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Abstract

The objective of this paper is to study a class of zero-sum optimal stopping games of
diffusions under a so-called Poisson constraint: the players are allowed to stop only at
the arrival times of their respective Poissonian signal processes. These processes can
have different intensities, which makes the game setting asymmetric. We give a weak
and easily verifiable set of sufficient condition under which we derive a semi-explicit
solution to the game in terms of the minimal r-excessive functions of the diffusion.
We also study limiting properties of the solutions with respect to the signal intensities
and illustrate our main findings with explicit examples.
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1 Introduction

Optimal stopping games were introduced in the seminal paper [7], for other classical
references, see [17, 29, 33]; see also [18] for a review article. In the typical form,
these are two-player games, where the sup- (inf-) players objective is to maximize
(minimize) the expected present value of the exercise payoff. Important applications
of stopping games in mathematical finance are cancellable (or callable) options [3, 11,
19] and convertible bonds [16, 20, 32]. Here, the issuer (i.e., inf-player) has the right
to cancel (or convert) the contract by paying a fee to the holder (i.e., sup-player).
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The stopping game considered in our study stems from the so-called Poisson stop-
ping problem, this term was coined in [22]. Poisson stopping problems are built on
continuous-time dynamics but stopping is only allowed at the arrival times of an
exogenous signal process, usually a Poisson process. This type of stopping problem
first appeared in [5], where optimal stopping of geometric Brownian motion on the
arrival times on an independent Poisson process (later, Poisson stopping) was studied.
Papers in the same vein include the following. The paper [12] addresses Poisson stop-
ping at the maximum of Geometric Brownian motion. In [26], Poisson stopping of
general one-dimensional diffusion processes is considered. Poisson stopping is gen-
eralized to optimal switching problems in [23], and to a multi-dimensional setting in
[22]. Extension to more general, time-inhomogeneous signal processes is addressed
in [28]. Time-inhomogeneous Poissonian signal process is considered in [13, 14]. In
[13], the stopping problem is set up so that the decision maker can control the intensity
of the Poissonian signal process, whereas [14] addresses the shape properties of the
value function in a time-inhomogeneous Poisson stopping problem.

We extend the Poisson stopping framework to zero-sum stopping games in the
following way. Similarly to [26], we study a perpetual problem and assume that
the underlying dynamics follow a general one-dimensional diffusion. Moreover, we
assume that there is two independent Poisson signal processes, one for each player,
and that players can stop only at the arrival times of their respective Poisson pro-
cesses. These processes can have different intensities, which makes the game setting
asymmetric. Our problem setting is closely related to [24, 25], see also [15]. In [24],
a similar game is studied where there is only one signal process and both players are
allowed to stop at its arrival times. This is in contrast to our case when the intensities
of the signal processes coincide. Namely, even though the arrival rates are the same,
the signals will almost surely never appear simultaneously. This eliminates the need
to assume the usual ordering (appearing for instance in [2, 8-10, 21, 24, 27]) that
the payoff of the inf-player has to dominate that of the sup-player which is due to
the fact that immediate comparison of the payoffs is never needed; this observation
is made also in [25] where the heterogeneous case is studied. We point out that some
comparison of the payoffs is still needed, these are spelled out in assumptions 2.4.
The payoff processes in [24, 25] are assumed to be progressively measurable with
respect to the minimal completion of the filtration generated by a (potentially mul-
tidimensional) Wiener process. This is in the same spirit to our model as the paths
dictating the payoffs are continuous in both cases. We refer here to [30], where a
similar constrained game is considered for Lévy-dynamics. The time horizon in [24,
25] is allowed be a stopping time, either bounded or unbounded. For an unbounded
time horizon, the analysis of [24] covers the case where the payoffs are bounded. This
is in contrast to our study, where we allow also for unbounded payoffs. In [24, 25],
the authors provide a characterization of the value in terms of a penalized backward
stochastic differential equation. We take a different route by solving our problem via
a free boundary problem. As a result, we produce explicit (up to a representation of
the minimal r-excessive functions of the diffusion process) solutions for the optimal
value function. We also characterize the optimal threshold rules in terms of the min-
imal r-excessive functions and provide sufficient conditions both for existence and
uniqueness of the solution; to the best of our knowledge, these are new results. These
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results are useful for a few reasons. Firstly, diffusion models are important in many
applications and our results shed a new light on the structure of the solution for this
class of problems. Secondly, the semi-explicit nature of the solution allows a deeper
study on the asymptotics and other properties of the asymmetry. Lastly, the solution
is fairly easy to produce, at least numerically, as it will boil down to solving a linear
second order ordinary differential equation.

The remainder of the study is organized as follows. In Sect. 2 we formulate the opti-
mal stopping game. A candidate solution for the game is derived in Sect. 3, whereas in
Sect. 4 we show that the candidate solution is indeed the solution of the game. Asymp-
totic results are proved in Sect. 5, and the study is concluded by explicit examples in
Sect. 6.

2 The Game

We assume that the state process X is a regular diffusion evolving on R with the initial
state x. Furthermore, we assume that the boundaries of the state space R are natural.
Now, the evolution of X is completely determined by its scale function S and speed
measure m inside R, see [4, pp. 13—14]. Furthermore, we assume that the function
S and the measure m are both absolutely continuous with respect to the Lebesgue
measure, have smooth derivatives and that S is twice continuously differentiable.
Under these assumptions, we know that the infinitesimal generator A : D(A) —

Cp(R) of X can be expressed as A = %crz(x)dd—;2 + p(x) %, where the functions o

and p are related to S and m via the formule m’(x) = GZL(X)eB(") and §'(x) = e~ B™

for all x € Ry, where B(x) := [~ i‘;g; dy, see [4, p. 17]. From these definitions we
find that 0% (x) = gy and u(x) = —%
we assume that the functions i and o2 are continuous. The assumption that the state
space is R is done for convenience. In fact, we could assume that the state space is any
interval Z in R and the subsequent analysis would hold with obvious modifications.
Furthermore, we denote as, respectively, ¥, and ¢, the increasing and the decreasing
solution of the second order linear ordinary differential equation Au = ru, where
r > 0, defined on the domain of the characteristic operator of X. The functions ¥,
and ¢, can be identified as the minimal r-excessive functions ¥, and ¢, of X, see [4,
pp. 18-20]. In addition, we assume that the filtration [F' carries a Poisson processes
Yi= (Yti, Fy)and Y* = (Y}, F;) with intensities A; and A, respectively. We call the
processes Y' and Y* signal processes, and assume that they are mutually independent
and also independent of X. We denote the arrival times of Y/ and Y*, respectively, as
T, and T,s. Finally, we make the convention that 7 = Tps = 0.

Denote now as L the class of measurable mappings f satisfying the integrability
condition

for all x € R, . In what follows,

Ex[/ e”|f(X,)|dti| < 00.
0
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We know from the literature, see [4, p. 19], that for a given f € Lﬁ the resolvent R, f
can be expressed as

(R f)(x) = B ¢, (x) fo Y () f ()m' (y)dy + By ' (x) / or () fm' (y)dy,
2.1

for all x € Ry, where B, = %(pr (x) — (g;,g; Y, (x) denotes the Wronskian

determinant.

