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Abstract

We consider a system of nonlinear diffusion equations modelling (isothermal) phase
segregation of an ideal mixture of N > 2 components occupying a bounded region
Q c R?, d < 3. Our system is subject to a constant mobility matrix of coefficients,
a free energy functional given in terms of singular entropy generated potentials and
localized capillarity effects. We prove well-posedness and regularity results which
generalize the ones obtained by Elliott and Luckhaus (IMA Preprint Ser 887, 1991).
In particular, if d < 2, we derive the uniform strict separation of solutions from
the singular points of the (entropy) nonlinearity. Then, even if d = 3, we prove the
existence of a global (regular) attractor as well as we establish the convergence of
solutions to single equilibria. If d = 3, this convergence requires the validity of the
asymptotic strict separation property. This work constitutes the first part of an extended
three-part study involving the phase behavior of multi-component systems, with a
second part addressing the presence of nonlocal capillarity effects, and a final part
concerning the numerical study of such systems along with some relevant application.
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1 Introduction

The Cahn—Hilliard equation has been originally proposed to model phase separation
phenomena in binary alloys (see [7, 8], see also [19, 38] and references therein).
Since then, it has been observed that phase separation characterizes many impor-
tant processes like, for instance, behavior of polymer mixtures, solid tumor growth,
inpainting (see, for instance, [37] and its references). More recently, phase separa-
tion has become a paradigm in cell biology (see, e.g., [13, 14, 39] and references
therein). Correspondingly, the theoretical and numerical literature on Cahn—Hilliard
type equations has been growing a lot in this last decade. However, most of the theo-
retical contributions are devoted to binary mixtures (see [37] and references therein).
Nonetheless, multi-component systems are ubiquitous in nature and possess important
scientific and industrial applications. Thinking just of cell biology, we refer the reader
to [40, 46] and their references. In spite of that, the thermodynamic and kinetic prop-
erties, and solution behavior of N-component mixtures with N > 3 have remained
relatively unexplored, even though considerable progress has been made for binary and
ternary systems in the last few decades (see [5, 44] and references therein). Rigorous
analysis of the coupling of the two-phase Cahn—Hilliard theory with incompressible
fluid flows on the basis of Korteweg stress tensor dynamics have been investigated
by many authors (see, e.g., [2, 3, 20-23, 26-28, 30-33] and the references therein,
just to give some examples of the most important developments), resulting in a fairly
reasonable theoretical picture about the corresponding binary fluid behavior in most
cases. Coupling of hydrodynamic models for fluid behavior with a N -component
family of Cahn—Hilliard models has also been considered recently’ (see, e.g., [5, 15,
35]). As such, existence of weak solutions to a class of N-component Cahn—Hilliard
systems, subject to a mechanism of cross-diffusion between different chemical species
and singular bulk potentials, has recently been studied in [17].

Furthermore, well-posedness for a hierarchy of N multi-species Cahn—Hilliard
systems which are consistent with the standard Cahn-Hilliard equation for binary
components was provided in [5], in the case when the capillarity effects are reflected
through the presence of penalizing gradients, while the entropy of the system is related
to a properly-constructed regular (i.e., polynomial like) bulk potential. We also recall
that the case of regular bulk potential for a N-component Cahn—Hilliard system has
been studied, for instance, in [9] and in [12]. In the former, the existence of a smooth
global attractor was obtained, while in the latter the authors studied well-posedness
and the existence of global and exponential attractors in the case of dynamic boundary
conditions.

In the context of non-equilibrium thermodynamics, here we consider the model
derived in [16] (cf. also [5, 18]). Let 2 be a bounded domain in R?, d < 3, with a

1 Although, these theories are constrained to some degree due to the inability of meeting all conditions of
physical and mathematical consistency [5].
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smooth boundary d€2. We then focus on the following nonlinear diffusion system:

ou=div(eVu), inQx(0,7T),

wi =—vidu; +¥,,w, Vi=1,...,N, inQx(0,T),
(xVp) - n=0, ondQ x (0,7T), (1.1)
Vu; -n=0, Vi=1,...,N, ondQ x (0,7),

u(0) =up, 1in €2,

where y; > 0,7 € {1, ..., N} andu = (uy, ..., un) € [0, 11V, N > 2, is the vector of
mass fractions. The (constant) mobility matrix e is a symmetric, positive semidefinite
N x N matrix such thatits kernel is given by span{¢} (where {; = 1,fori =1, ..., N).
Asin [16], we are also interested in a particular free energy related to the Boltzmann—
Gibbs mixing entropy potential

N 1
V) :=46 Zuiln(ui)— 7

i=1

N
1 1
-A=§: )——-u-Au= V!(u)—-u-Au, (1.2
u-Au iZ]Iﬂ(uz) Su-Au () 7" u, (1.2)

where 6 > 0 is the absolute temperature for the mixture. Here, A is a constant sym-
metric N x N matrix with the largest eigenvalue Ao > 0. In what follows, our goal
is in fact to extend the framework of [16] to include many other (physically relevant)
entropy functions W' : [0, 1] — R, (cf. [25]). An advantage of our approach is that
both the physical and mathematical consistency of the model (1.1), as motivated by the
work [5], is met for the general class of (singular) potentials considered subsequently.
The total energy of the system is defined as follows

N
E) = %Z/Qinu”zdx—i—/QlI/(u)dx. (1.3)
i=1

In particular, for the multi-component system (1.1), in addition to satisfying the hierar-
chy conditions of [5], the following consistency conditions are also strongly desirable:

(1) total mass conservation and energy dissipation hold for every energy solution. (i.e.,
the energy (1.3) is non-increasing for all time ¢ > 0, as well as, —c, < £ (u (1)) <
C,, for any t > 1y (up) , for some computable c,, C, > 0 independent of time
and the initial conditions);

(2) physical separation of each chemical component u;, i € {1, ..., N} from the end-
point values {0, 1} of the bulk potential wl.

(3) inthe absence of any external sources, for a given fixed initial condition ug, one has
the convergence of the associated (unique) energy solution to a single equilibrium.

The main novelty of our work lies in that we establish properties (1) and (3) for the
N-component system (1.1) and also property (2) in dimension two. More precisely,
concerning (1), we extend and refine the well posedness result proven in [16]. In
particular, in dimension two, we establish the so-called strict separation property (see
[25] and references therein), that is, property (2). In order to demonstrate property
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(3) (see [1, 11] for the binary case), we need to obtain suitable regularization results
which also allow us to show the existence of a global attractor (see, e.g., [36, 43] and
references therein). Finally, in subsequent contributions we will address the presence
of nonlocal capillarity effects in the energy functional, as well as provide the numerical
analysis of such systems along with some relevant applications to the applied sciences.

The structure of the paper is as follows. In Sect. 2, we state the required mathematical
framework, specifying, in particular, the nature of the entropy functions we can handle.
In Sect.3.1 we recall the corresponding notion of weak (energy) solutions which can
be constructed by variational techniques. Furthermore, we give a main summary of the
main results, involving the long term behavior of energy solutions (see Sect. 3.3), along
with the existence of a dissipative (asymptotically compact) semigroup in Sect.3.2.
The remaining Sects. 4, 5, 6 and 7 contain detailed proofs of the aforementioned results.
The final section is an appendix which contains a number of technical results, assisting
in the proofs of the main results.

2 The Mathematical Framework

The Sobolev spaces are denoted as usual by W’“”(Q), wherek e Nand 1 < p < oo,
with norm || - [ly#. (). The Hilbert space W*%(Q) is denoted by H*(£2) with norm
Il - Il g7 (2)- Moreover, given a (real) vector space X, we denote by X the space of
N-component vectors each one belonging to X. In this case |v]| is the Euclidean norm
of v € X. We then denote by (-, -) the inner product in L?(2) and by | - || the induced
norm. We indicate by (-, )y and || - ||z the canonical inner product and its induced
norm in the (real) Hilbert space H, respectively. We also define the spatial average of
a measurable function f : Q — R as

— e / F)dx,

where |€2|; stands for the d-dimensional Lebesgue measure of 2. We then recall the
following Sobolev—Gagliardo—Nirenberg’s inequality for two-dimensional bounded
domains:

Ifllr@) < CV/PIfla ), 2=<p <o,

where C > 0 is a constant independent of p. Further, we introduce the affine hyper-
plane

N
¥ = {c’eRN:chzl}, (2.1)

i=1

and since only the nonnegative values for the u; are physically relevant, we also define
the Gibbs simplex

G:::c eRN: Zc 1, ¢ =0, i=1,...,N}, (2.2)
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and the tangent space to the affine hyperplane X

N
- {d’ eRV: Zd;:o]. 2.3)
i=1

We introduce the following useful notation:

Hy = {f e L) : /fdx:Oandf(x)eTZ fora.a.er},
Q

Ho = {f cL3(Q) :f(x) € TS foraa x € sz]

Vo = feHl(Q):/fdx=0andf(x)eTE fora.a.er},
Q

<
)
i

- {f cH'(Q): f(x) e TS foraa. x € Q}

Notice that the two spaces above are still Hilbert spaces with the same inner prod-
ucts defined in L2($2) and in H! (SZ) respectlvely Furthermore, we have the Hilbert
triplets Vo —<— Hy — VO and Vo s> Ho — V0 These spaces are the right
functional setting for the homogeneous Neumann Laplace problem where the forcing
term belongs to 7%, see Appendix 1. Indeed, the condition f(x) € T X entails that the
components of f are linearly dependent, and this forces the (weak) Laplace operator
to be defined on V. The spaces with the tilde symbol are useful when one does not
need that the integral mean of the function is zero. We then introduce the Euclidean
projection P of RY onto TS, by setting, for/ =1, ..., N,

N N
(Pv); = (v - (ﬁ Zw) c) =& 2 — ).
i=l1 1 m=1

Notice that the projector P is also an orthogonal L?(£2)-projector on H, being sym-
metric with respect to the L?(2)-scalar product and idempotent.

Given a (closed) subspace V of a (real) Hilbert space H we denote by Vi ts
orthogonal complement with respect to the H-topology. We then denote by the simple
symbol V<L the annihilator of V, i.e.

={xeH: (x,y)py=0 VyeV}

We define B(X, Y) (B(X) when X = Y) the set of linear bounded operators from
the (real) Banach space X to the (real) Banach space Y, and (X, Y) (K(X) when
X =Y) for the compact operators from X to Y. Moreover, given an operator 7 from
X to Y, we define by T’ : Y/ — X’ the adjoint of T, whereas, in case of Hilbert
spaces, we denote the Hilbert adjoint of 7 by 7* : Y — X. We now observe that the
assumptions on & imply that & is positive definite over 7 X. This will constitute the
main assumption on the mobility matrix in this contribution.
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(MO0) In particular, we assume that there exists /o > 0 such that
an-n>ly-n, VnpeTX. (2.4)

Next, we define the set

N
K::{neHl(Q):ZniZL ni >0, Vizl,...,N}. 2.5)
i=1

For the sake of simplicity we will adopt the compact notation v > k, with v € RY and
k € R to indicate the relation v; > k foranyi = 1,..., N, as well a we will write
Z =V + k to indicate that z; = v; + k,i = 1,..., N.

