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Abstract

We are interested in the optimal control problem associated with certain quadratic
cost functionals depending on the solution X = X* of the stochastic mean-field type
evolution equation in R?

dXI :b(t’Xtvl:(Xl)vat)dt+O'(tﬂXtﬂ‘C(Xl‘)aal)th’ XO ~H (,LL giVen), (1)

under assumptions that enclose a system of FitzZHugh—Nagumo neuron networks, and
where for practical purposes the control «; is deterministic. To do so, we assume that we
are given a drift coefficient that satisfies a one-sided Lipschitz condition, and that the
dynamics (2) satisfies an almost sure boundedness property of the form 7 (X;) < 0.
The mathematical treatment we propose follows the lines of the recent monograph
of Carmona and Delarue for similar control problems with Lipschitz coefficients.
After addressing the existence of minimizers via a martingale approach, we show a
maximum principle for (2), and numerically investigate a gradient algorithm for the
approximation of the optimal control.
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1 Introduction
Motivations

Based on a modification of a model by van der Pol, FitzHugh [17] proposed in 1961
the following system of equations in order to describe the dynamics of a single neuron
subject to an external current /:

) L +1
V=V— <V —w
3

2

w=cl+a—bw)

for some constants a, b, c > 0, where the unknowns v, w correspond respectively
to the so-called voltage and recovery variables (see also Nagumo [19]). In presence
of interactions, one has to enlarge the previous pair by an additional unknown y
that counts a fraction of open channels (synaptic channels), and which is sometimes
referred to as gating variable.

When it comes to an interacting network of neurons, it is customary to assume that
the corresponding graph is fully connected, which is arguably a good approximation
at small scales [24]. This implies that all the neurons in the given network add a
contribution to the interaction terms in the equation. Precisely, for a population of size
N e N, the state at time ¢ of the i-th neuron is described by the three-dimensional
vector

Xi= @ w,y), i=1,...N,
and one is led to study the system of 3N stochastic differential equations:

i i (v§)3 i i
dvi = (vt e It)dt + Oextd W

1 N . : 1 N . . .
= 2 T = Vel = 23T o = Vvl dB] )
dw! = c(v} +a —bw)dt |

dyl = @S (1 — y}) —by}dt + 0¥ (V)d Bl

In the above, W', B', B’ are i.i.d. Brownian motions modelling independent sources

of noise with respective intensities ol Goxs, oV (v') > 0. The last of these intensities
depends on the solution, through the formula

oY (v) = x (M aSw)(1 —y) + by “)

with given constants @, b > 0 and some smooth cut-off function x : R — R supported
in (0, 1).
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In this model, the voltage variable v’ describes the membrane potential of the i-
th neuron in the network, while the recovery variable w’ models the dynamics of
corresponding ion channels, which can influence the membrane potential of neuron i
by opening and closing, depending on v'.

Without interaction term (i.e. when J = ¢’ = 0), equation (3) reduces to a
network of N independent neurons, where the dynamics of each neuron is modelled
by the FitzHugh—Nagumo equation (2).

When interaction is present (J # 0), the model describes the situation where each
neuron of the network affects its adjacent neurons by releasing chemical transmitters,
causing particular ion channels of adjacent neurons to open. This induces a current
to the adjacent neuron, affecting its membrane potential. In this extended model, the
gating variable y' models a fraction of open ion channels in the adjacent neurons of
neuron i, and thus ought to be a number between 0 and 1 (hence the cut-off x (y') in
(4)). Loosely speaking, y* should be thought as the output contribution of the neuron
L.

J

Depending on the fraction y’ of open channels, the induced current for an adjacent
neuron with membrane potential v is given by —J (v — V,¢,,)y’, where the constant
V,ev describes the membrane potential, at which there is no net current flow. The
coupling strength J originally refers to the (mean of) the maximum conductance,
which is typically affected by noise coming from the environment. This explains the
diffusion part of the interaction term in Eq. (3) for o/ # 0. For further details we refer
to [2].

The dynamics of the gating variable y’ in Eq. (3) depends on some physical con-
stants, which we will now briefly introduce:

o S (vi) refers to the concentration of chemical transmitters, released by neuron i;
explicitly for v € R
Tmax

S(U) = —1 + e*)n(U*VT)

(5
where T}, 1s a given maximal concentration and 271 >0, Vp > 0, are constants
setting the steepness, resp. the value, at which S(v) is half-activated (for typical
values, see for instance [13]);

e a,b > 0 correspond to some rise and decay rates, respectively.

For a better understanding of the interaction, we included a small illustration in
Fig. 1.

In this representation, a rapid increase of the membrane potential of the neuron
i will cause it to release chemical messengers into the (synaptic) cleft between the
neuron i and the adjacent neuron j, which in turn will bind to receptors of the neuron
Jj- The receptors will cause ion channels of neuron j to open, thus neuron i induces the
opening of a fraction y’ of ion channels at the dendrites of the neuron j. As already
mentioned, the resulting current from i to j affecting the neuron j is then given by
—J (v = Vi) yi . For a thorough presentation of (3) and its applications in the field
of neurosciences, we refer for instance to the monograph of Ermentrout and Terman
[16].
When it comes to monitoring neural activity in the brain, one does typically not measure
single neuron activity, but consider more macroscopic measurements like, e.g., local
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Fig. 1 Synaptic dynamics

field potentials (LFPs). The LFP refers to the electric potential in the extracellular space
around neurons and it is influenced by all ionic processes around the electrode. It is
assumed that action potentials have a limited impact to the LFP and that it is strongly
influenced by synaptic currents. Although we are aware of the fact that the correct
interpretation of measurements like the intracerebral local field potential is highly non
trivial, for our type of application it is reasonable to assume that measurements only
depend on the distribution of our network, rather than on activities of single neurons
from the network. Furthermore, external stimulation acts homogeneously on every
neuron of the network, that is every neuron of the network receives the same external
input /. We therefore model the dynamics of a typical neuron as a controlled mean-
field type equation and admissible controls need to be independent of the state of the
individual neuron, hence we will consider deterministic controls. In the following we
will formulate our mean-field model and the set of admissible controls will be defined
in Sect. 2.2.

Propagation of Chaos
The system (3) has the generic form

dXN = b, xVN ,NXN adt +o(t, XY ,ﬁX{v,a,)dWi, tel0,T],

N,i
Xy~ uo,

fori =1,..., N, where ug is a probability measure on R, (cty) is a control and & XV
denotes the empirical measure
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1 N
ﬁX’N = N;SXZV,/(.

For N — o0, one is naturally pushed to investigate the convergence in law of the
solutions of (6) towards the probability measure u = L(X|P), where X solves

{dXt :b(t,X,,,C(X,),a;)dt—i—a(l,X,,ﬁ(X,),a,)dW;, t e [0, T], (7)

Xo € LX(R, Fo, P; RY),

and where b, o are the coefficients obtained by substituting expectations in (6) in
place of empirical means. In the context of (3), a first mathematical investigation
of such convergence is due to Baladron, Fasoli, Faugeras and Touboul [2] (see also
the clarification notes [6]). In this direction, the authors show that the sequence of
symmetric probability measures

py = LxN L XN P)

is u-chaotic. Namely, for each integer k < N and every finite sequence of bounded
and continuous functions ¢; : C([0, T']; Rd) — R, fori =1, ..., k, it holds

k
ngnoowzv,qsl®-~-®¢k®1®.--®1>=E<u,¢i>,

where (i, ¢) = [ ¢du and the symbol “®” denotes the usual tensor product, i.e.
Qi @p;i(f,8) :=¢i(fHo;(g),forany f, g € C([0, TT; R9). This situation is usually
referred to as “propagation of chaos”. Although we could not find any literature con-
cerning propagation of chaos results in the general non Lipschitz case, propagation of
chaos for the system (3) was investigated in [6].

Mean-Field Limit and Control

In this regard, taking N >> 1 guarantees that a “good enough” approximation of (3) is
given by the mean-field limit (7), where the corresponding coefficients (b, o) : [0, T'] x
R? x P(R3) x R — R3 x R3*3, are given by

v— U; —w+ta —J(v— Vrev)fR3 z3u(dz)
b, x,p,a)=1| cw+a—-bw) |+ 0 . (®
asw)(1—y)—by 0
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for x = (v, w, y), and

Oext _GJ(U = Viev) f]R3 z3p(dz) 0
o(t,x,n,o) = 0 0 0
0 0 x(y/aSw)(1 —y) +by

©)
In this paper, we concentrate our attention on the optimal control problem associated
with a cost functional of the form

T
J:A—-R, a—E (/ f@, X7 LXP), ap)dt + g(X7, /.Z(X‘%))) ., (10)
0

for suitable functions f and g, and where X¢ is subject to the dynamical constraint
(7). The functional cost ought to be minimized over some convex, admissible set of
controls A.

Because of potential applications in neuroscience, the control of the stochastic FHN
model has gained a lot of attention during the last years (see, e.g., [3,11]). The need
to introduce random perturbations in the original model is widely justified from a
physics perspective (see for instance [12] and the references therein). In [11] the
authors investigate a FitzHugh—Nagumo SPDE which results from the continuum limit
of a network of coupled FitzHugh—Nagumo equations. We have a similar structure
in mind regarding the dependence of the coefficients on the control (namely, the
dynamics of the membrane potential depends linearly on the control). Our approach
here is however completely different, in that we hinge on the McKean-Vlasov type
SDE (7) that originates from the propagation of chaos.

McKean-Vlasov control problems of this type were investigated in the past decade
by Bensoussan, Frehse and Yam [4], but also by Carmona and co-authors (see for
instance [9]). These developments culminated with the monograph of Carmona and
Delarue [8], where a systematic treatment is made (under reasonable assumptions).
Other related works include [1,5,7,14]. These results fail however to encompass (7)—
(9), due for instance to the lack of Lipschitz property for the drift coefficient.

