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Abstract

This paper presents sufficient conditions for strong metric subregularity (SMsR) of
the optimality mapping associated with the local Pontryagin maximum principle for
Mayer-type optimal control problems with pointwise control constraints given by a
finite number of inequalities G ; (1) < 0. It is assumed that all data are twice smooth,
and that at each feasible point the gradients G’j (u) of the active constraints are linearly
independent. The main result is that the second-order sufficient optimality condition
for a weak local minimum is also sufficient for a version of the SMSR property,
which involves two norms in the control space in order to deal with the so-called
two-norm-discrepancy.
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1 Introduction

This paper contributes to the analysis of Lipschitz stability with respect to perturbations
of the following Mayer type optimal control problem:

This research is supported by the Austrian Science Foundation (FWF) under grant P 31400-N32.

B V.M. Veliov
vladimir.veliov@tuwien.ac.at

N. P. Osmolovskii
osmolov @ibspan.waw.pl

Systems Research Institute, Polish Academy of Sciences, Warsaw, Poland

Institute of Statistics and Mathematical Methods in Economics, TU Wien, Vienna, Austria

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00245-022-09959-9&domain=pdf
http://orcid.org/0000-0001-5576-6917

43 Page2of29 Applied Mathematics & Optimization (2023) 87:43

minimize J(x, u) := F(x(0), x(1)), 1
() = fx@), u(t)) ae.in [0,1], 2)
Gu(t)) <0 ae.in [0, 1], &)

where F : R% — R, fiR"™" 5 R and G : R" — R¥ are of class C2, u € L,
x € W1, More precisely, we investigate the property of Strong Metric subRegularity
(SMsR) of the so-called optimality mapping, associated with the system of first order
necessary optimality conditions (Pontryagin’s conditions in local form) for problem
(1)—(3). These optimality conditions may have various forms. In this paper we deal with
the representation using the augmented Hamiltonian, where the control constraints
are included with corresponding Lagrange multipliers (see next section for a detailed
formulation).

In general, the local Potryagin principle can be written in the form of an inclusion
(also called optimality system)

0e d(y),

where y incorporates the state, control, adjoint variables, and possibly the Lagrange
multipliers associated with the control constraints. In this general setting, y belongs
to a metric space (Y, dy) and the image of @ is contained in another metric space
(Z,dz). Each of these spaces is endowed with an additional metric: dy, in Y, and dz,
in Z.

The definition of strong metric subregularity of the mapping @ that we use is a
slight (however substantial) extension of the standard one, introduced under this name
in [9], also see [10, Chapter 3.9] and the recent paper [6]. The difference is, that the
definition below involves the four metrics, dy, dy, in Y, and dz, dz. in Z, instead of
a single metric in each of the two spaces.

Definition 1.1 The set-valued mapping @ : Y = Z is strongly metrically subregular
(SMsR)at (y,z) € Y x Zifz € ®(y) and there exist number x > 0 and neighborhoods
By of  in the metric dy, and Bz of Z in the metric dz,, such that for any z € Bz and
any solution y € By of the inclusion z € ®(y), it holds that dy (y, y) < k dz(z, 2).

Versions of the SMsR property have also been introduced and utilized in [3, 5, 11].
Metric regularity properties with two norms in the space Z (a Banach space) are first
introduced in [22], while utilization of two metrics in Y, in relation with the SMsR
property, is important in [2]. It is well recognized that the SMsR of the optimality
mapping in optimal control is a key property for ensuring convergence with error
estimates of numerous methods for solving optimal control problems: discretization
methods, gradient methods, Newton-type methods, etc. (see e.g. [3, 6, 21], in addition
to a large number of papers where the SMsR property is implicitly used).

We mention that there exists an amount of literature on Lipschitz continuity (related
to the property of strong metric regularity) and differentiability of the optimal solution
with respect to parameters; see e.g. [8] and [13], correspondingly, as well as the bibli-
ography therein. These properties are stronger than SMsR, therefore the corresponding
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sufficient conditions for their validity are also stronger. On the other hand, the SMsR
property is useful enough for the applications mentioned in the last paragraph.

The SMsR property of the optimality mapping associated with optimal control prob-

lems has been investigated and used in several papers, e.g. [1, 7, 20, 21]. However,
the sufficient conditions obtained in these papers require various kinds of coercivity
conditions for a quadratic form defined by the second derivatives of the (augmented)
Hamiltonian. These conditions have to be satisfied for all (sufficiently small) admissi-
ble variations of the reference solution of the optimality system. In the present paper,
we require coercivity of this quadratic form on an extended critical cone only, which
is a subset of the set of all admissible variations. Namely, we establish that the known
second-order sufficient optimality conditions for problem (1)—(3) (in terms of the
extended critical cone) are also sufficient for SMsR. This makes the conditions for
SMsR close to those in mathematical programming. A remarkable additional result
is that in the second-order sufficient optimality conditions, the extended critical cone
can be replaced with the usual critical cone, provided that a point-wise Legendre-type
condition is satisfied. Moreover, we show that the converse is also true: the latter
condition together with coercivity of the quadratic form on the critical cone implies
coercivity on the extended critical cone.
In Sect. 2 we introduce some basic notations and assumptions. In Sect. 3 we define
the extended critical cone and recall a second order sufficient optimality condition
ensuring local quadratic growth of the objective function (1). This condition involves
coercivity of the quadratic form associated with the Hamiltonian along the directions
of the extended critical cone. In Sect. 4 we prove that for the local quadratic growth it
suffices to require coercivity on the usual (not extended) critical cone, together with
a Legendre-type condition. The main result—the sufficient conditions for SMsR—is
formulated in Sect. 5, while the long Sect. 6 contains its proof.

2 Notations and Assumptions

First we recall some standard notations. The scalar product and the norm in the
Euclidean space R” is defined in the usual way: (x,x) := xjx| + ...+ x,x;, and
Ix| = /{x,x) forany x = (x1,...,x,) € R" and x’ = (x{,...,x,) € R". The
elements of R” are regarded as column-vectors with the exception of the adjoint vari-
ables p and A (to appear later), which are row-vectors. For a function v : R — R’ of
the variable z we denote by ¥’ (z) its derivative (Jacobian), represented by an (r x k)-
matrix. For r = 1, 9" (z) denotes the second derivative (Hessian), represented by a
(k x k)-matrix. For a function ¥ : R¥*? — IR of the variables (z, v), ¥’'(z, v) and
¥’ (z, v) still denote the first and the second derivatives with respect to (z, v), however
the partial derivatives are denoted by v, ¥y, V5, ¥z and ¥y,.

