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Abstract

We are interested in properties, especially injectivity (in the sense of category theory),
of the ternary rings of operators generated by certain subsets of an inverse semigroup
via the regular representation. We determine all subsets of the extended bicyclic semi-
group which are closed under the triple product xy*z (called semiheaps) and show that
the weakly closed ternary rings of operators generated by them are injective operator
spaces.
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Semiheap - Injective operator space

1 Introduction

Ternary rings of operators (TROs) originated in the work of M. R. Hestenes in 1962 [4].
These are linear spaces of operators from one Hilbert space to another which are stable

under the triple product X Y*Z, which he called ternary algebras. By their nature, these
spaces satisfied an associativity condition involving five elements, namely,

(XY*Z)U*W = XY*(ZU*W) = X(UZ*Y)*W. 1
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Ternary rings of operators arising from inverse semigroups 757

These were subsequently axiomatized and named associative triple systems [12]. A
milestone in their development in the realm of functional analysis was a Gelfand-
Naimark type representation theorem for associative triple systems equipped with an
operator type norm [16].

At around the same time as Hestenes” work, unbeknownst to the researchers in the
West due partially to the Cold War [5], the concept of semiheap was introduced in the
Soviet Union [8]. A semiheap is a set together with a single three-variable operation
satisfying an abstract version of (1), and akin to the known concepts of ternary group
and inverse semigroup.

Since the concept of semiheap is central to this paper, we provide the formal def-
inition, as stated in [8, p. 56]. By a semiheap, we mean a set K together with a
singled-valued, everywhere defined ternary operation [- - -], satisfying the condition

[[k1kok3lkaks] = [k1lkakskalks] = [kika[ksksks]].

An inverse semigroup is a semigroup S in which for every element x there exists a
unique element x*, called the inverse or generalized inverse of x, such that x = xx*x
and x* = x*xx*. For the basic facts on inverse semigroups, see [11, Chapter 1] or [7,
Chapter 5].

Semiheaps and their associated structures are closely related to inverse semigroups.
In turn, inverse semigroups, together with groupoids, give rise to operator algebras
[13]. A ubiquitous example of an inverse semigroup is the bicyclic semigroup, given
abstractly ([11, Section 3.4]) by the presentation (p, g : pg = 1), and concretely ([7,
p. 144]) as N x N with the multiplication

(m,n)(p,q) = (m —n +max(n, p),q — p +max(n, p)) @)

We shall use the following notation: N = {1, 2, ...}; Ng = NU{0}; Z = Ng U —N.

In this paper, we analyze the extended bicyclic semigroup, which we call E through-
out this paper, in such a way that exhibits its semiheap structure. This inverse semigroup
E, which is the set Z x Z together with the multiplication (2), was defined originally
in [15, p. 367]; however, in that and most other papers, only binary structures are
considered.

Unlike the bicyclic semigroup, the extended bicyclic semigroup is not finitely gener-
ated, nor does it have an identity element. Nevertheless, they share the same semigroup
identities ([1, Corollary 4.3]).

We shall use the representation of the extended bicyclic semigroup which is based
on the realization of the bicyclic semigroup by the unilateral shift ([13, p. 188]), as
follows.

Let E», be the bicyclic semigroup, as realized by the unilateral shift; that is,

Ey ={a;j = Z@i+k,j+k i, j € No},
k>0
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where for any i, j € Z, e;; is the matrix over Z with 1 in the 7, j position and zeros
elsewhere, and the Ry by 8¢ matrix a;; acts as a linear operator on column vectors of
complex numbers. (a;; is a bounded operator on the Hilbert space (7))

Set

E=E 1 UEUEyUE»

where E21 = {a,-j 1l € No,j € —N}, E11 = {aij . i,j (S] —N} and E12 = {aij 11 €
_Ns j € NO}‘
We note that for i, j, p,q € Z, al.*j = aji, a;j is a partial isometry on ZZ(Z) and

o _ digtj-ps P =
Qijapg = {aiﬂj_m’ P>’ 3)
equivalently

QijAdpg = di+p—min(j,p),j+g—min(j,p)-
In particular, a;japy # 0, a;ja;q = aiq, and a;;app = @y, with m = max(i, p).

Remark 1.1 Thus E is an inverse semigroup consisting of partial isometries with
inverse al.*j equal to the adjoint of a;;. E is isomorphic to the extended bicyclic semi-
group, and when convenient notationally, we represent g;; in formulas and diagrams
simply by (i, j) € Z x Z.

We shall analyze the extended bicyclic semigroup E toward the aims of finding all
of the subsemiheaps of E, and showing that the associated W*-TROs, that is, weakly
closed TROs, are injective operator spaces.

