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Abstract
In this paper, we construct the solutions to the following nonlinear Schrodinger system

p—1 p+l
2

—e2Au+ P(x)u = wiuf + ﬂuiv% in RV,
) prl pol oy

—€“Av+ Q) v=wv? +Bu 2 vz in RY,
where 3 < p < 400, N € {1, 2}, € > 0 is a small parameter, the potentials P, Q
satisfy 0 < Py < P(x) < P; and Q(x) satisfies 0 < Q¢ < Q(x) < Q1. We construct
the solution for attractive and repulsive cases. When xq is a local maximum point
of the potentials P and Q and P(xp) = Q(xg), we construct k spikes concentrating
near the local maximum point xo. When xq is a local maximum point of P and X
is a local maximum point of Q, we construct k spikes of u# concentrating at the local
maximum point xo and m spikes of v concentrating at the local maximum point X
when xg # Xo. This paper extends the main results established by Peng and Wang
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1 Introduction and Main Results

In this paper, we construct the solutions for the following nonlinear Schrodinger
system

—2Au+ P(x)u = puuP + ;BupTilva+l in RV, (1)
—e2Av + Q(x)v = v + ﬂu%lva_l in RV, .

where € > 0 is a small parameter, 5 < p < 400, N € {1, 2}, and the potentials P, Q
satisfy 0 < Py < P(x) < Py, Q(x), respectively 0 < Qo < Q(x) < Q1.

The use of the Lyapunov—Schmidt reduction method to construct solutions for the
nonlinear Schrodinger equation attracted much attention in the last decade, starting
from the pioneering contribution by Floer and Weinstein [11]. Noussair and Yan [21]
considered multi-peak solutions for the following problem

ue H'RM), 42

{—ezAu +u=0|ul?%u, xeRN,
when xg is a local maximum point of Q(x) and € is sufficiently small, they proved
that for each positive integer k, problem (1.2) has a positive solution with k-peaks
concentrating near xo. Wei and Yan [32] studied the following nonlinear Schroddinger
equation

{—Au-i-V(bCl)u:up, u>0xeRN, (13)

u e H'(RVN),

when 1 < p < (N +2)/(N — 2) and V(|x|) is positive function with following
expansion

a
V(lxh =Vo+ — +0 <rm+0

> asr — +00.

They proved that problem (1.3) has infinitely many non-radial positive solutions,
whose energy can be made arbitrarily large. For more results about the nonlinear
Schrodinger equation, we refer the reader to [1, 6, 8—10, 12] and the references therein.
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Inspired by the work of [21, 32], when N = 3, p = 3, € = 1, Peng and Wang [23]
considered system (1.1), where P(x) and Q(x) satisfy the following hypotheses:

(P) There are constants @ € R, m > 1, and 8 > 0 such that as r — +o00

a 1

(Q) There are constants b € R, n > 1, and € > 0 such that as r — 400

o(lxh) =1+ +0(L), as |x| — oo. (H2)

|x|n |x|n+e

By using the number of the bumps of the solutions as a parameter, for the repulsive
case, they constructed non-radial positive vector solutions of segregated type, for the
attractive case, they constructed non-radial positive vector solutions of synchronized
type. When N = 3, p = 3, Peng and Pi [22] constructed k interacting spikes for
u near the local maximum point xo of P(x) and m interacting spikes for v near the
local maximum point Xo of Q(x), respectively, when xo # X¢. Tang and Xie in [27]
constructed synchronized positive vector solutions for € small. Since it seems to be
difficult to provide a complete list of references, we just refer the readers to [2—4, 7,
13, 14, 17-20, 22-26, 28-30, 33, 34] and the references therein.

In this paper, we have been inspired by the analysis developed in [21-23, 31, 32]
for scalar nonlinear elliptic equations (systems), in particular, by the ideas introduced
by Noussair and Yan [21] to deal with nonlinear elliptic equations. Compared with
the single scalar equation, we encounter some new difficulties in estimates due to
the nonlinear coupling. Firstly, we need to establish non-degenerate results for the
solutions of the coupled system, which will be used to prove the invertibility of the
operator for the repulsive case. The difficulty is that we need to give an exact integral
estimate for the coupled term and the system is more complicated than single equations.
We point out that the sign of 8 has great influence on the structure of the solutions.
Roughly speaking, for the repulsive case, the solutions are small perturbations of
(U, V), where (U, V) are scaling and translation of the solution of —Au + Au = u?.
For the attractive case, the solutions are small perturbations of (U, U,), where U,
are scaling and translation of the solution of —Au + Au = pu? and U, are scaling
and translation of the solution of —Au + Au = vu?.

In this paper, we examine how potentials and the interspecies scattering length S
influence the structure of solutions to problem (1.1), which improves the results of
[19, 22] for least energy solutions. We study the existence of high energy solutions to
problem (1.1) and provide not only the locations of spikes, but also much finer infor-
mation on the interaction of spikes. Furthermore, we prove the attractive phenomenon
for B < 0 and the repulsive phenomenon for 8 > 0.

Define the function space

H= {(u, v) e HH®RY) x HIRY) :/ P(x)uldx < +oo,/ Q(x)v2dx < +oo}
RN RN

@ Springer



4 Page4of56 Applied Mathematics & Optimization (2023) 88:4

endowed with the following norm:
e, )1 = (@, ), ) = [l p + [0IZ o, ¥ (u, ) €H,

where H! = HY(R") is the usual Sobolev space,

lulle,p = (u, u)e p =/ (Gzlvu|2 + P(x)u2> dx

RN
and

lvlle,.p = (v, V)e,0 = /RN (62|Vv|2 + Q(x)v2> dx.

Define

e, WVer,
E. = {«o, v) e H'RY) x H'(RY), <<¢, ¥, ( PToa —)> =0
Vi dyi .

where
((u,v), (g, h)) = / (62Vqu + P(x)ug + 2VuVh + Qx)vh)dx.
RN

Consider the following system

—Au—}—)»u:,ulup—i—ﬁu%—lv%l in RV, (1.4)
—Av+)»v:,u2vp+/3up7+lvp% in RV, .
Let W be the unique solution of
—Au+iu=uP, nRVN, (1.5)
u>0inRN, u(x) - 0as |x| — 4o0. '

Then
U, V)= kW, okt W)

in HY(RN) x H'(RY) is a solution of (1.4), where A := P(xo) = Q(xo) and 10
satisfies

p+l bl p=3 bl pri\ 1
M1+5702 — K27 _,3702 =0, k =<Hl+,370 ) . (1.6)
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(Ue,xjye (x), Vé,xj.e (x)) — (U (X —ij,e> v (X —:Cj,e)) '

In the sequel, we will use (Ug,xjf (%), Ve,xj,g (x)) to build up the solutions of (1.1).
To show our main results, we first recall some known results from [15]. In the
following, let

Let

2NN > 3,

. {+oo, N =12,
N-2°

Proposition 1.1 Suppose that 1 < p <2* — 1, w1 > up > 0, B > 0 and one of the
following conditions holds

(AD) 3<p<2*—1,0<p <)

(A) 3<p<2—1 = 2L p> (25

(A3 < p < 2 =1, w < 2@&hT (Y < B < pyor B >
max{B1, (57 )u1}.

Then problem (1.4) has s positive solution (U, V) = (kiW, ©oki W) in HI(RN) x
H'(RN) which is non-degenerate, where 1y satisfies

p+l 1 p=3 p+l 1
wi+ Byt — patd —ﬂr02 =0, kp ( 1+ BT ) .

Proposition 1.2 Suppose 1 < p <2* — 1, u; > 2 > 0, B < 0. Then there exists

a decreasing sequence {Br} C (—. /12, 0) such that for B € (— /w112, O\{Bk},
problem (1.4) has s positive solution (U, V) = (ki W, toki W) in H'(RY) x H'(RV)
which is non-degenerate, where 1 satisfies

p+l1

2 p—1 pr3 p—1 pTH ]
u1+ Bty —pmery =By’ =0,k = (w1 + B .

Remark 1.1 Although the authors in [15] dealt with the existence and the non-
degeneracy of positive solutions for the fractional Schrodinger system, the main results
are still true for the classical Schrodinger system with s = 1.

The main results in this paper are stated in what follows.

Theorem 1.1 Assume the conditions in Propositions 1.1 or 1.2. If xq is a local maxi-
mum point of P(x), Q(x) and P(xo) = Q(x0), then there exists €y > 0 such that for
any € € (0, €o], problem (1.1) has a solution of the form

k k
Ue = Z Ue,xj,e + Y, Ve = Z Ve,x/-_e + Ve,
Jj=1

j=1
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for some xj ¢ € Bs(xo) and ||(@e, Ve)lle = O(G%H). Moreover, as € — 0, xj ¢ —
[Xie—Xj el oo .
e LE s o0 if £ .

X0,

1

— 1
Set & = P(xp), » = Q(Xp), it is easy to see that Uy , = A7 T~ 71 W(+/Ax) is a
solution of

—Au+ ru = puP, in RV,
u>0inRN, u(x) — 0as |x| > 400,

1 1

and Uy |, = A7 Ty T W (v/2x) is a solution of

—Au + iy =vu?, inRV,
u>0inRN, u(x) — 0as|x| - +oo.

Let

X — X X —Zj
(Ue,x_,',/t(x), Ue,z_,-,v(x)) = <UA_,-,M ( c ]) s UX].’,, (Tj)> s

where x; € Bs(xo), z;j € Bs(Xo),

= e,
Ec ={(¢, ¥) € H'(RY) x Hl(RN),<<p, —f"> =0,

0xj
WUe,z;,v
T Az

> =0, j=12...k l=1,2...N}.
€

We will use (Ue,x;..(x), Ue,z;,0(x)) to build up the solutions of problem (1.1).

Theorem 1.2 Suppose that xg is a local maximum point of P(x) and X is a local
maximum point of Q(x), with xo # x¢. Then there exists 8* > 0 depending on xy and
X0 such that for all B < B*, there exists €y > 0 such that for any € € (0, €g], problem
(1.1) has a solution of the form

k m
Ue = Z Ue,x_,;é,u(x) + @, Ve = Z Ue,z_,gé,v(x) +Ee

=1 j=1

— N
for some xj . € Bs(x0), zj.e € Bs(x0), |(@c, ¥)lle = 0(67+1). Moreover, as
Mt yooifi # j, i = 1,2,...k, and 2 —

> 4o0i £, i=12...m.

e —> 0, xje = xo,
|Zi,e_z_j.e|

X0, .

Remark 1.2 The conditions in Theorem 1.1 ensure the existence and the non-
degeneracy of positive solutions (U, V) to the related limit problem (1.4), hence
the reduction procedure can be carried out successfully. The condition 8 < B* in
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Theorem 1.2 is necessary to prove that Q. B (see (2.5)) is invertible and the inverse
operator is bounded.

