
suppose that the inequality holds for m and let u = Z;’:}l xa;-Letv =Y xa,.
By induction hypothesis we have that

m+1 m
> Per(A)) = ) Per(Ei_1(v)) +Per(Au1).
i=1 i=1
Now,
Ejw)=E;j@®)U(Ap+1 NE;j—1(v))

so, by submodularity:

Per(E;(v)) > Per(E; () + Per(Ap 1 N Ej(v)) — Per(Apy1 0 Ej_1 (v).
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Therefore,

D Per(Ei—1(v) = ) Per(Ei—1 () +Per(Ap1 N Ei—1(v) = Per(An11 N Ei2(v))

i=l1 i=1

= ZPer(Ei—l (u)) + Per(Api1 N Ep—1(v)) — Per(Ap11 N E_1(v))
i=1

= > "Per(E;_ () + Per(Apy1 N E—1(v) — Per(Ap1)
i=1

= ZPGT(Ei—l () + Per(Ey, (v) U (Apg1 N Ejp—1(v))) — Per(Ap41)

i=1

= Z Per(E;_1(u)) + Per(Ep (1)) — Per(Ay41)
i=1

1
= Per(E;_1(u)) — Per(Ap+1).
1

3

Thus, by taking the infimum, we conclude the proof of (3.2):
m m
inf {ZPer(Ai) U= ZXAI' LA € B}
i=1 i=1
M M—1
= ZPer(E,-_l(u)) = / Per(E;(u))dt = TV (u).
i=1 0
We now prove (3.1): Observe that we can suppose that TV (u;) is finite fori = 1, 2.

As a first step, suppose that 0 < u; < 1, i = 1,2, and consider the following
approximations:

1 n
Uin == Y XE,w) forneN, t€]0,1[andi=1,2.
n P o

By construction, 0 < u; , < 3 and u; , — u; in LI(X, v), i = 1,2. Then, we can
extract a subsequence (not renamed) converging a.e. to ;. Since v(X) < +o00, we
obtain that u; , — u; in L%(X, v). Therefore, from the lower semicontinuity and the
one-homogeneity of the total variation we get

TV(u1 +uz) <liminf TV (uy, + uz.,)
n—>0oo

o .
= liminf - TV Z XE@(MI)—FXE@(MZ)

n—oo n
k=—1
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32 . 1
< liminf — Z Per (E@(ul)) + Per <Ekj(uz)).

n—-oo n
k=—1

Finally, applying [10, Lemma 3.3], we can choose ¢ € [0, 1[ such that, up to a
subsequence,

1 & 1
= > Per (E@(ui)) - / Per(E;(u;))dt =TV (u;) asn— oo, i = 1,2,
n n 0

k=—1

which finishes the proof in the case 0 < u; < 1.

The case where the u; are bounded, i = 1, 2, easily follows by considering i; :=
s— with m < u; < M and applying the previous step.

Finally, if u; € L%(X,v),i = 1,2, we choose as approximations the truncations at
level £K; i.e., uX := max{min{u;, K}, —K} (observe that uX — u; in L*(X, v) as
K — +00) and use the lower semicontinuity of TV:

TV (u; + uz) < liminf TV(@X + uf)
K—o0

< lim inf TV@S) + TV@uE) < limsup TV@ ) + TV@X)
—00

K—o00

K
= lim sup/ (Per(E;(u1)) + Per(E;(u2))) dt
-K

K—o0

=TV(u1) +TV(u2).

3.2 CV and ROF Models in PMS

We continue with the generalization of the CV and ROF models to the PMS setting:

From now on, we assume that (X, v, Per) isa PMS. Let f : X — [0,1] be a
measurable function not v-a.e. equal to a constant. The CV model on (X, v, Per) aims
to minimize the following energy functional over X € B and mg, m| € [0, 1]:

Y (8,mo,my) = Per(2)+u</ (ml—f>2dv+f (mo—f>2dv>
= X\XZ

where > 0 is a scale parameter.
The ROF model on the perimeter measure space (X, v, Per) takes the following
form, for f € L*(X,v):

A
min {5§0F(u) =TV(u) + 5/ lu(x) — f)Pdv(x) : u e L*(X, u)} .(3.3)
b
We now prove that (3.3) has a unique solution.
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Theorem 1 The 5§0Ffuncti0nal has a unique minimizer u € L*(X, v). Moreover, it
is the only function in L*(X, v) satisfying 0 € 8(EfOF)(u). If0 < f <1v-ae., then
0<u<1v-ae

Here, the subdifferential of the Ef OF functional in L2(X , V) is defined as follows:
v € I(EROT)(u) if, and only if, u, v € L2(X, v) and, for all w € L2(X, v),

/ v(w —u)dy < SfOF(w) — 5fOF(M)~
X

Proof Since the TV functional is lower semicontinuous with respect to the weak
convergence in L2(X, v), existence of a minimizer follows from the direct method of
the calculus of variations. Indeed, let {1y }ren C L*(X,v)bea minimizing sequence.
Then,

/X lu (x) 1> dv(x) <2 /X (ur(x) — f(x)?dv(x) +2 /x |f ()| dv(x)

4
< 2 sup(Ef O () + 2 f F @R dv).
keN X

Therefore, up to a subsequence, u; converges to a function u € L?(X, v) weakly in
L%(X, v). Finally, applying the lower semicontinuity of the total variation we obtain
that u is a minimizer of Ef OF,

Moreover, by Proposition 1, it is a convex functional. Therefore, the SSOF
functional is strictly convex. This yields uniqueness of the minimizer.

