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Abstract

An abstract framework guaranteeing the local continuous differentiability of the value
function associated with optimal stabilization problems subject to abstract semilin-
ear parabolic equations subject to a norm constraint on the controls is established. It
guarantees that the value function satisfies the associated Hamilton—Jacobi—Bellman
equation in the classical sense. The applicability of the developed framework is demon-
strated for specific semilinear parabolic equations.
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1 Introduction

Continuous differentiability of the value function with respect to the initial datum is
an important problem in optimal feedback control theory. Indeed, if the value function
is C! then it is the solution of a Hamilton Jacobi Bellman (HJB) equation and its
negative gradient can be used to define on optimal state feedback law. The subject
matter of this paper addresses local continuous differentiability of the value function
V for infinite horizon optimal control problems subject to semilinear parabolic control
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problems and norm constraints on the control. Such problems are intimately related to
stabilization problems which are often cast as infinite horizon optimal control prob-
lems. Investigating infinite horizon problems constitutes one of the specificities of
this paper. Another one is the fact that we focus on the differentiability of ) on (sub-
sets of) L2(2). Thus we need to consider the semilinear equations with initial data
yo € L?(R). As a consequence the solutions of the semilinear equations only enjoy
low Sobolev-space regularity. This restricts the class of nonlinearities, compared to
those which are admissible if the states are in L°°((0, oo) x €2), which is the situa-
tion typically addressed in the literature on optimal control [8] and [25]. The latter
necessitates to take the initial conditions in spaces strictly smaller than L?(£2). Here
we consider L2 (2), first due to intrinsic interest, secondly because ultimately the HIB
equation should be solved numerically, which is easier in an L?(2) setting than in
other topologies, like H'(£2). Let us also recall that one of the approaches to solve the
HIJB equation is given by the policy iteration. It assumes that the value function is C'.

The underlying analysis demands stability and sensitivity analysis of infinite dimen-
sional optimal control problems subject to nonlinear equations. For this purpose we
utilize the theory of generalized equations as established by [10] and [23]. It involves
first order approximations of the state and adjoint equations, which lead to restric-
tions on the class of nonlinearities which can be admitted. We refer to the section on
examples in this respect.

The current investigations are to some degree a continuation of work the first
author’s work on optimal feedback control for infinite dimensional systems. In [4—6]
Taylor approximations of the value function for problems with a concrete structure,
namely, bilinear control systems, and the Navier Stokes equations were investigated
and differentiability of the value function was obtained as a by product. In these inves-
tigations norm constraints were not considered. Here we admit norm constraints and
we focus on semilinear equations. Let us also notice that the systems investigated in
[4-6] share the property that the second derivatives with respect to the state variable
of the nonlinearity in the state equation do not depend on the state itself anymore.

Let us also compare our work to the developments in the field of parametric sensi-
tivity analysis of semilinear parabolic equations under control constraints. There are
many papers focusing on stability and sensitivity analysis of finite time horizon prob-
lems along with pointwise control constraints, see e.g. [2, 13-15, 18, 19, 26, 27], and
the literature there. First, of these papers, except for [ 14], consider the case with initial
data in L2(2). In [14] again the third derivative of the nonlinearity is zero. Secondly,
all of them consider the finite horizon case. Since we treat infinite horizon problems we
have to guarantee stabilizability (for small initial data) under control constraints. Then
we use a fixed point argument to obtain well-posedness of the system. Well-posedness
and stability with respect to parameters of the adjoint equation is significantly more
involved for infinite horizon problems than for finite horizon problems. It requires
techniques, differently from those used in the finite horizon case. Another aspect is
the proper characterization of the adjoint state at t = oo.

In the finite dimensional case, there is, of course a tremendous amount of work on
the treatment of the value function if it is not C'. Fewer papers concentrate on the
case where the value function enjoys smoothness properties. We mention [12] and [7]
in this respect.
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In order to achieve the goal we desire, we lay out the following setup. In Sect. 2, we
consider an abstract parametric optimization problem with an equality constraint and
another convex constraint. Existence of an optimal solution, of a multiplier associate
to the equality constraint, and Lipschitz stability of the component of the state variable
which lies in the complement of the kernel of the linearized constraint will be estab-
lished. This result is necessary but not sufficient for the further developments, since
stability is obtained in a norm which is too weak and since the stability estimate does
not involve the component in the kernel of the linearized constraint and the multiplier,
i.e. the adjoint states, yet. At the level of Sect. 2 this remains as Assumption (H7). In
Sect. 3 we specify the concrete optimal stabilization problem and a set of conditions,
most importantly on the nonlinearity of the state equation, under which Assumption
(H7) can be established, for initial data yy € L*(£2). Section 3 also contains a sum-
mary of the main results of this paper. They are stated as theorems with a little stronger
assumptions than eventually necessary, for the saker of easing the presentation. Sec-
tion 4 is dedicated to the proof of verifying the assumptions of the general setup of
Sect. 2 for the concrete optimal control problem stated in Sect. 3. As conclusion we
obtain the Lipschitz continuity in the appropriate norms of the all variables appearing
in the optimality system with respect to the parameter of interest, which is the initial
condition yp, in our case. Since our analysis is a local one involving second order
optimality conditions, solutions to the optimality system are related to local solutions
to the optimal control problem. As a corollary to these results we obtain that the local
value function is Fréchet differentiable. In Sect. 5, we show that in the neighborhood
of global solutions the value function V satisfies the Hamilton—Jacobi-Bellman (HJB)
equation in the strong sense. Finally, Sect. 6 is devoted to demonstrating that the devel-
oped framework is applicable for some concrete examples, namely for linear systems,
Fisher’s equations, and parabolic equations with global Lipschitz nonlinearities. All
our results require a smallness assumption on the initial conditions yy. Two aspects
need to be taken into consideration in this respect. First yg has to be sufficiently small
so that the controlled system is stable. Secondly a second order optimality condition is
needed. For this to hold a sufficient condition is provided by smallness of the adjoint
state, which in turn can be implied by smallness of yg. We stress that these two issues
are of related, but independent nature.

2 Lipschitz Stability for an Abstract Optimization Problem

Here we present a stability result for an abstract, infinite dimensional optimization
problem which will be the building block for the results below. This result is geared
towards exploiting the specific nature of optimization problem with differential equa-
tions as constraints. First existence of a dual variable will result from a regular point
condition. Subsequently the Lipschitz stability result is obtained in two steps. In the
first one, we rely on the relationship between the linearized optimality conditions and
an associated linear-quadratic optimal optimization problem, with an extra convex
constraint. This approach is useful since it provides the existence of solutions to the
linearized system on the basis of variational techniques. However it dictates a certain
norms for the involved quantities. These norms are too weak for our goal of obtaining
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Lipschitz continuity of the adjoint variables in such a manner that differentiability of
the cost with respect to the initial conditions can be argued. Therefore, in a second
step we exploit the specific structure of the optimality systems, using the fact that it
is related to a parabolic optimal control problem, to obtain the Lipschitz continuity in
the stronger norms. This two step approach is also present in some of the earlier work
on stability and sensitivity analysis which was quoted in the introduction. But due to
that fact these papers considered finite horizon problems it came as a byproduct which
improved the regularity of the adjoints. In our work it is essential to reach our goal.
This is why we decided to formalize this two step approach which was not done in
earlier work.

Concretely, we consider the optimization problem

min f(x) (P
e(x,q) =0, x e C.
with a parameter dependent equality constraint, and a general constraint described
by x € C, where C is a closed convex subset of a real Hilbert space X. Further, W is
a real Hilbert space and P is a normed linear space. In the application that we have
in mind, the parameter ¢ will appear as the initial condition in the dynamical system.
The following Assumption (H1) is assumed to hold throughout.

Assumption H1 ¢o € P is a nominal reference parameter,

X is a local solution (Py),

f: X — R is twice continuously differentiable in a neighborhood of x,

e: X x P — W is continuous, and twice continuously differentiable w.r.t. x, with
first and second derivative Lipschitz continuous in a neighborhood of (xg, go).

The derivatives with respect to x will be denoted by primes and the derivatives w.r.t.
y and u later on, are denoted by subscripts. They are all considered in the sense of
Lebesgue derivatives.

We introduce the Lagrangian £ : X x P x W* — R associated to (P,) by

L(x,q,2) = f(x)+ (A, elx,q))w=w. 2.1

Next further relevant assumptions are introduced:
Assumption H2 (regular point condition)
0 € int ¢(x0, g0)(C — xo),
where int denotes the interior in the W topology. This regularity condition implies
the existence of a Lagrange multiplier .o € W*, see e.g. [20] such that the following

first order condition holds:

(L' (x0, g0, 0), ¢ — x0)x*.x >0, Ve € C,

2.2
e(xo, o) = 0. @2

@ Springer



Applied Mathematics & Optimization (2022) 85:10 Page50f48 10

It is equivalent to

0 € L' (x0, qo, r0) + ¢ (xp), in X*,

) 2.3)
e(x0, qo0) =0, inW,

where dI¢(x) denotes the subdifferential of the indicator function of the set C at
x € X.
Let A € £(X, X™) denote the operator representation of £ (xg, o, Ao), i.e.

(Ax1, x2)x* x = L"(x0, g0, A0)(x1, x2) 2.4)
and define
E =¢'(x0,q0) € L(X, W). (2.5)

We further require

Assumption H3 (positive definiteness)
dk >0: (Ax,x)x*x > K ||x||§(, Vx € ker E.

Condition (H3) is a bit stronger than a second order sufficient optimality condition,
since it does not take into consideration the activity or inactivity of the constraints.
Such weaker second order conditions typically allow to derive quadratic positive defi-
nite lower bounds on the cost and Holder continuity with respect to perturbations. For
Lipschitz continuity and differentiability stronger assumptions, such as (H3) are typi-
cally assumed. We refer exemplarily to [13—15, 27], and [16,Sect. 2.3]. The constraints
in these references, however, are not identical with those of the present paper.

The stability result of (xg, Ag) with respect to perturbation of g at go will be based on
Robinson’s strong regularity condition which involves the following linearized form
of the optimality condition,

{o € L/ (x0, g0, h0) + A(x — x0) + E*(h — Ag) + dlc(x) in X*, 06

0 = e(xg, o) + E(x — x0) inW.

We define a multivalued operator 7 : X x W* — X* x W by

x\ _[(AE"(x f(x0) — Axg lc(x)
T()=(E9)0) (") (1Y) e

and observe that (2.6) is equivalent to

0er(5).
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Here it is understood that 7 is evaluated at (xq, go, Ag) € X x P x W*. But 7 is not
yet the mapping for which we need to verify the Robinson—Dontchev strong regularity
condition in our context. It relates to the fact that we must to treat the multiplier A in
smaller space than W*. Before we can properly specify this condition some additional
preparation is necessary. We first introduce Banach spaces:

X C X, W'C W5 X*C X*, 2.8)

with continuous injections. We emphasize that X* should not be confused with (X)*.
A restriction of 7 will be defined as multivalued operator 7 : X x W* — X* x W.
Indeed, in applications to optimal control problems extra regularity of multipliers
can be obtained by investigating the solutions (2.3), see e.g. Sect. 3. In the context
of optimal stabilization problems this structural property will become transparent in
Propositions 1 and 2, see also [6,Proposition 15]. It will turn out to be essential for
our purposes. But this situation where the multiplier has extra regularity is also of
abstract interest. When studying stability in this setting this means that the second
coordinate of the domain of 7 needs to be changed from W* to W*. This entails that
the range space of 7 has to be modified appropriately, in order to obtain stability of
the A coordinate. For this purpose we introduce X* < X*. The reason for further
restricting X to X will become evident in the proof of Proposition 2. It is related to
the fact that we consider infinite horizon problems. A concrete use of these space is
elaborated in detailed in Sect. 3.2.2.

Now we adapt the conditions on f and e to the choice of the spaces in (2.8).