In our main and only theorem, Theorem 1.2, we classify all of the subsemiheaps of
this extended bicyclic semigroup. We then show in Corollary 4.3, via a general result
applying to all inverse semigroups [13, Theorem 4.5.2], that each of the examples
resulting from this classification has the property that the weakly closed ternary ring
of operators it generates is an injective operator space. It is worth pointing out that,
although the injectivity of the W*-TROs generated by the classification of subsemi-
heaps uses deep results in functional analysis ([3, Theorem 2.5], [13, Theorem 4.5.2]),
the classification itself is self-contained using only elementary arguments.

Our results are summarized in the following theorem, listing all of the subsemiheaps
of the extended bicyclic semigroup. The proof is contained in the references in each
statement to later results of this paper.

Theorem 1.2 The subsemiheaps of the extended bicyclic semigroup are the inductive
limits (see Remark 3.1) of sequences of the following semiheaps K :

o K is a single point {a,,} (Lemma 3.2 and Example 2.4)

e K = {aao,ﬁo}u{aawkj,ﬁﬁkj 11 < j < no}l, wherel <kj <ky < -+ < ky, and
np € N
(Proposition 3.3 and Examples 2.4)
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e K = {aaolgo}u{aaﬁkj,ﬁﬁkj :jeN}wherel <ky <ky<---<kj<--- <00
(Proposition 3.4 and Example 2.4)
o There exist o, £y € N such that

o

K = {ag,p,} Y {aa0+kj,/3()+kj j=1,...6—-1}U ao+ke,y. fotke,

or

J
K = {agypy} Ulaag+iipot+k; 1 =i <o} U U Kgo+k,~,ﬁo+k,-
i={

where 1 < ki < ky < --- < kg,. (Proposition 3.4 and Examples 2.5 and 2.6)
o K = cho,ﬂo for some p > 0 (Proposition 3.18 and Example 2.7)

e There exist p > 0 and q > 0 such that

n
_ 14
K = U Ka0+qiv/30+qi'
0

where agytq; potqi» 0 < 1 < 00, are the points of K lying on the diagonal, such
that

4g=4q0<q1<q2<--<gu<p and p<qni1 <Gni2 <.
(Proposition 3.18 and Example 2.7)

All of the subsemigroups of the bicyclic semigroup have been determined in [2].
Those subsemigroups which are inverse subsemigroups, which were determined ear-
lier in [14] and later in [6], were also identified in [2, Theorem 7.1]. Since inverse
subsemigroups are semiheaps, our results give a new approach to the description of
the inverse subsemigroups of the (extended) bicyclic semigroup.

2 Diagrams 1-10 and Examples

In order to analyze the subsemiheaps of the extended bicyclic semigroup E, we prepare
some material.

The idempotents of E are the elements a;; with i € Z and a;; < ajj, that is,
ajjajj = a;;, if and only if j < i. From (3), we calculate and find that for p, ¢ € Z,

. _Jbig+i-p P <i
Giidpg = {a >
pq P =
a | <
Apqdjj = {apq o > i
pti-q.j J =4
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and
Qig+i—p p=<iandj=<g+i-—p
diama — 1 %—a+pq p=iandj=qg+i—p
wwpgtj] — apq Pilandij
apyj—q.j P=iandj>gq

In particular, ago E = E21 U Ey and Eagy = E12U Ex. Also,a; E, Eajjand a;; Eaj;
are subsemigroups and semiheaps, and a;; Ea j; is an inverse semigroup if i = j. Also,

Eajj ={aps:j <q}, aiE ={aps:p =i},

and
aiENEajj =a;jEajj={ap;:p>i,q=j}
From (3), we have the following lemma.

Lemma 2.1 For any a;j, apy, ars in E, we have

r<p+j—q.9=]j
r=p+j—q.9=]j
r=zp,q=j
r<p.qx=j

(i) Qi s+p+j—q—r
= (ii) Qitr—p—j+q.s
pa=T? (iii) Aitg—j+r—p.s

(iv) itg—j.s+p—r

aija

It is worth noting, as will be evident in the ten diagrams that follow, all triple
products in £ which involve only two elements, produce new elements which do not

propagate to the left of, or up from the diagram.

Lemma 2.2 and Diagrams 1-5 describe the case in which the slope of the line
connecting the two points is negative (or zero or infinite). Lemma 2.3 and Diagrams
6-10 describe the case in which the slope of the line connecting the two points is

positive (or zero or infinite).

Lemma 2.2 If K is a subsemiheap of E, and if asg, ays € K withy > a and § > B,

then the following elements belong to K :

X1 = da+86—B,B+y—a

X2 = Aq+5-8,8

X3 = Ay f+y—a

X4 = Ay 5+G3-p)—(y—a) fy —a=<8—P
X5 = Ay +(y-a)-0-p).s vy —a=5-F

Proof The following are the eight possible triple products containing two distinct

elements, and thus belong to K. They are calculated using Lemma 2.1.

