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Abstract

We study the non-autonomous weakly damped wave equation with subquintic growth
condition on the nonlinearity. Our main focus is the class of Shatah—Struwe solutions,
which satisfy the Strichartz estimates and coincide with the class of solutions obtained
by the Galerkin method. For this class we show the existence and smoothness of
pullback, uniform, and cocycle attractors and the relations between them. We also
prove that these non-autonomous attractors converge upper-semicontinuously to the
global attractor for the limit autonomous problem if the time-dependent nonlinearity
tends to a time independent function in an appropriate way.

1 Introduction
In this paper we are interested in the existence, regularity and upper-semicontinuous

convergence of pullback, uniform and cocycle attractors of the problems governed by
the following family of weakly damped wave equations

u,t—}-u,—Au:fs(t,u). (11)

We prove that these attractors converge as ¢ — 0 to the global attractor of the problem
governed by the limit autonomous equation
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Uy +ur — Au = fo(u), (1.2)

where f; — fo in an appropriate sense. The unknowns are the functions u : [y, 00) X
Q — R, where € is an open and bounded domain in R? with smooth boundary.

The theory of global attractors for the wave equation with damping term u, has been
developed by Babin and Vishik [3], Ghidaglia and Temam [20], Hale [21], Haraux
[23,24], Pata and Zelik [33]. Overview of the theory can be found, among others,
in the monographs of Babin and Vishik [4], Haraux [25], Chueshov and Lasiecka
[16]. We also mention the classical monographs of Henry [26], Hale [22], Robinson
[34], Temam [41], and Dlotko and Cholewa [18] on infinite dimensional autonomous
dynamical systems. Various types of non-autonomous attractors and their properties
have been studied, among others, by Chepyzhov and Vishik [15], Cheban [13], Kloeden
and Rasmussen [28], Carvalho et al. [11], Chepyzhov [14], and Bortolan et al. [8].

The existence of the global attractor for (1.2) with the cubic growth condition

|fo(s)] < C(1 + [s), (1.3)

has been obtained by Arrieta et al. [2]. This growth exponent had long been considered
as critical. In 2016 Kalantarov et al. [27] used the findings on the Strichartz estimates
for the wave equation on bounded domains [6,9] to obtain the global attractor existence
for the so called Shatah—Struwe solutions of quintic weakly damped wave equation,
i.e. where the exponent 3 in (1.3) is replaced by 5. These findings led to the rapid
development of the theory for weakly damped wave equation with supercubic growth.
In particular, global attractors for Shatah—Struwe solutions for supercubic case with
forcing in H ! have been studied by Liu et al. [29], and the exponential attractors were
investigated by Meng and Liu in [32]. We also mention the work [10] of Carvalho,
Cholewa, and Diotko who proved an existence of the weak global attractor for a concept
of solutions for supercubic but subquintic case. Finally, the results on attractors for
autonomous problems with supercubic nonlinearities have been generalized to the
case of damping given by the fractional Laplacian in the subquintic case in [35] and
in the quintic case in [36].

For a non-autonomous dynamical system there exist several important concepts of
attractors: the pullback attractor, a time-dependent family of compact sets attracting
“from the past” [11,28], the uniform attractor, the minimal compact set attracting
forwards in time uniformly with respect to the driven system of non-autonomous
terms [15], and the cocycle attractor which, in a sense unifies and extends the last two
concepts [7,28]. An overview of these notions can be found in the review article [5].
Recent intensive research on the characterization of pullback attractors and continuity
properties for PDEs [7,11,28] has led to the results on the link between the notions of
uniform, pullback, and cocycle attractors, namely an internal characterization of the
uniform attractor as the union of the pullback attractors related to all their associated
symbols (see [7], and Theorem 6.5 below), and thus allowing to define the notion
of lifted invariance (see [7], and Definition 6.6 and Theorem 6.7 below) for uniform
attractors.

There are several recent results on the non-autonomous version of the weakly
damped wave equation with quintic, or at least supercubic, growth condition which
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use the concept of Shatah—Struwe solutions. Savostianov and Zelik in the article [37]
obtained the existence of the uniform attractor for the problem governed by

Uy +u+ (1= MDu+ f(u) =u@),

on the three dimensional torus, where (¢) can be a measure. Mei, Xiong, and Sun
[31] obtained the existence of the pullback attractor for the problem governed by the
equation

U +ur — Au+ fu) = g(), (1.4)

for the subquintic case on the space domain given by whole R? in the so called locally
uniform spaces. Mei and Sun [30] obtained the existence of the uniform attractor
for non a translation compact forcing term for the problem governed by (1.4) with
subquintic f. Finally, Chang, Li, Sun, and Zelik [12] considered the problem of the
form

uy +y@Our — Au+ f(u) =g,

and showed the existence of several types of non-autonomous attractors with quintic
nonlinearity for the case where the damping may change sign. None of these results
considered the nonlinearity of the form f (¢, ) and none of these results fully explored
the structure of non-autonomous attractors and relation between pullback, uniform,
and cocycle attractors characterized in [7]. The present paper aims to fill this gap.

Inthis article we generalize the results of [27] to the problem governed by the weakly
damped non-autonomous wave equation (1.1) with the semilinear term f; (¢, u) which
is a perturbation of the autonomous nonlinearity fy(u«), cf. assumptions (H2) and (H3)
in Sect. 3. We stress that we deal only with the case of the subquintic growth

(t,w)| < C( + |u*),

’3fs
u

for which we prove the results on the existence and asymptotic smoothness of Shatah—
Struwe solutions, derive the asymptotic smoothing estimates and obtain the result on
the upper-semicontinuous convergence of attractors. Thus we extend and complete
the previous results in [27] where only the autonomous case was considered, and in
[30,31] where the nonlinearity was only in the autonomous term. We stress some
key difficulties and achievements of our work. We follow the methodology of [27,
Proposition 3.1 and Proposition 4.1] to derive the Strichartz estimate for the nonlinear
problem from the one for the linear problem (where we use the continuation principle
that can be found for example in [40, Proposition 1.21]) but in the proof we need the
extra property that the constant Cy, in the linear Strichartz estimate

||M||L4(o,h;L12) < Cn(|[(uo, ur)llg, + ||G||L1(0,T;L2))7

is a nondecreasing function of . We establish this fact with the use of the Christ—
Kiselev Lemma [38, Lemma 3.1]. Moreover, we define the weak solutions as the
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limits of the Galerkin approximations. In [27, Sect. 3] the authors work with the
Shatah—Struwe solutions (i.e. the weak solutions posessing the extra L*(0, T'; L'2(Q))
regularity), and they prove that such solutions are indeed the limits of the Galerkin
approximations, cf. [27, Corollary 3.6]. We establish that in the subcritical case the
two notions are in fact equivalent, cf. our Lemma 5.9.

Main results of our paper are contained in Sects. 6 and 7. The main result of
Sect. 6 is Theorem 6.10 on the existence and smoothness of uniform and cocycle
attractors for the considered problem and the relation between the two notions. The
key property needed for the existence of these objects is the uniform asymptotic
smoothness obtained in Lemma 6.8. In [27, Corollary 4.3] the authors derive only £ =
(H 14+8 A H(;) x H?® estimates for the autonomous case, with small § > 0, mentioning
in Remark 4.6 the possibility of using further bootstrapping arguments. We derive in
Lemma 6.8 the relevant asymptotic smoothing estimates in & = (H> N HJ) x H.
While &5 estimates are sufficient for the attractor existence, our estimates allow us to
deduce its regularity, namely the fact that it belongs to £;. Once we have the uniform
asymptotic smoothing estimates we can use the recent findings of of [7,28], cf. [7,
Theorem 3.12.], reminded here as Theorem 6.5 below. This abstract result is applied
to get our Theorem 6.10 where we establish the existence of the uniform attractor
Ae, and the cocycle attractor {Ag(pe)} . eH(f.). an object parameterised by elements
Pe € H(f:) of the hull of the time shifts of the translation compact non-autonomous
term f,. Apart from the existence, application of [7, Theorem 3.12.] allows us to get
the relation between the two objects, namely that

A= | Awo. (1.5)
pe€H(fe)

Finally, another novelty of the present paper is the upper-semicontinuity result of
Sect. 7. In Theorem 7.4 we obtain that uniform attractors 4, converge upper-
semicontinuously to the limit attractor of the autonomous problem, i.e., that

lim_dist, (As. Ag) = 0,
e—0t

where distg, is the Hausdorff semidistance in the space & = HOl x L?. The key
role in the proof is played by the lifted-invariance property of the uniform attractor,
cf. Definition 6.6 and Theorem 6.7, and uniform (with respect to &) £ boundedness
of the uniform attractors A, obtained in Sect. 6. Note that due to (1.5) the obtained
upper-semicontinuity result automatically allows us to deduce that

lim distg, (A (pe), Ao) =0,
e—0t

for every {p: € H(fe)}eelo,17, 1.€. that the cocycle (and hence also the pullback)
attractors converge to the limit global attractor in the upper-semicontinuous sense.
The possible extension of our results involves dealing with a non-autonomous non-
linearity with critical quintic growth condition. This case is more delicate because
the control of the energy norm of the initial data does not give the control over
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norm L*(0, T'; L'2(2)) of the solution. To overcome this problem Kalantarov, Savos-
tianov, and Zelik in [27] used the technique of trajectory attractors. Another interesting
question is the possibility of extending the results of [19] about the convergence of
non-autonomous attractors for equations

gy +ur — Au = fe(t,u)

to the attractor for the semilinear heat equation as ¢ — 0, in the case of subquintic
or quintic growth condition on f. The main difficulty is to obtain uniform Strichartz
estimates with respect to €. Finally we mention the possible further line of research
involving the lower semicontinuous convergence of attractor and the stability of the
attractor structure under perturbation.