From the analytic point of view, the FitzHugh—Nagumo model also suffers the fact
that the diffusion matrix is degenerate, making difficult to obtain energy estimates for
the Kolmogorov equation (see Remark 3.2).

Our objective in this work is twofold. At first, our purpose is to extract some of the
qualitative features of FitzHugh—Nagumo system and its mean field limit, in a broader
treatment that encloses (3) and (7)—(9). In this sense, our intention is not to deal with
the previous models “as such” but instead, we aim to take a step further by dealing
with a certain class of equations that has the following peculiarities

e (Monotonicity) — though the drift coefficient in (7) displays a cubic non-linearity,
it satisfies the monotonicity condition {(x — x’, b(t, x, u, @) — b(t, x', u, @)) <
Ix — x'|2.

e (Structural assumption on dynamics and level set boundedness) — the dynamics of
the coupling variable ensures that the boundedness property y; € [0, 1] holds for
all times.
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o (Interaction with linear growth w.r.t. the unknown) — the drift nonlinearity displays
the behaviour |b(t, x, i, &) —b(t, x, v, )| < (14|x]|) Wa (i, v), where W, denotes
the usual 2-Wasserstein distance defined in Sect. 2.1.

Under the above setting, we aim to develop and implement direct variational methods,
in the spirit of the stochastic approach of Yong and Zhou [25] for classical control
problems (note that some work in this direction has been already done by Pfeiffer [21,
22], in a slightly different setting). Second, we aim to derive a Pontryagin maximum
principle for mean-field type control problems of the previous form, with a view
towards efficient numerical approximations of optimal controls (e.g. gradient descent).

Organization of the Paper

In Sect. 2 we introduce our assumptions on the coefficients and give the main results.
Section 3 is devoted to the well-posedness of the main optimal control problem (The-
orem 2.1). In Sect. 4, we show the corresponding maximum principle (Theorem 2.2).
Finally, Sect. 5 will be devoted to numerical examples.

2 Preliminaries
2.1 Notation and Settings

In the whole manuscript, we consider an arbitrary but finite time horizon 7 > 0.
We fix a dimension d > 1, and denote the scalar product in R4 by (-, -). If A, B are
matrices of the same size, we shall also write (A, B) for their scalar product, namely

(A, B) :=tr(A"B)

where A" is the transposed matrix, and tr the trace operator. For a continuously dif-
ferentiable function f: R? — R, we adopt the suggestive notation f; to denote its
Jacobian (seen for each x € R4 as an element of the dual of RY ). Given h € RY, we
let

Sx(x) - h (11)

be the evaluation of fy(x) at 4. A similar convention will be used for vector-valued
functions.

Throughout the paper, we fix a complete filtered probability space (2, F,
(Ft)iel0,71, P) carrying an m-dimensional Wiener process (W;)c(0,7]. Given p €
[1,00) and a p-integrable random variable X, we denote its usual L”-norm by
X, = E(|X|?)!/P. We further introduce the spaces

T
H> = {Z :Qx[0,T] > R? ‘ Z prog. measurable and / ||Z,||%dt < oo}
0

Z prog. measurable, continuous and

sup |Z;]

S+ = {z cQx[0,T] - R?
1€[0,T]

2
< OOy.
2
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Form € N, the notations S24*™  H24*™ will also be used to denote the corresponding
sets of d x m matrix-valued processes. Whenever clear from the context, we will omit
to indicate dimensions and write S? or 2 instead.

We will denote by P(RY) the set of all probability measures on (R4, B(RY)). For
p €1, 00), u € P(R?Y) we define the moment of order p:

MP(M)p = /]Aﬁd |x|p/.L(dX) € [0’ OO],

and we let P, (RY) := {u € P(RY) | M, (1) < 0o} .By Wy, p € [1, 00), we denote
the usual p-Wasserstein distance on Pp, thatis for u, v € P, (RY)

W,(w, v)? := inf — vyl 7(dx x dy), 12
(1, v) ﬂehnwffwxwu yI2 m(dx x dy) (12)

where TT(j, v) denotes the set of probability measures on RY x R? with p and v
as respective first and second marginals (we refer to [8, Chap. 5] for a thorough
introduction to the subject). Moreover, we recall the following elementary but useful
consequence of the previous definition. Let w, v be in P, and assume that there are
random variables X, Y on (€2, F, IP) such that X ~ p and Y ~ v. Then, it holds

Wy, v) < E(IX = ¥|7)7 . (13)

Finally, we will shortly recall the notion of L-differentiability. A function f :
P>(RY) — R is called L-differentiable at g € P>(R?) if there exists a random
variable X with law p(, such that the lifted function

f:L2(Q, F.P;RY) > R, X > f(L(X))

is Fréchet differentiable at X(. The following property for a L-differentiable function
f is well-known (see [8, Chap. 5]): for any ug € P, (RY), there exists a Jo-almost
everywhere uniquely defined measurable function & : R — R?, such that for all
Xo € LA(Q, F,P; R?) with £(Xo) = wo, it holds D f(Xo) = &(Xo). We write
fu(uo) to denote the equivalence class of & in L2(RY, 1o; RY). In keeping with the
notation (11) on differentials, we will let f,,(v)(x)-h be its evaluation (as an element of
the dual of R%) at h € R, If fu is continuous, we call f continuously L-differentiable.

2.2 Controls and Cost Functional

Our controlled dynamics will be given by a McKean-Vlasov type SDE (state equation)
of the form (7), where Xo € L" (2, Fo, P; R?) for some fixed r > 6 and « is an
admissible control, i.e. for some bounded convex set A C R¥ and throughout the

paper,

aeA:={a:[0,T] > A}. (14)
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In the whole manuscript, we assume that we are given continuous running and terminal
cost functions

F:00,T] xR x Po(RY) x A > R
g:RYx Py(RY) - R

which have quadratic growth in the following sense: there exists C > 0 such that for
allt € [0, T],x €e R, o € A and pu € Pr(RY)

|f(t, x, 0, 0)] < C(+ |x| 4+ Ma(p) + |a])?
lg(x, W] < C( + |x] + Ma())*.

We will then consider the cost functional
T
J:A—>R, a—E </ (X7 LX), a)dt + g(XT, E(XOT‘))> . (19
0
where X¢ is subject to the dynamical constraint (7).

2.3 Level Set Boundedness

A formal application of Itd Formula reveals that the solutions of the state equation
associated with a network of FitzHugh—Nagumo neurons take values in the set

C={x=@wW,w,y):0<y=<1}.

This is of course coherent with the intuition that y is a fraction of open channels. In
other words, we have 7(X) < 0 where 7: R3 — R, is the map x — y(y — 1).
Motivated by this example, we will assume in the sequel that we are given a convex
function 7 € C%(R?, R) such that any solution X is supported in C C R for all times,
where C is the set

C.= {x eR:7(x) < 0} . (16)

We suppose moreover that C contains at least one element, which for convenience
is assumed to be 0. To ensure that the solutions are indeed C-valued, we need to
assume that 7 (X() < 0, P-almost surely. Furthermore we need to make the following
compatibility assumptions on 77 : R? — R.

Assumption 2.1 (structural assumption on the dynamics) For all u € P[RY), a € A,
t €[0,T]and x € RY\ C, we have

ﬂx(x)'b(t,xvﬂ,a)f(), (17)
while

Im (o (¢, x, , @) C ()t and 7 (x) - (00 (1, x, @) =0.  (18)
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Example 2.1 (Gating variable boundedness for FitzHugh—Nagumo) Assumption 2.1
is fulfilled for (7)—(9) and with 7 (v, w, y) = y(y — 1), as can be seen as follows. We
have the identities (recall the notation (4))

000
nx(x)=(002y—l), T (x)=1000],
002
+ Uezxt + (07— Ve)? (fR3 Z3M(d2))2 0 O
oa‘(t,x,,u,ot): 0 0 O s
0 00Y(v)?

Clearly,
7 (x)o (¢, x, w, a) € Linspan {(0 0 2y — Da? (v))} .

But using Suppy C (0, 1), we find indeed that (2y — 1)o”¥(v) = 0 outside C. The
same argument implies

Tax (X) - (00 (1, x, w, @) = 207 (v)?

and the latter vanishes if x ¢ C, hence (18).
Towards (17), one observes letting g = aS(v) that

T (x) - b(t, x, @) = —q + (3q + b)y — 2(q + b)y* = P(y).

The polynomial P (y) has discriminant (¢ — b)?, hence the roots

which both lie in the interval (0, 1). It follows that P (y) is negative outside C, implying
an.

2.4 Regularity Assumptions and Main Results
Besides Assumption 2.1, one needs to make suitable hypotheses on the regularity of

the drift and diffusion coefficients. In the sequel, we denote by Pg (R?) the subset of
all probability measures in P> (R?) which are supported in C = 7~ ((—o0, 0]).

Assumption 2.2 (MKV Regularity) We assume that the coefficients
(b,0): [0, T] x RY x P,(R?) x A — R? x R

are locally Lipschitz. Moreover, there are constants L, Lo, L3 > 0 such that the
following properties hold.
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(L1) — (regularity of the diffusion coefficient) — The diffusion coefficient o satisfies
the property supg<;<r lo (t, 0, 8o, O)|2 < 00.Moreover, forallr € [0, T],x € C,
@ € Aand u € P§(RY) we have

o (t, x, jt, @))* < Li(1 4 |a* + |x[%). (19)

Forall x, x’ € C,a’ € A, it holds

lo(t, x, wo ) — o (t,x', ,@)* < Li(lx —x'P+ e —a1P).  (20)
Finally, if x € C and i/ € P>(R?), then

lo(t,x, poa) —o(t,x, ) 0> < Li(L+ [xHWa(u, 1) (21

(L2) — (regularity of the drift coefficient) — There exists ¢ € N with 4g < r, such
that forallz € [0, T], x,x’ € C,a, &’ € A and p € P2(RY)

b(t, x, w, @) = b(t, x', u, )|

(22)
< VLo + x4+ [ a7 (19 Mo 0P (x — x|+ e — o).