Next, we define the stopping game. The players, sup and inf, have their respective
exercise payoff functions g; and g;, and are allowed to stop the process X only at
the arrivals of their respective signal processes Y* and Y'. The sup-player attempts
to maximize the expected present value of exercise payoff, whereas the inf-players
objective is to minimize the same quantity. We define the lower and upper values of
the game as

V(x) = sup inf E, [e*r(m")R(t, o)], V(x) = inf sup E, [e*’(”‘”R(r, 0)] ,

reTs o €T! o€eT TS

where

T° = { tisaF — stopping time | forall w : T(w) = Tys(w), for somen® =1,2,...}
T ={risaF — stopping time | for all w : T(w) = T, (w), for some nl=1,2,...}
R(t,0) = gx(Xr)]l{r<a} + & (Xa)l{r>a}~

When the equality
V) = V@) = V) 2.2)

holds the zero-sum game is said to have a value V. The maximizing strategies in V and
the minimizing strategies in V are called optimal and any pair of optimal strategies
is a Nash equilibrium. We point out that in the game studied here, it is not necessary
to include the possibility of simultaneous stopping as independent Poisson arrivals
do not, almost surely, occur simultaneously. It is also worth pointing out that in the
definition of upper and lower values, the players are not allowed to stop immediately.
One could think the value function as the value of future stopping potentiality without
the immediate stopping optionality.

To solve the problem (2.2), we introduce two auxiliary problems. Auxiliary problem
I is defined via the lower and upper values

Vi) = sup inf Ey [e*’“M)R(r,a)], Vi) = inf sup E, [e*“”")R(f,a)],

TeTs o €T, oeTy rels

where
TB = {risalF — stopping time | forall w : 7(w) = T,,i (w), for some n=0,1,...}.
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Similarly, the auxiliary problem S is defined via the lower and upper values

Vy(x) = sup inf E, [e_r(m")R(t, a)] , V‘S(x) = inf sup E, I:e_r(”\”)R(‘l:, 0)] ,

TETB oeT! oeTi feTf)
where
o = { risalF — stopping time | for all  : T(w) = Tps(w), for some n® =0, 1,...}.

Finally, the values Vé and VOS are said to exist, if conditions similar to (2.2) hold. We
point out that in auxiliary problem [ the inf-player is allowed to stop immediately,
whereas the sup-player has to wait until the next Y*-arrival to make a choice. The roles
are reversed in auxiliary problem S, where the sup-player can stop immediately. In
Sect. 3, we propose a Bellman principle that binds the candidate values for the main
problem and the auxiliary problems together.

We consider payoff functions similar to the existing literature in optimal stopping
that consider explicitly solvable cases, see [2, 27].

Assumption 2.1 Let g; and g, be real functions defined of positive reals and satisfying
the following conditions:

(1) g; and g are non-decreasing continuously differentiable,

(2) gi and gy are stochastically C2: they are twice continuously differentiable outside
of a countable set {x;} which has no accumulation points and the limits |g; (x;L)|
and |g;/ (xj£)]| are all finite,

(3) There exists states z; and zg such that

{(A —ngix) > 0 {x Zi,
<7 )y

(A —=r)gs(x)

Zs.

VIIAVIIA

Some remarks regarding these assumptions are in order. The monotonicity in point
(1) is satisfied in many potential applications and point (2) essentially guarantees that
we can work with the expressions (A — r)g; and (A — r)gs. The point (3) suggests
that we are setting up problems, where the continuation region is connected, that is,
the equilibrium stopping rule is two-sided. This structure is important and appears in
many applications.

The class of problems given by our assumptions is large and contains important
cases such as linear payoffs. Indeed, when the payoffs are linear gx(x) = x — ¢,
k =1i,s, where ¢; > ¢;, and X is Geometric Brownian motion such that drift u < r,
then (A — r)gr(x) = (u — r)x + cx. More generally, if the drift coefficient of X is
a polynomial for which the leading term has a negative coefficient (this is typical in
mean-reverting models), then assumptions 2.1 hold for linear payoffs. For example, if
X is a Verhulst-Pearl diffusion (A4 = %02x2%+ux(1— Bx) <L), then (A—r)gi(x) =
—uBx* + (= r)x + cx.

We address non-smooth payoffs in Sect. 3.4 by studying the payoff structure of
a callable option [3, 11, 19, 21] and observe that its analysis can, fairly directly, be
reduced to our core case.
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We make some preliminary analysis. For f € L', we define the functionals ¥; and
d; as

(¥ fH(x) 2/ Vria, (2) f(2)m' (2)dz,
0 (2.3)

[e.]

(D5 f)(x) 2/ Pr, (2) f(Dm' (2)dz,

X

and, with a slight abuse of notation,

(W f)(x) =/0 Ve (2) f()m' (2)dz,

(®)(x) =/ @r(2) f(2)m' (2)dz.

Lemma2.2 Letq > Oand g € L‘f satisfy the points (1) and (2) of Assumption 2.1.
Then

@, (x) ! o0 ,
T i/gwq(x) = / 0 () (A — @)g(m' (2)dz,
§'(0) ST /
S0 Va0 — i 80 = /0 Vg 2)(A = 9)g(2m' (2)dz,
Proof Denote
B (p(;(x) g'(x) g ‘P;(x)
T = eS80 = G rseg), 1) = Gesde () = g,

Since the functions ¥, and ¢, are solutions of the differential equation (4 —¢q)u = 0,
we find after differentiation that

q’q (-x) I/

v

J'(x) = =g () (A = @)g) ()m’ (x) =

Therefore, an application of the fundamental theorem of calculus combined with the
assumed boundary classification of the diffusion yields the results. O

Remark 2.3 We note that the point (3) in Assumption 2.1 implies that there exists
unique states X;, X; € (0, oo) such that

(Wi(A=r)g)(x) 20, x
(@s(A—1)ge)(x) 20, x

=

VIIA VIIA
Bl
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Indeed, first notice that (®5(A —r)gs)(x) < O when x > z;. Then taking x < k < 7
we get

k
(P (A —r)gs)(x) — (D5 (A —1r)gs) (k) = f Pria, (A —1)gs(2m' (2)dz.

By mean value theorem we have

(Ps (A —r)gs)(x) = (Ps(A—r)gs) (k) +

(A—r)gs(&) (wim &) P, <x>>
r—+ Ag S’ (k) S’ (x) ’

/
where & € (x, k). Because the lower boundary is natural, and hence w’;,*';(x) — —00

when x — 0, we see that taking the limit x — 0 yields (®3(A — r)gs)(x) — oo.
Thus, by monotonicity the functional (¥ (A —r)gs)(x) must have a finite unique root
Xg > 0. Similar calculations show that x; is finite.

The assumption 2.1 suffice to show uniqueness of our solution in Sect. 3 and to
prove the verification theorem in Sect. 4, but we need to pose additional assumptions
for the existence of the optimal solution. These are collected below.

Assumption 2.4 Let g;, g; and x; be defined as in assumption 2.1 and the states X;, X,
as in remark 2.3. We assume that

(1) (A=r)gs(x) > (A—r)gi(x) forall Ry \ {x;},
(2) the states X;, Xy have the order X; < X,
(3) the limits satisfy %(O—i—) < 0 and %(oo) > 0.