The structure of the article is as follows. After some preliminary facts are reminded
in Sect. 2, the formulation of the problem, assumptions of its data, and some aux-
iliary results regarding the translation compactness of the non-autonomous term are
presented in Sect. 3. Next, Sect. 4 is devoted to the Galerkin solutions and their
dissipativity. The following Sect. 5 contains the results on the Strichartz estimates,
Shatah—Struwe solutions, and their equivalence with the Galerkin solutions. The result
on the existence and asymptotic smoothness of non-autonomous attractors, Theorem
6.10, is contained in Sect. 6, while in Sect. 7 we prove their upper-semicontinuous
convergence to the global attractor of the limit autonomous problem.

2 Preliminaries

Let Q C R3 be a bounded and open set with sufficiently smooth boundary. We will use
the notation L2 for L2($2) and, in general, for notation brevity, we will skip writing
dependence on €2 in spaces of functions defined on this set. By (-, -), ||.|| we will
denote respectively the scalar product and the norm in L. We will also use the notation
&= HO1 x L2 for the energy space. Its norm is defined by || («, v) ||%0 = | Vul|®+]|v]|>.
Throughout this paper, we denote a generic positive constant by C, which values can
vary from on line to another. We recall some useful information concerning the spectral
fractional Laplacian [1]. Denote by {ei}fil the eigenfunctions (unitary in L%(Q)) of
the operator —A with the Dirichlet boundary conditions, such that the corresponding

eigenvalues are given by
O<M<AM<...<A<....

For u € L2 its k-th Fourier coefficient is defined as 7 = (u, e). Let s > 0. The
spectral fractional Laplacian is defined by the formula

o0
(—A)Zu =Y Alix.

k=1
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The space H' is defined as
[e¢)
H ={uelL?: Zkiﬁz<oo .
k=1
The corresponding norm is given by

lullgs = II(—A)?ul =

The space H* is a subspace of the fractional Sobolev space H?. In particular

s | H*=Hg for s € (0,1/2),
Hg for s € (1/2,1].

We also remind that the standard fractional Sobolev norm satisfies ||u|| gs < C||u||ms
for u € H¥, cf. [1, Proposition 2.1]. For s € [0, 1] we will use the notation & =
H*+! x HP. This space is equipped with the norm || (x, v)||é_ = lluliZrr + 0l

3 Problem Definition and Assumptions

We consider the following family of problems parameterized by ¢ > 0

U +ur — Au = fo(t,u) for (x, 1) € Q x (0, 00),
u(t,x) =0 forx € 092,

u(0, x) = up(x),

ur (0, x) = up(x).

3.1

The initial data has the regularity (1o, u1) € &. Throughout the article we always
assume that the non-autonomous and nonlinear term f; (¢, u), treated as the mapping
which assigns to the time ¢ € R the function of the variable u, belongs to the space
C(R; C1(R)). This space is equipped with the metric

demr:.cl(r)) (81, 82)

for g1, g2 € C(R; C'(R)),

_ i 1 supe—iiderw (8107, ), 82(7, )
= 2" L+ supe— s dew) (812, ), 82(2, )

where the metric in C1(R) is defined as follows

o0

1 g1 — g2 llcr =i

— for g1, g2 € C' (R),
= 21+ llg1() = g2 llcr -1

dcl(R)(gly g2) =
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and [|gllc14) = max,ea |g(r)| + max,ea |g'(r)| for a compact set A C R.
Remark 3.1 If g, — g in C(R; C'(R)) then g, — g and %’1 — g—i uniformly on
every bounded subset of R.

We make the following assumptions on functions f; : R x R — Rand fo : R - R

(H1) For every ¢ € (0, 1] the function f, € C(R; C!(R)), and fy € C'(R).
(H2) Foreveryu € R

lim sup | fe(t, u) — fo(u)| = 0.

e—>0scRr

(H3) The following holds

sup supsup | fe(t, u) — fo(u)| < oco.
e€[0,1] teR ueR

(H4) The following holds

i So(w)
im sup

|u|—o0 u

< A,

where A1 is the first eigenvalue of —A operator with the Dirichlet boundary
conditions.
(H5) There exist 0 < k < 4 and C > 0 such that

3
i(r, w)| < C(1 + u*) forevery u € R.

u

sup sup
e€[0,1] reR

(H6) For any fixed u € R the map f. (¢, u) is uniformly continuous with respect to
t. Moreover for every R > 0 the map R x [-R, R] > (t,u) — %(r, u) is
uniformly continuous.

Remark 3.2 An example of family of functions satisfying conditions (H1)-(H6) is
fo(t,u) = —ulu|*=* + g(u) + & sin(z) sin(u>) where the growth of g(u) is essentially
lower than 5 — k.

Proposition 3.3 Assuming (HI), (HS), and (H6), for every € € [0, 1] and every R > 0
the mapping

R x[—R,R]> (t,u) — fo(t,u)

is uniformly continuous.

Proof Letuj,u; € [—R, R] and t1, tp € R. Using (HS5), the following holds
[fe(tr, u1) — fe(ta, u2)| < [ fe(tr, ur) — fe(tr, ua)| + | fe(tr, u2) — fe(ta, uz)|

< CA+R*")uy —us| + sup |fo(tr, u) — folta, u)l.
lu|<R
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It suffices to prove that for every > 0 we can find § > O such thatifonly |t] —f2] < §
then SUP|, <R | fe(t1, u) — fe(t2,u)] < n. Assume for contradiction that there exists

no > 0 such that for every n € N we can find ¢}, t; € R with [1; — 12| < % and

sup | fe(t]', u) — fo(ty, w)| > no.

[u|<R

For every n there exists u” with [u"| < R such that

| fo (] u™) = fe@), u™)| > no.

For a subsequence u" — u® with |u0| < R, we have

no < |fe(el, u™y — felt7 u®) + 1 fo e, u®) — fo@h, u®) 4+ | fo(ty, u®) — fo @y, u™)]
<2C(1+ R u" — u®| + | fo (2], u®) — foty, u®)],

where in the last estimate we used (HS). By taking n large enough we deduce that
70
5 < o] u®) = foig, ud)l,

a contradiction with uniform continuity of f. (-, uo) assumed in (H6). m|

We define hull of f asthe set H(f) :={f(t +-,-) € C(R; C'(R))};cr, where the
closure is understood in the metric de (g, c1(Rr))- We also define set

Hoa = | "= [J HE) U

£€[0,1] e€(0,1]

where the last equality follows from the simple fact that H(fo) = {fo}. We say that
a function f is translation compact if its hull H(f) is a compact set. The following
characterization of translation compactness can be found in [15, Proposition 2.5 and
Remark 2.2].

Proposition 3.4 Let f € C(R; C'(R)). Then f is translation compact if and only if
forevery R > 0

(i) 1f 0]+ 155, 0] < C for (t,u) € R x [=R, R],

(ii) The functions f(t,u) and %(t, u) are uniformly continuous on R x [—R, R].

We prove two simple results concerning the translation compactness of f; and each
function in its hull.

Corollary 3.5 Assuming (H1), (H3), (H5), and (H6) for every ¢ € (0, 1] function f is
translation compact.