Remark 1.3 Compared with the well-studied case N = 3, p = 3, in order to get
an accurate error estimate and use the Contraction Mapping Theorem to prove that
problem (2.54) has a unique solution, our situation is much more complicated. In this
sense, we complement the main results established by Peng and Wang (Arch Ration
Mech Anal 2013) and Peng and Pi (Discrete Contin Dyn Syst 2016), where the authors
considered the case N = 3, p = 3.

The paper is organized as follows. In Sect. 2, we introduce some preliminaries that
will be used to prove Theorems 1.1-1.2. In Sect. 3, we prove Theorem 1.1. In Sect. 4,
we prove Theorem 1.2. Finally, we give some elementary computations in Appendix
A.

Throughout this paper, C, C;,i = 1,2,... will always denote various generic
positive constants, while O(¢) and o(¢) denote C; < % < Cp and % — 0 as
t — 0, respectively.

2 Preliminary Results

We first give the definition of multi-peak solutions of system (1.1).

Definition 2.1 Letk € N, 1 < j < k. We say that (u¢, v ) isk-peak solutions of system
(1.1) concentrated at {x1, x3, ..., X, } if (ue, v¢) satisfies the following properties.
(i) (ue, ve) has k local maximum points x; ¢ € RN, j=1,2,..., k satisfying

Xje —> xjase — 0 foreach j.
(ii) For any given t > 0, there exists R >> 1, such that
lue()| < 7, [ve(x)] < 7 forx € RY \ U Bre(x;.).

(iii) There exists C > 0 such that
/ 2(|Vue > 4 |V |*) + u? +v? < CeV.
RN

Let xg be the local maximum points of P(x), Q(x) and P(xp) = Q(x0). We want
to construct a solution (u., ve) of the following form

k

k
Ue = Z Ue,xj,e + Y, Ve = Z Ve,xj& + e

j=1 j=1

@ Springer



4 Page8of56 Applied Mathematics & Optimization (2023) 88:4

where xj  — xo and || (e, V)| = o(eV) as € — 0. Then, (¢, ¥c) satisfies the
following equation

Be(@e, ) +le = Re(@e, Vo), XGRN’ 2]
LN 1N 2.1
(¢e, Ye) € H(RY) x H' (RY),
where B, is a bounded linear operator in H'(RY) x H!(RV), defined by
(Be(@e, Ve, (g, h))
k -l
= /RN VOV + P()peg — pit | D Uewj | 9eg | dx
j=1
k Pl
+ / EVYVh+ Q)Weh —pv | Y Veu, | Yeh | dx
RN — ’
j_
r=3 Pl
1 k 2 k 2
p—
- ,3/ I Z Ue,x,-,6 Z Ve,x_/‘e Pe8
RN 2 N .
j=l j=1
p+l p-3
| (& 2 k z
p f—
—|——2 ZUEX/e X:Ve)cjE Veh | dx
j=l j=1
p=1 p=1
+ 1 k 2 2
p
- /I‘QN T ZUE,XJG Zve Xje weg
j=1 j=1
p=1 p=1
+ l 2 k 2
p
+ > Ve, > Ve, pch | dx (2.2)
j=1 j=1
forall (g, h) € H'RN) x H'(RN). I, € H'(RN) x H'(RV) satisfying
(léa (gs h)>
k k k p
=> f (P(x) = MUcx;, gdx + 1 / QO Ul | D Uex;, | gdx
— JpNn ! RN 4 ,
j=1 j=1 j=1
k k k P
P
+ ;AN(Q(x) — MVex, hdx + u/RN(; Vel — ; Vex,. | hdx
J= = =

@ Springer
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p—1 p+l

k 2 k 2
=1 p+1
+8 N Z Ue,)zc_,' Z U Xje Z Ve,xj-,e gdx
RY =1 j=1 j=1
ptl p=1
i 2 k 2
prl
B DUV 2 Z Uex;. > Ve, hdx,
) j=l1
(2.3)
forall (g, h) € H'(RY) x H'(RN).
(Re(@e, Ye), (g, 1))
k p k 17;1 k %
= / H ZUG'XN + ¢e + 8 ZUstj.e + e ZVE Xje + Ve gdx
RN i o o
p k p;l k ?
+ /N v (Z Veﬂx_,',e + we) + B (Z UE,X/',E + (Pe) (Z Vg Xje =+ ')[/e) hdx
R - ‘
Jj=1 j=1 j=1
k p k p;] k pTH
_M/ ZUHC/e ga’x—ﬂ/ X:UEX/E ZVHJE gdx
BV =1 RY =1 =1
J= j= j
k P k % k pT_]
_v/ (Zv”“) h—8 (ZUE,X/E) (ZVHN) hdx
RV \ o RV \ o —
Jj=1 j=1 j=1
p=3 pl
1 k 2 k 2
- / P ZUe.xj,g ZV”“ Pegdx
RV 2 j=1 j=1
j= j=
ptl =3
p— 1 k 2 k 2
- /N S ZUe.xjf Z Ve xje Yehdx
R j=1 j=1
p=t p=t
k 2 k 2
+1
_ / P X:Ue_x/6 ZV”‘J& Yegdx
RV 2 ;
j=1 j=1
pot p=L
k 2 k 2
+1
_ /N pT Z ex; e Z Vex;. @ehdx, 2.4
R _

forall (g, h) € H'(RN) x H'(RVM).
From [8, 9], we have following estimates.

Lemma 2.1 Foranya > 0,8 > 0andl # j, there exists a constant T > 0 such that

@ Springer



4 Page 10 of 56 Applied Mathematics & Optimization (2023) 88:4

€,Xj.¢ ex;

« N —g el o el
Uex/e € x1.e dx < CeVe , 1% dx < CeVe <,
RN RN

I, l‘e’xj,e‘

e el
/ U, VP dx<CeNe T / Ve UP dx < CeVe T
RN J.€ 1€ RN

€.Xj ¢~ €X] ¢

For any (g, h) € Hl(RN) X Hl(RN), we define the projection Q. from H! (RN) X
HYRY) to E, as follows:

OUe x. . OVey, P
Qc(u,v) = (u,v) — Z}X;m,( xf’ , 3xl/ ) (2.5)
j 1

where b ; ; is chosen in such a way that

e)c]e 8Vex]5

<Qe(u v), ( ,

)> =0,j=1,2---k;i=1,2---N.
'xl al €

Therefore b ; ; is determined by the following equations:

Xk:XN:b i i aUe’xj'E aVE’xj’f aUe’xm,é avf’xm,e
o oxp o )’ ox; €

—1i=1 dx;

8U57xm € avesxm 3
=((u,v), =, :
dax; 0x; B

m=12...kl=1,2...N. (2.6)

~.

We now prove that problem (2.6) is solvable. Since (Ue x; ., Ve x; ) satisfies

ptl
—?AUc s, + Mes;, = uU”,€+ﬂU”“ i. in RV,
1

€ Xj.e
p+l p=1

2 p 2 N
—€ AVe,xJ-,E +)LVe,xj,€ = VVe,xj’e + IBUé,vae Ve,x],e in R,

one has
erpetie 4 Wi -t Do
3 1 p—1 —1
+p5! ‘U:x,evef%gau“‘“ +peuT vy, Beue in Y,
2.7
_ezAaveixj’e + )LBV(;; = vaé”xlle Ve, "f/
+pLtt ptl U, )%,1 6 V:lee aug;i +pest p—1 :, E VGI,E; EWS% in RN,
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Therefore
8U€X' a €,X;
< TJG 15) (o, ‘//)>
TTeXje €2 Ve x Xj.e 5"/6
Vo —|—P(x)7</7+ V— ox; VW+Q(x) ¥ ) dx
1 l
. oU¢ .
e,x —1 €,Xj ¢
P J€ U[’ ) Js
/ (( (x) - 7ax,- o+ pulecy; ox; Y
oVe x;
ex € 1 €,Xj ¢
# [ (0 —nZite s puvzy] ey
Xi Xi
p—1 p=3 ptl Bngé p+1 1’71 avex6
+/H‘¥N <,3 > Ue)zcj VE)%J le ﬂiUexjevexjé 3xij pdx
p+1 b pol aUe,vaE p—1 prlp=3 8Ve,x_/~‘€
+/RN <’3 ) Ue,j.c Veoi)c ox; +5TU€’§./,6V€’§./“6 x; Vdx.

By Lemma 2.1, (2.8) and the symmetry of Ug,xjve, Vg,xj .» we have

BUGXJ' avéx]- 8U€Xj avexj- N=2
,,e’ »Xje , a,e’ sAj,e =& — . 1’ 2.9
(P e (e M) iy 2, 0y,

Wexj. Vex;, e x, . Vex,,
3)6,' ’ 8x,~ ’ axh ’ Bxh €
[xm —x 1
-0 (eéﬁ — )eNz, j#m, (2.10)

where 6, ; = 0if h #iand §;; = 1, ¢; > 0is a constant.
Hence (2.6) is solvable and we have the following estimate

k
OUc .. OVey,
. 27N§ :} : €:Xj.e €Xje
|b€,l,]| = Ce <(Ms U)s < axi ) >>e

0x;
j=1i=1 !

8Ua € av» € _N
< CE N el [ —22<, =2 ) e < Ce 2w, v) [l (2.11)
axi ax,-

In order to prove the invertibility of the operator Q. B., we use the following
non-degenerate results for system (1.4), which can be found in [15].

Proposition 2.1 Under the conditions of Propositions 1.1 or 1.2, the system (1.4) has a
positive non-degenerate solutionfor (U, V,) = (kiW, kitoW) in H! (RN) x H1 (RN)

in the sense that the kernel is given by span {(0(8) arv, 33‘/) | j=1,2,--- N}, where

p+l p 3 p+l 1
0(B) # 0, 1 satisfies 11+ B, * —/,LQ‘L'O —ﬂto =0, k’7 1:(/,(,1—‘;—;3‘[0 ) .
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Proposition 2.2 Suppose 1 < p <2* — 1, u1 > ua > 0, B < 0, then there exists a

decreasing sequence {Br} C (—. /1142, 0) such that for B € (—./1t2, 0)\{Br}, the
system (1.4) has a positive solution (U, V) = (kiW, 1ok1 W) in HIRN) x HY(RN)
which is non-degenerate, where 1 satisfies

p+l p—l =3 p—l p+l -1
i+ BTyt —mary  — By’ =0, Kk =<m+ﬁroz> :

In order to carry out the reduction arguments, we give following key lemma.