Assumption H4 There exists a neighborhood U 1 X ﬁz C X x P of (xq, qo) such that

(i) the restriction of x — f/(x) to X defines a mapping L’ (x) from U; C X to X*,

(ii) the restriction ¢’'(x, g)* € L(W*, X*) to W* defines operators ¢'(x, g)* €
L(W*, X*) for every (x, q) € l71 X 172.

With these assumption holding we define the restricted linearized Lagrangian

LU xUyx W CXxPxW*
— X* by Lix,q.2) = f'(x)+ex, @) (2.9)

Next we adapt dI¢c C X™ to the situation of (2.8) and define for x € X the set valued
mapping

) ={yeX*: (yv—x)xx <0, YveCNX} CX*.  (2.10)

We henceforth assume that (xg, Ag) € X x W*, it will also follow as a special case
of (H7). The following assumption will guarantee that the restriction 7 of 7 is well-
defined as operator from X x W* to X* x W, and the one beyond is needed for
Lipschitz continuous dependence of local solutions to (P,) with respect to g.

Assumption H5 £ : Uy x Uy x W* C X x P x W* —> X* is Fréchet differentiable
with respect to x, and (£")’, as a mapping (x, g, A) — (L)' (x, g, A), is continuous at
(x0, g0, 20) € X X P x W*.
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Assumption H6 There exists v > 0 such that:
le(x, g1)—e(x, @) llw < vlgi — q2llp, ¥(x, q1) and (x, g2) € Uy x Ua,
(2.11a)

< - L V(x, d (x,q2) €U x Us.
ey =V a1 = @2llp Y0k, q1) and (5,2 €0y x T
2.11b)

¢ - )"

Let us further set

E* = ¢ (x0,q0)" € LOW*, X*) and A = (£ (x0, 90, }0)) € L(X, X*).

With Assumptions (H1)—(HS5) holding (2.3) can be expressed as

0 € L'(x0, qo, o) + 3¢ (x0), %Il X*, (2.12)
e(xo, q0) =0, in W.
Moreover (2.6) restricted to X x X* result in:
L' (x0, o, M Alx — E*(L — A ol in X*,
0c L(x0, 90, 20) + A(x — x0) + E*( 0) + dlc(x) TH_ (2.13)
e(xo, qo0) + E(x — xp) in W,

and the multivalued operator 7 : X x W* — X* x W related to (2.7) is defined as

x\ _ (AETN(x [f'(x0) — Axo I (x)
()= E5)G)+ (FU ) (57) e

Observe that (2.13) is equivalent to

061();).

Existence and Lipschitz continuity of solutions in a neighborhood (xg, go, o) will
follow from the strong regularity assumption which requires us to show that there
exist neighborhoods Vc X* x Wof0and U= l71 X 172 C X x W* of (xq, go) such
that 7! has the properties that 7~ "N is single-valued and that it is Lipschitz
continuous from V to U see [10], (and also [23], [16,Definition 2.2, p. 31], in case
X=X, W*=W* X* = X*). We approach the strong regularity assumption in two
steps. In the first one we argue invertibility of 7 and Lipschitz continuity of the variable
x in X. For this purpose we exploit the symmetry of 7 and consider an associated
variational problem. In our specific situation the inverse of 7—and consequently of
7 —is single-valued and thus the restriction to the neighborhood U is not needed.
Existence and Lipschitz continuity of A as well as Lipschitz continuity of x in the
small space X x W* remains an assumption in the generality of problem (P,). It will

@ Springer



10 Page8of48 Applied Mathematics & Optimization (2022) 85:10

be verified in a second step for the optimal stabilization problems in the following
sections.

Assumption H7 For (81, 82) € V C X* x W, the solution (X(81.82)» M(1.p2)) tO

T <i> = (gl) lies in X x W*. Moreover there exists a constant k£ > 0 such that
2

le,ﬂz) “Xhib |y T HMﬂn,ﬁz) ~ b W

<k[ero89 = B, + e~

y
forall (1, B2) € V, (B1, Bo) € V.
This condition is used after the existence of xg = x(g, g,) Was already established.
Note that for (S, ,82)T = 0 we have (x(0,0), 2(0,0)) = (X0, A0) and hence (H7) in
particular implies that (xg, 19) € X x W*.
We arrive at the announced stability result.
Theorem 2.1 Assume that (H1)—(H7) hold at a local solution xo of (Py,). Then there
exist a neighborhood U = U (xo, Ag) C X X W*, a neighborhood N = N (qo) C P,
and a constant (. such that for all g € N there exists a unique (x(q), *(q)) € U
satisfying

L'(x(q), g, Mq)) + dc(x(g)), in X*,

, (2.15)
e(x(q), q), inWw,

and
1CGx(q1), A(q1)) = (x(q2), M@ | o= < llg1 — q2llp, Yq1,92 € N. - (2.16)

In addition there exists a nontrivial neighborhood NCN of qo such that x(q) is a
local solution of (Py) for g € N.

For the proof we shall employ the following lemma in which A € L£(X, X*) and
E € L(X, W) denote generic operators. For the sake of completeness we also include
its proof.

Lemma2.2 Let (a,b) € X* x W, assume that A € L(X, X*) is self-adjoint and
satisfies (H3), and that the set S(h) = {x € C: Ex =b}is nonempty. Then the
problem

minyec J(x) = minyec %(Ax, X)x*,x +{a, x)x= x,
- (2.17)
Ex =0b,
admits a unique solution x = x(a, b) satisfying
(Ax +a,v—x)x+x >0, forallv € S(I;). (2.18)
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If moreover the regular point condition 0 € int E(C —x(a, b)) holds, then there exists
A = Ala, b) € W* such that

A0 e

Proof Since C is a closed and convex, S (l;) is closed and convex. By assumption S (1;)
is nonempty. Hence there exists an x € C such that Ex = b. Note that each such x
can be uniquely decomposed asx = w+y, with y € kerE, w € kerE Land Ew = b.
By (H3) the functional J is bounded from below and coercive on S (b). Hence there
exists a minimizing sequence {x,} in S (b) such that nlingo J(xp) = inf_ J(x). Each
g xeS(bh
X, can be decomposed as x, = w + y,, with y, € kerE. By (H3) Ehia sequences
{yn}o2 and hence {x,,}n 1 are bounded. Thus there exists a subsequence {x,, } with
weak limit x = x(a, b) in § (b) Since J weakly lower semi-continuous, we have
that J (x) < hm 1nf J (xy,) and x minimizes J over S (b). This further implies that

(Ax +a,v — x)X*,X > 0forallv e S(b). Uniqueness of x follows from (H~3).
The regular point condition implies the existence of a multiplier A = A(a, b) € W*
such that (2.19) holds. See e.g. [16,Theorem 1.6] O

Proof of the Theorem 2.1 (i) The proof of the first assertion of the Theorem 2.1 is
based on the implicit function theorem of Dontchev for generalized equations, see
[10,Theorem 2.4, Remark 2.5]. We introduce the mapping F : X x P x W* —
X* x W given by

Fx.q.%) = <£e(é£,qq’>k)) ,

and observe that Assumption (H6) implies that for all (x, g1, 1), and (x, g2, 1) €
Uy x Uy x W*

||£()C, q1, )") - E(-xv q2, )")|

woxw <V (LA g1 = g2llp . (220)

By (H1) and (HS), and using the integral mean value theorem it can be argued that

x AE*\ (x f'(x0) — Axo
()= () )+ (2
strongly approximates F at (xg, go, A0), in the sense of Dontchev [10]. In the next
two steps the strong regularity condition for 7 will be verified.

(ii) (Existence). Let, at first, (81, B2) € X* x W and consider 7 ( ) <§;> which

a A E*\ (x ol (x)
(GO e
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witha = f'(x0) — Axo — B1, b = Exo + B2, and A, E defined in (2.4), (2.5). To
solve (2.21) we consider,

: 1
minyec 5(Ax, x)x* x + (@, X)x* x,

2.22
Ex =b. ( )

This corresponds to (2.17) with a = a, b = b and feasible set SBr) ={xeC:
Ex = b}. Clearly xg € S(0) = {x € C : Ex = Exo}. By (H2) and [16,Theorem
1.2.8], there exists a neighborhood of the origin V C X* x W such that S(B2) is
not empty for all (81, B2) € V. Thus by Lemma 2.2 there exists a unique solution
x = x(B1, B2) to (2.22) for each (B1, B2) € V. By [16,Theorem 1.2.11, 1.2.12,
1.2.15], possibly after reducing V, these solutions depend Holder continuously on
(B1.B2) € V C X* x W, with exponent % The regular point condition for the

solution x (81, B2) is
0 €int E(C —x(B1, B2)) = int E(C — xo) — pa2,

which is satisfied due to (H2), possibly after again shrinking V. Hence there exists

a Lagrange multiplier A = A(Bj, B2) associated to Ex = b, and (2.21) admits a

unique solution (x (81, B2), A(B1, B2)) since it is the first order optimality condition
for (2.17).

(iii) (Uniqueness and Lipschitz continuity) Let (81, f2) € V and (,3A1, ,BAZ) € V with

corresponding solutions (x, A) € X x W* and (X, A) € X x W*. This implies

that
(a+ Ax + E*A,c—x)x+x =0, Ve € C, (2.23)
Ex = b, witha = f'(x0) — Axo — B1, b = Exo + pa, '
and
(@ + A%+ E*ic—R)x+x >0, Ve e C, (2.24)
E% = b, witha = f'(x0) — Axo — f1, b = Exo + fo. '

By the first equations in (2.23) and (2.24) we obtain that

(a+Ax + E*A, X —x)x+x >0, (G+ AR+ E*A,x —%)x+x >0, x, 5 € C.

(2.25)
Combining these inequalities, we have that
(@a—a+Ax —%)+E*A—1),x —%)x+.x <0. (2.26)
The second equalities in (2.23) and (2.24) imply that
E(x—%) =b—b. (2.27)
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Let us set
Sx=%—x, 8 =A—Ar Sa=da—a, b=>b—b.
Then 881 = —(B1 — B1) and 88> = B> — Ba, and (2.26), (2.27) result in
(8x, Adx)x x* + (6h, ESx)w=w — (81, 8x)x+ x <0, (2.28)
and
Eéx = 6b. (2.29)
By (H2) the operator E is surjective. Hence by the closed range theorem express-
ing §x = 8v + dw € ker E + range E* implies that ESx = Edw = §f,. Again
by the closed range theorem there exists k1 > 0:
[Swllx < ki lI8B2llw - (2.30)
From the first equation in (2.21) we have

Ax + E*} — Axg + f'(x0) — B1 € —9I¢c(x).

Next we restrict the perturbation parameters to satisfy (81, 82) € (X* x W)NV.
Due to Assumptions (H4) and (H7) we have (x, A) € X x W*,

Ax + E*A — Axo + f'(x0) — 1 € X*
and hence
Ax + E*L — Axo + f'(x0) — B1 € =3l (x).

The analogous equation holds with (x, A, B1) replaced by (x, 5», ,31 ).
By (H3), (2.28) and Assumption (H7) we find

e [13v])?
< (6v, ASv)x, x+= = (8x, Adx)x x+ — 2(6v, Adw)x x+ — (Sw, Adw)x x*
< —(8X, ESx)w+w + (881, 8x)x. x+ — 2(8v, Adw)x x» — (Sw, ASw)x x~
< k16Mlw= 18B2llw + 1188111+ 1811 xc + IAl I8wllx 2 18v]lx + 18wl x)
< kk([8wllx + I18vllx + 1881 x+xw) 16B2llw
+ (I8B1llx+ + 2 NAl Iswlx) (Idvllx + lldwlix), (2.31)

where k denotes the embedding constant of W* into W*. Using (2.30) and rear-
ranging terms there exists a constant k> > 0 such that

I8vllx < k2 (18B1llx+ + 18621l ) - (2.32)

@ Springer



10 Page 12 0f48 Applied Mathematics & Optimization (2022) 85:10

Applying (2.30) again this implies the existence of k3 such that
I8x1lx < k3 (18B1llx+ + 8B2lly) forall (B1, B2) € (X* x W) N V.(2.33)

Another application of (H7) and (2.33) imply the existence of a constant k4 and a
neighborhood V of the origin in X* x W such that the desired Lipschitz stability
estimate for (7)~!