Proof From assumption (H3) and the fact that fy € C '(R) one can deduce that (i)
from Proposition 3.4 holds. Moreover, (H6) and Proposition 3.3 imply that (ii) holds,
and the proof is complete. O
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Proposition 3.6 If f. satisfies conditions (H1), (H2), (H3), and (H5) then these condi-
tions are satisfied by all elements from H|g,1]. Moreover there exist constants C, K > 0
independent of € such that for every p. € H( f:) the following bounds hold

sup supsup |p(t,s) — fo(u)l
eel0,1] teR ueR

0
P (1 )
u

<K, sup sup <CA+ [ul*™) forevery ueR. (3.2)

e€[0,1] teR

Proof Property (H1) is clear. Suppose that (H2) does not hold. Then there exists a
number § > 0, sequences ¢, — 0, p,, € H(f:), t, € R and a number # € R such
that

| pe, (tns ) — fo(u)| > 28.

Because p,, € H(fs,) we can pick a sequence s, such that |f, (s, + t,, u) —
Pen (tn, u)| < 4. Then

| feo (tn + spsu) — fo)| = = fe, (tn + Sn, ) — pe, (tn, w)| + | e, (tn, u) — fo(u)| = 6.

Now (H2) follows by contradiction. We denote

K := sup supsup|fe(r,u) — fo(ul,
e€[0,1] teR uelR

which from assumption (H3) is a finite number. Taking p, € Ho 1}, forevery (¢, u) €
R? we obtain

|pe(t,u) = fo(u)| < | fe(t + 5n, u) — pe(t, u)]
H fe (@t +sn,u) — fow)| = K + | fe(t + sp, u) — pe(t, u)l.

We can pick a sequence s, such that | fz (s, + ¢, u) — p<(¢t,u)| — 0. So, passing to
the limit, we get

[pe(t, u) — fow)| < K.

We have proved that for every p, € H|o,1] we have

sup sup |pe (¢, u) — fo(u)| < K.
teR ueR

From (H5) we obtain

< C(1+ u*™),

'%(I + Sp, u)
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for every u, t, s, € R, e € [0, 1]. Again by choosing s, such that |%(s,, +t,u) —

%(r, u)] — 0 and passing to the limit we observe that for every p, € Hjo,1] the
following holds

0
sup | 2P (1, u)| < C(1 + |ul*) forevery u € R, (3.3)
teR | OU
which completes the proof. O

Proposition 3.7 If (HI), (H2), (H3), and (H5) hold, then for every R > 0 and every
pe € H(fe)

lim sup sup |pe(t, u) — fo(u)| = 0.
e=>0y|<R teR

Proof By contradiction, assume that there exist§ > 0 and sequences |u,| < R,1, € R,
&, — 0 such that

8 < |p£,,(tn’ un) — fo(un)l.

Passing to a subsequence, if necessary, we can assume that u,, — ug, where |ug| < R.
Hence,

8 < |pe, (tns un) — pe, (tn, uo) | + | pe, (tn, wo) — folwo)| + | fo(uo) — fo(un)|

< C(1+ &) un — uol + sup | Pe, (2, 10) — fo(uo)| + | fo(uo) — folun)|
te

< C(+ [RI*™)|uy — uol + suﬂg [ Pe, (t, o) — fo(uo)l + | fouo) — fo(un)l,
tre

where &, is an intermediate point between ug and u,, where &, is a point between s,
and so (which is (HS) applied to p, ). O

4 Galerkin Solutions

Definition 4.1 Let (1o, u1) € &y. The function u € L%

loc

([0, 00); Hy) with u; €

Ly ([0, 00); L% and uy € Ly ([0, 00); H~") is a weak solution of problem (3.1) if
for every v € LIZOC([O, 00); H(}) and #; > 0 the following holds

n
[ 0 0001y + 000 = 0,00, )+ (Fue), Ty dr =0,

and u(0) = uq, u; (0) = u;.

Note that as u € C([0, 00); L2) and u; € C([0, 00); H™1), pointwise values of  and
u, and thus the initial data, make sense. However, due to the lack of regularity of the
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nonlinear term f; (-, u(-)), we cannot test the equation with u,. Indeed, by the Sobolev
embedding H] < L, itholds thatu(#) € L° fora.e.  and by (H5) for the expression

/fs(t,u(x,t))ut(x,t)dx,
Q

to make sense we would need u € L'9~2¢_ which we cannot guarantee. Thus, although
it is straightforward to prove (using the Galerkin method) the existence of the weak
solution given by the above definition, we cannot establish the energy estimates
required to work with this solution.

Let {e;}7°, be the eigenfunctions of the —A operator with the Dirichlet bound-
ary conditions on 92 sorted by the nondecreasing eigenvalues. They constitute
an orthonormal basis of L? and they are orthogonal in Hj. Denote Vy =
span{eq, ..., ey}. The family of finite dimensional spaces {Vy}%_, approximates
H_ from the inside, that is

Hl

) 0
U Vy = H(; and Vy C Vy4p forevery N > 1.
N=1

Let uév € Vy and uiv € Vy be such that

u{)\/—>u0 in HO1 as N — oo,

ullv—>u1 in L? as N — oo.

Now the N-th Galerkin approximate solution for (3.1) is defined as follows.

Definition 4.2 The function u™ € C!([0, 00); Viy) withu¥ € AC([0, 00); Vi) is the
N-th Galerkin approximate solution of problem (3.1) if u™ (0) = ul/, u¥ (0) = u}
and for every v € Vy and a.e. ¢ > 0 the following hold

@™ @) +ul (@) = folt,u™ @), v) + (Vu (1), Vv) = 0.

We continue by defining the weak solution of Galerkin type.

Definition 4.3 The weak solution given by Definition 4.1 is said to be of Galerkin type
if it is a limit of the subsequence of solutions of the Galerkin problems, understood in
the following sense

uV — u weakly-*in L2 ([0, 00); Hy), .1
ul — u, weakly-*in LS2.([0, 00); L?), (4.2)
ull — uy weakly-*in LS. ([0, 00); H™h). 4.3)

For brevity of notation we use the index N to denote the elements of the subsequence.
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In the sequel we will consider problem (3.1) with p € Hjo,1; replacing f. In particular,
the next two results hold for the function f; in (3.1) replaced by p € Ho,1]. We skip
the proof of the following theorem which is standard in the framework of the Galerkin
method.

Theorem 4.4 Assume (HI1), (H3)—(H5). If (ug, uy) € &y then then problem (3.1) has
at least one weak solution of Galerkin type.

Proposition 4.5 The weak solutions of Galerin type of problem (3.1) are bounded in
&o and there exists a bounded set By C &y which is absorbing, i.e. for every bounded
set B C & there exists tg > 0 such that for every weak solution of Galerkin type
(u(t), us (t)) with the initial conditions in B we have (u(t), u;(t)) € By for every
t > to. Moreover By and t| do not depend on the choice of p € Ho, 1] in place of f;
in (3.1).

To prove the above proposition we will need the following Gronwall type lemma.

Lemma4.6 Let I : [0,00) — R be an absolutely continuous function with I(t) =
S°¥_, Ii(0). Suppose that

d .
d—tl(t) <—-A; ;)% + B,

foreveryi € {1, ..., k}andfor almost everyt such that I; (t) > 0, where «;, A;, Bi >
0 are constants. Then for every n > QO there exists to > 0 such that

k €

B\ @
I(r) < Z (A—l) +n, foreveryt > tg.

i=1 !

If, in addition, {I' (t)}1e is a family of functions satisfying the above conditions and
such that 1'(0) < Q for each | € L, then the time ty is independent of | and there
exists a constant C depending on Q, A;, B;, «; such that Il(t) < C foreveryt >0
and everyl € L.

Proof We denote

L
i

k /B \a
=3 ()

and let A = min;eq,. k) {A;}. First we will show that for every n > 0 if
I(tp) < B + n, then I(t) < B + n for every t > fy. For the sake of contradic-
tion let us suppose that there exists some #; > #y such that 7(#;) > B + 7. Let
tr = sup{s € [t0, 1] : I(s) < B + n}. Choose § > 0 such that

k 1 1
Bl' @ Bi o
"%((z”) (%) )
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Hence
kg 1
I B+n> “Lys) ' forse (b, ]
(s) > +n_§<Ai+) ors € (t, 11]

We deduce that for every s € (t2, #1] we can find an index i (which may depend on s)

for which
1
B,‘ i
I,' (S) > A_, +46 .

