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Abstract

In this paper we consider a fluid-structure interaction problem given by the steady
Navier Stokes equations coupled with linear elasticity taken from (Lasiecka et al. in
Nonlinear Anal 44:54-85, 2018). An elastic body surrounded by a liquid in a rectangu-
lar domain is deformed by the flow which can be controlled by the Dirichlet boundary
condition at the inlet. On the walls along the channel homogeneous Dirichlet bound-
ary conditions and on the outflow boundary do-nothing conditions are prescribed. We
recall existence results for the nonlinear system from that reference and analyze the
control to state mapping generalizing the results of (Wollner and Wick in J Math Fluid
Mech 21:34, 2019) to the setting of the nonlinear Navier-Stokes equation for the fluid
and the situation of mixed boundary conditions in a domain with corners.
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1 Introduction

The paper deals with fluid-structure interaction (FSI) problems given by a fluid flow
around an elastic body in a rectangular channel with fixed walls in two space dimen-
sions. The elastic body deforms under the flow and is modelled by linear elasticity, for
the fluid we consider the steady Navier-Stokes equation with Dirichlet condition at the
inlet, no-slip condition on the wall, and do-nothing condition on the outlet. The con-
figuration is taken from Lasiecka, Szulc, and Zochoswki [27] who analyze existence
of solutions to this FSI problem and existence of an optimal inflow profile, considered
as a boundary control, which minimizes the drag at the interface of the elastic body
and the fluid. Let g denote the Dirichlet inflow boundary values and (u, w, p) be the
solution of the FSI problem after transforming the variables for the fluid to a refer-
ence domain, that means u solves the elasticity equation, (w, p) is the solution of the
Navier-Stokes equation and both equations are coupled via the traction force at the
interface and via coefficients in the Navier-Stokes equation: We show that the control
to state map of the FSI problem

B, (G3p2) = X, g (u,w, p) (1.1)

with ball B, (G3/2) around zero with radius r > 0 in the space G3,> defined in (2.28)
and X?, p > 2, defined in (3.17) is continuously Fréchet differentiable for sufficiently
small r. The exact statement is formulated in Theorem 4.

The differentiability is a crucial property to derive first-order optimality conditions
which are usually the starting point for characterizing optimal controls and numerical
schemes to solve such type of optimal control problems. While the formal derivation
of these optimality conditions for similar settings has been considered, see below,
we leave the rigorous derivation of optimality conditions for this specific case for
future work. Difficulties in the analysis to derive Fréchet differentiability arise from
the fact that (i) we consider the nonlinear Navier-Stokes equation, (ii) the problem is
formulated in a polygonal domain, (iii) we have mixed Dirichlet-Neumann boundary
conditions, and (iv) the analysis is considered in a higher regularity setting. Differ-
entiability of FSI problems with respect to data has been considered for the Stokes
equation with Dirichlet boundary conditions in smooth domains coupled with lin-
ear elasticity in Wick and Wollner [34]. There the differentiability is obtained by the
implicit function theorem which we apply also here following their ideas. Therefore,
the linearized Navier-Stokes operator needs to be an isomorphism in suitable spaces;
hence, main parts of the paper deal with the derivation of regularity results for the
linearized equation. We proceed in three steps following the procedure in [27]: In (i)
we derive a lower regularity result for the velocity pressure pair in W2 x L? based
on Lax-Milgram arguments. In (ii) we derive a higher regularity result in W22 x W1-2
based on Benes and Kucera [8, Appendix] who prove W22 x W2 regularity for
the solution of the Stokes equation in rectangular domains with mixed boundary con-
ditions. They use a construction which explicitly relies on the angle at the corner
and apply results from Agmon, Douglis, and Nirenberg [1] for ellitpic systems. In
(iii) we derive higher p-integrability, namely W>? x WP on compact subsets using
commutator analysis.
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For the analysis of linear elasticity we rely on classical theory.

We remark that in contrast to [27] in our setting the traction force at the inter-
face involves not only the pressure but also the normal derivative of the velocity as
considered in Grandmont [19, Equation (8)].

We Give an Overview About Related Literature. On FSI problems: Galdi and
Kyed [17] analyze existence of steady FSI problems in smooth domains. Wick and
Wollner [34] derived as mentioned the differentiability of steady FSI problems with
respect to the problem data in smooth domains. For an introduction to evolutionary FSI
problems we refer to Kaltenbacher et al [26]; moreover, see, e.g., Gunzburger et al. [12,
13], Grandmont and Maday [18], and Ignatova, Kukavica, Lasiecka, and Tuffaha [25].

On Optimal Control and FSI: In [27] boundary control of a FSI problem with sta-
tionary Navier-Stokes equation is considered. The authors show existence of a unqiue
solution of the underlying equation under a smallness condition as well as of an optimal
control. This paper extends Grandmot [19] in the sense that the problem is considered
in a domain with corners and with mixed boundary conditions. In the later reference an
elastic body surrounds the fluid and an additional volume constraint is imposed while
in the former paper the elastic body is surrounded by the fluid, furthermore, a radial
unbounded cost is considered. Rigorously derived first order optimality conditions
have been, to the best knowledge of the authors, not been stated yet for the prob-
lem under consideration. Numerics including formally derived optimality conditions
are considered, e.g., in Richter and Wick [32] where optimal control and parameter
estimation for stationary FSI problems are considered.

For a control problem for a dynamic version of the considered model within regular
domains we refer to Bociu et al. [5]. For further references on control of evolutionary
FSI problems see, e.g. Feiler, Meidner, and Vexler [16] who consider linear FSI sys-
tems with coupled Stokes and wave equation and derive optimality conditions as well
as Moubachir and Zolesio [30] who derive for an optimal control problem for nonlin-
ear time-dependent FSI problem necessary optimality conditions formally. Existence
of optimal controls for the problem of minimizing flow turbulence in the case of a
nonlinear fluid-structure interaction model is considered in Bociu et al. [6].

As mentionend above a challenge of the considered problem is due to regular-
ity properties of the Stokes equation in a rectangular domain with mixed-boundary
conditions. For results on general Lipschitz domain we refer to Brown et al. [9].

Finally, we remark that differentiablity properties of shape optimization problems
for fluid-structure interation has been considered in Haubner, Ulbrich, and Ulbrich
[24].

Notation: Throughout the paper we use the usual notation for Lebesgue and
Sobolev spaces. For spaces of type WSP(§2)2 (WSP(§2)2%2 resp.) we often omit
the dimension. We use the usual definition for smooth functions with compact support
C2°(£2). We define the symbolic expression

(w - Vyw = (w; dwy, w;dwp) " (1.2)

for w € Wh2(£2)? using Einstein summation convention, and we write divw :=

diw)+0drwy. Wedenote V-0 := (Z?:l %‘,’)1 ' 2foro € W1’2(.Qf)2X2.Formatri-
I/ 1=<i<
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ces By and B, in R?*? we denote the Frobenius product by A - B := Z? j=14ijBij.
Sometimes we write O for the zero map. The dependence of a function f on another
function g is indicated by f[g] while the dependence on the spatial variable x by
f(x) = flgl(x). We use the following notation for the Jacobian of the flow map @
as a function of u

. . _(01P1 01D
V& :=VP[u] .= DP[u] := <82q§1 82¢2> [u] (1.3)
and for the cofactor matrix and determinant of the Jacobian
Ku] := de:t(Dclﬁ[z,t])Dclﬁ[u]_T =: cof (DP[u]), (1.4)
Ju] := det(D®[u)). '
Moreover, we set
Alu) == J{u] 'K [u]" K [u]. (1.5)
Further, we use the notation
dafunw = (Alu]Vw)ng (1.6)
with outer normal ¢ to £2r. With
clul(v,w, 2) == ((v- K[u]V)w, 2)12(o) (1.7)

we simplify the notation for the case u equal zero to c(-, -, -) := ¢[0](:, -, -). We set
for matrix K € R™" the expression

divgT w = div(K " w). (1.8)

For functions f and e and operators D we write for the commutator [ f, D]e :=
fDe + D(fe). The space of linear bounded mappings from Banach space X to
Banach space X, we denote by L(X1, X»).