Note that 0 € 8(8){e OFy(w) is equivalent to u being a minimizer.

Finally, if 0 < f < 1, the bound 0 < u < 1 is a direct consequence of the fact that
the truncation of any function v € L?(X, v) by Tol (s) := max{min{l, s}, 0} satisfies

1
EROF (T (v)) = /0 Per(Et(U))df‘i‘% /X 1T (v(x) — f(x)[Pdv(x) < EROF (v).
O

3.3 Examples of PMS

We now give an extensive list of examples of PMS:

3.3.1 Isotropic Euclidean Case

Let @ C RY be an open bounded set and v = LV be the Lebesgue measure in RV,
Recall that, for an integrable function u € L! (€2), the total variation of u is defined as

TV(u) := sup {/ udivzdx :z € C5°(2; RYY), Jz(x)| < 1a.e.in Q} , 34
Q
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where || - || is the Euclidean norm. The perimeter of a Lebesgue measurable subset
E C Qs defined as the total variation of the characteristic function of E; i.e.,

Per(E) :=TV(xE).

By the coarea formula (see [11, Theorem 3.40]), we get that TV defined as above
coincides with the one in Definition 2. The submodularity of the perimeter can be
found in [11, Proposition 3.38]. On the other hand, the lower semicontinuity with
respect to weak convergence in L2(X, v) follows easily from the expression in (3.4)
as we next show:

Suppose that u,—u weakly in L>(X, v). Then, for any z € Cio (%2 RV such that
lzColl < 1,

/ u(x)divz (x) dx = lim inf/ Uy (x)divz (x) dx < liminf TV (u,).
X n—oo X n—>oo

Taking the supremum in z we get that

TV(u) < liminf TV ().
n—>o0

Therefore, (2, LN |, , Per) is a PMS.

o

3.3.2 Anisotropic Euclidean Case

Let @  RY be an open bounded set, v = £V be the Lebesgue measure in RY and
®: Q x RY — [0, +-00[ be a coercive anisotropy; i.e.:

e ®(x, ) is convex and lower semicontinuous for any x € €;

o O(x,1E) = [t|P(x, &) for any (x,&) € @ x RN and any t € R (positive 1-
homogeneity);

e There exists C > 1 such that %HSH < ®(x,&) < C|&| forall (x,&) € Q xRV
(coercivity and sublinear growth).

We denote by ®° the dual anisotropy of ®; i.e.,
©0(x,§) = sup(£ -1 : n € RY, @(x,m) <1},
For any u € L'(S2), one can define
TVe(u) := sup {/Qudivzdx RS H¢(Q)} ,
with
Hyp(Q) :={z € L°(RY) :divz e LV (Q), ®*(x,z(x)) < 1 ae. in Q}.
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We define the anisotropic perimeter as
Pery(E) := TVe(xg) for every Lebesgue measurable set £ C 2.

The coarea formula and the submodularity of the perimeter can be found in [12] and
[13, Remark 2.4], respectively. Then, as in the previous example, we can easily show
that (Q, LV|, . Perg) is a PMS.

The anisotropic ROF model (for anisotropies depending only on the gradient) was
proposed by Esedoglu and Osher in [14] as a tool for image denoising for images with
some particular geometric features. The subdifferential of the functional TV¢ was
completely characterised (under Dirichlet constraints on the boundary or if Q2 = RY)
in [15].

3.3.3 Fractional Perimeter

Let © c RY be an open bounded set. Given s € (0, 1), the fractional Sobolev space
ws '1(52) is defined as the set of functions

|u(x) —uy)l

Wl Q) :={ue LN (Q) : TV,(u) := dxdy < 400} .
Q |x — y|N+s

Q

Moreover, defining the nonlocal perimeter as

1
Pers(E) :=/ / ———— dxdy,
* Ene JeM\E)ng [x — yVts

for every Lebesgue measurable set E C RY, one can show as above that
(RN , LN |Q , Pers) is a PMS. In fact, the coarea formula for TV can be found in
[16, Proposition 3.1] or [17, Lemma 10], the submodularity of the perimeter can be
proved as in [18, Sect. 2.1.2] and one also has [19, Theorem 3.4] for a representation
formula of TV, similar to that in (3.4). Let us mention that this nonlocal concept of
perimeter was first introduced in [20].

The ROF model for the fractional perimeter in the case 2 = R" has been recently
studied in [21] (and in [22] or [23] with L! fidelity term).

3.3.4 Random Walk Spaces

Let (X, B) be a measurable space such that the o-field B is countably generated. A
random walk on (X, B) is a family of probability measures (m,)yecx on B such that
x + my(B) is a measurable function on X for each fixed B € B. Moreover, a o-
finite measure v on B is reversible with respect to the random walk m if the following
balance condition holds:

dmy (y)dv(x) = dmy(x)dv(y) foreveryx,y € X.
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(X, B) together with a random walk m and a o -finite measure v which is reversible
with respect to m is called a reversible random walk space and denoted by [ X, B, m, v].
Given E € B, the m-perimeter of E is defined as

Per,, (E) := / / dm (y)dv(x)
E JX\E

and the m-total variation of a measurable function # : X — R is defined by

1
TV, @) = 5 /X fx u(y) — u(x)| dmy (v ().

Then, if v(X) < 400, (X, v, Per,,) is a PMS (see [24] or [25] for the coarea formula,
the submodularity of the perimeter and the lower semicontinuity result). The ROF
model in reversible random walk spaces has been studied in [26] and the subdifferential
of the m-total variation functional was completely characterized in [24].