Then for a.e. s € (1, 1] we have
d o
EI(S) < —AL;(s)" + B; < —AS,

and after integration we get that / (¢1) < I(t;)—(t—t1) AS which s a contradiction. We
observe that all functions from the family {/ L(t)}e are bounded by max{Q, 1} + B.
Now we will prove existence of fy. For the sake of contradiction suppose that there
exists n > 0 and the sequence of times #, — oo such that / n(t,) > B + n for some
l, € L. Then for every s € [0, t,] we must have ' (s) > B + n. Thus, there exists
8 > 0 such that for all s € [0, #,] and [,, there exists an index i € {1, ..., k} (which

1
may depend on s and n) for which Il.l" (s) > (% +8) . Again fora.e s € (0, 1,)
i (s) < —AS
J— n Ky — s
dt -

and after integrating we obtain / b(g,) < Q —1t, Aé foreach n, which is a contradiction.
O

Proof of Proposition 4.5 Let u be the Galerkin solution to (3.1) with any function p €
Hjo,17 in place of f; at the right-hand side of (3.1). The next estimates hold for the
Galerkin problems, but since they do not depend on the dimension of the space used in
those problems, they are also satisfied by the limit solution. To make the presentation
simpler, we proceed in formal way. By testing the equation with u# + 2u; we obtain

d 1
— | ey u) 4 =Ml + g + ||W||2—2f Fo(u)dx
dt 2 Q

= —lluel> = IVull® + (fou), ) + (p(t, u) — fou), 2u; + u),
where Fo(u) = f(;’ fo(v)dv. Assumption (H4) implies the inequality
(fou), u) < C + K|lu||*>, where 0 < K < Aj.
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We define
1(0) = (u l? ? 2 -
= (u, w) + S lull” + e 17+ [Vl 2 | Fo(v)dx.
Q
Using the Poincaré and Cauchy inequalities we obtain
d 2 2
21O = —lull” = CIVull® +lp@. u) = o) | 2lludl +lul) + €. (4.4)
Using the Poincaré and Cauchy inequalities again it follows by Proposition 3.6 that
d 2 2
1) = —C (Il + 1 Vul?) + . *5
We represent the function /() as the sum of the following terms
R b= Sl = (Val? _ —_
I = lug*, I = 2IIMII s B =11Vull”, 14@t) = (ur,u), Is=-2 | Fo(u)dx.
Q
From the estimate (4.5) and Poincaré inequality we can easily see that
d .
El < —A;l; + B; fori € {1,2,3,4}, (4.6)

where A;, B; are positive constants. To deal with the term /5 we observe that by the
growth condition (HS) using the Holder inequality we obtain

u
1550/ / 1+ [v)3dv dst/ <|u|+|u|6)dx
Q1J0 Q

= C (Illlr + NualSe) = € (Nl o+ el )

= C (s +1).

From the Sobolev embedding H] < L it follows that
1 3
I;<c (||Vu||6 + 1)‘ <cC (||Vu||2 + 1). 4.7
From the estimate (4.5) we observe that
d 1
El < —A5IS3 + Bs, with As, Bs > 0. 4.8)

By Lemma 4.6 we deduce that there exists a constant D > 0 such that every for
bounded set of initial data B C & there exists the time 7y = f(B) such that for every
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p € Hjp,1] the following holds
I(t) < Dfort >ty and (ug, u1) € B. 4.9

We observe that from (H4) it follows that
K 5
Fo(u) < C + ?u where 0 < K < Aj. (4.10)
We deduce
1
1) = Slu|* + IVull® = Klul? = € = Cllullg, - C. (4.11)

We have shown the existence of the absorbing set By C &y which is independent
of the choice of p € Hjp,1;. By Lemma 4.6 it follows that for every initial condition
(o, u1) € & thereexistsaconstant D = D(ug, u1) > Osuchthatforevery p € Hjo, 1
and ¢ € R the following holds

1(t) < D fort € [0, 00). (4.12)

The proof is complete. O

5 Shatah-Struwe Solutions, Their Regularity and a Priori Estimates
5.1 Auxiliary Linear Problem

Similar as in [27] we define an auxiliary non-autonomous problem for which we derive
a priori estimates both in energy and Strichartz norms.

uy +u; — Au = G(x,t) for (x,t) € Q2 x (tg9, 00),
u(t,x) =0forx € 9Q

u(fo, x) = uo(x)

ur(to, x) = u(x)

5.1)

It is well known that if only G € L], ([t,00); L?) and (ug,u;) € & then the
problem (5.1) has the unique weak solution u belonging to Cj,.([ty, 00); Hé) with
u; € Croe(lto, 00); L?) and uyy € Lf’aoc([to, 00):; H™1). This solution is the limit of
the Galerkin approximations in the spaces spanned by the eigenfunctions of —A with
homogeneous Dirichlet boundary conditions, and L? projections of u on those spaces
coincide with the Galerkin solutions. For details, cf. [4,15,34,41]. The next result
appears in [27, Proposition 2.1]. For completeness of our argument we provide the

outline of the proof.
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Proposition 5.1 Letu be the weak solution to problem (5.1) on the interval [to, 00) with
G € L} ([ty, 00); L?) and initial data u(ty) = uq, us(to) = uy with (ug, uy) € &.

loc

Then the following estimate holds

t
(), ur()g, < C <||<uo, ur) |l ge” 40 + / e—““—”nG(s)nds)
1

0

for every t > ty, where C, a are positive constants independent of t, ty, G and the
initial conditions of (5.1).

Proof Testing (5.1) by u + 2u; we obtain

d Lo 2 2 2 2
o Curs 1) + SHull™ + e+ 1Vall™ ) = =lludll™ = IVull™ + (G @), u + 2ur)

We define I(t) = (us, u) + 5l|lull® + [lu;||I* + | Vul|>. We easily deduce

d
T10) = € (<10 +VIDIGOI).

Multiplying the above inequality by ¢¢ we obtain

d C Ct
= (10e7) = ceI6IVTw.

After integration it follows that

t
1(1)eC" — (19)e€h < c/ eCNG )V (s) ds.

fo

Hence, for every ¢ > 0

t
1(r) < (I(tg) + &)eC 0~ 4 e—CfC/ eCNG ) IVI(s) ds. (5.2)

fo

Now let
t
J(@) = C/ ecs||G(s)||\/I(s)ds.
0]

Then J is absolutely continuous, J (fp) = 0, and for almost every ¢ > #y we obtain

J'(t) = CeCGO|IVI@0).
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From (5.2) it follows that

J'(1) < CeCNGO VT (1) + £)eCh0D + =Ty (1)
= CeT |GV T (t0) + £)eC0 + J (1).

Hence

J'(t) < CeT G|
VU (to) +8)eCo + T (1) ~ |

which makes sense since the denominator in positive as ¢ > 0. After integrating over
interval [#g, ] we obtain the following inequality valid for every ¢ > g

VT +£)e% + 10 = VT w) + e)eCo + = "% IG ()|l ds.
2
0]

It follows that

t 2
J(r)sC[U e?nG(s)nds) +(1(t0)+8)€cm]
I

0

From definition of J () using the inequality (5.2) we notice that

t 2
)< cC ((1<ro> +g)e? 01 ¢ ( / e NG (s) | ds) ) ,
1o

foraconstant o > 0. As c1||(u(t), u,(t))llg, < /1) < c2|l(u(t), u,(1))|lg, for some
c1, ¢z > 0, passing with ¢ to zero we obtain the required assertion. O

The following lemma provides us an extra control on the L*(L'?) norm of the solution
to the linear problem (5.1). The result is given in [27, Proposition 2.2 and Remark
2.3].

Lemma5.2 Let h > 0 and let u be a weak solution to problem (5.1) on the time
interval (tg, to + h) with G € L' (19, to + h; L?) and (u(to), u; (t9)) = (ug, u1) € &.
Then u € L*(to, to + h: L'?) and the following estimate holds

||u||L4(to,t0+h;L12) S Ch (”(u07 u])”g() + ||G||L1(t(),l()+h;L2)) ) (53)

where the constant C, > 0 depends only on h but is independent of ty, (ug, u1), G.
We will need the following result.

Proposition 5.3 It is possible to choose the constants Cy, in previous lemma such that
the function [0, 00) > h — Cy, is nondecreasing.
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The above proposition will be proved with the use of the following theorem known as
the Christ—Kiselev Lemma, see e.g. [38, Lemma 3.1].

Theorem 5.4 Let X, Y be Banach spaces and assume that K (t,s) is a continuous
function taking values in B(X,Y), the space of linear bounded mappings from X to
Y. Suppose that —oo < a < b < oo and set

b
Tf(t)Z/ K(t,5)f(s)ds,
1
wiw = [ Kuoreds
If, for 1 < p < g < oo it holds that

ITfllLaa,b:yy < ClfllLrap;x)s

then

i)
_ - 2°\a " p
IWFllLa@p,yy < ClfllLrapx), withC =2C———.

1—24 »

Proof of Proposition 5.3 1If G = 0 then we denote the corresponding constant by Dy,
i.e.