Concerning the entropy function, we recall that, according to (1.2), i is the
Boltzmann-Gibbs entropy potential

(PW); = dw;) =9 ;) =0(0nu; +1), i=1,...,N.

More generally, ' = ¢ can be associated with a generalized (statistical) class of
entropy potentials that are physically relevant (see [25, Section 2] and references
therein). In particular, our analysis also includes the Tsallis’ entropy formulation con-
taining the usual Boltzmann-Gibbs (i.e. logarithmic) form (1.2) as a particular case.
Namely, for given g € R, we define the g-logarithm of a real number r > 0, as

| Inr, ifg =1,
Ny 7 =19 ,l-a_q .
ta) 1qu,lfq>0,q;zél.

The Tsallis” entropy S = S, is then given by
S (u;) = /Ql/f(ui Ndx, & (r) == —rlngy (1/r).

A class of relevant statistically generated entropy functional.? for the multi-component
problem then becomes

N 1
/Q\Il(u(x))dx .:9§S(u,~)—§/§2u-Audx. (2.6)

To simplify the exposition, we shall set @ = 1 and y; = y in what follows.? Also, we
will denote by W (r) the gradient of W (r) in RN . We refer the reader to [25, Section
6.3] for some other important classes of (singular at 0) mixing potentials. Among
examples of (entropy) densities we have functions of the following form:

2 See once again [25, Section 6.2].
3 All the results in this article clearly hold for any 6 > 0.
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o ¥ (x) = (x!"* —x17¥) /2x, for some k € (0, 1);
o U (x)= xP1n (x), for some B € (,1);

o Y (x)=—xIn'/’ (%), for some v > 0.

In order to include a large admissible class of entropy functionals in (2.6), we
assume that
¥ € C([0, 1) N C*((0,1])

is such that
(E0) v"(s) > ¢ > 0, forall s € (0, 1];

(E1) lim,_ o+ ¥/ (s) = —o0;
(E2) there exist C > 0 and 8 € [1, 2) such that

¢ (s) =¥ (s) < CeCW'OF forall s € (0,1].

We also extend ¥/ (s) = 400, forany s € (—o0, 0), and extend i forall s € [1, co)
so that v is still a C2 function on (0, +00) and property (E0) holds for any s > 0. To
this aim we define

V(s) := As® + Bs> + Ds, foralls > 1, .7
with

A=y —y'()+ 1y,
B = =3y (1) +3y/(1) — " (1),
D =3y (1) =2y’ () + 5y ().

Note that /" (s) > " (1) > ¢ for any s > 1, as desired.

Following the general scheme developed in [24, Section 3.1], on account of (EQ)-
(E1), we can define an approximation of the potential ¢ by means of a family {1/ },- ¢
of everywhere defined functions. Indeed, let

Ye(s) = gl']f'sSI2 + v (), seR, >0, (2.8)

where J, = (I +eT)~! : R — (0, +00) is the resolvent operator and T, = %(I —Je)
is the Yosida approximation of T (s) := v’ (s), forall s € © (T) = (0, +00) (see
also [24, Lemmas 3.7,3.8]). According to the general theory of maximal monotone
operators (see, for instance, [4, 6, 42]), the following properties hold (see properties
(1)-(iii) [24, Sec.3.1]):

(1) V. is convex and Y. (s) /" ¥ (s), forall s € R, as ¢ goes to 0;
(i) ¥.(s) = Te(s) and ¥ =: ¢, is Lipschitz on R with constant %;
(i) [l 7 1¥'(s)| forall s € (0, +00) and |/ (s)| / oo, forall s € (—o0, 0], as
e\ 0.

Moreover

@ Springer



73

Page 8 of 46 Applied Mathematics & Optimization (2023) 88:73

(iv)

)

(vi)

for any ¢ € (0, 1], there holds
V) > —— . VseR
& — 1_’_4_

This follows as in [24, Lemma 3.10]. Indeed, T, is clearly differentiable in R and
from the differentiation formula for inverse functions (used for J;) we infer, for
any s € R,

" 1 ( 1 ) ¢ ¢
Yo)=—1- > > ,
e Ttey”’(Jos)) ~ T+er —1+¢

having exploited assumption (EQ) which we assumed by construction to be valid
forany s > 0.

For any compact subset M C (0, 1], ¥, converges uniformly to ¢ on M. This
comes directly from property (iii) and the fact that ¥/, ¥ are continuous in M for
any € > 0.

For any g9 > 0 there exists K=K (g9) > 0 such that

N
1 .
E Ws(ri)24—|l‘|2—K, vreRY, V0 <e<e.
, €0
i=1

This directly follows from a straightforward adaptation of [24, Lemma 3.11].
Indeed by de I’Hopital’s Theorem we have

. Ye(s) . Vi(s) . 15— Je(s) 1
lim = lim ——= lim ———mM—— = —,
s—>+oo  §2 s—>+oo  2s s—+o0 2e s 2¢e

since, recalling (2.7), J, is of order % with respect to s for s sufficiently large,

Je(s)

and thus lims—s 400 = 0. Moreover, by assumption (E1) it is clear that J; is

s
bounded on (—o0, 0), and thus again

. Pe(s) . Is—Je(s) 1
lim = lim —/—mM =~ — —

s—>—o00 §2 s—>—00 2& s 2¢e

Therefore, for any g9 > 0, there exists M, > 0 depending on &g such that, by
property (1), ¥e(s) > g, (s) > %sz, for any [s| > M, and any 0 < & < &o.

Moreover, for the same &g it also holds

2

Ve(s) = Yoo () = =52 = 20 o ()]
ER G P deg  rel-Meg Mgyl 00V

for all |s| < My, and for all 0 < & < g¢. Thus, in the end, we get

1
Ye(s) > 4—s2 —Kg, VseR, V0 <e < e,
€0
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2

with K¢, 1= — ng —MAXy e[~ My, M, ] [¢, ()], from which property (vi) follows.

Remark 2.1 Introducing
N 1 1
U, (r) := ;‘ Velri) — erAr =w!(r) - ErTAr,
1=

we have that, for any ¢y > O sufficiently small, there exist K = K(g9) > 0 and
C = C(gg) > 0, such that

W, (r) > C(go)r|> — K, VreRM, Vee(0,g).

In particular, this comes from property (vi) and the fact that —%rTAr > —%Alrlz.

Notice that g has to be small enough so that C(gg) := ﬁ — %A > % > 0.

3 Main Results

This section is divided into several subsections according to the nature of the results.

3.1 Well-Posedness and Regularity
First we introduce the following vector of generalized chemical potential differences:
w = Ppu,

and observe that, being & = 0,

N N N
. . 1
div (V) = div ( E otkIV,w) = I_EI aklAN E (U — m) = aAw.

=1 m=1

Therefore, system (1.1) can be rewritten as follows

ou=oaAw, inQx (0,7),

wi =—yAu; + (P (Vu@)),, inQx©0,7).Vi=1,...,N,

(@Vw) -n=0, ondQx(0,7), (3.1
Vu; -n=0, ondQx(0,T), Vi=1,...,N,

u(0) =up, in <,

where ug € K. Indeed, observe that va: 1 u;i = 1 (just test the first equation of (3.1)
with ¢), so that Au € TX and thus PAu = Au.

In our well-posedness theorem we extend the result of [ 16, Theorem 1]. In particular,
we show the instantaneous strict separation property in dimension two. This means
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that, for any 7 > 0, there exists 0 < § = §(r,T) < % such that § < u everywhere

in Q x [z, T]. Notice that this condition, together with the constraint ZlN: (ui =1,
implies the existence of §; := (N — 1)§ > 0 such that u < 1 — §; everywhere in
Q x [, T, i.e., the solution is strictly separated from the pure phases 0 and 1. More
precisely, we have

Theorem 3.1 Assume (M0) and (E0)-(E1), and let ug € K and T > 0 be given.
Suppose that
8o < ug, (3.2)

for some 0 < §y < % Then there exists a unique pair (u, w), called weak or energy
solution to (3.1), with the following properties

ueC(0,T]; H' () NL>®©0, T; H'(Q)) N L*0, T, H*(Q)),
Viu e L®(0, T; W (),
due L20, T;H' (Q)), idue L*0,T;:H(Q)),
we L%0,T;: H(Q)), +iwe L™, T; H (Q)),
¢ (up) € L*(0. T: L*(Q)).
Vigui) € L0, T;L"(Q)), i=1,...,N,

wherer € [2,00) ifd =2 andr € [2, 6] if d = 3, which satisfies

u(-,0) = ug, (3.3)
u(-, 1) e, foraa.te0,T), ul) =y, 3.4)
0<ulx,7) <1 foraa (x,t) e 2x(0,T), 3.5)

and, for all &€ € C([0, T1) and n € H (),

/OTE(t) {% <u,n > +(@Vw, Vn)}dt =0, (3.6)

/OT §@) {(w+P(-Au+¢(w), n) — y(Vu, Vp)}dt = 0. (3.7)
Moreover, the following energy identity holds

%5(:) + (@Vw(t), Vw(t)) =0, foralmost any t € [0, T]. (3.8)

Finally, ifd = 2 and assumption (E2) holds, then, for any t > 0, there exists 0 < § =
8(t, T) < % such that

§<ux,), Y(x,0)eQx[r, Tl

@ Springer



Applied Mathematics & Optimization (2023) 88:73 Page 11 0of46 73

Remark 3.2 Notice that (3.2) implies that there exists p > Osuchthatp < ugp; < 1—p
foranyi =1, ..., N.Indeed, we have foranyi =1, ..., N,

..........

and thus we can choose, e.g., p = 8o, being N > 2.

Remark 3.3 Notice that, arguing as in [16, Proposition 2.1], we easily obtain that
SN u; = 1and YN w; = 0. Moreover, by choosing = #;, with n; the i-th
unit vector of the standard basis, we get that the total mass of each component u; is
preserved, i.e.,

u(t)=up, Vr>0.

Remark 3.4 As it will be clear from the proof (see Sect.4 below), the quantity § > 0
only depends on the parameters of the problem, on v and on the H' (2)-norm of the
initial datum. Therefore, if we consider a set of initial data contained in a ball of H! (£2)
of radius R > 0, § will depend on the initial datum only through R.