I8x1x + I8A I w+ < ka (I8B1llx= + 18B2llyy) forall (B1, 2) € V C X* x W
(2.34)

holds.

(iv) As a consequence of the previous two steps 7 is strongly regular at (xq, o, 1o).
Together with step (i), Dontchev’s theorem is applicable [10,Theorem 2.4,
Remark 2.5], and (2.15), and (2.16) follow.

(v) (Local solution to (P,;)) Now we show that there exists a neighborhood N of q0
such that for g € N the second order sufficient optimality condition is satisfied
at x(q), so that x(g) is a local solution of (P;) by e.g. [16,Theorem 2.12, p. 42].
Due to (H3) and regularity of f, e we obtain

L"(x(q), q, q))(h, h) > g k||, forall h € ker E, if g € N(qo). (2.35)

Let us define E; = (ey(x(q), g)) for g € N(qo). By the surjectivity of E,, and
regularity of e there exists a neighborhood N C N (go) such that E, is surjective
forallg € N. Here we also use continuity of ¢ > ey(x(g), g) from P — W at
40, which follows from (H1) and the continuity of ¢ — x(g) atgp. Consequently
exist 8g, ¥ > 0 such that

£/ (x(q), g, M@)h+z,h+2) =8 |h+z||*, forallh eker E,z € X
(2.36)

satisfying ||z[| < y |||l by [16,Lemma 2.13, p. 43]. Let us define the orthogonal
projection onto ker E4 given by Per £, = [ — E;(E, E;‘)_lEq. We choose N
so that

4
l+y

=<

| BB BT Ey — By (g Ef) ™ By,

forall g € N. For x € ker E,;,wehave x = h +zforh € ker E, z € (ker E)t
and ||x||*> = [|1]1> + l|z||*. Thus,

14
14+y

lell < | E5 (B B Eqx = By (BB ™ Egox| <

(Il +1izl)
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and hence ||z|| < y ||&]|. From (2.35) this implies
L"(x(q), g, Mq)) = 8o llx||*, forall x € ker E.
This concludes the proof. O
3 Differentiability of Value Function for Optimal Stabilization Subject
to Semi-linear Parabolic Equations

Here we describe the optimal control problems which we shall analyze and state the
main results.

3.1 Notation

Let 2 be an open connected bounded subset of R? with a Lipschitz continuous bound-
ary I'. The associated space-time cylinder is denoted by Q0 = Q2 x (0, co) and the
associated lateral boundary by ¥ = I" x (0, co). We define the Hilbert spaces

Y =L*(Q), V=H]Q),and U =L*0,o0; U),
where U is a Hilbert space which will be identified with its dual. Observe that the
embedding V C Y is dense and compact. Further V C Y C V*, is a Gelfand triple.

Here V* denotes the topological dual of V with respect to the pivot space Y. For any
T € (0, oo) we define the space

d
W(O,T) = {y € L*(0,T; V); d—f e L*(0, T; V*)},

2 2
LZ(O,T;V*))

For T = o0, we write W, and I = (0, 0co). We further set Wgo ={y e Wx:y0) =
0}. We also set

endowed with the norm

dy
2
”y”W(O,T) = <||y||L2(0,T;V) + ”E

d
W(T, 00) = {y € LA(T, 00; V): d—f e LX(T, oo; v*)}.

We shall frequently use that W, embeds continuously into C ([0, o0), Y), see e.g.
[17,Theorem 4.2] and that tlim y() = 0, for y € Wy, see e.g. [9]. The set of
—00

admissible controls U, is chosen to be

U ClueU:|u@®|y <n, fora.e.t >0} 3.1
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where 7 is a positive constant. We further set U,y = {v € U : ||[vlly < n} and
denote by P, , the projection of U/ on U, . For this choice of admissible controls the
dynamical system can be stabilized for all sufficiently small initial conditions in Y,
see Corollary 4.3 and Remark 4.1.

Foré > 0and y € Y, we define the open neighborhoods By (§) = {y eY :ylly < 5} ,

and By(3,8) ={yeY:ly—Jly <35}
3.2 Problem Formulation and Assumptions

We focus on the stabilization problem for an abstract semi-linear parabolic equation
formulated as infinite horizon optimal control problem under control constraints:

1 o
P) V(o) = i J(y,u) = i - D3 dr
P Von = min Jeaw=  min ool
o oo
+ —/ lu()|17, dt, (3.2a)
2 Jo
subject to the semilinear parabolic equation
yi =Ay + F(y)+ Bu in L*(I; V¥) (3.2b)
y(x,0)=yy in?Y. (3.2¢)

Throughout F is the substitution operator associated to a mapping f : R — R so that
(Fy)(t) = j(y(t)). Sufficient conditions which guarantee the existence of solutions to
(3.2b), (3.2¢), as well as solutions (y, i) to (P), for yy € Y sufficiently small, will be
given below. We shall also make use of the adjoint equation associated to an optimal
state y, given by

— = A p—F G p=—y inL I; V). (3.2d)

Its adjoint state p which will be considered in L>(I; V) or in Wso. The following
assumption will be essential.

3.2.1 Assumptions A

A1l The operator A with domain D(A) C Y and range in Y, generates a strongly
continuous analytic semigroup e on Y and can be extended to A € LV, V*).

A2 B € L(U,Y) and there exists a stabilizing feedback operator K € L(Y,U) such
that the semigroup eA=BK g exponentially stable on Y.

A3 The nonlinearity F : Wy, — L2(I; V*) is twice continuously Fréchet differen-
tiable, with second Fréchet derivative & bounded on bounded subsets of Wxo,
and F(0) =0.

Ad F: WO, T) — L! (0, T'; H*) is weak-to-weak continuous for every T > 0, for
some Hilbert space H which embeds densely in V.
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*
Note that (Ll(o, T H*)) — L®(0, T; H), see [11,Theorem 7.1.23(iv), p. 164].
Moreover, L*°(0, T; H) is dense in LZ(O, T; V), see[21,Lemma A.1, p. 2231].
A5 F'(3) € LL>(I; V), L>(1; V*)).

Remark 3.1 The requirement that 7 (0) = 0 in (A2) is consistent with the fact that we
focus on the stabilization problem with 0 as steady state for (3.2b). Without loss of
generality we further assume that

F(0) =0, (3.3)

which can always be achieved by making F'(0) to be perturbation of A.

Remark 3.2 Let us assume that (A3) holds. Then in view of the fact that F is a substi-
tution operator we have [F'(y)v](r) = f'(y(r))v(¢) for y and v in W, and F'(y) €
L(Weo, L2(I; V¥)). Its adjoint [F'(y)*v](t) = f(y®)v(r), for v € L*(I; V),
satisfying F'(y)* € L(L*(I; V), WZ). It has a natural restriction to an operator
F'(y)* € L(Wso, L>(I; V*)). With (A3) holding it is differentiable and [F'(y)*]’ is
a bilinear form on Wy, x W, with values in Lz(l ; V*). - For examples of functions
F which satisty A4 we refer to see Sect. 6.

3.2.2 Abstract Setup

Here we relate problem (P) to the abstract problem (P;), which is used with the
following spaces:

X=WexU, W=L*I;V*)xY, P=Y,

C=Uy, X*=W5xU, W=L*I;V)x7Y,

X = Woo x (UNCI;UY), X* =LV x UNCULU), W= We,
(3.4)

where I = (0, 00), and w = {(¢,9(0)) : ¢ € W}, endowed with the norm of
Weo. At times we identify W with W,,. We recall that the dual space of Wy, =
L2(1; V)N WY1, vy is W2 = L2(1; V) + (WE2(I; V*))¥, endowed with the
norm fizllws, = _inf lizillz2gsys) + I22llwiagive)es where 21 € L*(I; V¥), 25 €
(WAL V)™,

To express (P, ) for the present case, we set x = (y, u) € Wy X U, and the parameter
q becomes the initial condition yg € Y. Further f : Wy, x U — R is given by

1 oo o0
o =5 [ henidr+ S [ o, (3
0 0

and e(x, q) = e(y, u, yo) is

v — Ay — F(y) — Bu

et 30) = ( ¥(0) = 3o

):WooxeY—>L2(I;V*)xY (3.6)
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By (A3) the mapping e is Fréchet differentiable with respecttox = (y, u) € Woo x U
and thus for (v, u, yo) € Weo X U X Y we have

ey, u, yo)(v, w)= <UI_AU_U§)(_)}))U B Bw) : WooxU —> L*(I; V¥)x Y.

3.7

The Lagrange functional £ : W x U x Y x L*(I; V) x Y — R corresponding to
our optimal control problem is given by

oo

L(y,u, yo, p, p1) = J(y,u)+/0 (p, y1 — Ay — F(y) — Bu)y y+dt + (p1, y(0) — yo)y,

where (p, p1) € L2(I; V) x Y corresponds to the abstract Lagrange multiplier A €
W*.

In the remainder of this subsection we specify the mappings 7 and 7 for problem
(P). This will facilitate the proofs of the main results further below.

At first we take a closer look to the adjoint E* := ¢ (y,u,y0)* € LIL*(I; V) x
Y, W, x U) at a generic element (y, u, yo) € Woo x U X Y. It is characterized by
the property that for all (v, w) € Woo x U, (p, p1) € L2(I; V) x Y we have

(E(, w), (p, PO L1 v <y, L2(1:V)xy = (U, Ef(p. PO wz, + (. E3(p, p))u
where
(v, ET(Pa PO W wz, = (v — Av — F' (v, Plr2ave.2a:vy + O, pry,
and
(w, E3(p, po))u = —(w, B*p)y.

If for some B} € L%*(I; V*) the pair (p, p1) € L2(I; V) x Y is a solution to
EY(p, p1) = B then forall v € Woo:

(v — Av = F')v, p)r2v+), 12(vy + (0(0), p1)y — (w, B*p)y
= </§1, U>L2(1;V*),L2(I;V)' (38)
Now we assume that ' (y) is not only an element of £(Wao, L*(I; V*)) but rather that
it can be extended to an operator F'(y) € L(L*(I; V), L*(I; V*)). Thisis guaranteed
by (AS) at minimizers y. Then (3.8) implies that p € W, and hence p1 € C;Y)

and p; = p(0), see Proposition 1. In particular (p, p1) = (p, p(0)) € W4, and (3.8)
can equivalently be expressed as

(v, ET(P, Pl))LZ(l;v),LZ(l;v*) = (v — Av = F'(y)v, P)LZ(I;V*),L2(I;V)
= (v, :31>L2(1;V),L2(1;V*)’ (3.9)
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forallv € L3(I; V), where we assumed that ,31 e L2(I; V*). Conversely, of course,
if p € Woo, then Ef(p, p(0)) = —p, — A*p — F'(y)*p € L*(I; V*).

From now on, let go = yo denote a reference (or nominal) parameter with associated
solution xo = (¥, ). In Proposition 1 we shall argue that the regular point condition
Assumption (H2) is satisfied and that consequently there exists a Lagrange multiplier
(p, p1) such that the pair (xg, X9) = (¥, u, p, p1) satisfies (2.3). Moreover, it will
turn out that p € W, p1 = p(0), and that u € U N C(I; U). For convenience let us
present (2.3) for the present case

y+ ET(p, p(0)),

ait — B¥p + iy, w),
yi — Ay = F() -
y(0) — o,

0¢€ (3.10)

where £ = (?) = ¢'(y, 1, yo). We stress that while the Lagrange multiplier
2

p belongs to W, the operator E} in (3.9) is still considered as an element of
LL2(I; V) x Y, WE).
We are now prepared to specify the multivalued operators

T :Weo x UXL*(I; V)XY —> WX x U x L*(I; V¥)xY, and (3.11)
T Weo x (UNCU;U)) x Weo —> L2(I; V)X (U NCI;U)) x L>(I; V¥)xY
(3.12)

corresponding to (2.7) and (2.14) by

y Ef(p,pD)+y—[F®*pI'(y — ) 0
u | au — B*p oy, (u)
Nol=lv-av-Bu-Foro-n-re || o |G
Pl ¥(0) — yo 0
and
y —p,—Ap=F)'p+y—[FO)*pPIO-
d au — B*p
-1 2 —Ay—Bu—-F 3y —y) —FO)
p(0) y(0) =y
0
MUO‘I @ (3.14)
0
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where
BIUM(E):{QE UNCL;U) : (u(t), v —u(t))y<0,Viel, veBn(O)} ,  (3.15

with B,(0) = {v e U; ||vllyy < n}. In (3.14), we underline the elements which are
taken from different domains when compared to (3.13). The range of the first two
coordinates of 7 is smaller than that of 7. Accordingly we can make use of (3.9)
when moving from the first row of (3.13) to the first row of (3.14).

