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Abstract

The value function associated with an optimal control problem subject to the Navier—
Stokes equations in dimension two is analyzed. Its smoothness is established around
a steady state, moreover, its derivatives are shown to satisfy a Riccati equation at the
order two and generalized Lyapunov equations at the higher orders. An approximation
of the optimal feedback law is then derived from the Taylor expansion of the value
function. A convergence rate for the resulting controls and closed-loop systems is
demonstrated.
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1 Introduction

In this work we continue our investigations of the value function associated with
infinite-horizon optimal control problems of partial differential equations, that we ini-
tiated in [15,17]. We consider a stabilization problem of the Navier—Stokes equations
in dimension two and focus on the regularity of the value function and its charac-
terization as a solution to a Hamilton—Jacobi—Bellman (HJB) equation. This task has
been the subject of tremendous research, for optimal control problems of a general
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structure, in general associated with finite-dimensional dynamical systems. The use
of the notion of viscosity solutions has allowed to deal with the low regularity of the
value function. In the present paper, to the contrary, we show that the value function
is smooth and that the HIB equation is satisfied in the strict sense, in a neighborhood
of the steady state. Moreover, we show that the derivatives of the value function, at
the steady state, are solutions to an algebraic Riccati equation (for the order 2) and
to linear equations, called generalized Lyapunov equations, for the higher orders. The
main interest of these results is the fact that polynomial feedback laws can be derived
from Taylor approximations of the value function. Moreover their efficiency can be
analyzed.

From a methodological point of view, we mainly follow the techniques that we
laid out for bilinear optimal control problems (such as control problems of the
Fokker—Planck equation) in [15,17]. The Navier—Stokes control system considered
here requires a different functional analytic treatment. In fact, the involved nonlinear
terms must be tackled with different estimates, to guarantee, for example, the well-
posedness of the closed-loop system. They also lead to different generalized Lyapunov
equations. Moreover, from the point of view of open-loop control of the Navier—Stokes
equation, this paper contains results on infinite-horizon optimal control which are not
readily available elsewhere.

Feedback stabilization of the Navier—Stokes equations has been and still is an active
topic of research. Among the numerous works, we refer to, e.g., [6,7,10,24,38], and the
references therein. For literature concerning open-loop optimal control of the Navier—
Stokes equations, we can only cite a small selection [13,18,19,21,22,27,30,42].

The technique of approximation of the value function with a Taylor expansion
dates back to [3,35], where optimal control problems associated to finite-dimensional
control systems were investigated. We also quote follow-up work, for instance in
[2,8,36]. For infinite-dimensional problems, we are only aware of [15,17]. In [16], the
numerical solvability of the Lyapunov equations has been addressed. Model reduc-
tion techniques based on balanced truncation have been used in this reference to
cope with the curse of dimensionality encountered when dealing with PDE controlled
systems.

Let us next specify the problem which will be investigated in this paper. Throughout
Q C R? denotes a bounded domain with Lipschitz boundary I". Given two vector
valued functions ¢ and ¥, we consider a solution (Z, g) of the stationary Navier—
Stokes equations

—VAZ+ (Z-V)2+Vg=¢ in 2,
divz=0 in <, (1)
Zz=17v% onl.

Our goal is to find a control u such that the solution (z, ¢) to the transient Navier—Stokes
equations
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a -
8—j=vAz—(z-V)z—Vq+¢+Bu in 2 x (0, T),
divz =0 in Q2 x (0,7), 2)
=19 onl" x (0,7),
2(0) =z +Yyo

is stabilized around z, i.e., lim z(¢) = z provided the initial perturbation yq is small
—>00

in an appropriate sense. The control operator B will be defined below. Throughout this
work, we assume that div yo = 0. Our results are concerned with feedback stabilization
of (2) and for this purpose, we consider new state variables (y, p) := (z, q¢) — (Z, q)
which satisfy the following generalized Navier—Stokes equations

d -
a—}ty:vAy—(y-V)i—(i~V)y—(y~V)y—Vp+Bu in 2 x (0,7),
divy =0 in 2 x (0,7), 3)

y=0 onT x (0,7),
y(0) = yo.

The following sections are structured as follows. The problem statement and fun-
damental results on the state-equation on the time interval [0, co) are given in Sect. 2.
Section 3 contains the existence theory of optimal controls, the adjoint equation, sen-
sitivity analysis, and differentiability of the value function. The characterization of all
higher order derivatives of the value as solutions to generalized Lyapunov equations
are provided in Sect. 4. Section 5 contains the Taylor expansion of the value function,
and estimates for convergence rates between the optimal solution and its approxima-
tion on the basis of feedback solutions obtained from derivatives of the value function.
The paper closes with a very short outlook.

Notation For Hilbertspaces V C Y with dense and compact embedding, we consider
the Gelfand triple V. C Y C V' where V’ denotes the topological dual of V with respect
to the pivot space Y. Given T € R we consider the space

d
W, T) = {y e L*(0,T;V) | V€ L%, T; V’)} )

For T = oo, the space W (0, T') will be denoted by W,. For vector-valued functions
f € (L%())?, we use the notation f € I.?(£2). Elements f € L.2($2) will be denoted in
boldface and are distinguished from real-valued functions g € L*(£2). Similarly, we
use HZ(Q) for the space (HQ(SZ))2 and H(l)(Q) for (HO1 (Q))Z. Given a closed, densely
defined linear operator (A, D(A)) in Y, its adjoint (again considered as an operator in
Y) will be denoted with (A*, D(A™)).

Let us introduce some notation that will be needed for the description of polynomial
mappings. For § > 0 and a Hilbert space Y, we denote by By () the closed ball in ¥
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with radius § and center 0. For k > 1, we make use of the following norm:

101 30l = max iy 0

Given a Hilbert space Z, we say that 7: Y¥ — Z is a bounded multilinear

mapping (or bounded multilinear form when Z = R) if for all i € {l,...,k}
and for all (z1,...,2i-1,Zi41,---,2k) € Y51 the mapping z € Y >
T(Z1s--s2i—1s2s Zi+1, - -+, 2k) € Z is linear and
171 = sup 7z < oo. )
YEBy i (1)

The set of bounded multilinear mappings on Y* will be denoted by M (Y*, Z). For
all T € M(Y*, Z) and for all (zy, ..., zx) € Y*,

k
17 (z1s - z)llz < 170l l_[ lzilly-
i=1
Given a bounded multilinear form 7 and z»,...,zx € Y*°!, we denote by

T(,z2,...,2r) the bounded linear form z; € ¥ — 7 (z1,...,2x) € R. It will
be very often identified with its Riesz representative. Note that

k
ITCoz2, o zlly = sup Tz < ITH] Jllzilly (6)
z1€By (1) i=2

Bounded multilinear mappings 7 € M(YX, Z) are said to be symmetric if for all
21, ..., 2k € Y* and for all permutations o of {1, ..., k},

TZo(lys > 200) =T (@21, ..., 20).

Finally, given two multilinears mappings 7; € M(Y¥, Z) and T, € M(Y!, Z), we
denote by 77 ® 7, the bounded multilinear form defined by

T @zt .., zkte) = (D121, oo s 20), T2 (2t oo Zhgt)) 2

Throughout the manuscript, we use M as a generic constant that might change its
value between consecutive lines.

2 Problem Formulation
2.1 Abstract Cauchy Problem

In this section, we formulate system (3) as an abstract Cauchy problem on a suitable
Hilbert space and, subsequently, define the stabilization problem of interest. This
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procedure is quite standard, see, for instance, [6,7,24,38,40] for details. We introduce
the spaces

Y = {yeLz(Q)|divy:O,y-ﬁ:OonF},

Vo= {y e HA(Q) | divy :0}.

It is well-known that Y is a closed subspace of I.?(£2). Moreover, we have the orthog-
onal decomposition

L2Q) =Y v (7
where

vt={z=vpipen' @], @®)

see, e.g., [40, p. 15]. By P we denote the Leray projector P: 1.>(Q2) — Y which is
the orthogonal projector in L2(2) onto Y. Following, e.g., [6], we define a trilinear
form s by

2 81)]'
s(u,v,w) := Z uiwj—dx = (- V)v,w)r2q), Ya,v,weV (9)
£ j=1 0xi
and a nonlinear operator F: V — V'’ by
(F(y), W)y v :=s(y,y, W), Ywe V. (10)

For the bilinear mapping associated with the linearization of F, we introduce the
operator

N:VxV >V, (Ny,z),Wy.y:=s(y,z,W). (11)
The Oseen-Operator is then defined by
Ag: VxV =V, (A, z), W)y v :=(N(y,z) + N(z,y),w)y' y. (12)

The following well-known results (see, e.g., [6], [40, Lemma II1.3.4]) concerning s
and N will be used frequently throughout the paper.

Proposition 1 The following properties hold for N and s:

LU S |
@ ING, Dy < MylglizlyIylylzlly, forally,z € V,
(1) s(y,z,w) = —s(y,w, z), forally,z,w e V.

With the previous result, we obtain similar properties for time-varying functions
Y. Z, W.
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Lemma2 Let T € (0,00]. Forally € W(0,T), forallz € W(0,T), and for all
we L%0,T; V),

(N(Y,2), W) 1200.7:v").L2(0.T: V)
1 1 1 1
=< M||Y||200(0,T;y)||Y||zz(0’T;V)||Z||£oo(0’r;y)||Z||Zz(07T;V)||W||L2(0,T;V)~
Moreover, ifw € L0, T; V),

(N(Y,2), W) 12(0.7:v").L2(0.T: V)
1 1 1 L

2 2 2 2
S M”)’”Lz(oj;y) ||Y||L2(O’T;V) ”Z”LZ(O,T;Y) ”z”LZ(O,T;V) ”W”LOO(O,T;V)»

where M is the constant given by Proposition 1.