In addition, b satisfies the following Lipschitz property with respect to the
Wasserstein distance: forall 1 € [0, T],x € C, @ € A and p, ' € P>(RY)

b(t, x, i, &) — b(t, x, (', @) < Lo(1 + [x[HWa(u, 1')> (23)

(L3) —(monotonicity of the drift) - The drift coefficient b is such that supy -, . [b(z, 0,
80, 0)| < oo. Moreover, forallt € [0,T],x € C,ax € Aand u € ch(Rd) it
holds

(x, b(t, x, p, @) < L(1+ el + [x]%) (24)

andif x’ € C, o/ € A, then
(r =x" b, x, @) = b(t, X', 0 < Ls(x =P+ la — '), (25)

Example 2.2 (Analysis of the FitzHugh—Nagumo model) Let us go back to the set-
tings of (7)—(9) for a coupled system of FitzHugh—Nagumo neurons. Trivially, one
has supy<;<7 lo(t,0,80,0)] = |oexs| < o0o. The map v — S(v) being positive
and bounded, we further see that the (3, 3)-th entry of o is Lipschitz, as deduced
immediately from the fact that x is supported in (0, 1). For the remaining non-trivial
component, we have

o120, w, @) < J (Vrew + [01)1B()]
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where to ease notation we introduce the barycenter (1), defined as the quantity

B = [ zanidar x dza x dzo). 26)

The condition Suppu C C, implies trivially that |8(x)| < 1 and thus we obtain (19)
for L1 = (VyepJ) Vv 1. The Lipschitz-type property (20) is shown in a similar fashion.

The Wasserstein-type regularity (21) is hardly more problematic: using the Kan-
torovitch duality Theorem [8, Prop. 5.3 & Cor. 5.4] and the fact that the projector
z = (z1, 22, z3) > z3 is Lipschitz, one finds that

1B — )| = I/]RS 23(u — p)(d2)| < Wi(u, n). (27
hence

lo(x, ) — o (x, ) < Jv— Veey Wi, ).

As is classical, the 1-Wasserstein distance Wy (u, 1’) can be estimated by Wa(u, i),
which in turn implies (21), and thus 2.2.

As for the drift coefficient, since b(z, 0, &g, 0) is also independent of 7, the supremum
condition in 2.2 is clear. Moreover, it has polynomial dependency on the variables
v, w, y, which implies the local Lipschitz property (22) with ¢ = 3. We also have

|b(t?'x5 M’a) _b(t7x7 M/aa)l =< ‘]|v - Vrev”,B(:u' - lu’,)l

and we conclude by (27) that 2.2 holds.

To show (24) and (25), it is enough to prove the corresponding bounds when ¢ =
0 = b, since the related contributions are affine linear in the variables. Similarly, by
linearity we can let w = o = 0. But in that case, it holds

4
(x, b(t, x, 1, 0)) < v2 — % +aS)(1 = y)y — JV2B() + J VresvB(0) .

Observe that, since u is supported inside C, one has in particular () > 0. Con-
sequently, the fourth term in the right hand side can be ignored, showing (24) with
L3 = L3(a, |Sleo, J» Vrev) > 0.

Similarly, if x’ = (v/, 0, y') € R

(x —x',b(t,x, u,0) — b(t,x', w, 0))
=@-v) - %(zﬁ — ) =) = J(w - ) B ()

+a(l — y)(y — Y)(S@) — S@)) —as@)(y —y)?
<1 loo(I VYA + ¥y (y — ¥ 1>+ v —V']).

It follows that (24) holds with Lz = L3(a, b, c, [S|c1) > 0.
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Assumption 2.3 (Weak continuity) For any t € [0,T], x € R? and u € Pr(R%),
the function A — R, o — f(¢, x, u, «) is convex and the functions A — RY x
RIXM o+ (b, 0)(t, x, 1, a) are affine. Furthermore, for all x € C([0, T]; R9) and
wnweC(0,T]; PZC(R”I)) the functions

A— L*([0, T RY), o b(,x, 1., a),

A — L*([0, TI; R™™), a o(,x, pw,a),

are weakly sequentially continuous, that is for all ("), ey C A with " —«, for some
a € A, itholds (b, o)(-, x., u, &")—=(b, o) (-, x., , a.).

Remark 2.1 The continuity and convexity of f (¢, x, u, -) leads to weak lower semi-
continuity of the map

T
A — R, Oll—)/ f(t, x¢, s, 0tp)dt,
0

forall x € C([0, T]; RY) and € C([0, T1; P2(RY)).

We can now present our main results. At first, we investigate the existence of an
optimal control for the following problem

gleig J (@), (SM)

subject to

{dX,:b(t,X,,E(X,),oz,)dt+a(t,X,,£,(X,),a,)dW,, te[0,T], 08)

Xo € L' (R, Fo, P; RY).

Theorem 2.1 Under assumptions 2.1-2.3, the problem (SM) is finite and has an opti-
mal control. Namely, infycp J () < 00 and there is o € A, such that

J(@) = J(a),

forall o € A.

In order to address the corresponding maximum principle, we now introduce further
assumptions on our coefficients.

Assumption 2.4 (Pontryagin Principle) The coefficients b, o, f and g are contin-
uously differentiable with respect to (x, o) and continuously L-differentiable with
respect to . € P>(R?). Furthermore there exist Ay, A», A3 > 0 such that:

(Al) Forevery (s, x, u,a) € [0,T] x C x PZC(]R") x A, andeach y, z € RY:
(bx(t, X, W, a) * 3, Z) S A1|Z|25
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Ibx(t, x, 1, )| < Ar(1+[x|77h),
b (, x, u, )| < Ay,

b (2, x, w, a)(y)| < Ar(1 + |x]),

where ¢ is the same constant as in 2.2.
(A2) Forevery (s, x, u,a) € [0,T] x C x Pg(Rd) x A, and y € R%:

|Ux(t’x» Maa)| S A2a
|ad(tvx7 l‘(*’ Ol)' E AZ’

low (7, x, w, ) ()| < Aa(1 + |x|).

(A3) For all R > 0 and every (s, x, u, @) € [0, T] x R? x P»(RY) x A, such that
[x] Vv Ma(u) V la| < R the quantities

felt, x, @), fol(t,x, m,a), gx(x, nw, /Rd | 2, x, @) ()1 (dy),
f g (e, () P a(dy),
Rd

are all bounded in norm by A3(1 + R).

Example 2.3 Again, we investigate the above properties for the setting of a FitzHugh—
Nagumo neural network. The property 2.4 depends on the choice of f and g, hence
we do not discuss it here (it is however clear for the ansatz (47) below). Concerning
assumption 2.4 and 2.4 we have

1—v2—JB) 1 0
be(t,x, t,a) = c —cb 0 ,
as’wy(1—y) 0 —aSk)—b

where we recall the notation (26). Using that Supp(r) C C, together with the bound-
edness of S'(v), this leads to

(by(t,x, @) - 2,2) < A1(b, ¢, @, b, |S|oo, 1S |00) 217,

hence the first estimate. Letting as before S(u) := fR3 z31(dz7), it is easily seen by
definition of the L-derivative that

Bu()(X) - h = hs forall ¥ and h = (hy, ha, h3) € R>.

In a matrix representation, this gives the following constant value for the L-derivative
of the drift coefficient at a given point x = (v, w, y) € R3

00—J(W—Vriew)

bu(t,x, 1w, 0)() =[00 0 , forall ¥ e R.
00 0
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Thus we have |b, (¢, x, u, o) (X)| < JV(J Vren)(1+]x]), showing the desired property.

Next, we introduce the corresponding adjoint equation, which will be essential
for the maximum principle. For a solution X € S>¢ of (28) consider the following
backward SDE

AP = ={{bat, Xo, LX), @), P+ (0t Xo LX), 00, 00) + Felt, Xi, LX), )
— B (b, X1 £, ) (X0, B + (e, Ry LX), @) (X)) e + 0w,

Pr =g.(Xr. L(X7)) +E (gu(??z, E(XT))(XT)> )

(29)
where the tilde variables X, P are independent copies of the corresponding random
variables (carried on some arbitrary probability space (£2, F,P)), and E denotes inte-
gration in €2 (this convention will be adopted throughout the paper). Herein, we recall
that (o (, x, i, &), g) is a synonym for tr(o (¢, x, 1, @) q).

A pair of processes (P, Q) € H>? x H>?*™ will be called a solution to the adjoint
equation corresponding to X if it satisfies (29) for all ¢ € [0, T'], P-almost surely.

We are now in position to formulate the maximum principle. For that purpose, we
introduce the Hamiltonian, which for each x, p € RY, g e R*™ 1y € P and @ € A,
is the quantity

H(t,x, i, p,q, ) :=(b(t,x, u,a), p) +(o(t, x, u, ), q) + f{t, x, u,a).

Theorem 2.2 Let assumptions 2.1-2.4 hold. Let & € A be an optimal control for the
problem (SM). If (P, Q) € H>4 x H>4>™ is the solution to the corresponding adjoint
equation, then we have for Lebesgue-almost every t € [0, T']

]E(H(I,X[,E(X[), Ptv Q[aat)) = ]E(H(I,X[,E(X[), PI? Qlaa))v

forall o € A.

It should be noticed that in contrast to the maximum principle stated in [8, Thm. 6.14
p. 548], the maximum principle here is formulated in terms of the expectation for
almostevery ¢ € [0, T'] instead of dt ® P— almost everywhere, since we only consider
deterministic controls and thus we only alter the control in deterministic directions.