We point out that many different examples can be included in this category of
reversible random walk spaces. We give a non-exhaustive list of them, including only
the more relevant to us and without entering into details, for which we refer to [24] or
[25]:

1. Nonlocal perimeter with an integrable Kernel: Let J : RY — [0, 400 be
a Lebesgue measurable, nonnegative and radially symmetric function such that

/ J(x)dx = 1. Let 2 C R be a closed set of finite Lebesgue measure and
RN

my(A) = / J(x — y)dy + (/ J(x — z)dz> 3¢ (A)
A R\

for any x € Q and any Lebesgue measurable set A C 2. Then, m = (my) is a
random walk on Q2 with respect to which the Lebesgue measure on 2 is reversible.
This is the usual random walk arising from a nonsingular kernel J, but modified
so that it does not jump outside of 2 (immediately reflected back to the starting
position).

2. Markov chains on a countable space X with a reversible probability measure 7:
Given a Markov Kernel K : X x X — R, one defines

my(A) = ZK(x,y) for any x € X and any A C X.
yeA

Then, if 7 is a reversible probability measure with respect to K, [X, B, m, 7] isa
reversible random walk space (here B is the o-algebra of all subsets of X).

3. Locally finite undirected weighted discrete graphs. Let G = (V(G), E(G)) be
a locally finite weighted discrete graph with vertex set V(G) and suppose that
each edge (x,y) € E(G) has a positive weight wy, = wy, assigned. For each
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x € V(G), the random walk m is defined as follows:

Zy'vx Wxydy
my = —————,
Zy'vx Wxy

with y ~ x denoting that (x,y) € E(G) (alternatively, we can suppose that
wyy = 0if (x, y) ¢ E(G) and consider the sum over all the vertices y € V(G)).
Then, for A C V(G), one considers

V(A) = Z Z Wyy-

XEA Y™~X

It follows that v is a reversible measure with respect to the random walk m.

3.3.5 Carnot-Carathéodory Spaces

Given an open set @ C RV, m < N and m locally Lipschitz vector fields X =
(X1,..., X;), adistance in 2 is defined as follows:

1 m
d(x,y>=inf[f0 pOldt : y©) =x, y) =y, () = ai()X;, 0 <1 < 1].
i=1

Assuming that this distance is everywhere finite, the space of bounded variation
BVx(€2) is defined as the space of functions u € LY() such that

TVx(u) := sup{f udivyz : z € CH(QRY), ||zl < 1},
Q

where divy«z = Y /', X*z', with X* the adjoint vector field of X. For any Lebesgue
measurable E C €2, its perimeter is defined as

Perx(E) :=TVx(xE).

The coarea formula and the submodularity of the perimeter can be found in [27, Propo-
sitions 4.2 and 4.7] and the lower semicontinuity can be proved as in the Euclidean
case. Then, (2, LV, Pery) is a PMS (see [27]). The subdifferential of the total vari-
ation functional coupled with different Neumann or Dirichlet conditions in general
metric measure spaces (which includes the case of Carnot-Carathéodory spaces) has
been recently studied in [28].

3.3.6 Metric Graphs

We follow [29] for the definition of a metric graph, which we now briefly recall. Let
E be a finite set. Given {{,}.cg CJO, oo[, consider the family [0, £,].cg of metric
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measure subspaces of R (with the Euclidean metric d, and Lebesgue measure A, ) and
their disjoint union

E:= |_|[0, 2,].

ecE

We adopt the notation (x, e) for the element of £ with x € [0,¢.] and e € E. We
endow & with the disjoint union topology. For this, let ¢, : [0, £,] 2 x > (x,e) € £
be the canonical injection. Then, a set U C £ is open if and only if each (pe_l (U)isa
union of sets of the form [0, g1[, ]lez, £.] or le3, g4, for &; €]0, £.[.

Consider now the set

V=[]0, ¢}

ecE

of endpoints of £. Given any equivalence relation ~ on V, we extend it to an equivalence
relation on £ by equality: i.e., two elements (x1, e1), (x2, e2) € £ belong to the same
equivalence class if and only if (x1, e;) = (x2, e2) or else (x1, e1), (x2,e2) € V and
(x1,e1) ~ (x2, e2). We continue to denote this equivalence relation on £ by ~.

Wecall ' := 5/~ ametric graph and V := V/~ its set of vertices.

Therefore, a metric graph is uniquely determined by a family {¢,}.c g and an equiv-
alence relation on V. Its vertices are the cells of the partition of V induced by ~.
Two vertices v, w € V are said to be adjacent if there exists some e € E such
that {x, y} = {0, €.} for some representatives (x, e) of v and (y, e) of w; in this
case we write v ~ w and, with an abuse of notation, also v ~ e. The cardinality
deg(v) of the set {w € V : w is adjacent to v} is called degree of v € V. We denote
Ey ={ee€ E : v~e}landint(V) :={veV : #E, > 1} (here #Ey denotes
the cardinality of Ey). Moreover, I" is a measure space with respect to the direct sum
measure it = P, g Ao (see [29] and the references therein).