The space Lk = Lk([O, 1],R"), with k = 1,2 or k = o0, consists of all
(classes of equivalent) Lebesgue measurable r-dimensional vector-functions defined
on the interval [0, 1], for which the standard norm || - ||z is finite. As usual,
wll — Wl’l([O, T1,R") denotes the space of absolutely continuous functions
x : [0, T] — R’ for which the first derivative belongs to L. For convenience, the
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norm in W1 is defined as ||x||1,; := |x(0)| + [|X[l1, so that |x]lcc < [lx]1.1. The
specification ([0, 1], R") will be omitted if clear from the context.
According to (3), the set of admissible control values is

U={weR": G <0}

Let G; denote the ith component of the vector G. For any v € U define the set of
active indices

Iw)y={ie{l,...,k} : G;(v)=0}.
Assumption 2.1 (regularity of the control constraints) The set U is nonempty and at
each point v € U the gradients G/ (v), i € I(v) are linearly independent.
In the sequel we use the notation
g = (x(0),x(1)) = (x0,x1), w=(x,u), W=W"xL>®
Similarly, we denote w = (x, &) € W, g = (x(0), x(1)).

Assumption 2.2 The triplet (10, p, 1) € Wx W1 x L satisfies the following system
of equations and inequalities:

A1) >0, A@OGGU@) =0 ae.in [0,1], 4)
(—=p(0), p(1)) = F' (@), 5
PO + () fr(D(®) =0 ae.in [0,1], ©)
p) fu(b(0) +A()G'(@(1) =0 ae.in [0,1], )
—£@) + f@() =0 ae.in [0,1], ®)
G@@) <0 ae.in [0, 1]. 9)

Observe that this system represents the first order necessary optimality condition for a
weak local minimum! of the pair w = (X, i) (see e.g. [14, part 1, section 18]); later on
we refer to it as to optimality system. Namely, if W is a point of weak local minimum
in problem (1)—(3), then there exist p € W' ! and % € L such that the optimality
system is fulfilled. Note that for a given w the pair (p, 3) is uniquely determined
by these conditions. Indeed, the adjoint variable p is uniquely determined by adjoint
equation (6) and transversality conditions (5), and then A is uniquely determined by
equation (7) and complementary slackness condition in (4) due to Assumption 2.1.
Introduce the Hamiltonian and the augmented Hamiltonian

H(w,p)=pfw), Hw,p,2)=pfw) +rGu).
Then equations (6) and (7) take the form

—p(t) = He (1), p(t)),  Ha((®), p(1), A1) =0 ae.in [0, 1].

1 This means that J (%, &) < J(x, u) for every admissible pair (x, u) which is close enough to (X, &) in
the space W.
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Notice that here and below, the dual variables p and A are treated as row vectors, while
x,u, w, f,and G are treated as column vectors.

3 Second-Order Sufficient Conditions for a Weak Local Minimum

Now we discuss the second-order sufficient conditions for a weak local minimum
(references will be given at the end of Sect. 4). Set

M;={te[0,1]: G;j@) =0}, j=1,... k.
Define the critical cone

K= {w EW:i(t) = f@O)wE), Hy@(), pe)ut) =0 ae.in [0, 1], 10
G (i(u(t) <0 ae.on M;, j= 1,...,k}.

It can be easily verified that F’(§)g = O for any element w of the critical cone.

Indeed, let w € K. Then x(¢r) = f'(w())w(t) a.e. in [0, 1]. Multiplying this
equation by p(¢) we get that p(¢)x(¢) = p(t) fr (W(1))x(t) + p(t) fu (W (2))u(t) a.e.in
[0, 1]. The equalities p(¢) fr (W(t)) = —p(t) and p(¢) f, (W(t))u(t) = O a.e. in [0, 1],
give p()x(t) + p(t)x() = 0 a.e. in [0, 1]. Integrating this equation on [0, 1], we
obtain that p(1)x(1) — p(0)x(0) = 0. Using the transversality conditions (5), we get
Fry(@)x(0) + Fy, (@)x(1) = 0 g.e.d.

In many cases (in ”smooth problems” of mathematical programming and the cal-
culus of variations) it is sufficient for local minimality that the critical cone consists
only of the zero element. However, this is not the case for optimal control problems
with a control constraint of the type u(t) € U.

An equivalent definition of the critical cone is the following. Set

M) ={rel0,1]: &;(t) >0}, j=1,.... k
Then, due to (7).

K= [w eW ::x@) = f/(w®)w() ae.in [0, 1], G_/j(ﬁ(t))u(t) <0 a.e.on Mj(;ll)
G_/i(ﬁ(t))u(t) =0 ae.on M*():j), j=1,..., k }

We introduce an extension of the critical cone. Forany A > Oand j = 1,...,k
we set

MG ={tel0,1]: A;(t) > A}
For any A > 0 we set

Kpa = {w eW:x@) = f/(w@®)w@) ae.in [0, 1], G/j(zft(t))u(t) <0 ae.onM;

/on +3 . 12)
G ) =0 ae.on M{G). j=1..... k}.
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Notice that the cones K form a non-increasing family as A — 0+. In particular,
K C Kp forany A > 0.
Define the quadratic form:

1
Qw) == (F"(q)q.q) +/0 (Hypw (0 (1), p(1), AO)w(@), w(t)) dt,
where ¢ = (x(0), x(1)). (13)

Assumption 3.1 There exist A > 0 and cp > 0 such that
Q) = ea(|x O + ull3) Yw e Ka. (14)

Remark 3.1 Assumption 3.1 is equivalent to the following: there exist A > 0 and
ca > 0 such that

Qw) = ca(llxlZ, + lul3) Yw e Ka. (15)
Indeed, if w € Ka, then x(z) = fx(W(@)x () + f,(w(@))u(t) a.e. in [0, 1], whence
lxlloo < c(x(O)] + llull1)) < c(Ix(0)] + [Jull2)

with some ¢ > 0. The required equivalence follows.

Remark 3.2 Notice that if (14) is true for some A > 0 and ca > 0, then it is true for
any positive A’ < A and the same cx.

In the sequel we use the notations c, ¢, ¢”, ¢y, ¢z, etc. for constants which may
have different values in different estimations.

We recall the following theorem, first published in [15, 16] in a slightly different
formulation.

Theorem 3.1 (sufficient second order condition) Let Assumptions 2.1, 2.2, and 3.1 be
fulfilled. Then there exist § > 0 and ¢ > 0 such that

J(w) — J@) > c(llx — 212 + llu — all3) (16)

for all admissible w = (x,u) € W1 x L™ such that ||w — 0|l < 8.