3 Well-Posedness of the Optimal Control Problem

The main purpose of this section is to prove the existence of an optimal control for the
stated control problem. For that purpose, we will need to show (among other results)
that the state equation (7) is well-posed, and that the solution satisfies uniform moment
bounds up to a certain level. Hereafter, we suppose that assumptions 2.1, 2.2 and 2.3
are fulfilled.
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3.1 Well-Posedness of the State Equation

Our first task is to show that the level-set constraint which was alluded to in Sect. 2.3
is preserved along the flow of solutions. This statement is contained in the next result.
The proof is partially adapted from that of [6, Prop. 3.3].

Lemma 3.1 Foreverya € Aand u € C([0, TT; ’Pg (R%)) we have that
P(r(X"") <0,vr €0, T]) =1 (30)
where X;"" is the unique solution to

Xm‘ = b(t’ Xl’ Mlval)dt +U(t7 Xt9 I'Llaaf)dWl’ r e [07 T]

(31

Xo € L' (R, Fo. P; RY).
Proof First, observe that given u € C([0, T]; P» (RY)), equation (31) has a unique
strong solution X* in & 2 Indeed, if we let

b (t,x,a) :=b(t,x, n,a), o, x,a) =0, x,una),

then from Assumption 2.2 we see that o is Lipschitz, while 2.2 and 2.2 imply the
local Lipschitz continuity and the monotonicity of the drift coefficient b**. Hence, by
standard results on monotone SDEs (see for instance [20, Thm. 3.26 p. 178]) (31)
has a unique strong solution, this solution being progressivey measurable and square
integrable. This proves our assertion.

In order to show (30), consider a family (W¢)e~o of non-negative and non-
decreasing functions in C?(RR) which for all € > 0 satisfy:

V. (x) =0o0n (—00,0], WY.(x)=1on]e, 00), sup [Weloo <1,
€

and such that W, converges pointwise to 1 o) as € — 0. Let 7, := inf{r >
0s.t. | X;| > n}. By It6 Formula, we have for eachn > O and € > 0

To AL
W, (7T(Xt/\r,l)) - Mf = /0 (ﬂx(Xs) ~b(s, Xg, Ws, as))‘ljé (7w (X;))ds

1 T N .
+ E /0 \I’é/(ﬂ(XS))HTX(XS)'O‘(S, X, Ws, O(s)|2ds

WAL _
3 /0 W (0 (X)) (Xy) - (00 (5, Xy 5. s))ds

where we let M¢ = Y0, [ me(Xy) - 0K (s, Xy, py, )WL (T (X))d WE. Since
W, is supported on the real positive axis, only the values of X which satisfy 7(X) > 0

contribute to the above expression. Hence, making use of Assumption 2.1, we see that
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the first term in the previous right hand side is bounded above by 0, while the two last
terms simply vanish. We arrive at the relation

E ( sup We (ﬂ(Xm,,))> <0.
1€[0,7]
Letting first n — o0, and then € — 0, we observe by Fatou Lemma that
E ( sup 10,00 (N(Xz))> =0,
1€[0,7]
and our claim follows. O
We are now able to prove the existence of a unique solution to equation (7).

Theorem 3.1 There exists a unique strong solution to equation (7) in S?, which is
supported in C for all times. Furthermore, for each p € [2,r] and every a € A, the
solution satisfies the moment estimate

1e[0,T]

T
E < sup |le”> < C(IXollp, L1, L3, p) (1 +/ IOttI”dt> : (32)
0

where the constant C depends only upon the indicated quantities.

Proof Recall that ch denotes the set of probability measures in P;(R¢) which are
supported in C := 7~ ((—o0, 0]). Equipped with the standard Wasserstein distance,
it is a closed subset of P> (R?). Indeed, it is standard (see for instance [15]) that given
probability measures {u,, n € N} and u such that u,, = u, then

suppu C liminf(suppu,) 1= {x e RY ‘ limsup inf |x—y|= 0} ,
n—o0

n—oo YESUPPUn

so that our claim follows. Thus, for fixed @ € A, we can rightfully consider the operator
. . pC . pC ap
0: C(0,Tl; Py) — C(UO, T, Py),  w=> (L(X; 7 )ieefo, 11,

where X#* = X% is the unique solution to equation (31). Using similar arguments
as in [8], the existence of a unique solution to (28) follows if one can show that ®
has a unique fixed point. In fact, we are going to show that it is a contraction (for
a well-chosen metric). The moment estimate (32) will follow from the fixed point
argument, provided one can show that

T
E( sup IX?I”> < C(IXollp, L1, L3, p) (1 +/ IOtzI”dt> (33)
0

1€[0,T]
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where the displayed constant depends on the indicated quantities but not on the par-
ticular element & in C ([0, T']; PZC ). We now divide the proof into two steps.

Step 1: moment bounds. We need alocalization argument. For eachn > 0, introduce
1, :=inf{t € (0, T], |X}'| > n}, and denote by X" := X;LMn. 1td6 Formula gives

1 1 AT,
;|x,“'"|f’ - N = ;|Xg'"|" +/0 {(Xg‘,b(s, XU s o)) | XE|P2
(34)
! Iz 2 yump—2 p—2 Ty w2 yrp—4
+ 310G XU e PIXE T+ B0t P s

where N,"’“ = fém" |Xf|p_2(X§L, o(s, XX, us, a_;)dW;) is the corresponding mar-
tingale term. Denoting by ¥ > 0 the constant in the Burkholder-Davis-Gundy
Inequality, the latter is estimated for each ¢t € [0, T'] thanks to (19) and Cauchy-
Schwarz Inequality as

1
AT, 3
E( sup N,””‘>SKE((/ \X.é‘iz”*ﬂa(s,x_@*,m,ao*xmzds) )
0

s€[0,t]

1
t 2
SK\/L1E<SUP |XHn| 5 ( / |X§""|P—2(1+|X;""|2+|as|21[o,f,1]<s>)ds) )
0

0<s<t

But from Young’s inequality, the previous right hand side is also bounded by

1
—E[ sup |XM"P
2p 0<s<t
pic?Ly

M)

t
E ( / (IXH1mP=2 | X P 4 |X§*’"|P2|as|21[o,fn](s))ds) :
0

Define W' := E (supy,, | X;"|7) . Taking the expectation in (34), we infer from

(24), (19), Young’s inequality ab < %ag + ”T_sz% and the previous discussion that

1 1 4
— V' < —E(|Xo|”) + Cp (L1 +L3)/ (1 + W + |o,|P)ds
2p P 0 ’

for some universal constant C;, > 0. Applying Gronwall Inequality, we obtain the
corresponding moment estimate for X*", for each n > 0. Since none of the constants
used in the above computations depend on n, the localization is removed by letting
n /" oo and using the monotone convergence theorem.

Step 2: the fixed point argument. From Lemma 3.1, it is clear that for all r €
[0, T, the probability measure P o (X!)~! is supported in C. For simplicity, let
L := L1V Ly V L3 and introduce the weight

¢ :=exp(—2Lt), te][0,T].
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Then, Itd6 Formula gives

1
d <§|Xﬁ‘ — X,”|2¢t) +2LIX} — X] P¢pdt

= ¢ (X' — X)), b(t. X\ ey o) = (2, X, g, o)) di
+ ¢ (X1 = X} b, X, e o) — bt XY vy, o)) dt
+ ¢ (X:L — X/ o, X' e o) — o (t, X[, v, a)d W)

1 Iz v 2
+ E¢I|U(I7Xt a/\’l/lval) _U(tvxtvvtvat)| dt

(35
The first term in the right hand side of (35) is evaluated thanks to (25). For the
second term, we use the quadratic growth assumption (23). As for the It6 correc-
tion, we can estimate it similarly, using this time Assumption 2.2. With M; :=
fot b5 (X5 — XV o (s, Xy s, o) — o (s, XY, vy, o)d W) we get

1 t
SIXt = X[ P+ 2L/ X = X]Pods — M,
0
t
< [ {0+ ol = X2 4 L L+ X WG, v s

0
t t
<L f X2 = X Pguds + (14 sup 1XP2) f Wa(pis, v5) s | -
0 0

s€[0,1]

Taking expectations, supremum in ¢, then absorbing to the left yields

t
sup B (X = X7) ¢, <4L(1+E( sup 1X2P)) [ Watus. s
0

0<s<t SG[O,I]

Using the estimate (32) with p = 2, the fact that exp(—27L) < ¢ < 1, inequality
(13) and the boundedness of the control state space A C R¥, we arrive at

t
sup Wa(® ()5, ®(v))* < C(IXollp, T, L) fo Wa(is, vs)2ds .