A function u on a metric graph I is a collection of functions {[u].}ecr With [u], :
10, £.[— R.If [u], is integrable for all e € E then

Le
/u(x)dx = Z/ [u]e(x) dx.
r 0

ecE

The Sobolev space H (") is defined as the space of functions u such that [u], €
H'(0, ¢,) forall e € E and

> el 1o,z < o0
ecE

if v ~ e and (0, e) (alternatively, (£, €)) is a representative of v, the trace of [u], at 0
(alternatively, at £,) is denoted by [u]. (V).
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The total variation of a measurable function u is defined as
TVr(u) := sup {/ u(x)7’ (x)dx : z € Xp(), llzllzoory < 1},
r

where X (') is the set of vector fields in H'(I") satisfying a Kirchhoff condition on
all the vertices of the graph; i.e.,

Xx(M) ={zeH\(): Z[z]e(v)ve(v) =0, Vv eint(V)

ecEy

Here, v¢ is the unit outer exterior normal to e; i.e., v (v) = 1if (£,, e) is arepresentative
of v and v¢(v) = —1if (0, e) is a representative of v.

Note that, as in the previous subsections, weak lower semicontinuity holds by the
definition of 7 Vr. In order to prove the coarea formula and the submodularity of the
perimeter, we will give a representation formula for 7 V. We first introduce some
notation. Given v € int(V'), we consider the maximum and the minimum of the traces
of u atv:

max

min
v v

u :=max{[ul.(v) : e € Ey}, uy" :=min{[u].(v) : e € Ey}.

For a function # on I' such that each [u]. is a function of bounded variation, we
denote |Du|(T") := ZeeE | D[u].|(0, £.). With this notation, we obtain the following
representation formula:

Proposition 2

TVr@) = [Dul(D)+ Y @y™ —ul™. (3.5)
veintV (I)

Proof To prove (3.5) we use the following integration by parts formula [30]:
[war=-coom+ ¥ Yo oule. 6o
r veint(V) eeEy
with

(z, Du)(T) := Y _([zle, DIule)(0, £o);

ecE

([zle, D[u].) being the one dimensional Anzellotti Radon measure product (see [31]).
We recall that |(z, Du)| < ||z|loo|Du| as measures.
From (3.6) we directly have

TVr(u) < |Du|(T) + Z max Z welule (V) : we € [—1, 1], Z w, =0

veint(V) ecEy ecEy
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The last maximum is easily computed by the simplex method and we obtain

TVr(u) < |Du|(T) + Z (WX i)
veint(V)

Let us see the opposite inequality. Since
Le
|D[u]e|(0, £,) = sup {(Z’ Du)(0, £,) = _‘/(; [M]eZ/ NS CLI (0, ze)} s

we can find z" = {[z"]e}ece Wwith [z"], € Cl(0,£) such that
dist(supp([z"]e), {0, £c}) > % for all e € Ey, and

| Du|(T) < (z”,Du)(F)~I—%.

We now fix v € int(V) and take emax € argmax{[u].(v) : e € Ey} and enpin €
argmin{[u].(v) : e € Ey} with eqmax 7 emin. Suppose for simplicity that (0, emin)

and (€,,,,, emax) are representatives of v (the other cases follow similarly). Then, we
define
nx —1 . 1 1 —nx 1
if0<x=<, if0<x=<,
[Zn]emax = " ’ [Zn]fmin = .
[2"]en  Otherwise [2"]e,, Otherwise
Then, repeating this with each v € int (V') (changing (O, %) with (€., — %, Le,i,) OF
Lemax — %, Lena) When necessary) we end up with Z* such that
G D) = > Y [zl Mule(v)
veint(V) ecEy
=@ D@+ Y g
veint(V)
- 1 . 1
+ Z (([z"]em, Dlule,,,) (o, ;) + (12" Jemin» Dlttler, ) (o, ;))
veint(V)
~ 1 1
2 1DulD) 4+ 3 G =™ = 37 (D] + DIl (0, ;) -
veint(V) veint(V)

Letting n — +o00, with the use of (3.6),we conclude that

TVr(@) > [Dul(D) + Y (™ — uj™).
veint(V)
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Therefore,

TVr@) = [DulD) + Y @™ — yhin)

veint(V)

= |Du|(T") + Z max Zwe[u]e(v):wee[—l,l], Zwezo

veint(V) ecEy ecEy

We define Perr(A) := TVr(xa) for any p-measurable A C T'.
Here, given a p-measurable set A C I' the function x4 = {[xal.}ecg on I is defined
by

[al, (x) = 1 if (x, e) is a representative of an element in A,
XAle " 1 0if (x, e) is not a representative of any element in A.

Then, (T, u, Perr) is a PMS. Indeed, observe that, since the classical total variation
satisfies the coarea formula and the usual perimeter is submodular, and thanks to the
last equality, we only need to show that:

(1) The trace at the endpoints of an interval of a one dimensional BV function satisfies
the layer cake formula, in particular,

+00 +00
wuw=£ [mmLMw—A (& ], W

for every v € int(V) and e € Ey (here xg, ) = {XEr([”]e)}eeE)'
(i) The trace of the characteristic function of a set is submodular.

These two properties follow directly from the continuity of a precise representative of
a one dimensional BV function outside of the jump set since, working edge by edge,
we have that the precise representative of the extension of [u], with constant value
[u]e(v) to the right of £, (or left of 0) is continuous at the point £, (or 0) and the
same thing happens with the precise representative of the extension of x4 of any finite
perimeter set A.

4 Linkage

In this section we prove the relation between the ROF and CV models in the framework
of PMS. We need several previous results concerning the ROF model and a related
minimization problem.