Proof Using Proposition 1 and Cauchy—Schwarz inequality (two times), we obtain
that

T 1 1 1 1
(N(Y,2), W) 120,7:v"),1200,T:V) = M/ Iyl Iy Ol 1z 5 1zl Tw @) || v de
0

1 1 T 1
3 5 2
e e fo Iyl Izl Iw I )

The two inequalities easily follow. O

Corollary 3 There exists M > 0 such that for all y and 7z € W,
ING, DIIL20,00,v) = MIYIIwa 121wy -
For zZ € V, we further introduce the Stokes-Oseen operator A via
DA) =H*(Q)NV, Ay =POWAy — (y-V)Z— (Z- V)y). (13)

Considered as operator in ]LZ(Q) the adjoint A*, as operator in ]LQ(Q), can be charac-
terized by (see, e.g., [38])

DAY =H>(Q)NV, A'p=PuwAp— (V) p+ (- V)p). (14)

We note that as a consequence of Proposition 1, the operator A can be extended to a
bounded linear operator from V to V' in the following manner:

(Ay, W)y v = —v(Vy, VW)12(q) — (A0(Z,y), W)y v.
Note that this extension is consistent, since by definition of the Leray projector P, we

have (Py, w)y = (y, w)y forall y € L?(Q) and for all w € V. Similarly, A* can be
extended to a bounded linear operator from V to V'.
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The control operator is chosen to satisfy B € L(U,L2*(Q)). We further define
B := PB € L(U,Y). The controlled state Eq. (3) can now be formulated as the
abstract control system

y(@#) = Ay — F(y) + Bu, y(0) = yo, 15)

where the pressure p is eliminated. We can finally formulate the stabilization problem
as an infinite-horizon optimal control problem:

irg J(y,u), subjectto: e(y,u) = (0, yo), (P)
YeWe
ueL?(0,00;U)

where J: Woo x L2(0, 00; U) — Rande: Woo x L2(0, 00; U) — L%(0, 00; V) x Y
are defined by

1 [ 2 a [ oy
J(y, u) =5/ llylly dr + E/ lu@) g dr (16)
0 0
e(y, u) =(y — (Ay — F(y) + Bu),y(0)). (17)

Let us note that e: Wy X L2(0, oo; U) — L2(0, o0; V') x Y is well-defined by
Corollary 3.

2.2 Assumptions and First Properties

Throughout the article we assume that the following assumptions hold true.

Assumption A1 The stationary solution satisfiesz € V.

Assumption A2 There exists an operator K € L(Y, U) such that the semigroup
e(A=BK) i5 exponentially stable on Y.

Assumption A2 concerning the exponential feedback stabilizability of the Stokes-
Oseen operator is well investigated. We refer e.g. to [6] where finite-dimensional
feedback operators are constructed on the basis of spectral decomposition or alter-
natively by Riccati theory. In this case A2 can be satisfied with U = R, for
m appropriately large. Alternatively, we can rely on exact controllability results as
obtained in [23]. They imply that the finite cost criterion holds. We can then rely on
classical results, see, e.g., [37] which guarantee the existence of a stabilizing feedback
operator.

Let us discuss some important consequences of the above definitions and assump-
tions.

Consequence C1 There exists A > 0 and 6 > 0 such that

(WM = AWV, V)y = 0|v|}, forallve V. (18)
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Hence, A generates an analytic semigroup Al on Y, see [12, Part II, Chapter 1,
Theorem 2.12].

Consequence C2 For allyg € Y, for all f € L?(0, 00; V'), and for all T > 0, there
exists a unique solutiony € W(0, T) to the system

y=Ay+f, y(0) =yo.
This solution satisfies
I¥llwo.r) = c(T)Uyolly + Ifll 220,00 v7))

with a continuous function c. Assuming thaty € L*(0, oo; Y), we consider the equiv-
alent equation

y=@A-ArDy+2ry+f, y(0) =yo.
—— ~——
A, f;

where £5, € L?(0, 0o; V'). By (18), the operator A, generates an analytic, exponen-
tially stable, semigroup on Y satisfying |le**!||y < e™% for some § > 0 independent
oft > 0, see [12, Theorem I1.1.2.12]. It follows thaty € W, and there exists M such
that with

I¥llwe = Midllyolly + 1211 220,00, v7))- (19)

This estimate is obtained by adapting [12, Corollary 11.3.2.1] and [12, Theorem
11.3.2.2] from the temporal domain (0, T) to (0, 00), which can be achieved using
the exponential stability of e,

Lemma 4 There exists a constant C > 0 such that for all § € [0, 1] and for all y and
z € W with |lyllw,, <6 and ||z|lw,, <, it holds that

I1EQ@) = F@120.00:v7) = 8CIY — Zll e -
Proof We have
IF@) = F@120,00,v) = INY.¥) = N (2 2)]| 12(0,00;v)
<IN =2z, 9M120,00:v) T IN@Z Y = 2) || 12¢0,00:v7)-
The assertion now easily follows from Corollary 3. O

The following lemma is formulated for an abstract generator A; of an analytic
semigroup on Y. It will subsequently be used to address the asymptotic behavior of
the nonlinear system (15). We point out that the statement is similar to [38, Theorem
6.1] which, since it addresses the boundary control case, assumes a slightly more
regular initial condition yg € H*(2) N Y.
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Lemma5 Let Ay be the generator of an exponentially stable analytic semigroup e”s!
on 'Y such that (18) holds. Let C denote the constant from Lemma 4. Then there exists
a constant M such that for allyy € Y and f € L%(0, co: V') with

1
= f oy <
v = llyolly + Ifll 220,00:v7) < 4CM2

the system

y=Ay—-F@y+f. y0) =yo (20)

has a unique solution'y in Wso, which moreover satisfies

lyllws <2M;y.

Proof We follow the line of argumentation provided in the proof [38, Theorem 6.1].
Since the semigroup e”s’ is exponentially stable on Y, it follows that for all (yo, g) €
Y x L%(0, 0o; V') the system

z2=Az+g, 2(0)=yo
has a unique solution z € W,. Moreover, there exists a constant M such that

Izllwe = Ms(llyolly + 1I&ll22(0,00;v7))- 21

Without loss of generality we can assume that M, > % We claim that the
constant M is the one announced in the assertion. This will be shown by a fixed-
point argument applied to the system (20). For this purpose, let us define M =
{y € Weo | lI¥llwy < ZMS)/} and let us define the mapping Z: M >y > z =

Z(y) € W, where z is the unique solution of
z=Asz— F(y)+f, z(0)=yo.
If there exists a unique fixed point of Z, then it is a unique solution of (20) in M.

With C and M given, we shall use Lemma 4 with § = 2My < ﬁ < 1. Together
with (21), it follows that

lzllwe = MsIF 20,00, v7) + Il 220,00 v7) + I¥0llY)

1
< M; <2M Iyllws + y) <2M,y.
N

This implies Z(M) € M. Foryi, y2 € M consider now z = Z(y;) — Z(y2) solving

Z=Az— F(y1)+ F(y2), z(0)=0.
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Again by (21) and Lemma 4 we obtain

1Z2(y1) = 20 lwee = lZllwe = MsIF (Y1) — F(y2)l22(0,00:v7))

1
< M SCllyr — yallwy < §||Y1 = Y2l W -

In other words, Z is a contraction in M and therefore, there exists a unique y € M
such that Z(y) = y. Regarding uniqueness in W, consider two solutions y, z € W.
For the difference e :=y — z it then holds

é=Ase— F(y)+ F(z), e0)=0.

Multiplying with e and taking inner products yields

1d

mnen% = (Ase,e)y — (F(y) — F(z),e)y"y.

Since A; satisfies an inequality of the form (18), we have

1d 2 2 2
S q; ey = alelly — Blelly + 1F ) = F@llvllellv,

where ¢ > Oand 8 > 0. Using Proposition 1 and Young’s inequality we further obtain

1 1 1

1d 1 1 1 1
Eallellzy <alel — Bllely + M <|le||§||y||§||elléIIyIIé

+ ||e||é||z||é||e||é||z||é> lellv
<alely — Blell + %uen% + %Ilellv (lelly llylly Iyllv
+ llellylizly lzllv)
< alel} — Bllel} + el + 5 lell + 2 (lel Iyl IyI}

2 2 2
+ el Nzl izl )

Taking ¢ and « sufficiently large, it holds that

1d 2 Muc (202 21112 2
Slely = <a+ = (I 1915 + 1z 0z ) ) el

Sincey, z € W, and e(0) = 0, with Gronwall’s inequality, we conclude thate(r) = 0

for all + > 0. Hence, y = z showing the uniqueness of the solution in W. O

The following two corollaries are consequences of Lemmas 4 and 5. The constant
C which is employed is the one given by Lemma 4.
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Corollary 6 There exists a constant Mg > O such that for all yo € Y and for all
f € L2(0, c0; V') with