The ball of radius r > 0 around zero in a Banach space W we denote by B, (W).
Finally, ¢ > 0 denotes a generic constant and ¢, > 0 a constant depending on ¢ > 0.
The Euclidean norm in R? is denoted by |||

Structure of the paper: In Sect. 2 we introduce the physical setting as well as the flow
map and transformation rules between the physical and reference domain, in Sect. 3
we introduce the Navier-Stokes system, the elasticity system, and the fluid-structure
interaction system and prove existence of solutions, in Sect. 4 we state the main result of
the paper, in Sect. 5 we show existence and a priori estimates for the linearized system
in higher Sobolev norms, and in Sect. 6 we show the differentiability of the control to
state mapping for the FSI system. In the appendix we recall the transformation of the
Navier-Stokes equation and its linearization to the reference domain.
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Fig.1 Domain
Table 1 Variables iI.l physical Domains Variables
and reference domain
Original domain 25 2f
Physical domain Q4[u] 2¢lu] (w, p)
Reference domain 24 2 (w, p)

2 The Domain

We recall the problem setting from Lasiecka et al. [27]. Let D C R? be a bounded
domain with piecewise regular boundary d D and straight corners as shown in Fig. 1.
Further, let

D = 2, U £2¢ U £ 2.1

with £2¢ and £2¢ be subsets of D with £2 being a domain with a hole £2( and boundary
082 := I'in U Ip. The exterior boundary of £2¢is denoted by I'exi := IinU I'wan U I out-

In £2; we consider a problem of linear elasticity for an elastic body with u denoting
the displacement field. In the exterior subdomain $2f we consider a Navier-Stokes
problem for the motion of a fluid with velocity field denoted by w and pressure p.

We consider a parallel fluid flow in the channel D containing the elastic body in
£2¢ which deforms due to the influence of surface forces by the fluid. The original
boundary I = [ine[0] of §2 transforms itself into I'jn[u] with elastic displacement
u on [y, more precisely

Fine = Dnelul, x> x +ux). (2.2)
This leads to a new domain £2¢[u] with boundaries I3, Iout, Iwall, and Iin[u]. Vari-
ables in the physical domain are denoted with a tilde, cf. Table 1. The outer normal to

£2r is denoted by ny and the one to §2¢[u] by n¢[u]. The outer normal to £2 is denoted
by ng.
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2.1 The Flow Map and Some Transformation Rules

In this section we introduce the flow map and study the transformation between the
physical and reference domain. At first, we recall some standard operators. The trace
operator (cf. [15, Thm. B.54])

y: WHP(Q) — WP (L), 2<p<oo, (23)
is surjective and satisfies for u € W2P(82)
lyullwe-1p.p ) < ¢ llullwr g, - 2.4

The corresponding trace operator for any open subset @ C I3 U [ya we denote
by Y-

Proposition 1 (Dirichlet harmonic extension) For2 < p < oo the harmonic extension
D: W2 VPP (L) — WHP(2p, i > D= gilnil, i=12 (2.5
defined by
Ap; =0in 2, i =nionly, ¢i=00n0d82\ Iy (2.6)
is well-posed and satisfies the estimate
i sy < C lvrumilwsvior,, » fori=1.2. 2.7

Proof See Amrouche and Moussaoui [3] for an overview about results in domains with
smooth and nonsmooth boundaries relying in particular on Necas [31] and Grivsvard
[20-22]. We use the fact that [}y is smooth and that Iy has straight angles. O

In the following we set ¢[n] := (¢1[n11, ¢2[772])T for ¢; defined in (2.5).
In the rest of the paper we assume

2 < p<oo. (2.8)
Definition 1 (Flow map) For u € WP (82,), and ¢ defined in (2.6) the flow map is
given by
O WHP(R) — WHP(2), Dlul :=id + ¢ (yr,u). 29
Here, @[u](x) lifts the boundary trace u|r,, = yr,u € W'=V/PP(Iy) from
the interface Iy into 2¢[u] = @[u](£2f), in particular we have 2 = £2¢[0] =
®[u]~ (2lul).

Hypothesis 1 Throughout the paper we assume that

det ®[u] > 0. (2.10)
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This can be guaranteed by considering only small u.

Remark 1 We restrict the presentation to the case n = 2. Several results in this paper
also hold for the case n € {2, 3} with

< oo, ifn =2,

n< p{S 6. ifn=3: (2.11)

however Hypothesis 1 requires pointwise positivity of the gradient of @[u] which
requires W1 (£2y) regularity. This is given in the case n = 2 with the continuous
embedding W27 (£2r) ¢ C%1(£2p), in dimension n = 3 we only have W>?(£2;) C
€032+ (2;) with small & > 0.

We define
UP = WP (82). (2.12)

From Grandmont [19] we recall the following properties stated there for a three
dimensional spatial setting.

Lemma 1 (i) The mapping K : W>P (25) — WP (2))
K [u] := cof (V&[u]) (2.13)

is of class C*° with cofactor defined in (1.4).
(ii) The mapping G : WP (£2,) — WP (2

Flu] := V&[u] (2.14)
is of class C™. There exists a ry > 0 such that for all u € B, (U?) we have
Flu] = V(id + ¢(yr;,u) =1d + V(o (yr,u)) (2.15)

is an invertible matrix in Wi-P (£2p). Moreover, we have

(ii.a) @[u] =id + ¢(yr,,u) is injective on ﬁj,
(ii.b) @lul: 2r— Pul(2p) isa Cl-diﬁ‘eomorphism.

(iii) The mapping A: B, (UP) — WP (), with
Alu] == (V(¢[u])) " cof (V($[u])) (2.16)
is of class C*°.
Moreover, A satisfies a condition of uniform ellipticity over B, (U?), i.e. there

exists a constant 3 > 0 such that

A(u)(x) > Bid, forallu € B, (UP), andallx € $2r. (2.17)
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Proof (i) The mapping K [u1] belongs to Wl'P(.Qf) since WLP(.Qf) is an algebra (see
Lemma 17). As a composition of C° mappings it is smooth. (ii) For the first statement
we apply the same arguments as in (i). For the second, we use that

Olu] =id + ¢ (yr,u) € WHP(2), forallu € W>P(£2). (2.18)

Choosing r; such that

L 1
lllwzrigy < implies V@) [yipgy << 219

where c is the constant in Lemma 17, then id + V(¢ (Iin¢(b))) is an invertible matrix
in W7 () and we get the result.

For the proof of (ii.a) and (ii.b) we refer to Grandmont [19, Lem. 2].

(iii) We recall the ideas from [19, Lem. 3]. Let b € B),. That Alu] € WI*P(Qf)
follows from point (ii). As for the regularity of A, it is sufficient to show that the
mapping:

whr(2p > whr(2p, T 17! (2.20)
is infinitely differentiable at any invertible matrix of W17 (§2y). This can be proven by
standard arguments, see [10, Chap. I]. The condition of uniform ellipticity of A over
B, (U?) derives from continuity and compactness arguments (WP (£2f) is compactly
embedded in C(£27)).

For the estimate for the derivative we use the boundedness of A on the bounded set
B, (UP). O

2.2 Transformation of Integrals

We recall some properties on the transformation of integrals and derivatives under a
reference map.

For function 77 on the physical domain $2¢[u] we define the transformed function
on the reference domain 2y = @ [u]~1(§2¢[u]) (for given u) by

T(x) =), y=Pulkx) (2.21)

which is well-defined by Lemma 1 (ii). Moreover, we denote the determinant of the
gradient of the flow map by
J[] :=det(DD[-]). (2.22)

As a direct consequence we have Alu] = Jul 'K [u]T K [u].

Lemma2 Letu € B, (U?) and ® be defined by Proposition 2.9. Then, the following
relations hold:
(i) Volume elements transform as

/ 1dy=/ Jul(x)dx, (2.23)
$27lu] £
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(ii) Boundary elements transform with Jr{u] := ||K[u]nf|| as

/ Idsy = f Jrluldsy. (2.24)
Tourlu] Tour

(iii) The gradient transforms as

~ 1
Vi f(3) = DOLul~ Vi f(x) iff Vy = T K419 (2.25)

(iv) For the outer normal nfu] to $2/u] and ny to §2y we have

D®ul""ng  Klulns
[ D@twt=Tng| KTl

/ (vWwndul — pngul) dsy, = f (v(A[ulVw)ng — pKlulng) dsy.  (2.27)
Tiptlu] Tint

(2.26)

nu] =

Proof We refer to [19, Equation (8)] and [27, Appendix A.1]. O

2.3 Transformation of the Navier-Stokes Equation

We consider the Navier-Stokes system in R? with viscosity v > 0. We define
) 13
G = {g € W) : glan, =0}, forpe s St (2.28)

Let @ = (1, W) the fluid velocity and j the pressure in the physical domain
Q¢[u] = @[u](£2r) satisfying

—VAD 4 D Vb 4+ (Vp) =0 in 2¢[ul,
—VA Dy + D Vi + (Vp)a =0 in 2¢[ul,
divw =0 in 2¢[u],
w =g onli,
w =0 on Iya U lne[u],
—vVwne[u] + pre(u] =0 on Ioy

(2.29)

for given data g € G1/2. Let Ihg := Iin U I'wait U Toue. By (2.6) we have @ = id, on
I'tq such that for trial functions 1/71 and 1}2 vanishing on I}q also the transformed
and v vanish on I}g. The transformed strong form of the Navier-Stokes system in

@ Springer



15 Page 10 0f 38 Applied Mathematics & Optimization (2023) 87:15

£2r is given by (cf. [27, Appendix A.1]), see also Appendix A,

—vdiv(A[u]Vw) + (w - K[u]V)w + K[u]lVp =0 in £,
div(K[u]"w) =0 in £y,
w=g onll, (2.30)
w =0 on Iy U [ine,
—v(A[u]Vw)ns + pKlulng =0  on oy

3 Existence of Solutions for the Considered Systems

In this section we consider the nonlinear Navier-Stokes system, the linear elasticity
system, as well as the fluid-structure interaction model.