We consider the following energy functional defined on elements of the o -algebra:

E (D) :=Per(2)—k/ fdv, TeB “.1)
X
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for f € L*(X, v).
The following three results have been proved in the isotropic Euclidean case
(Example 3.3.1) in [32] (Proposition 2.1, Lemma 2.4 and Lemma 2.5, respectively).

Proposition 3 Given a minimizer u € L*>(X, v) of

min TV(u) — Af uf dv “4.2)
u e Lz(X, V) X
O0<u<l

andt € [0, 1), we have that E;(u) := {x € X : u(x) > t} is a minimizer of (4.1).

Proof First of all, by the lower semi-continuity of TV with respect to the weak conver-
gence in L2(X , V), the direct method of the calculus of variations yields the existence
of a minimizer solving (4.2).

Now observe that for any u € LZ(X, v)withO <u < 1v-ae.,

u(x)
/ufdv:f (/ ds) f(x)dv(x)
X x \Jo
X

1 1
= fxE.«u)(x)f(x)dsdv(x): f / £ dv(x) ds.
0 0 JEgu)

Therefore, it follows that

1
TV (u) — )\/ uf dv =/ &, (Es(u))ds > min &(X). 4.3)
X 0 TeB

Consequently, the minimum in (4.2) is greater than or equal to ming g &, (X). How-
ever, (4.2) is smaller than mingcp &, (X) since mingep &, (X) is just (4.2) over
characteristic functions of Borel sets. Therefore, they coincide.

Moreover, from (4.3) it follows that, if u# is a minimizer of (4.2) then, for a.e.
t € (0, 1), E¢+(u) is a minimizer of (4.1). Let us see that, in fact, this is true for every
tel0,1).

Let t € [0,1) and let (7,),>; be a decreasing sequence such that E;, (u) is a
minimizer of (4.1) for every n > 1 and #, | t as n — oo. Then, since xg, () BN

XE,(u) In L2(X , V), from the lower semi-continuity of TV with respect to the weak
convergence in L?(X,v), we infer that

E(Ei(w)) < liminf & (E;, (1)) = min &, (X)
n—00 TeB

as desired. O

@ Springer



66 Page 18 of 30 Applied Mathematics & Optimization (2024) 89:66

As a consequence of Proposition 3, for a fixed t € R, the superlevel sets E;(u),
t €0, 1), of a minimizer u € L2(X, v) of

min TV (u) ~|—A/ u(t — f)dv “4.4)
uelL*(X,v) X
O<u<l

are minimizers of
& (X) :=Per (%) +A/ (r— fHdv, T ekB.
=

Lemmal Let t9 < 11. If ) ¢y and 2y, € B are minimizers of &), ¢, and &) 1,
respectively, then Xy ¢, € X ¢, up to a v-null set.

Proof Since X, ;, and X, ;, are minimizers we have that

Per(%;,4) + A/ (to — f)dv < Per(Zy, 4y U Zj 1) + A/ (ro — f)dv,
2)»,10 ZA.TOUEK,‘[I

Per(Z 1) + A[ (t1 — f)dv < Per(Zy,70 N 2 ¢y) + )»f (r1 — f)dv.
EA,I] EA,TODZAJ]

Adding these equations we get

Per(%) ) + Per(%) 7)) + k/ (o — f)dv+ )»/ (r1 — fHdv

2)».‘(0 El,rl

= PCI‘(E)H-[O ) Ek,tl) + Per(zk,m N E)L,rl)

+k/ (to—f)dv+A/ (r1— f)dv
EK,TOUZ)»,TI E)»,‘[Omzl,tl

which, by the sub-modularity of Per, yields

f (m—fmv+/ (n—fﬂvs/‘ (0 — f)dv
Z}\,TO 2)\.'[ EA,IOUEA,I]

1

+/ (21 — f)dv,
E}»,TO mE}»,Tl

/ (n—fMV§/ (0 — f)dv,
EA,I] \EA.IO Zk,rl\zk,zo

thus (t1 — o)V (EA,TI \ E}\.,T()) <0. [}
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Remark 1 It follows that the minimizer ¥ ; of £,  is unique up to a v-null set, except
for at most countably many values of 7. Indeed, foreach r € R, fix aminimizer X, ; of
Ey,z- Then, T — v(X, ;) is monotone so it is continuous except for at most countably
many values. Let us see that if 7 is a continuity point then X, ; is unique up to a
v-null set. Suppose otherwise that there exist two minimizers X ){’T and E)%’r such that

v <Zi L AX? r) > 0. Then, £} ' UX?_ C T, uptoa v-null set for any 7/ < T;

and Z}]L’T N E)%’T D X~ up to a v-null set for any 7* > 7. However, this implies that

V(Ze) 20 (Ze) v (3, 852

so T cannot be a continuity point.

Let Q be a countable dense subset of R such that the minimizer X, ; of &, ; is
unique for every T € Q.

Lemma2 Let ¥, ; be a minimizer of &, 1. Then, the function
u(x):=sup{tr € Q : x € &y }
is the unique minimizer ofEfOF in L>(X, v).