1

= + £l ;2 vy < ——
Y = lIyolly + Ifll 220,00, v7) 2CM2

there exists a control u € L2(O, 00; U) such that the system
y=Ay+Bu—F(y)+f, y©0) =yo (22)
has a unique solution'y € W, satisfying
IVlwe =2Mky and |lullr20,00,0) = 211Kl cv)Mk y-
Proof By Assumption A2, there exists K such that A— B K generates an exponentially

stable, analytic semigroup on Y. The result then follows by applying Lemma 5 to the
system

y=(A—-BK)y—F(y) +f, y() =yo.

and by defining u = —Ky. O

In the following corollary, we assume without loss of generality that the constant
M, given by Consequence C2 is such that M, > %

Corollary 7 Let (yo,f) € Y x L?(0,00; V') let u € L*(0, 00; U) be such that the
system

y=Ay— F(y) + Bu+f, y(0) =1yp

has a solution'y € L2(O, oo; Y). If

1
4aCM¥’

y = lIyolly + If + Ay + Bull2(0.00:v7) <
then'y € W, and it holds that
I¥llw,e <2Myy.
Proof Sincey € L*(0, co; Y), we can apply Lemma 5 to the equivalent system
y=(A-iDy—F(@y +f,

where f = f + Ay + Bu. This shows the assertion. O
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3 Differentiability of the Value Function

In this section we perform a sensitivity analysis for the stabilization problem. The
main purpose is to analyze the dependence of solutions to (P) with respect to the
initial condition yq and to show the differentiability of the associated value function,
defined by

V(yo) = ir‘g J(y,u), subjectto:e(y,u) = (0,yo).
YeWeo

ueL?(0,00;U)

3.1 Existence of a Solution and Optimality Conditions

In Lemma 8 we prove the existence of a solution (¥, #) to problem (P), assuming
that ||yo|ly is sufficiently small. We derive then in Proposition 10 first-order necessary
optimality conditions.

Lemma 8 There exists §1 > 0 such that for all yy € By (81), problem (P) possesses a
solution (y, u). Moreover, there exists a constant M > 0 independent of yo such that

max ([l 220, 00:0ys 1¥llWae) < Mllyolly. (23)
Proof Let us set, for the moment, §; = W, where C is as in Lemma 4 and Mg
K

denotes the constant from Corollary 6. Applying this corollary (with f = 0), we obtain
that for yo € By (81), there exists a control u € L*(0, oo; U) with associated state y
satisfying

max(|[ull 120, 00:0)> 1¥lWae) < Myolly,

where M = 2Mg max(1, || K| £(y)). We can thus consider a minimizing sequence
(Yn, Un)nen With J (Y, un) < M2||yo||§,(1 + «). We therefore have for all n € N that

V1+ao

||Yn||L2(0,oo;Y) = «/§Mllyollyv l+a and ||u”||L2(0,oo;U) =< \/EM”yO”Y Jx

Possibly after further reduction of 61, we eventually obtain that

Blcw,y
150lly + 12¥n + Bitnll 120,00,7) < [ +M{2(1 +a (x + J(_ L) 1
1
S —7
4CM?
where M, is as in Corollary 7. It then follows that the sequence (y,,),en is bounded in
Woo with sup,, e 1Yz llwe, < 2M;.lyolly . Extracting if necessary a subsequence, there

exists (¥, it) € Wao x L2(0, 00; U) such that (y,,, un)— (¥, it) € Weo x L%(0, 00; U),
and (y, u) satisfies (23).
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Let us prove that (y, «) is feasible and optimal. For any 7 > 0 let us consider an
arbitrary z € H! (0, T; V). Foralln € N, we have

T T
fo (Yn (@), 2(t))yr y dt =/O (Ayu(t) = F(yu (1)) + Bu, (1), z(t))yr vy dt.  (24)

Since y,—y in L2(0, T; V'), we can pass to the limit in the L.h.s. of the above equality.
Moreover, since Ay,—Ay € L0, T; V'),

T T
| vz var — [ 450,201 ar

Analogously, we obtain that

T T
| .20 vi = [ g a0 ar

We also have

T
/0 (F(yn(0) — F(y(1)), 2(t)) v dt

T
= '/0 (N(Yn (@), yn (1)) = N(§(1), §(1)), 2(t)) v,y dt

By Lemma 2, it then follows that

T
‘/o (F(yn () = F§(0), 2(1))yr,v dt

1 1 1 1

=< M”Z”LOO(O,T;V)“yn”lZ‘Z(QT;y) ||Yn_Y||,242(O’T;Y) ||Yn||1242(0’T;V) ||Yn_Y||z2(0,T;V)
1 1 1 1

+ M”Z”LOO(O,TiV) ||y||22(0,T;Y) ”yl‘l - y||22(0,T;Y)||Y||22(0,T;V)||yn - y||zz(0,T;V)'

Since V is compactly embedded in Y, we obtain that ||y, — ¥ll.2¢, 7.yy —> O with
U n—o0
the Aubin-Lions lemma. We can pass to the limit in (24) and obtain

T T
/0 ()L’(t),Z(t)>V/,V dr =/0 (Ay(1) — F(y(@)) + Bu(1),z(t))y v dt.

Density of H'(0, T; V) in L?(0, T; V) implies that e(y, ii) = (0, yo). Finally, by
weak lower semi-continuity of norms it follows that J(y, u) < liminf,— 0 J (Yn, 4n),
which proves the optimality of (y, u).
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Consider now an arbitrary solution (y, u#) to (P). It then holds that J(y, u) <
M?||yol13 (1 + o) from which we obtain that

- - V1+a
I¥1122(0,00:7) = V2M|yollyv/T+a and lallL20.00:0) < V2Mlyolly Ja
The estimate (23) for ||y|lw,, can now be shown by applying the same arguments as
above. O

For the derivation of the optimality system for (P) we need the following technical
lemma.
Lemma9 [15, Lemma 2.5] Let G € L(Waso, L2(0, 00; V")) be such that |G| < MLK,
where |G| denotes the operator norm of G. Then, for all £ € L*(0, 00; V') and
Yo € Y, there exists a unique solution to the following system:

y=(A—=BK)y@) + (Gy)() +£(t), y(©0) = yo.

Moreover,

I¥liwee = 7= (1 22(0,00:v) + I¥olly)-

S S
MgIGll

First-order optimality conditions for finite-horizon optimal control problems have
been addressed several times in the literature, we mention e.g. [1,29-31]. The finite-
horizon case, and in particular the decay properties of the state, the costate, and the
optimal control, require independent treatment, which we provide next. For an analysis
of the linear infinite-horizon problem, we additionally refer to [38].

Proposition 10 There exists 5> € (0, §1] such that for allyy € By (82), for all solutions
(y, i) of (P), there exists a unique costate p € L2(O, oo; V) satisfying

—p— AP~ F-VIP+ (VNP =F (in (W), (25)
ail + B*p =0. (26)

Moreover, there exists a constant M > 0, independent of (y, u), such that

Pl 2 0.00:v) < MI¥olly- 27

Remark 11 Note that (25) is a formal expression for

(—p—Ap—F - VIP+ (VD P—F. 2 woy.we,
=(p,2—Az+(2- V)Y + (V- V)Z) 1200, 00:V).12(0,00: V') (28)

— ¥ 2 20,00;v)) VZE UAS

where W2, := {z € W | 2(0) = 0}.
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Proof of Proposition 10 Let us set §; = §;. By Lemma 8, problem (P) has a solution
(¥, u). In the first part of the proof, we derive abstract optimality conditions, by proving
that the mapping e (used for formulating the constraints) has a surjective derivative.
For proving the differentiability of e, we only need to consider the nonlinear term.
We have F(y) = N(y,y) and we know that N is a bounded bilinear mapping from
Woo X Wy to LZ(O, 00; V'), by Lemma 2. Thus N and F are Fréchet differentiable,
and so is e, with

De(y, u): Woo x L0, 00; U) — L*(0,00; V') x ¥
De(y, u)(z,v) = (z— (Az — N(y,z) — N(z,y) + Bv), z(0)).

Let us show that De(y, u) is surjective if §, is sufficiently small. Let (r,s) €
L2(0, 00; V') x Y and consider the system

Zz—(Az— N(y,z) — N(z,y) + Bv) =1, z(0) =s.
Observe that by Corollary 3
NG, 2) + N2 9 120,00,v) = MY W 121w -
By Lemma 8, it further holds that
ING. 2) + N@ Dl 1200071 < M2zl (29)
For sufficiently small 8;, the operator G € L(Wxo, L?(0, oo; V') defined by

(Gz)(1) := DF(y(1))(z(1)) = N(¥(1),z(1)) + N(z(1), y(2)) (30)

. 1 1 . . .
satisfies |G| < wr < Mg By Lemma 9 there exists a unique solution z € W, to

the system
Z—(A—BK)z+ N(y,z) + N(z,y) =1, z(0) =s.
Setting v = —Kz € L*(0, oo; U) proves the surjectivity of De(y, it). Note that

lzllw, < M(||1'||L2(o,oo;v/) + ||S||L2(o,oo;vf)), 3D

for some constant M independent of (r, s) and yo.

From the surjectivity of De(y, u) and Lagrange multiplier theory it follows that
there exists a unique pair (p, u) € L2(0, 00; V) x Y such that for all (z, v) € We X
L?(0, 00; U),

DJ(y, u)(z,v) — {(p, n), De(y, u)(Z, V) 12(0.00:v)x¥,L2(0.00:V)xy = 0. (32)
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Using (32) we derive in the second part of the proof the costate equation (25) and
relation (26). As can be easily verified, J is differentiable with

DJ(y, u)(z, v) = (¥, 2)12(0,00,v) + (i, V) 12(0,00:0) (33)
Moreover, for all (z, v) € Wy X LZ(O, oo; U)

((p, W), De(y, i)(Z, V) 12(0.00: V)x Y. L2(0.00: V) x ¥
= (p. i)LZ(o,oo;V),LZ(o,oo;v/) —(p, Az — GZ)LZ(O,oo;V),LQ(O,oo;V’) (34)
— (P BV)12(0.00:7) T+ (1, 2(0))y.