In point (3) of assumption 2.4, we also allow that %(0+) = —o0 and %(oo) =

These are the cases in many examples.
For f, g € L', we define the functionals H; and Hy as

) (Wi f)(x) — f(x)(Vig)(x)

Hi(g»f;x>=)\.i i
Wr+k,— (X) (2 4)
Holg, f1x) = 3, B (@ NE) = [0 (@) )
r4as (X)

Lemma2.5 Let g € L satisfy the points (1) and (2) of Assumption 2.1. Furthermore,
let & be r-harmonic. Then

iH'( &y x) = M8 (x) ———— (Vi) () (Wi (A — r)g) (x),
dx 8,6r3 X wr+)h ) r 8

d 58 (x)

—H (&, 8 %) = 55— (P&) (0) (D5 (A —1)g) ().
d r+k;( )
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Proof We prove the first claim, the second can be proved similarly. Elementary
differentiation and a reorganization of the terms yield

A2 0-LHi(g £ 1)
i r4A dx i85
(g (e, () — SOV, () (i) ()
Ve () — £ OV, () (W) (). 2.5)

We apply the second part of Lemma 2.2 to &, and find that

1//; ()C) /
hi (Vi) (x) = ﬁg ) — ir/ 8

Vi, (). 2.6)

By substituting this to the Eq. (2.5) and then first applying the second part of Lemma
2.2 to g and then the expression (2.6) again, the claim follows. O

3 The Solution: Necessary Conditions
3.1 The Candidate Solution

We start the analysis of the problem (2.2) by deriving a candidate solution. To this
end, we recall the main problem (2.2) and the auxiliary problems 7/ and S from Sect.
2. Denote the candidate value for the problem (2.2) as G and the candidate functions
for the auxiliary problems / and S as Gf) and Gy, respectively. We make the following
working assumptions:

(1) We assume that the candidate value functions satisfy the following dynamic
programming principle:

G (x) = min(g; (x), G(x)), (3.1)
5 (x) = max(g;(x), G(x)), (3.2)

G(x) =By [ U (G Xy Ly ey + Gy Ko gy ) | B3)

here the random variables U* ~ Exp(iy) and U’ ~ Exp(};) are independent. In
auxiliary game /I, the inf-player chooses between stopping immediately or waiting
whereas the sup-player can do nothing but wait; this situation is reflected by the Eq.
(3.1); the Eq. (3.2) has a similar interpretation in terms of auxiliary problem S. The
condition (3.3) is the expected present value of the next stopping opportunity, which
will be either for inf- or sup-player and present itself as a choice reflected by the
conditions (3.1) and (3.2). We point out that by the independence of U’ and U*, the
condition (3.3) can be written as

As

Ai i
(x) ( i + S)( r+ditAs 0)('x) + )"i + )‘45

)‘fi +)‘«s

(Ai + X)) (Rrg; 40, Go) ().
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(2) By the time homogeneity of the stopping game, we assume that the continuation
region is the interval (y;, ys), for some constants y; and y;. Thus we can rewrite the
functions Gy, and Gy as

G ’ i 5 y' ’ 2 ’
(x), x>y Gf)(x) _ 8s(x), x = ys

i
(x) =
0 gi(x), x <y G(x), x <y

(3) Furthermore, we assume that the function G is continuous. Then

G(yi) = Go(yi) = gi(yi),

G(ys) = f)()’s) = gs(¥s).
These assumptions are used to device the candidate solution for the problem; this is
the task of this section. The candidate solution is then verified to be the actual solution

in Sect. 4. _
Since G(x) = G((x) = G{(x) on (y;, ys) and

G(x) =E, [e_r(U[AUX) ( 0(Xu) i usy + G(S)(XUS)IL{URU"})] ’

we find that

A+k Go() + ,+A

=G(x)

0()

(ri + A5) (R 12, Gl) (%) + *— (ki 4 Ag) (Rrg 42, G (x)

ey +x Ai A
_ iAUS Ay
E [ r(U'AU%) ()\’ +)\’ GO( U’/\U’) + )\’ +)\’ GO(XUI/\UA))} .

By [26, Lemma 2.1], the function x )\i);i)\v Gf)(x) + ﬁG(s)(x) is r¥-harmonic on

(yi.ys). Consequently, we have that G(x) = Gf)(x) = Gy(x) = hy(x), where h, is
r-harmonic, on (y;, ys). Summarizing,

. G(-x)v X 2 yS7 gS(-x)v X 2 ys»
Gi)(x) = hr(x)s X € (J’i, yS)v f)(x) = hr(-x)a X € (yis yS)9
gi(x), x < yi, Gx), x<yi.

We develop this representation further in the following lemma.

Lemma 3.1 The following representations hold:

8i (Vi) =i (Rr4x; 81) (i)
Ai(Rr, 80 (1) + S Sy, (0, X < i

s s _)ts Rr 5SS S
)\s(RrJrksgs)(x) + £s () wrfxs(;i)g YO )(PrJr)»s (x), x>y

G(x) =

@ Springer
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Proof Let x < y;. Then by the conditions (3.3), (3.1) and (3.2), we find that

G(x) =E, [e_rUigi(XU")IL{U"<U‘Y}1{U"AU‘Y<W1‘}]
+E, I:e_rUi Gf)(XUi)l{U"<US}1{U"AUS>Tyi}]
+E, [e_rusG(XUX)]l{US<Ui}l{U"/\US<ry,-}:|
+E, [e*’U‘qGB(XUS)l{uuu"}lw"w“ﬂn}] ‘
By Strong Markov property, we obtain
Ex [e_’Ui Gé(Xuf)]l{Ui<Uwﬂ{U"AU’Yﬂn}]
+E, [e*rUS G(S)(XUA')R{US<Ui}]l{U"AUS>r,\~,»}]

=, I:e—rtyi EXTyi I:e—r(U'AUS) (GB(XUI')H{U'kU“} + GB(XU'Y)]I{U“<Ui})i| ]l{UfAU“>TVi}:|

Thus,

G(x) = Eq [e_rUigi(XUf)l{U"<US}]l{U"AUS“n}]
+E, [efrwG(XUS)IL{U~Y<Ui<ryi}l{UiAUS<’>'i}]
+E, [e_rUsG(XUS)l{US«yi<Ui}]1{U[AUS<T>'i}]
+E, [e_”yt' G(Xryl.)]l{Ui/\Us>Tyi}:| :

Since

G(Xys) = Ex,, [e_’Uigi(XUi)] on the event {U* < U’ < Ty},

G(Xys) = Exy, [e_”in(X,yl_)] on the event {U* < 1y, < U'},
we find by another application of Strong Markov property, that

Gix)=E [e*’U"g,»(XUI-)IL{U,-%}] +E, [e—”w G(XT),i)Il{U,->tyi}] .
Since G(Xfyl_) = G(y;) = gi(yi), we finally obtain

G(x) =E, [e*rU" g (XU,-)] _E, [e*rU"g,- (XU,-)IL{U,;,”}]

+ E, I:e*”.\'i ]1{Ui>ryi}:| g(vi)
&i (i) — Ai(Ry42,;81) (Vi)
Wr+k,» (yl)

= Ai(Ry42,81)(x) + Vrga, (X).
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The case x > yj is proved similarly. O

The next lemma provides necessary conditions for the optimality of the thresholds y;
and ys.

Lemma 3.2 Assume, that the condition(3.3) holds for all x € Ry. Then
Ey, [e_rUlhr(XUi)l{Xm <yi}] =Ey I:e_rUlgi (XUi)]l{XU,' <y1}] )

Ey.v I:e_rUJhr (XUS ) ]l{XUs >y.v}:| = E)’s I:e_rUS 8s (XU5 )]l{XUs >)’S}] )
which can be rewritten as
Vi Vi
/ Yr 2, (2)gi(2m' (x)dz = f Vi (Dh (2)m’ (x)dz,
0 0

/ ¢r+AS(Z)gs(Z)m/(x)dZ:f Pra, (@ (D)m' (x)dz.
Y

s Vs
Proof Let x € (y;, y5). Using Lemma 2.1 of [26], we find that

Gx) =hr(x) =

i s
h
e+

(?» A Rraigachr) () + 5

hr(x)

(?»i + X)) (Rt 42, 1) (X)

BT ki
IE [ —r(U AU%) h (XUI)IL{U‘<UV}+h (XUv)l{Uv<UI})].