Nl L4, 104h:212) < Dnll (o, un)lle,-

Clearly, the function [0, o0) > h — Dy, € [0, oo) can be made nondecreasing. We will
prove that (5.3) holds with Cp, a monotone function of Dj,. If the family {S(#)};cr of
mappings S(t) : & — & is the solution group for the linear homogeneous problem
(i.e. if G = 0) then we denote S(t)(uo, u1) = (S, (¢)(uo, u1), Sy, (t)(uo, u1)). Let
to € Rand é > 0. Using the Duhamel formula for equation (5.1) we obtain

8
u(to +68) = Su(8)(uo, u1) +/ Su(6 =)0, G (10 +5)) ds.
0

Applying the L*(0, k; L'?) norm with respect to § to both sides we obtain
Nl L4 g 004+h: 212y < Dl (o, u)lle + 1 Pill 40, n:£12)5

for every h > 0, where P;(6) = f(;s Sy (6 —5)(0, G(tg + 5))ds. We will estimate the
Strichartz norm of P; using Theorem 5.4 with X = L% Y = L2, g=4,p=1,a=
0,b=h.IfMy : L?> — Vy is Lz-orthogonal projection, then S, (h — 5)(0, ITx(+))
is a continuous function of (%, s) taking its values in B(L?, L'?). Hence the estimate
should be derived separately for every N, and, since it is uniform with with respect
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to N, it holds also in the limit. We skip this technicality and proceed with the formal
estimates only. We set P>(8) = foh S, (8 — )0, G(to + 5))ds, and we estimate

h
1Pall o ey < /0 1546 — $)(0. Glto + )l 4o pr i) ds

h

_ fo 1548 S(—)(0. Gt + ) 140 112, ds
h

< fo DallS(=$)(0, Gto + ) le, ds.

where in the last inequality we used the homogeneous Strichartz estimate. Observe
that there exists 8 > 0 such that

I1S(—s) (o, unllg, < Pl o, u1)llg,-

We deduce
h
I P2llz40,n;012) < Dye? IG I L g, 104+h,1.2)-

Hence, by Theorem 5.4 we obtain || P14 p.112) < CDheﬂh||G||L1(t0’,0+h’Lz) for
every h > 0, and the proof is complete. O

The following result will be useful in the bootstrap argument on the attractor regularity.

Lemma 5.5 Let (ug, u1) € Eand G € L} ([tg, 00); H*) fors € (0, 11. Then the weak

loc

solution of (5.1) has regularity u € Cjoc([ty, 00); HH‘I) and u; € Cioe([tg, 00); HF),
Moreover, the following estimates hold

t
(), us (D)llg, < C <||<uo, up)llg,e @00 4 f e—““—”nG(s)ands),
0]
||u||L4(O,h;W5<12) S Ch (”(“05 ul)”g; + ||G||L1(t0,t0+h;H‘v)) .

Proof The problem

wi (1) + w; (1) — Aw(r) = (—=A)/2G(¢) for (x,1) € Q X (f, 00),
w(t,x) =0forx € 0€2,

w(to) = (—=A)*?ug,

we (t0) = (—A)*uy,

5.4)

has the unique weak solution w € Cjye([f0, 00); Hol) with the derivative w; €
Cloc([to, 00); L?). Both weak solutions u and w are the limits of the Galerkin problems
in the spaces spanned by eigenfunctions of —A with Dirichlet boundary conditions,
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and moreover the L? orthogonal projections of « and w on those spaces coincide with
the Galerkin solutions. It is enough to observe that

s
Wi (1) = A ux(r) forevery k € N.
Testing weak solutions w, u with e;, we get systems

w4y, + auy = (G(@), ex),
U (to) = togs
), (10) = u1g,
W+ W, + M = (—A)3G(1), ex) = 22 (G (1), ep),
, 2
Wi (t0) = ((—A)2uo, ex) = A} ok,
2

W, (1) = ((—A)2uy, ex) = A} i

The difference wy (1) = wi (1) — A,: U (r) solves the problem

w;(/ +w;€ + Awy =0,
wi (fo) =0,
w;{(t()) =0.

So wi(t) = O for every ¢ € [tg, 00). The assertion follows from Proposition 5.1 and
Lemma 5.2. |

5.2 Shatah-Struwe Solutions and Their Properties

This section recollects the results from [27]. The non-autonomous generalizations
of these results are straightforward so we skip some of the proofs which follow the
lines of the corresponding results from [27]. The following remark follows from the
Gagliardo—Nirenberg interpolation inequality and the Sobolev embedding H& — LS,

Remark 5.6 1f u € L*(0,¢; L'?) and u € L>°(0, t; H|) then

4 1
5 5
el 50,2100 = ”u||L4(0,t;L‘2)”u”LOO(O,t;H(})'

We define the Shatah—Struwe solution of problem (3.1).

Definition 5.7 Let (ug, u1) € &. A weak solution of problem (3.1), given by Defini-

tion 4.1, is called a Shatah—Struwe solution if u € L?DC,([O, 00); L1?).

Proposition 5.8 Shatah—Struwe solutions to problem (3.1) given by Definition 5.7 are
unique and the mapping &y > (ug, u1) — (u(t), us(t)) € & is continuous for every
t>0.
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Proof Let u, v be Shatah—Struwe solutions to Problem (3.1) with the initial data
(uo, u1) and (vg, v1), respectively. Their difference w := u — v satisfies the following
equation

ap(t,0u+ (1 —0)v)
ou '

we (1) + wi () — Aw(r) = pt, u@)) — p(t, v(1)) =w

Testing this equation with w; yields

1d ap(t, 0u + (1 — 0)v)
M(uw,n%||Vw||2)+||wt||2=(w e ).

Assumption (HS) gives inequality

1d 2 2 4 4
22 (ol + 19w12) = € [ w4+ Jul® + Ju*ywdx
2 dt Q

Then by using the Holder inequality with exponents %, % % and the Sobolev embed-
ding H(} < L% we obtain

d
= (nwl? +1vwi?) = € (19wl + jwel?) (14 e + 10l ).

Because v, u are Shatah—Struwe solution, i.e. u, v € L;‘Oc([O, 00); L12), it is possible

to use integral form of the Growall inequality which gives us

t
IVwl® + [l 1> < (IVwoll* + lwi|*) exp <c <t +f0 loll7,, + ||w||‘ilzdf>> ’

for ¢ € [0, 0c0), hence the assertion follows. O

Lemma 5.9 Every weak solution of problem (3.1) is of Galerkin type if and only it is
a Shatah—Struwe solution. Moreover for every t > 0 there exists a constant C; > 0
such that for every solution u of (3.1), with arbitrary p € Ho,1) in the place of fs,
contained in the absorbing set By, it holds that

||M||L4(o,[;L12) <C.

Proof Let u be the solution of the Galerkin type with the initial data (ug, u;) € &.
From assumption (H5) we see that

lp(t. ) < CA+ [l ) = C(+ ul}s ) < CA+ [lul} 7).
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We assume that ¢ € [0, 1]. From the Holder inequality we obtain

t t
/O Ip(s, wlids sCr+ch lulS 7 ds

()" ()

= C (W358 oyt 5 1) = € (I35t o) +1) 5

4x P
S C <”u”L4(0 t; L12) + 1) ts

where R is the bound of the L*°(0, ¢; HOI) norm of u. We splitu as the sumu = v+w
where v, w solve the following problems

Vi + v — Av =0, Wi+ wp — Aw = pe(t, u),
v(t,x) =0 forx € 992, w(t,x) =0forx € 092,
v(0, x) = up(x), w(0,x) =0,

v (0, x) = u1(x), w: (0, x) = 0.

From the Strichartz estimate in Lemma 5.2 we deduce

||U||L4(0 rL12) = Cill(uo, u) ey,

and

4i

lwll4,612) = CR3 (IIwIIL4(Ot L) + (Crllwo. upllg) ™ ¥y 1)

m\’:

We define the function Y (1) = [|w||p4(0 . 1.12) for € [0, 1]. Formally we do not know
if this function is well defined, so to make the proof rigorous we should proceed for
Galerkin approximation, cf. [27]. We continue the proof in formal way. The function
Y (1) = |lwll14(0 s £12) is continuous with ¥ (0) = 0 and

Y(t) < CRS(Y(D*™F + (Cy [l (uo. ) £))*~ 5 + 115
We define

K . 1
Imax = Min - ymTs .14, where S > ||(uo, u1)llg,
2CR5((C1$)45 +2)

Now we will use continuation method to prove that the estimate Y (f) < 1 holds on the
interval [0, fimax]. The argument follows the scheme of the proof from [40, Proposition
1.21]. Defining the logical predicates H(¢) = (Y(¢) < 1) and C(t) = (Y (¢) < %) we
observe that following facts hold
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C(0) is true.