Proof Let us first see that u) € L2(X, v). Since

Per(X) ¢) + ?»/ (t—=Ndv=0=&:1)
Zx.r

we have that

(¥ ) < fdv.
E}»,T

Thus

M M
f V(X )dt < / fdvdr. 4.5)
0 0 EA,T

Now, by Fubini’s theorem,

M M
/ V(X )dr = / / Ty, . (x)dv(x)dt
0 0 250

M
Z/ / TX[0,u5,(x)1(T) dT dv(x)
%5070
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minfu; (x),M}
= / / tdrdv(x)
E)L,() 0

= / 1 (min{u; (x), M})? dv(x)
5.0 2

and, similarly,

M
/ f)dv(x)dr = / min{u, (x), M} f(x)dv(x).
0 it 22,0
Consequently, by (4.5),

1
—/ (min{uy, M})*dv < minf{u;, M} f dv
2 25,0 2.0

1

2
< </ (min{u,,, M})zdv fzdv>
Zx0 20

thus

f (min{u;, M})*>dv < 4 F2dv.
210 2.0

From this, letting M — o0, it follows that

/ u? dv < 4 / 2 dv. (4.6)
{u>0} {u,20}
Similarly, we get that
/ ul dv < 4 / f2dv. 4.7
{u <0} {u <0}

Indeed, since Per(E) = Per(X \ E) for every E € B, we have that {—u; > —t} =
{u) < t}is a minimizer of

min Per(X) + A/ (f —t)dv = minPer(X) + A/ (=7 — (—f))dv.
= 5 P b

Therefore, it follows that if we replace f with — f in £, ; then we obtain —u; instead
of up.

It follows from (4.6) and (4.7) that u; € L2(X, v).

We now consider

E):r = U Ek,t’a T eR.

/>1, 7€
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Observe that Y . =E:(w)uptoa v-null set.

Let us prove that ¥, is a minimizer of &, ;. Let {t,},en C Q be a decreasing
sequence such that 7, | T asn — oo. Since for any ¥ € B we have

Per(X) +A/ (ty — f)dv > Per(Z; +,) +k/ (tn — f)dv
) b))

At

and xy, . is nonincreasing (thus xy, . BN Xs: in L2(X, v)), the lower semi-

continuity of Per with respect to the weak convergence in L>(X, v) yields

r,T

Per(Z)—l—k/ (r—fHdv zPer(E):r)—i-)»/ (r — f)dv.
by

Therefore, X, | is a minimizer of -
Now let v € Lz(X , V). Since X, _ is a minimizer of &,..r we have that, for every

M > 0,
M
/ (Per(E):r) + A/ (t — f)dv) dr
-M P

AT

M
< / <Per(Er(v)) + A/ (t — f)dv) dr. 4.8)
-M Ez (v)

Now, for any w € L%(X,v), by Fubini’s theorem,

M M
/ / (t — f(x)dv(x)dr = / / XEw)(X) (T — f(x))dT dv(x)
-M JE(w) XJ-M
min{w(x),M}
:/ / (r — f(x))drdv(x)
XJ-M
-3 [ (min{w, M} — F)* — (—M — £)?)dv.
X
Thus
M 1
/ / (t — f(x))dv(x)dt + —/(M—i— )2 dv
M JE.w) 2 Jx
— 1/ (w — £)?dv + d(w, M) (4.9)
2 Jx
where
1 . 2 2
®(w, M) = -/ ((mm{w,M} 2 —w—f) ) dv,
2 Jx
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satisfies

lim ®(w, M) =0
M—o00
for any w € L?(X, v). Therefore, from (4.8) and (4.9), it follows that

M
/ Per(E:(u;))dr + &/ (5, — f)*dv + @ (uy, M)
M 2 Jx
M A
< / Per(E; (v))dt + = f (v — f)*dv + @ (v, M).
M 2 Jx
Then, letting M — oo, we get
A 2 A 2
TVa) + / W, — fPdv < TV() + 2 / (0= f)2dv.
2 Jx 2 Jx

Consequently, since v € L2(X , V) is arbitrary, u, is a minimizer for the ROF model.
O

Remark 2 Note that, in the case that 0 < f < 1:

e If t > 1, then ¢ is the unique (up to v-null sets) minimizer of & ;.
e If t < 0, then X is the unique (up to v-null sets) minimizer of &, ;.

Therefore, 0 < u; < 1 and the proof of Lemma 2 becomes much simpler.

We have obtained the following result.

Proposition 4 A function u solves the ROF model (3.3) if, and only if, E.(u) is a
minimizer of €, 1 for every T € R.

As in [32, Proposition 2.6], we observe that the change of T from almost any value
to all value in R is achieved by approximation.

Next, we will show the relation between the ROF and CV models. We recall that
an n-tuple is a partial minimizer of some functional defined on a product space X x

- X X, if it minimizes the functional over each space X;, i = 1, ..., n, when the
other components are fixed.

Theorem 2 Given a measurable function f : X — [0, 1], let u, be the unique
minimizer of the ROF functional 5R0F Let 0 < mo < my < 1 be such that
S = Emgim2s) satisfies 0 < v(£) < v(X). Then SCV(E mo, mp) <
ng(E,mo,ml)for all ¥ € Band n := m
a partial minimizer of the Chan—Vese model if

In particular, (E, my, ml)

1

= — fdv and m; :=
V(X \X)J/x\E
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Proof First of all, observe that, thanks to Proposition 4, 3 minimizes SA mg+m; . Then,
) 2
it is obvious that it is also a minimizer of &, mg+m; + C for any C € R; in particular
) 2

for C := m fx(mo — f)zdv. On the other hand, for any X € B,

mo + mj

8)\ mo+m] (2) +C = Per(z) + )\,/ (
T2 5 2

—f) dv+C

= Per(2) + #/ ((m1 — ? = (mg— f)z) dv+C
2(my —mo) Jx

= Per(X) + _r (/ (my — f)zdv—i—/ (mg — f)zdv)
2(my — mg) > X\Z

= &£V(Z. mo. my).