For convenience for the subsequent work we recall that the strong regularity condition
1ntr0duced below (2.14) requires us to find neighborhoods of 0 and (y, u, p, p(0)) of
the form V C L2(I; V¥) x (UNC(T:U)) x L*(I; V*) x Y and UC Ws x (UN
C(I;U)) x W, such that for all B = (B1, B2, B3, Ba) € V the equation

T
T (vou.p.p®) = (1. po s )" (3.16)
admits a unique solution (y, u, p, p(0)) € U depending Lipschitz-continuously on B.

Remark 3.3 We observe that as a consequence of (A3) and Remark 3.2 the operator
7 is continuous.

Subsequently we shall frequently refrain from the underline-notation since the mean-
ing should be clear from the context.

3.3 Main Theorems

In this subsection, we present the main theorems of this paper. The first theorem asserts
local continuous differentiability of the value function VV w.r.t. yg, with yo small enough.
The second theorem establishes that )V satisfies the HIB equation in the classical sense.
The proof of the first theorem is based on Theorem 2.1. It will be given in Sect. 4. For
this purpose it will be shown that assumptions A imply (H1)—(H7). Moreover we need
to assert the underlying assumption that problem (P) is well-posed. This will lead to a
smallness assumption on the initial states yy. Consequently it would suffice to assume
that (A3) and (A4) only hold locally in the neighborhood of the origin. Concerning
(AS5) observe that it is not implied by (A3). It is vacuously satisfied for y = 0, which
is the case for yy = 0, since then F'(0) = 0, see (3.3).

We invoke Theorem 2.1 to assert the Lipschitz continuity of the state, the adjoint state,
and the control with respect to the initial condition yp € Y in the neighborhood of a
locally optimal solution (y, u#) corresponding to a sufficiently small reference initial
state yo. This will imply the differentiability of the value function associated to local
minima. We shall refer to the value function associated to local minima as ’local value
function’.

Theorem 3.1 Let the assumptions (A) hold. Then associated to each local solution
(¥ (o), u(y0)) of (P) there exists a neighborhood of U (yo) such that the local value
function ¥V : U(yg) C Y — R is continuously differentiable, provided that yg is
sufficiently close to the origin in Y.
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To obtain a HIB equation we require additionally that t — (F(y))(¢) is continuous
with values in Y for global solutions (7, i) to (P), with yg € D(A). In view of the
fact that for yg € V we can typically expect that the solutions of semilinear parabolic
equations satisfy y € L>(I; D(A) N WL2(I;Y) c C([0, o0), V) this is not a
restrictive assumption beyond that what is already assumed in (A3).

Theorem 3.2 Let the assumptions (A) hold, and let (y(yo), u(yo)) denote a global
solution of (P), for yo € D(A) with sufficiently small norm in Y. Assume that there
exists Ty, > Osuchthat 7 (y) € C([0, Ty,); Y). Then the following Hamilton-Jacobi—
Bellman equation holds at yy:

o 2

1 1
V() (Ay + F(y) + 3 lylly + 5 ”Puad <—&B*V/(y)>

Y

1
+<B*V/(y),]P’uad (—&B*V/(y))> =0. (3.17)
Y

Moreover the optimal feedback law is given by
1
1(0) =Py, <—EB*V’()7(O))> . (3.18)

The condition on the smallness of yog will be discussed in Remark 4.2. Roughly it
involves well-posedness of the optimality system and second order sufficient optimal-
ity at local solutions. A more detailed, respectively stronger statement of Theorem 3.1
and Theorem 3.2, will be given in Theorems 4.10 and 5.1. The regularity assumptions
F(y) € C([0, Tyy); Y) of Theorem 3.2 will be addressed in Sect. 6.

4 Proof of Theorem 3.1

In this section we give the proof for Theorem 3.1. Many of the technical difficulties arise
from the fact that we are working with an infinite horizon optimal control problem.
In this respect we can profit from techniques which were developed in [6], which,
however, do not include the case of constraints on the norm. Throughout we assume
that assumptions (A1) - (A4) hold.

4.1 Well-posedness of Problem (P)

Here we prove well-posedness for (P) with small initial data. First, we recall two
consequences of the assumption that A is the generator of an analytic semigroup.

Consequence 1 Since A generates a strongly continuous analytic semigroup on Y,
there exist p > 0 and 6 > 0 such that

((pI — A, v)y=y > 6 [vll}

See [1,Part II, Chaptor 1, p. 115], [22,Theorem 4.2, p. 14].
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Consequence2 Forallyy €Y, f € L2(O, T;V*),and T > 0, there exists a unique
solution y € W(0, T) to

y=Ay+f. y(0)=yo. 4.1

Furthermore, y satisfies
Il < e (1yolly + 17 120.7:v ) 4.2)

or a continuous function c. Assuming that y € L2(0, o0; Y), consider the equation
g y q

y=WU-phHy+py+f. y©0) = yo,
——— — —
A, fo
where f, € L%(I; V*). Then the operator A, generates a strongly continuous analytic

semigroup on Y which is exponentially stable, see [1,p 115, Theorem II.1.2.12]. It
follows that y € Wy, that there exists M, such that

1w = M (s0lly + 1 foll 20y ) (4.3)

and that y is the unique solution to (4.1) in W, see [6,Sect. 2.2] .

Lemma 4.1 There exists a constant C > 0, such that for all § < (0, 1] and for all y;
and y; in Weo with ||y1|ly,, < & and ||y2lly,, <8, it holds that

IF1) = FO)ll2g:ve < 8C Iyt — y2llw,, - (4.4)

Proof Let y1, y be as in the statement of the lemma. Using A3 and Remark 3.1 we
obtain the estimate

IF(y1) —F(y2)||L2(1,v*)

1
< [ 170+ 102 = y0F Ol gy g2,y 12 = 1l
i 2,

1,1
< /0 /(; [F"(s(y1 +1(y2 — yO)(ty2 + (1 — t)yl)”z:(woo,LZ(I,v*))
dsdt ||y2 — y1llwa-

Now the claim follows by assumption (A3). O

Lemma 4.2 Let Ay be the generator of an exponentially stable analytic semigroup
e”" on Y. Let C denote the constant Jfrom Lemma 4.1. Then there exists a constant
M such that for all yo € Y and f € L*(1; V*) with

- 1
= < —
Y = lyolly + 1 Iz v < 4CM?
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the system

vi=Ay+F»+f, y0)=yo 4.5)

has a unique solution y € W, which satisfies

Iyllw, <2Msy.

With Lemma 4.1 holding, this lemma can be verified in the same manner as [6,Lemma
3, p. 6]. In the following corollary we shall use Lemma 4.2 with A; = A— BK, and the
constant corresponding to M will be denoted by M . Further ||Z|| denotes the norm
of the embedding constant of W, into C(I; Y), ||i|| is the norm of the embedding V
into Y, and we recall the constant n from (3.1).

Corollary 4.3 For all yy € Y with

n
4CMZ 2Mk 1K | vy IZ ]l

lyolly < min

there exists a control u € Uyq such that the system
v = Ay +F(y)+ Bu, y0)=yo (4.6)
has a unique solution y € W, satisfying

Iyllw, =2Mkliyolly and ully < 1Kz, ulIZIylIws
< 2Mxkllyolly 1Kl ey, eI Z1I- 4.7)

Proof By Assumption (A2), there exists K such that A — BK generates an exponen-
tially stable analytic semigroup on Y. Taking u = — Ky, equation (4.6) becomes

v =A—-BK)y+F(©), y@O)=yo. (4.8)

Then by Lemma 4.2 with y = || yg||y there exists Mg such that (4.8) has a solution
y € W satisfying

Ivlw, <2Mkllyolly,
and thus the first inequality in (4.7) holds. For every ¢t € I we have

lullv = IKyllu = 1Kz, wnllylly = 1Ko, en IZI 1w
< 2Mxllyolly 1Kl ey, e IIZ1 4.9)

and thus the second inequality in (4.7) holds.We still need to assert that u € U,4. This
follows from the second smallness condition on || yg|ly and (4.9). O
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Remark 4.1 In the above proof stabilization was achieved by the feedback control
u = —Ky. For this u to be admissible it is needed that {/,; has nonempty interior.
The upper bound 1 could be allowed to be time dependent as long as it satisfies
inf [n(t)| > 0.

t>0

Corollary 4.4 Let yg € Y and let u € Ugyq be such that the system

v =Ay + F(y) + Bu, y(0) =y (4.10)

has a unique solution y € L>(I; Y). If

. 1 n
v = yolly + llpy + Bull 2. y+) < min , :
! Ly ACM2" 2M, K | vy IZ]

then y € Woo and it holds that
Iyllw,, =2Mpy.
Proof Since y € L>(I;Y), we can apply Lemma 4.2 to the equivalent system
ye=A=phy+F) + 1,

where f = py + Bu. This proves the assertion. O

Lemma 4.5 There exists 81 > 0 such that for all yy € By (81), problem (‘P) possesses
a solution (y, u) € Weo X Ugq. Moreover, there exists a constant M > 0 independent
of yo such that

max { [Fllw,  l@lly } < Mlyolly (4.11)

Proof The proof of this lemma follows with analogous argumentation as provided

1 n
4cMZ’ 2MklIKl o) IZll

Lemma 4.1 and Mg denotes the constant from the Corollary 4.3. We obtain that for
each yp € By (81), there exists a control u € U,y with associated state y satisfying

in [6,Lemma 8]. Let us choose, §; < min , where C as in

max { lully , 1yl } < M lyolly , (4.12)

where M = 2Mg max (1, NN K N 2oy, ey ) We can thus consider a minimizing

. 1
sequence (Yu, Un)neN € Woo X Ugg With J (yp, un) < §M2 lyoll} (1 + a). For
all n € N that

- - 1+«
Inllizaery < Mlyolly VIFa and lunllzzgzu < 8 lyolly | ——
(4.13)
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We set n(a, M) = [1 + M||i|| V(1 —f—ot)(p + ”Buﬁ%)] Then we have |yol +

loyn + Bunllp2¢:v+) < n(a, M) |yl y- After further reduction of §1, we obtain with
M, from Corollary 4.4:

1

B vy < ——=.
lyoll + lloyn + un”LZ([,V ) = 4CM/2)

It follows from this corollary that the sequence {y, },cn is bounded in Wy, with

sup |y llw,, <2M,(1 + (e, M) [Iyolly - (4.14)
neN

Extracting if necessary a subsequence, there exists (y,u) € Wy x U such that
(Vs un)—(y,u) € Woo x U, and (y, u) satisfies (4.12).
Let us prove that (y, u) is feasible and optimal. Since U,4 is weakly sequentially

closed and u,, € Uyy, we find u € U,qy. For each fixed T > 0 and arbitrary z €
L°°0; T;H) C LZ(O, T; V), see (A4), we have for all n € N that

T T
/o <y'n(t),z(t)>v*‘vdt=/0 (Ayn (@) + F(yn (1)) + Buy, (1), z(t)) v+ vdt.
(4.15)

Since y,—y in L?(0, T; V*), we can pass to the limit in the Lh.s. of the above equality.
Moreover, since Ay,—Ay in L2(0, T; V*),

T T
/0 (Aya (1), 2(0) v,y dt —— /0 (AT (@), 2(O) v+, vr.