Remark 3.5 Notice that a continuous dependence estimate from which uniqueness
directly follows has already been shown in [16, Section 3]. By this uniqueness result
one can easily see that the weak solution is actually globally defined on (0, co) and
the properties in the above theorem hold for any 7' > 0.

The energy identity (3.8) allows us to extend the weak solution to all times ¢ > 0.
Also, on account of the dissipative nature of the system, we have the following uniform
control of the energy £.

Theorem 3.6 Let the assumptions of Theorem 3.1 hold. Then the energy satisfies the
following inequality
E) = Cre”™EO) +Ca, V120, 3.9)

where C1, Co > 0 are positive constants and o > 0 is a universal constant.

The weak solution given by Theorem 3.1 instantaneously regularizes. Indeed, we
have

Theorem 3.7 Let the assumptions of Theorem 3.1 hold. Then the energy solution
(u, w), defined for all t > 0, is such that, for any t > 0,
u e C([0, 00); H'(Q)) N L™ (z, 00; WP (Q)),
due L@, 1+ 1;HY(Q), Vi>rT,
we L®(r,00; H'(Q), Vi>r1,
¢(u;) € L(r,00; LP(Q)), i=1,...,N, (3.10)

where p € [2,00) ifd =2and p € [2,6]ifd = 3. Moreover, ifd = 2 and assumption
(E2) holds, then there exists 0 < § = §(1) < % such that

§<u(x, ), VY(x,1) e Qx][r,00).
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3.2 Existence of the Regular Global Attractor

We now define a complete metric space which will be the phase space of the dissipative
dynamical system associated with (3.1). For a given M € X, such that M; € (0, 1),
foranyi =1,..., N, we set
U = l} ,
i=1

endowed with the H!-topology. In particular we consider the one induced by the
equivalent norm |lu|ly,, = [|Vul| + [a]. This is a complete metric space. Thus we can
define a dynamical system (Vv, S(¢)) where

Vv = {ueHl(Q):Osu(x)fl, foraa.xeQ, u=M,

S@® VM —> Vm, S@®ug=nu(t), Vt>0.

Observe that S(¢) satisfies the following properties:
S(0) = Tdyy:

St + 1) = S@1)S(7), for every ug € Vr;

t — S(tHug € C([0, o0); V), for every ug € Vv
uy — S(H)ug € C(Vwm; Vwm), for any ¢ € [0, 00).

In particular, the last property can be proved as follows. From [16, Section 3]
(see also Remark 3.5) we deduce that, for any sequence {ug ,}nen C Vi such that
up, = Uy € VM asn — 0o,

IS@uo,n = SO0l @y = IIS(H)wo.n — SE)uolly; — 0,

as n — oo, for any r > 0 fixed. From this result, together with the H>-regularity (for
any ¢ > 0) and the interpolation estimate

2 1

we deduce that ug — S(t)ug € C(Vm; Vm), for any t € (0, 0o). The case t = 0 is
trivial.

Furthermore, we recall that the global attractor is the unique compact set A C Vv
such that

e Ais fully invariant, i.e., S(t).A = A for every t > 0;
e A is attracting for the semigroup, i.e.,

lim [distyy, (S(1) B, A)] = 0

for every bounded set B C V.

The dissipative inequality (3.9) and the instantaneous regularization of the energy
solution allow us to prove
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Theorem 3.8 The dynamical system Wy, S(t)) admits a (unique) connected global
attractor A C Yy which is bounded in W>" (), forany r > 2 ifd =2, r = 6 if
d=3.

Remark 3.9 The proof of this result is based on showing that the dynamical system
(Wwm, S(¢)) admits a compact absorbing set By (see Sect. 6 below).

Remark 3.10 Notice thatin dimension two, thanks to the validity of the strict separation
property given by the extra assumption (E2) (which is not needed elsewhere), we can
in principle prove the existence of an exponential attractor (and thus deduce that
the global attractor is of finite fractal dimension). To obtain this result, one should
demonstrate the existence of strong solutions when the initial data are sufficiently
regular. This can be done through an approximating scheme similar to [31]. Having
the existence (and uniqueness) of the strong solution, which is strictly separated from
the initial time r = 0, one can prove the Lipschitz continuity of the semigroup S(#)
with respect to the initial datum, provided that the initial data belong to a sufficiently
regular positively invariant bounded absorbing set, say B. Then, one can also prove a
smoothing property of S(¢) on B and, following [36, Section 3], get the existence of
an exponential global attractor first on B and then on Wy, being B a suitable bounded
absorbing set. We refer to [34, Section 3.3], in which this procedure is applied to the
multi-component Allen-Cahn equation.

3.3 Convergence to Equilibrium

In this section we exploit and adapt the arguments of [1, Section 6]. We detail the main
steps, postponing the proofs of the main results to Sects.7 and 1.

We consider again the dynamical system (M, S(¢)) and the w-limit set w (ug) of a
given ug € Vi

o) ={ze H(Q)NVu : 31, / oo s.t.u(ty) — zin H (Q)},

where r € [%, 1). In particular, for later purposes, we fix r € (%, 1). Thanks to
Theorem 3.7, we have that u € L (z, oo; H2(2)) for any T > 0. Hence the sets
U,ZT S(t)ug are relatively compact in H?" (Q). Since for a fixed 7y > 0 we have

2r HZV(Q)

() = [ Js®uo = Usom
5>01>s s=10 1>5
by standard results related to the intersection of non-empty, compact (in H> (2)),
connected and nested sets, we infer that w (ug) is non-empty, compact and connected
in H” (€2). Moreover, it is easy to show that

lim distyr () (S(1)uo, @ (ug)) = 0. @3.11)

Let us set
Z={ueH(Q):EWu) < o0},
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where £ is defined in (1.3), and introduce the notion of stationary point. Given
f1€G:={veL®(Q): v(x) € TZ for almost any x € 2},
we say that z € H?(Q) N Z is a stationary point if it solves the boundary value problem

—Az +P\If’lz(z) = f1+PAz, ae.inQ,
onz =0, ae. onof, (3.12)
SN z=1, inQ.

Let then W be the set of all the stationary points. As we shall see below, Theorem 8.1
guarantees that z is strictly separated from the pure phases, i.e., there exists 0 < § =
3(f) < % such that

8 < z(x) (3.13)

for any x € Q. Thus all the stationary points in W are strictly separated, but possibly
not uniformly. However, it can be proven that w (up) C W and that w(up) is actually
uniformly strictly separated from the pure phases. Indeed, we have (see Sect. 7.1 below
for the proof).

Lemma 3.11 For any ug € Vy it holds w(ug) C W, namely, each element Uy, €
(W) is a solution to the steady-state equation (3.12), withf; = PV y(ux). Moreover,
it holds U = U, so that w(ug) C Vy, and there exists § > 0 so that

§ < Uy, YUy € w(ug)

for any x € Q, i.e., the w-limit set of W is uniformly strictly separated from the pure
phases.

Remark 3.12 As already noticed, thanks to the costraints on uy, € w(ug), the strict
separation property also implies that

Uo(x) <1 —(N —1)§

for any x € Q.

Thanks to the choice of r € (%, 1), w(ug) is compact in L°°(€2) and thus it is totally
bounded in L°°(£2). This means that we can choose ¢ > 0 such that,e.g., & < %, where
8 is given by Lemma 3.11, and there exists a finite number, say My, of L°°-open balls

B, ;, of radius & such that

Moy
o) C | Bew =1 Us CL™(Q),

n=1

and w(ug) N Bg, # Y forany n = 1,..., Mp. Note that U, is open in L°°(2).
Therefore, thanks to Lemma 3.11, we infer that, forany v € U, forany j =1,..., N
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and for some u € w(ugp) (depending on v),

vi(x) Suj(x) +vj(x) —uj(x)l
<1—(N-=D5+lv—ulprew
<1—((N-Dé—e)

and also
vj(x) > uj(x) — |vi(x) —uj(x) =3 —[[v—ulLe@ =5 —e.
Thus, for almost any x € €2, we have that
O0<d—e<vix) <1—-((N—-1)6—¢)<1, VvelU,.

Furthermore, by (3.11) and the embedding H% () — L*°() we deduce that there
exists t* > 0 such that u(z) = S(t)ug C U, for any ¢t > t*. This means that, also for
the three-dimensional case, a strict separation property holds asymptotically, namely,

Theorem 3.13 Let the assumptions of Theorems 3.1 and 3.7 hold. Then, for any M €
(0, 1), M € X, and for any initial datum uy € Y\, there exists § > 0 and t* = t*(ug)
such that the corresponding (unique) solution u satisfies:

6 <u(x,t), forany(x,t) € Q x [t*, +00). (3.14)

Remark 3.14 Note that, differently from the two-dimensional case with assumption
(E2), the strict separation is not uniform with respect to the initial datum, Moreover,
in the case d = 3, we only have u € C([t*, +00); H3/2(Q)) which is not embedded
into C (2 x [t*, +oo)).§evertheless the separation holds everywhere in Q x [¢*, 4+00),
since surely u(t) € C(2) for any ¢ > t*.

In order to show that w(ug) is actually a singleton we need to require a further
assumption on ¥, that is,

(E3) v is (real) analytic in (0, 1).

Due to (3.14), the singularities of ¥ and its derivatives no longer play any role in our
analysis as we are only interested in the behavior of the solution u(t), as t — oo. Thus
we can alter the fU.IlCthIl Y outside the interval I, = [6—e&, | —((N—1)§—¢)]insucha
way that the extension 1// is of class C3(R™) and additionally |1/f(f )(s)| J=123,are
uniformly bounded on R. Correspondingly we define \IJ(s) = Zl 1 I//(Sl) — —As S.

Observe that 1p| 1. = ¥ and ¥ is analytic in /, by assumption (E3). We then 1ntr0duce
the “reduced"” energy £ : Vo — R by setting

~ 1 ~
E@) = —f |Vz|2dx+f U(z + M)dx.
2 Ja Q

Observe that & (ug — M) = E(up) for all uy € Vst N Ug, thanks to (3.14) and to the
definition of the extension 1// We then recall the following fundamental lemma whose
proof is based on [10] (see Sect.7 below).
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Lemma 3.15 (Lojasiewicz—Simon Inequality) Let u be the global solution of (3.1) in
the sense of Theorems 3.1 and 3.7 with ug € Vw1, and suppose Uso € w(Ug). Then
there exist 6 € (0, %], C, o0 > 0 such that

EW) = Euee = )| < CIE W)y

whenever ||V — s + M|y, < 0.

Exploiting this tool, we are then able to prove that w(ug) is a singleton. More
precisely, we have (for the proof see Sect. 7.3 below).