Thus ESV(E, mo, m1) < ESY (B, mo, m)) forany T € B.
Now let

~ 1

1
n fdv and ::—~/ fdv.
b V(%) J§

Tux\ D) Jus

Itis straightforward to check that they minimize £ lf 4 (f), -, -). To finish, we must prove
that %0 < %1.
Since Ek’ﬁogﬁl (%) < Sk’ﬁoyzl (#) = 0, we have that 5 (M - f) dv < 0.

Thus ™03%L < jay. If g = iy, then ¢ is a minimizer of € g, (-) thus, by
’ 2

uniqueness (up to a v-null set) of the minimizer, we get v(i) = 0, a contradiction.
Therefore, mg < . O

5 Applications

In this section we see how our previous results allow us to use the classical CV model
for image segmentation in settings different than those for which it was originally
designed. We consider a locally finite weighted discrete graph G = (V(G), E(G)),
where the edge weights {wyy}x yev(c) are given by the Gaussian kernel 7, (x, y) =
exp(—d(x,y)/ 02) for some distance d defined on V (G). We recall the definition of
the CV and ROF functionals in a discrete graph (see Example 3.3.4):

EqV(B,mo,mp) =Perg(X)+p Y (mo— f))de+p Y (mi— f(x)’d,
xeXx xeV(G\Z

1 A
Erw =5 Y ) —uWwy +5 Y @) = f(x)’ds

x,yeV(G) xeV(G)
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where £ : V(G) — [0, 1], £ C V(G), u € L2 V(G), vg), mg, m; > 0,

dy == Z wyy and Perg(A) = Z Z wyy forallA C V(G).
y~x x€A yeV(G)\A

Thanks to the results in Sect. 4, we know that it suffices to minimize the ROF problem
to obtain a partial minimizer of £,". To compute the approximate minimizer of &,
we will use the source code provided in [6], based on the IRLS method [33]. In our
experiments, we will specify the parameters ¢, o and K used in this method, which we
will denote hereafter by IRLS ¢ o, k). We recall that o is the parameter of the kernel 1,
and that K is the number of active edges per vertex (i.e., with wyy # 0), a choice that
will be determined by the K nearest neighbours to each node. That said, we present
the following strategy based on Theorem 2 to estimate a £, minimizer:

Algorithm 1 £" approximate minimizer

initiation: k = 1, u > 0, (mg, my) € [0, 1]2 s.t.my > myo .
w <~ 552‘?”” —mg) Minimizer using IRLS (¢ o k)
o < 0.

Y« {xeV wk) > %(m] —mo)}.

while |S; A S5 112 > €101 A k < nyax do
mo — 157 ey, FO), mp < VAT Y oy, FO0)
w <« Egzlzm] —mg) minimizer using IRLS (¢ ¢ k).
Skl < x eV i we@) > Ly —mo)), k<« k+1.

end while

return X, w

where nmax and &;,; denote the maximum number of iterations and the tolerance of the
algorithm, respectively. In our experiments, we set nyax = &1, = 10 and we take d as
the Euclidean distance. We note that the above scheme is equivalent to those presented
in [3, 5], proposed for the classical CV model in its isotropic and anisotropic forms,
respectively.

5.1 Nonlocal Image Segmentation

As a first example, we define f : 2 — {0, 1} such that the image represented by f
consists of diagonal lines with added noise. The noise fulfills the condition that the
closer it is to a line, the denser it is (cf. Fig. 1a, b). Suppose that Q := {1, ..., n} x
{1, ..., m}, where (n, m) is the image size. Taking into account the particular features
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7

(a) Graph of f. (b) Graph of f without added noise.

=

(c) [3]’s approach with = 1.2 (d) Our approach with p = 3 on each V;

Fig.1 Comparison of approximate solutions to the CV model

of this image, we will divide 2 into disjoint subsets {V;} }gl as follows:

V= {XEQ:f(x)fDi(f(Q))} if i =1,
e\ Vie s f) = D (FQ@)) if i > 1,
Fx) — f)
st f(x) = ; TIen
yEB1(x)

where Bj(x) is the £°° unit ball in © centered at x, and D;(f(£2)) is the i-th decile
of the finite set f(£2) C R. Then, we will minimize the CV functional on each
(Vi, VG, PerGi) (here G; = (V;(G;), E(G}))). With this procedure, the segmentation
process is carried out independently on each element of the partition, which is con-
structed taking into account the density of 1’s in the neighborhood of each node of
Q.

We apply the Algorithm 1 with IRLS3 0.3,10) and compare our approach with
the classical Euclidean CV segmentation. We computed the latter by making use
of the algorithm proposed in [3], conceptually equivalent to ours. In Fig. Ic and d,
we present the segmentations that differ the least, in quadratic error terms, from the
original denoised image shown in Fig. 1b. In these examples, we can see that these
approaches produce noticeably different segmentations, especially where the density
of the noise is highest. In fact, if we compute the Frobenius norm of the differences
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between the denoising results and Fig. 1b, we see that our approach, in this case,
is 13.27% more accurate than the classical one. This is due to the way in which
the segmentation process is carried out. The classical approach handles the image as a
whole, solving both problems from a global viewpoint. Our approach, however, solves
both problems in specific regions of the image, which have been previously identified
through a particular criterion (the noise density around each pixel). Therefore, our
proposal provides higher flexibility in the segmentation or denoising process.