Taking z = 0 and letting v vary in L%(0, oo; U), we deduce from (32), (33) and (34)
that

aii + B*p = 0in L%(0, oo; U),
which proves (26). Taking now v = 0, we obtain that

(P 2)120.00:v).22(0,00,v") = (P> AZ = G2) 120 00:), 12(0,00: V)
(V. 2) 20.00:7): V2 E W (35)

It remains to bound p in L2(0, 00; V). Letr € L2(0, co; V') and let (z, v) satisfy
De(y, u)(z, v) = (r, 0) and the bound (31) (with s = 0). Using the optimality condi-
tion (32), the expression (33) of DJ (y, u), estimate (31), and estimate (23) on (y, ),
we obtain the following inequalities:

(P, 1) 120,00, V), 12(0,00: V')

= (P, )5 (1, 0)) 120, 00: V) x ¥, L2(0,00: V') x ¥
(De(¥, @) (P, 1), (2, V) w1, x12(0,00:U), Wao x L2(0,00; 1)
DJ(y, i)(z, v)

IA

M(IF1 20,000 7) + Nl 22(0,00:0)) (1211 22(0,00:¥) + 101 220,00:0))
Mlyolly lIxll 220, 00: v7y-

IA

Since r was arbitrary and since M does not depend on r, we obtain that [|p|| 129, o0: v) <
Mliyolly- o
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3.2 Sensitivity Analysis
We define a mapping P via

®: Woo x L0, 00; U) x L*(0,00; V) = ¥ x L?(0, 00; V') x (W2
x L*(0, 00; U) =: X,
y(0) (36)
y — Ay + F(y) — Bu
—p—A'p—-y-VIp+(Vy)'p-y
au + B*p

D(y,u,p) =

’

where the third line again has to be understood formally, see Remark 11. We endow
the space X with the /,.-product norm. The well-posedness of ® follows from the
considerations on e(y, u) and the costate Eq. (25) that have been given in the proof of
Proposition 10.

Lemma 12 There exist 83 > 0, 85 > 0, and three C*°-mappings
Yo € By(83) = (Y(¥0), U(¥o), P(y0)) € Weo x L3(0, 00; U) x L*(0, 00; V)

such that for all yy € By (83), the triplet (y(yo), U(yo), P(yo)) is the unique solution
to

q)(y9 u, p) = (YO, Ov O, 0)! max (”)’”Woo, ”M”Lz((),oo;U)v ||p”L2((),oo;V)) S 8:/1,
(37

in Weo X L2(O, 00; U) x L%(0, 00; V). Moreover, there exists a constant M > 0 such
that for all yo € By (83),

max (| V¥ lwa» 1A 120,00:0) 1P GO 1200,00:v)) < MlIYolly.  (38)

Proof The result is a consequence of the inverse function theorem. Since & contains
only linear terms and three bilinear terms, it is infinitely differentiable. We also have
®(0,0,0) = (0,0,0,0). It remains to prove that D® (0, 0, 0) is an isomorphism. Let
(Wi, wp, w3, wyq) € X and let (y,u,p) € Wo X L2(0, oo; U) x L2(0, oo; V). We
have the following equivalence

¥(0) = w;
y — Ay — Bu = w»

D®(0,0,0)(y, u, p) = (Wi, wa, wy,wg) = { 7Y (39)
—P-ATP-y=w3
au + B¥*p = wy.

It can be proved with the same techniques as for [15, Proposition 3.1, Lemma 4.4] that
the linear system on the left-hand side has a unique solution (y, #, p), moreover,

I(y, u, P)||meL2(0,oo;U)xL2(o,oo;v) < M|[(wy, w2, W3, wa)llx.
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This proves that D® (0, 0, 0) is an isomorphism. The inverse function theorem ensures
the existence of §3 > 0, 6§ > 0, and C*°-mappings ), U, and P with the properties
announced in (37).

It remains to prove (38). Reducing if necessary §3, we can assume that the norms
of the derivatives of the three mappings are bounded on By (83) by some constant
M > 0. The three mappings are therefore Lipschitz continuous with modulus M.
Estimate (38) follows, since (Y(0), U(0), (P(0)) = (0, 0, 0). |

Proposition 13 There exists 64 € (0, min(82, §3)] such that for all yo € By(84), the
pair (Y (y0), U(yo)) is the unique solution to (P) with initial condition yo. Moreover,
P(yo) is the unique associated costate.

Proof Let us set §4 = min(5;, 83) for the moment. Let yg € By (84). By Lemma 8 and
Proposition 10, there exist a solution (y, &) to (P) with associated costate p which
necessarily satisfies

max([[yllwy» 11l 22(0,00: )+ IPI122(0,00:vy) = MI¥olly-

By further reduction of §4, we obtain that

max([lyllw,, ||ﬁ||L2(0,oo;U)a ||I_)||L2(0,oo;v)) = 5%-

Since ®(y,u,p) = (y0,0,0,0), Lemma 12 implies that (y,u,p) = (J(yo),
U (o), P(yo)). The proposition is proved. O

Corollary 14 The value function V is infinitely differentiable on By (84).

Proof The cost function J is clearly infinitely differentiable. Since V(yg) =
J(YV(yo),U(yo)), V is then the composition of infinitely differentiable mappings,
which shows the assertion. m|

3.3 Additional Regularity for p

We next assert that for small initial data yo the adjoint state is more regular than
RS L2(0, oo; V). For this, we need more smoothness of the boundary I'.

Assumption A3 Let Q C R? denote a bounded domain with smooth boundary T.

Proposition 15 There exists 54 € (0, 84] such that forallyg € By (&),for all solutions
(y, i) of (P), there exists a unique costate p € W satisfying

D~ AP~ G- VIp+ (VN p=F (in L*(0,00; V). (40)
Moreover, there exists a constant M > 0, independent of (y, u), such that

IPllws = Mllyolly- (41)

The proof is given in the Appendix.
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4 Derivatives of the Value Function

By standard arguments, we can derive a Hamilton-Jacobi-Bellman equation which
provides an optimal feedback control based on the derivative of the value function.

All along the section, the first-order derivative D) (yp) is either seen as a linear
form on Y or is identified with its Riesz representative in Y. The identification is done
for example in the term || B* DV (yo) ||%] appearing in the HIB equation below.

Proposition 16 There exists 85 € (0, 84] such that for all yo € By(8s) N D(A), the
following Hamilton-Jacobi-Bellman equation holds:

1 1
DV (yo)(Ayo — F(yo0)) + EIIYOII% - Z”B*DV(YO)”%] =0. (42)

Moreover,
1
i(t)y = ——B*DVF()), forallt >0, 43)
o

where (y, ) = (V(yo), U(y0)).

Remark 17 Note that by, e.g., [6, Proposition 1.7], we have that F': D(A)xD(A) — Y
and, as a consequence, the term D)V (yo) F (yo) is well-defined.

Proof Let us set 8s = 84. Let yo € By (8s) N D(A). Let us consider the Hamiltonian
of the system, defined by

Lo 2
H(yo,u,p) = EHYHY + ElluIIU + (p, Ay — F(y)
+ Bu)y, VY(y,u,p) e D(A) xU x Y.

Using the arguments provided in the proof of [17, Proposition 9], one can prove that

min H (yo, u, DV(yo)) = 0,
uelU

from which (42) derives. One can also prove that
u(0) = arg min, ., H (yo, u, DV(yo)),

which proves (43) for = 0. Let us emphasize that the assumptions which are required
in [17, Proposition 9] are satisfied. In particular, the optimality condition u(z) =
—éB*]')(t) which holds in L2(O, oo; U) implies that i is almost everywhere equal to
a continuous function. We can thus assume that u is continuous. For proving (43) for
all + > 0, one has first to reduce &5 so that ||y(¢)||y < &4, for all # > 0. For a given
t > 0, we have by dynamic programming that (y(z + -), u(¢ + -)) is the solution to
(P) with initial condition y(¢) and thus (43) holds true at ¢. O
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For deriving a Taylor series expansion of V), let us follow the approach from [3]
and differentiate (42) in some direction z; € D(A). To alleviate the calculations, we
denote the variable yq in (42) by y. We then obtain

D*V(y) (Ay — F(y), z1) + DV(y) (Az1 — Ao(y, 21)) + (¥, 21)y

1
- 5<B*D2V(y)(-, z1), B*DV(y))y = 0.

A second differentiation in the directions (z1, z2) € D(A)? yields the equation
D*V(y) (Ay — F(y), 21, 22) + D*V(y) (Azy — Ao(y, 22), 21)
+ DV(y) (Az) — Ao(y, 21), 22)
1 * 3 *
;(B D°V(y) (-, z1,22) , B"DV(Y))u

(B*D*V(y) (-,z1) , B*D*V(y) (-, 22))y = 0.