In the next section, we discuss the equivalent formulation of this theorem and then
provide references to the literature, where proofs can be found.

4 An Equivalent Form of the Second-Order Sufficient Condition for
Local Optimality

In this section we show that Assumption 3.1 can be reformulated in terms of the

critical cone K, instead of K A, provided that an additional condition of Legendre type
is fulfilled.
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Let (w, p, ):) e W x Whl x 1% and let Assumptions 2.1 and 2.2 hold.
Assumption 4.1 There exists cp > 0 such that
2 2
Qw) = co(Ix(O)° + llul3) YweK. (17)

Further, for any A > 0 and any ¢ € [0, 1] denote by @'a(¢) the cone of all vectors
v € R” satisfying for all j =1, ..., k the conditions

G(@at)v <0 if G;(@a@) =0,
G (@) =0 if A;@t) > A.

Forany A > Oandany j € {1, ..., k} we set
k
ma(hj):={t€l0.11: 0<i;(t) <A}, ma:=|Jma@iy.
j=1
Clearly, measma — 0 as A — 0+.

Assumption 4.2 (strengthened Legendre condition on mp). There exist A > 0 and
ci > ( such that for a.a. t € ma we have

(Hyau (00(2), p(t), A(1)v, v) > ko> Vv e@a(). (18)

Remark 4.1 Similarly as in Remark 3.2, if (18) is true for some A > 0 and cg > 0,

then it is true for any positive A’ < A and the same cg.

In the sequel, we often omit the argument 7 of x, u, x, i, etc.
The following lemma follows from the definition of 2 in (13).

Lemmad4.l Letw = (x,u) e W, w' = (x',u’) € W. Then
Qw+w) =Qw)+ E(w,w), (19)
where
Ew,w) = QW) +2(F"(§)q.q"
+2/(;1 ((Hxx(li}, P)x, X'y 4+ (Huy (0, p)u, x')

H(Hu (i, P, ') + (Bl i, . Sy, )

Moreover, there exists a constant ¢, independent of w and w', such that

1
‘E(w, w') —/ (Hyu (D, p, Mu’, u') dt
0
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2
<c (”xnoo”x/”oo + 11X 15 + 112" Tloollu” 11

Fl1x oo lla 1+ 1% oo llaelly =+ [ el - 1" 1) - (20)

Henceforth, for w = (x, u) € VW we set

1 1
)/o(w)=|x(0)|2+/0 lu|? dt, y(w)=||x||§o+/O |u? dt.

It is clear that yo(w) < y(w), and, as shown in Remark 3.1, if x = f,,(W)w, then
there exists ¢ > 0, independent of w, such that

y(w) < cyp(w).
Proposition 4.1 Assumptions 4.1 and 4.2 imply Assumption 3.1.

Proof Let Assumptions 4.1 and 4.2 hold with some ¢y > 0, A > 0 and ci > 0, where
A will be fixed later as small enough, see Remark 4.1. Set

a(A) = +/meas (mp). 21

Note that @(A) — 0+ as A — 0+. We may assume that A is so small thate(A) < 1.
Letw € Ka. Set

;) o~
U =Uxma,

where x,, is the characteristic function of the set mo. Obviously, u’(t) € Ca(¢) a.e.
on [0, 1] and, therefore,

(Hy (0 (2), p(2), A (1), u' (1)) > ck|u'(1)> ae.on [0, 1].

Hence,

1 N 1

/ (Hyu (b, p, Ayu', u'ydr > cg/ lu'|? dt.
0 0
Let x’ be the solution to the equation

= fr()x"+ fu(w)u’, x'(0) =0.

Then
Ixloe < cllu’ll1 < cy/meas (ma)l|u'll2 < ca(A)]il>.

Hence,

I loo < ca(A)yyo@), W'l < a(A)y/yo(W).
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Set
w=uu), x=X—-x, u=ia—-u, w=(,u).

Since x'(0) = 0, we have

1
yo(w') = /0 lu'|? dt. (22)

Obviously,

wekK, w=w+w, |u-lu|=0 nw=pw +rw) 23)

Using the estimate (20) in Lemma 4.1, Assumptions 4.1, 4.2, and the third relation in
(23), we obtain the inequality

Q) > coyo(w) + ckllu'13

—c (IIXIIooIIX'Hoo + 1136 + 1 ool Il + Ixlloo It + IIX'IlooHqu) . (24)

We consecutively estimate

Ixllos < ¥ lloe + 11X loo < ev/Yo(@) + c 2 (A1 (D) < ¢'v/yo (),
oo X loo < €@ (A)yo(),
Ix'11%, < o> (A)po@),  I1xX ool < ca® (A)yo (),

lullilix'lloo < Nall2llxlloe < ca(A)po(@), [xlloollu’lli < ¢’ a(A)yo (W),

where ¢’ and ¢” are appropriate constants. Using these relations and (22) in (24), we
obtain that

Q) = coyo(w) + cxrow’) — "a(A)yo ().
with some constant ¢””’. Take A > 0 such that
ca = min{cg, ¢k} — "a(A) > 0,
keeping the same constant c]& (see Remark 4.1). Then
QW) = cayo(w),
which completes the proof, since ca is independent of w € Ka. O

The converse is also true.

Proposition 4.2 Assumption 3.1 implies Assumptions 4.1 and 4.2.
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Proof Let Assumption 3.1 be fulfilled, i.e., there exist A > 0 and cp > 0 such that
Qw) > cayo(w) Vw € Ka.

According to Remark 3.2, one may fix A > 0 arbitrarily small without changing ca,
which will be done below.

Since K C K, this inequality holds also on K, therefore Assumption 4.1 is
fulfilled.

Let us prove that Assumption 4.2 is also fulfilled. Take any u € L satisfying the
conditions

u(t) eCa(t) ae.on mpa, Uxm, =Uu, (25)

where x,,, is the characteristic function of the set m . Define x by the conditions

X = fi@x + fu@u, x(0)=0.