0<s<t

Considering the k-th composition of the map ®, we get

CIXollp, T, L)*T*
sup W2(0" (), ©F (1),)? < o sup Wa (s, vs)?
0<s<T . 0<s<T

hence contractivity of ®F follows for k > 0 large enough and the result then follows
from Banach-fixed point theorem. O

We now investigate some regularity of the control-to-state operator, which will be
needed in the proof of the optimality principle.
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Lemma 3.2 For p € [2, r], the solution map
G:A—>S"NS?* ar X*

is well-defined and Lipschitz continuous. More precisely, there exists a constant
C(Ly, Ly, L3, T) > 0, such that forall a, B € A

E( sup |x%—XFP sC(Ll,Lz,La,n/ — B2t
tel0,7T]

Proof That G is well-defined follows immediately from Theorem 3.1. Towards
Lipschitz-continuity, the property is shown by similar considerations as in the proof
of Theorem 3.1. Indeed, fixing «, 8 € A and letting M be the martingale M; :=
Jolo(t, X%, LX), &) — o (s, XP, L(XP), B), (X% — XP)dW), then using Itd For-
mula with assumptions 2.2, 2.2 and 2.2, we arrive at

%|X?‘—X?|2—Mz
Z/Ot{<x‘x xP b(s, X, L(X%), ay) — b(s, XP E(ij‘),ﬁs)>
+ (X% — XP b(s, XP, L(X), By) — b(s, XP, L(XP), By))
+%w(r,xg,c(X?),as)—a(nXE,ﬁ(Xf),ﬁs)F}ds
S/(;t{(L3+%—l—Ll)(IXa—XﬂIerIOé—ﬂlz)

F 2+ LA+ XP +IXPRIWLX), L00)2ds

Letting k > 0 be the constant in the BDG inequality, the estimate (13) and ab < % +b?

yield
1
SE( sup X2 — X/
4 \ser0.1

<CL(3+ K2)<2 +E( sup |XOP + |X§|2))
s€[0,T]

t
/0 :IE( sup |X% — XP1%) + Ja —mz}ds

rel0,s]

where Cy = % vLivVv % V L3. The result now follows from the uniform bound (32),
together with Gronwall Lemma. O
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1
Remark 3.1 Since we have W>(L(XY), E(Xf)) < E (supte[o,ﬂ | X¢ — Xflz)2 we
also get the Lipschitz continuity of the map

A= PrS?), o L(G()).

Remark 3.2 (Fokker-Planck equation) Given the settings of Example 2.2, we define

U_%B_w‘i‘a —J( = Vier)z3
bo(t, x, a) := c(lv+a—bw) , bi(x,2) := 0 s
as)( —y) —by 0
Oext _GJ(U = View)z3 0
Ga.o=| 0 0 0
0 0 x(Myas)(l = y) +by

If we assume that the solution to the corresponding mean-field equation has a density
p(t, x) with respect to the 3-dimensional lebesgue measure, then the McKean-Vlasov-
Fokker-Planck equation is given by the nonlinear PDE:

o p(t, x) = —div ((bo(t, x,a) + /3 bi(x, 2)p(t, z)dz) p(t, x))
R

+ Ly ((// 5 (x. 95 (0.9 p(t. Dp(t. 2) dzdz) P, x))
2 R3xR3

(see [2]). It is degenerate parabolic because the matrix o6 ' is not strictly positive.

3.2 Proof of Theorem 2.1

We now prove the existence of an optimal control for (28). The strategy we use strings
along the commonly named “direct method” in the calculus of variations. As a trivial
consequence of the assumptions made in Sect. 2.2 and the uniform estimate (32), note

at first that our control problem is indeed finite. Next, consider a sequence («"),,eny C A
realizing the infimum of J asymptotically, i.e.

lim J(a") = inf J(a).
n—oo acA

Since A C LZ([O, T1; Rk ) is bounded and closed, by Banach Alaogu Theorem there
exists an « € L2([0, T]; R¥) and a subsequence also denoted by (¢"),en, such that

o"—a, weaklyin L%(0, T; RF).

Since A is also convex, we get o € A, so « is indeed an admissible control. We now
divide the proof into four steps.

@ Springer



S1946 Applied Mathematics & Optimization (2021) 84 (Suppl 2):S1925-S1968

Step 1: tightness. In the sequel, we denote by X" the solution of the state equation
(7) with respect to the control &”, n € N. Adding and subtracting in (7), we have

t t
X" — x4 543{||/ b(r, 0, 8o, 0)dr |} + ||/ b(r, 0, LX), 0) — b(r, 0, 8, 0)dr|}
s s

t t
+||/ b(r, X", L(X™),a") — b(r, 0, c(x;’),O)dr||j+x|}/ \o(r,X:’,E(X’,l),a;’)lzdr”;},

where k > 0 is the constant in the BDG inequality. Using the assumptions 2.2,2.2,2.2,
the fact that 0 € C and the basic inequality (13), we obtain that

||X;'-X§||3543{(t—s)4 sup |b(r,0,80,0)|* + (r —)*L3 sup [X"*
rel0,7] rel0,7]

t
— — 4
+L%Hf (4 X797 4 (o 1171+ Mo (L)X + e Ddr |,
S
t
+KL%||/ (141X + |af|2)dr||§}.
S

_4q
Using Holder Inequality, Young Inequality ab < qT_la a1 4 %bq , we arrive at the

following estimate, foralln e Nand0 <s <t <T

E<|xf - xg|4) <cC(L, T){(z —9*| sup 6.0, 8. O +E[1+ sup [X")%
rel0,7T] rel0,7]

+C@t -9 —I—(t—s))},

where we used the fact that A is bounded. Note that the above constants depends upon
the indicated quantities, but not on n € N.

Making use of the uniform estimate (32), the Kolmogorov continuity criterion then
asserts that the sequence of probability measures (P o (X")™!),en, defined on the
space

E = (C(10, T RY, BC(0, T} R

is tight. In the same way, we can prove that the sequence on probability measures
Pp)nen == (IEJJ o (X", Bn)_l)neN’ with

t
B'(t) := /0 b(s, X3, LX), at)ds,

is tight on the product space E x E, with respect to the product topology, where for
two E-valued random variables Z;, Z, defined on (2, A, P), Po (Z;, Z2)’1 denotes
the joint law of Z; and Z;. Thus by Prokhorov’s theorem there exists a subsequence
of (P,)nen, which converges weakly to some probability measure P* on E x E.
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Step 2: passage to the limit in the drift. By Skorokhod’s representation theorem we
can then_ﬁn_d random variables X, B, (Xn)neN, (Bn),,eN defined on some probability
space (2, F, IP) and with values in £ x E such that

e Po(X",B")y ! =P, foralln e Nand Po (X, B)~' = P* and

e lim (X", B") = (X, B), P-almost surely with respect to the uniform topology.
n—oo

From (33) and by the definition of A we get for any p <r

E( sup |Y?|p> < C(p, IXollp, L1, L2, L3),
0<t<T

for some constant independent of n. Thus we can conclude by the dominated conver-
gence theorem that

Wa (LX), L(X)))? < E( sup |X, —ZF) -0,

0<t<T

as n — oo. This also implies (E(Y;))te[o,r] C 7726, since Pg is closed.
To identify the almost sure limit B, we first claim that for each ¢ € [0, T']

t
E"(t)—\/ b(s, Xy, L(Xy), ay)ds, (36)
0

weakly in L2(Q2; R?). Indeed, by (22) and the dominated convergence theorem we
have

t
E ( [ |b(s. Xy, L(X5). af) — b(s, Xy, L(Xy), a2)|2ds) — 0.
0
Likewise, for h € L>(Q2; R?) we have by Assumption 2.3 and dominated convergence

t
E ( / ((b(s, X5, LX), o) — b(s, Xy, LX), @) h>ds) -0,
0

as n — oo, thus proving our claim.

The desired identification then follows from (36), the Banach-Saks theorem and the
uniqueness of the almost sure limit. The processes B and fo b(s, Xs, L(Xy), ag)ds
being both continuous pathwise, they are indistinguishable, hence the identity

t
B(t) = f b(s, Xy, L(Xy), as)ds, (37)
0

forallt € [0, T, P-almost surely.
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Step 3: identification of the martingale. Letting O’O‘T(Z‘, X, m,a) ;= o(t,x, L, )
o (t, x, w, o)’ for short, similar arguments as above show that

ool (t,X;, LX}), a) =00 (t, X1, LX), )
weakly in LZ([O, T] x Q: Rd). Since the process
t
M = X; — Xo— B"(1) = / o(s, X5, LX), al)d Wy
0
is, for each n, a G/' :== o (X} |s < t) martingale under P, we can conclude that
M =X —Xo—B"(1)
is a E? = 0(7? |s < t) martingale under P with quadratic variation
e ) ! ~n ~n
My, = / ool (s, X, LX), a")ds.
0
From the previous considerations, we can conclude that

t
! —>Y1—Xo—/ b(s. Xy, L(X,). @)ds = M,
0

P-almost surely for all # € [0, T']. Thus by the dominated convergence theorem the
process (M;)icfo,1]is a G; = o_(XS|s < t) martingale under P and with standard
arguments we also obtain, that (M,);¢[0,7] has quadratic variation

t
(M), =/ ool (s, Xy, LX), @y)ds.
0

By the martingale representation theorem we can find an extended probability space
(2, F, (F)tefo,11, P) with an m-dimensional brownian motion W, such that the nat-

ural extension X of X satisfies Po (X~1) =Po (Y_l) and

X[:X0+/
0

P-almost surely for all t € [0, T'].

Step 4: end of the proof It remains to show that the infimum is attained for «. Due
to the uniqueness of equation (7), we have P o (X =1 = Po ()A( -1, Using Fatou’s
lemma, continuity of f, g, Assumption 2.3 and Remark 2.1, we obtain

t

b(s, XS, ‘C(Xv), ag)ds + / ol(s, )A(s» E()A(S)»as)dﬁ/sa
0

t

inf J(@) = lim J(")
aech n— 00
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n—oo

T
zliminf]E(/ F@, X" LX), aldt + g(X0, LIXD )))
=1iminfE<f e, X LX), o )dt—l—g(XT,ﬁ(XT)))

n—oo

T
>E (/0 f(t, X, LX), a)dt + g(X 7, c@)))

Il
=

T
( /0 [, Xy, LX), a)dt + g(Xr, z:(fm))
T
=E( / F@, X, LX), an)dt + g(X$, L(XE >))
0
= J(@).

This shows that « has the desired properties, and hence the proof is finished. O

4 The Maximum Principle: Proof of Theorem 2.2
In this section, it will be assumed implicitly that assumptions 2.1, 2.2, 2.3 and 2.4

hold. Hereafter, we let (2, A, P) be a copy of the probability space (€2, A, IP). The
corresponding expectation map will be denoted by E.