— DV(y) (Ao(2z2, 21)) + (22, Z1)y —
1
o

Since V(0) = 0 and V(y) > O for all y € Y, it follows that DV(0) = 0. We can thus
evaluate the last equation for y = 0 to obtain

D>V(0) (Az2, 21) + D*V(0) (Az1, 22) + (22, 21)y
(44)
! (B*D*V(0) (-,z1), B*D*V(0) (-, 22))y = 0.

o

We recall that D*>V(0) € M(Y x Y, R) is a bounded and symmetric bilinear form on
Y and thus can be represented (see, e.g., [32, Chapter 5, Section 2]) by an operator
IT € £(Y) such that

DZV(O)(y, z) = (Ily,z)y, forally,zeY.

As a consequence, we can formulate (44) as
1
(22, A*Tz)y + (ITAZ1, 22)y + (22, 21)y — &(B*Hzl» B*Mzy)y =0.  (45)

Equation (45) is the well-known algebraic operator Riccati equation which has been
studied in detail in, e.g., [20,33]. From the stabilizability Assumption A2, and the fact
that the pair (A, id) is exponentially detectable as a consequence of (18), we conclude
that (45) has a unique stabilizing solution IT € L£(Y). In the discussion below, we
denote by

1 k
Ay := A — —BB*II
o
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the closed-loop operator associated with the linearized stabilization problem. In par-
ticular, let us mention that A, generates an analytic exponentially stable semigroup
e“7! on Y. Hence, for trajectories of the form § = ey, y € Y it follows that § € We.

For higher order derivatives of V), we follow the exposition from [17]. For this
purpose, let us briefly recall the symmetrization technique introduced there. Let i and
j € N, consider

Sij= {o €Sitjlo(l)y<---<o@ando(@+1) <--- <a(i+j)},

where S;; is the set of permutations of {1,...,7 + j}. A permutation 0 € §; ;
is uniquely defined by the subset {o (1), ..., o (i)}, therefore, the cardinality of S; ;
is equal to the number of subsets of cardinality i of {1,...,i + j}, that is to say
|Si,;1 = ("%7). For a multilinear mapping 7 of order i + j, we set

i+
i

-
> Z T(Zo(1y, > 2Zo(it)) |- (46)

UES,',]'

Symi,j(T)(zls e Zigj) = (

The following proposition is a generalization of the Leibniz formula for the differen-
tiation of the product of two functions.

Proposition 18 Let Z be a Hilbert space. Let f: Y — Z and g: Y — Z be two
k-times continuously differentiable functions. Then, for allk > 1, for ally € Y and
@1, ...,%) e Yk

D(f(¥). s zl(@r. ... z0)

k
k , _
=2 (1) Sym; (D' f(y) ® D" Tg(y)(z1, ... %)
i=0

Proof The proof is analogous to the one given in [17, Lemma 10] for Z = R. O

Theorem 19 Letk > 3. Forallz,, ...,z € D(A),
k
Y DV @ zi1 Atz m) = Re(a, . m), (4D)
i=1

where the multilinear form Ry : D(A)X — R is given by

k=2
1 k
Ri(zi, ..., %) === E ( )Sym C®Ci)@,....z)
i=2

20 =\ ki

KD sym (D100 © D2FO) a0

+
2 oo

with Ci(zy, ..., 7;) = B*D'T'YW(0)(-, z1, ..., z;) and D*F(0)(z1, 22) = Ao (21, 22).
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Proof The proof relies on successive differentiations of (42). For a bilinear control
problem, a similar result has been obtained in [17, Theorem 12]. In particular, it was
shown that

k
(Dk[V(y)(Ay)]y=0) @1, oom) =Y DVO) @, ... Zi1, AL 2 7).
i=l1

(48)

Obviously, for k > 3, we have Dk(% ||y||%,) = 0. Let us discuss the structure of the
derivatives of the remaining terms appearing in (42). Applying Proposition 18 to the
term || B* DV (y) ||%], we obtain

k

DB DYVWIf =) ('f) Sym; _;(D'(B*DV(y)) ® D'/ (B*DV())).
i=0

Since V has a minimum at the origin, we have DV (0) = 0 and the terms for i = 0 and

i = k vanish when evaluated in y = 0. By definition of the Sym-operator, for i = 1
we obtain

('f) Sym, 41 (D(B*DV()) @ D" (B*DV¥)(@i, ..., %)

y=0
= Y (B*D*V(0)(.Ze(1), B*D*VO) (. 252y, - - -+ Zo)))U
0ES| k-1
= > (BB*DVO)(.2s(1)). DVO) (. 2602). .. Zo )y
0ES| k-1
= Y DVOYBB*DVO)(.20(1): Zo2)s - - -+ Zo (k)
0ES| k-1

As explained previously, we can represent D>V(0) in terms of the solution IT of the
algebraic operator Riccati equation. This shows

(’{) Sym 4_1(D(B*DV(y)) ® D" (B*DV(y)) (@i, - ... z)

y=0
= > DVO)BB*Mze(1). 252 - - -+ Zo k)
(49)
OES] k-1
k
- ZDkV(O)(zl,...,zi_l, BB z;, 211, ..., I).
i=1
A similar relation can be derived for i = k — 1. Finally we consider the term

DX(DV(y)F(y)). By Proposition 18, we get
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DY(DV(Y)F(y) @1, ..., )
= DYDV(y), F¥)y (@1, ..., %)

k
-y (i‘) Sym (D"“V(y) ® D""'F(y)) (RN
i=0

ik—i
Since D3¢ F(y) = 0 for all £ > 0, the previous equation simplifies as follows

DYDYV F(y) (@1, ..., z)
k

= <1:> Sym (D"“V(y) ® D"—"F(y)) @1, ..., 7).
i=k—2

i k—i
Evaluating the last expression in y = 0 yields

(PHIOVWF®ly=0) @1, 20)
_ k=D

= = sym (D" 8 DFO) @1, 7). (50)
2 oo

since F(0) and D F(0) are both null. Combining (48), (49) and (50) proves the asser-
tion. O

5 Polynomial Feedback Laws
5.1 Estimates for the Velocity

In this section we analyze the polynomial feedback law u; derived from the Taylor
series approximation of the value function

d

1
Vay) =) 5 DVO@G, -y,
k=2 """

foragivend > 2. The feedback u,: Y — U is obtained by approximating } with V,
in formula (43), that is

d

1 1
ua(y) = =~ B*"DVyy) ==~
k=2

k—1)! B*DVO)(.,y,....y).

The associated closed-loop system is given by

Ya = Ayq — F(yq) + Bug(ya), ya(0) =Yyo. (51)
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Below we will also derive an estimate for the open-loop control, i.e., the function
defined by

ug: [0,00) > U, t > uq(t) := ugq(yq(t)) (52)

which is obtained via closed-loop dynamics here. With slight abuse of notation, the
open-loop control u;(t) as well as its closed-loop interpretation u4(y4(¢)) will both
be denoted with u,.

We begin with some local Lipschitz continuity estimates for the nonlinear part of
the feedback law. For this purpose, we set

. _; * yk .
Gi(y) = alh = 1)!BB D*V©O)(,y,...,Y), (53)

for all k > 3. The closed-loop system can be reformulated as follows:

d
1 1
V= A,yg — F(yg) — — BB*DF Y-
Ya = Azya — F(ya) akz:;(k_l)! VO, ¥Yd, - ¥a)
d
= Azya — F(ya) + ) Gk(ya). (54)
k=3

Lemma 20 For all k > 3, there exists a constant C (k) > 0 such that for all y and
zeY,

IGk(y) — Gk@)lly < C(K)lly — zlly max(llylly, l1zlly)* 2.

Moreover, for all 5 € [0,1], for all' y and z € Wy such that ||yllw, < 6 and
lzllw,, <39,

1Gk(Y) — Gk @) 12(0,00: vy < CK)SIY — 2l W, -
Proof We have the identity

DVO)(,y,....y) = DXV()(,z,...,2) = D*VO)(.y —z,y,....y)
+DVO)(,zy—2z,....y) + -+ DVO) (2, ...,2,y — 2).

The first inequality easily follows, with C(k) = mHBHZE(U’},)IleV(O)H and
| D¥V(0)| as defined in (5). We also obtain that for all y and z € W,

1Ge(¥) = Gk@ |l 120.00:v7) < CRNY — Zllwoe max((lyllwa . 12l wa) 2

The second inequality follows, since k > 3 and § < 1. O
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The well-posedness of the closed-loop system can be now established with the same
tools as those used in Lemma 5.

Theorem 21 Letd > 2. Let C and C (k) denote the constants from Lemmas 4 and 20.
There exists a constant M5 such that for all yo € Y with

1
4C+ Y4 caym?’

Iyolly =

the closed-loop system (51) has a unique solution yg in W, which satisfies

Iyallwe = 2Meisliyolly- (55)

Proof The existence of a solution y € W, satisfying (55), can be obtained exactly
as in Lemma 5. Thus we only discuss uniqueness. Let y and z denote two solutions to
(51)in Wx. Let us set e = y — z. Arguing as in the proof of Lemma 5, one can prove
the existence of M > 0 such that

d
S} = 2 (1 WyIF Iy + ziy 171
d
+§:am%mmwmwww“40wﬁ,

k=3

forallt > 0. Sincey and z € W, and e(0) = 0, we obtain with Gronwall’s inequality
that e = 0, which proves the uniqueness of the solution to the closed-loop system. O

Theorem 22 Let d > 2. There exist 8¢ > 0 and M > 0 such that for all yy € By (8¢),
it holds that

I¥ — yallwe, < Mllyoll4,

- - d
max ([|it — uall12(0,00:0)+ 1 — allL0,00:07) < MIYoll§

where (y, u) = (Y (yo), U(¥0)), Ya is the solution of the closed-loop system (51) with
initial condition yo, and ug is as defined in (52).