Theorem 3.16 Let the assumptions of Theorems 3.1 and 3.7 hold. Then, for any ug €
Vi, it holds w(ug) = {uxe}, where use € W N Vy, L.e., U Is a solution to

—Auyo + P\-If’lu(uoo) =f, aein,
Onllso =0, a.e.on 092,
SN uwi=1, inQ.

with f = PAuy, + m Moreover, Uso = M, there exists § > 0 so that
§ <ux(x), Vxeg,
and the (unique) weak solution u(t) is such that
u(r) = S(tHuy T2, Uso in H? (Q), (3.15)

foranyr € (0, 1).

4 Proofs of Subsection 3.1

Here we collect the proofs of Theorems 3.1, 3.6 and 3.7.

4.1 Proof of Theorem 3.1

CIH}C regularity and the energy identity. First we want to show that u €
C([0, T]; H'(R)). This is not a trivial consequence of the other regularities. Indeed we

canonly getu € C([0, T1; H>(Q)) fromu € L0, T; H2(Q) N H' (0, T, H' (Q)).
The idea is to apply [41, Lemma 4.1]. Let us set M := U and introduce the functional

1
T =S IVv|? +f W' (v + M)dx,
Q
whose effective domain in Hy is
D(T) = {v EVo: Ul (v+M) e Ll(sz)} .
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Clearly 7 is proper and convex, but also lower semicontinuous (w.r.t. L?(£2) topology)
in Hy, thanks to the property that all functions in Hy have zero integral mean (see,
e.g., [1, Proof of Lemma 4.1]). Moreover, we can immediately see that, for almost any
fixed r > 0, the solution u(¢) is such that z(z) := u(t) — M € ©(J) and

q(1) ;= w(t) + PAu(r) — w(r) — PAu(r) € 3.7 (z(1)).

Indeed, by convexity of 7 and integration by parts, recalling that w(z) + PAu(r) =
—Au(t) + P\Il’lu(u(t)), we have that, for any v € D(7),

@), v —z(t)) = (W(t) + PAu(t) — W(1) — PAu(t), v — z(1))
= (—Au(®) + PWl u(), v —z(1))
= (—Az(t) + PUL () + M), v — z(1))
= (—Az(t) + W, (2(t) + M), v — z(1))

5 J @) + My —z(1))) — T (2(1))
= l1m
2—0 A

<J) = J(x)),

where we crucially exploited the identities v — z(f) = 0 and v — z(¢) = P(v — z(?)).
Notice that it is essential that q(#) = 0, since by definition of subdifferential and
recalling the identification Hj; = Hp, we need q(¢) € Ho. Summing up, thanks to the
regularity (3.10) and using the Hilbert triplet Vo << Ho = H{; — V|;, we have:

J :Hy — (—o00, +00] is a proper, convex, lower semicontinous functional,
z=u—-Me H'(0,T;V))NL*0,T; Vo)

q(t) € 0J(z(t)) for almostany ¢t € (0, T) and q € L%(0, T; Vo);

by Poincaré’s inequality and since W' is bounded below, there exist ki, ky > 0
such that

J(x) > ki|r|> —ky, VreHy.

Therefore, we can apply [41, Lemma 4.1], with H = Hp and V = V( and conclude
that the function 7 : t — J(z(¢t)) € AC([0, T']) and

t
/ (0:2(r), q(r))v/o’vodr = J(z()) — T (z(s)).
Let us introduce now the functional
~ 1
JW) =TV =M) = |V +f W' (v)dx
Q

and observe that J(z()) = J (u(1)). Moreover, being d,u(r) € H!' ()’ for almost
any t € (0, T), we can consider its restriction in Vj, so that

(9u(®), v)v; v, = (3u@®), V)i oy mi ()
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Since 9,z(t) = 9d,u(r), we immediately deduce that
(0r2(2), V)V(),Vo = (d,u(r), V>V6,V0 = (3u(?), VIu () H (Q)-

Therefore, we obtain that J (u(r)) e AC([0, T]) and

4 ~ ~
/ (0ru(r), w(r) + PAu(r)) gy m (@dr = J @) — J(u(s)), 4.1

recalling the definition of q and the property that (d;u(?), ¢)g1 @y u! (o) = 0, for any

¢ € RN. On account of the fact that W' is bounded and u € C([0, T']; H%(Q)),
the Lebesgue Dominated Convergence theorem implies that ¢ +— fQ wlu(r))) is

continuous. This guarantees, together with J@(r) € AC([0, T)), that ¢ > ||Vu]?

is continuous, entailing
ue C([0, T]; H'(Q).

Moreover, thanks to (4.1), we have

d -~
I @) = @B, W) () + Pu) i@y i @)-

from which it is easy to show that the energy identity (3.8) holds, by testing (3.6) with
wi(t).

Existence of a solution. We consider the approximation (2.8). In particular, we
define, for each ¢ > 0 sufficiently small,

We then fix 0 < ¢ < gp and look for a couple (u., W), such that, for each 7 > 0,

u, € L0, T; H(Q)),
due € L2(0, T; (H'(Q))),
w. € L2(0, T; H\(Q)),

and, for all n € H' (), satisfies, almost everywhere in (0, T'),

< dug, p > +(@Vwe, Vi) =0, “4.2)
(We, 1) =y (Vug, V) + (P(—Au, + ¢, (up)), ). 4.3)

We recall some results obtained in [16, Propositions 2.1-—2.3]:

e Conservation of mass:
u, = up.
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e Conservation of total mass
usi =1, VxeQ, t>0. 4.4)
i=1

e Conservation of total chemical potential differences
N
> wei=0. VxeQ, t>0. 4.5)
i=1

e There exists C > 0 depending only on the initial data and independent of ¢, such
that, for any t > 0,

t
/ W (ue (0))dx + [Vus ()1 + / IVwePdT <C, (46
Q 0

and, by the conservation of mass and Poincaré’s inequality, it holds
||us(t)||H1(Q) <(C, foraa.te(0,T). “4.7)
Clearly, by (4.6), it is straightforward to infer

l8rue 120,711 @y < C-

e There exists a constant C > 0 depending on the initial data and T, but not on ¢,
such that

T
Vw1 +/ sIVarue(s)|*ds < C, 4.8)
0

for almost any ¢ € (0, T).

Notice that actually the proof in [16] is carried out for a different approximation ¥,
of v, but the same proof by means of a Galerkin scheme can be adapted to the case of
the approximation (2.8), thanks to properties (i)—(vi). In particular, (vi) is essential to
guarantee that the approximated energy (i.e., (1.3) with W, in place of V) is bounded
below by a constant (see also Remark 2.1). At this point, differently from what was
done in [16], we follow some ideas coming from [29], in order to recover the control
over W, (1), which then gives the control of w,(¢) in H' (). In particular, as in the
proof of [29, Lemma 3.3], we define

We 0 1= We — Ag,

with, on account of the boundary conditions,

A =W, = P(—Au; + ¢, (uy)).
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Taking advantage of (4.3), we have, for all y € H' () and for almost all 7 € (0, T),
(We,0 +Xe, ) =y (Vue, V) + (P(—Au; + ¢, (u,)), 1). (4.9)

Then we exploit the convexity of \Ilelz for any k € G, G being the Gibbs simplex,
because k — u, € T'X almost everywhere, we find

CZ/ ‘I’Q(k)zf ‘I'é(us)+/ W, () - (k —up,)
Q Q Q
=/ \Del(us)‘i‘/ Po.(ue) - (k —ue), (4.10)
Q Q

where we used (see property (i) of ¥/;)

/w;(k)gf wl(k) < Q| max |¥'(s)| = C.
Q Q se(0,1]

Here and in the sequel C > 0 stands for a generic constant independent of . Any
further dependency will be explicitly pointed out if needed.

Note that \Ilal’u(ug) = {¢.(ue.i)}i=1....N. Moreover, we can choose = k — u; in
(4.9) to deduce, on account of (4.10), that

Cz/ w! (k)
Q
> / W' (u,) + (P(Au.), k — uy)
Q
+ Y I VU] + (Weo. k — 1) + Ae, k —uy),

for almost all ¢ € (0, T'). Observe that

Then by Cauchy—Schwarz’s, Young’s and Poincaré’s inequalities (all applied to w, o),
recalling property (vi) of ¥, we obtain

(e, k —up) + ¥V > — K

IA

ek —u) + 7 [ Vue|® + fQ w! (u,)

—(P(Au,), k —u,) — (Wa,O» k—u)

= C (1wl + el + VWl (0 + o) < €1+ [Vwel),

IA

4.11)
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where in the last estimate we have exploited (4.7). By the conservation of mass and
Remark 3.2, we also deduce that, foralli = 1,..., N andall € [0, T],

0<dp<ug; <1—(N—-1)35 <1—=1p.
Therefore we choose, for fixedk,/ =1,..., N,
k =1, + dosign@ex —Ae )i —m) €G
in (4.11), where n; is the j-th element of the standard orthonormal Euclidean basis of

RY je. n; =(0,...,0, 1 ,...,0). Thus, from (4.11) we get that

Jj-th position

C
|Aek —Ae ) ()] = m(l +IVwelD (4.12)

Integrating then |(Ag x — )»5,1)(t)|2 from O to 7' and using the identity
1 (N
he = (Z(Ag,k - ls,l)) :
=1 k=1,...N

we find ’
f e (0)]?dt < C.
0

This, together with (4.6) and Poincaré’s inequality, gives
IWellp20. 70 () < C- (4.13)
Coming back to (4.12), we also deduce that
RO < CA+ VW01,

for almostany ¢ € (0, T'). Therefore, by (4.8), we infer, again by Poincar é’s inequality,
that

VWl Lo 0.7:11 ) < € (4.14)

We are now left with some estimates concerning the potential ¢,.. We follow some
ideas in [29, Lemma 5.1]. Being ¢; bounded for 0 < ¢ < g fixed, we have that

Ve (ei) = ¢l (ue.i)Vue; € L2(Q),
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for almost any ¢ € (0, T'). Thus we can test (4.3) with n = ¢, (u.(¢)) to get

N

N
Y We iy be(ue)) = Y (v(Vue i, @ ue i) Vue 1))

i=1 i=1

+ (P(—Au; + ¢, (u,)), ¢, (u)). (4.15)

Observe that

N 1 N
(P, (1)), ¢ (ue) = ) /Q (qsg(ug,k) -5 Zmu&z)) e (e 1 )dx,
k=1 =1

and

N 1 N
Z (¢s(ue,k) - N Z (bs(ue,l)) ¢8(us,k)

k=1 =1

((be (ue‘k) — ¢ (us,l)) P (us,k)

1

~
~
I

z| =
- MZ

N
(¢e (us,k) — @ (ue,l)) @ (ue,k) Z (¢e (Ms,k) — @ (ue,l)) @ (us,k)

k>1

z|=

(¢a(”a,k) - d’a(us,l)) (e (ue k) — Pe(ue, 1))

(e (tte) — Peue)’ .

z|~

I
=)=
M= 1= i=

=~
~

<

Thanks to (4.4), we have

. 1
Ugm = Mmin ug; < — < Mmax Ug; =:Ug M, (4.16)
i=1,...N N ~i=l,..N

.....
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so that, being ¢, monotone, we infer

1 & 1
N Z (¢s(”s,k) - ¢s(u8,l))2 = N (¢s(”s,m) - ¢8(u8,M))2
k<l

= l (¢s(”st) Pe <l)>2
- N 1=l, N

L om ( be(we)* — 6 (i)z)
N i=1 ,,,,, N

v

v

owing to the basic inequality (a — b)> > %az — b%. Notice that C is independent of
¢ provided that we choose ¢ sufficiently small. Indeed, since we have the pointwise
convergence ¢. (5 1 ) —> qb(i) as ¢ — 0, then there exists C > 0, independent of

&, such that |¢8( )| < C for any ¢ € (0, g9). Then, by (4.7) and the embedding
H (Q) — LZ(Q), we get

1
Zl<ws i e (ue ) < Z lwe i e (e )| < Cliwell* + & ) e (ue i) dx
1

and

1
|(P(—Aug, ¢ (00))] = Cllue|” + | Tax e (ue i) dx

.....