Lemma 2.2 There exist €g, 0y > 0, p > 0, independent of xj, j = 1,2,--- ,k such
that for any € € (0, €]l and xj € By, (x0), Qe Be(@e, V) is bijective in Ec. Moreover,
it holds

| Qe Be (9e, Y lle = pll(@e, Ye)lle, forall (e, Ye) € Ee.

Proof Suppose by contradiction that there are €, — 0, x,,; = X0, (¢n, ¥n) € E,
such that

1
1Qc, Be, (n> Yn)lley = —11(@n Yn) ey for all (¢n, ¥n) € E,. (2.12)

We assume || (¢y, 1/fn)||§n = e,JLV. By (2.12), for any (g, h) € E,,, we have

k p-l
/N VouVe + PX)oug — pit | Y Uepro; | 0ng | dx
R -
j=1
k Pl
+ fR B EALAZERUCIZUES U IR AL K
j=1
=3 Jas|
1 k 2 k 2
p—
- ,3 AN T Z Ufn,xen,j Z an,xsn,j (pngd'x
j=1 j=1
ptl p=3

2

k
p—1
—F /RN T /X_; Uén’xew

k
Z Vey v, Ynhdx
j=1

=
|
‘1
N |

k
p+1
_ﬂ/N 2 .XEUG"’X‘"""
j:

k
Z Ver e Yngdx
j=1

<
|
ki

N‘

k
p+1
_IB/N 2 .X%Ue”’“"*"
/:

k
Z VEVHX();J onhdx
j=1
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(Be,l (©ns ¥n), (g, h)>€n = <Qe,, Be,l (©n, ¥n), (8, h))e,,
N
o) [[(@n, V) lle, (g, Wle, = 0(ex I8, 1) lle,, - (2.13)

Taking (g, h) = (¢u, ¥y) in (2.13), we have

k p-l
L |éved + e = pu | Y, | i |dx

k
+ /R |V Q@Y = v | 3 Ve,

p—3

|

k
Z Ven Xep,j

:
(

Sse— e
~
L
<
S
QA
=

k
p—1
S Wl DO
j=1

Pl p=3
1 k 2 k 2
p—
—F /N T Z Ue"’xfn’j Z Vé"’xfn»j) w’%dx
R .
j=1 j=1
p=1 p=1
k 2 2
—B /N(p + 1Y Uy, > Veyxens Ynndx = 0 (e,’,*’) .
R j=1 j=1
(2.14)
By Holder’s inequality and Young’s inequality, we have
p—1 p—1
k 2 [k 2
B(p+1) /R N (Z U,) (Z VJ) Yngndx
j=1 j=1
k p—1 %
2 2
<IBlp+1) /RN (Z Uey, ) Pndx /RN (Zl V) Vpdx
j=
| p—1 k p—1
P+t 2 2
<IBl—— /RN (Z U) wndx+/RN (Z v,) Ypdx
j=1 j=1
(2.15)
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Since U, x,, ; = %Vgn,xéw, we have
p—3 p+1
1 k 2 k 2
2
'B /RN Z Ue"’x%-f Z Ven,xe,,,j ®n
j=1 j=1
p+l p—3
k 2 k 2
Z UE"’xEnJ Z Ve"’xfnv./' I/I"% dx
j=1 j=1
k r-l L1\
p— pr 2 p— 2
= , d 2 _~ (=
P ; el B (m)
k -l
x /R . > Veyxen,s Wldx.
j=1
(2.16)
On the other hand, we can take a large R > 0 such that
p—1
p +1 p+|
(v ten
1 k
< 5 P@) in RY\ U Be,r(xe,. ).
j=l1
1 & -
p+ pfl
(pv +1Bl—— + /3—( ) ) > Verrors
j=1
1
<50() in RV \ U Be, R(%e,.})- (2.17)
j=1

Thus, combining relations (2.15), (2.16) and (2.17) with (2.14), we obtain

p—1
k
o(e)) = /R even? + Pyen = pu | D Uew, ;| i [ dx
j=1
k p-1
+ / v+ oo —pv | 3o Verw, | v [ dx
R =
p=3 p+l
k 2 k 7
p—1 2
- IB RN T Z Uensxen,j Z Vén!xen.j (pn
Jj=1 Jj=1
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p+l

1 k 2 p2
p—
- :3 /N 2 § :Uensxsn,j z :VEn Xen, ])
R ;
j=1

Jj=1

k 2
- B ./RN(p +1) Z Uen,xeny_/ Z Ve xe,. ,) Yn®n

1 ”T
5”(%’ Y2, — L)
k p-l
X Uen,xen,' (pde
/Ul}=| Bey R (Xey.j) ]2:; ! !
+ 1 1 /1 =
14 pP—
—| 18—+ B (—)
70
k -l
X Ven,xen i W2dx-
\/L\J_I;=| Ben,R(xen._/) ]X_; X !
(2.18)
Therefore,
p—1
N 2
€, < C/ ZUen Xy, @, dx
Ul} IBEn R(xfn f) j:] ’
p—1
+[ Ven,xe,, i 1//2dx +o (6N>
U,; 1 Ben R (Xey, j) ; ! ! ’
k
<CX [ o Gl asto(er).
j=1 Bey, R (Yen, /)
(2.19)
If we can prove that
/ @2 +yDdx = o), j=1,2.- .k, (2.20)
en R(-’Cen /)

we get a contradiction. For this purpose, we will discuss the local behaviors near each
points x, . We define
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an,m(x) = Qu(€nXx + Xe, m),

Dnm(X) = Y (€nx + Xey )

then
/R (VB @ + Plnx + X [Tm (O + VG ()2
+ Q€0 + ) [T (1)) dx
=e, AN(63|V¢n(x)|2+A|wn(x)|2+e,%|wn<x)|2
+ My (0)P)dx = o(1) < C. (2.21)
Therefore,

@ Yn.m)— (@, V) weakly in H'(RY) x H'(RY),

@noms Ynm) = (@, ¥) strongly in L7 (RY) x L7 (RM).

Moreover, (¢, ¥r) satisfies

aU, aU,
/ v €nsXepy,m V(ﬂ + A €nsXepy,m )
RN ax; 9x;

avénvxé m avfnaxe m
+ V————VYy +A——¢ =0, [=1,2,...N. (2.22)
RN 0x; 0x]

To prove (2.20), we only need to show that (¢, ¥) = (0, 0). Remark that relation
(2.13) holds just for (g,h) € E, not for all (g,h) € H'(RY) x H'(RV). For
(g, h) € H'@®RN) x HY(RV), we take

L aljen Xep,j avfruxsn,j
Qc, (g, h) = (g,h)—;Zbenl, e €E.,. (223)

i=l

Then

U, aVe,

Yen, j Xen, j
enhm—ZZaenl /<(g h), ( 9x; 9x; )>E,

j=li=1
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for some constant ac ; ;. From (2.23), we have

p—1

k
/ @Yozt P@ng — pit [ Y Ve | o)
R

+f

5,
5,
5,
5,

k N
+) D besil <B (@n, ¥n), (

p+1

2

j=li=1

=1
k p-1
2
VY Vh+ Q)Ynh — pv [ Y Ve, Ynh | dx
Jj=1
p=3 ptl
k 2 k 2
Z Ue,l,xgn,j Z Vsn,xen.j Pngdx
j=1 j=1
ptl p=3
k 2 k 2
Z Ueﬂ’xﬂzy_/ Z VE"’anv./ I//nhdx
j=1 j=1
p-l1 r-1
k T [k 'z
Z Ue,,,xgn,j Z Ve,,,xeu.j Yngdx
j=1 j=1
p—1 p—1
k 2 2
> Vet Versop; | onhdx
j=1 j=1
= (Be,, (©ns ¥n), (g, h))én = <Be,, (©n, ¥n), Qe,, (g, h))e,,
aUén’xen,j avf"*xenv./
axi ’ 8)6,‘ €n ’
(2.24)

Since

(Be,l (@n,> Ym), Qen (g, h))e,, = (Qe,, B, (on, ¥n), Qe,, (g, h))e,,

kN
Zzben,i,j

aUn, €n.j
ae,i,j<(g,h),< et

<Ben (@n, ¥n), (

N
= o) l(@ns ¥u)lle, 1 Qe, (g Wle, =0 <6n2 ) (g, Wlle,
(2.25)

a Uén sXep,j
3)6,'

Ve,

xfn,j
axi €n
MWVe, xer i
3)6,' n

)

1i=1 dx;
aUn’ €n.j an €n,j
Qc, Be, (0n, V), Sl L nten.)
8xi axi €n
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k N
aUenvxen,j avénsxen,j
# D {(a (T, T )
j=li=1 €n
x <(8U€”’x€n‘j , avén’xfn-./ )’ (aUen’xfnv.i , ave'l’xfni )>
3)(,' 8x,~ 3x,‘ 3)61' €
N
8U€)z’ €n.j 8vn! €n.j
=3 vuii{ (g ), o) St ) (2.26)
j=1i=1 0xi 9xi €n
Substitute (2.25), (2.26) into (2.24), we obtain
k -
/N(eﬁvwnvg + P@ng — it | D Uy, | 0ng)dx
R ;
j=1
p—1
+ / @YU+ 0@ —pv [ S Ve | v
R ;
j=1
p=3 ptl
1 k 2 k 2
p—
- IB AN T Z Uenaxen,j Z Venvxen,j (/)ngdx
j=1 j=1
ptl p=3
po1 (& z k
- B /RN T Z Uen,xgn__,' Z Ven,xen,_,- Ynhdx
j=1 j=l1
p;l pT_]
k k
p+1
o ’3 AN T Z UE'l’xén-j Z Ve”*xm,j I/f”gdx
j=1 j=1
p-1 p—1
+ 1 k 2 2
p
- /RN 2 ; Uer xen. s j=1 Ver s Pnhdx

N kN e o . Ve o
=o<en2>||(g,h>||€,l+ZZyn,i,,-<<g,h),( sl ax)> . (227)
i €

j=li=1 !

By (2.27) and (¢,, V) € Ee,, we can estimate y;, ; ; as following

k N
aU, - adV, , aU, aV
Vn,i,j << €nsXep, j , €n>Xep,j ) , ( €nsXepy,m . €nsXey,m >> + o(er]l\’—l)
i 0x; ax; ax; 0x; .