Set w = (x, u). Then, obviously, w € K, whence it follows that

1
Q(w) > cayo(w), where Vo(w)=/ |u)? dt.
0

Moreover,

Ixlloo < cllulli < cy/meas (ma)llullz = ca(A)y/yo(w),

where o(A) is defined in (21). The latter implies that

(F"(@)q,9)] < C’az(A)Vg(w),
(Hyx (i, P, A)X, X) + 2{Hyy (0, p, M, x) 1 < /o (A)yo(w)

with some ¢’ > 0. Using these estimates and (13), we get
1
2 Q )+ [ (i D) di = 200) = capiw).
Take any A > 0 such that
ck == —2c'a®(A) 4 ca > 0.
Then we have

1 1
</(; (ﬁuu(ﬁ)a 13’)‘)”5"[) dt ZCIA\/(\) |M|2dt

This inequality holds for any u € L satisfying (25). The strengthened Legendre
condition on m 5 follows. O
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Thus, instead of Assumption 3.1 we can use Assumptions 4.1 and 4.2 in the sufficient
second-order conditions of Theorem 3.1.
The connection between the strengthened Legendre condition and the so-called “local
quadratic growth of the Hamiltonian” (defined below) was studied in [4]. Let us for-
mulate the corresponding result from [4] which may be useful for the problem under
consideration.

Definition 4.1 We say that the local quadratic growth condition of the Hamiltonian is
fulfilled if there exist cy > 0,8 > 0 and A > 0 such that for a.a. t € mx we have

H@E(@0), u, p)) — HE®), 4(0), p(1)) = cnlu — (@)

for all u € R™ such that G(u) < 0 and |u — a(¢)| < 4.

Proposition 4.3 [4] Assumption 4.2 implies the local quadratic growth condition of
the Hamiltonian.

The converse is not true. As shown in [4], the condition of the local quadratic growth
of the Hamiltonian is somewhat finer than Assumption 4.2.

There is the following more subtle second-order sufficient condition for a weak
local minimum at the point W in problem (1)—(3).

Theorem 4.1 (sufficient second order condition) Let Assumptions 2.1, 2.2, and 4.1
hold and the local quadratic growth condition of the Hamiltonian be satisfied. Then
there exist § > 0 and ¢ > 0 such that

J(w) — J@) > c(llx — X2 + llu — all3) (26)

for all admissible w = (x, u) € W1 x L™ such that ||[w — 0| < 6.

A sufficient second order condition of this type for a much more general optimal
control problem (together with the corresponding second order necessary condition)
was first published by the first author back in 1978 in [12]. A relatively simple proof
of Theorem 4.1 in the case of k = 1 was recently published in [19]. Proofs of much
more general results of this type can be found, for example, in [17] and [18].

5 Strong Metric Subregularity

In this section we formulate the main result in this paper. Namely, we prove that the
optimality mapping associated with problem (1)—(3) is strongly metrically subregular
at a reference solution (w, p, )A») = (x,1u, p, ):) e W x WLl x L of the optimality
system (4)—(9), provided that Assumptions 2.1, 2.2 and 3.1 hold.

In the sequel, for w = (x, u) € W we set

Aw=w—1, y(Aw)=|Ax|> +Aul3.
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Consider the perturbed system of optimality conditions (4)—(9):

A>0, AMGu)—n) =0, (27)
(=p(0), p(1)) = F'(g) + v, (28)
p+p fr(w) =m, (29)
pfu(w) +AG'(u) = p, (30)
—X+ fx,u)=¢& (31)
Gu) =, (32)

where p e Wl A e L® ve R, m e L', pe L® & € L', n € L™, Note that
v, , and p are treated as row vectors, while £ and n are treated as column vectors.
Below we set

Ax=x—2X, Au=u—i, Aw=(Ax,Au)=w—w, Ap=p—p,

AL =A— A,
Ag = (Ax(0), Ax(1)) = (x(0) — X(0), x(1) — x(1)) = (Axo, Axy),
o=Wmp&n), o=+l +Ilel+ Il + lInl2. (33)

Theorem 5.1 Let Assumptions 2.1, 2.2, and 3.1 be fulfilled. Then there exist reals
8 > 0and k > 0 such that if

Wl + Izl + llellco + €T + [IMllee <8, (34)

then for any solution (x,u, p, L) of the perturbed system (27)—(32) such that
lAw|so < & the following estimates hold:

IAxl1 = «loll, lAul2 < «llell,

IAplr = «llell, A2 < kel

Observe that if the disturbance 7 is not present in the disturbed optimality system
(27)-(32), that is, n = 0, then the inequality (34) follows (modulo a multiplicative
constant) from the assumption ||Aw]|« < §, together with the equations (28)—(31).
Therefore, the claim of the theorem in this case is valid without assuming (34). In this
case again, two metrics are needed in Definition 1.1 of SMsR only in the space Y :=
W15 L x W1 x L%, The neighborhood By in Definition 1.1 is By = {(w, p, A) :
lw — @] o < &} while the metric dy is induced by the norm || (w, p, M| := ||x|l1.1 +
lpll1.1 + llull2 + ||A]l2. The metric in Z is induced by the norm [|w|| in (33).
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6 Proof of Theorem 5.1

1. We start with the following auxiliary statement related to the constraint G (1) < 0.
Let

I:{l13’ls}c{lv3k}

be a nonempty set of indices, and let G;(v) be a column vector with elements
G, (v),...,G; (v). Set

A1(v) = GT(v)(GT(v)*, wi(w) =|detA;(w)|, Qr={veB: Gi(v) =0},
where B is a fixed closed ball in R”. Then, according to Assumption 2.1,
wur(w) >0 forall ve Q.
For any ¢ > 0, we set
Qre={veB: |Gi(v)| <e forall iel}
Lemma 6.1 There exist positive numbers ¢ and & such that
wr() = ¢ forall I C{1,...,k} andforall ve Q.

Proof Since there are finite number of subsets I € {1, ..., k}, it is enough to prove
the lemma for a fixed /. If the statement is false, then there exists a sequence vy € B
such that G (vy) — 0 with s — oo and 7 (vs) < s~!. Without loss of generality we
assume that vg converges to some vector v € B. Then G;(v) =0and u;(v) =0. A
contradiction. ]

Since G is uniformly continuous on the compact set B, there exists § > 0 such that
|G(v) — G(W)| <# whenever v,v' € B and |v—1v'| <3. (35)

Decreasing, if necessary, 5 , we can assume that H <eé.
2. We analyze conditions (27)—(32). Take any § > 0O such that § < 5. Suppose that a
collection (v, 7, p, &, n) satisfies condition (34) and there exists a solution (x, u, p, A)
of the perturbed system (27)—(32) such that || Aw||s < §. Consider this solution. It is
clear, that ||w||~ is bounded (that is, [|w]l« < C, where C > 0 does not depend on
w), and ||w] < 4.

Further, note that || p||1,1 is bounded due to conditions (28) and (29) and also because
lwlloec, V] and || || are bounded. Therefore, | Ap||1,; is also bounded. Moreover, the
following is true.