1
<C+W ’’’’’ ¢e(“sz) dx.

Therefore, on account of the above inequalities and recalling that ¢; > 0, we deduce
from (4.15) that

e delue.)?dx = € (14 wel?). 4.17)

which yields (see (4.13))

||¢g(u8)||L2(0,T;L2(Q)) < C(T). (4.18)

From this result, together with (4.7) and (4.13), by elliptic regularity, we infer from
(4.3) that
laellz20, 120y < C(T). (4.19)
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Concerning u, we can actually obtain more. Indeed, due to (4.19), we see that (4.3)
also holds in a strong sense, that is,

w, = —yAu, + P(—Au; + ¢.(u;)), ae.inQ x (0,7).

We can then multiply this equation by —Au, € T X. Then, recalling the properties of
the projector P, after an integration by parts, we get

yllAu |2 = —(We, Aug) + (—Au; + @ (1), Au,)
(Vwg, Vug) 4+ (—Au, + ¢s(u£)7 Aug).

Observe now that, integrating by parts, we have

N

—(@e(ue), Aug) = (Ve (ue), V) = Y (Vue i, ¢i(ue i) Ve ;) > 0.

i=1
Thus, by standard inequalities and integration by parts, we obtain

ylIAw|? < (Vo (up), Vu,) + y || Aug >
< IVWe || V|| + | VAu, ||| Vug |
< C+ IVWelD.

Therefore, given that [[VWel12( 7.12(q)) < C and using the conservation of mass,
we find

||u€||L4(O,T;H2(§2)) =C
Let us now set

PL(s) = Pe(9)Ipe ()72, Vs eR,

for a given r > 2. Notice that, being ¢; bounded, and ¢, sublinear, by (4.19) and the
embedding H2(Q) < L>®(Q), ugi € L°(Q),i =1,..., N, we have

VL (uei) = (r — D@L (e ) e e ) Ve i € LA(Q)

for almost any ¢ € (0, 7). We then test (4.3) with n = {@] (ue,;i (1))}i=1
gives

~. This

.....

N

N
D e @e) = Y0 (v (Ve (= DL e (e, ) Ve, ))
i=1

i=1

+ (P(—Au; + ¢, (), {¢y (ue,i)}i=1...n)- (4.20)

Observe that
N 1 N

(P($. (ue)), {Bf (ue.)im1.N) = Y /Q (@(ug,k) - Z@(ug,n) L (e 1)dx,
k=1 =1
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and

N 1 N
X%%%“_NZFM”»%%”

k=1

(¢8 (Ue k) — Pe (ue,l)) ¢£ (er)

1

»
~
Il

I
z| =
1=

1 N N
= N Z (¢e (ue,k) — ¢ (Ma,l)) ¢>§ (us,k) Z (¢e (ue,k) — @ (“5,1)) ¢£ (us,k)
k<l k>1
1 N
= 7 2 (Be(ue) = Ge(ue.) B (te) = &7 (we)) 2 0, (4.21)
k<l

since ¢, and ¢} are monotone non-decreasing. This result together with (4.16) gives

1 N

5 O (Belute i) = e ue ) @B (e k) — 9L )
k<l

1
7
1

|¢£(“£,m) - ¢E(ME,M)’ ‘d);(“sm) - ¢;(”6,M)’

N
1 1
e (ue,k) — e (N)' ¢>§ (ue,k) - </>§ (ﬁ) ‘
1 1 .

|¢£(”£,k)|r - ¢£ (ﬁ) ¢s(us,k) — e (N) ¢‘Ig (us,k) +

1
o (5)

1
o ()

where, in the last step, Young’s inequality has been used several times. We note once
more that C is independent of ¢ if we choose ¢ sufficiently small. We then have, by
Holder’s and Young’s inequalities,

>

Oe (ue,m) - ¢e(”£,M)) (¢§ (”s,m) - ¢; (”e,M))

v

max
k=1,...,.N

r

max
k=I1,..,.N

o ()

v

r—

1
|¢5(u5,k)|

v

— r —
N k=nll,2.l.)iN (|¢6(”8,k)|

1 r—1
®e <N>‘ |¢s(”e,k)} +

,
> — "—C,
> ‘ maXN |¢8(”5,k)|

N
> (Wi ¢L(ue,i)

i=1

N
—1
<Y llweillzr @l (e 7 (g
i=1

1
r r
= C”WS”L’(Q) + SN o k:r?,?'.).(,N |e (e )| dx,
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and also, by (4.7) and Sobolev embeddings,

|(P(—Aug, {¢] (s, )}i=1,...N)I

1
= C”“S”LV(Q) + = SN maXN |¢£(”s,i)|rdx
1
=C+ v /s hax |¢>s(ue,i)|rdx-

Combining the above inequalities and recalling that ¢} (u.;) > 0, we obtain from
(4.20) that

I o (6eue Ty < € (1 Iwelly o)) (4.22)

We now treat the cases d = 2 and d = 3 separately. In the case d = 3, by the Sobolev
embedding HY(Q) — L1(Q), q € [2, 6], we have

4N Joi=t....

4N Jqi=1....

Therefore, recalling (4.14), we infer

IVt (W)l L 0.7:17 ()) < C(T, 1),

for any r € [2,6]. In the case d = 2, applying the two-dimensional Gagliardo—
Nirenberg’s inequality, we obtain from (4.22) that

max [ (ue, )l dx < C (1477 Iwell

4N Qi=l,.., ’ - HI(Q)>7 Vr>2, (4.23)

where C does not depend on r. Multiplying the above inequality by 17, we exploit
(4.14) to infer
IVthe ()l L. 7:07 @) < C, Vr>2, (4.24)

where C does not depend on r if d = 2 and for r € [2, 6] if d = 3.

Summing up, we have obtained all the estimates which allow us to pass to the limit
as ¢ — 0. Being this step standard (see, e.g., [29]), we only present a sketch of the
argument. By compactness we immediately deduce that, up to subsequences,

u,—u  weakly* in L*(0, T; H (),
u,—u  weakly in L*(0, T; H*(Q)),
dus—u  weakly in L2(0, T; H'(Q)"),
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Vidu,—+/19,u  weakly in L>(0, T; H (),

u; — u strongly in L>(0, T; L*(2)),

u, —>u aeinQx(0,7),

w.—w weakly in L2(0, T; H'(Q)),

Viwe—+/tw  weakly* in L*®(0, T; H'(Q)). (4.25)

Arguing then as in [29, Section 6], we also infer, exploiting (4.18), that, for any
k=1,...,N,

be (i) = ¢p(up) ae. inQ x (0, T), (4.26)
b (e k)—¢(uy) weakly in L2(0, T; L*(2)). (4.27)

Thus the pair (u, w) satisfies (3.3)—(3.7).
Observe now that, thanks to (4.24), up to subsequences, we have, forany r € [2, 00)
ifd=2,r e[2,6]ifd =3,

Vige(ue )€  weakly* in L0, T; L' (),

by (4.27) we can identify £ = /¢ (uy) and deduce, by weak lower semicontinuity,
that

IVt i)l Lo o,7:17 () < C. (4.28)

forany k = 1, ..., N. In conclusion, by elliptic regularity and Sobolev embeddings,
we can deduce from (3.7), thanks to (4.14) and (4.28), that

”\/;u”LOO(O,T;WZJ(Q)) =C, (4.29)

forany r € [2,00) ifd = 2,forr € [2,6]if d = 3.
We are left to prove the (strict) separation property for the case d = 2. Thanks to
(4.23), we can pass to the limit by Fatou’s Lemma, to obtain that

r

ﬁ(f max |¢(ui)|’dx> <cVr,
Qi=l,..,N

for almost any ¢ € (0, T'). Therefore, for any i = 1,..., N, any 7 > 0 and any
r € [2, 00), we have
esssup || (u;)l|zr@) < C/T, (4.30)
T<t<T

with C independent of r but dependent on 7. From this we can directly exploit
assumption (E2) (corresponding to assumption [25, (E2)]) and repeat the proof in
[25, Theorem 3.1] (indeed, (4.30) corresponds to [25, (3.4)] and we can argue exactly
in the same way from [25, (3.4)] on). This leads, forany i = 1, ..., N and any fixed
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r > 2, to the following bound

esssup [|¢' (ui)llzr ) < C(z,r).

T<t<T

Let T > 0 be given. Applying the chain rule to ¢ (ux) (which is possible, for instance,
by using again a truncation argument), we get

Vo (ur) = ¢ (up)Vug, ae.inz, T].
Then, for almost any ¢ € [z, T'], we have that
Ve wi)liLr@) < 118" @il 20 @)l Vukllier @) < C(T. T, p),

exploiting (4.29), (4.30) and the Sobolev embedding W' () — WP (Q) for every
p € [2,00) and r > 2. Therefore, forany k = 1, ..., N, it holds

¢ @l wrrgy < C(T. T, p),
for every p € [2, 00). Fix now, e.g., p = 3. This implies that, forany k =1,..., N,
16 )l oy < C(T, 1), ae.in[z, T1,

owing to the embedding W'3(Q) < L>(). Note that, being
ug € L®(x, T; W () N H' (v, T; H'(Q)),

for any r > 2, we have that uy € C([zr, T];H3/2(Q)), implying u; €
C([z, T]; C(R)). Therefore we can find 8y = 8(T,t) > O such that, for k =
1,..., N,

ug > &, in Qx[r,T],

and recalling the constraint Z,](v: 1 ux = 1, this condition implies that, for any k =
I,...,N, o
1= ui=up>6&. inQx[r,T]
i#k
entailing that, necessarily, Z,ivzl 8r < 1. Moreover, we also deduce that, for any
k=1,...,N, .
we=1-Y u<1-Y & inQx[c,T]
i#k i#k
S<u<(1—(N-=198), inQxIr,T]

This concludes the proof.
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4.2 Proof of Theorem 3.6
Let us take n = u(#) — u(#) in equation (3.7). This gives

(Po(u),u —u) + [Vu|? = (W, u — 0) + (Au, u — ). 4.31)
Moreover, by convexity of Ul sinceu —u € T, we have

<P¢(u>,u—ﬁ)=(¢(u>,u—ﬁ>z/w1(u>dx—/ vl @dx,
Q Q

but, being u = u,
w!'@) < c,

where C > 0 depends on ug, applying standard inequalities, we find from (4.31)
/ Wl (uydx + | Vu||? < C + C|Vu|[VW| + (Au, u) — (@, Au)
Q
and using (2.4) we get

1 1
/ W (w)dx — ~ (Au, u) + || Vul?