Analogously, we obtain that

T T
/0 (Bun (1), 2(0) v,y dt —— /0 (Bia(t), (1)) v+, v

If moreover z € L®(0, T; H) C L?(0, T; V), we use (A4) to assert

T T
/0 (FOn () = FEO), 20y, vdi = /0 (Fn () = FG©). 200 et —— 0.

Thus we have for all z € L*°(0, T'; H)

T

T
/O (y'(t)—Ay(t)—Bu(t),Z(l))v*,vdt2/0 (Fy@), z(0))y+vdt. (4.16)
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Since y — Ay — Bu € L2(0, T:V* and L*°(0, T; H) is dense in L2(O, T;V) we
conclude that (4.16) holds for all z € L2(0, T; V) and T > 0. This yields e(y, u) =
(0, 0), and thus (y, u) is feasible. By weak lower semicontinuity of norms it follows
that J(y, u) < liqn—l}o%f J (¥, Uy), which proves the optimality of (y, i), and (4.11)

follows from (4.13). O

For the derivation of the optimality system for (P), we need the following lemma
which is taken from [5,Lemma 2.5].

1
Lemma4.6 Let G € L(Wq, L2(1; V*)) such that |G| < T where ||G|| denotes
K

the operator norm of G. Then for all f € L*(I; V*) and Yo € Y, there exists a unique
solution to the problem:

yi = (A= BK)y@®) + (Gy)(t) + f(t), y= Yo
Moreover,

Mg

¥l < s (I 2270 + I0lly)
W = T ey (v ")

We close this section by deriving the optimality conditions for (P).

Proposition 1 Let the assumptions (Al) - (A4) hold. Then there exists 5> € (0, §1]
such that each local solution (y, u) with yo € By (82) is a regular point, i.e. (2.3) is
satisfied, and there exists an adjoint state (p, p1) € LZ(I; V) x Y satisfying

(v — Av = F' (D), P) r2¢,v), 1201;v) + @0), )y + (3, P2,y =0,
Sforallv € Wy, (4.17)
(ait — B*p,u—u)y >0, forallu e Uyy. (4.18)
If the assumption (AS) is satisfied, then
—p = A= F ) p =~y in L2V,
and hence p € Wy, and

lim p(t) = 0. (4.19)
11— 00

Moreover, there exists M > 0, independent of yo € By(82), such that

1Pllw. < Mllyolly , andu € C(1,U). (4.20)
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Proof To verify the regular point condition, we evaluate e defined in (3.6) at (¥, u, yo).
To check the claim on the range of ¢'(¥, it, yg) we consider for arbitrary (r,s) €
L*(I, V*) x Y the equation

u—Az—=F (Mz—Bw—u) =r, z(0) =s, (4.21)
for unknowns (z, w) € Wy x Uyg. By taking w = —Kz € U we obtain

2t — (A= BK)z—F'(y)z+ Biu=r, z(0) =s.
We apply Lemma 4.6 to this equation with G = —F'(y) and f = r — Bu.
By Lemma 4.5 and (3.3) in Remark 3.1 there exists §» € (0, d;] sucll that

IF O 2w 22017y = %MK. Consequently by Lemma 4.6 there exists M such
that

lzlw, < M(Irl2csve + Islly + 1Bl casy) lilly)
< M(lIrll 2 + lslly + IBllzayy M llyolly ), (4.22)

with M as in (4.11). We shall need to check whether w = — K 7 is feasible, which will
be the case if w(r) < n fora.e. ¢t € I. Indeed we have

lw®lly = 1Kl zey,u 12Olly
< WK lcer.on WZIM (Il 2gvs) + Islly + 1Bllcasyy M llyolly )-

Consequently, possibly after further reducing 85, and choosing § > 0 sufficiently small
we have

lwllze(s.yy < nforall yo € By(82) and all (r, s) satisfying [[(r, $)ll.2¢7,y+)xy < 5.
(4.23)

Consequently the regular point condition is satisfied. Hence there exists a multiplier
A= (p, p1) € L*(I; V) x Y satisfying,

(Ly(y,u, yo, ps PV, V) p2(1,v), 12¢1:v) = 0,
<£u()_7, IZ, )’0, ﬁv ﬁl)au_Lz)U 20’ VM € Uad (424)

where

[e°]

L(y,u, yo, p, p1) = J(y, u) +/0 (P, yr = Ay — F(y) — Bu)y y+dt + (p1, y(0) — yo)y.
This implies that (4.17) holds.
Now, if we impose the additional assumption (A5), we have F'(y)*p € L>(I; V*).
Thus —A*p — F'(3)*p +y € L*(I; V*) and the previous identity implies that
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p € Wx. Thus we derive
—pr—A*p—F(3)*p=~-yin L*(I; V*) and lim p(t) =0,
11— 00

and (4.17)-(4.19). Testing the first identity in (4.24) with v € L%(I; V) we also have
p1 = p(0), which is well-defined since p € Wy, C C(I;Y). The second identity in
(4.24) gives (4.18). It remains to estima~te p € Weo.
Letr € LZ(I; V*) with ||”||L2(1;v*) < § and consider

27— Az —F 3)z— Bw — i) = —r, z(0) = 0. (4.25)

Arguing as in (4.21)-(4.22) there exists a solution to (4.25) with w = — Kz such that

Izllw,, < M5+ 1Bl zaiyy M lIyolly ) < M(8 + 1Bl cqr.y) M82) =: C1.
(4.26)

From (4.23) we have that |w][z00(; 74y < 1. Let us now observe that

(P 1) L2 vy L2, v)
= (p, —z + A2+ F' D) p2.vy.120.v0 + (B Bw — i) 21,y
= (P + AP+ F'(5)"p.2) + (B*p,w — i)y,

where we have used that z(0) = 0 and tlim p) = 0, since p € Ws,. We next
— 00
estimate using (4.17), (4.19) and (4.26)

(P2 vy.L2a.ve < ||y||L2(1,V*) ”Z“LZ(I,V) +alu, w — i)y
< (”)_’”LZ(I,V*) + o ||L_l||U) (Cr+n+llully).

By (4.11), this implies the existence of a constant C, such that

sup (P, r)2q,vy.2a,ve = C2llyolly

Il 2 yey <B

and thus
_ (6))
1202, vy < 5 lyolly , forall yo € By(82). 4.27)

Now we estimate, again using (AS5)

el oy < [A*B +F VB = 3] 12y
=<GC3 ||I3||L2(1,V) +Cy ||ﬁ||L2(1,V) + “)_’”LZ(I;V*) .
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By (4.11) and (4.27) we obtain || p¢[l2(;.y+) < Cs [[yolly . Combining this estimate
1

with (4.27) yields (4.20). Finally, by (4.18) we find u(t) = Py, (—B*ﬁ(t)). Since
o

peC;Y)and B* € L(Y, U) this implies that u € C(I; U). O

4.2 Verification of (H1)-(H6)

In this section we specialize the previously proved abstract results in Sect. 2 to the
semilinear parabolic setting. We start with the following lemma which shows that
assumptions A imply (H1)-(H6).

Lemma 4.7 Consider problem (P) with assumptions (Al)-(A4) holding. Then (H1)—
(H4), (H6) are satisfied for (‘P) uniformly for all yo € By (82) for some 8, € (0, §2].
If moreover, (A5) holds, then (HS) holds as well.

Proof Throughout yg € By (82), (¥, i) denotes a local solution to (P), and (p, p1) €
L%(I; V*) x Y the associated Lagrange multiplier.

(i) Verification of (H1): The initial condition yy is our nominal reference parameter
q.Lemma 4.5 guarantees the existence of a local solution (y, u#) ~ xg to (P)~
(Pyy)- Clearly f defined in (3.5) satisfies the required regularity assumptions.
Moreover e satisfies the regularity assumptions as a consequence of (A3).

(ii) Verification of (H2): Proposition 1 implies that (y, i) is a regular point.
(iii) Verification of (H3): The second derivative of e is given by

e"(y, i, yo)((v1, wr), (v2, w2))

_ (J:N(}_’)(Ul: v2)

0 ) Y, v € Wy, Ywi,wy € U. (4.28)

For the second derivative of £ w.r.t. (y, u), we find

L', a, yo, p, p1)((vi, wi), (v2, w2))
o0 o0
=/ (vl,vz)ydt—i-a/ (w1, wa)ydt
0 0

+/0 (P, F'(M)(v1, v2))v,v=dt. (4.29)

By (A3) for 7" and Lemma 4.5 , there exists M, such that

o0
/0 (, F'P) W, )y vedt < MilIpll2gy) vl . Vv e Weo, (4.30)
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for each solution (y, u) of (P) with yg € By(82). Then we obtain

L"(3, i, yo, p, p1)((v, w), (v, w))

o 2
z/ 1l di
0

o0
ta / Vol dt — 1Bl 2o, 01 - (4.31)
0

Now let 0 # (v, w) € ker E C Wy X Uyq, where E as defined in (3.7) is
evaluated at (y, u). Then,

v —Av — F (v —Bw=0, v0)=0.
Next choose p > 0, such that the semigroup generated by (A — pI) is exponen-
tially stable. This is possible due to (Al). We equivalently write the system in
the previous equation as,
v, —(A—phHv—F G —pv—Bw=0, v0)=0.
Now, we invoke Lemma 4.6 with A — BK replaced by A—pl, G = F'(¥), and

f(t) = pv(t)+ Bw(t), and theNrole of the constant M g will now be assumed by
a parameter M,. By selecting 8, € (0, &2] such that [|y[ly,_ sufficiently small,

we can guarantee that ||f/()_’) ”L(W L2 V) = 1/2Mp, see (4.11) and (3.3) in
Remark 3.1. Then the following estimate holds,

”U”Woo < sz ||U =+ BU)”LZ(I;‘/*) .
This implies that

Iy, < Malvlga g,y + 1152y, (4.32)

for a constant M, depending on M,, ||B|, and the embedding of ¥ into V*.
These preliminaries allow the following lower bound on £”:

L'y, i, yo, p, p1)((v, w), (v, w))
o 2 o0 2 * T 2
z/ ||v||ydr+oe/ lwli2 dr — B0 15l 2y 101
0 0
o 2
by (4.32) > / 12
0
o0 2 I, = 2 2
fa [l = BRI [ 19122, + 101220y,
i , ,

(1= M 1l 2:v) I3y + (@ = MUMRI Bl 2rv) 1wl 35

= 7 [0y + 1001220y, 4.33)
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where 7 = min {1 — M\ Mol|pll 2.y & — MiMall pll 2.y }- By possible
further reduction of §, it can be guaranteed that y > 0, see (4.27). Then by
(4.32), we obtain,

L3, i, yo, p, (v, w), (v, w))

v

4 2 2 Y 2
z [nvuLz(,;Y) + 12, | + 57, Il

| \/

4 lv || || |12
20 Wir2(r.yy -

By selecting ¥y = min { , %}, we obtain the positive definiteness of L,

i.e.

L'y, i, yo, p, P (v, w), (v, w))
> 7 |, wllyy xp - Yo € Br(82), (v, w) €ker E. (4.34)

Thus (H3) is satisfied.

(iv) Verification of (H4): It can easily be checked that f/(y, u) can be extended to an
element in X* = L2(I; V*) x (U NC(I;U)) foreach (y,u) € X = Woo x U.
We refer to Remark 3.2 to show that the restriction of ¢’ (y, u, yp)* to W* satisfies
¢ (y u, yo)* € LOW*, X*) = L(Weo x Y, L2(I; V¥) x (UNCT;U))).

(v) Verification of (H6): This is trivially satisfied. Thus we have proved that assump-
tions (A1)-(A4) imply (H1)-(H4), and (H6) for all yg € By (32)

(vi) Verification of (HS): Here we use (A5) and have (p, p1) = (p, p(0)) € WOo
Observe that £/ : Weo x (UNC(1; U)) XY X Woo — L2(I; V¥)x (UNC(I; U))
evaluated at (y, i, yo, p) is given by

[ o ((y+eEG a0 P\ (Y- — AP —F ()P
L(y,u,yo,p)—< ait — B*p - aii — B*p

Further for (v.w) € Wy x U we have

(L) (3, & Yo, p)(v, w)
_ (v — [F GV (. v)

o ) e L2(I; V¥) x (UNC; U)).