=F (X i, Xys)

This can be rewritten as
G(x) = By [ FXyi, Xu) i pyo ey,
+E, [F,(XU,-, XUJ)ﬂ{U,-AUSX(W}ﬂ{f(yl,‘m:fys}] (3.4)

+ Ex [Fr(Xui, XUS)]]'{U[AUS>T(yi.yx)}IL{T(}’;‘J’S):TYI}] . (35)

Strong Markov property and [26, Lemma 2.1] yields

By I:Fr(XUiv XUS)]l{Ui/\Uur(yi,ys)}l{r@,-,yx):rys}]
+Ey [Fr (Xyi, XU'V)]l{U"AUSN(y,-,ys)}l{f(ym-s):@i}]
— Ex I:e—rfyx EXT” [Fr(XUi, XUS)] ﬂ{U'./\UX>T(yl-,ys)}]l{T(Yi-}'S>=T~"»T}]
+Ex [e_rtyi Ex.,, [Fr Xy Xuo)] IL{UiAU‘>T<y,-,ys>}H{T(nvmzfﬁ}]

= Ex [y (X, ) Lt gy 1 M=o (3.6)
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+E, I:é’irryi hy (XTyi )]l{U"AUS>r(yi’,vs)}IL{T()‘ivys):f}’z}] : G.7

Consider first the expected value (3.6). On the event {U' A U’ > 1y, y,) = Ty}, We
have, by Strong Markov property and Lemma 2.1 of [26], the following:

e T hr(XryS) = e s hr(Xfys) (H{US<'7)’.Y} + ]l{nylv<U5‘})
=e s (EXrys [efarhr(XUX)] Liys <yy,) + hf(XTys)l{’h's‘Us}) ’

where 1y, is the first return time to y;. Since h (X, ) = hyr(ys) = G(ys), we find that

]Ex I:e—rf}'.r hr(XT,Vx)ﬂ{Ui/\U:>T(yi,yS)}l{r(}','.,Vs):TyJ}:I
—I'Tyg —rU?* .
= B [e ™ ]Exfys [e ' hr(XUS)] ]l{US<’7)1r}]l{U’AU‘>T<.vlw.vx)}]1{’(>'i~."s)zty5}]
+ Ex I:efrrys G(yS)l{ﬂys <US}]l{U"/\U“>r(y’.,ys)}]l{f(y,-,yx):fys}:I .

For the equality (3.3) to hold, the equation

E, [ef”yf EXTyS [eirUShr(XUf)] IL{US<77)-S}]l{U"/\U“>T(,v,~,.vS)}IL{T(.»*,-V.»&):Tys}]

+E, [e s G(yS)l{flyX <U*} H{UiAUS>T(}vi_}'S)} ]1{T<y,-,yx)=t.vs }]

—rU i
—F, [e . Gg(in)11{U,~<US}11{U1-AUX>TUI_NVS)}ﬂm_vi,mz,ys}] (3.8)

[ _ Us .
+Ec e GB(XU*‘”{URUI‘}ﬂ{U"AUS>r<y,-,y.y>}1{f<wx>:f>'s}]

=E, I:e—rfys Ex,, [e"U gs(XUS)] H{U‘V<7]ys}H{Ui/\US>T()vi,)vA,)}ﬂ{f(yi,ys)=ryx}i|

+Ey[e" ™ G(yx)l{ﬂys<U3}]l{U"AUS>T(yi,yS>}]l{f(y,-,ys)=fys}] (3.9

should hold; here, the last equation is obtained by breaking down the expected values
(3.9) and (3.8) similarly to (3.4) and (3.5). This holds, if

]Exfyx [e_rUshr(XUS)l{XUx >yx}:| = ]EX,ys [e_rUSgs(XUs)l{XUs>yx}i|-

The necessary condition
Ex., I:e_rUlhr(XUi)]l{XUi<yi}:| = Ex,, [e_rulgi Xyi)lix,, <yi}]-

is obtained by analyzing the expected value (3.7) similarly.
To conclude the claimed integral representation, we find by applying the represen-
tation (2.1) to the function x > A, (x) 1>y}, that

¢ oo
Ex.,, [e_’U hr(XUS)]l{xU.»y.r}] = B Vi, (%) / Pria, WA (0)m' (y)dy.
Vs
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By treating the other expectations similarly, we obtain the integral representations. O

We write the necessary conditions given by Lemma 3.2 in a more convenient form.
First, write the harmonic function A, as h,(x) = Cy(x) + D¢, (x). Now, since
hr(yi) = gi(y;) and h,.(ys) = gs(ys), we find by solving a pair of linear equations,
that

0r (¥i)8s(ys) — @r (¥5)8i (Vi) & () Ur(ys) — &) ¥r (i)
hr = r r .
0 = G0 — ot 00 O o o o) — e o )
(3.10)

By substituting (3.10) to the conditions of lemma 3.2 and reorganizing the terms, we
obtain

Hi(¢r, &5 yi) H;(gi Vrs ¥i)
sUVs) = & Vrs "l‘— r\Js),
SO0 Tt T e O
1 G) = Hs(gs,wr;ys)w o) + Hs(Wr»gs§ys)¢ 1) '
e Hs(Wr’(ﬂrvys) T Hs(wr"Pr;)’s) T

We can simplify the denominators of the coefficient terms. Indeed, since (4 — (r +
A& (x) = —X;&(x) for r-harmonic &, we find using lemma 2.2, that

HO ) @V, ©
S’ (x) - S’ (x) ==X (W;& ) (x).

Thus,

Hi(pr. s ) = (“’; Y-t ‘”“’”“’““) __3,

§/(x) S/ (x)

By treating the term ¥, (y5) @5 (¢r; ys) — @r (vs) Vs (Y5 vs) similarly, we can rewrite
the necessary conditions (3.11) as

Hi(gi, ¥r: yi) = Hy(Yr, 853 Ys),
i (8i» Yr; i) s(Ur, 8s5 Ys) (3.12)
Hi(gr, gi3 yi) = Hy(gs, ¢r3 Ys).
3.2 On Uniqueness of the Solution
The next proposition is our main result on the uniqueness of the solution to the pair

of necessary conditions given in lemma 3.2. To ease the presentation in the following,
we introduce a bit shorter notation

Hl,(p(x) =Hl(§0r’ gl;-x)a Hl,lp'(x) - Hl(glv I/IF;-X)a
Hs,v/(x) = H;(Yr, gs; x), Hs,zp(x) = H(gs, ¢r; X).
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Proposition 3.3 Letr Assumption 2.1 hold and assume that a solution (y;, ys) to the
pair of Lemma 3.2 exists. Then the solution is unique.