1
< C@aVw, Vw) + E(Au, u) — (u, Au)
<C1+ (@Vw, Vw)) + C|u]?

<C+ (@Vw,Vw)) + %/ W (u)dx,
Q

where in the last step we applied (vi) (recall that these estimates must be obtained in
an approximated scheme, so for ¢ sufficiently small). Therefore, we get

1 1
Z||Vu||2 + E/ Yudx < C(1 + (@Vw, Vw)). (4.32)
Q
Combining (3.8) with (4.32) (multiplied by € > O sufficiently small), we end up with
Lewy+Se) = Lo+ S60) + (1 = eC)@Vw, vw) = €
dt 2 ~ dt 2 ’ -

and the result follows from Gronwall’s lemma.

5 Proof of Theorem 3.7

Again the rigorous proof has to be carried out using the same approximation scheme
as in the proof of Theorem 3.1, i.e., by approximating the potential with 1, and
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considering a Galerkin setting (see also [16]). For the sake of brevity, here we simply
show the formal estimates. First, we observe that (3.8) entails

||u||L°°(0,00;Hl(Q)) + ||VW||L2(t,t+1;L2(S2)) <C, Vt=0. 5.1
Then, arguing as in [16, (2.11)], we obtain
L oWl + [ Vaul? < (Adu, dyu)
——||Vw u u, o;u),
2dt ! - e

but, testing (3.6) with » = Ad,u(z) and applying Poincaré’s inequality (recall that
Joru = 0), we get

1
(Adu, du) = (@Vw, Adu) < C||Voull|[Vw| < Envazun2 +CIVwl?,
so that in the end we come up with
Ld VW2 + 2 1Vaul? < Vw2
Zdl‘ w 2 u = W .

Due to (5.1), we can apply the uniform Gronwall’s lemma (see, e.g., [43], by choosing,
e.g.,r = %) to deduce, for any given 7 > 0,

||VW”L°°(I,<>O;L2(Q)) + ||Vatll||L2(t’t+1;L2(Q)) <C Vt>r.

From now on we can repeat verbatim the arguments in the proof of Theorem 3.1, to
get the regularity (3.10). The proof is finished.

6 Proof of Theorem 3.8

By Remark 3.9, we only need to show the existence of a compact absorbing set. From
Theorem 3.6, we deduce that, for any ug € Wy, being W bounded, there exist constants
C3, C4 > 0 such that

IS@uoll3,, < Cze™ ugll3,, + Ca ¥ > 0.

This means that the set

~ C
By := {ll €W llullyy =/ 73 +Cy = Ro}

is an absorbing set, i.e., for any bounded set B C Vm there exists 7, > 0 depending
on B such that S(t)B C By Vit > t.. Checking the proof of Theorem 3.7, it is not
difficult to realize that all the constants appearing in the regularization estimates only
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depend on the Vy-norm of ug, being W bounded. This means in particular that there
exists a bounded set

By:={ueBy: lullwarg < Co}.

for some Cp > 0 and any r> 2ifd =2,r = 6if d = 3, and a time tg,, depending
only on Ry, such that S(¢#)By C By for any ¢ > tg,. This clearly implies that By is a
compact absorbing set and ends the proof.

7 Proofs of Subsection 3.3

This section is devoted to show the convergence of any weak solution to a single
stationary state. We first prove two fundamental lemmas stated in Subsect. 3.3. Then
we demonstrate Theorem 3.16.

7.1 Proof of Lemma 3.11

Let us consider us, € w(ug). By definition of w-limit set there exists a sequence
t, — oo such that u(t,) = S(Hug — us in H¥ () as n — oo. We then define
the sequence of trajectories w,(#) := u(t + t,) and w, (t) := w(t + t,). Observe
that u,, solves (3.1) with initial datum u(#,) € Vy. By Theorem 3.7 applied to u, we
immediately infer that u, is uniformly (in n) bounded in L°°(0, oco; H2(2)), w, is
uniformly bounded in L> (0, oo; H' (2))N H' (0, co; H' (Q)) and ¢ (u,,) is uniformly
bounded in L*°(0, oco; LZ(Q)). From these bounds, by passing to the limit, up to
subsequences, in the equations solved by u,, we infer the existence of u* which is a
strong solution to (3.1) (i.e., a weak solution with the regularity given in Theorem 3.7
with T = 0). In particular, concerning the initial datum, u*(0) = lim,_, o u,(0) =
limy,_, o U(f;) = U, Where the limit is intended in the sense of H?% (). We thus
have lim,_, o, £, (t)) = E*(¢)) for all + > 0. Thanks to the energy identity, we
see that the energy £(u(¢)) is nonincreasing in time, thus there exists Eo, such that
lim;_, » £(u(t)) = Es. Therefore, the convergence also holds for the energy along
the subsequence {r + f,}, so that

EW*(n) = lim E(uy(1) = Eco, V120, (7.1)

entailing that £(u*(¢))) is constant in time. Passing then to the limit as n — oo, we
infer

t
Ex +/ (@VW* (1), VW*(1))dt < Es, Vit >,
s

where w* is the chemical potential corresponding to u*, implying that Vw* = 0
almost everywhere in 2 x (0, 00), and thus, by comparison in (3.1);, d;u* = 0 almost
everywhere in Q x (0, 00). As a consequence, we infer that u* is constant in time,
namely u*(f) = u*(0) = uy for all + > 0, and w* is constant is space and time. This
means that uy, satisfies (3.12) for fj = PV y(us) € G and thus satisfies (8.4) with
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f =f; + PAuy. Then uy, € W. This shows that w(up) C W. Concerning the mean
value, it is easy to see that u*(¢) = lim,— oo U, (#) = Up for any ¢ > 0, thus U, = Up.
Moreover, it is useful to notice that

€(uxo) = Eoo = lim E(u(s)) = i%é‘(u(s)) =&@()), Vi=0.

By uniqueness of the solution to the steady-state equation (8.4) with f = f| + PAu
(see Theorem 8.1 below), we preliminarily know that for any uy, € w(ug) C W there
exists §p(Ux) > 0 depending on uy, such that §p < uy, for any x € Q. Since w(ug)
is compact in H?% () and we have fixed r € (%, 1), by the continuous embedding
H% () — L*°(2) we can deduce that w(up) is compact in C(). Assume then by
contradiction that we cannot find a quantity 6 > O such that the separation property
holds uniformly on w(ug). This means that for any m € N there exist u,, € w(up),
Xm € Qand j, = 1,..., N such that

1
0 < um,j, (xm) < o

Since Lm ranges in a finite set, we can find a (nonrelabeled) subsequence and a fixed
index J such that

1
0<u,570xm) <—, YmeN. (7.2)
' m

Being {un,}m C w(up) a bounded sequence in L°°(€2) (indeed it is contained in
the L®-ball of radius v/N, since 0 < um; < 1, i = 1,..., N) by compactness
there exists a (nonrelabeled) subsequence such that u,, — Uy € @(ug) in C(Q) as
m — oc. But this implies also that u,, 7 — u, 7 uniformly as m — oc. On the other
hand, by the Bolzano-Weierstrass Theorem, we can extract a further (nonrelabeled)
subsequence such that

Xm —> Xoo € 2, asm — oo.
We can now pass to the limit, since it holds

[,y 7 Com) — U 7(X0) | < N1y, 7C0m) — 1o 7Com)| + gy 7 (om) — U, 7(Xo0)]

= max fu,, 7(0) — g, 7O+ |ugg 7(om) — g 7(xe0)| = 0, asm — oo.
xe

Indeed, the first term converges to zero by the uniform convergence described above,
whereas the second one converges since u 7 € C(£2). Passing then to the limit in
(7.2), we infer

”00,7(xoo) =0.

Since Uy € w(ug) C W, there exists oo > 0 such that min, .5 Uoo 7(X) = 600 > 0,
a contradiction. We thus conclude that all the elements of w (ug) are uniformly strictly
separated. The proof is finished.
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7.2 Proof of Lemma 3.15

The first Fréchet derivative of & reads as follows (recall that U is smooth):
(€ (u), h)y, v, = / Vu - Vhdx +/ U y(u+M)-hdx
Q Q

where \Tl,u(u) :=~(1/~f’(u,-) — (Au););i=1,... n. Notice that use — M € w(ug) —Misa
critical point for £. Indeed, for up € WM, thanks to the fact that, for any us, € w(up), by
Lemma 3.11, there exists a set UcC I (I 1s defined i in, Sect.3.3) such that us (x) € U
forany x €  and due to the definition of w we have 5|w(uO) M = &lw(g)- Therefore,

(€ (Uoo — M), hjy, v, =/ Vs - Vhdx +/ T u(uso) - hdx
Q Q

:/ Vi - Vhdx +/ W y(ux) - hdx
Q Q
= / (—Aug + PV y(us)) - hdx

Q

= / (—Auoo + PO(P\IJ)u(uoo))) -hdx =0, VheV,,
Q

where Py is the L2 —projector onto the subspace with zero spatial average. Recall that
Uy satisfies (8.4) with f = PAuy, + PV y(us) (see Lemma 3.11).
Concerning the second Fréchet derivative, it is easy to show that

(€ hi, ho)y, v,

N
= f Vhi - Vhydx + f (Zx/?”(ui+Mi)h1,ihz,,»—Ah1-hz dx, (13)
@ iz

forallu, hy, hy, € V.

Letus set £ := &' € B(Vo, V6) (omitting the dependence on u, which will be
pointed out if necessary) and consider the operator A as defined in Appendix 1. First we
observe that, forallz € Ker (L) C Vo, settingv := (" (u; +M;)z; — (Az);)i—
L2(2), we have

.....