J

k ! U
€n,X
=— w3 Ve, PRAL LI
/RNP = €n-Xen.j A ydx
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k p-1 9
Z Ve x
v V ) nsXey,m I
/RN j=1 e Vi ax; )

p—1 p3 TR [/
_ﬂ[l\QN 2 (Z Uen*xen.j) 2 (Z Ven,xen__/) 2 (pn—,dx

0x;

prl P> Vn enm
_ﬂ/ —(ZUen xsn,) (Z Ven xsn,) Ilfn ot
p =+ 1 =1 E aUEnsxén,m
-85 <ZU%,> <2venxm, e

p+1 r—1 1’; avn, €n,m
_ﬂ/ (Z Ue,, Xen, ,) (Z Ve, xgn, 2 %de

0x;
= A1+ Ay + A3 +A4+A5 +A6. (2.28)
On the other hand, from (2.8) and (¢, ¥,,) € E,, we have

aU., aVe,

/ P WUe, gy )P~ o —= ) dx + / PY(Vey gy U — 2 )dx
RN 0x; dx
=3 p+1 3U€n,xen m
+ ,3 —(Ue,, Xeym) 2 (Ve,, Xepm) 2 Pn——
dx;
- pPr p=3 8V5n’xen m
+ 8 f P W) 5 Vi )
dx]
p + 1 £ r— ayny €n,m
+8 f O Wt Vet T 22
3)6[
P + 1 p—l pzl 8Vns en,m
+/3/ _(Ue,,‘xe,l,m) 2 (Ven,xenvm) 2 ©n eaxx[

- f (M - P(x))—f" it 0 () w)
RN 9x;

8U€ . 2 %
(/ 0= Py (e ) ) I, ¥l
RN X1

1

2 8V5n,xsnm 2\?
+o f(x—Q(x» (a—) 1 @ms ¥ e
RN X
1

U, ex + x 2\ 2
=+t0 </ (= P(ex + xepm))? ( ntepm ( en,m)> )
RN dx;

1@, ¥)lle

@ Springer



4 Page 20 of 56 Applied Mathematics & Optimization (2023) 88:4

1
av, €x + X, 2\2
+eto </N(A — 0(ex + xe,.m))? < en-teym en,m)> )
R

0x;
I (@ns ¥ lle
=N O(P(xeym) — M +10(e,m) — A +€) = o) ). (2.29)

There is a constant o > 0 such that

k -l k
Z Ué”’xfnvj - (UEn’xén»m)p_l = 0 Z erl;vxenJ ’ (230)
j=1 j#m
k p-1
Z angxen,j (Venvxen,m)p_l
j=1
k -l k
= ‘L'é)_l Z UE”’xénJ - (Uénvxén-m)pil =0 Z U:'n’xén-j ’
j=1 j#m
(2.31)
p=3 ptl
k ’ k ’ p=3 p+1
Z UG" Xen.j Z Vemxen J - (Ufnvxen,j) : (V€n Xep 1)
j=1 j=1
-1
pTH £ ’ p—1 ‘ o
=5 [ | XV |~ Wan, )" | =0 XV, | @32
j=1 j#m
= et
k k 2 -1 el
Z Uen’xén.j Z VE”‘xfnJ - (Uénvxfnnf) : (VE”‘xfn-j) :
j=1 j=1
| k -l k
P= _
== ‘CO 2 Z Uén,Xen,j - (Uén’xen.j)p ! = 0 Z Ug,;,xEn,j . (233)
j=1 j#m
By (2.30)—(2.33) and (2.29), we obtain
k p_l au,
—1 €nsXey,m
Al = - /RN pPH ]XZ; Ue,,,xeh,j - (Ue,,,xg,,,m)p <Pna—xl)dx
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aUe,
ax;

sXep,m dx

- ./RN pM(Uen,xgnvm)p_l(pn

e p—1 aUénaxen,m

- O(e - )”((pn’ 0)”6” - pH(UGn»xen.m) ©n d.x’
RYN ax;

. " aV,

-1 €n,X
A - - — V p n-Xey,m dx
2 /RN pv Z €n Xey, j ( e,,,xen_m) Yn —ax1
av.,
-1 €n>Xey,m
- v (V, P n dx
/I\QN p ( envxen,m) ‘/fn aXI

“an p—1 avfn»xen.m
- 0 ( - ) ”(0 wn)”e" - N pv(vensxen,m) ‘/fn —dx,
R

0x;

k

k
L ! p=3 ptl
A3 = _p2 p N (ZUen,xgw) : (2 :Ven,xen,/‘) :
R ,
j=1

Jj=1

L_:s adl 8U nsXep,m
- (UE”’Xenvm) 2 (anvxen,m) 2 )‘Pné—xdx
8x1
P : g e 4 nsXep,m
2 [ WP Vi F 0
2 RY axl
p—1

O™ @) | (@n, Olle, — :

B

p+l 8U€n

p=3 ¥l Keym
X/RN(Uen,xen’m) 2 (Ven’xgn?m) 2 (p"a—xldx’

]7+l L
Ay = ——ﬁ/ ((Z Ueyxe, ;) 2 (Z Verro, ) 2

e 3 9 €nsXep,m
- (Uénvxén.m) : (Ven,xenm )1//n—”dx

ax;

p=3 OV,

p—1 prl 3
B 2 ﬂ ]RN(UEn’xE”’m) : (Véfhxen.m) 2 wn

1

= 0O Y)lle, — F—8

Ken,
Enmdx

0x]

0 Ven,xen,m dx
ax;

)

ol p=3
X N(Uensxen,m) 2 (Vén,)Cgmm) 2 1//}1
R

[ (s e

I’; LI aUn €n,m
_(Ue,,,xen'm) 2 (an,xenm 2 )vfné—xdx

9x;
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U,

p + 1 = = €n,m
—B / (U, Xep, n) 2 (Ven Xe,. ) 2 wn—x);dx
~a p+1
= O(e En)”(o, wn)”é,, — Tﬁ
bt 21 aU nstep,m
/ Wenxayn) T Verxeyn) = ¥n e, dx,
RN axl

+1 ! p=l
Ag = — P ,3/ (ZUenxénj) (Zvenxsnj 2

p=t p-1 avﬂuxen m
_(Uemxen,m) 2 (ansxen,m) 2 )‘pl’l dx

3)61

_pt lﬂ/ ey )T (Ve )1 gy DV eniam g
0x;
p+1
2
p—1 8‘/6”

p=1 p=1 Xep.m
AN(Uen,xen’m) 2 (Ve,l,xgn,m) 2 (pn—aX[n dx.

O™ )1 (@n, Olle, — B

Combining (2.28), (2.29) with above A to Ag, we have

i i 8U€n Xen,j 0 anvxen._/ aUgnsxen,m a‘/en sXey,m —0 (GN_I)
VYn,i,j 9x; , 9% , 9% s %, . = n .

j=1i=1
(2.34)
So, by (2.9) and (2.10), we have
Yni,j = 0(€n). (2.35)
Thus, (2.27) becomes
k p=l
/ Ve Ve + P)gng — pit | Y Ueypxe, ong | dx
RN =
k p-l
2
+/ VY Vh+ Q)Ynh — pv [ Y Ve, Ynh | dx
RN =
p=3 p+1

k 2 k 2

- B /RN Z €nsXey, j ; VEn,xen.j (pngdx
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p+l p=3

k
Z Vey v, Ynhdx
j=1

k
p—1
S M Dol
Jj=1

N‘

k
p+1
a ﬂ v/RN T Z Ue”’xfny_/'
j=1

k
Z Ven,xs,l,_/ Yngdx
=1

"\:
N |
K

k
p+1
g el Dol
Jj=1

= (@, Yu)lle, (g Wle,» ¥ (g, 1) € H'RN) x H'(RY). (2.36)

k
Z Ven,x(”_j onhdx
j=1

For any (g, h) € H'(RN) x H'(RY), we let 3, (x) = g(x_f%). Using (2.36), we
have

/ | (V8um Vg + Plenx + xe,m)Pnmg
R
k -l
—PKr Z Ue,l,xgnﬁj (enx + Xe,,m) an,mg dx
j=1

+ /N (Van,th + Q(epx +xen,m){z;n,mh
R

k -l
—pVv ZVen,xén_j(Enx‘i‘xsn,m) an,mh dx
j=1

p=3
p=1[ <
—f ./RN 2 (jZl Uenxey,; (€nX + Xeym)

ptl

k 2
~ p—1

Z Vémxe i (€nx +x€n,m) %,mng,B/ —a
° " RV 2
j=1

ptl

2

k
(Z Ue,,,xe,hj (enx + xen,m)
Jj=1

p=3
k 2

Z Ve,l,xgmj (enx + xe,,,m) wn,mhdx
Jj=1
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1 & T
-5, P U, 0 + Xeym)

2 .
Jj=l1

p—1
2

k
Z Ven,xen,_,‘ (€nx + Xe,.m) Yn,mgdx
j—l
p + 1

p—1

k
Z €nrXep, | (enx + Xe,, m)

p—1

k 2
(Z €nXey,j (enx + Xe,, m) Eﬁn,mhdx
6

N1 s U lley | Brs B lle, = 0(1), ¥ (g, h) € H'RY) x HI(RY). (2.37)

Therefore, (¢, V) satisfies

—Ap + Lo — PMUx(x)p 1<p ﬁp U)\(x) by Vx(x) el 0

_ﬂpTHUA(X) 2 Vi(x) b w —0 in RV,

—AY A — oV = B0 T V@) Ty
p+l p=1 pot ) e

_ﬂTUA(x) 2 V}\(X) 2 §0—0 in RV,

(2.38)

From proposition 2.1, the solution of (U, , V)) gives

N N

Z BUA LU= ZdlavA (2.39)

I=

On the other hand, from (¢, ¥,,) € E, and (2.29), we have

oU
—— St dx +/ PV(Ven,xen,an_an
aXl RN
-3 prt 00U,

) 2 1 P> Jianty €n.m
+ ﬂf _(Uen,xgn,,,,) 2 (Ven,xen,m) 2 On T
RN 2 8 X

8 Ven sXep,m d.x
0x;

/ N pM(Uen,xen,m)p_lfpn
R

pP— 1 ptl P> n-Xep.m
+ B / ——Uerxoyn) 2 Veyrgy) wnde
RN 2 ax;
P + 1 =1 p=1 U, n-Xep.m
+:3/ _(Ue,l,xg,,,m) 2 (Ven,xen_,,,) 2 wné—xdx
0x;
-1 8V5n
2 goﬂ

Ken,
D dx

0x]

+ﬁ/ _(Uen xenm)i(vsn Xep, ,,,)
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= 0(6,771). (2.40)

Thus,

AU
ANPMUf p——dx

dx;
p=3 el QU
+/ N7 lwn—d ,3/ —Uf V, 7 p—dx
0x;
p+l ]7—3 1 p—1 p—l aU
+ﬁ/ U v, e ¢—d+ﬁ %Uzv wl

p—1
—U o v, 2 —d =0. 2.41
+IB/RN ) A r @ %, X ( )

By (2.39), (2.41) and U;, = %VA, we have
c=d =0, 1=1,2,...N.
Thus,
(@, ¥) =(0,0).
So, we have prove there exist €p, 8y > 0, p > 0, independent of x;, j = 1,2, -k

such that for any € € (0, €] and x; € Bgy(y0), QcBe(¢e, ¥e) is bijective in Ee.
Moreover, it holds

1QeBe(@. ¥)lle = pli@, Ylle. V(0. ¥) € Ee.