Proof Define a function K : (0, X;] — (0, X;]
K (x) = H; ) (H, o (H, , (Hi 4 (x)))), (3.13)

where ~ and * are restrictions to domains [X;, 00) and (0, X;] respectively. We notice
that if a solution (y;, ys) to the pair exists, then y; must be fixed point of K. Because
the functions H; and H; are monotonic in their domains we get

K/(X) :[;l’—(;’(I:I;,w(l:lglllj(ﬁ,,w(x)))) . I:IY/,gD(I:I;]/l/(Ith,I/f(x)))
.I:IS_,Lg(I:Ii,W(x)) ‘ I:Il'/’w(X) > O,

and hence K is increasing in its domain (0, x;]. Now using the fixed point property
we have

K'(vi) = H ) (Hi () - Hy o (y) - Hy (s (39) - H] , (30)

() By 00 (@090 00) i) G0 _ 009 ¥r 00 _
I'Als/’w(yx) I:Ii/,w(yi) (D) (vs) (Wiwr)(yi) or (i) Yr (ys)

This means that whenever K intersects the diagonal of R, the intersection is from
above. Hence, the uniqueness follows from continuity. O

3.3 On Existence of the Solution

We proceed by analysing the solvability of the pair (3.12). By item (4) of Assumptions
2.1 and Lemma 2.5, we find that

/ _)"iS/ -
H; (pr, gis x) = z—m(‘yifpr)(x)(‘l’i(A —rgi)(x) <0, x <X,
r+)v(x
y (3.14)
/ Ai S (x) .
Hi(gi, ¥ri X) = —5——(Wiy) () (Vi (A —1)gi)(x) > 0, x < X;.
%Hi (x)
We find similarly that
H(gs, ¢r;x) > 0, x > Xy, 3.15)

H! (W, g5:x) <0, x > .

Next, we study the limiting properties of the functions appearing in (3.12). Regarding
the function H; (¢;, g;; -), by adding and subtracting the term (¥; (A —r)g;) and using
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lemma 2.2, we obtain

() Vs, ()
M%waﬁq%m—mma%(%&mﬂwwugﬁrgm>
By a similar computation, we find also that
e W™ g
Ai(Wigr)(x) = W@r(x) - S'(x) Yria; (X).

By substituting these expressions to H;(¢,, gi; -), simplifying, and using lemma 2.2
again, we observe that

or(x)
(@r, gis x) = T )( i(A—=r)g)(x)
g gl )
+<s’()’() ()<pr()

or(x)

= ————(Vi(A—r)g)(x) + (P(A = r)gi)(x). (3.16)
WH—A,( )

Assume that x < z;. Then the intermediate value theorem yields

Hi(¢r, gi; x)

@r(X)  Yrqp, (6x)
= i W A _ : @ A _ i
T ey AT DE@ + (BA =D E)

1 wr+)»- (gx)
r(E)(P(A - i —_—
%®<w@x( R

or () (W(A— V)gi)(X)>,

where &, € (0, x). By continuity, we find by passing to the limit x — 04 that

fawhgﬁo+>=1L939%1Q&3m+)=—dhiim+y

By a similar analysis, we find that the limit

Hy(Yrr, gs; 00) = _Br&(oo)-

@r

Consider next the function H;(g;, ¥,; x). Since

Wrﬂ,( x) _ ¥l (x)
S ——Vr(x) S

A (Vi) (x) = Yria; (X),
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we find using the Eq. (3.16) and lemma 2.2 that

H;i(gi, ¥r;x) = yr ) ————(Wi(A—r)g)(x) + (V(A —r)gi)(x).
I/fr+ ( )

Assume that x < z;. Then the intermediate value theorem yields

Wﬂrk (sx)
V) A= ren ) = 22 (@A - g ).
Y, ) gy
—_—
<1

Thus by continuity H;(gi, ¥»;0+) = 0. A similar analysis yields the limit
H;(gs, ¢r; 00) = 0.

Finally, by using remark 2.3 and the facts that ¢, is r-harmonic and z; < x;, we
find using lemma 2.2 that

8i (X)) (Wi (A = g)er) (X)) — @r (X)) (Wi (A — gi)&i) (Xi)
wr-ﬁ-)»,‘ ()Et)

Pr (x~l)

Hi(or, gis Xi) =

_ W) G — 8 (xi)
Ty YT e

= / orWMA—=1)gi(y)m'(y)dy < 0,

where ¢; = r + A;. By a similar analysis, we find that H;(y,, gs; X5) > 0. We
summarize these findings:

Hi(¢r. 83 04) = =By §=(04), | Hi(Yr, 853 00) = —B, £ (),
Hi(¢r, gi; Xi) <0, H, (Y, g5; X5) > 0, 3.17)
H;(gi, ;0+) =0, H;(gs, ¢r; 00) =0.

Unfortunately, the assumptions in 2.1 are not enough to guarantee the existence
of a solution to the pair of equations in 3.2 and more analysis is needed. The next
proposition is our main result on the solvability of the necessary conditions.

Proposition 3.4 Under the assumptions 2.1 and 2.4, the pair of necessary conditions
given in Lemma 3.2, has a unique solution.

Proof Define the function K : (0, X;] — (0, x;] as in (3.13). We first observe that the
proven limiting properties (3.17) and monotonicity properties (3.14) together with the
conditions

H;i(gi, ¥r; Xi) < Hy(Yyr, 853 Xs),

. . (3.18)
Hi(or, gis Xi) < Hy(gs, ¢r; Xs)
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guarantee that the function K is well-defined. Using the representation (3.16), we see
that

Hi(gi, ¥r; Xi) = (W(A —1)gi)(Xi),
Hy(Yy, g5 X5) = (W(A —1r)gy) (Xy).

After handling the other inequality similarly, we see that the condition (3.18) is
equivalent to

(W(A=r)gi))(xi) < (W(A—1)g))(Xs), (3.19)
(P(A—=1)gi)) (%) < (P(A—r)gs))(Xy). '
The assumptions in 2.1 guarantee that Xy < z, X; > z; and z; < zg. Thus, (1)
implies that z; < X; < X; < z; and consequently by our assumptions

Hi(gi ¥ri %) = Hs (. 853 %) = fo A =18 — (A= Ng@ v @m' (2)dz
—ﬁ S(A — g (Y- (z)m' (2)dz < 0.

The other inequality in (3.19) is proved similarly.

It follows from above calculations that the function K is well-defined and from
proof of proposition 3.3 that it is increasing. Furthermore, K is a mapping from
interval (0, X;] to its open subset. Thus, K must have a fixed point which we denote by
vi. Then the pair (y;, ys), where y; = ;L(Hi,w(yi)), is a solution to the equations
given in lemma 3.2. The uniqueness follows from proposition 3.3. O

The assumption (1) and (3) in proposition 3.4 are satisfied in most situations and
are easily verified. However, the assumption (2) requires more analysis in most cases.
Fortunately, it is very easy to check it at least numerically in applications, because the
states X;, Xy are known to be unique zeroes of the functions (V;(A — r)g;)(x) and

(D5 (A —r)gs)(x).
3.4 On Non-differentiable Payoffs

Although our analysis does not cover non-differentiable payoff functions, its conclu-
sions can be extended fairly easily to some important cases. As an example, assume
that the payoff functions are g; (x) = (x —¢;)" and gs(x) = (x —cs)+, where ¢; < cs
and let X be a diffusion satisfying the basic assumptions of Sect. 2. This payoff struc-
ture can be viewed as a callable option, see, e.g., [19]. Recall the optimality conditions
(3.12):

Hi(gi, ¥r; yi) = Hy(Yr, gs3 Ys),
H;(¢r, 8is )’i) = Hs(gSa (2 )’s)-
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We observe that the left hand side of both of these equations is zero on (0, ¢;).
Assume first that the functions on the right hand side of the conditions (3.12) have
a common zero yg. Then the following must hold