° aaﬁazﬁaaﬁ = aup
® dapdysaap = Ao+5—p,f+y—a = X1
° aaﬁa;ﬂayg = dys
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® dopdysdys = dats—p,s = X2

° ay(sa;ﬁaalg =dys

® Aysysdap = Ay fiy—a = X3

Ay s+a+s—p—y = X4, Y —a <5—p
Ayty—a—s+p8 =X5, Vv —a>38—p
° ayaa;aayg =ays

° ay(sa;ﬂay(; =

Diagram 1 §—B>y—a>0 (b=58—B,h=y—«a)

B 8
o e
h b—h
y O +o0 oo Y o]
X3 X4
(] (]
X X2
Diagram 2 y=a,6—p>0
B 8
o, y @ - oo ) o
X3 X4
[e] [¢]
X1 X2

Diagram 3 y—a>8—8>0 (b=8§—B,h=y —a)

B )
ae
o X2 o X1
y ...... [ h_b o_x3
o X5

@ Springer



762

R. Pluta, B. Russo

Diagram 4 =8,y —a=>0

B,d

o e Xx)
ye
o X5

Diagram 5 —B=y—a>0

Y

0 X]

o X3

ooo
® o X1,X2,X3,X4, X5

Lemma 2.3 If K is a subsemiheap of E, and if ang, ays € K withy > a,8 < B, then

the following elements belong to K :

X1 = Ao, pt(y —a)+(B—9)
X2 = Ay+p-5.p
X3 =dy.pty—a
X4 = Ay +(B—8)+(y—0).8

Proof The following eight products belong to K and can be calculated using

Lemma 2.1.
° aaﬁa;ﬂaaﬁ = dup
® Aupdysdaf = Ao ft(y—a)+(B—8) = X1
° aaﬂa;ﬂaya =ays
° aaﬂa;’jaayg = auB
® aysuglap = Gy+p—s.p = X2
® ayt?a;faaaﬂ = Ay, pty—a = X3
® dyslyplys = dytp—sty—as = X4
[ )

* _
Aysay, says = Ays

]

Example2.4 For o, B € Z, and J C No, Dy g(J) := {da+jp+j : j € J}isa

subsemiheap of E.

Example2.5 Fora, 8 € Z,and 0 € N, Ky g = {ag+¢,+m : £, m € No}, and more
generally, Kg’ﬁ ‘= {au+t0,p4+mo : £, m € Ny} are subsemiheaps of E.

Special cases of Lemma 2.3 and their diagrams are as follows:
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Diagram 6 B—86>y—a>0 (b=B—-65,h=y —«a)
8 p
o °
h
‘}/ @ - cee e O s o oo oo
X3
b+h
o X7
O cee e e
X4
Diagram 7 y=a,—-6>0
8 B
(X7y. ...... o
X3
[e] [¢]
X4 X2
Diagram8 y—-a>p-8>0 (b=B—-8,h=y —a)
3 B b+nh
o °
Y e
o X2
X4 ©
Diagram 9 =8,y —a>0
B,
e o X1
Y e X2 o X3
O X4

0 X1

X1

o X1

X3
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Diagram 10 §—B=y—a=>0
o ° o X1

X3
0 X2

o]

X4
Example2.6 K = {agyp,} U {aag+k; po+k; 2 J = 1,...4o — 1} U Kgo+ke0,ﬂo+kz0 is a
subsemiheap of E, where «g, Bo € Z, £y, 0, ki e N, k1 <ky < -+ < kgy—1, and

o2 — .
Koty oty = (Geaotkeg+mo. oty +no 1 € Noj.

Proof Let x; = aay+k; po+k; for 1 < k; < €o and ymn = dag+eg+mo,fo+to+no Tor
m,n € Ny.
The following eight products belong to K, as calculated by Lemma 2.1.

Yntp-m,q if p>=m  (Lemma 2.1(iii))
Yn,g+m—p i p <m (Lemma 2.1(iv))
Ymntqg—p ifp=<n (Lemma 2.1(1))
Ymtp-ng L p>n (Lemma 2.1(ii))
x | ym,ptn—q ifg<n  (Lemma 2.1(1))
S YmnYpa i T\ g np ifg=n  (Lemma 2.1(iv)
- YmnX[Xj = Ymn  (Lemma 2.1(i))
- XiYmpXj = Yum  (Lemma 2.1(iv))
. xix;:ymn = Ymn (Lemma 2.1(ii))
. x,-x}‘.‘xg = Xmax(i,j,¢) (Lemma 2.1(i)-(iv))
Ym,s+ptn—r—q ifqg <nandr+g < p+n (Lemma2.1(i))
Ymartqg—p-ns ifqg <nandr+g > p+n (Lemma 2.1(ii))
Ymag—nir—p,s ifqg>nandr > p (Lemma 2.1(iii))
Ym+qg—n+p—r,s g >nandr < p (Lemma 2.1(3iv))