By (A3) and Remark 3.2 we have that £ and (£’)’ are continuous as mappings
from Wy, x (UOC(I L{)) XY x Wy to L2(l V*) x (UﬂC(I U)), respectively
to L(Weo X (UNCU;U)); L2(I; V) x (UNC; U))).

This proves the lemma. O

Remark 4.2 Let us summarize our findings so far. There exists 8 such that for each
Yo € By (82) problem (P) possesses a solution (y, u) € Woo X (UNC(I; U)), with an
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adjoint p € Woo. Further (A1)-(AS) imply (H1)-(H6) for (P) with yo € By (82). Asa
consequence foreach yg € By (32) and each associated local solution (y, i) there exists
aneighborhood V of the originin Y := L2(I; V*) x (UNC(I;U)) x L2(I; V¥) x ¥
such that for each B € V there exists a unique solution (y(,g), u(g), PB)s pl(ﬂ)) €
Wao x U x L2(I; V)xYto7 (y,u, p, p1) = B, see step (ii) of the proof of Theorem
2.1. — To verify the remaining assumption (H7) we need to argue that (u(g), pg)) €
(UNC(;U)) x Weo and that B +— (y(g). u(g). P(8)) is Lipschitz continuous from

\7C)7t0Woox(UﬂC(I_;Z/l))XWOO.

Remark 4.3 Here we remark on the smallness assumption on yg expressed by &,
respectively 8>. The condition yg € By(8>) guarantees the well-posedness of (P),
existence and boundedness of adjoint states as expressed in Proposition 1. The addi-
tional condition yy € By (Sz) implies that the second order optimality condition (H3)
is satisfied, for each local solution associated to an initial condition yp € By (62). Inthe
following we formulate the results for all yy € By (). Alternatively we could narrow
down the claims to neighborhoods of single local solutions (y, i) with yg € By (82)
and additionally assuming that the second order condition is satisfies at (y, «). Con-
cerning the second order condition itself, in some publications, see e.g. [13], it is
required to hold only for elements x = (y, u) € kerE and u = uj — uo, with uy, up
in U,y. By a scaling argument it can easily be seen that this condition is equivalent to
the one we use.

4.3 Verification of (H7) and Lipschitz Stability of the Linearized Problem

Throughout the remainder, we assume that (A1)-(AS) are satisfied and that yp €
By (87) so that Proposition 1 and Lemma 4.7 are applicable. In the following, the
triple (v, u, p) refers to the solution 7 (y, u, p, p1) = B. Throughout without loss of
generality, we also assume that V is bounded.

Lemma 4.8 Let assumptions (A) hold and let (y, u), and p denote a local solution and
associated adjoint state to (P) correspondiizg to an initial datum yy € By(82). Then
the mapping B +— p(g) is continuous from V to Weo.

Proof Step1: For B € \7, with V as in Remark 4.2, let (yg), ug), P(B)- pl(ﬂ)) be
the solution to 7 (y, u, p, p1) = B. As a consequence of (A5) it is also a solution to
T (y,u, p, p(0)) = B with p € Wg,. Thus the first two equations of this latter equality
can be expressed as

—p = Ap—FGp+y—[F®PIy -5 =p inL*U; V¥, (4.35)
(au — B*p — B, w —u)y >0 forallw € Uyy, (4.35b)

where we dropped the dependence of (y(,g), ueg), p(,g)) on B. Since p € Woo C
Cc;Y) inequality (4.35b) implies that u € c; U.
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Step 2 : (Boundedness of {p(g) : B € \7}). Since V is assumed to be bounded, the dis-
cussion in Remark 4.2 shows that there exists a constant M > 0 such that

”y(ﬂ) ” Wo T ”M(ﬂ) ”U <M forallBeV.

To argue the boundedness of p(g), we use similar techniques as in the proof of Propo-
sition 1. In the following 3, z and C; are taken as in the proof of that proposition.
For arbitrary r € R = {r e L>(I; V*) : Irll 2 vey < S], z denotes the solution to

27w—Az—F (G)z—Bw—u)=—r, 2(000=0, w=—Kz. (4.36)

We know that [[z|ly,, < Ci and ||w]lf~(;.2¢) < 1 independently of r € R. Due to
(4.35a), we have
(P 2asvy,2asve =Py —z + Az + f/(ﬁ)Z)LZ(I;V),U([;V*) +(B*p, w —u)y,
== [F®*PI =3 = B1. 2 2¢:ve.20:v)
+ <au _ﬁ2vw —M>U, (437)

where we used (4.35b) and the feasibility of w € U,4. Consequently

(P 2avy.2asve < lzll2a,y) (||Y||L2(1;V*)
+ 1B 2y + [1F GBI = D 2
+ (e llully +1B20p) lw —ully -
The right hand side is uniformly bounded for B in the bounded set V and w.rt. r € R.
Hence taking the supremum w.r.t. » € R we verified that {Hp(,g) “L2(1~V*) B € ‘7}

is bounded. Boundedness of { || PB) || W B e \7} follows from (4.35a).
Step 3 : (Continuity of p(gyin Woo). Let {B,,} be a convergent sequence in V with limit

B. Since { || P H W, ME N} is bounded, there exists a subsequence {8, } such that
PB,)™ p weakly in W, and strongly L?(I; Y). Here we need the compactness of

Woso In L2(I; Y),seee.g.[11,Satz 8.1.12, p. 213]. Passing to the limit in the variational
form of

—0p@,) —APp,) —F O pe,)+y—[F P (y(,B,,k) - ﬁ) = (Bu)1,
we obtain
— W p—Ap—F &P +yp —[FO*P (v —5) = Bh. (4.38)

Since the solution to this equation is unique we have p(g y— p(g) weakly in Wo. To
obtain strong convergence we set8 = B, — B, Sp = pg,) —PB)» Y = Y@B,) —V(B)-
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From (4.35a) we derive that
—3,(8p) — A*(6p) = F'(M*@Ep) + U = [FM*P(Sy) = 6B)1. (4.39)
Consider again (4.36) with » € R. Then we obtain

Bp. 2y 2asve = (U = [F () p1)(GY)
—OB)1s 22y L2a:vy T 0p, BKz —u)y.

This implies that for some Cp > 0,

sup {8p, 1) L21,v), L2 (1 v )
reR

< (IISyIIWm + ||5P||L2(1;y) + ||(5ﬂ)1||L2([;V*))« (4.40)

Since [8yllw,, — 0, 18Pl 2¢r:vy = 0 1Bl L2(s;y+) — Oforn — O this implies
that 8 pll 2¢s.yy — 0. Together with (4.39) this implies that lim [§plly, =0. O
’ n—00 o

Proposition 2 Let assumptions (A) hold and let (y, i), and p denote a local solution

and associated adjoint state state to (P) corresponding to an initial condition yy €
By (8,). Then there exists ¢ > 0 and C > 0 such that for all B and B € VN By(¢e)

5=l + i =l o =]
<c (Hfu‘n — Y8 HWOO + ”u(ﬁ) —ug) HU n ”/3 - BHy> (4.41)

holds.

Proof Since p € Wy, and tlim p(t) =0in Y, there exists T > 0 such that
—00

1
1B, = g Vi > T.

Since p(0) = p and since by Lemma 4.8, 8 € VYV — p@g) € Wo C C(I;Y) is
continuous, there exists & > 0 such that

1 n .
—B pp®+p0]y < 5. V=T, VB e VN Bye).
Consequently the constraints are inactive for these parameter values, i.e. we have

lugy ||, <n. Ve =T, ¥BeVnBye).
(4.42)

1
up) () = — [B"pg (1) + (0]
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‘We next treat separately the cases [0, T') and [T, 00). We consider first the case [T, 00)

and set (y,u, p) = (Y, u(p), P(p))- and (3,11, p) = (ﬁ(ﬁ),ﬁ(ﬁ),ﬁ(ﬁ)). We shall
use that

o0
12— Pl = sup f (p(t) — p(), r 1))y, y=dt.
o 1Pl 2 7 oy ST T
Let z € W(T, c0) be such that,

% —(A—=BK):—F Mz=r, 2(T) =0,

From Lemma 4.6, see also the proof of Proposition 1, we know that there exists a
constant C1 > 0 such that ||z]lw 7,00y < C1 7|27, c0: v+)- Then we can estimate

Hﬁ - pHLz(T,oo;V)

o0
= sup / (p— p,r)v,v=dt
<1Jr

1727 o)

= SUP/T ~((pr = p0) + A*(p = p) + F ()" (p — p), 2)v= vt

Irii<t

o0
+ SUP/ (B*(p — p), Kz)v y=dt.
T

Irii<1

In the following, C; denote constants independent of /§ and B € VN By(¢e). From
(4.35a) and (4.42) we obtain, for C, > 0,

”13 - p||L2(T,oo;V)

o0
<G sup/T [H?—ﬂ

Iri<1

v+ [IF G PI o — |

ye T H,él —,31‘

V*

8= gy o 1B IR i =l ety an.

Unc;u)

From (A3) recall that ||[F'(3)*p1' (3 — »)| 2

y < Cs H)A) — y“ We- This gives the
following estimate for C4 > O,

(1;v*

Hﬁ _p”LZ(T,oo;V) =G (”)A’ _yHWOO + ”ﬁ - M||U + HI§ _ﬁHy> . (4.43)

By (4.35a) we have (p; — p;) € L*(T, 00; V*). Then we obtain p — p € W(T, o).
Then there exists C5 > 0 independent of ﬁ and B € VN By (¢e) such that,

”13 - p”W(T,oo) =Gs (”9 _)’HWoo + Hf‘ —M”U + HI§ —I3Hy> . 444
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By the embedding W (T, co) C C(T, o0; Y), there exists a constant Cg > 0:

16 = Pleqr nn = Co (19 =5l + L —uly + [ 8] ). 445

Similarly, we estimate on [0, T']:

T
||ﬁ - p“LZ(O T:V) = sup / <ﬁ - P r>V,V*dt. (446)

o Il 207y <1 0
Choose 7 as

z— (Az+F (M)z) =r, 2(0) =0,

Then there exists C7 > 0 such that ||zllw o 7y < C7rllL200,7:v+) by Lemma 4.6.
Note that C7 depends on T', but T is fixed. We obtain the following estimate,

||1’3 - P||L2<0,T;V)
T
= |51|1P1/0 —((pr —p)+ A P —p)+F (P —p). 2+ vdt
rll<

+ AT = p(D)|y 12Dy -

Then by a similar computation to that for the r € [T, 0o) case, we obtain,

|5 —P||L2(0,T;v) =Gy <||§’ =] Woo + H’él _'BI‘LZ(I;V*>)

+ AT = p(D |y 12(D)lly - (4.47)

By (4.45) with ||z(T)|ly < Co, we obtain

[5(T) = p(T)]y 2Ty < 1€ (ny =y + = uly + B~ ﬂHy) :

Combining this estimate with (4.43) and (4.47), we obtain for some Cig > 0

iy~ un, + 8-, )
(4.48)

Hﬁu@) ~ e me =Cw <H9<ﬁ> —Ye) me "

We also have
1, ., _
up) =P, y (B*p@y+ B2) | e UNCU: U,
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and thus

i —uw 0],

(151 - pors], + |0 - g0 ).

1 A 1
L7 [—; (B*f’(,g)(f) + ﬁz(l))} — Py, [—; (B*p(t) ) + ﬁz(t))} Hu

IA

This yields

- 3, — . (449
”u(ﬂ) “e HC(I Uy Ci (HPW P® H H’BZ 'BZHC(I_;Z/I)) (4.49)

and (4.41) follows. Combining Remark 4.2 and (4.41) there exists a constant L such
that

Lo,
(4.50)

”yu@) — Ve ” wo © H”<B> —P®) ” wo © H“(in ) ” vacdin) =

for all ﬁ and f € VN By (¢). Here and in the following the p; coordinate of the
adjoint state coincides with p(0). Therefore it is not indicated. O

With the above proposition, the verification of (H1)—(H7) is concluded. We also obtain
the following corollary to Theorem 2.1.