3.1 The Navier-Stokes System

Let
2f = {2 : 32° C D compact with 2 = 2N 2} . 3.1)

Form = 0, 1, 2 we introduce

WP (82¢) := (v € W™2(82p) 1 v e WP (2°) forall 2° € £2F}, (3.2)
and further the spaces,

WP = W2P(20) x WEP(20), W= W22(2p) x WI2(2p). (3.3)
For given £2¢ € .QfC we write

W, @c = WHP(R)NW>2(2p), Wy oo := WP (29N W2 (82); )
W:’;zr = w,fz" X Wp,.QC; .
note the different meaning of p here as upper and lower index.
Theorem 1 One can chooser > 0, ri > 0, and rp > 0 such that for all g € B,(G32)
andu € B, (U?) there exists aunique solution (w, p) in B,,(W?) of (2.30). Moreover,
for any 2¢ € ch the solution (w, p) € Brz(ng) depends continuously on g.

Proof We follow closely ideas from [27]. We consider the fixed point equation

Myg: B (W) = B, (Who),  (w, p) = Mg(w, p), 3.5
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where M maps for given g € B (G3,2) the point (w, p) to the solution (w, p) of

—vdiv(Vw) + Vp = —vdiv((—A[u] +id)Vw)
— (- (K[u] —id)V)w — (K[u] —id)Vp in £,
divw = —((K[u] —id)V)Tw in 2,
w=g on [iy,
w=0 on Iyan U L,
—Vw + pnf = V(A — Op)w — p(K[u] —id)ng on Iyt

(3.6)

Existence follows by Banach’s fixed point theorem, see [27, (68),(85)], using small-
ness of the data g.

The continuous dependence on the data follows by the contraction property of M,

and the continuous dependence of the iterates on g. O

Hypothesis 2 For givenr, > 0letr > 0andry > 0 be sufficiently small such that for
all g € B.(G3)2) and u € B, (U?) the Navier-Stokes equation (2.30) has a unique
solution (w, p) in B,,(WP).

3.2 The Elasticity System and the Traction Force
We introduce the Piola Kirchhoff stress tensor
ofu] == rtr(e[ul)id + 2uelul,  elu] = % (Vu + WT) , (.7)
with Lamé parameters A and p. We set
WP (20) 1= {¢ € W*P(2)) © ¢l =0} (3.8)
and define the Neumann harmonic extension
N WP (R — WEP(20), v u =1 N, (3.9)

with u be the solution of
—divo[u] =0 in $2,
u=0 on Iy, (3.10)
olulns =v on [y
with outer normal 7 to £25, and vector ng is the unit outward normal along I} pointing

from £2; to £2¢. We call u the displacement field and will also consider the system with
inhomogeneous right hand side

—divolu] = f1 in 2,
u=0 onlp, (3.11)

olulng=v on [y
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denoting the solution operator again by N as a function of f] and v.

Theorem 2 (i) For fi € L1(82), g = 2, and v € W'=V/949(I3,,) system (3.11) has a
unique solution u € W>4(82y), i.e. we have

INTf1, U]||W2~q(_QS) =c (||U||W1—1/q,q(1j-,,,) + 1A ||Lq(!25)) ’ (3.12)
(ii) Moreover,
N L9(Qy) x W4Ty — W2UR), (fi,v) - u (3.13)

is continuously differentiable.

Proof (i) We refer to Ciarlet [11, Thm. 6.3-6 and p. 298], note that I}y has positive
distance to Iway U Tout U .
(i1) Follows from the linearity of the mapping. O

The inhomogeneous system (3.11) is considered in the proof of Theorem 4.

We introduce k € C°(D) and £2, := supp(k) N £ to localize v € W™ P (£2)
away from the external boundary 0 D by considering kv € W™ P (£2,.).

Next, we define the traction force on the interface Iy;.

Definition 2 (Traction map) We define the traction force by

2, 1, _
1 WHP(24) x WP (2¢) x We'P(2p) — WIVPr(ry,,

(3.14)
(u, w, p) — tlu, w, p] :=v(A[ulVw)nt — pKlulns on iy

with K[u] given by (1.4).

In particular we have for (u, p) € W>P(§25) x WP (2,) N W2 (£2y), that

L, cw, &k pIllwi-1e.p ) < € NAL Lo 2p) lcwllwip gy
+ ¢ [ALulllwir o KWl Lo (2p)
<cllepliw | K Tulll o2
WP (82r) (82r) (3.15)
+clleplliLoeoop ||K[M]||W1vp(9f)
< cllAlulllwrr o lcwllyie gy

+c ||KP||W1,1J(_Qf) ||K['4]||W1~P(Qf) .

Remark 2 Here, in contrast to Lasiecka et al. [27] we define the traction force not only
with the term involving the pressure, i.e. p K [u]ng. Hence, the results cited from this
reference have to be adapted to the modified definition. That means, [27, Equation
(89)] has to be modified but the argument works also with the definition of the traction
force used here.
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3.3 The Fluid-Structure Interation System

For v > 0, g € B,(G3,2) we can state the fluid-structure interaction model given as

(2.30) together with u = N't[u, p]in £2s

. . (3.16)
with N and ¢ defined in (3.9) and (3.14).
For £2f € .Qf we introduce for 2 < p < oo the spaces
X7 =0 xWh., XV=U0"xw, XxP:=Xx{nXx5. (3.17)

Theorem 3 For any i > O there exist an r > 0 such that for g € B,(G32) problem
(3.16) has a unique solution (u, w, p) € By (X?) which depends continuously on the
data.

Proof We refer to [27, Thm. 3.2]. The proof uses a fixed-point argument based on
estimates which we already cited in the proof of Theorem 1. O

4 Main Results

We state the main result of this paper on the continuous differentiability of the data-
to-solution-map for the fluid-structure interation problem.

Theorem 4 (Continuous differentiability of the control-to-state mapping) Let v > 0,
p > 2, g € B.(G32) with r > 0 sufficiently small. Then, the mapping

IT: By(G3p2) > XV, g (ulgl wigl, plgD 4.1

which maps the inflow Dirichlet condition g to the solution (u[g], w(g], plgl) of the
fluid-structure interaction problem (3.16) is continuously differentiable.

The proof will be presented in the following sections. In Sect. 5 we analyze the
linearized equations which will be considered in Sect. 6 where we apply the implicit
function theorem to prove Theorem 4.

5 The Linearized Equations

In this section we analyze the linearized Navier-Stokes equation in the domain £2¢ and
derive regularity results for its solution using techniques from [27] which are applied
there for the Navier-Stokes equation.

We introduce the space

H:={weW"2(2p)? :w=0o0n VU lin U Dyan) (5.1)
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and recall the property WP (82f) C L% (£25). Moreover, for u € UP and (v, w, y) €
T3, W2 (£2¢)? we define

clul(v,w, y) = (v (K[u]V)w, y)Lz(Qf). 5.2)

Lemma3 Letu € UP and (v, w,y) € IT;_W'2(2)?, then (5.2) can be estimated
as

le[ul(v, w, )| < c(u) ||w||W112(_rzf)2x2 ||U||L4(_rzf)2 ||y||L4(_Qf)2 . (5.3)

Proof We have 9;v; € L?(82¢) and by Sobolev’s embedding that w; and z; belong to
L4(.(2f) and hence,

/|”j3jwi2i|dx5/ |3jwi}2dx/ |Uj|4dx/ |z |* dx (5.4)
Q2 Q2 2 Qf

and we conclude. O

In the following we write c¢(v, w, y) for ¢[0](v, w, y) with O denoting the zero map.
5.1 Linearized State Equation: Coefficients Equal to One
Let

2 2 —1/2,2
feL (82, frel (), freW (Iow). 38 € Giy2. (5.5)

Let (w, p) € WP solution of the Navier-Stokes equation (2.30) be given. We consider
the linearized Navier-Stokes system around this point with inhomogeneous right hand
side given by

—VAZy + (W - V)zy + (2w - V)W + Vz, = [ in £2y,
—divzy = fo  in £,
Zw =08g on [i, (5.6)
Zw =0 on Iy U lng,
—V0pZw + zpnf = f3  on Loy.