Proof Let us fix 56 = min (85, “4(c + Zﬁ:3 C(k))Mczls)_l), so that Proposition 16
and Theorem 21 apply for yo € By (J6). By Taylor’s theorem, see, e.g., [43, Theorem
4A], there exists § > 0 such that for all y € By (§),

d

1
DY) =3 5 VO Y9+ Ra), (56)
k=2

where the remainder term R, satisfies

IRaY)Ily < M|yll%,
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for some constant M independent of y. Reducing if necessary &g, we have that
ly®lly < 6 for all ¢+ > 0. Combining then (43) and the Taylor expansion (56),
we obtain that

d
. 1 1
Y= Ay — F(§) — =BB*DV() = Azy — F(§) + Y Gk(§) — —BB*Ra(¥).
o = o
(57)

Let us now consider the error dynamics e := y — y;. We have e(0) = 0, moreover by
(54) and (57),

d

1
¢=Aze—F) + Fa) + ) _(Ge® — Ge(ya) — —BB*Ra().
k=3

Alternatively, e can be expressed as the solution of the system
e=Aze+f, e0) =0, (58)
where the source term f is given by

d

1
f=-F@+ Fyao + Z(Gk(i’) — Gi(ya)) — ;BB*Rd()_’)~
k=3

Consider § € (0, 1]. The precise value of § will be fixed later. By Lemma 12 and

Theorem 21, we can reduce §g so that max(||yllw.,, I¥allwy) < 5. We first observe
that

I
|- BB Ri)|
o

—nd—1 -
oeyy = MIFIT= 0 ) 1¥120.00:) = Milyolly-

Applying further Lemmas 4 and 20, we obtain
112200000 = M(IF® = FEN 20,0007

d
+ 3Gk = Gkl 2000wy + 01§ )

k=3
< M(llelw,, + llyoll}).
For the solution of system (58) we thus obtain the estimate

lellw., < MIEl 200,00, < MGllellwy, + Iyoll§)-

The constant M > 0 in the above estimate is independent of 5. We can now define
8 = min (1, ﬁ) The first estimate on ||y — y4|/w,, follows.
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Let us estimate u — u4. By (43) and by definition of the generated open-loop control
u4, we have that

_ 1 _ 1 _ _
il —ug = =—B*(DV() = DVa(ya)) = =~ B*(Ra(§) + DVa(®) = DVa(¥a))-
Let us estimate the two terms of the right-hand side. It is easy to check that

max (| Ra() |22 0.00:)+ | Ra@) 1 12(0,00:v)) < MIIyoll§-

Using the techniques of Lemma 20 and the estimate on ||y — yq|lw,,, We also obtain
that

max (| DVa(§) — DVa(¥) |l 12(0.00:v)> 1DVaF) — DVa(¥a) |l 1% (0,00:1))
< M|§ — yallw., < Mlyol$-

The second estimate on u — u, follows. O

5.2 Estimates for the Pressure

It is well-known that for yo € Y, the pressure term that can be associated to the
Navier—Stokes equations is a distribution only (see, e.g., [39], [40, Chapter III-§3]).
In the following, we redemonstrate this fact and we argue that a result analogous
to Theorem 22 also holds for the pressure, provided the latter is considered in
W10, 00; L3(R)) = Wy (0, 00; L3(R))' with

W (0, 00; L3()) = {v e W0, 00; LE(9) | v(0) = o}

and
L3(Q) = {v e L*(Q) | f v(x)dx = 0}.
Q

We define similarly WOI’I(O, o0; ]HI(I)(Q)). We recall here that WOI’I(O, o0; H(l)(Q))
embeds continuously into L°°(0, co; H(l)(Q)) N L%(0, oo; H(l)(Q)). Further the ele-

ments ¢ of Wol’l(O, o0; H(l)(Q)) can be identified a.e. with continuous functions on
[0, 00) and satisfy lim;_, » ||@(2) ”H(')(Q) = (. We use the properties of Banach-space

valued functions as summarized in [14, Chapter II-§5].

Lemma 23 Let (y, u) € Wao x L2(0, 00; U) be such thaty = Ay — F (y) + Bu. Then,
there exists a unique p € W~1°°(0, 00; L%(Q)) such that

y = Ay — F(y) + Bu—Vp in W"1(0, 0o; H{(Q)),
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that is,

- /0 (y(1), $(0))y dr = /O (Ay(®) = F(y(®) + Bu(0), $(1))y-1 g gy ) It

AP AV D)y 1.00.0,00,22(2)), W (0.00: L2 @) (59)
forall ¢ € W(}’l (0, o0; H})(Q)). Moreover,
IPllyw=1.0000.00.22(2)) = M (¥l wa + 1Y 15, + leell 200,000 (60)

for a constant M independent of (y, u).

Proof We follow the technique consisting in integrating the state equation, see, e.g.,
[14, Chapter V-§1] and introduce

t
G(1) =y()—yo +/0 g(s)ds, with: g(s) = Ay(s) — F(y(s)) + Bu(s). (61)

It can be easily shown that g € L?(0, oo; H™1(£2)) and that there exists a constant
M > 0 independent of (y, u) such that

gl 22000812y < M (I Iwae + 1Y + el 220,000 62)

This estimate can be obtained with the Cauchy-Schwarz inequality and Proposi-
tion 1(i), which also holds true in H~'(2) (in place of V’). Since y € W, it further
follows that G is a continuous function of time with values in H~!(£2). Moreover,
(G(1), l//)Hfl(Q)’H(l)(Q) =0 forallr € [0,00) and ¥ € V. Hence for all ¢ € [0, 00),

there exists a unique P(f) € L(Z)(SZ) such that G(r) = —VP(1), see, e.g., [14, Theo-
rem IV.2.3]. Let us prove that P € C([0, 00), L%(Q)). Recall first that there exists an
operator K € E(L%(Q), H(l)(Q)) with the property that

div(Kp) = p. ¥p € L§(Q).

see [14, Theorem IV.3.1]. Let p € L(Z)(Q) be arbitrary and let ¢ = Cp. For all ¢ and
7 in [0, 00), we have

(P =P(@), P13 = —(VPW) = VP, Dha-1(9) my@)
= (G() — G(1), ¢>H*1(Q),H6(Q)
= I gz, m@pIG0 = GOlla-1@ ol 0)-

It follows that ||P(¢) — P(r)I|L(z)(Q) < M||G(#) — G(7) -1 (q)> Which concludes the

proof of continuity of P. We now introduce the distributional derivative p = %79 and

@ Springer



Applied Mathematics & Optimization (2019) 80:599-641 627

establish that p € W=1°°(0, oo; L%(Q)). Let p € C2°(0, oc; L%(Q)) be arbitrary and
set ¢(1) = Kp(z). Note that ¢ € C2°(0, oo; H} (). We have

o]

o0 = = [ PO 5013081 =~ [ (PO div o) 304
0 0

/0 (VP(@), éﬁ(t))H—l(m,H})(Q) dt

- /(; <Y(f)_)’0 - /()tg(s) dS, q‘s(t))Hfl(Q)’H(l)(Q) dt

- /(; (y()—yo, ¢(t)>H*1(Q)’H(1)(Q) + (g(), ¢(I))H*1(Q),H6(Q) dz.

Recalling the embedding of WO1 o1 (0, o0; ]HI(I)(Q)) in L%(0, oo; ]HI(I)(Q)), we deduce that

(P, ,0> =< M(”y”LOO(O,oo;Hq(Q)) + ”g”LZ(O,oo;H_'(Q)))”¢”W(}~|(0,OO;H(1)(Q))-

Using then estimate (62), we obtain that p can be extended to an element of
W=12°(0, oo; L(Z)(SZ)) satisfying estimate (60).
With the same calculations as above, we can show that for all g€ W(} o1 (0, oc; H(l) (2)),

(p,dive) = — /0 (y(@), é(t))H—l(Q)’H(l)(Q) + (g(®), ¢(t))H—1(Q),H(1)(Q) de,

which proves that p satisfies (59). Let us Prove the uniqueness. Let p €
w120, oo; L%(Q)) satisfy (59). Let p € Wé’ (0, o0; L%(Q)) be arbitrary and let
us set ¢ = Kp. Then, by (59), we have

0=A{p = P, AV ) yy1.00(0,00;13 (00, W (0,00 L3 ()

{p—p, p>W—'v°°(0,oo;L(2)(Q),WO"1(0,oo;L(2)(Q))’

which proves that p = p and concludes the proof. O
We have the following result, extending Theorem 22.

Proposition 24 Let d > 2. There exists M > O such that for all yy € Y with |yolly <
Se,

15 = pally-12) < MIIyoll§.

where p and pg denote the pressure terms associated with (y, u) and (yq, uq) respec-
tively.

Proof We have introduced in the proof of Lemma 23 the term g associated with a
feasible pair (y, u). Let us denote by g and g, the corresponding terms associated
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Fig.1 Geometry and non uniform grid

with (¥, u) and (yg4, ug). One can verify that as a consequence of Theorem 22, ||g —
gall 20,001 () = M ||yo||‘)i,. Proposition 24 follows then with similar calculations
to those performed in the proof of Lemma 23. O

6 A Numerical Example

In this section, we present numerical simulations for the two-dimensional Navier—
Stokes equations and computed feedback laws of order 2 and 3. The discretization
procedure and the example setups are classical and are taken from [9]. The main
purpose is to show that the computation of higher order feedback laws is possible and,
depending on the chosen parameters, visible differences to a Riccati-based feedback
law can be observed.