(Az,h)y: v, = —(v.h) = —(PPv.h), Vh e V.
This means, recalling the identification Vo << Hy = H{) — V{),
Az = — PyPv € Hy,
implying that z_€ CD(&) (see Appendix 1 for the definition of 1&). This entails
Ker(£) C ©(A). We now introduce the operator Q € B(V() such that, for any

A
zeV,
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(Qz. Wi, v, = (2 PP (F/(us +Mow; — (AW)),_, ) . Ywe Vo,
..... -

which is well defined being IZ of class C3 (R) and u € V. Note that, for any z €
D(L) =D(A) = Vg, we have

Lz = Az + Qz,

since, for z € Hy, being A symmetric,

.....

- (POP (0" i + Mz — (AD)),_, - w) . VYweVy, (74

so that ~
Qz = PoP (V" (u; + M)z — (Az);),_, € Ho

as in the definition of £. Note that, thanks to the regularity of u € Vo and 1}’ " ifz € Vy
we also have Qz € V. As observed in the Appendix, both AL V/0 — DA =
Vo — V6 (A considered as unbounded on V6) and A~! : Hy — ZD(A&) are compact in
V,, and Hy, respectively. In particular, we have that both A~'Q and QA" are compact
operators on V(. Thus we can apply Theorem 8.2t0 A = L : D(A) — V; — V,
with T = A™" € B(V{) to deduce that £ is a Fredholm operator, implying that
Ker(L£) C Vj is finite dimensional and Range(L) is closed in V(. Moreover, it is
easy to see that the operator A is selfadjoint with respect to the Hilbert adjoint. Indeed,
setting Ly, = AL V6 — V) the Riesz isomorphism from V6 to Vo, we have that
the operator A is symmetric, since, for any w, z € ©(A) = V),

(Aw, 2)y; = (Lv,AW, Ly,2)v,
= (W’ LV()Z)V() = (Z, W)V(/),V()
= (W, 2)H, = (W, 2)y; v, = (W, Az)y,.
Being Range(A) = V|, a well known result implies that A is selfadjoint. Therefore,
we can write the Hilbert adjoint of £ as £* = A 4+ Q*. Now, by the Closed Range
Theorem, recalling that £’ = A~'£*A (£’ being the adjoint of £, since Vo = V; via
the canonical map), observe that
Range(L) = {y* € V : (y", X)v, v, =0, Vxe€ Ker (L))
={y" e V,: ¥, A”z)%,vo =0, Vze Ker(L")
={y"eVy: ¥y, v, =0, YqeKer(L)}= (Ker(£))*, (1.5)

where L is intended to be the annihilator of the set. The last isomorphism is due to
the fact that, on account of Q(A~'w) € Vg for w € Vé, it holds

Q*w = A(Q(A™'w)).
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Thus
L2=MM+Qz=0c=2+QA '2=0 Aw+Qw=0, w=A""z,

that is,
Ker(L*) = AKer(L).

Let us denote by @ € B(Hp) the restriction to Hy of Q, so that from (7.4) we get

,,,,,

for any z € Hp. Again note that, for any z € @(1&) < Hy, it holds
Elg(g)z = Az + Qz,

and both K‘l(@ and @1&_1 are compact operators on Hy being compositions of a
compact and a bounded operator on Hy. Therefore we can apply Theorem 8.2 with
T = A~! € B(Hp) and deduce that also L 5 %) is a Fredholm operator. Namely, since
clearly in this case EID(K) is selfadjoint (without distinction with the Hilbert adjoint,
since Hy = H{)), we immediately deduce that

Range(Ly5 7)) = Ker(L g )™M = Ker(£)™, (7.6)

where the last identity is due to the fact that Ker (L) C @(:&). We now have all the
ingredients to apply [10, Corollary 3.11]. To this aim, let us fix ux € w(ug) and
set ugo = Uy — M € D(A). Adopting the notation of [10, Corollary 3.11], we set
Vo = K er(ﬁ(ugo)) and define the projection P € B(Vy) as to be the orthogonal
Vo-projection on V. Set also Vi = Ker(P) = VOJ_V", so that we have the direct
(orthogonal in V) sum Vo = Vp @ V. In this way, [10, Hypothesis3.2] is verified.
Let us verify [10, Hypothesis 3.4]. Firstly we set W := V{;, U = V and notice that
the adjoint of P, P': V; — V{, is such that

Range(P') = Vi =V}, Ker(P)=Vs-=V|, Vy=V,a V.

We then have
(I) W = V{ < V{ by construction;
) P'’W =P Vy=Vy;CV,=W;
) & e C'(U, Vy) since ¥ € C3(R);
(IV) by (7.5), Range(L)) = V5" = V[NV, = V[N W.
We are left to verify the assumptions of [10, Corollary 3.11]. Set X := ©(A) and
Y := Hj.
(1) Clearly, since Vo = Ker(£L(u%)) ¢ D(A), PX C D(A) = X. Moreover,
P’Y = P'Hy C Hy. Indeed, h € Hy < V|, can be written as the sum of

h; = Py h € Ker(L(uYy)),
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(@)

3)
“4)

where Py, € B(Hp) is the Ho-orthogonal projection onto Vo = K er(ﬁ(ugo)),
and

h, = (I — Pgy)h € Range(ﬁ(ugo)|©(1§))

by (7.6), so that (hy, hy)n, = 0 (notice that (7.6) is essential to reach this conclu-
sion, since P is defined as a projection with respect to the inner product in Vy and
not in Hyp). Then we have

<P/h, V>V6sV0 = (h, PV)VE),VO = (h, f)V)H0
= (hy +hy, PV)g, = (hy, PV)g, = (P'hy, v)y; v,

= (h1, V)n, = (h1, Vv v,

since hy is orthogonal to K er (L) with respect to the inner product in Hy and due
to the fact that h; € Ker(£) C VlL = Range(P’) and thus P'h; = h;. This
is possible for V| C Ker(L£) 8o Therefore, P’h = h; € Hy, ie., P'Y C Y.
Summing up, X and Y are invariant under the action of P and P’, respectively.
Note that for any us, € w(ug), by Lemma 3.11, there exists a set U C I, (I,
defined in Sect 3.3) such that u(x) € U for any x € Qand ¥ is analytic in U
(recall that w‘ J. = ¥ ). It thus holds that for each u € w(ug) —ug the function &
isreal analytic in a neighborhood of u in X (see, e.g., [10, Proof of Corollary 4.6])
with values in Y = Hy. Notice that th1s is possible since £ (uo ) = £(Uy). The
essential properties exploited are the fact that ’D(A) CL*®(Q)and Y C L*(Q).
Indeed, notice that the first summand in 5’ after an integration by parts, is the
linear operatoru € U N X — —Au € Hy, which is analytic.

As already seen, K er(ﬁ(ugo)) C ®(A) = X is finite-dimensional.

Recall that KerP' = V| = VOL, and assume w € VOL N Hy. Then, for any
z € Vo = Ker((£L(uY,)), it holds, being w € Hy,

0= (w.2)y; v, = (W, 2),

1 1
1.e., W € Vo " On the other hand, by the same argument, Vo Ho C VOJ- N Hy.
1
Thus we deduce V, Ho — VOL N Hy. Then, from (7.6), we immediately infer

1
Range(/l(ugo)lg(&)) =V, Ho VOJ‘ NHy=KerP' NY,

as desired.
Therefore, all the assumptions of [10, Corollary 3.11] are satisfied and the proof is

finished.

7.3 Proof of Theorem 3.16

First of all, as already noticed, for up € VM, thanks to the fact that for any Uy, € a)_(uo),
by Lemma 3.11, there exists a set U C I such that ux(x) € U for any x € Q and
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due to the definition of ¥, we have that §|w(“0)_M = Elw(uy). Arguing as in (7.1),
E(uxg) = Eoo = lims00 E(S(s)ug) for any use € w(ug), so that |y my), and
thus &£|,ue)—M is constant, equal to Eo. By Lemma 3.15, the Lojasiewicz-Simon
inequality is valid for any U, € w(up). This means, recalling what we just noticed
about | lw(ug)—M, that there exist constants 6 € (0, 2] C > 0, o > 0 such that

[EW) = Eco| " = CIE' Wl
for any v € Vg such that ||[v + M — ux|ly, < o. Clearly, this can be restated as
[EE —M) — Ex| = CIE"(W=Mlly;. (1.7)

for any & € Vo + M such that [|§ — ux|lv, < o. Since H¥ (Q) << H'(Q), »(co)
is compact in H! (€2), thus we can find a finite number M| of H!(2)-open balls B,,,

m =1, ..., M of radius o, centered at u,, € w(ugp), such that
M;
w(g) C U = U B,,.
m=1

Note that # and C in (7.7) depend on the choice of us, € w(up), but being u,, in finite
number, we can easily deduce that (7.7) holds uniformly for any & € Vo + M N U.
From (3.11) and the embedding HZ’(SZ) <> HY(Q), we deduce that there exists
f > Osuch thatu(t) = S(H)ug € U for any t > 7. Recalling the definition of U, given
in Sect. 3.3, we have

u(t) =SWug € Ug, Vi >1*,

therefore we can choose 7 := max{7, *} and U = Un U, such that u(z) € U for any
t > 1, implying (note that u(f) — uy, € Vg for any ¢ > 0):

u(®) —us(®)llvy < lu() — oo llgi(q) <0, V=1
Since thenu(r) € Vo + M N l7, it holds
E@®) = Ecel '™ < CIE () = M)lly,, V=7,

recalling that, since u(z) € U, forany 7 > 1, €~(u(t) —M) = £(u(t)), thanks to (3.14)
and the definition of vr. Observe now that, for any ¢ > 7,

(€ (u(t) = M), hyy, v,

:/ Vu(t) - Vhdx ~|—/ \T{u(u(t)) -hdx
Q Q

_ / Vu(t) - Vhdx + / W o(u(0)) - hdx
Q Q
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:/ (—Au() + PV y(u())) - hdx
Q

= / (—Au(t) + Py(PWy(u(r)))) - hdx = (w(t) — w(t), h)
Q
< |VwlIh| < Cy(@Vw(r), Vw(1))|lhlly,, Vh e Vo,

where w(z) is defined in (3.7). Note that we exploited Poincaré’s inequality and (2.4).
This means that

IE () = M)lly; < Cv@Vw(), Vw(), ¥i>17. (7.8)

Recalling the energy identity, setting H (¢) := |E(u(t)) — Exol?, by (7.8), we have
that
d dE(u(t))

¢ _ a8 _ 0—1
dtH(t)_ 0 o |[E(t)) — Ecol

-0 @Vw(t), Vw(t))
CIIE (u(r) — M)ly,

> CJ(@Vw(t), Vw(t)), VYt>1.