Let L: W12(£2¢) — R with
L) = (f+f2)-vdx+/ froudy, veW'2(@2), ()
2 Tout
and for w € H we define b;: H x H — R, by

by(w,v) = v/ Vw - Vudx + c(w, w, v) + c(w, w, v). (5.8)
2
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To address the linearized terms a smallness condition on the velocity w is made,
see also de los Reyes and Yousept [14].

Lemma4 Forry > O sufficiently small we have
by (v, v) = ¢ [vlig1ag, forall ve W (82):; (5.9)

moreover, the bilinear form by (-, -) is continuous.

Proof By Lemma 3 there exists an ¢ = £(r2) > 0 such that

v/ Vv - Vudx + c(v, w, v) + c(w, v, v)
¢

> v IVolgag, — & 07 g, — & IVVlL22p 102y (5.10)
v
> 5 ||U||le2(_qf)-
The continuity follows again from Lemma 3 and Sobolev’s embedding. O

The weak formulation for (5.6) is given as follows: Find z,, € H solution of

by (zw, V) —/ zpVudx = L(v) forallv e H,
Qf (5.11)

div zy, = f> in §2f, Zw = 8g on [}y.

Theorem 5 For ” w H Wi2(2p) sufficiently small system (5.6) (resp. (5.11)) has a unique
solution (zy, z2p) € WH2(2p) x L*(2p) with

Iz llwr2egy + |25 ||L2(9f) <clfllw-12¢p + ¢l f2ll 2 (5.12)

+cllf3llw-1221,,) + 18 lwiz2r,) -

Note, that this lower regularity existence and the estimate follows by classical Lax-
Milgram arguments, see [27, Step 1] and also [29, Theorem 11.1.2], together with
Lemma 4.

Hypothesis3 Let r; > 0 be sufficiently small such that for w € BrZ(WCZ’p(.Qf))
equation (5.6) has a unique solution (2, zp) € W1'2(.Qf) X L2(.Qf).

Note, that here we consider a higher norm for @ than necessary in comparison to
Theorem 5. This is due to the fact that later we will also estimate higher norms of

(2w, 2p)-
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5.2 The Linearized State Equation

Let (w, p) be given solution of the Navier-Stokes equation (2.30). We consider the in
this point linearized equation with inhomogeneous right hand sides satisfying (5.5)
—vdiv(A[u]Vzy) + (@ - K[u]V)zy
+(zw - KulV)h + K[ulVz, = f in 2,
div(K[ul'zy) = fo in 2, 5.13)
7w =38g on [y,

2w =0 on Iyap U Fing,

—VO0A[u,nZw + 2pK[ulng = f3 on Ioy.

To analyze this equation we follow [27] and take ideas from Grandmont [19] into
account. We recall a technical result which follows by a Taylor argument.

Lemma5 Forr, andry, positiveandu € B, (UP)andw € B, (X?) and some s > 1
the following estimates hold:

(i) NAL7] — id]l gy < crs, (i) 1A@) — idll o) < cry.
(iit) K@y = 141y, (iv) K@) —idll (g < cry,
as well as

) div((A@) —id) V)Wl ey < cry l0llw2a(q)
for some s > 1 and g > 2.
Proof For the proof we refer to [27, Lem. 4.1]. O

Remark 3 We mention that in the cited reference the power s arise purely from the
higher order terms.

We follow ideas in [27, Prop. 4.2, Lem. 4.3, Lem 4.4, and Lem. 4.5] developed
there for the Navier-Stokes equation to analyze the linearized equation in (5.13). We
start with a preliminary consideration which is later used in (5.29).

Lemma6 Forv € Wl’p(.Qf) and s € L*(Ty,) we have
lvsllw-122(r,,) < ||U||L°0(.Qf) Isllw-1221,,,) - (5.14)

Proof Since WP c C (5) continuous the product of the trace of v on [y with s is
in L2(F0ut) C W_1/2'2(Fout) and we have

||vs||W71/2,2(1~0m) = sup (Jv]]sl, |77|)L2(Fom)
Inlly1/22 1y =1 (5.15)

< Mvllpoerp Isllw=122¢1, -
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Again using that v is continuous up to the boundary we conclude. O

For given u € B, (U?) we define a map
T=T,: W= WP (Zy, Ep) = (2w, Zp) (5.16)
by rewriting (5.13) as

—vdiv(Vzy) + (W - V)zy + (2w - VI + Vz,
= —vdiv((—A[u] 4+ id)zy)
— (W - (K[u] —id)V)Zy
— Ty - (K[u] —id) V)

— (K[u] —id)VZ, + f in 2y,
divzy = —((K[u] —id)V) "Zy + f> in 2,
Zy = 88 on [,
27wy =0 on Iyan U g,

—V0p2y + Iphy = VaA[ulfid,nzw - ZP(K[L{] —id)nf+ f3  on Ioy;

(5.17)
this will allow to define a sequence ((Zw,n, Zp.n))neN With (24,0, Zp,0) equal to some
(Zw, Zp) € WP which we further analyze in Sect. 5.5 to obtain existence of a solution
for (5.13).

Lemma7 Letr, and ry, positive. Foru € B, (U”) and v € B, (WI’P(.Qf)) we have
(- K@)V)zwllLr() <+ F)Tw ”Zw”Wl,P(Qf) . (5.18)
Proof We have

(v K@)Vzw)llrren < 1K@l Lo IVlLeo@p IVZwllLe2p

s (5.19)
<{+r)ry ||Zw||W1-p(_Qf)

and conclude with Lemma 5. O

5.3 Lower Regularity

We have the following a priori W12 x L?-estimate without having to take into account
the special situation of mixed boundary conditions.

Lemma 8 Let Hypothesis 3 be satisfied. For the solution (zy, zp) of (5.17) we have
the estimate

lzwllwi2g) + |zp ”Lz(_qf) = clifllzzey +cllf2llzgy +cllgllwirzeamn,
+c ||f3||W71/2-2(_(2f +cry ||Zw||W2,2(Q_/) (5.20)

+er |z, ”w'l(fzf)
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with constant ¢ depending on ry and s > 1.

Proof By Theorem 5 we have existence of a unique solution and the following lower
regularity result for the solution (zy, z) given by

||Zw||W1,2(_Qf) + ”Zp HL2(Qf) = C< ||f||L2(_Qf) + ||f2||wl,2(gf) + ||g||Wl/2-2(1}n)
+ I llw-12200p + | F .z, zp)“LZ(Qf) + 1 F2@ws Wl 22¢0p)
+ ” 3A[u]—id,nzw ” W=122(Fyw) + ||Zp(K[u] - ld) ” w122y )?

(5.21)
where

F(u, Zw, zp) = —vdiv((—=A[u] +id)Vzy)
— Zw - (K[u] —1idV)W — (W - (K[u] —id)V)Zy — (K[u] — id)VZp,

Fa(u, Zw) = divg_gpqm) Zw = ((d = KD V)T - Zu.
(5.22)
We estimate each term separately. Differently to [27] we have to estimate the lin-
earized convection term
|Gu - (K] =id)V)D | 2 ) < € 1=K ] = idll ooy 1Zwll Lo [V | 20,

<crir lzwll Loy
(5.23)

and accordingly,
| @ - (K] = id)V)Zw] 12 g, < erf 1Zullwizgy @] gy - (5.24)

The other terms are treated in the same way, for simplicity we recall here the main
steps. For some s > 1 using Lemma 5 4. we have for the diffusion term

v div((Alu] — id) V) 200 < o lzullw22g,- (5.25)
Again by [27, Lem. 4.1] we obtain for the term involving the pressure

“(K[”] —id)Vz) ”Lz(m) = IKTul —idll Lo (a2 HVZ,, ”L2(.Qf) <crp HZP ”WLZ(.Qf)'
(5.26)

By divjg_ g, 7w = (id — K[u]") - Vw, cf. Appendix C, we have

ldivia- ity 2l 2y < fid = KLaa| Wl < erf IZulwiaay
(5.27)
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and for the boundary terms

[ aA—id,nZwuwl/ﬂ(Fom) < |ALu] = idll oo (@) 10nZw lw1/2.2( ) (528)

+ | Alu] — id”wl,p(_(zf) ||Zw||w2,2(_qf) = crf ||Zw||W2,2(_Qf)

using for the latter estimate the Neumann trace estimate; note, that we estimate the
trace in a higher norm than necessary here. Moreover, with estimate (5.14)

120 (K1) = id) |y < WK Tu] = idl ooy |20 yor2gr (5.29)

<cri ||z W122(Tow)

Consequently, with (5.25)—(5.28) we obtain the result. O

5.4 Higher Regularity
For F € L*(2), F> € W'2(82), 8g € G3.2, and F3 € W'/22(I,y) we consider

—Av+Vg=F, in §2,
divv = F», in $2,

. (5.30)
v=g, in Iip U Tya,

—0pv +gng = F3, in Toy.