Thus the proof is complete. O

Next, we give the error estimate for ||/¢||¢ and || Re (@e, ¥e)lle-

Lemma 2.3 There is a constant C > 0 independent of €, such that

k
N+2 N
lelle <C [ €72 +€2 Y (1P(xj.0) = A+ 1Q(xj.0) = AD)

j=1
Vel e_x e
ey
i#]
Proof Observe that
<l€a (gv h)>
k k k
_ p
= Z; /R (PO = WUey; gdx + /R i (Z; vly,. - (Zl Uex; )’ gdx
j= j= j=
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k « .
P

k

Z p? pr _(ZUexje) 7 (Zvexje P“ gdx

j=1

[

k
ZUPT o —(Zuex,g)ﬂzv”,g)* hdsx.

j=1

(o

Firstly, by Holder’s inequality, we have

k k
3 / (P(x) = MUex; gdx + ) / (Q(x) = M) Ve,x; hdx
j=1 RN j=1 RN

1

k
<C Z ( /R (P = NUS,x,,de) " lglle
1
+CZ</ () = W2V2, edx)z Il

1

2
<C Z <6N /RN(P(ex + Xje) — k)zUixj,é (ex + xj,e)dx> llglle

=1

~.

1

SN2y . :
+CZ<€ /N(Q(€x+xj,6) A) Ve,xj,€(€x+xj,€)d-x> 7]l

j=1
1

CZG% (/ (P(xj.e) = 1)+ xHU2,, (ex +xj, e)dx)z llglle

./:

—_

1

(f (0(xj.0) = 1) + Elx P2 V2 €<ex+x,-,e)dx>2||h||e

N\z

i

£ N
Y e (1P — M+ 10070 —A) | e Wl (2.42)
j=1
. Valx—x; ¢ Valx—x; el .
Since Ue,x,-.g x) <Ce ™ =« , Ve ;. J(x) <Cem e , we have if p > 3, then
P

k k
2 Vesse | = 2 Ve
j=1 j=1
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k k k

-1 -2 -2

=p E UEITXi U€>xj,e +0 § :UGITXI' Uez,x_,- + E :Uél?xj
i#j i#] i#]

oY e vr e B0, (2.43)

k
-2 -2
+ O DoVETVE, 2V
i i

Valx—x; |
=0 (Y e . Va e Bo(xso, (2.44)

=0(> e | VxeBixjo), (2.45)

=0 Ze— |, VxeByxje). (2.46)
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From (2.43) to (2.46), we have

k k k
/ (Z Uly,. (Zl Ue,x,,e)”) gdx +v / (Z e <Zl vg,x,,g)')) hdx
= j=

=~

J=1 =

p—1 p+1

k

+ B RN (Z ?J )% _(X:UE,\CJe 21(;Ve,xj,g)p;rl)gdx
ke

+ﬂfRN D UedcVe, —<ZU@C,€) T (Zv”,g 7

<ced YT e . (2.47)

So, by (2.42) and (2.47), we obtain

k
Ny2 N
llelle =Cle? +ez Z('P(xj,e) — A+ 1Q(xj.e) —AD

j=1
Valxi e=xj el
+e% Z e e
i#]
This completes the proof. O
Lemma 2.4 There is a constant C > 0 independent of €, such that
. 2 —N 3 -3 4
IR Wlle = € (€ T W2+ V@ WIE + e~ 7 N, W)
Proof Since
(Re(9, V), (8. h)) = B1 + B + B3 — B4 — Bs, (2.48)

where

Bl=fRN u(ZU”,ﬁw)"—u(ZU”,e gdx,

j=1

BZZ/RN v(ZV”JEA—w)p—v(ZV”JE hdx,

j=1
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k k
=t )
B3 Z/RN ,3(2_: Ue,x_,gé + @) 2 (z_: Ve,xjv,e +v¥) 2 gdx

+/]R ﬁ(ZUex,Eer) El (Zvex,ﬁw hdx,

£
By —,3/ (ZUex,f)i(Z Vex;) kR gdx
+1 —1
+B f ) (Z Uex, )T (Z Ve, ) 7 | hdx,
R ; ;
j=1 j=1

Bs = ﬂ/ —(Zuﬂjg(ivﬂﬂ " pgdx
+ﬂ/ —(ZU”“H
+8 f (ZU”,E 5‘(Zv€,x_,,e>’%‘wgdx
+ﬂ/ ”“(ZU”,E)*(ZVH,G = phd.

Vexjo) whdx

S |\M»

For any &, we let g(y) = £&(ey), then

p+l

/ g7 dx = €N / Ertiax < ceV ( / (VER + |§|2>dx>2
RN RN RN

ptl

2
< ceMi=t) ( | erver+ |§|2>dx)
R

P
< ceNU—5

(2.49)

When p > 3, by (2.49) and the Holder inequality, we have

k
B su/ P(p = DO Uesx; )20 + 0(lplP 1) | gdx
RN il
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p—2
p+l

k 2 1
1 T
sc| [ O8 w0 e ([ |¢|P+‘dx>” (/ |g|P+‘dx)”
RY RN RN

NxP=2 N(1—PFly 3 _N
< VAN 02 gl < Cem T gl llgle (2.50)

Similarly, we have

k k
By = /R ) v(?1 Ver, + @) — v(Z} Ver, 07 | hdx < ce= ¥y 2 nl.
" "~ (2.51)
Thus
By + By < Ce~ ¥ (o, w12 (g, M. (2.52)

We expand Bj as following

k k
il Pl
By =[Nﬁ<§ Uy + 9 T3 Ve, + )5 gdx
R s
j=1

j=1

k k
pil p-t
+ / BQ o Uen; A 9) T Q Ve +¥) T hdx
R ; ;
j=1 j=1

=B4+Bs+C1+C2+C3+C4+C5+C6+0(/N(¢2+1”2)8dx)
R

n o< [ wz)hdx), 2:53)
RN
where
p—1 p=3
+1p—1 2L N
Cl:ﬂp_p_ X:Uexj€ X:VG)CJE w2gdx
2 2 RN 5
j=1 j=1
p—=3 =1
+ 1 _ 1 k 2 k 2
+,3p £ ZUG Xj.e Z V€’x16 wzhdx’
2 2 RN j=1 j=1

k
p=1
O Ve ) T p¥rgdx

j=1 j=1
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p—1
2

k
-3
O Ve, )T pwhdx,

k
p+1p—1
[ ()
j=1 j=1

p=3

2.

P + 1 pP— 1 k k p—=3
)2/ Z Us,xj,E (Z Ve,x.f,5)7¢¢2gdx

RV \ =
pr,?
k k
p+1 p—1 s
T )2/N D Uexie | Q- Vew; )T ¢*rhdsx,
BY =1 j=1
p=5
p—1lp=3 : ’ d +1
_ — prl
€4 = TT N ZUE*X./'.G (Z Ve,xjge) 2 (,02gdx
BV \ IS p
EN
p=lp=3 - : r=5
+h 2 2 N ZUS’XJKE (Z Ve,xjié) 2 Y-hdx,
RV \ 15 =
p=5

k
—1
O Ve, )T *wgdx

2 i .
Jj=1 j=1
pT4
k k
p+1lp—1p-3 s
+p 2 2 2 N Z Ue Xje (Z Ve,x_,'ys) 2 (PI//zhdx,
BV \ 5 P
[);5
k k
p+1p—-3 p—1 s
Ce=p > 5 ( 5 )? . Z Uex;. (Z Ve )T @92 gdx
RY \ =
p=3

k
-5
O Ve, 0T @*9hdx.
Jj=1

p+1p—73 p—12/
+8 > 5 ( 3

Since Ve,xj_E = ToUe,xj_E, we have

: i s s
P iz

cr=c [ Ot oras (/ |w|f’+‘dx) (/ |g|P+‘dx)
RY RN RN
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p=2
prl 2 1

k 1 —_
+1 +T
+C /(ZUe,xj,J”“dx (/ |<p|”“dx)p (/ Ihlp“dx)p
RN j:l RN RN

p=2 _ptly 3 _N
< MV (0, ) 121IGe, Wl < Ce™ T I, WI2NI(g, W le.

Similarly, we have

N

Cy < Ce™ = |l (@, WI2II(g, Wle,
N

Cy < Ce 2 |[(@, WIPN(g, B)le-

p=3
p+l1

k
C3=C / O Uex; )P dx
RY T
1 1

2
P+1d p+I P+1d p+I P+l p+1
(/R vl x) | ol I8

p=3
k
+C /(ZUG,XJ.G)Pde
RY T '
j_
1 1

p+l
T T |
p+1d b / p+ld P / h p—Hd P
([, wormax)™ ([ wrtax) ™ ([ wiretax

< Ce M@, WI2Ig, M) le.

By the similar argument as C3, we have
Cs < Ce NI, W2 Mlle.

We also have

EN

==

p+1

k
Co=C / (D Ueu; )"+ dx
RN P
2 1

2
RN RN

p=4
k p+l
+C / (D Ueur; )P dx
RY "= '
j_
2 1

2
(/ |¢|P+‘dx)"“ (/ WV’“dx)”“ (/ |h|P+1dx>”‘
RN RN RN

—
S
=
)
>
x
QU
=
~—
<
p
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_3N 4
= Ce (@ YN M) le.

Combining (2.50)—(2.53), the estimates for C;—C¢ and (2.48), we obtain

IR, e = € (72l 0I2 + €l 12 + € T e, W)

This finishes the proof. O

Now, we consider the following projection problem

OB (@, V) + Qcle = QcRe (@, V), (2.54)

by using the contraction mapping theorem, we give the following lemma.