2s(50) / Grin DV @M Dz = 1 (0) [ P, (g (@m' ()dz
Y

. . (3.20)
gs(yo) / Pr42s @@r (2m' (2)dz = ¢r (y0) Prias (2)8s (2)m' (2)dz
Yo Yo

First, we observe that if g;(yg) = 0, then

Y (y0) f Pria, (285 (@)m' (2)dz = ¢, (y0) / Oria, (2)8s(2)m' (2)dz = 0,
Yo Yo

which clearly cannot hold. Assume now that gs(y9) > 0. Then by dividing the
conditions (3.20) sidewise, some further manipulations yield

/ Pria, (Do ()m' (2)dz = M/ Prt; (DY ()M (2)dz
Y

0 ¥r(vo) Jy,
*° or(2) p
> s r d
/yo Or+a,(2) wr(z)w (z)m'(2)dz

=f Prt2, (D (2)m' (2)dz;
Y

0

here, we have used the fact that the function % is decreasing. Since all functions in

these expressions are positive, we conclude that the ratio % must in fact be constant
over the interval (yg, 00), something which is clearly not true. Thus, we can safely
consider the case that the functions on the right hand side of the conditions (3.12) do
not have a common zero. Then neither y; nor y; can be in the interval (0, ¢;). Thus
we can restrict the analysis of the optimality conditions to the interval (c;, 00). It is
straightforward to see that in this case the functions H; behave as in our main result.
The functions H; also behave similarly but the turning point is at ¢;. Thus, our main
result can be applied to solve the problem after locating the points x; and c;.

4 The Solution: Sufficient Conditions

The purpose of this section is to prove the following theorem. This is our main results
on the solution of the considered stopping game.
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Theorem 4.1 Let the assumptions 2.1 hold and assume that thresholds y; and y are
unique solution to

Vi Vi
A Vi (2)gi(2)m' (2)dz = /0 Vrt2; (@b (2)m' (2)dz,

00 00 4.1)
/ @ria,(2)8s(2m' (2)dz = / @r 12, (Dhr(2)m' (2)dz,
Vs s
where
hy(x) = ©r (3i)8s (¥s) — @r (¥5)8i (Vi) 0 () + 8 (i) ¥r (¥s) _gs()’s)Wr(Yi)(pr(x).
©r O Yr (vs) — or () ¥r (i) ©r Vi)V (vs) — or ) ¥ (i)
Then the value function (2.2) reads as
i (Vi) =i (Rr2; 8i) (i)
bRy, 1) (6) + S B, (), x < i,
V(x)z hr(x)’ X € (ylv }’s)7
As (Rr+)hsgs)(x) + gj(yé.)_(;:i()fr(;?; gS)(yj.)‘pr-i-)»s (x), x>y

Moreover, the game has a Nash equilibrium constituted by the stopping rules

™ =inf{Ts >0 : X7,

o* =inf{T,; >0 : Xr,

To prove this result, we first introduce some notation. Define the filtrations (gn,- )ni >0

and (gns)n.% as G, = .7-"Tnl. and G,s = Fr,,, respectively. Moreover, define the sets
of admissible stopping times with respect to the G-filtrations:

N*={N*>1: N'isan (Gs) — stopping time}
N = {Ni >1: N'isan(G,) — stopping time].

Then the function V defined in (2.2) can be written as

V)= sup inf E, I:e_r(TNiATN’)R(TN.s,TNi):I.
NSENAvNieN"

We point out that the G-filtrations were defined only for the case where immediate
stopping is not allowed. This is because we do the verification only for the main
problem and not for the auxiliary problems. However, similar techniques could be
employed to do the verification also for functions G6 and G defined via (3.1) and
(3.2), where the function G is given by expression for V in the claim of the main
theorem. We omit the details.

The proof of the main theorem requires uniform integrability. This is provided by
the following lemma.
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Lemma 4.2 For any fixed stopping rule Ty, the process
SN, i n® s e Ty A ) (gi X, )y <15y + Go(X7,0) Lz, <TN[}) ot =12,

is a uniformly integrable supermartingale with respect to (Gys)ns >0.
For any fixed stopping rule Tys, the process

ST N st i T (Gl (X VL, <1y + 80 Xny) iy <1 ) 0 = 1,20,

is a uniformly integrable submartingale with respect to (gni)n,->0.
=

Proof We prove the claim for S*, the process St is treated similarly. Since Gf) > G,
Strong Markov property yields

o (Tyi ATe) <gi(XTNi)]l{TN,~<T,,s} + Gf)(XT,,x)]l{Tnx<TNi})
S o (TyiATye) (gl.(XTNI,)]l{TN,-<T,,s} + G(XT,,s)]l{TnS<TNi}>
e r T AT I:e—rUS GB(XUx)]l{Tns+US<TNi}:| Lz <1y}
+ €_r(TNi/\TnS)]EXTns [E—r(TNi —Tns)gi (XTNI Y Lz,s <Tyi <T"S+Us}] 1t <Ty)
4o TninTi) g, (XTI{I)IL{THS >Ty;}

=E, I:efr(TNi/\T,,HS) <gi (XTNi )]]‘{TNi<Tn+15} + G(S)(XTn+1s)IL{Tn+1s<TN,»}):| .
To prove uniform integrability, we show that
sup E,[S*(N', n*)] < oo, and 4.2)
nS

sup E([S*(N', n*)14] — 0, when P,(A) — 0, (4.3)
nX

for all stopping rules T:; these conditions are necessary and sufficient for uniform
integrability. Fix Ty: and n®. Define the measure

P*(A) = E, [L“(Ni, n“)]lA], A e F, where
)Wr (XTNi/\TnS)
Yr(x)

LS(Ni’ nS) — e—i’(TN,'/\Tns
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Gy(x)

Let A € F. Since e

< f; ((;;)) for all x, we find that

Ex[SS(Ni’nS)IlA] g,'(XTN,.) o
= Ex —1 i <T. s T4L° Nl’ §

vrix) |:%(XTN,-) {Tyi <Tus) 24 ( n ):|

1)Zfr (XTn_;)

< max ( gi(&) g ()

+ Ex [ Lir,, <1, 1AL’ (N', nS)] (4.4)

= - )IE”*(A) < 00.
Yr (X)) Y (X%)

The property (4.2) follows from (4.4) by setting A = 2. We observes that P, (A) — 0,
whenever P¥(A) — 0. Thus the property (4.3) follows from (4.4). O

Proof of Theorem 4.1 The task is to show that V = G the claimed Nash equilibrium
follows then from the construction of G. To this end, recall the definition of the value
function V from (2.2). Obviously, V (x) < V(x) for all x. To prove that V = G, it
is sufficient to show that V(x) < G(x) < V(x) for all x; we prove the first of these
inequalities, the second is proved similarly. Since g; < G, we find using lemma 4.2
and optional sampling, that

E, [E_F(TNMTN") (gi X1, )7y <Tys) + gS(XTNs)]l{TNx<TN,-}>]
<y [e7 M) (0 (X1, )1y, <1ys) + Gy X1y ) L <1y )|
<E, [ (i (Xr, ) ry, <vs) + Gy (Xu) Lws <1, |
= ks (R, G PLU® < Tyo) + B [e7 T gy (Xr, )Lz, <))
for arbitrary stopping rules Ty: and Tys; here, U® is an independent Exp(\s)-
distributed (G,,s )-stopping time and the last equality follows from the independence

of U* and the stopping times T . The right-hand side is independent of Tys, thus we
obtain

fsTlAl]E) E, [e"(TN‘MTN") (gi(XTN;)l{TN,~<TNs} + gs(XTNs)l{TNs<TNi})]