Let k € C°(D) localize v away from the external boundary 02¢ and set 2, :=
supp(k). Here, we rely on estimates provided in Lasiecka et al. [27, equation (44)]
given by

10 = ©vllyzzgy + 10 = Oalyrzgy <l =OFlz@y oo

+ 1A =) Fallwizon + I8llwsrzan,) + 13wz, -

Remark 4 The authors in [27] refer here to the notion of ellipticity for systems intro-
duced in Agmon, Douglis, and Nirenberg [1], see also Maz’ya and Rossmann [29, Sec.
1.1.3], and Bouchev and Gunzburger [7, Appendix D]. Following Bene§ and Kucera
[8, Appendix] the regularity is established at first locally for boundary points on the
Dirichlet boundary part, the Neumann boundary part, and then for the two corners
where the different types of boundary conditions meet (the less standard result), see
[27, Appendix A.3]. With cut-off functions the solutions are localized and the esti-
mates are derived using [7, Thm. D.1]. Using the compactness of D global regularity
is achieved.

We define
SV = WP (20) N LA(20) x WEP (29) x Gajp x W22 (o), p' > 2. (5.32)
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and assume
(f. f2.8. f3) € SP. (5.33)

We introduce

Zwa = KZws Zwb = (1 —K)zy,
w,a w w,b ( ) w (534)
Zpa =KZp, Zpph:=(1—K)zp

implying 2y = Zw,q + Zw,p and 2, = Zp 4 + 2, and write the solution (z,, zp) of
(5.17) as the sum of (zy,a, Zp,a) and (zw,p, Zp,») being solutions of the following two
systems localized in the interior and close to the boundary:

—0div(Vay.a) + Vip.a = —v div((—A[ii] + id)VZy,¢) + vIdiv((—=Afu] +id)V), €]z,
—k(Zyw - K[a]V)D — k(b - K[#]V)Zy
—k(K[u] —id)Vzp — [«, sz]zw + [k, Vlzp +« f,
div zy,q = divig—g[a] Zw,a + [k, div]zy,

+ [divig_ g Tps €l2w + € f2,

Zw,a = 0 on 982,
(5.35)
(note that 02f = Iip U Toy) and

—vdiv(Vzup) + Vzpp = —(1 — k) <v div((— A[i] + id)VZy)
—Zw - K[a]V)W — (W - K[i#]V)Zy
— (K[l - id)vzp) 1=k, vV 2]z

—[1 =K, Vizp + f,
divzyp = (1 = ) (divig_g 71 Zw) + [1 — &, divlzy + f2,
Zwp = (1 —k)dg = g on Iy,
Zw,b = 0 on Nyan U Fine,

_Vanzw,b + ip,b = _8A[12]—id,nzw + Zp(K[ﬁ] —id) + f3 on Ioy.
(5.36)

Lemma9 Let Hypothesis 3 be satisfied. For every ¢ > 0 we have for p’ = 2, and
s > 1 that

||Zw,b ” W2.2(_Qf) + “Zp,bnwl.Z(_Qf) =< C”(fv f27 8 f3)”$2 + Crf ”Zw,b” WZ,Z(_Qf)
+ cr ”zp ”Wl‘z(ﬂf) +e& ”Zw”le(Qf) + e ||Zw||L2(_Qf)

+c|zp ”L?(.rzf) + crallzwllwa(g))-
~ (5.37)
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Proof In the following we omit the first term in the estimate on the right hand side,
since its derivation follows easily. By (5.31) we have for the solution of equation (5.36)

10 = ©Ozu gy + [T =z yr2g = ¢ | F]

L2(2p)
(5.38)
b 1 2
" ” & H Wiz H s H W2 H F H W22 ()
where
FP:=(1—x) (v div((—A[i] +id) VZy)+0 (K [u]) V) Zy
20 (K1) V)i — (K[id] — id)Vzp)
6
11—k vVzy — [1 =k, Vigp =t Y I, (5.39)
i=1

FY = (1 — )(divig_ g7z Zu) + [1 — &, divlw =: I; + s,
F{ = 7,(K[i] — id) - ny,
F32 = 0A[i]—id,n W-
Note, that in the following we consider (besides for boundary terms) general L9,
g > 2, and not only L? estimates to include also estimates needed for the subse-

quential lemma in which instead of (zy, z,) € W the pair (2,4, 2p,a) € WP will be
considered implying that below higher regularity has to be assumed for terms involving

||Zw||W2,p(_Qf)~
We have with 2 < g < oo for the linearized convection term using Sobolev
embedding W22(£2r) ¢ W9 (2¢)

112+ Il a2y < IK[ulllwiagy Hﬁ}” Lo°(2p) Zwllw22(2p
IR e Vo lleon 9] oz o (5.40)
= cnnlzwllw22(@y) + 1ZwllLoe(2y))-

Moreover, following [27], with Holder’s inequality with suitable g; > l and g, > 1
satisfying 1/¢g = 1/q1 + 1/q> and Lemma 7

11l zac2p < cALu] —idll o 2p 1Zwllw2a2p
+ c |A[u] —id|ly1.4 (20 ||Zw||wl-qz(_(2f) (5.41)

<cr} 2wl w2 ()

for the later estimate we used that for ¢» = (¢¢1)/(q1 — gq) the inclusion W24 (£2) C
W141(82¢) is continuous. Using that the appearing commutator loses one order of
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differentiability we get
115 + I6||Lq(_(2f) = C(”Zw”Wl,q(_Qf) + HZp ”Lq(m)) (5.42)

which can be further estimated in the case ¢ = 2 by (5.20). Further, we have forg = 2
that

1 all 2y < 1K 1] = idll oo g [ Vapll 2o < €t 1 V20 | 120y - (5.43)

We have with Holder’s inequality for g > 2 that

H £y HWI/Z'Z(Fout) o
<c|zp le,2(gf) | K[u] —id| g0y (5.44)
+ “ZPH 24 1K [u] —idlly1aqyp -
La=2($2)
The composition for g > 2
VoDoyn,: W (2 — W' (2), urs> VO[ul (5.45)

defines a continuous inclusion. Using the representation of V@[u] and A[u], see [27,
(129) and (138)], and that K[u] = V@ [u]A[u], we have, cf. [27, Proof of Lem. 4.1],

1K ] = idlly e < € lelyag o (5.46)
and we can conclude

1 . .
1A o, = [0 lwnacay (1K 10 = id ey + 1K Tu] = idly )

=cr ”ZP”WI»Z(.Qf)'

(5.47)
Next, we have as in (5.28) the estimate
| 72| < e} |Zu| (5.48)
3 W22 — L {[<w.b w222 )
For ¢ > 2 we have using Appendix C and (5.46) that
||I7||W1vq(9f) <c ||ﬁ||w2-q(gs) ‘Zw,b” W24($2)
. T, - -
=+ Hld — K (M)HLOC(.Q) ||Zw,b || W24 (£27) (549)
=cn ||Zw,b ” W24 (2¢)"
Moreover, we have
slly2gop < 1 =i, diviwllyiaggy < ¢ lwllyiag, (5.50)
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using that [(1 — «), divlw = V(1 — k) - w. The norm on the right hand side can be
further estimated using again (5.20).
Now, setting ¢ = 2 we conclude. O

5.4.1 Interior Estimates

For references on LP—estimates for the Stokes equation we refer to Amrouche and
Rejaiba [4], Hieber and Saal [23], Solonnikov [33]. We recall an interior estimate
for the Stokes equation, note that in this case there arises no difficulty from mixed
boundary conditions. We set