Proposition 6.1 The norms ||A|loo and || A)| o are bounded.
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Proof For the ball appearing in Part 1 of the proof we choose B := {v € R” : |v| <
lét]| oo + 8}. Consider equation (30):

p@) fu(w(t)) + A()G' (u(t)) = p(t) foraa. t € [0, 1].
We assume that A 7~ 0, otherwise the claims of the proposition are obvious. Set
M@) ={te[0,1]: X() # 0}
Then meas M (1) > 0. For any t € M ()\) we set
IO ={e(l,....k}: Ai@®) >0}, Aro)(®) = {Ai(OD}ier@)-
Lett € M(A). The complementary slackness conditions
L0(Giu®) —ni() =0, i=1,...k,

imply that G; (u(¢)) — n;(t) = Oforalli € I(¢), and then, |G; (u(t))| = |n;(¢)| for all
i € I(t). Therefore, in virtue of (34),

|G 1oy ()] < In(@®)] < 4.
Since § < $ , We obtain
u(t) Ql(t),§ foraa. re M(L).

Here G(;) and Q 1(1).8 are defined similarly to G; and Q, 5 in Part 1 of the proof.

Hence, by Lemma 6.1, and since 5 < g,
|det Arqy(u(r)))| = ¢ >0 foraa. re M),
where
A1 @(®) = Gy D) (G (D))

Obviously, A(t)G'(u(t)) = AI(Z)(I)G’I(Z)(u(t)) for a.a. t € M (L), and, therefore,

@ fu(w(®) + A1) (DG oy (1) = p(r) foraa. t € M(2).

(Note that the dimensions of the vector A;()(#) and the matrices G’I(t)(u(t))
and Aj()(u(t)) depend on t.) Multiplying this equation by the transposed matrix

(G/I(t)(u ()))* on the right, we get

P@) fu(w(®) (G ) @) + 2y () Agry (u(0)))
= ,o(t)(G’,(t)(u(t)))* fora.a. t € M()).
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Then

P(f)fu(w(l))(G}(,)(u(l)))*(AI(z)(u(l)))_] + A (@)
= p(l)(G/I(,)(M(l)))*(z‘\l(z)(M(l)))f1

for a.a. + € M(A). Since here all matrices are essentially bounded and |A(t)| =
|[Ar)(¢)| fora.a. t € M()), we obtain the estimate

IO = C(IpOI +1p@)]) foraa. e M®)
with some C > 0, and therefore,

[Allo < ClIPlloo + ollc0)-

Since ||plloo is bounded and ||p|lcc < 8, we obtain that |1~ is bounded. Hence
| AA |00 18 also bounded. m]

3. Further, subtracting (8) from (31) we obtain that
—Ax + f(w) — f() =§. (36)
It follows that

t
|Ax ()] < |Axol + &1t + LIl Aully +L/ |Ax(T)ldT, €0, 1],
0

with some L > 0, where
Axo = Ax(0).
Using the Gronwall inequality, we get
IAx]11 < C(1Ax0l + | Aully + 11£]11) (37

with some C > 0. In what follows we use a more rough estimate. Namely, since
[Aullr < llAull2 and [|][1 < |||, we have

IAxl11 < C(1Ax0] + | Aullz + l|leo]l). (38)
Consequently,
|Aq| < 2C(1Axol + [ Aullz + [wl]). (39)
Clearly, relation (36) implies

— Ai + f(D)Aw+ O(Aw[?) = &. (40)
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As usual, for ¢ € R, the symbol O(g) means that there exists a constant C > 0,
independent of ¢, such that | O (¢)| < C|e| as ¢ — 0+, and the symbol o(¢) means that
o(e)/e — 0as e — 0+. We use these symbols for O (¢) and o(e), taking values in R
or in R". Moreover, throughout the paper, the functions O and o may directly depend
on Aw, not only on the norms appearing as arguments at the place of . However, the
“smallness” with respect to the arguments of O and o will be uniform in Aw, satisfying
|Aw| o < 8. For example, O (| Aw|?) in (40), which is a shortening of O (|Aw(7)|?),
means that there exists a constant C such that 0(|Aw(t)|2) < C|Aw(t)|2 for all Aw
satisfying |Aw|lec < é and for a.e. ¢ € [0, 1]. Similarly, o(y (Aw)), appearing later,
means that o(y (Aw))/y (Aw) — 0 with y(Aw) — 0, uniformly with respect Aw
satisfying || Aw|ls < 6.

4. Subtracting (5) from (28) we obtain

(=Ap(0), Ap(1)) = F'(q) — F'(@) + v,
hence,
(=Ap(0), Ap(1) = F'(§)Agq + o(|Ag]) + v. (41)
This implies that
|Ap©)| +|Ap(D)] < C(lAg] + [v]) (42)
with some C > 0. Multiplying (41) by Ag = (Ax(0), Ax(1)), we obtain
ApAx |§= (F"(@)Aq. Aq) +0o(|Ag*) +vAq. 43)
5. Subtracting (6) from (29) we obtain
Ap+p fx(w) — pfr(w) = (44)
Using the Gronwall inequality and the inequality ||Au|l; < ||Aull> we get
IApl1 < c(|ApO)] + I Axlloo + [l Aullz + [l ]1) (45)

with some ¢ > 0. Using (38), (39), (42) in this inequality, and also taking into account
the definition of |w||, we obtain

IApli1 < C(1Axol + |Aullz + o) (46)
with some C > 0. Moreover, since |Aw|sx < § and |w] < §, we also get
IAplli1 = 2C6. (47)
Further, we have

p fe(w) = pfr(@) = p(fx(w) — fx(@)) + Apfi(w)
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= P frw@)Aw + Apfi(W) + Apfrw()Aw + o(|Aw])
= Hyw(W, P)Aw + Apfc (@) + Apfow (@) Aw + o(|Aw]).

Therefore, relation (44) implies

Ap + Hew(@, p)Aw + Apfy (D) + Apfrw(@)Aw +o(|Aw|) =7.  (48)
6. Next we analyze condition (30). Subtracting (7) from (30), we obtain

pfu(w) = p fu(®) +1G'(w) = AG' @) = p.

Consequently,

PUfuw) = fu(@)) + Apfu(w) + A(G' () — G' (@) + ALG' (u) = p.
From here

P Luw (@) Aw + Apfu () + Apfuw (D) Aw + 2G” (@) Au + ALG' (u) + o(|Aw]) = p.
Here,
P fuw(@)Aw = Hy (W, p)Aw = Hyx (W, p)Ax + Hyu (0, p)Au.