If C(sg) for some s is true then H (s) is true in some neighbourhood of sy.
If s, — 59 and C(s,) holds for every n then C(sp) is true.

H (¢t) implies C(¢) for t € [0, tmax], indeed

1 44 44 K
Y(t) = CR5((Cillug, uillgy))™ 5 +1+Y @)™ 5)t5

1 4k K 1
< CR5(Cillug, uillg, +2)°5 toax < 3

The continuation argument implies that C(¢) holds for ¢ € [0, fmax . From the triangle
inequality we conclude that

Nl 40,10 : 212y < Cill (o, up)lle, + 1.
( max )

Observe that fyax and Cy are independent of choice of p € Hjo,1]. Because all trajec-
tories are bounded in the & norm, cf. Proposition 4.5, we deduce that ||u|| L40,1,112)
is well defined for every ¢+ > 0. Moreover if (u(t), u,(t)) € By for every t > O,
then the bound on the &) norm of the solution is uniform and we deduce the bound
lullz40.r, 12y < Cr with C; independent of p. O

Remark 5.10 As aconsequence of Proposition 5.8 and Lemma 5.9 for every (uo, u1) €
&o, the weak solution of Galerkin type of problem (3.1) is unique.

Lemma 5.11 [f the weak solution (u, u;) of problem (3.1) is of Galerkin type, then for
every T > 0 it belongs to the space C ([0, T]; &).

Proof The proof follows the arguments of [27, Proposition 3.3]. They key fact is
that Galerkin (or equivalently, Shatah—Struwe) solutions satisfy the energy equation.
Lett, — t and let T > sup,cyitn}. Clearly, (u,u;) € Cy([0, T]; &) and hence
(u(ty), us(ty)) — (u(t), us(t)) weakly in &y. To deduce that this convergences is
strong we need to show that || (u(t,), u;(t2))llg, — 1w (t), u:(t))llg,- To this end we
will use the energy equation

1
(@), ur @DIE, = @), urt)llg, = 2/ (p(s,u(s)), ur) — llur ()| ds.
In
Then

(). e DI, = 1), @)1,

< CR((R+ DIt — tal + llull 15, 1. 110))

where R is the bound of the L (0, T'; L?) norm of u,. The right side tends to zero as
t, — t which proves the assertion. O

5.3 Non-autonomous dynamical system.

We will denote by
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(u(), us (1)) = @e(t, p)(uo, u1) the map which gives the Galerkin-type solution
of (3.1) with p € H(f.) as the right-hand side and the initial conditions u(0) = u,
#(0) = u1. We remind the definitions of non-autonomous dynamical system and
cocycle.

Definition 5.12 Let X, ¥ be metric spaces. Assume that {6;},>0 is a semigroup in X
and ¢ : Rt x ¥ — C(X) is a continuous map. Let the following conditions hold

e ¢(0,0) =1Idy foreveryo € X.
e The map Rt x ¥ 5 (¢,0) — ¢(t,0)x € X is continuous for every x.
e Foreveryt,s > 0 and o € X the cocycle property holds

@t +5,0) =@, 6;0)p(s, 0).
Then the pair (¢, 0) is called a non-autonomous dynamical (NDS) and map ¢ a cocycle
semiflow.
The next result shows that ¢, is an NDS with X = £ and ¥ = H(fe).

Proposition 5.13 The mapping ¢, : RxH(f:) — C(&) together with time translation
0 pe = pe(- + t) constitute a non-autonomous dynamical system.

Proof Property (0, p) = Idg, and the cocycle property are obvious from definition
of g. and 6;. Let (uq, uf) — (uo, u1) in &, py —> pe in the metric of de g, c1(R))
restricted to H( f¢), t, — t and let {u"}7° , and u be the Galerkin type weak solutions
of the problems governed by the equations

upy +up — Au" = pi(t,u"), (5.5)
U +ur — Au = pe(t, u), (5.6)
with the boundary data u” = u = 0 on 32 and initial data (1" (0), u} (0)) = (ug, uy) €

&o and (u(0), u;(0)) = (uo, u1) € &. Choose T > 0 such that T > sup, cn{ts}. The
following bounds hold

V" ()]l 2 < C, [[Vu@®)|2 <C,
lu ()2 < C, Nu®)l2 < C,
I, () =1 < C, Nt (D) 1 < C.

for ¢t € [0, T] with a constant C > 0. Moreover, the following bounds also hold
||Mn ||L4(0,T;L12) < C, ||u||L4(0,T;L12) < C. (57)
This means that, for a subsequence

u" — v weakly-* in L*°(0, T; H(}),
u} — v, weakly-* in L*(0, T; L?),

uy, — vy weakly-* in L>(0, T; H™Y,
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for a certain function v € L*°(0,T; Hol) with v; € L*(0,T; L2) and v €
L®(0,T; H~").ByLemma5.11u", u € C([0, T1; &).Moreoverv € C([0, T]; L*>)N
Cw([0, TT; H}) and v, € C([0, T1; H-')NCy ([0, T1; L?), cf. [41, Lemma 1.4, page
263]. We will show that v = u for ¢ € [0, T]. Note that for every w € L?

t
@"(0), w) = (u" (1), w) — /0 (uy (s), w) ds.

Integrating with respect to ¢ between 0 and 7' and exchanging the order of integration
we obtain

T T
T (ug, w) = /() " (@), w)dt — /0 W} (), (T —s)w)ds.

Passing to the limit we obtain

T T
T (g, w) = / (v(t), w)dt — / (e (8), (T —s)w)ds = T (v(0), w),
0 0

whence v(0) = ug. It is straightforward to see that u” (r) — v(¢) weakly in H(} for
every t € [0, T']. Similar reasoning for u} allows us to deduce that v;(0) = u; and
uy (t) — v, (t) weakly in L? for every t € [0, T]. Now we have to show that v satsfies
(5.6). Indeed, weak form of (5.5) is as follows

T T T
/0 Uy (), wt) g1 dt+fO (u;’(t),w(t))dt+f0 (Vi (), Vw(t)) di
T
=/ /p?(t,u”(x,r))w(t)dxdz,
0 Q

forevery w € L*(0, T’; H& ). It suffices only to pass to the limit on the right-hand side.
Fixt € [0,T]and w € Hol. By the compact embedding HO1 — LPfor p € [1,6)it

holds that u" (-, #) — u(-, t) strongly in L6’g" and, for a subsequence, u" (x,t) —

u(x,t)forae.x € Qand|u"(x,1)] < g(x)withg € L6_g", where g can also depend
on t. Hence

pe(t,u” (x,0))w(x) = pe(t,ulx, 1))w(x) forae x e Q,
moreover, by the Young inequality,

1P, u" (x, D) w(x)] < C(1 =+ [u" (x, )P ™) Jw(x)]
< lw)[® +C(1 + g0 5 e L.

We can use the Lebesgue dominated convergence theorem to obtain

n—o00

lim prt, u" (x,))wx)dx = / pe(t,u(x,t)wx)dx forae. te(0,7T).
Q Q
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Now let w € L*(0, T; Hy). The following holds

‘/ pet,u"(x,)w(x,t)dx
Q

=< Cfg(l + 1" (e, D) w(x, ] dx < Clw@)] s (1 + [[u" (1)]16)

< Clw® gy (0 + 1" Ol < Clw®l € L'O, T,

whence we can pass to the limit in the nonlinear term. The fact that the L*(0, T'; L'?)
estimate on u” is independent of n implies that v satisfies the same estimate which
ends the proof that u = v.

We must show that || (" (), uf (t;)) — (), u;(t))llg, — 0 We already know that
u"(t) — u(t) weakly in H(} and u} (1) — u,(t) weakly in L? for every t € [0, T].
We will first prove that these convergences are strong. To this end let w" = u" — u.
The following holds

wiy +wy — Aw" = pl(t, u") — pe(t, u).

Testing this equation with w} we obtain

l1d
Ezll(w”(t), wi () Ig, + lw] O = /Q(p?(t, u") — pe(t, u))wy (1) dx.