F = —vdiv((—A[i] +id)VZy.a) — v[div((—A[i] +id) V), € ]Zu

— K((Zw -K[alV)w + (W - K[alV)zy + (K] — id)VZ,,)

(5.51)
+ [k, vVizw + [k, Vizp + & f,
an = diVide[ﬁ]T Zw,a + [K, diV]Zw + [diVid_K[ﬁ], K]Zw + Kfz-
Lemma 10 Choosing p = p’ > 2 we have
”KZwHWZ»P(_Qf) + ||/<Zp “WI-P(.Qf) =c ||Fa||Lp(.Qf) + ||Da||W1,p(_Qf) . (5.52)
Proof For a proof see [28, Thm 11.3.4]; we use the fact that kw € Wé’z([z,(). O

Lemma 11 Let Hypothesis 3 be satisfied. Then, we have for solution (zy, z)) of (5.35)
fore >0

HZw,a H W2P($2)) + ”Zp,a le,p(Qf) <cllf, Kf2)||L[’(_QK)xW]~p(_QK)
+c ”(f’ f27 8 f3)||82 +cry ||Zw,a ” Wz,p(gf) +cr2 ”Zw”WZ,Z(_Qf)
+ cry (”ZP,HHWmep + ]z, ||W1-2(9f)) +eé (”Zw”W“(Qf) + ”ZP“WLZ(.Qf))

+ ce (||Zw||w1v2(!2f) + ”Zl’ ”Lz(ﬂf)) ’
(5.53)

Proof (i) We start with (5.52). Recalling ideas from [27], to estimate
HK(K[u] —id)Vz, || Lo W cannot use an estimate as (5.43) in a higher L”-norm,

since we have no W17 (£2f) regularity of the pressure up to the boundary. Hence, we
use the property of the communtator that

k(K[u] —id)Vz, = (K[u] —id)Vz, o + (K[u] —id)[V, k]z, (5.54)
and that the commutator looses one derivative

[V.klzp=V(kzp) —«Vzp = (Vk)zp +kVz, —kVz, =27,Vk (5.55)
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implying that

KT =092, |y = DKW = v [0y

+ c(k) ||K[ltt] — id| zoo(g2y) ”ZP HL”(-Qf) (5.56)
< c|IK[u] —id|l foo (0 ||Zp,a||wl,v(.(2f)

+ c | Ku] —idll ooy [|2p ”Wl‘z(ﬂf) ’

using the continuous embedding W1-2(§2r) € LP(£2y). This term can then be estimated
as in (5.43).

(i1) Using estimates from the proof of Lemma 9, estimates for the commutator, and
the consideration from (i) we obtain

| Fe ”LP(Q[) < cri | Zwal w2y T r2llzuwllwaz g

+ et (Il + 120 gy )

(5.57)
+cllzullwiry +¢2pl Loy + ¢ Ik FllLrig -

H an ”Wl,p(gf) =cn sz,a ” W2P(2¢) +c ||zw||L1)(.Qf) +c ||Kf2||wlvp(gk) .

For the terms ||zw||W1,,,(Qf) +c ”z,, H”(Qf) we cannot apply (5.20) directly for
p > 2. Using Ehrling’s lemma we have for ¢ > 0

||Zw||W1,p(_Qf) =¢ ||Zw||W2.2(_Qf) + ce ||Zw||W1-2(_Qf) (5.58)

which yields

lzwllwie gy + € K Lo = eUzwllw22igy + |zp “w'vz(rzf)) (5.59)

+ ce(llzwllwi2en + 1P L2020

which allows to sublimate the higher order terms and gives, with ¢ arbitrarily small,
the result. o

5.5 Limit Behaviour

The map (5.16) defines an iteration scheme generating a sequence of iterates

(Zw,nv Zp,n) = (Zw,aa Zp,a) + (Zw.b, Zp,b) e wp (5.60)
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We will verify thatit converges forn — oo towards the unique solution (zy, z) € WP
of (5.17). For a n €]0, 1[ we will estimate

||Zw,l’l+1 - Zw‘n || Ww,Qc + ||Zp)n+] - Zp,l’l H Wp._QC S n( ||Zw)n B Zw,nil ” Ww..QC

+ |zpn = 2pn—] W, qc

(5.61)
for £2f € .ch Then, there exists (Zy, Zp) € Wéc and sequence ((Zw,n» Zp,n))nelN C
W_gc such that

Zwn = Zw In Wy, ge asn — 400, (5.62)
Zpn —> Zpin Wy g asn — +oo. '

with (Zy, Zp) the unique solution of (5.17). This idea is taken from Grandmont [19].
Next, we show the strategy in detail.

5.5.1 The Linearized State Equation: Contraction Property

Let Yy := (2}, 2)), Y2 = (z3, 23), and ¥; := (2, Z}), i = 1,2, with
Y1 =TY), Y2=TY,. (5.63)
Our aim is to show that
Y1 — Yzllwgr =T - 1) wo, S |Y1 — 12| Wwh, (5.64)
where n < 1 uniform in £2f. From the definition of the map T we write

—vdiv(Vz),) + Vi, = v div((—Alu] + id)VZ},)
—( - K[ulV)z, — (2, - K[u]V)b
— (K[u] —id)VZ' + f =: D(Y;) in &

S ’ o (5.65)
div z,, = divig_g T 2y + f2 = B(Y;) in 2
Ziu =g onlj
—v0,2h, + 2,1 = —Au)-idnZy + 2y (Klul —id)n + f3 on Fou
fori = 1, 2. Denoting ¥ := Y| — Y» we obtain the equation for
Y =YY= (Zy,Zp) (5.66)
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in terms of Y¥; € B,.(WP):

—vdiv(VZy) + VZ, = D(Y)) — D(Y2) in £2r,
div Z, = B(Y)) — B(Y2) =divig_g7( Zw  in 821,
Zy =0 on [ijnt U I,
V0 Zy + Zpn = —awy—idnZw + Zp(K[u] —id)ns  on Ty

(5.67)

Lemma 12 Let Hypothesis 3 be satisfied. For the solution of (5.67) we have

||Zw||W2,2(_Qf) + || Z[; HWI’Z(.Qf) = C(rf +r+ }"2)(” Zw “ WZ’Z(Q_/) + ” Zp ||W12(-Qf))

(5.68)

where Zy, := 7\ — 72 and Z ), := Z}, - Z%,.

Proof We proceed similarly as in Lemma 9 using also Theorem 8; we estimate

IDYD) = D)l 2y = [V div((=Alul +id)VZu) | 1o
+[ @ (~KuIV)Zy) — (Zw - (K[]V)D) | 2,
+ (K[l =id)VZy | 2 )

<c(r+ I"f + "2)(”211} ” W22(2f) + ” Zp ” W2,2(_Qf))~
(5.69)
For the term B(Y;) we have by (5.46) that with 1/p; + 1/p> = 1/2, p1 > 2,

|B(Y1) — B(?z)”Wl.z(gf) = [divia_g T Zuw ”WLZ(Qf)
< llid = KLullwrm g [ Zo | yrra g + 1id = Klulllzop | Zw] 2z g
< llid = Kllllyr.o gy | Zwll ooy + lid = KLl oo [ Zo | oz qp)

<cri | Zu| W22(2y)

(5.70)

and on the boundary Iy

—V3Zy + Zpng = —dA(u)—idn Zw + Zp K [ulng — Z pny. (5.71)
From Lemma 9 it follows that

||Zw ||W2’2(Qf) + “ Zp || w2(2) =c || D(Y_vl) - D(YZ) ||L2(Qf)

+c H B(?]) - B({/Z) ” Wl’z(ﬂf) +c H _aA[u]fid,nZw ” WI/Z.Z(F()U[)

+c “ZI’K[L_‘]nf”Wl/Z,Z(rom) +c H Zp”f”Wl/z,z(Fom) . (5.72)
Using estimates (5.28) and (5.29) for the boundary terms we conclude. O
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Lemma 13 Let Hypothesis 3 be satisfied and additionally, ri > 0 and r, > 0 be
sufficiently small. Then, the map T defined by (5.16) satisfies for some 0 < n < 1

T = ¥2)llyz, < 0¥ = Yoy (5.73)

or 2¢ € Q€.
f

Proof As a consequence of the previous lemma it remains to prove the contraction
property with respect to higer p-integrability on compact subsets.