Lemma 2.5 There exists eg > 0, such that for any € € (0, €gl, x; € Bgy(xo), then the
problem (2.54) has a unique (¢c, Ve) € Ec and

k
N42 N
I(@e. ¥lle <Cllele <C[e> +e2 Z(|P(xj,e) — A+ 10(xj.e) —AD

j=1
+62 Z -

i#j

‘Xt ey

Proof From Lemma 2.2, we can rewrite (2.54) as follows:
(@ ¥) =B(@. V) := (QeB) ™' Qcle + (Qe Be) ™' Qe Re (9. ).
By Lemmas 2.2 and 2.3, we have

1(QeBe) ' Qelelle < CllQelelle < Clilelle

. N «/‘;‘Xi,eixl.fl
<C 7Z(lp(xj,e)—M+|Q(x,/,e>—kl> terY e
= i#]
(2.55)

Next, we will use the contraction mapping theorem in a ball whose radius is slightly
bigger than C||/¢||¢. So we take

= {(90, V) (g, ) € Ee,
N+2 N k
. ¥)lle <C e T+e2 Y (IPGxj) = A" +10Gxj.0) — A"

j=1
Vi =xj .|
+62 Ze € )

i#]
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where T > 0 is a fixed small constant.
Step 1 B is a map from S to S. In fact, from Lemmas 2.2, 2.3 and 2.4, we have

B, ¥)lle < Clilelle + CllRe (9, ¥)lle

k
<[ b ¥ 3P — AT 10050 — A | et e T
j=1 i#]
-y 2 -N 3 -3 4
+C(e 21, v)IE+ e Ve, Y +e 7 i, w>|€)
N+2 N k Velxi e=xj e
<CleF T4 e Y (P00 — AT H Q@ — AT | +eT Y e e
j=1 i#j
N N k
+C | 2P0 4 e Y (P = APV 1000 — AP
j=1
ter > e et
i#]
k
+C [ 300 13 3 (1P — AP 41060 — AP
Jj=1
—|—e¥ X:e_M
i#j
k
+C | T 4 3 3P0 = AT 41000 - 21077
j=1
+e% 2:67M
i#]
k
<[ F T4+ Y (P00 — AT+ 10010 — AT
j=1
N _ Y€l
+e€2 e € .
i#]
Thus, B is a map from S to S.
Step 2 B is a contraction map. For any (¢, ¥1) € S, we have
1. y)lle <C The? Z(|P<xj =M H100.0) — AT
Jj=1
N 7‘/()7')(1'6 Xj el
+e2 e € )
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k
N+2 N _ _
2. ¥)lle <Cle 2 T+e2 Y (IPGxj) = A" +10Gxj.0) — A"
j=1
Valxj e =X el

N s
i#j
Since

(Re (@1, Y1) — Re(@2, ¥2), (g, h))dx = D1 + Dy + D3 — D4 + Ds
RN

— D¢ — D7 — Dg — Dg — Dyp, (2.56)

where
. p
Dy = iz Uexjc+o1| —H Uex ) gdx,
RV ! 3
j=1
k k b
Dy = / V[ S Vo v | —v | S Ver, + 02| | hax,
RN j=1 j=1
pot it
k 2 k 2
D3=/ B ZUE’Xj,e—F(pl Zvexje‘i‘l/fl gdx,
RY - \j=i j=1
Pt ptl
k 2 k 2
Dy = B Ue,x-ye-f-(pz Vex;. + v gdx,
N 4 4
R i =
ptl pr=1
k 2 k 2
D5 Z/Nﬂ ZUG’xjvf +§0] vaxje +Iﬂl hd'x’
R =1 j=1
p+l p—1
k 2 [k :
De = /RN B (Z Ue,. + (,02) (Z Verjo + Wz) hdx,
j=1 j=1
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s o
p— 1 k k
D7 =p T Z Uex; . Ve xje (o1 — ¢2)gdx,
RY j=1 j=1
ptl p=3
1 k 2 k 2
Ds=p [ P> Ve, Vewso | 1 = y)hdx,
N 2 J J
R =1 j=1
prl p;l
k
p+1
Do=p [ ——|X U) (Z V) (W1 — y)gdx,
R X X
j=1 j=l1

k 2 k 7
p+1
D=5 /RN > > Ue,x,-.é) (Z Ve,xj,g) (p1 — p2)hdx.

Since p > 3, we have

k

Dy = /N pi (Z Ue; + 01 +1(01 — ¢2)
R

j=1

p—1

(o1 — @2)gdx

X p—2
< C[RN (Z Ue,x,,e) (g1l + lo2D (@1 — @21)gdx
j=1

p=2

k p+1
<C ( / > Ue,xj,e)l’“dx) (erlizoe + @2l or)lier — 2l Lo ligl o
R -
j=1

ptl
p=2 N(1—
Nx—p_HG 2

IA

Ce

N
<€ 2(letlle + le2lledllor — @2lleliglle-

Similarly, we have

k k
Dy = /R ) v(jZl Ve + 007 = 0(> Ve, + 9207

_N
<e?
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Thus,

D1+ D; < CE_%(”((PI, Y lle + (@2, ¥l (@1 — @2, U1 — Y2llell(g, M) le.
(2.57)

We also have

Ds—D4—/ ﬂ—(ZUEx“er) Ea (va,ﬁwz) (p1 — @2)gdx

Jj=1

1
/ ﬂ” (Zuu,ﬁm) Ea (va,ﬁz/n) (Y1 — Ya)gdx

j=1

+o</ (|¢1—¢2|2)gdx)+0(/ o(|yr1 — ¥2|H)gdx)
RN RN

= Ey + Ez + of / (lp1 — @21H)gdx) + o( f o(lynn — ¥aPgdx),  (2.58)
RN RN

Ds—D6=/ (ZU”,€+¢2) Kl (Zvﬂ,ng) "7 (g1 — p2)hdx

j=1

—1 +1 -3
+ f = <§ Ui, + 02 (§ Ve, + 92T (W1 — Y)hdx
R ; X
Jj=1 Jj=1

+ o fR g1 = g2*Yhdx) + o fR oy = yal*yhdx)

— B3+ E4 + o / (o1 — 2P Yhdx) + of / o(¥1 — o).
RN RN
(2.59)

Thus,
1
Ei — D7—ﬂ——/ (ZUH,G)*(Z Ve, ) T @2(01 — 92)gdx

1p+1 p=3 p=1
+ = (Z Uer; )T (Z Ve, )T ¥a(e1 — p2)gdx
j=1

+ ol / 02 (o1 — p2)gdx) + of / a2 (01 — g2)gdx)
]RN RN

p—2
p+l1

k
+1
<C fR . (_Z Uex;.)”
j=l
x (llo2ll Lo+t ll@r = @all ot + (W2l o) 11 — Valloer) gl Lo+
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< Ce 2 lpa. ¥ el (91 — 92, W1 — Vallell(g. M)le. (2.60)

Similarly, we have

_N

Ey — Dy < Ce™ 2 |lg2, Y)llell (@1 — @2, Y1 — Yallell(g, M) le, (2.61)
N

E3 — Do < Ce™ 2 |lg2, ¥2)llell(@r — @2, Y1 — Y2llell(g, M) le, (2.62)
N

E4 — Dg < Ce 2 |lg2, Y)llell(@1 — @2, Y1 — Y2llell (g, M) le- (2.63)

Combining (2.57)—(2.63) with (2.56), we have

[, Retor ) = Retga. v, ey

< Cf%ll(/)z, Y)llell (@1 — @2, Y1 — Y2 llell(g, A lle.
(2.64)

Thus,

1
1B(@1. ¥r1) = Bg2. ¥2)lle = Sl (@1 ¥1) = (2. Y2)le-

So, B is a contraction map.
By the contraction mapping theorem, we conclude that for any € € (0, ¢g], x; €
By (xp), there is a (¢e, ¥¢) € E¢ depending only on x; and € such that

(e, Ve) = B(@e, o).

Moreover, from Lemma 2.3 and Lemma 2.4, we have

l(@e, Ye)lle
= IB(¢e, ¥e)lle < Clllelle + CllRe (@, ¥) e

_N — _3N
< Cliclle + € (¢ Tt 2+ @ W+ Tl plf)
- -N 2, % 3
< Cllele + € (21w Wl + € M@, Y2+ i@, W) @, Yl
N2 N k N _ Vel x|
<Cle7 +e2 Y (P —M+100j ) —AD | +€7 ) e
j=1 i#]

As desired. ]
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Next, we solve equation (2.1). Since

OB (@, V) + Qele — OcRe(@, V) = Be(@, V) +1lc — Re(p, ¥)

k N

i £ &bt 0X; ’ 0x; ’

j=1i=l

From Lemma 2.5, we know the following equation

OB (¢, V) + Qele = QcRe (@, V)

has a unique solution (¢c, ¥¢). So

0 Ue,x_,;€ ol Ve,x_,',e

3x,~ ’ 8xl’

k N
Be(@e. We) +1e — Repe. W) = Y Y beiij (

j=1li=1

) (2.65)

for some constant b ; j. Next, we should to choose suitable x; such that b ; ; =
0,i=1,2...N.j=1,2,...k.

Firstly, it is easy to see that the right hand of (2.65) belongs to E, if the left hand
of of (2.65) belongs to Ec, then the right hand of (2.65) must be zero.

Let

k k
Ue = Z Ue,xj,6 + @, Ve = Z Ve,x]-f + Ve,
j=1 j=1
then
(Be(@e, W) +1le — Re(@e, Ye), (g, h))e

= /N(E2VueVg + P(X)ueg + €2V Vu + Q(x)veh)dx
R
p=1l ptl prl p—1
—f <Mufg+,3u62 Ve’ g+ vvPlh 4 Bue® v’ h) dx
RN

for any (g, h) € H'(RY) x H'(RV).

Lemma 2.6 Suppose that x ¢ satisfies

vaxj,e Ué»xj.e Veaxj,e

2 9 d 2
(€“VucVv + P(x)uc +e“VoV
RN Xi Xi 8x,~

0Uc¢ . p=l p+r1 QU . 0Ve .
- / (Mu”— FBue” ve? — L PN 4 g
RN axi a

3)(,' Xi

U, .
0 (x)ve —2 ) dx
ax,'

1 -1
e 8V€’X./xe>

Ue™ Ve ax
i

(2.66)
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then
be,i,j:(), i=12,...N,j=1,2,---k.

Proof If (2.66) holds, then

k N
Z Zbe,h,m

h
auexjevavex,e) (angm ave,xn,)>=0’ ;

ox; Yh dyn

=1,2,...N,j=1,2,...k
(2.67)

By (2.9) and (2.10), we obtain

beij=0,i=12_.Nj=12 . .k

3 Proof of Theorem 1.1

In this section, we give the proof of Theorem 1.1.