Simple computations lead us to
d
@@, wi )l
1 n 2
= 5 (pg(t’“)_Ps(t,M)) dx
Q
42 [ Gheat) - plwul @) d.
Q
After integration from O to t we obtain
" (@), wi O)F, < g —u", u} = u)llg,
1 ’ n 2
+5 (P (s, u) — pe(s,u))“dxds
2Jo Ja
T
+2/ / |(p2 (s, u") — pl(s, w)w} (s)| dx ds. (5.8)
0 Ja
We must show that the right hand side in the above inequality tends to zero as n goes
to infinity. Clearly, the first term tends to zero. To deal with the second term note that
pr(s,u) = pe(s,u) for almost every (x, s) € 2 x (0, T'). Moreover by (H3)

(Pl(s, u) — pe(s,u))* < C,
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and the Lebesgue dominated convergence theorem implies the assertion. We deal with
the last term. By the mean value theorem and (HS5) we obtain

(Pl (s, u™) = pi (s, w)w] ()] < Clu"(s) — u(s)|(1+ " ($)*™ + [u()|*)w] (5)]

From the compact embedding HO1 < L4 for g € [1, 6) by the Aubin-Lions lemma,
cf. [39, Corollary 4] we know that, for a subsequence, u” —u — 0 in C([0, T']; L?)
with q e [1,6). This motivates the use of the Holder inequality with exponents
q_2+K<6 p = 7=, =2, which yields

/Ql(pg'(s,u")—pZ(s,u))wZ’(S)ldx
< Cllu"(s) — u@) | 2 llwf ()]l .2
+ Cllu"(s) — M(S)IIL%(IIM (S)IIle + IIM(S)IIle Mw ()22
Using the fact that [[w](s)[l;2 < llu}(s)ll;2 + llus(s)ll,2 < C, after integration in

time we obtain

T
/0 /;2|(p;’(s, u) — pl(s,u))wy(s)|dxds < CT sup |lu"(s) —u(s)| 2

s€[0,T]

T
+C sup ") —ull o (f lu" ()45 ds+/ ||u(s>||‘;lfds)
0 0

s€[0,T]

The last two time integrals are bounded from (5.7) by a constant independent of n,
whence the whole expression converges to zero.
Now, the triangle inequality implies

VU™ (ta) = Va1 + lluf (tn) — us (DIl3 2
= 2 (194" () = Va3 + i} () = e 1)113: )

+2 (V) = Va2 + s ) = 1,013

where both terms tend to zero, the first one by passing to the limit in (5.8) and the
second one by Lemma 5.11 which completes the proof. O
6 Existence and regularity of non-autonomous attractors.

6.1 Abstract results on existence and structure of non-autonomous attractors.

In this subsection we remind the definitions of uniform and cocycle attractors, and
the results on their existence and relations between them. These results can be found

for example in [7,28]. We remind that the Hausdorff semidistance in the metric space
(X, d) between the two sets A, B C X is defined as
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distx (A, B) = sup ingd(x, y).

XeAYE

Definition 6.1 The set A C X is called the uniform attractor for the cocycle ¢ on X
if A is smallest compact set such that for every bounded sets B C X and ¥ C X it
holds that

lim sup disty (¢(t,0)B, A) — 0.

t_)OO(TET

Definition 6.2 Let (¢, 0) be an NDS such that 0 is a group i.e X is invariant for every
;. Then we call the family of compact sets {A(0)}sex the cocycle atractor if

e {A(0)}seyx is invariant under the NDS (g, 0), i.e.,
o(t,0)A(0) = A(6;0) foreveryt > 0.
e {A(0)}sex pullback attracts all bounded subsets B C X, i.e.,

tl_l)rgo distx (¢ (t,0_,0)B, A(c))) = 0.

Remark 6.3 1If for some 0 € ¥ we consider the mapping S(t, t) = ¢ — t,0;0)
for an NDS (¢, 6) then the family of mappings {S(z, t) : + > t} forms an evolution
process. Let {A(0)}scx be a cocycyle atrator for NDS. Then A(t) = A(6;0) is called
a pullback atractor for S(z, 7).

Definition 6.4 We say that the NDS (¢, ) is uniformly asymptotically compact if
there exist a compact set K C X such that

lim sup distyx (¢(t,0)B, K) = 0.

t—00 oeY

Theorem 6.5 [7, Theorem 3.12.] Let NDS (¢, 0) be such that 0 is a group. Assume
that (¢, 0) is uniformly asymptotically compact, and ¥ is compact. Then the uniform
and cocycle attractors exist and it holds that

L Aw) = A

oex

where {A(0)}sex is the cocycle atractor and A is the uniform atractor.

Definition 6.6 Let (¢, 0) be an NDS such that 6 is a group. Wecall§ : R — X a
global solution through x and o if, for all # > s it satisfies

@(r —5,050)&(s) = §(1) and §(0) = x.

Moreover we say that a subset M C X is lifted-invariant if for each x € M there
exist o and bounded global solution &£ : R — X through x and 0.
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Theorem 6.7 [7, Proposition 3.21] Let NDS (¢, 0) be such that 0 is a group. Assume
that (¢, 0) is uniformly asymptotically compact, and ¥ is compact. Then the uniform
attractor A is the maximal bounded lifted-invariant set of the NDS (¢, 6).

6.2 Uniform and cocycle attractors for the NDS ..

We show the existence and regularity of uniform and cocycle attractors, and relation
between them for the NDS given by the Galerkin (or equivalently Shatah—Struwe)
solutions of our problem with subquintic nonlinearity. The key property is the uniform
asymptotic compactness. To obtain it, we start from the result which states that the
solution can be split into the sum of two functions: one that decays to zero, and another
one which is more smooth than the initial data.

Lemma 6.8 Let u be the Shatah—Struwe solution of (3.1) such that u(t) € By for every
t > 0, where By is the absorbing set from Proposition 4.5. There exists a finite and
increasing sequence By, . .., Bx with Bo = 0, Bx = 1 and the constants C,Cg,a > 0
such that ifi € {0, ...,k — 1} and || (u(t), u,(t))||gﬁi < R forevery t € [0, 00), then
u can be represented as the sum of two functions v, w satisfying

u(®) = v@) +w@), @), v®)le, <o, un)le, Ce ™
and ||(w(t), wi))llgg,,, < Cr for i €{0,....k—1}.

Moreover the constants C, Cr, a are independent of the choice of p. € Hjo, 1] treated
as the right-hand side in equation (3.1).

Proof Our first aim is to obtain the relation between f; and B;11 such that if
for every t € [0, co) the bound ||(u(t),ut(t))||gﬂ, < R holds, then p.(t,u) €

LY ([0, 00); HPi+1). To this end we first interpolate between L7 and WS whence,

loc
from the Gagliardo—Nirenberg inequality we obtain

Il pe(t, Wl e < CIV pe(t, W)l pe(t, w37 + Cllpe(t, )l 1a

27 3 s 3
Hoélder inequality with conjugate exponents p and p’ we deduce

witha <60 <1 L—ay (l 1)0 + 1;—0 and s < 2. From the chain rule and the

o
s /

/ 0
sp p 7 -
dx) ( /Q |w|~”’dx) Ipett. s
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From assumption (H5), the Cauchy inequality, and the fact that solution u is included
in the absorbing set, taking sp =2, sp’ =3, 0 = % we get the inequality

1 1
||pg(t,u)||Ha < C(R) ((/ |I/t|12dx>3 + (/ |u|(5K)qu>q I l)
Q Q

. 3/1 1 1
witha=—-[-—-——-], a < —. (6.1)
2\2 ¢ 2

The choice of s, p, 0 is motivated by the fact that we need the terms which we can
control to appear on the right hand side of (6.1) after time integration. In the first step
of the bootstrap argument this can be either the Strichartz norm L*(L'?) of the solution
u, or its energy norm L°°(H01). In the consecutive steps of the bootstrap argument we
need the terms on the right-hand side which can be controlled having the bounds on
LH*(WPFi-12) and L""(Hé3 i*1) norms of the solution. Now we will inductively describe
the sequence B ..., Bx— starting with 8. If we set 51;0" < é < % in inequality (6.1),
we obtain

to+h
/ | pe(t, U)”Hﬂl dt
0]

4 5
< COR) (10034 ey + 101 50 100y + 1)
< C(h, R).

We observe that 81 € (0, §), for some § > 0. Assume that for somei € {1, ..., k—2}

Il (2), ur ())&,
to+h
<R for t €[0,00) and / | pe (2, W)l 5 dt
fo
< C(h,R) forty e [0, 00).

From Lemma 5.5 we see that

w e Lo, 1o +h; WP, lull a0 vnewiiizy < C(h, R).

30
By the Sobolev embeding W#i-10 < [.3-10% and by interpolation we see that

[l | 30
L5 to,10+h; L3~ 10Bi

= lell s g, tgm: wi-10)
4 1
> [loe ] > Bi+1 <C(h,R).