We recall the function «. We remark that the commutator has for sufficiently smooth
v the property that

[k, Dy]v = =Dy (kv) + k Dyv, [k, D*Jv = —D?(kv) 4 k D?v. (5.74)
Hence, we have

—vdiv(VZya) + VZ,a = k(D(Y1) — D(Y2)) + [k, vD?]Z,,

+[«,V1Z, in £2y,
div Zy o = k(B(Y1) — B(Y2)) + [, div]Z,,  in &2
Zw,a =0 on Iipt U Iip U Ty

(5.75)
with Z, , = z}u,a - zﬁ)’a and Z, , := z},,a - z%})a. Since the commutators loose

one order of derivative we can derive higher Lebesgue integrability, i.e. for (w, p) €
W22(82) x W2(82p)

2
e D2, < C gy < e Iwlyeay .

ke, diviwllyip gy < C llwllwiey < ¢ w22 - (5.76)

Ilx, VIplleron = Cliplwiz gy -

Similar as in the proof of Lemma 11 we estimate ||« (B(Y1) — B(Y2))|| Win(ay and

||K(D(}_’1) — D(Y»)) || Wlr(2p" Here we use the same trick as in that proof to obtain
higher p-integrability, namely we switch around the order of « and the differential
operators in the term with coefficient A[u] as well as in the divergence term and
introduce a commutator as correction term.

Applying further the estimate of Lemma 12 to the terms (5.76) we obtain finally

| Zuw.al wern T I Zp,a”wl,p(gf) <cr+ri+n)|Y| wh (5.77)

Thus, for 1 > 0 and r, > 0 sufficiently small we obtain the result. O

Theorem 6 Let Hypothesis 3 be satisifed and additionally ri > 0 and r;

0
sufficiently small. For data satisfying the regularity assumption in (5.33), €

>
w
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B, (Wcz’p(ﬂf)), andu € B, (UP) the linearized equation (5.13) has a unique solution
(Zw, 2p) € WP. Moreover, the solution is bounded by the data, we have

” (Zw, Zp)” Wb, =c ”f”LP(QC)mLZ(_Qf) +c ||f2||wl,17(90)r1w1,2(9f) (5.78)

+c ||88||W3/2,2(r,-n,) +c ||f3||W1/2.2(1“m,)

for subsets §2¢ € .ch.

Proof The existence follows by the procedure described at the beginning of Sect. 5.5
and the contraction property given in Lemma 13. The estimate follows from the bound-
edness of the operator 7 shown in Lemma 9 and 11 and sublimating the with powers
of r; weighted terms by the left hand side. O

Hypothesis 4 Letr; > 0andry > 0 be sufficiently small, such that for w € Wcz’p(.Qf)
andu € By (UP) the linearized equation (5.13) has a unique solution in W? satsfying
estimate (5.78).

6 Differentiability

In this section we show the main result, the differentiability of the mapping which
maps the infow profile g to the deformation-velocity-pressure triple (u, w, p) of the
fluid-structure interaction system. We follow in parts ideas from [34] where linear
elasticity is coupled with the Stokes equation with Dirichlet boundary conditions in a
smooth domain. In a first step we consider the differentiability of the data-to-solution
map g to (w, p) for the Navier-Stokes system.

We introduce two systems, which will appear to be the linearized systems with
respect to inflow data g and with respect to perturbation u, namely

—vdiv(A[u]VSwg) + (Swg - K[u]V)d + (0 - K[u]V)Sw,
+K[u]Vép, =0 in £2,
div(K [u]"8wg) = 0 in £,
Swy = 8g on [ip,
dwg =0 on I'yan U g,
—V3A[).ndwg + S pg K [ulng =0 on Foyt

6.1)
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and
—vdiv(A[a]Véw,)+(w, - K[a]V)w + (w - K[#]V)Sw, — K[ia]Vsp
= —(W - K'[2)5uV)D + yv div(A'[d]su Vi)

— K'[416uV p in £2f,
div(K[@] " Swy) = divgr s, D in 2,
w=0 on [y,

w=0 on Iy U lines

=V 8wy + SpK[ilng = vdaaisunw — pK'[(]18uny on Fout.(é ”

For given (i1, §) € B, (U?) x B,(G3/2) we write the Navier-Stokes equation (2.30)
as

e: XP x Gypp — 8P, e(u,w, p,g) =0, (6.3)
with
—vdiv(A[u]Vw) + (w - K[u]V)w + K[u]Vp
e(u,w, p,g) = ijIV]El:{EMi'Tw) (6.4)

—v(A[u]lVw)ns + pKlulng

Lemma 14 The function e defined in (6.3)—(6.4) is continuously differentiable.

Proof The statement follows by the regularity of the appearing functions and the
smoothness of A and K, see Lemma 1. O

To apply the implicit function theorem we show that the derivative of e with respect
to (w, p) defines an isomorphism in a solution (&, W, p, g) of (6.3).

Let i € W>P(£2,) and (i, p) € WP the corresponding solution of the Navier-
Stokes equation (2.30). Moreover, let (F, F», g, F3) € Sr, Recalling Hypothesis 2
and 3, we consider the solution (zy, zp) € W” of

D, pye(i, W, p, §)(zw, 2p) = (F, F, g, F3)T. (6.5)

By Theorem 6 the solution is well-defined and we have

|| (ZUM Zp)” W2<V(QC)OW2<2(Qf)><WI'I’(QC)F\WLZ(Qf) E c ”F”LP(Qf)ﬂLZ(Qf)

+clP2llwir@oynwizey + ¢ lgllwsren,y + c B3 llwize ©©
for £2¢ € .ch
Lemma 15 Let Hypothesis 2 and 4 hold.
(ia) The mapping
M: By (UP) x B, (G32) = Whe, (u,g) — (wlu, gl. plu, g1) (6.7)
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is continuously differentiable with (wlu, g1, plu, g) the solution of (2.30) for given

(u, 8).
(ib) Let u € B, (U?) be fixed. The derivative (Swyg, 8 p,) of

Br(g3/2) - W_g)zra § = (wlu, g]v p[uv g]) (68)

is given by (6.1).
(ic) Let g € B,(G32) be fixed. The derivative (§wy, py) of

By (UP) — Woe, u > (wlu, gl, plu, g1) (6.9)

is given by (6.2).
(ii) The mapping

F: B, (UP) x B.(G32) — WI=VPP (),

(6.10)
(u, &) = v(Alu]Vwlu, ghns — plu, glK[ulny
is continuously differentiable.

Proof (ia) To show continuous differentiability of (w[-], p[-]), we employ the implicit
function theorem. We note that

D peu, w, p.g): Wh. — S, 6.11)
corresponds to the transformed Stokes operator on the left given by

—vdiv(A[u]Véw) + Sw - K[u]V)W + (W - K[u]V)éw + K[u]Vép
div(K [u]Tsw)

dwlr,

—Vv(A[ulVéw)ng + S pK[ulng

. (6.12)

We observe that Dy, pye(u, w, p, g): Wéf — 8P isan isomorphism by Theorem 6
and estimate given there, cf. (6.6).
(ib) With Dge(u, w, p, g)dg given by

(0,0,8g,0)" (6.13)
the derivative (Swg, 6 pg) with respect to g is given as the solution of
Dqw,pye(u, w, p, g)(§wg, 8pg) = —Dge(u, w, p, 8)8g (6.14)

or equivalently by (6.1). A solution exists by Theorem 6 and is bounded by the data,
the result follows.
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(ic) Analogously, the partial derivative D,e(u, w, p, g)du is given by

—vdiv(A'[uléuVw) + (w - K'[ulduV)w + K'[uléuVp

div(K'[u] " Suw)
0 (6.15)
—v(A'[ulduVw)ng + pK'[uldung
and (6.2) can be written as
Dy, pye(u, w, p, g)(dwy, dp,) = —Dye(u, w, p, g) (6.16)

or equivalently by (6.2). Since

—vdiv(A'[a18uVD) + (i - K'[218uV)h + K'[a]8uV p € WP (£2p) N L2(£2y),

—v(A'TulsuVwing + pK'[uldng € W17 (I
(6.17)
for p > 2, the right hand side in (6.16) has the suitable regularity and we conclude
again with Theorem 6.
(i1) Follows directly from (ia). Note, that here we use that in the interior we have
higher p-integrability and that I3, is bounded away from . O

Lemma 16 Let Hypothesis 2 and 4 be satisfied. For g € B,(G3/2) and u € B (U?)
and F given in (6.10) we have for any ¢ > 0

<e
LF

Hi}'(u,g) , (6.18)
du

with Lp = L(Wz’p(.Qs), wi=lr-r(r,) provided that r and ry are sufficiently
small.