Proof In order to solve (2.65), we define a function as following

k k
Kx) =1 Z Uexj + e, Z Ve +Ve |,

j=1 j=1
where
1
I(u,v) = 5/ (€|Vul® + P(x)u® + €2|Vv]* + Q(x)v?)dx
RN

o MP+] + vupH
1 (1
F28u 0 Ydx, ¥ (,v) € H®Y) x H'RY). 3.1

Then, from Lemmas 2.3, 2.4 and Proposition 5.1, there exists a small constant o > 0
such that

j=1

k k
K(x)—I(Z Z “,e)+<le,(we,we)>+0<||le||||<<pe,we)||+||we.we||2)

=1 (ZUem i") 0 (N (Pl = 1 + (s~ 1 +¢2))

j=
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1 1
=G - m)kew—h —CeN (k= P(xj.)) + (L — Q(x.0)) +€)

k
[|‘z €~ /e| 2(VA— n)\x, 2(Vh—0)lxj e —Xj el
ey e Ny e

i) i#]
+0 (eN ((P(xj,f) — M40 — W)+ 62)) . (3.2)

We use the ideas introduced in [22] to consider the following maximizing problem
;nea[))( K(x),
where
= {x:xj € Bo(xo). j = 1.2... k. X — x;| = Oc|Ine|Z, m # j}.
We prove that if max,cp K (x) is achieved by some X, in D, then x, is an interior

point of D. Taking X; =xo+0¢€|lnele;, (j =1,2,...k),then |x; —X ;| = O¢|lne|,
which means that X = (X1, X2, ...,Xk) € D, thus, we have

1 1
(— - —> keValmT A — Nl ne| < K®) < K (xe)

2 p+1
1 1 Ny1-% N
<|=-———)ke"A "2A—Ce
2 p+1

k k
D= P+ Y (A= Qxj0) +e

j=1 j=1
k
Valxe j—x j el
—ceN 267 =
i#]
Thus,
f“ez —Xj ,e
Z(A — P(xj.) + Z(x —Q(xj)) +e+ Z T < Cellnel,
Jj=1 j=1 i#]
SO

k k
Y 0= P(xj.c)) < Cellnel, Y (A — 0(xj.0)) < Ce|lIne],

j=1 =1

> Cllne| > |Ine|>.

\/_|xet xj€|
€
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Therefore, X, is an interior point of D, which implies that
k k
(Ue, ve) = Z Ue,x/-_g + @e, Z Ve,xj,g + Ve
j=1 j=1

is a critical point of K (x). So, (1.1) has a solution of the form

k k
Ue = Z Ue,xe,j + @, Ve = Z Ve,xj,e + Ve

j=1 j=1

for some x;,c € Bs(xo) and [|(ge, Ye)lle = O(e3 ). o

4 Proof of Theorem 1.2

This section is devoted to the proof of Theorem 1.2.

— 1 1
Proof Set A = P(xg), . = Q(xp) itis easy to see that Uy , = Ar-Tp 7T W (v/Ax)
is a solution of

—Au + Au = pu?, in RV
u>0inRN, u(x) — 0as |x| > 400,

— 1 —
and Uy , = A7""v »T W(«/Xx) is a solution of

—Au + 2y = vuP?, in RY
u>0inRN, u(x) — 0as |x| > +o0.

Let
(Uf’xf',u<X>vUe»z,~,v<x>)=(Uw( =), (—_f")),

where x; € Bs(xo), z; € Bs(Xp).

= 0Uc x;
E. I{((p, V) € HI(RN) X HI(RN)’<(/)’ éj’“> =0,

ax]',l
8U€,Zj,v
"0z

> =0, j=1,2k 1:1,2---1\/}.
€

Let A; = P(xj), Xj = ((z;) and xq is a local maximum point of P(x) and X¢
is a local maximum point of Q(x), we want to construct a solution (u¢, v¢) of the
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following form

k m
Ue = ZUe,xj,M +(Ze’ Ve = ZUe,zj,v + Y

j=1 j=1

where as € — 0,x; — xo, z; — Xo and [[(¢, 1;6)“2 = o(e"). Then, (@, JG)
satisfies the following equation

Ee(ae’ ‘Ze) +lc = Re(@e, Jé)vx € RN7
(@, Vo) € H'RY) x H'(RY).

where B, is a bounded linear operator in H!(RY) x H'(RY), defined by

(Be(@e, Yo, (g, )
k
= fR N EVPTs + PWIFeg = P (Y Uew; )" Geg | da
j=1

m
+ f EVYNVh + Q) Peh — pv()_ Uez; )7 " Weh | dx
RN

j=1

k m
p—1 p=3 pl
_ﬂ[l‘@/ T(Z Uexjpn) 2 (Z Uez;v) 2 ®e8

+ —(Z Ue Xj, u)i(z Ue Zj, v)7‘ﬁe

j=1

—ﬁ/ ”H(ZU”,M) 3 Ve )2 e
j=1

p+1
(ZUex, [L) ZUez v) E Peh

for any (g,h) e H! (RN) x HY(RN).
I. € HY(RN) x HIY(RY) satisfying

(le. (g, 1)) = / (P(x) = P(x))Uec.; gdx

M/]RN (Z Vs = U”f‘-”)p) gdx
Jj=l Jj=1
k
+ Z/RN(Q(x) — Q@)U vhdx
j=1
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k m
+ U[RN (/X_; Ulw=0, Ug,z,iyv)l’) hdx

j=1

k m
_/3/1\@, ((Z Ue,xj-,p,)%(z Ue,z/ﬁv)p;rl) gdx
=1 j=1
k p+1 " p—1
_ﬂAN ((Z Ue,.Vj,u)lz(ZUé,z,,v)lz) hdx
j=1 j=1

for any (g, h) € H'(RN) x H'(RV).
(Re(@e. Vo). (8. )

m
p—1 ~ _p+l
:/ (M(E Uex/u+(pe)p+ﬂ(§ Uex/u+(ps 2 ,-.v+we)2)gdx
RN ;
j=1 j=1

+ fRN (v(z Ueizy + V) + ﬁ(z Ueoeyu + 75 (O Uey + {Ea”zl) hdx
Jj=1 j=1 j=1
k k m
- ﬂ/l‘%"’ l‘v(z Ue,xj,;b)pg + ((Z Ue,xj,u)pTil(Z Ue,zj,v)p;rl) gdx
Jj=1 j=l1 j=1
" k p+1 " p—1
= [ O eyt [ Uy ¥ (O U5 |
RY 55 j=1 j=1
_/3‘/]1;1\/ 7(2[]5)(/ u) ZUE@] v) ¢egdx

_ﬁ’/l;Np
k

7,3/]1‘@] p+1(ZUexj [L) =N (ZUGZJ v) 7 'ﬂegdx

pP=3 ~
z ',V)T !ﬁshdx

j=1

Jj=1 j=1
k
+1
- P Uy (ZU“, 0’7 Gehdx
j=1 j=1
for any (g, h) € H'(RV) x H'(RN). o

Lemma4.1 There exist B* > 0 and 9,0y > 0,p > 0, independent of x;,j =
1,2,...kand zj,j = 1,2,...m, such thatfor any € € (O €0l, xj € Bg,(xo) and
zZj € B@O (x0), if B < B*, then QeB (e, wg) is bijective in EE Moreover, it holds

IIQEE(@, IF/}Ie)He > pll(@e, 1;6)”67 Y (@, &e) € Ee~
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Proof The proof is similar as the proof of Lemma 2.2. To get a contradiction, we take
the projection to

{((p ¥) e H'RY) x H'(RY), < w> —0,

0xj
< aUe,Zj,V
o 9zj

> =0,j=12---k; l=1,2-~-N}.
€

We need to prove ¢ = 0 and ¥ = 0. When we prove ¢ = 0, we only need to set
h =0, ¢, = 0 after (2.23) in Lemma 2.2. So we will get ¢ satisfies —Agp + Ap —
puUf’_l = 0. By the non-degenerate of the solution of —Au + Au = uu?, we
have ¢ = Zk 1c,aU’” Then, we can get ¢; = 0, thus ¢ = 0. To show ¥ = 0,
we need to set g = 0 Y, = 0 after (2.23) in Lemma 2.2. So we will get that
satisfies —AY + Ay — pvUP~ I = 0. By the non-degenerate of the solution of
—Au+iu = vuP, wehave y = Zl 1 di aU"’ . Then, we can get d; = 0, thus ¢ = 0.
The rest is similar to the proof of (3.8) in Lemma 3.21in [23], we can get a contradiction
when 8 < *. O

To carry out the contraction mapping theorem, we give the following error estimate.

Lemma 4.2 There is a constant C > 0 independent of € such that

m
— N
lelle <C |€F +e Z(P(x, P+ Q@) — Q@)
i#] i#]
k m min(«/ﬂ.ﬁ}lxifz m min{ﬁ,ﬁ-)\xi—x~\
Foct Y3 ey g e
i=1 j=1

i=1 j=1

N k m min(\/x_i,\/)u_j)\zi—xj\
O )

i=1 j=1

Proof The proof is similar to that of Lemma 2.3. First, by the Holder inequality, we
have

k k k
> /R (PG) = PGj)Ue,vgdx + 1 /R N2V = QU ” | dx
=1 j=1 j=1

k . i}
P
+;A‘QN(Q(X) — Q(z)Ue.; vhdx + U/RN ;UE,ZM — (; Ue;0)” | hdx

N+2

<c|eT et Z(P(xl)—P(x,)HZ(Q(zl)—Q(z,)) (g M.
i#] i#]
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and

k m
p—1 p+1
B / N Ve T QU )T | g
RYA =1 j=1
k p+l " p—1
+ﬁ/RN O Uer;) ™ O Uezj) 7 | hdx
j=1 j=1

k min{/A;, /X i}x;—2; k
S(CegZie {\/T\é/;”l ﬂ—i—Ce%Zie*

i=1 j=1 i=1 j=1
k m nlin(ﬁ.ﬁ)|z-—x«|
N _ i JIEiTY
+CeT Y N e )u(g,h)ne.
i=1 j=1
So, we obtain
N
lelle < C € Z(P(m — P(x))) + Z(Q(z,
i#j i#j
k m . = k m
mln{ﬁ,\/r}\xi—z-l
+C€%ZZ€ o ’ +CG%ZZe_

i=1 j=1I

.—
\
,_.

This proof is thus complete.

min{ /Ai.ﬁ_,)ufx_/-\
€

0(z;))

min{ | /Ai‘\/xj i —le
€

m}

Lemma 4.3 There is a constant C > 0 independent of € and a small constant ¢ > 0

such that

IRew. 0l = € (¢ T W+ l@ )+ T g, )

k min(\/)Ti.ﬁ)lxi—xﬂ
+CceV 267 €

i#j
koo emintymfij)-olx—)|
- €

+CceN M minly/% /)
o3 s

i#j

m (Zmin(ﬁ,ﬁ)—n)\zi—Zjl
e €
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N k m min{\/)T[,\/X—j)\xifzj\
Foery Y R

i=1 j=1
"M @min( /3,070l )]
€

k
+ 0 GNZZe_

i=1 j=1

Proof The proof is similar to that of Lemma 2.4, we only need to small changes, so,
we omit the details here. O

Based on the similar arguments as in Lemma 2.5, we have the following lemma.