5.2 Labeling

Additionally, extending the ROF and CV models to perimeter measure spaces allows
us to use these models in other fields beyond image processing. In the next example,
we show an application of these models in a multiclass classification problem in
higher-dimensional spaces: the labeling problem.

We consider again the PMS (V (G), vg, Perg) associated to a weighted graph. The
labeling problem consists in assigning a label from the label set {y; }le to each vertex
in V(G). As the initial condition, we assume that labels have already been assigned
to each of the vertices in {x;}/", for a given m < k, i.e., y; € {yj}’;:l is already
assigned to x; for I < i < m. One of the methods most commonly used to solve
this problem is the so-called Laplacian learning algorithm. It finds an approximate
solution as follows: First, an approximate solution u = (”i){';] - V(G) — [0, 11¥ of
the following PDE on the graph is found:

Lu(x;) =0 ifi >1?1, 5.1)
u(x;) = ej, otherwise,

where {ei}f.‘zl is the canonical basis of R¥ and £ is the graph Laplacian functional
defined as

Lu(x) := Z Wyy(u(x) —u(y)) forx eV.

yeV

Then, a label is assigned to each x € V(G)\{x;};_, corresponding to the largest
component of u(x). Unfortunately, this labeling method can be inconsistent and is
largely influenced by the number of vertices per label initially known [34, 35].

Alternatively, we will use the CV model to improve the results. First, we obtain an
approximate solution u of (5.1) by using the well-known algorithm proposed in [36].
However, we then follow a different approach to assign the labels, first using the CV
model on a modified version of each u;, | <i < k. To begin with, let

i= (@), wi(x) = ui(x) —w;, x € V(G),
where w; is the mean of {u; (x)},cv(G); and then normalize between 0 and 1 (without

renaming) the values of {it; (x)}1<;<x for each x € V(G). This first step balances out
the prevalence of the different labels. Then, for each 1 < i < k, we use Algorithm 1
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Table 1 Average accuracy for the MNIST dataset

ny 1 2 3 4 5
PoissonMBO learning 96.1 (2.5) 97.0 (0.2) 97.2 (0.1) 97.2(0,1) 97.2 (0.1)
Laplacian learning 16.8 (6.1) 27.5(7.8) 41.1(12.4) 57.9 (11.5) 69.1 (12.3)
CV post-processing 83.3 (4.7) 94.2 (2.6) 95.5(0.3) 96.1 (0.3) 96.3 (0.3)

Table 2 Average accuracy for the FashionMNIST dataset

ng 1 2 4 8 16
PoissonMBO learning 61.9 (5.8) 67.0 (4.9) 722 (2.5) 742 (2.1) 76.9 (1.8)
Laplacian learning 174 (7.2) 320 (8.1) 51.6(5.9) 69.7 (3.3) 74.6 (1.3)
CV post-processing 64.3 (6.7) 65.4(5.8) 69.5(3.3) 72.1(1.7) 763 (1.3)

Table 3 Average accuracy for the CIFAR-10 dataset

ny 10 20 40 80 160

PoissonMBO learning 61.6 (2.3) 64.6 (1.7) 66.7 (0.7) 68.5 (0.6) 70.4 (0.5)
Laplacian learning 21.5(7.3) 38.2(7.9) 55.0 (4.7) 62.8 (1.8) 66.5 (1.2)
CV post-processing 57.8 (3.3) 62.0 (2.1) 66.2 (1.5) 68.3 (0.9) 70.5 (0.5)

with f = u; and denote the output by (X;, w;). Finally, we define v := (111,-)(21.);‘:1 :
V — R and assign a label to x € V(G)\{x; }7L | according to the largest component
of v(x).

In order to evaluate the effectiveness of this post-processing we will compare it with
the PoissonMBO learning [37], which, to the best of our knowledge, is one of the best
ways to solve the labeling problem (see, for example, [37, Sect. 4]). To compare the
accuracy, we will use three databases composed by k = 10 categories: MNIST [38],
FashionMNIST [39] (in both cases, n = 60,000 and V C {0.1}7%*) and CIFAR-10 [40]
(n =70000and V C {0, ..., 255}3072). We perform experiments with varying number
ny of initially labeled elements per label. To compute the approximate solutions of the
Laplacian (# according to the previous notation) and PoissonMBO learnings, we use
the source code provided in [37]; while v = (w; Xzi)}gl is computed by minimizing
55” (via Algorithm 1 with IRLS3 1 4)). Note that, to reduce the computational cost of
obtaining v, we have split the set of vertices V (G) into 30 disjoint subsets {Vi}?g] of
equal size and used the CV model on each of the V; with f = ily;.

The results are shown in Tables 1, 2 and 3; where the same scheme as the one in [37]
is used. To be more precise, we show the average accuracy for each of the approaches
over 100 trials together with the standard deviation inside the brackets.

According to the above tables, the application of the CV post-processing to the
Laplacian approximation provides a considerable increase in accuracy in the labeling
process. This increase is significant in all three datasets, specially in the cases where
the number nj is small. Moreover, the accuracy obtained is comparable to that of the
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PoissonMBO learning. Consequently, we see that our CV model proposal can improve
existing processes in settings different from image segmentation, such as the classical
Laplacian learning algorithm for labeling.
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