4.1 Gateaux Differentiability

In this subsection we aim to complete Lemma 3.2 by showing the Géteaux-
differentiability of the control-to-state operator

G:ACLP(O, T RY - &%, o X*

The Gateaux derivative of the solution map will be given by the solution of a mean-
field equation with random coefficients. We will deal with this problem in the similar
fashion as it is done in [8, Thm. 6.10 p. 544].

Lemma 4.1 The solution map G is Gateaux-differentiable. Moreover, for each o € A,
its derivative in the direction § € A is given by

dG(a)-p=2*F,
where, introducing
By(t, x, ) = // bu(t, x, LX), ) () - Fu(dF x dF)
R4 x R4

(1%, ) = // 01, 3, LX), ) (F) - FudF x dF) .
RY x R4
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the process Z = Z%P is characterized as the unique solution to

dzZ, = {bx(ls Xoo L(X0), ) - Zy + bo (2, Xo, LX), ) - By + By, Xo, L(X, Zt))}dt»
+ {Ux(t» Xo, L(X0), ) - Z + 0o (t, Xy LX), 00) - B+ By, Xo, L(X, Z,))}dW,
Zo = 0.
(38)

Proof We will start by showing that (38) has a unique solution. For that purpose, we
define

R = {M € C([0, T]; P2(R? x RY)), such that 11, o py' = LX), v;} ,
where p; denotes the projector onto the first d-coordinates, namely
plsz x RY > RY, (x,y) — x.

Clearly, if ! is a sequence converging weakly to p, forevery ¢ € [0, T'], the constraint

uro pl_l = L(X;), Vt remains true for y itself. Since the Wasserstein distance metrizes
the weak topology, we see that R is closed in C ([0, T']; P> (R4 x R?)). Next, define

U: R —> R,

which maps 1 € C([0, T1; P2(R? x RY) to (L(Xr, Vi))refo,7), Where (V)refo, 7] is
the unique solution to

AV =by(t, X¢, LX), 00) - Vi +bo (8, Xy, L(Xy), p) - B + Bu(t, Xy, ju)dt
+ox(t, Xe, L(Xp),00) - Vi + 0o (t, X, L(Xp), o) - Br + 2 (8, Xy, )dW;
Zo =0.
(39)
For fixed . € C([0, TT; Po(R? x RY)) we first need to check the existence of aunique
solution V. But letting

B(t,w, v, b, @) :=by(t, Xi(w), L(X1), ) - v+ ba(t, Xy (@), L(X;), ar)
B + Bu(t, Xy (), juy),

Z(t, o, v, p,a) =0y (t, X (), L(Xp), o) v+ 0o (1, Xi (@), L(Xy), o)
B+ B, Xe(), 1),

we have the following properties:

<B(t7w’v7l’l’5a) _B(t9w7 vlv IL,C{),U - v/> = A1|v_ v/|2

T
/ sup |B(t, w, v, u,a)|dt < oo, Vec=>0,
0

[v]<c
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forall¢ € [0, T] and P-almost every w. The first estimate is a result of Assumption 2.4
and the fact that P(X,; € C, Vt) = 1. The second estimate follows from

|B(t, w, v, 1, a)|

< C{(l + X (@) Dl + 18] + (1 + [Xi(@)]) // [yl (dx x dy)},
R4 xR4

together with the continuity of r f fRd «Rrd |Y1ite(dx x dy), and the uniform estimate
(32). Using (30) we get with similar arguments

IZ(t, 0, v, ) — Z(t, 0,0, n, )| < Azlv — '],

T
/ sup |2(t, w, v, u,oz)lzdt <00, Yc=>0,
0

[vl<e

for all t € [0, T'], P-almost every w. It follows then by classical SDE results that (39)
is well-posed. Moreover, adapting the arguments yielding the moment estimates of
Theorem 3.1, it is shown mutatis mutandis thatfor2 < p <r

E[ sup [V;|? ] < o0.
0<t<T

Therefore (V;) (and hence W () = L(X, V)) is uniquely determined by the proba-
bility measure /.

We now aim to prove that W is a contraction, but for that purpose it is convenient
to introduce another (stronger) metric. For any 1, v € P, (R x R with p o pl_l =

Vo pl_l, we let

d(u, v)? = inf /// |v—w|2m(dx x dv x dw) ,
meA(u,v) R4 x R4 x R4

where A (i, v) is the set of all probability measures m on (R%)> such that for any
A, B € B(RY)

m(Ax BxRY =u(AxB) and m(A x RY x B) = v(A x B).

That d is stronger than W5 can be seen as follows. If m is any element in A (u, v), one
can define

p(dx x dv xdy x dw) :=m(dx x dv x dw)dé,(dy)
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where §, is the Dirac mass centered at x. Clearly, p belongs to the set of transport
plans IT(u, v) between w and v, so that in particular

Wa(,v) = inf /// (Jx — yI> + lv — wP)(dx x dv x dy x dw)
pem(i.v)
R4)*

S//flv—w|m(dx x dv x dw).

(RY)3

Then, taking the infimum over all such m yields our conclusion.
Next, let m € A(u, v). Using the marginal condition on m, we have

|B[L(t1 X[v I'LT) - BM(tvxtv Vt)|

- (// bu(t, Xo. £(X0). a)(x) - vpe(dx x dv)
RY xR
- [/ bu(t, Xp. L(X1). 0r) - wo(dx x dw)‘
R4 xR

— ‘/// bu(t, Xy, L(X,), o) (x) - vm(dx x dv x dw)
R4 x R4 xR

—//f bu(t, X¢, L(Xy), o) - wm(dx x dv xdw)‘.
Rd x R4 xR

Thus,

Bt X = Bute Xeowl = | [[[ b X 200,000 0= w)

m(dx x dv x dw)]|.

Since m is arbitrary, we obtain
|Bll.(t7 Xta I'Ll) - B}L(ta Xl‘a vl)' = Al(l + |Xl‘|)d(l’l/l‘7 U[) ’

and a similar result can be shown for X,,. Now, if we equip R with a metric  inherited
from d, for instance § (i, v) := sup, 0.7 e V'd(u;, vy) for y > 0 large enough, the
proof that W is a contraction follows with simple arguments. Since it is similar to the
proof of Theorem 3.1, we omit the details.

Let now &, 8 € A and € > 0 small enough, such that @ + €8 € A. By X we denote
the solution of (7) with respect to @ and by X¢ we denote the solution to (7) with
respect to « + €. Furthermore for A € [0, 1] we introduce X*€ := X 4+ A(X¢ — X)
and @*€ =« + A€fB. Note that, since 7 is convex, we have

(X +MX7 — X)) =7((1 = MX, +AX[) < (1 = V(X)) + Am(X7) <0,
(40)
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hence X*¢ is supported in C.
Next, by Lemma 3.2 we get

T
E( sup sup |XM€—Xx,2) < CL,TGZ/ B *dt .
Ael0,1]1€[0,T] 0

Thus, we can conclude that X*+€ —6 X in L2(Q, Cc(0, T]; Rd)), uniformly in A. By
€—

a simple Taylor expansion we get

b1, X{L LOX]). o + €By)
= b, Xos LX), 00) + bilf - (X] = X0+ elbalf - B+ E (5] - (XF = X))

where, given ¢ = ¢(t, x, t, &) (X) we use the shorthand notation

o = [ (0 20,0 (1) a3,

with the convention that the last input is ignored whenever ¢ does not depend on the
tilde variable. Similarly, we have

O'(t, Xf, E(Xf), oy + Eﬂt)
=o(t, X, L(Xy), o) + [ox]; - (Xf — X)) + €[og]y - B + E <[U/L]6 (X7 — Xt)) .

Xf—X
Thus, for A¢ := = —=L — 7% \e have
€

dAf = {[bx]f AT+ B (1bulf - A7) + (UbaTf = bate, X LX), ) - 277
+ €(lbalf = balt, Xo LX), a0) - By

+E (ﬂbu]f — by (t, X1, L(X0), ) (X)) - Z,“*ﬂ) }dt

+ {[ox]f A5+ B (loulf - A7) + (o]l = 0nt, Xo LX), 00) - 2
+ 6([0(1][6 - Ga(tv Xtv E(Xl)’ al)) : /31‘

+ B (ol = 0ult, Xe, LX), a (%) - ) }dwt.
By It6 formula, (40) and Assumption 2.4, we get
0 (M5 < Ly + & (b0 1
D) = 14y i 12y t
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F1IbE — bolt, X, LX), a1 ZEP)14¢)
+ €llba 1§ — ba(t, Xi, L(X1), )| B A7

+ (1Bl = butt, Xo LX), a) (X0l Z7)) IAfl}dt

+ <A;, ([ox]f CAF+E (0 (4) - A7) + (ol — 0t X, LX) ) - 217
+ 6([0'11]; —ogu(t, X;, ['(Xt)s ar)) - Br

+ B ((oulf = 0t Xeo LX), ) (X)) - 277 )dwt>

5 €2 ! €2 " A€ 2
+§{A2|A,| +(/0 As(1 + X \)dk)IE<|At|>

Fl[o1E = out, Xo, L(X0), an) 2128 2
+ Elon ] — ou(t, X1, L(X,), a) 161

+ B (1lop]f = ou(t, X0, LX), a,><>?t>||2?'ﬁ|)2 }dr.
By Young Inequality, Jensen Inequality and assumption 2.4 we have
& (b 1471) 1451 = 5 (B (i P1ATP) +1451)
< % (/01(1 + |X?‘|2>dx) E(145P) + %mﬂz.