Lemma 4.4 There exists ey > 0, such that for any € € (0, €], x; € By(xo), z; €
By (X0), then (2.54) has a unique (g, V) € E. and

1@, Y lle < Clilelle

k m
N42 N
<Cle > +e7 | Y (Px)— POep)+ Y (Qz) — 0(z)))
i#j i#]
k m . o k m )
min{ /37, o /% }x; =2 min{/%; VA ) —x |
—I—CG%ZZ(?_ o : +C€%ZZ€_ < :
i=1 j=1 i=1 j=I

komo minly/% /i)
reet Yy T
i=1j=1
Proof of Theorem 1.2 In order to solve (2.65), we define a function as following
k k
Kx,z)=1 ZUE,X]',LL +¢€12U6,Zj,l)+w€

j=1 j=1

where I (u, v) ia given by (3.1). From Lemma 4.1, 4.2, 4.3, 4.4 and Proposition 5.2,
we have

k k
Kx.2)=1 (Z Uejir U) + (e, (e, Ye))
j=1 j=1

+ O @e, YOl + 18es Vel

1 1 ‘ N, Y 2 =
=({-——]A eVl T4y eVl v rl
<2 p+ 1) X_: ! : !
k min{ /77, /5 )i = k @min(\/%7. | /3710l x|
—CeV Ze_ € + 0 - €

Ny e

i#]j i#]j
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Ve min(y/%; o /%} )=o)l ;1 M minly/3A/T -0k~
—Ce Ze‘ € +0|e e €
i#] i#]
. k m min{y/%7, /%111 25 k - m @min{ /%7, /%)=l 2]
T e T DI D

i=1 j=1 i=1 j=1
+ O(EN+1).

Consider the following maximizing problem

max K (x,z),
(x,y)eD1x Dy

where

Dy ={x:xj€Bo(x0),j=1,2,...k |x; —xj| > 9€|1HE|%, i #j},

- 1
Dy ={z:zj € By(xp), j=1,2,...m,|z; — zj| = Oe|lne|2, i # j}.

We prove that if max(x,y)ep, x D, K (x, z), is achieved by some (X, z¢) in D; x D,
then (X, z¢) is an interior point of Dy x Dj. Taking X; = xo + Oelnele;, (j =
1,2,...k), zj =Xo+0elnelej, (j =1,2,...m),then |x; — x| = O¢|lne|, |z; —
Zj| = O€|lne|, which means that (X = (X1,X2,...,%X%),Z = (Z1,22,.-.,2m)) €
D x D,, thus, we have

1 1 e N 2 N+1
== — b= T p-l e = . +
(2 +1> Ze A] n -I-ZE )»] v Ce |Ine|
P j—l j:l
— 1 1 N 2 m 7i,ﬂ 2
< K(Xe.2e) = (5 — VALY eNart 2T 4 Y NEr 2T
2 p+1 J J»
Jj=1 j=1
k min{ /%7 gon /57 M e =¥ | k (2min(m,\/)»ji)*a)|xi eXj el
—CeNZe_ € + 0 eNZe_ €
i#] i#]

NZe— inly/bic L€

My gy
pP— P— T h—1
+Z<)”j — ! )v -1 | < Cel|lne|
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and
m _miﬂ(»\/X,‘,g.«/xj,g)\z;‘efzj,el
D e c < Ce|lnel,
i#]
k min{ /%7 ¢ /57 M e |
> e c < Ce|lnel,
i#j
which imply that
= |xi,e _xj,e| 1 £ |Zie — Zj,e| 1
> LS > Cline| = [Inel2, Y > Cllne| > [Ine]2.
. € — €
i#] i#]
Therefore, (X¢, Z¢) is an interior point of D x D, which implies that
k k
(Ue, ve) = Z Ue,xjvé,u + @, Z Ue,zjvs,v + lﬁe
j=1 j=1
is a critical point of K (x, z). So, (1.1) has a solution of the form
k k
Ue = Z Ue,xjyg,p_ + @, Ve = Z Ue,zj,g,v + v
j=1 j=l1
— S N
for some x; ¢ € Bo(p;), zej € Bo(p;) and (@, Y o)lle = O(ex™H). o
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Appendix A: Error Estimate

Proposition 5.1 There exist positive constants C1, Ca, C3 and Ca, such that

ul k 1 1 N
_ Nyl—%
Z Ue,x_,-vea Z Ve,xj»& = <§ - m) ke ATZTA
j=1 j=l1
k k
+CN | D (PG =N+ Y e(Qxj) =) + €
j=1 j=1

NZ _“’%“‘_'_O(ENZ _M)’

i#j i#j
where A = (ak +b )fRN WPty

Proof By the elementary computations, we have

k k
D Vewjior 22 Ve
j=1 j=1

ptl p

s et ot o
5[ Z (P) — PGODUZ,, . +(Q) — Qo)V2,, ) dx
f Z (PQ) — PGo)Uer Vexe; + (Q06) — Qo) Very;  Verr,, ) d

J#

k
+1 _p+1
Rl M OSUREES SRS SRR I

p + 1 o j#
I ot
p+1 _ p+ )4
N Z Ve Xj, ) Z Ve Xje T T o Z Ve,xj-_e Vexe; | dx
J Jj=1 J#
k k
Pl ptl prl ptl
-2 (<z Ve <z Ver, 0 - Zl Ue; Vedy. )
: j=
2/3 p + 1 l’+] pT p;l
J#E J#
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By the definition of Ue,xj_g and Ve,xjyg, we get

1 1 1 gl et
(5 - m) [ (,UvUep)Jch . Vep;; T 2,3Ue‘)2g,~_5 Ve,)%jye)dx

1 1
== - —— ) ke"A 5 (2 b2/ wrHax.
<2 p-l-l) € (ay +b3) - X

From (2.42), we know
/ Z (P(x) = PGO)UZ,, +(Q() = Qo) V2, ) dx

/ Z (P(x) P(x0))Uc X exEl +(Q(x) — Q(XO))VG xjgve xe,)d

J#i
k k
=CN [ Y e(P(xje) =M+ ) €(Qxje) = 1) + €
j=1 j=1
Valx=x;j | _ Jali=xj |
Since U, x; (x) = Cem e s Ve (x) <Ce ™ =« , by the similar argument

as (2.43)— (2 45) we have there exists a o > 0 such that

k
1 pt1l
P+1 (ZUEXIG)IH_I ZUGIT;FJ'G__ZUEXHUGXW dx
j=1 J#
f"‘ze —Xj 2(Ja=0)xj ¢ =X el
= CeNZe —|— O(ENZe %)’
i#] i#j
M a p+1 k
+1 p+1 p
p + 1 RN (Z Ue,xj',e)p — Z Ug Xje T ; vaxj,eufaxi,e dx
j=1 — i
k
f\’fle —Xj 2(Ja—0)lxj ¢ =X ¢l
= CeNZe + O(GNZe — ),
i#] i#j
p+1 p+1
p+1 <(ZU€"J€)(ZV€X“ Uezzc,eve;%”)dx
j=1
2B r+1 1 pFl prl pol
+p+1 RN 4 (ZUfi/eve)%zeUexez ZUEJZC/eVG)%,eVExg, dx
J# J#
k
f“te —Xj el 2(\/&*0)\)5[16*3(_‘16\
= CeNZe + O(GNZe %’).
i#] i#j
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Thus,
k k | | I
D e D Ve | = G = phe i =¥

k k
D (PGxj) =N+ Y (Qxj) =) +e

j=1 j=I
2Ja=0)|xj ¢=xj |

k
—CéNZe ~|—0(6NZe c

i#j i#]

f\X, e—Xj

Proposition 5.2 There exist positive constants Cy, Ca, C3 and Cy4, such that

k k
D Uewjor D Ve,
= j=1
1 1 k ptl _ N P m PN )
={=-—-— ZEN)L‘H uT +ZEN)L‘H Sy
2 p+1 J J
= j=1
. k mm(«/ﬁ~ﬁ”‘i,é X el N k (2 min ﬁ /)»j)fa)lx[ e—Xiel
—Ce Ze‘ € +0|e€ Ze‘ €
i#] i#]
N m _mm(\/)‘_rﬁ”we el N m _(me{f\/— Nz e=2j el
— Ce e € € e
C + 0
i#] i#]
N k m min{/Aj, /%)% e =2 €] k - m (me{f\/_ Oxj e~z el
Loy e o (35
i=1 j=1 i=1 j=1
N+1
+0(eM,

where A = [y WPtldx and o > 0 is a small constant.

Proof By direct computations, we have

k k
j=1 j=1

1 1
_(2__* p+1 Lo p+1
() D Lttt (5 ) S Lot

1 m
+3 /RN Zl (P = P2, ) + ; (0 — 02, ., ) dx

j=

=~
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f Z (PG) ~ POp)Uersy Ui ) + $(00) - Q(e))Wers) wUes uds
J# JF#E

k
® +1 Pl P+1 ?
T e (<Zve,x_,,u>p I SN PY
=1 j=1

J#

=~

k
+1  p+l1
p+1 (Z Uezp)?* =3 UT —iZUépz/ vUe.zi, )dx

=1 j=1 J#i

p+1
—m ((ZU” W' (Zuez, OE: )

By the definition of Uk y;,, and Ue ¢, we get

RN +1
(gl
=1

By the similar arguments as (2.42), we can get

s Z (P~ PaUZ,, ) + Y (0 — 062, ) dx

j=1

.

/ Z (P(x) — P(x,))Uex]uUEX,M) Z(Q(x) Qzj)Ue.z;vUe,z; vdx

J#i J#
k m
=CN [P = Pj) + D (@) — Q) +e | = 0N Th.
i#j i#j
Nt oIl _
Since Ue,xj,u < Ce ~ ¢ ! ,UE,Z]-,U < Ce™ — , where A; = P(x;), A\ =

Q(zi), by the similar arguments as (2.43)—(2.45), we have

k

k k

" +1 p+1 r+1 p

FESE Q_ Uery)’™ =Y UG = == 3 Ulsy Ve | dx
j=1 j=1 JFEi

N k min(ﬁ,ﬁ)|xi—.xj| N k (2min[ﬁ,ﬁ)—a)\x,—Xj|
= Ce 267 € + 0 |e€ Zei € ,

i#j i#]
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_ptl .
+1 _ yPr! )4
p+l (E Uezjw ) Uezjw ) E UézjwUezw | dx
J#
min(«/i_,-,\/x__/)\zrz_,'l m (2min(4/)»,',\/)\_j)*a)\zi*2j|
€

:CeNie_ NZe € ,

i#] i#]

k
m ((;Uex, u)i(ZUe z,,v)z)

k min{\/%;, /% Hx; =z k
=C€NZ§:€_%+O Zie_
‘ i=

@min{/%;. /Aj}—a)\x,-fzj\
€

i=1 j= 1 1 j= 1
Thus, by the above computations, we obtain the desired conclusions. O
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