< As(Rrgn, G ()P (U* < Tyi) + Ex [e*’TNf gi(XTN,-)IL{TN,-<US}],

and, consequently,

V) < inf (Ao(Ry, GO (U* < Ty +Ex [ i (X1, ) Lir,, v )

Ni
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For the inf-player, consider the stopping rule N' ="Stop at the next inf-players Poisson
arrival if the state of X at the time is below the threshold y;. Otherwise, wait". Then

Vix) <E, [efru-v Go(Xu9) Lws <ty + e i 8i (X, )l{UA‘>TNi}]

o0
=) E [e_rU“ Gy(Xu) Lws <z + ¢ i (X ) Lys 13
k=1

N = k] PN = k).
(4.5)

Since g; (X7,) = G (X1,) conditional to {N' = k}, we find that

Ex [V Gy (Xu) Lws < + i Xp) Loy

N =k]

k—1
=FE, [Z eV G (Xu) Lz, <vs <1, |NT = k]

n=1
+E, [eferflEXTkil I:efr(U!AUS) (Gf)(XUi)]l{Ui<U.x} + GB(XUX)IL{UA<Ui})] Livsstipy |

N = k]
k-1
=E, {Z eV Gy (Xus) iz, <us<1y) )N’ = k] +E, [e_rT""G(XTk,,)]l{UJ>Tk,,) |
n=1
Ni = k] ,

Strong Markov property yields

k—1
E, [Ze"”é Gy(Xu) L1, <vs <) [N =K]

n=1

k—1
=Ky |:Z e_rTnilExTnfl I:e_rUé Gf)(XU‘Y)] L, <Us<Ty)
n=1

Finally, since, conditional to {Ni = k},

e By, |:e—rU5 Gg(Xux)] = T1G(Xy, ) = G(x)

1
ontheevent {T,_; < U®* < T,},n=1,...,k—1,and

e "G (Xp, ) = G(x)

on the event {U® > Ty_1}, the expression (4.5) can be written as V(x) < G(x). Thus
V(x) = G(x) and the proof is complete. O
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5 Properties of the Solution
5.1 Asymptotics of 1; and A;

A similar stopping game, where both of the players are allowed to stop without any
restrictions is studied in [2]. In that case, we know that under the assumption 2.1
complemented by the assumption g; > g, the optimal stopping thresholds (x;, x;)
are the unique solution to the pair of equations

(U(A=r)gi)(xi) = (W(A —r)gs)(xs), 5.1)
(@A =1)gi)(xi) = (P(A —r)gs)(xs). '
It seems reasonable this solution should coincide with ours when both of the informa-
tion rates A; and A, tend to infinity as in that case stopping opportunities appear more
frequently for both of the players. We show after some auxiliary calculations that this
is indeed the case.
The pair of equations can be represented as

— VD (A - g 0) + (A - g (1)
wr+)u,- (}71)
_ 0

B Pr+hs (s)

O (4= g (o) + (A = g ()
I//r-i-)»,' (yl)

_ _M(cps (A—=r)gs)s) + (P(A —r)gs)(s)-
DPr4-rg (ys)

(@5 (A =1)gs)(ys) + (W(A = 1r)gs)(¥s),
(5.2)

Furthermore, for all s > 0, we have

¥s (x)

, XX Z
Efe™ | 7, < 0o] = 5?((5)) (5.3)
> Z,

¥s(2) '

where t, = inf{t > 0 | X; = z}. Therefore, we find thatforz < x < y

lim Yy (x) -0, lim os () -0
§—>00 ws(z) §—00 (x)

’

and, consequently by monotone convergence, that

(Vi(A=r)g)i) 77 Yra, ()
Ipr+Ai (i) N 0 1zﬁr+)»i i)
(Pi(A—1r)gs)(ys) /°° Prta, (¥)
Or+a; (Vs) - ys  Prtig (vs)

(A= r)gi(ynm' (dy 2225 0,

(5.4)

(A= g (mm' (dy 2= 0.
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Table 1 The asymptotics of the optimal thresholds

As As > 0 As — 00
A This study - -
ri— 0 Lempa 2012 No interventions Alvarez 2001
Aj = 00 - - Alvarez 2008

We can now prove the following convergence result.

Proposition 5.1 Let K, (x) be as in (3.13) and define a function k : (0, z;] — (0, z;]
as [see (5.1)]

k) = P (Parg, (YA (Wid—rg (D))

Then the unique fixed point y; of K, converges to the unique fixed point x; of k as A
tends to infinity.

Proof From the representation of the pair of Egs. (5.2), (5.4) and monotonicity we see
that

lim K (x) 2225 k(x).
A—00

The claim follows now by noticing that k(x) — x attains both negative and positive
values (this follows essentially from point (1) in Assumption 2.4, see [2]). O

Inthe casethatA; — 0,i.e.inthe absence of competition, the threshold y; converges
to the threshold of an stopping problem presented in [26]. And further, if then we let
As — oo the threshold coincides with the threshold in [1], see [26], proposition 2.6.
These asymptotic results are collected in Table 1.

5.2 Consequences of the Asymmetry

Interesting feature of the anti-symmetry is that when one of the rates, for example A,
stays fixed, and we increase A;, both of the thresholds decrease. To see this note that
y; € (0, x;) and also that by (5.3) for z < x < y we have

wr+)»(1) < I/fr(Z)
V() Y (x)]
@r2(y) < (Pr_(y)
Prn(X)  @r(x)’

Hence, assuming A1 < X, we have that Hy(g;, ¥r; yi) < Hi(gi, ¥r; yi) and
Hy(gr, gis yi) < Hilgr, i3 yi)-
We recall the definition of K and write the dependency on A; explicitly

K (x, ) = Hy ) (Hy (), (Hiy (x, 20))), M) (5.5)
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Taking the derivative with respect to A; yields

0.

0K BI-VIZ.’_(; + 3ﬁs,<ﬂ 81:1-;1/11 agi,l//
[ — — <
dA; ki OH,, 0H;y Ok

Hence, K is decreasing in ;. Next, suppose that y; is a fixed point of K when A; = |
and assume that A; < A,. Then

yi = K(y1, A1) > K(y1, A2),

and consequently y; > y», as K'(y1, A1) < 1 by proof of proposition 3.3. Similarly,
we can show that ys decreases as function of A;.

This observation has an intuitive explanation. If the information rate A; of the inf-
player increases he should wait longer (in the sense that y; decreases) as he gets more
frequent opportunities to stop, and hence, is not affected as much by the uncertainty
of the underlying. On the other hand, as the rate for the inf-player increases, the
sup-player wants to stop sooner (in the sense that y; decreases). This is because the
inf-player is now less likely to miss good opportunities to stop and the sup-player has
to react accordingly.

6 lllustrations
6.1 Geometric Brownian Motion with Smooth Payoff

In this illustration we compare the properties of our general findings with the usual
stopping game where the players are allowed to stop without restrictions. Thus, we
follow [2] and consider a stopping game given by

R(t,0) = (R, f)(X¢) — Cs)]]-{r<o} + (R H(Xs) — Ci)]]-{r>o}a

where ¢; > ¢; > 0 are constant measuring the sunk costs, f(x) = x?isa profit flow
with 0 < 6 < 1, and the underlying diffusion X, is a geometric Brownian motion.

We remark as in [2] that in this case the buyer always gets the expected cumulative
present value (R, f)(x), and hence the only factor that depends on the timing of the
decision is the cost which the buyer pays (and the seller receives) at exercise. Thus,
the game can be seen as the valuation of an investment which guarantees the buyer a
permanent flow of revenues from the exercise date up to an arbitrarily distant future
at a cost which is endogenously determined from the game.