Since € > 0 is chosen in a way that @ + €8 € A, we can conclude by the a priori
bound (32) and the definition of A, that

i €1l A€ € " A€12 ‘Ailz
E( sup B(Ibulfl1451) 1451 ) = O 1 X0ll )E ( sup 14512 ) +E ( sup 2= ).

s€[0,¢] s€[0,t] s€[0,t]

for some constant C(T', || Xo|| ) > 0 which does not depend on €. By the Burkholder-
Davis-Gundy inequality, Young and Jensen inequalities we arrive at

T
E{ sup |Af|2 Ell+12+13+14+15+16+cf E| sup |A§|2 ds,
te[0,T] 0 s€[0,7]

for a constant C > 0 which does not depend on € and

T wp

L=E (/0 16216 — by (r, X, LX), ) *1 2] |2dr)
T
L=¢E ( f [bo]f — ba(t, Xi, LX), a,>|2|ﬂt|2dr)
0

T _ . o0 p

L=E (/0 E (161 = butt, X, LX0, a)X0PIZE P 2) dr)
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and Iy, Is, Ig are analogues for o. We will only show I} — 0 as € — 0, the other
terms being handled by similar arguments. By assumption 2.4 we have

16216 — by (1, Xo, LX), a)|* < C(1+ X, [%4 4 | X144,

Furthermore we have for any p < r that

E( sup |X€7 5C,,{(1+)J’)E sup |[XE|P ) +APE( sup |X;|” }
0<t<T 0<t<T 0<t<T

is bounded from above by some constant that does not depend on € for € > 0 small
enough. Since X*¢ — X in L?(Q; C([0, T]; R%)), by the a-priori bound (32), the
estimate E (sup, (.77 1 Z: 1) < oo, the continuity of by and the dominated conver-
gence theorem, one concludes that I; — 0 as € — 0. Similar arguments combined
with Gronwall’s lemma finish the proof. O

As an important consequence, we obtain the following formula for the Gateaux
derivative of the cost functional. Given Lemma 4.1, the next result is proven in the
same way as it is done in [8] and thus omitted.

Corollary 4.1 The cost functional
J:A—-R

is Gateaux differentiable and its Gdteaux derivative at « € A in direction B € A is
given by

dJ (@) - B =E(fult, X, LD ) - Z7P 4 folt, X, LX), ) - )
+E (& (fult, Xo, LX), (X - 27

1E (gx(XT, LXr) - Z20F + & (gM(XT, LX7)(X7) - Z?’ﬂ)) :

4.2 Maximum Principle

For the reader’s convenience, we now rewrite the adjoint equation (29) using Hamil-
tonian formalism. Recall that for x, y, p € R4, q € Rdxm wePranda € A, we
introduced the quantity

H(,x,pu, p,q, @) = (b(t,x, u, ), p) +{o(t, x, u, ), q) + f{t,x, u, ).
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Thus, given a control « € A, one sees that the pair (P, Q) € 8§24 x HZdxm golves
the adjoint equation if and only if for all 7 € [0, T'], P-almost surely

dp = — [Hx(t, X, LX), P, Q1. ap) +E (H;l,([v X, LX), P, Q[aal)(xt)>]dt + 0:dW;

Pr = gu(Xr, L(X7)) +E (gu(f(t, E(XT))(XT)) .
(41)
where (f(, 15, Q @) is an independent copy of (X, P, Q, «) on the space (fz, f, IF").
Let wus point out that the above coefficients fail to satisfy
[8, Assumption MKV BSDE, Chap. 4]. Hence, we first need to address the solvability
of the BSDE (41) under the assumptions of Theorem 2.2.

Lemma 4.2 Under the assumptions of Theorem 2.2, there exists a unique solution
(P, Q) € 8 x H>M of (41).

Proof Fix« € A and forsimplicity,denote by Hy (¢, w, p, q) := H,(t, X;(®), L(X;), p, q, ;)
and by H,(t,w,x,p,q) = H,(t, x, L(X),

D, q, o) (X (w)). Cons1der the map I' : H>? x H> dxm — H> x ’H2 dxm which
maps a given pair

(Y, Z) € H> x HEdxm
to the solution (P, Q) of

dP, = —[Hy(t, 0, P, Q) + E (Hu(t, 0, X1, Yy, Zp)) | dt + QdW,

B “2)
Pr = g:(Xr (@), LX) +E (8, (%0, LXD)(XD))

where the expectation is to be understood in the following way:
E (Hﬂ(tv , X[a Yl5 Zt)) = / Hu(ta w, Xt((,()/), Yl ((,L)/), Zt((,()/))IP(d(,U/)
Q

In the following we drop the dependence on w for H,.

Since the above equation is a standard backward SDE with monotone coefficients,
the existence of a solution is well-known by standard results. We will now show that
the map I is a contraction, when the space H>? x H>¢*™ is equipped with the norm

T 1/2
NP, Olll, = </O eV'<||P,||%+||Qt||%>dr) :

for a sufficiently large parameter y > 0. If we denote by (P!, Q!), (P2, 0?%) two
solutions of (42) for (Y', Z!) and (Y2, Z?) respectively, then by the backward It6
Formula [20, p. 356] applied to ”/| P! — P2|? we get

g

T
P! — P} +E (/ ye! "0 |P — P2 2dr
t
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)

T
< 2JE(/ e”’*’){(Hx(z, P!, Q) — He(r, P}, 0D)) - (P} — P} +|P! — P?| x
t

T
- 2
+E</ e’ o) — 02 adr
t

/ |H,(r, X, (@), Y} (@), Z (@) — Hu(r, X, (@), Y (@), Zf(w’))IIP’(dw/)}dr
Q

)

(43)
From assumptions 2.4,2.4, Young’s inequality and Lemma 3.1, we infer that
I(Hy (1, @, P!, Q") = H(1, @, P?, %) - (P' = P?)Ily

1
= AL+ ADIP = P23+ 10" - Q%13
and
/ |Hy(r, X, (@), Y} (), Z} (@) = Hy(r, Xr (@), Y (&), Z} ()|P(do)
Q
< (A V Ar)(1 3y = y2 7\ — 72
= (A1 vA)A+ X 1)2A1Y, =Yl + IZ, FlI2) .
Invoking (32), Cauchy-Schwarz and Young Inequalities, we can conclude that
T T
/ ye! | P} — P |3dr + / e"IlQ) — QFlizdr
0 0
2 r 1 202 1 r r 1 2,2
<2(4 +A2)/ e’"|| P} — P2ll3dr + ff e,y — Q7 lsdr
0 2 Jo
1 r r 1 22 T r 1 22 1 212
+5/0 e’ ||[B} = PPl3dr + C(A, HXon)/O T (IY) = Y215+ 12 = Z213) dr.
For y large enough this leads to
1
P! = P2, 0 = 0HI < S = Y2, 2] = ZDIII

showing that I' is a contraction. The conclusion follows. O

The following corollary follows immediately by integration by parts and an
application of Fubini Theorem. We therefore omit the proof and refer to [8,
Lemma 6.12 p. 547].

Corollary 4.2 Let (P, Q) be a solution to (41), then it holds

T
E((pr. z7") =E (/0 (P bt Xe, LX), o) - B) + Q. 0t X1 L(X0), 00) - ﬁ)dt)

T ~ ~ ~
—E (/0 Folt Xes L), ) - 2P+ B (e, X, LX) (R z,“*f’)> SNCE

@ Springer



S1958 Applied Mathematics & Optimization (2021) 84 (Suppl 2):S1925-S1968

Remark 4.1 An immediate consequence of (44) is the following formula for the
Gateaux derivative of the cost functional

T
dl(a)-B = E(/(; {(ba(l‘, X, L(Xy), ap) - Bi, Py) + (o4 (t, X5, L(X,), ;) - Br, Of)
+ fo{(t’ le £(Xl)1 a[) M ﬁ[]dt)

T
:E(/(; Ha([,Xt’ E(Xt), Pt’Qtﬂat)',Btdl),

An application of Fubini Theorem then leads to the following representation for the
gradient of J:

Vj(a)t ZE(HOl(thtv‘C(Xt)sPtv Ql‘val)) , L€ [O’ T] (45)

It is hardly necessary to mention that the formula (45) is of fundamental importance
for numerical purposes, see Sect. 5 below.

We are now in position to prove the maximum principle.
Proof of Theorem 2.2 Let o € A be an optimal control for (SM), X the corresponding
solution to (7) and (P, Q) the associated solution to (41). For 8 € A we have by the
optimality of «

dJ (@) (B—a)=(VJ@),B—a)2q. - = 0.

Invoking the convexity of the Hamiltonian (see Assumption 2.3), we get

T
/(; ]E(H(t’ X, L(Xp), Pr, Or, o) — H(t, X¢, L(Xy), Py, Qs ﬂt))dl >0.

For any arbitrary measurable set C C [0, 7] and @ € A we can define the admissible
control

a fort e C,
B =

oy otherwise,

hence
T
/0 1eOE(H(t, Xr. LOX0), Pry Qs ) — Hit. Xy, LX0), Pr. Q. &))dt > 0.

Therefore we get
]E(H(t’ Xta ‘C’(Xl)v Pta Ql?al) - H(tv Xta[-:(Xt)’ P[v Ql" &)) = ()7

dt-almost everywhere. This proves the theorem. O

@ Springer



Applied Mathematics & Optimization (2021) 84 (Suppl 2):S1925-S1968 S1959

5 Numerical Examples

In this section we focus on the FitzHugh—Nagumo model with external noise only, i.e.
the system of 3N stochastic differential equations:

i i) LA U j i
dv, = (vt 3 w; + oy — N ZFI J(; = View)y; )dt + Oexrd W/

dw! = c(v' +a — bwh)dr ,
dy; = (@S = y;) — aay;)dr,
(46)
where we recall that S(v) := Tyax/[1 +expA(v — Vr)].
We are interested in controlling the average membrane potential (called in the

following “local field potential”) of a network of FitzHugh—Nagumo neurons into a
desired state. Our cost functional is given by

t, X, 1, o) = viu(dv x dw x dy) — v,|?
Ftx poa) |fR3 u( V) -] )

g, x):=0,

where (v;); is a certain reference profile. We should mention that the average mem-
brane potential will only give an idea about the average activity of the network at each
time. For example a high average membrane potential is an indication that a high num-
ber of neurons are in the regenerative or active phase, while a low average membrane
potential means that a high number of neurons are in the absolute refractory or silent
phase.