Being H a non nonincreasing nonnegative function such that H(t) — 0 as ¢t — oo,
we can integrate from 7 to +o00 and deduce that (see (2.4)),

[X) IVw(t)|ldt < Cﬁoo\/(an(t), Vw(t))dt < CH(F) < +00,
t t

i.e., Vw e L1((7, +00); L2()), entailing by comparison d;u € L' ((7, +00); H'(Q)").
Hence, there exists Uy, € w(ug) such that

t
u(t) = u() —i—ﬁ du(t)dt—us inHY(Q), ast — oo,
t

and, by uniqueness of the limit, we conclude that w(ug) = {us}. We also have
lim; o0 U(t) = Uy in H¥ () for a fixed r € (‘Zl, 1) (the one used in the definition
of the w-limit set). On the other hand, thanks to the embedding H% () — HY(Q),
which is valid for all r € (0, 1), we deduce that the convergence to the equilibrium
actually holds for any » € (0, 1). Recalling Lemma 3.11, the proof is finished.
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Appendix
The Homogeneous Neumann Laplace Operator on TX

First we need to consider the following elliptic problem: given f € V, find u € Vo
such that

(V. VW) = (f. W)y, v, YW e Vo 8.1)

Using Hilbert triplet Vo << Hy = Hj, < V|, thanks to Poincaré’s inequality,
we see that the bilinear form a : Vo x Vg, a(u,v) = (Vu, Vv) is coercive and
continuous, so that we can apply Lax-Milgram Lemma and deduce that the bounded
operator A : Vg — V{, such that (Av, W>V6»V0 = (Vv, Vw), is invertible with
bounded inverse A~! : V(’) — V. Since by Poincaré’s inequality, (V-, V) is an inner
product on Vo, we see that A is the Riesz isomorphism from Vy to V{;. Notice that
we can also define (without relabeling) the unbounded operator A : Vi — V{, so
that ® (A) = V(o which acts exactly as A previously defined. In this case, being © (A)
compactly embedded in V), the inverse operator A~ Vi, = D(A) is compact in
V.

0Problem (8.1) is the well-posed weak formulation of the following boundary value
problem

—Av=f, ae.inQ, 8.2)
onv =0, a.e.onodQ,

where f € Hp. We can then define the selfadjoint unbounded operator A Hy — Hp,
such that

@(1&) :={u € Vg : Au € Hp}, &u:Au:—Au, Vue@(z&).
Notice that, by elliptic regularity, we have

DA) :={ue VoNHARQ) : dyu =0, ae.ondQ)}.
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In conclusion, note that we can easily exploit the properties of the Hilbert triplet to
infer, being Vo << Hy, that Al e B(Hp) is compact. We now study the following
problem: for A > 0 fixed,

{—Av+xv=f, ae.in Q. 53

onv =0, ae. onof,

with f € Hy. We can repeat exactly the same argument as before, but in this case we
introduce the operator A; : Vo — V7, such that

(A, W>V6,Vo = (Vv, VW) + A(V, W),

is invertible with bounded inverse A;l : \~76 — \70. The corresponding unbounded
operator A, : Hy — Hj is such that

@(&A) ={ue \70 :Au e ﬁo},
Au=Au=—Au+iu YueDA,).

Again, elliptic regularity yields
DA :={ueVoNHA(Q) : 9pu=0, ae.ondQ},

so that the unbounded operator 1&,\ is invertible with (bounded) compact inverse.

A Neumann Problem with Singular Nonlinearity

Consider the following stationary problem: given
fe{velL®(Q): v(x) e T, foraa. x e Q},

find u € H>(2) N Z such that

—Au+P¥lw)=f aeinQ,
opu=0, a.e.ond, (8.4)
SN w=1, inQ.

Then the following result holds.

Theorem 8.1 Problem (8.4) has a unique solution w which is also strictly separated
from the pure phases, i.e., there exists 0 < § = 5(f) < % such that

5 <ux) (8.5

for any x € Q.
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Proof Uniqueness is straightforward. Consider two solutions uy, u corresponding to
the same value of f, it is enough to test (8.4); (written foru := u; —uy) withu € Vj
to get, by convexity of W! (notice that " > C > 0) and being P selfadjoint,

IVul? + Cllull? < [Vull? + (¥ () — ¥ (), u) =0,

so thatu = 0.
Concerning existence, we consider the following approximated problem, where \IJSI
is the same approximation exploited in the proof of Theorem 3.1: for any ¢ > 0, find
€ H2(Q) N Z solution to the problem

—Aug, +Po.(u,) = f, ae.in$,
onu; =0, ae.onod, (8.6)
SN uei=1, inQ.

The rest of the proof is divided into three steps.

Existence of the approximating solution u,. It follows from an application of the
Leray-Schauder fixed point Theorem. First we consider the following problem: for
any given v € Vo, findu; € @(Al) - Vo such that

—Au; +u, = f —Po, (v+ %) +v, ae. inQ,
opu, =0, a.e.ondQ.

The problem above is clearly equivalent to finding u, € ’D(A]) C \~70 such that
A, =f —Po. (v+ L) +veH,
where A is A, with A = 1. Being the operator A invertible, we obtain that the map
T:€70—>\~70, v T(V) =u,

is well defined. Moreover, we also have that the (linear) operator T is compact, since
by elliptic regularity u, € H2(Q) N VO > Vo Continuity of the operator 7' is
immediate: assume that {v, },en C Vo is such that v, — v € Vo as n — oo and
define u,, = T'(v,) and u = T (v). Then we get

IV, —w|?*+ [u, —u|?
:(¢8(V+l) ¢£(Vn ) un_u)+(un_u7vn_v)

1
< S, —uf* + C@)llva — VI,

[\

where we have used the fact that v/ is Lipschitz continuous with constant & ~! (see
Sect. 2). From this we clearly deduce that T (v,,) — T (v). Consider now the family of
operators {s7T }se(,1). We show that if there exist fixed points u € Vj for the family,
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i.e., such that s7'(u) = u (for some s € (0, 1)), these points are uniformly bounded.
First notice that %u =T (u) € D(A) satisfies

—Au+u+sP¢€(u+%)=sf+su, a.e. in Q,
opu=0, a..ondf2.

On account of the (strict) convexity of ¥/, we have

(Pge (u+ 7). u) = (¢ (u+ 7). )

N
(Wl (i + ) — vl ) + Y (W () . u
i=1

i=1

> Cllu|* + Z vl (%) ui).
for some C > 0. Then, by standard estimates, we deduce
N
IVull> + (C + Dlul® < [Val® + [lul* + 5 (P (w+ §) . u) —s > (¥, (§) . ui)
i=1

—s(f +u, u)—sZ (W (3)  ui) < (IFIL+ Ol + Jlull?,
i=1

where we exploited the fact that W;(%” < +o00, being ¥/ continuous. This clearly
implies
lully, < C.

as desired. Therefore, the Leray—Schauder fixed point Theorem entails the existence
ofu, € Vg suchthatu, = T (0,) € D(A), i.e.,

—Al, = f — P, (i, + ). ae.inQ,
Opl; =0, a.e.onodf.

At this point is enough to set u, = i, + % to obtain the existence of a solution to (8.6)
with the desired properties, since —Ati;, = —Au, and dyu; = dpll,. Uniqueness of
the solution u, can be proven exactly as in the case of problem (8.4) above.

Uniform-in-¢ estimates. Let us test (8.6) with u,, integrate over 2 and then inte-
grate by parts. This gives

IVue|® + (Pe (o), ue) = (F, ue) < [If]l]luc|. (8.7
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Observe that

N 1 N
(P¢5(us)’ ug) = Z/;Z (‘bs(ue,k) - N Z¢s(”e,1)> Ug k dx,
k=1 =1

and
N | N
) (@(ug,k) - Z%(%,l)) ek
k=1 =1
1N
= D (eluer) = belue) e
k=1
1 & N
=5 Z (e e k) — b (ue))) ek Z (fe (e k) — e (ue))) upk
k<l k>1
X
= ﬁ Z (¢S(M8,k) - ¢g(ug,[)) (Msgk — ué‘,l)
k<l
1 !
= N Z/ Iﬂé/(sus,k + (I = s)ug ) (Ue k — ug,l)zds
k<t V0
N
C
e Z |us,k - “£,l|2,
N k<l
where C > 0 is independent of €. Note now that, forany k = 1,..., N,

1 1
U, — _> - (Pus)k = X (ua,k - us’l)’
( N/ N 1;:

entailing that there exists another C > 0 independent of ¢ such that

2 N
2
Ue =< CZW&I{_M&I' .

k<l

1
N

Thus, from the previous result, we get

2
(P, (). u;) > C/Q\ug ~1Par,

and this allows us to conclude from (8.7) that

2 2

1 ct
IVug||> + C* |u, — 5| =Ev) =ca+ I£11%) + oH

El
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for some C* > 0 independent of . Being % a constant, this clearly implies that
luellgr @) < C, (8.8)

for some C > 0 independent of ¢. Thanks to this bound we can repeat word by word
the argument used to get (4.17) (with f in place of w, and the matrix A = 0). This
gives

1
» fQ max (e )dx < € (14 6P) < C. (8.9)

i=1,...,.N

uniformly with respect to €. Then, by comparison in (8.6), together with elliptic reg-
ularity, we find

||u8||H2(Q) <C, (8.10)

uniformly with respect to €. We can also redo the argument leading to (4.22), to get,
for any r > 2,

I e I8ewendx < CIE @) = CIRUIf i~ @), (1D

where C > 0 does not depend neither on € nor on r. From this we infer

1
el (@) < 4CI2a) T IfllLe (@)
Letting ¢ go to 0. By standard compactness arguments we can then pass to the

limit as ¢ — 0, along a suitable subsequence, and deduce the existence of a (unique)
solution u € H2(Q) N Z to (8.4). In particular, we have that

1
gL (@) < @ACI2DT IfllLe @),
for any » > 2. Letting then r — oo, we deduce
lg) Lo < IfllLe(w)- (8.12)

The embedding H2(Q) — C() and (8.12) imply (8.5), since |¢/(s)| — oo when
s — 0and YN u; = 1. ]

Unbounded Fredholm Operators

Here we report a characterization of unbounded Fredholm operators (see [45]). First,
we say that a densely defined closed operator A on a Banach space X, A : ®(A) —
X — X is said to be an (unbounded) Fredholm operator if it satisfies the conditions:

e Range(A) is closed in X;
e dimKer(A) < 4+00;
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e codimRange(A) < +o00.

The following characterization holds (see [45, Theorem VII, (ii)])

Theorem 8.2 Let A be a closed densely defined operator on X. A is Fredholm if and
only if it is invertible modulo a compact operator in K(X), i.e., if there exists an
operator T € B(X) and two compact operators K|, K» € K(X) such that

AT =Ix +KyonX, and TA =1Ix + Ky on3D(A),

where Iy is the identity on X.
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