Remark 6.1 We point out that by a similar analysis, we could study the linear payoff
structure g; (x) = x — ¢; and gs(x) = x — ¢5, where 0 < ¢; < ¢;. However, we want
to compare our results to those of [2] and, therefore, present the case of cumulative
payoffs.
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In this framework, the infinitesimal generator of the diffusion X, reads as

a=lpred +
=0 x" — X—,

27 A T M ax
where ¢ € Ry and o € Ry are given constants. We readily verify that the assumption
2.1 are satisfied. Furthermore, the scale density and the density of the speed measure
read as

2u )

2 2
S'(x)=x o2, m'(x) = —xo?
o

Denote

1 7 1 uw 2 2(r + 1)
=-—- = - — = — > 1,
P 2 02+\/(2 02) + o2 g

1 7 1 % 2 2(r + )
== - = - - — = — > 0.
o 2 o2 \/<2 02> + o2 g

Then the minimal r-excessive functions for X read as

Y (x) = 5P 0, (x) = X, Y (x) = 3P, g (x) = X%

It is worth to emphasise that 8, > 1 > 0 > 0 > «;,, so that the conclusion in remark
2.3 holds.
The resolvent can be shown to be

x?

r—Ou—1o200 -1

(Rr f)(x) =

Noting that (By — 6) (0 — ag) = 2(r — s — 3020(6 — 1)) /0’2, we find the alternative
representation

X

2
R DO = 3 B =000 —a0)’

For notional convenience, we do the calculations in the symmetric case A = A; =
Xs. To write down the pair of equations (4.1), we first calculate the auxiliary functionals

2 2 1
Wi = e, W; == Br—ho
(Fiyr e o? ,BA—WOX (Fier) @) o By —,BOX
= _2 o) —ao 2 a3, —Po
(Ps¥r)(x) = —— x s (D) () = == X
o~ —ag o o) — PBo
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Moreover,
(W) (x) (2)2 : vy 26w
i8i)X) = Y X — X )
8 52) (Bo—0)(©0 —a0) (0 — atz) o2,
2\? 1 2 ¢
D, g, - (= O=Pr _ = 25 =B
(Ps8)(0) (02> (Bo— )0 —a0) @ — Br) " 2B

Noting that o), — By = g — B, and using the above expressions, the pair of equations
(4.1) read as

2 x0=0 [ 1 1 } a0 [ 1 1 }
— — —x Vci| —+
0" (fo—)(O —a) [ Br—a0 60—y o, Br—ao

2 yi—eo [ 1 1 } a0 [ 1 1 }
== - — e | -+ :
0= (Bo—0)O —ap) Lay —ag 0 — By B ax—ag

2 x0=Fo [ 1 1 } b [ 1 }
— - —x | —+
02 (Bo—0)O —a) fr.—Bo 0 —a oy Br—Po

2 y?=ho 1 1 . [ 1 1
=— - =y Pes| =+ .
0% (Bo—0)(O —ao) Lax —Bo 0 — By B an—Po
Unfortunately, it seems to be impossible to solve the pair explicitly and thus we
illustrate the results numerically.

Next we analyse the assumptions in 2.4. The item (1) clearly holds and regarding
item (2) we find that

2 [ 2 2 reg : 1
(Wi(A—=r)gi)(x) = ﬁ/ Prici —20)zo? Pdz = 7( - X% — xg_“*),
0

o? oy 0 —a,

2p

2 [ 5 2 (rei _ 1 _
_ N O (p — 0V, 02 — t—B =P
(Ps (A —1)gs)(x) szx 2% (e —2")zo? Tdz 02<mx o5 )

0 0
i?:rci<l—a—>, )?f:rcs(l—ﬁ—>,
A A

and consequently,

Hence,

- - Cs Ci
Xi— X <0 << (¢ —cs)+9<———> < 0.
Br

This demonstrates the interplay between the payoffs and the information rates and also
highlights that our assumptions on the payoff functions are not enough to guarantee
the ordering X; < X automatically.

To illustrate the results, we choose the parameters u = 1/2, 0 = 1,r =9/2,¢; =
1,¢cs = 4/3. Then in the symmetric case we find, as expected, that the optimal
thresholds converge to the ones in the unconstrained case [2], as A — oo, see Fig. 1.
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:

L i L . L . ' . i " . L
100 200 300 400 500 600

Fig. 1 The optimal stopping thresholds in the symmetric case as functions of A. The dashed lines are the
thresholds in the unconstrained case [2]

In the non-symmetric case, we find that, if the information rate A is fixed for the
sup-player, both thresholds decrease as the function of A;, see Fig. 2. Interestingly, at
least in our numeric examples, increasing volatility does not necessarily expand the
continuation region (by increasing y; and decreasing y;). This is in contrary to the
findings in [2] for the standard stopping game.

Finally, the value function of the game is shown in Fig. 3.

6.2 Mean Reverting Dynamics

To further expand the first example, we consider different diffusion dynamics under
similar payoff structure. We assume that the diffusion X has the infinitesimal generator
1 d?
A== 2.2%
70X

d
1 — 4
dx? o 'Bx)dx’

where i > 0 is a constant, § > 0 is the degree of mean-reversion and o > 0 is the
volatility coefficient. This process is often called Verhulst-Pearl diffusion. Because
the payoffs are chosen similarly as in the first example to be g (x) = (R, f)(x) — ¢},
where j = i,s,¢; < ¢y, and f(x) = x, the assumption 2.1 are again satisfied. The
scale density and the density of the speed measure read as

, A 2wy ,
Sx)=x o2es?”, m(x)=—x

and the minimal r-excessive functions are (see [6], p. 202)
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Fig.2 Non-symmetric case with fixed A; = 100 and A; varying. The dashed lines are the thresholds in the

unconstrained case [2]
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Fig.3 Value function for the constrained game
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Table 2 The optimal stopping
thresholds in the constrained * 10 30 80
case for different values of the . 0.39 0.38 0.37

intensity parameter. The optimal
thresholds in the unconstrained
case [2] are in this case

x; =0.36 and x; = 2.80

Vs 2.61 2.69 2.73

) 2
(Pr(x) — (O{, 1+a _ﬂ, Lzyx) , wr(x) = x%L (-Ol,O[ —,3, -'uzyx) s
o o

where U is a confluent hypergeometric function, L is the generalized Laguerre
polynomial L(a, b, z) = Lg (z) and

1 nw 1 1% 2 o
ﬂ_2_02_ <2_02) +02’

1 nw 1 7 2 o
a—2—62+ <2_02> +c72'

Due to the complicated nature of the minimal r-excessive functions in this example, the
functionals Wh and ®h, where h is v/, ¢, or (A—r)g; (j = i, 5), cannot be calculated
explicitly. Consequently, the pair of equations (4.1) for the optimal thresholds cannot
be simplified from their original integral forms in any helpful way, and are thus left
unstated.

Regarding the assumptions in 2.4 the first one is again satisfied. Unfortunately,
again due to the complicated forms of i, and ¢, the second assumption has to be
verified numerically in each case. The results are illustrated numerically in Table 2with
the parameters 0 = 0.3, r = 0.08, y = 0.05, ¢; = 10.0, ¢, = 20.0and L = X; = A;.
These values suggest that the optimal stopping thresholds converge to the thresholds
of the unconstrained case as the the intensity A increases. This is in line with our
general result.
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