In the described case the adjoint equation is reduced to
dP = —{ (bat, Xo LX), @), P+ E ({0, X LX), @) (Ro), )

+ B (fiule X, LX), a)(X0) }dt + 0idW,;

Pr =0.
(48)
In the following section we will give a short introduction on how to solve (48) numer-
ically.

5.1 Numerical Approximation of the Adjoint Equation

In general we consider the following non fully coupled MFFBSDE
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dX, =b(t, X;, L(X))dt +o(t, X;, L(X;))dW;

dY, =[f¢, X, Yy) + h(t, Xy, L(X;, Yy))]dt — Z,dW;
Xo=¢&

Yr =g(Xr).

For the approximation of the forward component we consider an implicit Euler scheme
for McKean-Vlasov equations. Since this is standard, we will not go into further
details. Concerning the backward component, we consider a scheme similar to the
one presented in [10]. We should mention that since we are not dealing with a fully
coupled MFFBSDE, our situation is a lot easier to handle than the one treated in [10].
For a given discrete time grid w : 0 = #9 < t; < ... < ty = T, we consider the
following numerical scheme:

(49)

vr=E( tmmk)—(rkﬂ—rk>{f<zk,xg,Y”)+h<tk+l, X7 LXT ,M))}

Z;Z = (tgy1 — k)~ ]E( lk+1(W[k+1 — W,k)|]-",k>,
Yr=g(X)), Z; =0.

For the approximation of the conditional expectation, we make use of the decoupling
field mentioned in [8], to write

n . b
Vi = it th+1’ L(X tk+1)) = U1, Xy ))-

Thus we can represent the conditional expectation in terms of a function # by

( th+1 |‘7:tk) - u(tk+lv Xlk)

We approximate i (#+1, -) with gaussian radial basis functions, by solving the follow-
ing minimization problem for fixed nodes xi, ..., xr:

X7 —x, 2
mlnE( i Zat(fkﬂ)e%” il |)

i=1

for @ = (a1 (tx+1), - aL(tkH))T, where § > 0 and L € N are fixed. Therefore we
initialize our reference points xi, ..., xz, by L independent realizations of X7 . For m

and X7 respectively,

realizations of Y* feo

1 m 1
et denoted by Yierr = Vi andx,kﬂ, s
we then write

m
xtk+1

1
ytk+1 = (y[k+13 [EXR} ytr’k1+l)T

Avi 2
A) = (Va5 L
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Thus we need to minimize

Vs, — At |1

A similar approach for BSDEs can be found in [18]. There is no convergence analysis
of this scheme for our assumptions on the coefficients, this should only give an idea
how to solve the adjoint equation in practice. Furthermore we should mention, that in
the case where only external noise is present, the duality (44) and the resulting gradient
representation still holds true for any non adapted solution of (41), i.e. any solution
to the random backward ODE arising from equation (41) for Q = 0. Thus one can
also implement a numerical scheme for the adjoint equation, without any conditional
expectations involved. For more general diffusion coefficient however this is not true,
since the proof of the duality is based on integration by parts and the stochastic integral
which appears is not defined if the integrand is not adapted.

5.2 Gradient Descent Algorithm

We will now briefly sketch our gradient descent algorithm.

Algorithm 5.1 Take an initial control ag € A, so > 0, and recursively for n =
O, ]’ e

(1) determine X°* by solving the state equation with an implicit particle scheme to
avoid particle corruption;

(2) solve the adjoint equation for given X“" in order to approximate (P%», Q%");

(3) approximate the gradient

VI (en)y = B[ bals, X2, LX), ), PE) + fols, XE, LX), o) |

via Monte-Carlo method, where (P®", Q%) solves the adjoint equation;
(4) update the step size s, according to a suitable step size rule (e.g. Armijo-rule),
repeating step 5.1-5.1 if necessary
(5) update the control in direction of the steepest descent: a1 := o, — s, VJ (y);
(6) the algorithm stops if |VJ (an)|| < €

To compute the expectation term, one is in fact reduced to simulate the solution
of the network equation itself and use the particles as samples for the Monte-Carlo
simulation.

5.3 Numerical Examples for Systems of FitzHugh—Nagumo Neurons

Although the solution to the adjoint equation is a 3-dimensional process, in the fol-
lowing we will only plot its first variable, since the other variables are irrelevant for
the gradient in our situation.

To illustrate some problems we had with the simulations, we consider the example
of the deterministic uncoupled case of equation (46), where J =0and o,y = 0.
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Fig.2 Membrane potential of the solution to (46) for « = 0.3251
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Fig.3 Reference profile generated by solving (46) for & = 0.332

In the given situation the membrane potential v becomes highly sensitive to small
perturbations of the control at specific times, when we chose the control o; = « close
to the bifurcation value o, & 0.33 for the supercritical Hopf bifurcation point of the
equation, where the fixed point is stable, but there is no periodic orbit, in particular we
chose @ = 0.3251 < « = 0.33. The bifurcation point of the deterministic system can
be determined in a similar way as it is done in [23]. This sensitivity can lead to high
valued solutions of the corresponding adjoint equation for specific reference profiles.
One example is to choose the reference profile as the v-trajectory of a solution to (46),
for a control parameter « in the limit cycle regime. This situation is illustrated by the
Figs. 2, 3 and 4.

The same type of phenomena also occurs in the case of the coupled system of
stochastic FitzHugh—Nagumo neurons. Here it can lead to high fluctuations of the
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Fig.4 Solution to the corresponding adjoint equation
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Fig.5 Local field potential of the solution to (46) for « = 0

sample mean for the adjoint equation, thus a high number of particles is required to
compute the expectation of the solution to the adjoint equation. A small illustration is
given by the Figs. 5, 6 and 7.

In this example and in the following, the initial states are uniformly distributed
on the orbit of a solution to (46) with @ = 0, 0.y, = 0 and initial conditions Vy =
—0.828, wg = —0.139, yo = 0.589. The other parameters are given below in Table 1.
In our example only external noise is present, so we can approximate the non adapted
solution to the BSDE using the simple Euler-scheme with no conditional expectations
involved, replacing E <YIZ+1 |-7:tk> by Y
approximation of the gradient. For the sake of completeness we mention that for the
approximation of the adapted solution we would use the parameter L = 200 and § = 2.

in our numerical scheme, to get a good

@ Springer



S1964 Applied Mathematics & Optimization (2021) 84 (Suppl 2):S1925-S1968

154 (-l
1.0 |

0.5

0.0

—0.5

-1.0 A

-1.5 -

T T T T T
0 25 50 75 100 125 150 175 200

Fig.6 Reference profile chosen as the local field potential of (46) for «(r) = 0.8 ifr <7
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Fig.7 Samples of the solution to the adjoint equation

Furthermore we are always using N = 1000 particles for the particle approximation
of (46).

5.3.1 Control of a Coupled System of FitzHugh-Nagumo Neurons

For our first example, we consider a parameter regime where the activity of a large
number of neurons of the network at some time # leads to further activity at a later time,
without any external current applied to the system. Therefore we slow down the gating
variable, by decreasing the closing rate of the synaptic gates. This way its impact on
the network is still high enough, when a large part of the network is excitable again.
Figure 8 shows the uncontrolled local field potential in this case (i.e. when « = 0).
Our goal is now to increase the activity of the network up to time ¢+ = 100 and
then control the network back into its resting potential. Up to time ¢ = 100, the
reference profile showed in Fig. 9 shows the local field potential of a network of
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Fig.9 Reference profile

coupled FitzHugh—Nagumo neurons, when a constant input current of magnitude 0.8
is applied for a time period of Az = 7 at¢ = 0. For times # > 100 it shows the resting
potential of a single FitzHugh—Nagumo neuron.

We expect the optimal control to raise the membrane potential for a small time
period at + = 0 and then counteract the stimulating effect of the coupling around
t = 100. However this effects should not occur in the uncoupled setting, which we
will consider afterwards.

Figures 10 and 11 show the optimal control and the corresponding optimal local
field potential. We remind that this might only be locally optimal, since we cannot
expect to find a globally optimal control with our gradient descent algorithm.

Since our terminal cost is always zero, i.e. g = 0, the solution to the adjoint equation
will always be zero at terminal time 7. Consequently our gradient will always be zero
at time 7' and our gradient descent algorithm does not change the control at time 7.
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Fig. 10 Optimal control
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Fig. 11 Local field potential with optimal control

That is why the value of our approximated optimal control will stay at the value of our
initial control «q at the terminal time. We started with initial control «g = 0, which
explains the small peak in Figs. 10 and 11.

5.3.2 Control of an Uncoupled System of FitzHugh-Nagumo Neurons

Now we investigate the control problem for the uncoupled equation (46), where J = 0.
Since the reference profile it still the same as in example 5.3.1, we will only present
the corresponding optimal control (Fig. 12).

As expected, the control does not need to counteract any stimulating effects for
times ¢ > 100. Furthermore it is not sufficient in the uncoupled case to apply an input
current for a small time period at t = 0, to reach the desired local field potential up to
time t = 100 (Table 1).
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Fig. 12 Optimal control

Table 1 Parameters used for the examples

Time parameters FitzHugh—Nagumo parameters Synapse
tend = 200 a=0.7 Viev =1
At =0.1 b=0.38 a=1
c=0.08 b=03
Oexr = 0.04 Tax =
Ar=0.1
Viev =12
V=2
J =0.46
oy =
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