Therefore,

Hyy (W, ﬁ)Ax + Hyu (W, ﬁ)AM + Apfu(ﬁ)) + Apfuw(ﬁ))Aw
+AG" () Au 4+ ALG' (1) + o(|Aw]) = p.

Since H = H + AG,

H,x (0, IS)AX + I:qu(lb’ ﬁ’ X)A” + Apfu(lil) + Apfuw(ﬁ))Aw + A)\Gl(u)
+ o(lAwl|) = p. (49)

Using this equality and the boundedness of ||AA||o and || Aw| o0, We estimate
|ALG ()| < C(|Ax] 4 |Aul + |Ap| + |p]) (50)
with some C > 0.
In the next paragraphs, we shall utilize Assumption 2.1 and Lemma 6.1 to estimate
fora.et € [0, 1]
|AA] < C'(|Ax] + |Aul + |Ap| + |pl). (S

with some C’ > 0.

@ Springer



43 Page 18 0f 29 Applied Mathematics & Optimization (2023) 87:43

Set
M(AL) ={t €[0,1]: AAL(@) # 0}.

If meas M (AX) = 0 the estimate is trivial, therefore we assume that meas M (A1) > 0.
For any t € M(AML), we set

Jo)y=1{jef{l,....k}: Axj@) #0).

Let ALy (t) be arow vector, composed of all nonzero components of AA(¢), and let
G j (1) be a column vector with the components G ; for all j € J(¢). Then, obviously,

|ALD] = Ak (D], AMDG (1) = Ay ()G () foraa. 1€ M(AL).
(52)

Lett € M(AX), j € J(t). If A;(¢) > 0, then, by the complementary slackness
conditionin (27), wehave G ; (u(t)) = n;(t),and hence, |G j (u())| < &since [|[]loo <
s<bd<e

If 1;(t) =0, then A j () > 0, and then, by the complementary slackness condition
in (4), we have G ;(it(r)) = 0. But then, since [lu — o < 5, by condition (35) we
again have |G (u(1))| < é.

Thus, for all j € J(t) we have |G (u(t))| < &. This implies that

u(t) € Oy foraa. e M(A)),

where the set 0 j() ; is defined similarly to the set Q7 . and the ball B is defined as
at the beginning of the proof of Proposition 6.1. By Lemma 6.1, it follows that

|det Ay (u(t))| > ¢ >0 foraa. te M(AA),
where
Agy@(®) = Gy @) (G ) ().
Let
Z(t) == AMB)G' (u()), t€[0,1].
According to (50) and the second equality in (52) we have

2] < CIAXO] + [Au@®) | +1Ap@] + p®)]),  2(t) = Ahyay ()G (u(r))
(53)

fora.a. t € M(AML). Consequently,

)Gy (D) = Ay (A (w(0)),
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hence,

2(D(G ) WD) AGl () = Ay (0).
This equality, the inequality in (53), and the equality |AA(?)| = [AX ) (1)], satisfied

for a.a. t € M(AM)), imply estimate (51).
Estimate (51) together with the inequalities ||Aw|sx < 8, (34), and (47) imply

[AAlloo = C8 (54)
with some C > 0. In addition, from (38), (46), and (51) it follows that
A2 < C(1Ax0l + [ Aullz + [lwll) (55)

with some C > 0.
7. Next, we estimate Q2 (Aw). Multiplying (48) by Ax, we get

Ap Ax + (Hyw (D, p)Aw, Ax) + Apfi (D) Ax + (Apfrw(@)Aw, Ax) + o(|Aw|?)
= T Ax. (56)

Further, since
G'(u) =G (@) + G () Au + o(|Aul)
and ||AAl|s is bounded, relation (49) implies

Hyx (0, pYAX + Hyy (D, p, M)At + Apfiu () + Apfuw () Aw
+ALG () + ALG" (@) Au + o(|Aw]) = p.

Multiplying this relation by Au, we get

(Hyux (W, PYAX, Au) + (Hyu (D, p, 1) Au, Au) + Apfu(@)Au + (Apfuw (D) Aw, Au)
+ALG () Au + (AXG" () Au, Au) + o(|Aw|?) = pAu. (57)

Adding equalities (56) and (57), we get

Ap Ax + (Hyw(, p)Aw, Ax) + (Hux (B, p)Ax, Au) + (Hu (i, p, 1) Au, Au)
+Apfx(ﬁ))AX + (Apfxw(ﬁ))Aw» Ax) + APfu(lfJ)Au + <Apfuw(ﬁ))Aw’ Au)
+ALG (W) Au + (ALG” () Au, Au) + o(|Aw|?) = 7 Ax + pAu.

Further, we have

(Hyy (10, p)Aw, Ax) + (Hyx (0, p)Ax, Aut) + (Hyy (0, p, 1) Aut, Au)
= (Hy (0, p, A)Aw, Ax) + (Hyp (10, p, M) Aw, Au) = (Hy (0, p, 1) Aw, Aw).
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Moreover,

Apfe(W)Ax + (Apfew(@)Aw, Ax) + Apfy, (W) Au + (Apfuw(@)Aw, Au)
= Apf/(ﬁ))Aw + (Apf//(lf))Aw, Aw).

Consequently,

Ap AX + (Hypw @, p, M) Aw, Aw) + Ap f/ (D) Aw + (Apf" () Aw, Aw)
+AAG () Au 4+ (ALG” (1) Au, Au) + o(|Aw|?) = T Ax + pAu.

Integrating this equality over the segment [0,1], we obtain

1 1 1
/ Aprdt—i—/ (Hyw (D, p, M) Aw, Aw)dt—i—/ Apf (W) Awdt
0 0 0

1 1
+/ (Apf”(u?)Aw,Aw)dt—i—/ ALG' (i) Au dt
0 0
1

1 1
+/ (ALG” () Au, Au)dt+/ o(|Aw|2)dt:/ (T Ax + pAu) dt.
0 0 0

Integrating by parts the first integral on the left side of this equality and applying (43),
we get

1 1
/Aprdt=Apr|5—/ Ap Axdt
0 0
1
= (F”(c})Aq,Aq)+o(|Aq|2)+qu—/ Ap Axdr.
0

Substituting this expression into the previous equality and taking into account
definition (13) of 2, we get