6.1 Setup and Discretization

We briefly summarize the numerical implementation provided in [9]. Therein a Taylor-
Hood P;- P finite element discretization for a two dimensional wake behind a cylinder
is discussed. The computational domain 2 = (0, 2.2) x (0, 0.41) as well as a non
uniform grid are shown in Fig. 1. For all simulations, we use the Reynolds number
Re := % = 90 and the parabolic inflow profile discussed in [9]. For the upper and
lower end of the geometry, no slip boundary conditions are employed. The outflow is
modeled by do nothing boundary conditions on the right end of the geometry. For the
desired stabilization, we utilize a distributed, separable control acting in the control
domain Q. := [0.27, 0.32] x [0.15, 0.25]. In particular, the control operator is of the
form

3
0 wye(x2)
Bu = ; I:wtz(XZ)i| ue(t) + [ 60 2 i| ug43(1),

where the control shape functions wy, wy and w3 are piecewise linear functions which
are constant along the x;-direction.

The finite element discretization is computed in FEniCS and the resulting matrices
associated with the spatial semidiscretization are exported to MATLAB. As described
in detail in [9], the (spatially) discrete system takes the form
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v Magnitude
0.0e+00 0.2 04 06 08 1 1.2 1.4e+00

02 04 06 08 12 14

Fig.2 The steady state and a snapshot of the transient flow regime

Ez(t) = —Kz(t) + H(z(t) ® z(¢)) + Bu(t) + Gq () + fz,

63
0=G"z(t)+ £, ()

where E, K € R™>"v are the mass and stiffness matrices, G € R"»>"v represents
the discrete divergence operator, the tensor matricization H € R X represents the
trilinear form (9) and B € R™* is the discrete control operator. Note that H can be
constructed in such a way that H(z1®z2) = H(z2®z1) forany z1, zo € R"v. The time
invariant vectors f, € R" and f, € R"» are due to the elimination of the boundary
nodes. The following results correspond to a discretization level with n,, = 9356 and
np, = 1289. The velocity profile of the unstable steady state solution z shown in Fig. 2
is obtained by a Picard iteration applied to the uncontrolled stationary system, i.e.,
system (63) with z(#) = 0 and u(r) = 0. To illustrate that the controller stabilizes
this steady state solution, we start the transient simulations of the closed-loop systems

from the slightly randomly perturbed steady state z(0) = 7 + % - randn(ny, 1).

6.2 Reformulation as an ODE System

System (63) is a system of differential-algebraic equations (DAEs) and hence the
results from above are not readily applicable. While a thorough analysis in the frame-
work of control of DAEs is certainly of interest, at this point we employ a reformulation
initially proposed in [28] that allows to rewrite the dynamics as a set of ODEs for the
velocity vector z. As in (3), we consider the shifted variablesy = z—zand p = ¢ —g¢,
respectively. Consequently, we obtain

Ey() = Ay(t) + H(y(t) @ y(t)) + Bu(t) + Gp(1),

64
0=G"y@), 4
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where A = —K + H(z ® I + I ® 7). Let us note that the second equation implies
GT)'z(t) = 0. Following [28, Section 3], from the first equation, we thus obtain

0=G"3(1)=G"E~ (Ay(1) + H(y(1) ® y(1)) + Bu(t) + Gp(1)).
We can now eliminate the pressure from (64) using the relation
p() =G ET'G)TIGTET (Ay() + H(y(1) ® y(1)) + Bu(1)).
With the notation P = I — G(GT E~'G)~'GT E~! this yields the system
Ey(t) = PAy(t) + PH(y(t) ® y(t)) + PBu(1).
In fact, as has been discussed in [11], the matrix P = P2 as a discrete realization of

the Leray projector. Since GTy = 0, we have PT y(t) = y(t) so that we can multiply
the last equation by P to obtain

(PEPT)3(0) = (PAPT)y() + (PHPT ® PT) (3() @ y(1) + (PB)u(1).

Finally, by means of a decomposition P = ®,0! with @eT ®, = I we can project
onto the n, — n, dimensional subspace range(P) and arrive at the ODE system

(O] E®,) (1) = (0] A®,) (1) + (O] HO, ® ©,) (1) ® §(t) + (O] B) u(t).

E A 73 B
(65)

where y = ®£Ty(t). For the initialization, we use y(0) = @ZTyo. At this point, we
emphasize that the explicit formulas yield dense matrices and thus are rather a theo-
retical tool. In particular, an explicit computation of H is infeasible for the problem
dimension considered here. As a remedy, we work with an implementation that applies
the above operations whenever a matrix vector multiplication is needed.

6.3 Computing the Feedback Gain
With the previous considerations in mind, we focus on the stabilization problem

inf J (yo, u), subjectto: e(y,,u) = (0, yo) (66)
ueL?(0,00;R%)

where

~ 1 o ~ 2 o o0 2
I Gusu) = 2 ), 107 Yu () gny df + 2, llue (D)1l dt
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We illustrate the effect of higher order feedback laws by computing the first two
non trivial derivatives D*V(0) and D3V(0), respectively. For the computation of
D*V(0) = IT € ROw=7p)x(=1p) e have to solve the algebraic matrix Riccati
equation

ATHE + E"NA - ETIBB'NE + 070, =0,

which in our case was done by means of the MATLAB function care. For the third

order tensor D3V(0) = X € ROw=1)" we have to solve a linear system of the form
AT X = F where

~ 1 ~~ ~
A=EQEQRA, +EQA, QE +A, R EQE, A, =A— —BB'TIE
(07
F==2(A"0E +E @A + U @P)(H @ EN)x,

where m = vec(IT) denotes the vectorization of IT and the permutation matrix P is
given by

P = [1 ®el,..., I ® env—np] e ]R(nu—np)Zx(nv—np)z.
Let us emphasize that F is the discrete realization of the term R3 in (47). In particular,

the tensor F is symmetric. Note that computing a solution X' to AT X = F is infeasible
without using further tools such as model order reduction or tensor calculus as storing

the vector X € Rw=np)’* already requires more than 4 TB of data. As a remedy, we
aim for a direct computation of the corresponding feedback gain

K=ET®E @BHx (68)
without explicitly computing X'. With this in mind, we proceed as in [16] and utilize

a quadrature-based approximation that has been analyzed in [25]. From [25, Lemma
3], it follows that

A /‘” (etgflx,r E—l) ® (etﬁflx,, §_1> % (E,Eflxﬂ E—l) dr.
0

As shown in [25, Theorem 9], the previous integral can be well approximated by a
tensor sum of the form

where 7; and w; are suitable quadrature points and weights and A denotes a constant
determined by the spectrum of the matrix pencil ( E, A) Combining the representation
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in (67), (68) and (69), we obtain the following approximation formula for the feedback
gain

R=—y 2 <(e’.gflx,,)7> ® <(e’-gglzﬂ)r) 2 (ETE_T(e’;Elz,,)T> r

j==r

j==r

x (ﬁT QET+ET@H  + U@ P HT ®ET)) 7,

with r = 30 in the numerical examples. By use of algebraic manipulations such as
reshaping and transposition of matrices, the computation of the permutation matrix
P as well as computation of the dense matricization H can be avoided. As a conse-
quence, we obtain an approximation of K € R6@m=mp)” whose storage requires less
than 4 GB of data. Let us point out that the above considerations do not fully break
the curse of dimensionality but nevertheless allow us to compute a third order feed-
back law even for a spatially discretized PDE. For the simulation of the time-varying
systems, we make use of the MATLAB function ode23 with the standard relative
error tolerance 1073, In each time step, the control laws u,(y) and u3(y) are obtained
via

ur(3) = —— BT TES,

u3(5) = ——BTTEy —

RImR|—

1 _ N\~
;(16®yT®yT)K,

where I denotes the identity matrix for the control space RO.

6.4 Results

Below, we present a numerical comparison for two different values of «. In Fig. 3,
the control laws corresponding to (66) with « = 1 are shown. We observe that both
feedback laws us and u3, respectively, exhibit a similar behavior and create vortices
which induce the desired control. Indeed, the control velocities in x;-direction are
of opposite sign (with the centered velocitiy field being negligible) while the control
velocities in x»-direction all have the same sign.

For o = 10™%, Fig. 4 shows more visible differences between the control laws.

It would certainly be of interest to investigate the numerical convergence behavior
as the order of the control laws increases. At the moment, however this is out of
reach, and could be based on model reduction techniques in an independent numerical
endeavor. In Fig. 4, we observe that the amplitudes of the u3 controls decay more
rapidly than those of the u, controls. This is consistent with Fig. 5, where we compare
the dynamical behavior of ||u2||% and ||u3 ||§. Let us emphasize that for & = 1074, for
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Fig.3 Control laws in x; (left) and x-direction (right) for o = 1

a = 0.0001

0

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t t

Fig.4 Control laws in xp (left) and x-direction (right) for @ = 1074

all ¢, the norm of the control law u3(¢) is smaller than the one of u;(¢). For the values
of the cost functionals, we obtain

J Guys ti2) = 0.9546, J (5uy, u3) = 0.8432, fora =1,
J Guyo t12) = 0.0128, J (Fuy, u3) = 0.0125, fora = 1074,

which indicates that higher order feedback laws can be of interest for feedback stabi-
lization.