<
- ||””L4(z0,zo+hgwﬂf*12) L (to,t0+h; Hy' )
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Using (6.1) with g = %ILO/BI- we obtain
to+h
/ | pe (2, ”)”HﬁH—]dt
0]

4 5
< C(R) ”u||L4(t0,t0+h§L12) + lull 5( . 31(())/1 ) +h
to.to+h; L7 PP

L
< C(h, R),
with Bi11 = % Bi. From this recurrent relation and the fact that ; € (0, §) we can
find sequence 1, ..., Brk—1 such that f_1 = %. From this exponent we can pass to
Br = 1 in one final step. Indeed, if Bx_; = %, then from the Sobolev embeddings
1+ 1445 1,60

Hy ® < L%and H, » < W, > we get the bounds
lullizeo = C(R) and [[Vull ¢ < C(R).
Hence,

IVpe(t,u)l2 < C (1 +/ |u|8|W|2dx> <C (1 + ||u||§zs||wui%or> < C(R),
Q

and consequently it holds that

to+h
/ IVpe(t, u)ll2dt < C(h, R).
fo

The proof follows by the decomposition argument. Indeed, let us decompose u(t) =
w(t) + v(¢) where w, v satisfy the problems

v+ — Av =0, Wi + wr — Aw = pe(t, v+ w),
v(t,x) =0forx € 092, w(t,x) =0forx € 092,

v(0, x) = ug(x), w(0,x) =0,

v (0, x) = ur(x), w0, x) =0.

From Lemma 5.5 we get that || (v(t). vi(t) g, < Cll(uo. u1)llg, e~ and

It + k), wie +m)lle, | < Ce™ [ w(@), w, ), + Clh, R),
for every t > 0 and & > 0. We set & such that C e h < % Then we obtain that
l(w(t), w,(t))||gﬂ+l < 2C(h,R) = Cg fori € {0,...,k — 1}. We stress that all

constants are independent of p. € Ho,1]. O

@ Springer



S974 Applied Mathematics & Optimization (2021) 84 (Suppl 1):5943-5978

The bounds obtained in the previous lemma allow us to deduce the asymptotic com-
pactness of the considered non-autonomous dynamical system.

Proposition 6.9 For every ¢ € [0, 1], the non-autonomous dynamical system (¢, 6)
is uniformly asymptotically compact.

Proof Let By be an absorbing set from Proposition 4.5. Then for every bounded set
B C £ there exist fq such that for every r > g and every p, € H(f:) it holds that
@s(t, pe) € By. From Lemma 6.8 there exists the set Bg, C &g, which is compact in
&p such that

lim  sup distg, (¢(t, pe)B, Bg) =0,
7% peeH(fe)

which shows that the non-autonomous dynamical system (¢, 6) is uniformly asymp-
totically compact. O

We are in position to formulate the main result of this section, the theorem on non-
autonomous attractors.

Theorem 6.10 For every ¢ € [0, 1] problem (3.1) has uniform A, cocycle
{Ae(P)}peri(s.) and pullback attractors which are bounded in & uniformly with
respect to €. Moreover the following holds

A = U A:(p).
pEH(fe)

Proof Because (¢, 0) is asymptotically compact, from Theorem 6.5 we get existence
of uniform and cocycle attractors and the relation between them. For (ug, u) € As
by Theorem 6.7 there exists the global solution u(¢) with (#(0), u;(0)) = (ug, u1).
If A, is bounded in £g, then from Lemma 6.8 we can split this solution into the sum
u(t) = v" () + w"(t) forr € [—n, 0o) such that

1@ @) v ), < Ce™ ™ and (" (1), w!(1)]lg,,, < C.
Then, for the subsequence, it holds that w” (0) — w and v"(0) — 0 as n — oo for
some w € &g, 50 w = (uo, u1). Because Ay is bounded in & in finite number
of steps we obtain the boudedness of the uniform attractors in £;. Moreover, due to

Proposition 4.5 and Lemma 6.8 the £ bound of these attractors does not depend on
€. O

7 Upper-Semicontinuous Convergence of Attractors

The paper is concluded with the result on upper-semicontinuous convergence of attrac-
tors.
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7.1 Definition and Properties of Upper-Semicotinuous Convergence of Sets

We recall the definitions of Hausdorff and Kuratowski Upper-Semicontinuous con-
vergence of sets, and the relation between these conditions.

Definition 7.1 Let (X, d) be a metric space and let { A, }¢¢[0,1] be a family of sets in X.
We say that this family converges to Ap upper-semicontinuously in Hausdorff sense
if

lim disty(Ag, Ag) = 0.
e—07F

Definition 7.2 Let (X, d) be a metric space and let { A, },¢[0,1] be a family of sets in X.
We say that this family converges to Ag upper-semicontinuously in Kuratowski sense
if

X —limsup A, C Ao,

e—07t

where X — lim sup, _, g+ A¢ is the Kuratowski upper limit defined by

X —limsupAs ={x e X : lim d(xg,,x) =0, x¢, € Ag,}.

e—>0* &n—>07F

The proof of the next result can be found for example in [17, Proposition 4.7.16].

Lemma 7.3 Assume that the sets {Ag}eci0,1] are nonempty and closed and the set
Ugero,114¢ is relatively compact in X. If the family {Ag}eci0,1] converges to Ag
upper-semicontinuously in Kuratowski sense then {Ag}sc|0,1] converges to Ao upper-
semicontinuously in Hausdorff sense.

7.2 Upper-Semicontinuous Convergence of Uniform Attractors

We conclude with the result on upper-semicontinuous convergence of uniform attrac-
tors. Note that it is enough to obtain this property for the uniform attractors and the
upper-semicontinuous convergence for cocycle and pullback attractors is a simple
consequence.

Theorem 7.4 The family of uniform attractors {Ag}ecio,17 for the considered non-
autonomous dynamical system (¢g, 0;) is upper-semicontinuous in Kuratowski and
Hausdorff sense in £ as ¢ — 0.

Proof Let (ug, u'}) € Ag, such that (u, u}) — (ug, uy) in &. There exists a function
Ps, € Hio,17 such that there exists global solution u, (¢, x) to problem

ul, +ul! — Au" = p,, (t,u),
u(t,x) =0 for x € 982,

u" (0, x) = ugy(x),

u} (0, x) = u'f (x).
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As in the proof of Proposition 5.13 it follows that for every T > 0 there exists
v e L®(=T,T; H}) withv, € L®(=T,T; L?), vy € L*(-T,T; H ") and v €
L*(=T, T; L'?) such that for the subsequence of u” there hold the convergences

u" — v weakly-* in L®°(-T,T; Hol),
u} — v, weakly-* in L*(-T,T; LY,

ul, = v, weakly-* in L®°(-T, T, H™Y.

Moreover (u"(t), u} (t)) — (v(t), v;(t)) weakly in & for every t € [-T, T'] which
implies that (v(0), v;(0)) = (uo, u1) and u”(t) — v(t) strongly in L. We will show
that v is a weak solution for the autonomous problem, i.e., the problem with ¢ = 0. It
is enough to show that for every w € L>(—T, T; Hé) it holds that

T
lim /T(psn(l,u"(t))—fo(U"(t)),W(l))dl =0.

n—oo

Let observe that |lu, (f)||co < R and |[v(#)||co < R due to the fact that all attractors
are bounded uniformly in & and the Sobolev embedding H? < C°. Hence

T
‘/ T(psn (t, u" (1) — fo(v(®)), w(r))dt
T
- / e, 11 @) = fol 0. w()lds

T
+ / , |(fo@" () — folv®)), w(t))ldt

< sup sup |(pe,(t,s) — fosHIlwllpr—7 7.12)
teR |s|<R

1
T 2 1
+ sup |fé($)| (/ ”un(t) - v(t)||2dt) ||w||22(—T,T;L2)'

Is|<R =T

Due to the fact that by Proposition 3.6 the hypothesis (H2) holds for p,, the first term
tends to zero. The second term tends to zero by the Aubin—Lions lemma. Hence, v(?)
is the weak solution on the interval [T, T] with v(0) = (ug, u1). By the diagonal
argument we can extend v to a global weak solution. Moreover ||v(¢)||g, < C duetothe
uniform boudedness of attractors A, in £;. Hence {v(#)};cr is a global bounded orbit
for the autonomous dynamical system ¢ which implies that (1o, vg) € Ag and shows
the upper-semicontinuity in the Kuratowski sense. Because all uniform attractors .4,
are uniformly bounded in &, their union Ug¢(o,17A is relatively compact in &. So,
by Lemma 7.3 we have also upper-semicontinuity in Hausdorff sense. O
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