1
Q(Aw) + o(|Ag|?) + vAq +/ Ap (f'()Aw — A%)dr
0
1 1 1
+/ <Apf”(ﬁ;)Aw,Aw>dr+/ AAG/(ﬁ)Audt+f (AXG” () Au, Au)dt
0 0 0
1 1
+/ 0(|Aw|2)dt=/ (mAx + pAu) dt. (58)
0 0
Notice that
1
o(|Aq|2>+/0 o(|Aw[*) dt = o(y (Aw)).
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Using this equality and equality (40) in equality (58), we obtain
1 1
Q(Aw) + vAg — / Ap O(|Aw|?) dr +/ Apé&dt
0 0
1
+/ (Apf" () Aw, Aw) dt
0
1 1
+/ AANG' (@) Audt + / (AXG" () Au, Au) dt + o(y (Aw))
0 0
1
= f (JTAx + pAu) dz. 59)
0

According to (47), we have ||[Ap|lcc < 2C$. Therefore,

1 1
‘/ Ap O(|Aw]*)d| < IIAPIIoo/ |0(JAw[?)|dt < cdy (Aw) (60)
0 0

with some ¢ > 0. Similarly,

1
‘/ (Apf’(@)Aw, Aw) dt| < cSy (Aw). (61)
0
In addition, in view of (54),
1
/ (ALG" () Au, Au) dt| < cSy(Aw) (62)
0

with some ¢ > 0. Hence, (59) gives
1
Q(Aw) < —/ AMG' () Au dt
0
1
+f (= Ap& +7Ax + pAu)dt —vAq + CSy(Aw)  (63)
0

with some C > 0.
8. Now we estimate the first term

0

1 k 1
—/ AAG (B Au dt = —Zfo AL G (@) Au dt
j=1

in the righ-handt side of inequality (63). Let us fix j € {1, ..., k} and consider the
term

1
—/ AL;G'; (@) Audr,
0

@ Springer



43 Page220f29 Applied Mathematics & Optimization (2023) 87:43

We use conditions (4), (9), (27), and (32). If A); = 0, then this term is equal to zero.
Therefore, we assume that the set

M(ALj) ={t €[0,1] :  AXrj(t) # 0}

has a positive Lebesgue measure.
8.1. Consider the set

{t € M(ALj) : Xj(t) =0}.
A.e. on this set we have
Arj = —hj <0,
Then, by the complementary slackness condition in (4), G ; (1) = 0. In this case, the
condition G j(u) < n; yields G’j(ﬁ)Au + 0(|Au?) < 1j, whence, multiplying by
—AL; > 0, we get
— A)»./G’j(ﬁ)Au — AX; o(|Au?) < —AAj-nj. (64)
8.2. Consider the set
{t e M(AXj) @ Xj(1) > 0}.
Then, by the complementary slackness condition in (27), a.e. on this set we have
Gj(u) =nj.
(a) Let also G (i) = 0. Then
G (@) Au + O(|Aul?) = n;.
Multiplying this equality by —AX ;, we get
—AAjG’J-(ﬁ)Au — AAj - o(|Aul?) = —AAj - nj.

(b) Let now G (i) < 0. Then, by the complementary slackness condition in (4),
we have )A»j =0, and then AA; = A; > 0.
Again, by the complementary slackness condition (but now in (27)), we have
G j(u) = n;, which implies
G;(i) + G () Au+ O(|Auf®) = 1;.
Multiplying this equality by —AX; < 0, we get
—AXj -G (@) — Akj - G (@) Au — Akj - O(|Aul®) = —Ak;j - nj.

@ Springer



Applied Mathematics & Optimization (2023) 87:43 Page230f29 43

Since —AX; - Gj(&1) > 0, we obtain
—AXGl(@)Au— Akj - O(Aul®) < —AXj - n;.

Consequently, inequality (64) holds a.e. on the set M (AA;), and then it holds a.e.
on [0.1]. This implies that

1 1 1
_lé AAjGQM)Audt—lA AijﬂAMF)dff—ié Akrj-njdr.  (65)

Recall that according to (54), || AAllecoc < C§. Therefore,
1
f |A%;1-10(Aul)]dr < C'5 -y (Aw)
0
with some C’ > 0. This and (65) imply
1 1
_/O A)LjG’j(ﬁ)Audt < —/(; AXj-njdt + C'8y (Aw).

If AA; = 0, then this equality also holds. Thus, it is true for all j = 1,... k.
Consequently,

1 1
—/ AAG’(L?)AudtS/ |AA] - [n]dt + C'8y (Aw).
0 0

This and inequality (63) imply

1 1
Q(Aw)f/ |A)L|-|n|dt+/ (—Apé—i—nAx—i—pAu)dt—qu +cdy(Aw)
0 0

(66)
with some ¢ > 0. Using now the inequality ||n|l2 < ||w||, we obtain from this that
1
Q(Aw) < ||AAM|2l@]| —l—/ (— Ap&+mAx + pAu) dt —vAg +céy(Aw).
0
(67)

9.Let A > 0 appearing in Assumption 3.1 be given. In order to apply this assumption,
with the help of (31) and (32), we pass from the element Aw to an element dw € Ka,
using a "small correction" w’ = §w — Aw.

First we use the condition G(u) < n. Let j € {1, ..., k}. We remind the notations
M;:={rel0,1]: G;@@()=0}and M{(A;) :={re[0,1] : i;(r) > A} usedin
the definition (12) of the cone K. Set

MaGj)=1{t e Mj: i; <A}

@ Springer



43 Page240f29 Applied Mathematics & Optimization (2023) 87:43

Then
M; = MaGj) UMEG)).

Since Gj(u) < nj and G (i) = 0 a.e. on M}, and since MA():J-) C M|, we obtain
that

G (@) Au <nj — O(|Aul®) ae.on Ma(h)). (68)

Now we use the complementary slackness condition in (27). According to this
condition, we have A ; (G (u) — n;) = 0. Using (54), we get

Aj=Aj+AA > A—|AL|>A—-C8>0 ae.on MIQ)),

whenever C§ < A.Leté > 0 be s0 small that this condition is fulfilled. Then, it
follows that G j(#) = n; a.e. on MX()Lj). Since G (it) = 0 on M, we get

G Au=n; — O(|Aul?) ae.on MG (69)

By virtue of Assumption 2.1, relations (68) and (69) imply that there exists u’ such
that forall j € {1, ..., k} we have

G’j(ﬁ)(Au +u') <0 ae.on MA(ij), (70)
G(@)(Au+u') =0, ae on MY (), (71
'] < c(Inl + O(|Aul?) (72)

with some ¢ > 0, and, therefore,
Il < clinlls + OlAul3) < cllwll + O(lAull3). (73)

Here we use ||7]l1 < |Inll2 < |l@||. Moreover, due to (72) and since ||Aul|o < §, the
product of functions |Au| - [u’| satisfies the estimate