Proof We write
Fu,g) =tu, kM(u, g)). (6.19)

By Lemma 15 and applying the chain rule, we get for any direction su € W7 (£2)
that

i]-'(u, g)du = it(u, kM(u, g))du. (6.20)
du du

By Theorem 1 we can choose for 6 > 0 the radii » > 0 and r; > 0 sufficiently small
such that (w, p) € Bs(WP). Using the smoothness of the outer normal on the interface
taking into account that I}y is bounded away from Iy and recalling that p > n we
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have, see (3.15) (omitting the dependencies on u and g) that

= “ AlulVzy q

4 ”A/[M]SMV(KU)) || wlp
WA=1/p- (i)

” WP (§2¢)

d

+ ”Zp,aK[“]HWLp(Qf) + |l p K Tulsu “th(rzf)
< IALllwir(ap [|2w.alwon gy

+ ”A/[”]‘S"‘”ww(rzf) lcwllwzp ey

+ [ 2p.a ”lep((zf) IK Tudllw.r g2y

+lkpllwirgy | K'lulbu HWW(Qf) :
(6.21)
Note, that in (6.21) we use higher p-integrability of (kw, x p) whose supports are
bounded away from the boundary. Now, using the estimate in Theorem 6 applied to
(6.2), we have for any y > 0 and data sufficiently small that

=cy ||5u||w2-p(_(zs) (6.22)

d
H —F(u, g)u
du WI=1/PP (i)

which shows the assertion. O
Now we can prove Theorem 4.

Remark 5 1t is not necessary to assume Hypothesis 2, 3, or 4 explicitly, since by
Theorem 3 the existence of a solution of the FSI problem is in a ball of radius 7 which
we can choose arbitrary small if » > 0 is chosen accordingly sufficiently small. This
guarantees implicitly the existence of a solution to the Navier-Stokes equation making
Hypothesis 2 redundant as well as a sufficiently small bound on the velocity of the
Navier-Stokes equation and the solution of the elasticity system making Hypothesis 4
and so also Hypothesis 3 redundant.

Proof of Theorem 4 We follow ideas from [34]. Existence of a solution of the fluid-
structure interaction problem follows by Theorem 3. We have (u, w, p) = I1(g) and

u= N[fl, F (& (Yryt), g)} (6.23)

with A/ defined in Theorem 2 and F givenin (6.10). Since (w, p) depends continuously
differentiable on (1, g) by Lemma 15, it is sufficient to show differentiability of the
mapping g — u given by the above fix point relation (6.23). We apply the implicit
function theorem. We note that

DoN [fl, F (@Y. g)] c WIVPr () — WRP($2p) (6.24)

corresponds to the solution operator for the elasticity problem (3.10), see Theorem 2
and is hence, bounded. For
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DuF (P (yryu), 8)(u): WHP(25) — W'=VPP (1) (6.25)

we use that by Lemma 16 the norm || D, F ||, can be made arbitrarily small choosing
r sufficiently small and taking the continuous dependence of the solution of the FSI
problem on the data into account, see Theorem 3. Thus, id — DN o D, F is invert-
ible. By the implicit function theorem we obtain the continous differentiability of the
mapping 7. O
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A: Transformation of the Navier-Stokes Equation

Following [27] we state the strong and weak formulation of the Navier-Stokes equation
in the physical and reference domain. We have for the velocity (w1, w») and pressure
p in the physical domain $2¢[u]

—VA D+ @ Vi + (VP =0 in 2¢ful,
—VA Dy + D Vi + (Vp)a =0 in 2¢[ul,
divio =0  in £2¢[u],
w =38g on [,
w=0 onlyU inlul,
—vDwnglu] 4+ pnelu] =0  on oy

(A.1)

@ Springer


http://creativecommons.org/licenses/by/4.0/

15 Page 34 0f38 Applied Mathematics & Optimization (2023) 87:15

Transforming to a weak form by multiplying with a test function, integration over
£2¢[u], and apply integration by parts we obtain

o[ i VBinduldsy + v / Vi T (Vandy
Tout 2¢[u]

+ Y1 Vywrdy + [ Y1 pnelul)ids, (A.2)
$2¢[u] Tout

—f ﬁ(VIZf])]dy =hLh+DLbL+1L+ 14+ I5s=0.
Q¢lu]
We have by (2.24), (2.25), and (2.26) on the do-nothing outflow boundary part

I .= —v 1}1V1D1nf[u]dsy
FOU[
_ Kluln
= —v | Y Flu] V) T ——" | K [u]ng]| ds,
o 1K [ulng]

1
—v Ui (Vw) " (—KTK) nids,
Foul ‘I

—v U1 (Vwy) T Angdsy. (A.3)
F()ll[

For the diffusion term we have using (2.25)

L= v/ (Vi) T (Viby)dy
$2¢[u]

[ (i) (B s
o \7 1 7 1 y a)

=v [ (VY1) T A(Vw)dx
¢

= vf Y1(nf AVwy)ds, — vf U1V (AVwi)dx.
Fout Qf

The convection term transforms using (2.25) as follows

3 1
Iy = Vi@ Vywdy = | yiw —KVwiJdx = | Yiw KVwdx.
2¢lu) 2 J 2
(A.5)
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For the boundary pressure term we have by (2.24) and (2.26)
Iy = f V1 p(nelul)dsy
Foul

Kn¢
= / Y1 (P ) | Kngll dsx (A.6)
Fow I Knell /4

= f Y1 p(Kng)idsy.
Fout

Finally, for the volume pressure term we have

Is = —/ p(V)1dy
2lu]
= —/ P(KViyr)1dx (A7)
$2f

=—- Y1 p(Kng)idsy +/ Y1 p divy (Kp)1dx,
Fout Qf

where
div, (Kp)1 := 0y, (k11 p) + 0x, (k12D). (A.8)

Summarizing we obtain the weak formulation

-V Y1(Vwy) T Angds, +v | (V) TA(Vwi)dx

Tout 2

+ [ v K Vwdx+ / v p(Kne)dsy + / Y1 dive (Kp)dx =0
‘Qf Tout Qf

(A.9)
v | vy TANVw)dx + [ Yiw! KVwdx

Q2f 2

+/ Y1 divy (Kp)i1dx =/ favds + | fudx (A.10)
2 Tout Q2

and equivalently in strong form

—vdiv(A[ulVw) + (w - K[u]V)w + K[u]lVp =0 in £,
diVKT[u]T w=0 in £,
w=238g onll, (A.1D)
w=0 on lya U lint,
—l)aA[u],nw + pKlulng =0 on oy
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B: Transformation of the Linearized Navier-Stokes Equation
For the velocity (w1, wy) and pressure p in the physical domain §2¢[u] we have

VA Zy + W VI, + 2 Vi + (VZp)1 =0 in 2¢[ul,
VA Zyy + W Vi, + 20 Vida + (VZp)2 =0 in 2¢[ul,
divz, =0  in £2¢[u],
Zw =38g on I,
Zw =0 on Iy U Npelu],
—V0Zw + Zpnflu] =0 on Loy

B.1)

All linear terms are transformed as for the Navier-Stokes equation. The first term of
the linearized convection term transforms using (2.25) as follows

o 1
wl(wTV)Zwldy=/ W1wT7KV2w1de= Yiw' KVzydx (B.2)
$2f

Q¢lu] 2

and the second one accordingly. That means we have for the transformed equation in
strong form
—vdiv(A[ulVzy) + (2w - K[u]V)D
+(W - K[ulV)zy + K[ulVz, =0  in £,
div(K[u]"z) =0  in £, B3)
Zw =0 on i,

Zw =088 on Iyay U lng,

—V0AmulnZw + 2pKulng =0 on Iyy.

C: Some Properties

Lemma 17 (Algebra property) For v € WP (2) and u € WP (82), the product uv
belongs to WP (2), and we have

||14U||W1,p(g) <c ||M||W1,p(9) ||U||Wl=p(_(2) . (C.1)
Proof Immediate. O

With the embedding of Sobolev in Holder spaces we have for p > n
WP (2p) c €*(22) (C2)
and so [2, p. 338 and p. 325]
Iollwrooiy = IVl gy < ¢ lollwpy forve W2P(Q).  (C3)
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For w € Wl’z(.Qf)2 and recalling K [u] we have the following calculus rules:

div(K[u]) = 0 (Piola’s identity),

divig_gpgm w = ((d — K[u) V) 'w =divw — K[u]" - Vw = (id — K[u]") - V.

(C.4)
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