Corollary 4.9 Let assumptions (A) hold and let (y, u) be a local solution of (P) cor-
responding to an initial datum yo € By (82). Then there exist 83 > 0, a neighborhood
U= U(y i, p) C Woo X (UNC(;U)) x Weao, and a constant ju >0 such that for
each yo € By (3o, 83) there exists a unique (y(yo), u(y0), p(y0)) € U satisfying the
first order condition, and

[ (vG0), u(0)), p(G0))) = (¥G0)s uG0)s PG |y vncFian x we
< ||[$o = ol y - 4.51)

for all 39, Yo € By (3o, 83), and (y(yo), u(yo)) is a local solution of (P).

Next we obtain one of the main results of this paper, the Fréchet differentiability of
the local value function associated to (P). By referring to a local value function we
pay attention to the fact that for some yy € By (52), problem (P) may not admit a
unique solution. But since due to the second order optimality condition local solutions
are locally unique under small perturbations of yg, there is a well-defined local value
function. We continue to use the notation for U and By (39, 83) of Corollary 4.9.

Theorem 4.10 (Sensitivity of Cost) Let assumptions (A) hold and let (y, u) be a local
solution of (P) corresponding to an initial datum yy € By(82). Then for each yy €
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By (3o, 83) the local value function V associated to (‘P) is Fréchet differentiable with
derivative given by

V'(y0) = —p(0; yo). (4.52)

Proof Let yg € By (52), yo € By ()0, 83), and choose §yg sufficiently small so that
yo + 8yo € By (3o, 83) as well. Following Corollary 4.9 let (y(yo + s(8y0)), u(yo +
s(8y0)), p(yo+s(8y0))) € U fors € [0, 1] be solutions of the optimality system with
(3 (yo + s(8y0)), u(yo + s(8yp))) local solutions to (7). We obtain

) B a o 1 5 o 2
V(yo+5(8y0) = V(30) = (5 15032y 5 ||u||U> - (5 17032, + 5 Il
=Y =Ygy Toluu—u)y
. 2 a 2
+§”y_y||L2(1‘y)+EHM_MHU- (4.53)
Observe the identity

.V =¥regy) tau,u—uy
= —(p(0), s@GY))y—(Fr = y) —AG =) = F MG = y). p)
doal{u,u—u)y
= —(p(0),s@GY))y—(F() = F(y) = F MG = ). P)r2a:ve).02a:v)
+au — B*p, i —u)y,

where p = p(y9). Now we have for V(v + s(8y0)) — V(10),

V(yo +s(8y0)) — V(o)

= —(p(0),5(6y0)y +(F(3) = F@ +F MG =9 P)r2g,vey.020,v)
o

i - ul?. (4.54)

- I
—|—(au - B*Ps u— M>U + 5 ”y - y”iZ([J/) +

Since p € L2(I: ), Iy — Yllw,, = O(s), and by the continuous Fréchet differentia-
bility of F” due to (A3) we have

[(FG) = FO) +F NG = 0. Plr2ave2a.w| = o) (4.55)
Let s, — 0 be an arbitrary convergent sequence. By Corollary 4.9 we have that
2 (yo + sn(8y0)) —u(yo)lly < wsn(8yo)

for all s, sufficiently small. Hence there exists a subsequence, denoted by the same
notation and some # such that

s (@(yo + 54 (8Y0)) — u(yo)) —it weakly in U.
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Using (4.18), we have
nlingos;](au —B*p, it —u)y = {au — B*p,u)y > 0.
Analogously
'11Ln;os;1(aﬁ —B*p,u—i)y = {au— B*p,u)y <0.
and hence (eu — B*p, i)y = 0. Since the sequence {s,} is arbitrary, we obtain
(au — B*p, it —u)y = o(s). (4.56)

Corollary 4.9 yields,

150 + 50(830)) = YO 727y + @ 17 (30 + 52 (850)) — (3017 27,y = 0(s)-

(4.57)
Combining (4.55), (4.56), and (4.57) we obtain
YE%L 5L V(o +58y0) — V(30)) = —(p(0), (80))y- (4.58)

This implies the Gateaux differentiability. Since yo — p(yo) is continuous from
By (yo; 83)to C (I, Y) the mapping yo — V(o) is Fréchet differentiable in By (yo; 63).
m}

Remark 4.4 (Sensitivity w.r.t. other parameters) We have developed a technique to
verify the continuous differentiability of the local value function ) pertaining to a
semilinear parabolic equation on infinite time horizon subject to control constraints
with respect to small initial data yo € Y. Thus the parameter ¢ in (P,) is the initial
condition yg. The reason to focus on this case is due to feedback control. Without much
additional effort the sensitivity analysis of the value function could be carried out with
respect to other parameters as for instance additive noise on the right hand side of the
state equation. The papers cited in the introduction, see e.g. [14, 15], consider such
situations for the finite horizon case.

5 Proof of Theorem 3.2: Derivation of the HJB Equation

Utilizing the results established so far we now verify that the (global) value function V
(i.e. the value function associated to global minima) is a solution to a Hamilton—Jacobi—
Bellman equation. The initial conditions will be chosen from the neighborhood Y of
the origin in Y so that the assertions of Theorem 4.10 and Corollary 4.9 are available.
It will be convenient to recall the dynamic programming principle for the infinite time
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horizon problem: let yy be an initial condition for which a solution to (P) exists. Then
for all T > 0, we have

T
V(yo) = inf f L(S(u, yo: 1), u(@))dt +V(Su, yo; 7)), (5.1
ueL?0,t;:Uza) JO

1
where €(y, u) = 3 Iyl + % llull?,, and S(u, yo; t) denotes the solution to (3.2b),
(3.2c) on (0, 7].
For convenience we restate Theorem 3.2. Utilizing the notation that we have already
established we can now slightly ease the assumption on the regularity of F(y).

Theorem 5.1 Let assumptions (A) hold and let (y, i) be a global solution of (P)
corresponding to an initial datum jo € By (83). Let Yy denote the subset of initial
conditions in By (3o, 83) which allow global solutions in U, and assume that for each
yo € D(A) N Yy there exists Ty, > 0 such that F(y) € C([0, Ty,); Y). Then the
following Hamilton—Jacobi—Bellman equation holds at yg:

1 1 2
V() (Ay + F(y) + 3 Iylly + % HPuad (—;B*V’(y)>

Y

1
+<B*V’(y), Pt <—;B*V’(y))> =0. (5.2)
Y

If for the optimal trajectory y(t) € By(yo,83) N D(A) for a.a. t € (0,00) and
Ty, = oo, then (5.2) holds at a.a. t € (0, 00) and

1
u(t) =Py, (—&B*V/@(t))) . (5.3)

Proof The proof is similar to that of [5,Proposition 10]. For the sake of completeness
and since it also requires some changes we provide it here. Choose and fix some
vo € D(A) N Yy. Then the existence of a (globally) optimal pair (9, &) € Weo X Uyg
to (P) and of an associated adjoint state p € W, with (3, &, p) € U are guaranteed,

1
see Corollary 4.9. In particular we have that u () = Py, <—B* ﬁ(t)), and since
o

p € C([0,0); Y) we have that i € C([0, 00); Y). Let ug denote the limit of i as
time ¢ tends to 0. Since § € C([0, c0); Y) and since By (yo, 83) is open there exists
Ty, > 0 such that y(t) € By (yo, 83), forall ¢t € [0, T,,).

Step 1 : Let us first prove that

V' (v0) (Ayo + F(yo) + Bug) + £(yo, ug) = 0. (54)

For this purpose we invoke the dynamic programing principle: We have
O R Lo
-/, E(y(s), u(s))ds + ;(V(y(f)) — V() =0, (5.5)

@ Springer



Applied Mathematics & Optimization (2022) 85:10 Page390f48 10

where we choose T € (0, min(7y,, ty,)) . By continuity of § and # at time 0, the first
term converges to £(yo, ug) as T — 0. To take t — 0 in the second term we first
consider

1 1 1 [°
;(9<r) — ) = ;(eAtyo — yo0) + - /O AT F(G(s)) + Bir(s)]ds. (5.6)

Using the facts that yy € D(A), that the terms in square brackets are continuous with
values in Y, and that .4 generates a strongly continuous semigroup on Y, we can pass
to the limit in (5.6) to obtain that

1. .
lim_ (3(r) — yo) = Ayo + F(y0) + Bug in Y. 3.7

>0t T

Now we return to the second term in (5.5) which we express as

1 1 1
;(V(ﬁ(r)) — V() = fo V' (yo + s(3() — yo))ds ;(&(r) —y). (5.8)

Using (5.7) and since y — V'(y) is continuously differentiable at yg, we can pass to
the limit in (5.8) to obtain

1
Tl_i)151+ ;(V(ﬁ(f)) —V(0)) =V (yo)(Ayo + F(y0) + Bug). (5.9)

Now we can pass to the limit in (5.5) and obtain (5.4).
Step?2 : For u € U,y we define it € Uyq by,

u fort e (0,1)
0 fort e[l,00)

u(t,x) = {

and define y = S(yo, it) as the solution to (3.2b), (3.2¢). Then y(¢) € By (yg, 83), for
all r sufficiently small, and by (5.1) we have,

1 [* 1
;/0 L), u@s)ds + = (V(F@) = V(o)) = 0,

T

for all T sufficiently small. We pass to the limit T — 07 with the same arguments as
in Step 1 and obtain

V' (50) (Ayo + F(yo) + Bu) + £(yo, u) > 0. (5.10)

This inequality becomes an equality if u = u(, and thus the quadratic function on the
left had side of (5.10) reaches its minimum O at # = uq. This implies that

1
uog =Py, (_EB*V/(yO)) .
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Inserting this expression into (5.4) we obtain

/ 1 2 o 1 *v 9/ :
V' (y0) (Ayo + F (o)) + 3 lyolly + 5 Py | == BV (o)
o Y
1
+<B*V/(yo), Puad <_EB*V/(yO)>> =0. (5.11)
Y

Under the additional assumptions on the trajectory, (5.3) follows.

6 Some Applications

In this section we discuss the applicability of the framework in two specific cases.
It should be noted that even for linear state equations, the sensitivity result for the
constraint infinite horizon optimal control problem may be new.

6.1 Fisher’s Equation

We consider the optimal stabilization problem for the Fisher equation in an open
connected bounded domain Q in RY, d € {1, 2, 3, 4}, with Lipschitzian boundary
I' =0%Q:

(Pris) ~ V(yo) = min 3 Iyllydt + 5 lully, dt, (6.1a)
(y,u) € Woo x Ugq 0 0
subject to
yr=Ay+y(l—y)+ Bu in Q = (0,00) x Q (6.1b)
y=0 onX = (0,00) xTI' (6.1¢)
y(0) = yo in Q. (6.1d)

where U/ and U,q are asin Sect. 3.1, B € LU, Y), withY = L?(Q)and V = HJ (Q).
To further cast this problem in the framework of Sect. 3, we define the operator

Ay=(A+Dy and ylr =0, D(A) =H*(Q)NV.

Clearly A has an extension as operator A € L(V, V*). Moreover it generates an
analytic semigroup on Y. Thus (A1) holds. For / = Y and B = I, condition (A2)
is trivially satisfied. Feedback stabilization by finite dimensional controllers was ana-
lyzed in [24], for example.