7 Outlook

In the present paper we demonstrated that the approach that we carried out for obtaining
Taylor approximations to the value function of optimal control problems related to the
Fokker-Planck equation, is also applicable for optimal control of the Navier—Stokes
equations in dimension two. The question arises to which extent analogous results
can be obtained for dimension three and for boundary control problems. In dimension
three the situation will be significantly different from that of the current paper. It will
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Fig.5 Dynamical behavior of the control norms fora = 1 and o = 1074

not be possible to work with weak variational solutions. Rather one has to resort to
strong variational solutions, and thus one can expect at best that the value function is
smooth on V rather than on Y. This leads to difficulties for the operator representations
of the derivatives of the value function. Alternatively one can start by analyzing (47) as
equations for abstract multilinear forms D¥V(0), which are not necessarily obtained
of derivatives of V. This is an approach which we plan to follow.
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Appendix

The appendix is dedicated to the proof of Proposition 15.
We follow the notation from, e.g., [5] and define the following spaces

Vi={yeH(Q)|divy=0,y-i=00onT}, s >0,
1
Vi = Vs €10, ).

Vg ={yeH(@)|divy=0,y=0onT}, s >

N =

Moreover, we consider A, := A — I where A is the Stokes-Oseen operator and « is
such that A, generates an exponentially stable and contractive semigroup on Y. From
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[5, Theorem 20], let us recall that

D(—AN) =[VE, Y11 = VP, Vo €[0,1], 6 # %.

While not needed for our purposes, let us emphasize that the case & = 1 is also

1
included in [5, Theorem 20].
Using the above notation, for ¢ € (0, %) let us consider the space

d
Weo (Vo T8, (Vg 75)) 1= {y e L*(0, 00; V) ™) | Ve L*(0, o0; (vol‘ff)’)}
As mentioned in, e.g., [4], it holds that

Vo, (V=1 = [PU=a 5. D=4 )], = D=an®) = vg.
2
From [34, Theorem 4.2], we thus conclude that

Woo (Vg T8, (V) 75)) = Gy ([0, 00); V§),

where Cj, denotes the space of continuous and bounded functions.
Before we continue, let us cite the following result from [26].

Proposition 25 [26, B.1] Let A, i, w € R. One has for f € H*™(Q) and g €
H*T®(Q) (where Q is a smooth open subset of R"):

1 /&l ar ) = CIUFI @) I8l Hr+o (),

provided that

() u+w+xr=73, and
) u>0,w=>0,2L> —u — w, and
(iii) p + o + A > 5 if equality holds somewhere in (ii).

These estimates allow us to bound the coupling terms appearing in the adjoint
equation.

Lemma26 Lete € (0, 1). Let § € Wog and p € Woo(Vy T, (V) ~°)'). Then

<

viH)p|
H( vp L2(0,00:(Vy ™))

MY L2(0.00:v) 1Pl v+ (v =2y

Iy - V)p”LZ(o,oo;(v(}*E)f) < Ma||¥1l L% (0,00;1) ”p”Woo(V(}“,(V(}*g)’)'
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Proof For the first assertion, consider p; % withi, j,ke {1,2}.Setr=¢—1,u =

1, w=1—¢.Then

M+w+kzl+(l—s)+(8—l)zlzg,
mu>0 w>0,224+u+w0=2—-1)+1+{1—-e)=¢>0.

Applying Proposition 25 with f = p; and g = g—ié yields

*© 2 * 2 dy; ?
/2l gy df < M/ il [ 2]
/0 He~1(Q) 0 () DXk 2@
which shows the first statement. For the second statement, set f = y;, g = g—gz, A

o |l

e—l,u=1—candw = 1.

The following lemma is formulated for an abstract generator A of an analytic
exponentially stable semigroup on Y. It will subsequently be applied with A = A,,.

Lemma27 Let A € L(V, V') generate an exponentially stable semigroup on Y and
assume that there exists M > 0 such that for every f € LZ(O, o0; V') there exists a
unique 'y € W, satisfying

y=Ay+f on[0,00), y(0)=0, [ylwe <MIElL20.00:v)-

Then there exists M such that for all ® € L(0, 0o; V') there exists a unique r € Wao
such that

—t=A'r+ @, [rlwy, < MIPllL200 00:v1-

Proof Step 1. Let us define T : Wgo — L*(0,00; V) by Ty =y — Xy. Considering
the adjoint 7*: L?(0, oo; V) — (Wgo)’ we have:

(T*p, Y)woy wo = (2. TY)12(0,00:V).L2(0,00: V")

= (0, ¥ — AY) 12(0.00:V),12(0,00: V')

Since, by assumption, T is a homeomorphism it is in particular surjective and injective
and by the closed range theorem there exists a constant C such that

191 220,00:v) < CIT*@llwa,ys Vo € L*(0, 003 V). (70)

Step2.Let® € LZ(O, 00; V') be arbitrary. Then there exists a unique r € LZ(O, o0; V)
such that T*r = @, and by (70) we have Iell20,00:v) =< C||<I>||(Wgo)/ <
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ClI®|l12(0.00:v")- Since T*r = @ we have forall y € Wgo

(@, ¥)12(0,00:V7),12(0,00:v) = (Es TY) 12(0,00,v),12(0,00: V")
= (r, ¥) 12(0.00:V).L2(0.00: V)
— (AT, ¥) 12(0,00:V7), L2(0,00: V) -

This implies that the time derivative of r, in the sense of distributions, can be extended
to a linear form on W, with the formula:

(E, ¥ woy.wo, = — (X ¥)12(0,00:V).L2(0,00: V')
— (@ + A Y) 120,000V, 1200000y TY € Waoo  (TD)

We estimate

(@ + A™C, ) 120,00 110,220,000 7) < 1@+ ATl 120,00 1V 220,00 v)
< 1®l220,00:v) I1¥ 11 22(0,00: V)
+ ClI®l 12(0,00: v 111 220, 00: V)
= (1 + ON®l120,00;v) 1¥1122(0,00: V)
Together with (71) and recalling that Wgo is dense in L2(0, oo; V), we obtain that I

can be extended to a bounded linear form on L2(O, o00; V), i.e., I can be extended to
an element of LZ(O, oo; V'), moreover,

”l"”LZ(O,oo;V/) <1+ C)”(I)”Lz((),oo;\//)'
It follows that r € W,. Moreover,

Itllwe < 2(1+ O @]l 12(0.00:v7y and —F — A*r = @ in L2(0, 00; V).

Corollary 28 Let ¢ € (0, %). For all ® € L*(0, oo; (Vol_g)’), the system

—F=Ar+®
has a unique solution r € WOO(VOHS, (Volfg)’). Moreover, there exists a constant

My > 0 independent of ® such that

< Mol @], (72)

Il v+ cvd =2y (0,00; (V)

Proof We appy Lemma 27 toz = A}z + ¥ with ¥ = (—AZ)%<I> e L%2(0,T; V'), to
obtain |1l w., < M|®|l12(9.00:v). Setting ¥ := (—A%)~2z and using that (—A%) "2
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is an isomorphism from V to VOHS and from V' to (VOI_E)/, [41, Section 1.15.2, p.
101], the claim follows.
O

Proof of Proposition 15 Only regularity has to be shown. Let us fix ¢ € (0, %) and let
M, be given by Corollary 28.
Let us define

M= {a € Woa V35 (7)) 1l o sy < 2Mar

Y = alPllL2(0.00:v) T 1511 22(0,00:v)-

Let us then choose 54 > ( such that

B 1
- <M <SMéy < ——
I¥220,00;v) = Mllyolly = M84 < 2(My + My)M,

where M1 and M, are given by Lemma 26. Further consider the mapping Z defined
by

Z:M>3q>re Wol(Vy e, (V) ),
where r is the unique solution of
—F=AGr+ V) - (V) q+ap+y
according to Lemma 26 and Corollary 28. Given q € M, it holds that
¥l e -y = Ma (165 - V) = (T @+ @B+ 5200 s 1))
= Mo (M + M1 20,0000 0y e, oy + 7 )
< Mo (g Walugre o + 7 ) < 2Ma.

We obtain that Z(M) € M. Consider q;, q2 € Z and letr = Z(q) — Z(q2). Note
that r solves

—F=Alr+§- V(@ - ) — (V) (@ - @)
so that we obtain

||Z((I1) - Z(qZ)”WOC(VOl+£a(V017£),) = ||r||Woo(V01+Ea(V017£),)
< My(M; + M2)||)_’||Woo||(h - q2||WOO(V01+S’(V01—€)/)

1
= Equ - q2||WOO(V01+€’(V01*S)/)-
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Thus by the Banach fixed point theorem we conclude that there exists r €
WOO(VOHS, (Volfg)/) C W which is a solution of

—F=Ar+F-Vr—(Vy) r+ap+ X

It remains to show that r solves (25). For this, we definee :=r —p € L2(0, oo; V)
and observe that e satisfies

T*e = G*e in (W),

where the operator G € L(Wq, L2(O, oo; V")) is defined in (30). It follows from (70)
that

lellz20,00:v) < MIT el woy < MUIG™I £022(0,00:v), (Woo)) €11 22(0,00: ) -

As a consequence of (29), 84 can be reduced so that |G*|| = |G| < ﬁ Hence, we
obtain e = 0 and thus r = p showing that p € WOO(VOHE, (Volfg)/) C Weo. O
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