1
/ |Au| - |u'|dt < cl|Aullz]|ol| + ¢'8]| Aul3 (74)
0
with some ¢’ > 0, and also by virtue of (72) for the function |u’ > we have the estimate
1 1
/ WP de = 1’13 < 2¢2|Imll3 + c’f |Aultdt < cllol® + 8% Aul3 (75)
0 0

with some ¢ > 0 and ¢ > 0.
10. Set

Su=Au+u'.
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There exists §x € W! such that

8% = fr()éx + f,(W)8u, x(0) = Ax(0). (76)
Recall that by (40)

Ak = fi(D)Ax + fu (D) Au+ O(Aw]?) —&.
Then §x = Ax + x’, where x’ satisfies

i = fe@)x' + fu@u’ — 0(lAw) + &, x'(0) =0.
This and (73) imply the following estimate
1¥lloo < el + 1€ + OUlAW]3) < dlloll + Ol Aw]3) — (77)

with some ¢ > 0 and ¢’ > 0. Set w’ = (x/, u’). Then Sw = Aw + w’. Due to (70)
and (71), it is easy to verify that

Sw = (6x,d0u) € Ka,
and hence, by Assumption 3.1 (see also Remark 3.1),
Qw) = cay(Bw). (78)
11. Let us compare Q2 (§w) with Q2 (Aw). According to Lemma 4.1, we have
Q0w) = Q(Aw +w') = Q(Aw) + E(Aw, w'), (79)
where

|E(Aw, )] < e (I Axlloollxlloo + 1612 + 1% oo | Aue]ly
HlAx ool 4+ 1% ool 11 + 115 + 1 Aul - ['[[]1). (80)

According to the above estimates (72)-(75), and (77) (we replace ¢’ with ¢, taking the
maximum of these two constants as the new c), we have

IAX o llx los < cll Axllos ol + o(y (Aw)),

112 < (cloll + 0(lAw]3)? < 22wl +20(lAw]l}) < 26wl + o(y (Aw)),
AullIx oo < 1Aul2lIX oo < cllAullalloll + o(y (Aw)),

IAX[ooll' [l < cll Axllos ]l + 0(y (Aw)),

¥ ool 11 < (clloll + Oy (Aw))* < 22wl + oy (Aw)),

lu'l13 < cllol® + c8*[| Aull3,

IAul - ']l < clloll Aullz + c8]| Aull3.
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This implies that
|E(Aw, w")| < cqRs(Aw, o) (81)
with some cq > 0, where (provided that § > 0 is sufficiently small)
Rs(Aw, ) := [[o]® + @]l Axllo + [@ll| Aullz + 8y (Aw).
12. Let us compare y (Sw) with y (Aw). We have
y(dw) = y(Aw) + ry (Aw, w'), (82)

where
1 1
ry(Aw, w') := | Ax 4+ x|%, — ||Ax||§o+2/ (Au, u') dt—i—/ W', u'ydr.
0 0

Here

llAx + 212 — 1AxI% | = [I1Ax + xlloo = 1AXlloo| - [1AX + X lloo + | Ax [loo|}
< cllx oo (211 Ax lloo + 11X lloo)

with some ¢ > 0. This implies that
Iry (Aw, w)| < e (18X lloo 1% loo + 1213, + 1Al - 1l + 1113)

with some ¢, > 0. All these terms are contained in the estimate (80) for |E(Aw, w’)|.
Consequently,

Iry (Aw, w")| < ¢, Rs(Aw, w) (83)

with some ¢, > 0.
13. Inequality (78) along with relations (79) and (82) implies the inequality

Q(Aw) + E(Aw, w') = ca(y(Aw) + ry (Aw, w')),
whence
cay(Aw) — calry (Aw, w')| — [E(Aw, w')| < Q(Aw).
Using estimates (81) and (83) in this inequality, we get
cay(Aw) — (cacy +co) Rs(Aw, ) < Q(Aw). (84)
14. Combining inequality (67) with (84) we get

cay (Aw) — (cacy +cq) Rs(Aw, ) < Q(Aw)
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1
<U8Rlol+ [ (= Apg+rastpAu)di —vag +csy(aw).
0

Consequently,

cay(Aw) < (cacy +co) Rs(Aw, w) + [[Ar[2]o]
HIAPlollEll + Il Axlleo + loll2l Aull2 + [v] - [Ag] 4 ¢ 8 y (Aw).

Substituting the expression for Rs(Aw, w) in this inequality, we obtain that

cay(Aw) = (ol + @l Axllos + o]l Aullz + 67 (Aw)) + [ Axl o]
HI APl gl + 711 Ax oo + o2l Aullz + V] - 1Ag] + €8y (Aw),

where ¢ = cacy + cq. Then

(ca =8 —c8)y(Aw) = (ol + [l Axlo + ol Aulz) + [ Ar2 o]
+IAPlol§ll + 711 Ax oo + oIzl Aullz + [v] - |Ag].

Take § > 0 so small that ¢/, := ca —¢8 —c8 > 0. Then

AUAXI + IAul3) < Ellol® + @l Axllo + @l Aull2) + 1AM ]lo]|
HIAPloollENl + Il Axlloo + llol2lAullz + [v] - [Aq]. (85)

Relations (38) and (46) imply
[Ax]loo < C(I1Ax0l + [ Aul2 + @ll), [Aplloc < C(I1AX0] + [[Aull2 + o).
Moreover, according (55), we have
ALl < C(|Axol + [|Aullz + o).

Using these relations in (85) together with the definition ||w|| := [v|+ 7|1 + llpll2 +
€11 + linll2 and taking into account the inequalities |Axg| < |Ag| < 2||AX||c0, WE
get

A (1ax0l* + lAull3) < (1Axol + [ Aull) @]l + llol?

with some ¢\ > 0 provided that § > 0 is small enough. Set z = |Axo| + [ Au]2,
y = |lwl|. Since |Axo|? + [|Aull3 > 1z, we obtain

az2 <zy-+ yz,
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where a = ¢’y /2. This implies that

Vda+1 -1

bz <y, where b= >

Consequently, b(|Axg| + [|Aull2) < |w]|, or equivalently,
[Axo| + [[Aull2 < cillell, (86)

where ¢; = 1/b. Then relations (38), (46), and (55) imply
[Ax(l11 < callwll,  [1Aplha < cslloll,  [[AA]2 < callw]l (87)

with some ¢ > 0, ¢3 > 0, and ¢4 > 0. The theorem is proved.
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