It can readily be checked that the nonlinearity F(y) = —y? is twice continuously
differentiable as mapping F : Woo — L*(I; V*). The first and second derivatives of
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F are given by,

F' (v =2yvi, F'() (i, v2) =2(vi,v2), fory,vi, vy € Weo.
Since the second derivative is independent of y, its boundedness is automatic. For
the sake of illustration we verify the boundedness of the bilinear form of the second

derivative on Wy, x Wq. For this purpose, for arbitrary y € Woo, v1, v2 € Woo, ¢ €
L2(I; V) we estimate

o0
f (F' () (1, v2), @) v+ vdt
0
o0 o0
52/ /mn¢mms/ ol 2 N0l sy 1914 .
0 Q 0
oo

= Cilln ”WOO/ lvally ll@lly dr < Callvillw,, vl 2, vy @l2 vy »
0

< Callvillwy, 2wy 1@l L2¢1: vy 5
6.2)

where C; are embedding constants, independentof y € Wy, v € W, ¢ € L2(1 V).
We use that V embeds continuously into L*#(£2) in dimension up to 4. This implies that
|F” @1 v 2.+ = C3 Vil 2]l w,, - Finally we have F(0) = F'(0) = 0
and thus (A3) and (3.3) are satisfied.

Turning to (A4) we show that F(y) : W(0,T) — L'(0, T; V*) is continuous for
every T > 0. We consider the sequence y,—y in Wy, and let z € L*°(0, T; V) be
given. Then we estimate

T
A(f@H—f@%dwyﬁ
T T
=/.bﬁ—§{ﬂvmﬂ=f f(w—&ﬂm+&ndmh
0 0 Q
T
< Co [ w5l I+ 530y 1elircar
< Cy ”yn - )A]”LZ(O’T;Y) [||yrl||L2(O,T;V) + ”)A)“LZ(O,T;V)] ||Z||L90(O,T;V) .

Since V is compactly embedded in Y, we obtain by the Aubin Lions lemma that
s — 9 12(0.7:y) — 0 for n — oo. This implies

T
/(f@w—f@xmwym——»a
0 n—00

and (A4) follows. It is simple to check that F/(y) = 2y € L(L*(I; V), L>(I; V*))
and thus (A5) holds as well.
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We turn to the assumption F(y) € C([0, Ty,); Y), for yo € D(A) and some Ty,
arising in Theorem 3.2 for yg € D(A). Utilizing the fact that V embeds continuously
into L*(Q) in dimension d < 4 and y € L2(I; V), we have F(y) € L*(I;Y).
Hence parabolic regularity theory implies that y € C([0, c0); V) for yop € V, and
F(y) € C([0, 00); Y) follows.

Remark 6.1 The specificity of this example rests in the fact that the second derivative is
independent of the point were it is taken. Other nontrivial cases of analogous structure
are reaction diffusion systems with bilinear coupling, see [13] where the finite horizon
case was treated. Even the case of the Navier Stokes equations falls in this category.
Sensitivity for the infinite horizon problems was treated by independent techniques in

[6].

6.2 Nonlinearities Induced by Functions with Globally Lipschitz Continuous
Second Derivative

Consider the system (P) with A associated to a strongly elliptic second order
operator with domain H?(2) N H} (), so that (A1)~(A2) are satisfied. Let F :
Wso — L(I; V*) be the Nemytskii operator associated to a mapping f : R — R
which is assumed to be C>(R) with first and second derivatives globally Lips-
chitz continuous, and second derivative globally bounded. The regularity assumption
F) e €U0, Tyy)); Y) foryg e V = HO1 (£2) is satisfied by parabolic regularity the-
ory. We discuss assumption (A3)—(AS5) for such an F, and show that they are satisfied
for dimensions d € {1, 2}. For the finite horizon problem it will turn out that d = 3 is
also admissible. By direct calculation it can be checked that F is continuously Fréchet
differentiable for d € {1, 2, 3}. We leave this part to the reader and immediately turn
to the second derivative.

We proceed by considering the general dimension d to highlight, how the restrictions
on the dimension arise. Thus let d € N with d > 1. The case d = 1 can be treated
with minor modifications from those in the following steps.

6.2.1 Second Derivative of F(y)

For y, h1, ho € W the relevant expression is given by

|F v+ By = F' (ki = F' )1, )| 25y
= sup (]:/(y + ha)hy — f/(y)hl - fﬂ(y)(hl, h3), ¢>L2(1;V*),L2(1;V)

lell 2.y <!

= sup / /(f’(y(t,x)+h2(l,x))
<tJo Ja

el 2 7v) <

—f'(y(t, x)) — f"(y(t, x)h2(t, x))h1 (t, x)@(t, x)dxdt
= sup / /g(t,x) ho(t, x)h (2, x)p(t, x)dxdt,
1Jo Ja

lell 2. vy <
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1
where (1, x) = /0 (7 (5t x) + shat, ©)) — ' (0(2, x)))ds.

Note that g is bounded on I x € and g € Weso. Here we use that f” 1s globally
Lipschitz continuous and that 41 € Wy,. Henceforth we let r € (1, i 2] so that

wl2(Q) c L (Q) continuously. Let 7" denote the conjugate of  so that " € [d+2’ 00)
ford > 2 and ¥’ € (1, 00) for d = 2. We further choose p > 1,0 > 2 such that
+ = = 1. Then we estimate

o
‘/ /ghlhz(p dxdt
0o Ja
) ) .
S/O </Q |gh1ha| dx) le@Ilrr (o) di

o0 , Y V2 o0 1
< (/ (/ lghihsy|” dx> dt) (/ ||<p||i,(g) dt) .
0 Q 0

This further implies that

(9]
‘/ / ghlhz(p dxdt
0 Q

2
sco[/o 182,y 0 11D 1y ) D12, r} ¢l 217y < (@)
(6.3)

Qo

1
)

Here and below C;,i = 0,1,2,... denote constant which are independent of
¥, @, h1, ho. We next recall Gagliardo’s inequality [3,p 173]:

/2 ” ” /2+ /q

Wiy forallg > 2, andu e wh(Q) =

lull oy < Nullztt”
where g € [2,2*] and
€ [2,00] ford =1,
q*{el2, oo) ford =2,

€ [2, = 2] ford > 2.

In the above estimate we take, ¢ = r’'o. We obtain

L4 d_@-drot+2d d _d
qg 2 2r'o 2 g
d(r'o —2
_ 072 sor'e =2, @ —d)r'o +2d > 0.
2r'o
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We estimate (6.3), (and check the conditions on the ranges of the parameters below)

sup  (a)
el 2.y, <1

Q—d)r'o+2d

o
=C </0 IIg(t)Ili,/p(Q) (IOl 2@ 2Ol 2@) 7

2 2
dt

Q-d)yr'o+2d

< G2 (Ihillwy Mh2llw,) >

d(r'c=2) 1/2
<f0 ||g(t)||L,p(Q)(||h1(t)||v||h2(f)||v) ro > dt <— (D)

We set M ThlS yields,

1
| 00 /6
(b) < C3 (Il Whallw,) " (||h1||Ww||h2||Ww)/z</0 ||g(z)||§,,,(9)> dr

s

o] , 6/r’p
= Callhllwy, h2llw,, / </ Ig(t)l”’dX) dar] . (6.4)
0 Q
Now we check the conditions on the parameter r, o, d , and ¥/, o. S1nced(Lg2) %

together with the conditions on r” and o these parameters need to satisfy

!
r'o =

6d T 2d
3d—2 " Sldatx2

oo) , oge2,00) r'oel2 2], 6.5)

and r’ > 1 if d = 2. The last condition above holds without restricting the dimension
d. From the first three relations we infer that necessarily % =r'oc > d4f2 which is
only possible for d < 3.

Let us focus on d = 2. Then the choice of parameters r = 6,1’ =%5,0 =/2,p =5
satisfies all the above requirements and it is convenient to further estimate (6.4). In

fact we obtain

”-7:/()’ +h2)h1 - f/(y)hl _f”(y)(hla hZ)”LZ(I;V*)

00 Ys
< GCs hillwy 1h2llw,, </ (/ Ig(l,X)IGdX> dt)

0 Q

00 s
< Cs n1llwy 1h2llw,, </(; (/Q Ig(l,X)lde> dt)

for all y, hy, hy € Ws. Here we use the boundedness of g. By Lebesgue’s bounded
convergence theorem the last factor converges to O for || [ly,, — 0 and hence the
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fact that F is twice differentiable is verified. The continuity of the second derivative
follows with the above estimates and again by the Lebesgue theorem.

Next we consider d = 3. In this case an analogous procedure is not possible, since
the relations (6.5) and r'p < 6 cannot be fulfilled simultaneously. In fact, r'c =
18/7, r > 6/5, and thus necessarily o € (2, 15/7]. The condition r'p < 6 is equivalent
to 12 < (6 — r') = '8/7,,(6 — '), which in turn is equivalent to 17" < 18, which
contradicts ' > 9/5.

Thus we fix parameters r and o such that (6.5) are satisfied for d = 3, as for instance
r" = %5,0 = 13/7, which implies that p = 15 and r’p = 18. Then for the finite
horizon problem we can estimate by Holder’s inequality with n =" /"/6:

T 5,1, Y6
(b) = Crlihliwy 172llw,, </0 </Q Ig(t,X)IZdX) dl)
T Yen 1
< Cs [Ih1llwy 1h2llw,, (/0 </ lg(, X)Ide) dt) T /o
Q

From here we can proceed as in the case d = 2 to assert the continuous second Fréchet
differentiability of F in d = 3 for the finite horizon case.

6.2.2 Assumptions (A4) and (A5)
In order to verify (A4), we show that F(y) : W(0,T) — L0, T: V*) is continuous

forevery T > 0. We consider the sequence y,—yin W(0, T)andletz € L*°(0, T; V)
be given. Then we estimate

T T
| Fon=F@.avpar= [ [ Gow
0 0 Ja
—f(¥)zdxdt < C ||yn - )A’”Lz(oj;y) Izl 20.7:v) -
Then by the compactness of V in Y, we obtain (A4).

Now we verify (AS5). We recall Remark 3.1, and proceed as in (6.2) for y € Wy, ¢ €
LI V),

”-7:/()’)*17 ”LZ(I;V*)
= [(F ) = FOp| 0

= sup / / (FF* =FO))p, @)vev
<o Ja

el 2 vy <

= sup /0 /Q(f/()’) - f/(o))P‘ﬂ dxdt <C ||)’||Woo ||P||L2(1;V) .

ol 2.y, <1
This shows F'(y)* satisfies (A5).
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6.3 Cubic Nonlinearity y3 in One Dimension (Q c R)

We can also consider the optimal stabilization problem with cubic nonlinearity, i.e.
F(y) = y> in one dimension. This is a special monotone case of the Schlogl model
of theoretical chemistry.

. 1 [ 2 a [ )
Psew) V(o) = min . / I3 de + 2 / I, dt.
(y,u) € Woo x Uy 0 2 Jo
(6.6a)
subject to

yi=Ay+y>+ Bu in Q0 = (0, 00) x (6.6b)

y=0 onX = (0,00) x T (6.6¢)

y(0) = yo in Q. (6.6d)

In this model, one can easily verify assumption (A1) is satisfied by taking Ay =
Ay, yIr =0, and D(A) = H*>(Q)NV. Clearly A can be extended to A € L(V, V*).
Moreover A generates an analytic semigroup on Y which is uniformly stable.
Assumption (A2) is satisfied under the same argumentation as in Fisher’s equation.
Differentiability assumption (A3), and continuity assumption (A4) are satisfied along
similar computations as in Sects. 6.2.1, 6.2.2. For (A5) we require that yp € V. Indeed
in this case for y € W, by Gagliardo’s inequality

o 3,2 o 6 * 4 2
) dxdr=/ 15 drs/ 151 0, 1513 di
/0 w/;Z 0 Lﬁ(Q) 0 LZ(Q) v

o0
< cnyn‘évoo/() 1513 dt < C 51, -

Thus y° € L?(I;Y) and parabolic regularity theory implies that y € C(I; V) if
yo € V. We estimate for /1, ¢ € LZ(I; V), suppressing the arguments (¢, x),

o0 o0
/ / F'($)he dxdt / / $2he dxdt
0 Q 0 Q

o
< [ 151 Wl N
0

=

=12
< Clylleqvy 1l 2wy leli2a,vy

which implies (A5). Moreover we have F(y) € C([0, Ty,); Y), since V C C(Q) in
dimension 1, and thus the extra regularity demanded in Theorem 3.2 is satisfied.
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