L XjYmnYpg =

2. ymnx;fypq =

~N Nk W

8. ymny;;qyrs =

We provide some details for cases 1 and 8.
For case 1, by Lemma 2.1(iii),

* _ *
XjYmnYpg = Qao+k;j,Po+k; aao+€0+m0,ﬂo+€o+noaaO+KO+PU’ﬂO+ZO+qU
= Qay+-Lo+(n+p—m)o, fo+Lo+qo s
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if p > mand €y + no > kj; and by Lemma 2.1(iv),

*
Aagtkj, Bo+k; Aog+0g+mo, Bo+eo+no Gao+Lo+po, fo+Lo+qo
= Qay+Lo+no, By+Lo+(g+m—p)o s

if p <mand{y+no >kj.
For case 8, with ¢ < n, by Lemma 2.1(i),

*
Aag+Lo+mao, fo+Lo+no Aay 400+ po, Bo+Lo+qo Gaot+Lo+ra, fot+-Lotso
= Qay+Lo+ma,Bo+Lo+(s+p+n—r—q)o>

ifg <mandr+¢g < p+n,sothats + p+n —r —q € Np; and by Lemma 2.1(ii),

*
Aag+Lo+mo, fo+Lo+no Aoy 400+ po, Bo+Lo+qo Gao+Lo+ra, fo+-Lo+sa
= Aag+Lo+(m+r+q—p—n)o,fo+Lo+s0 s

ifg <mnandr+4+g¢qg > p+n,sothatm+r+q — p —n € Np.
The subcases of case 8 for which g > n are as follows. By Lemma 2.1(iii),

*
Aag+Lo+mao, fo+Lo+no Aoy 400+ po, Bo+Lo+qo Gao+Lo+ra, fo+Lo+sa
= lag+Lo+(m+q—n+r—p)o,fo+Lo+so s

ifg >nandr < p,sothatm + g —n € Np; and by Lemma 2.1(iv),

Aag-+Lo+mo. fo+Eo+n0 Ty 4 00+ por foy+Eo +qo Fe+Eotra, fotLo-tso
= Aag+Lo+(m+q—n)o,fo+Lo+(s+p—r)o
ifg>nandr < p,sothatm +qg —n € Nyands + p —r € Np. O
Example2.7 Let K = |Jica K(fOJrk otk where ag, 80 € Z, p > 0, A C
{0,1,..., p — 1} and agy4k,py+k> K € A, denote the elements of K lying on the
diagonal with k < p. (See the following Diagram and Proposition 3.15.) In fact, K is

an inverse subsemigroup of E.

Proof We note first that setting g = By = 0 for convenience (see Remark 2.8), and
changing notation (see Remark 1.1),

K={(k+ep,k+mp):keA L, me Ny}
and it suffices to show that
(k1 + L1p, k1 +mip)(ka + Lap, ko + map)* (ks + €3p, k3 + m3p)
belongs to K. We calculate this triple product using the four cases in Lemma 2.1.
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By Lemma2.1(1), ifkp +map < ky+mip,and k3 +€3p < k1 + (€2 +m| —m2)p,
then

(ki + L1p, ky +myp)(ka + Lap, ko +map)* (ks + L3p, k3 + m3p)
= (ki +L1p, ki + (m3 + €2 +my —my — £3)p),

and it is required to show that m3 + €» +m1 —my — €3 > 0.
Following the argument in [2, Lemma 4.5], we have

ki+ W +my—my—4L3)p>k; >0
so that (€ +m| —my — €3)p > —k; > —p and therefore €, +m| —my — €3 > 0
and m3 + £y +m — my — €3 > 0, as required.

By Lemma 2.1(ii), if ko +mop < ky+mp,and k3 +€3p > k1 + (o +m—m2)p,
then

(ki +€1p, ki +myp)(ka + Lap, ko +map)* (k3 + €3p, k3 + m3p)
= (ks + (&1 + 43 — by —m1 +m3)p, k3 +m3p)

and it is required to show that £3 — £ — m1 + my > 0.
Following the argument in [2, Lemma 4.5], we have

ky+ (s —Ly—my+my)p >k >0
so that ({3 — € —m| +my)p > —k3z > —p and therefore €3 — €o —m; +my > 0
and £ + €3 — £y — my + my > 0, as required.

By Lemma 2.1(iii), if k3 + €3p > ko + €2 p, and ky +mop > ki + m1 p, then

(ki +€1p, ki +mip)(ky + Lap, ko +map)* (k3 + €3p, k3 + m3p)
= (k3 + (€1 +my —my + €3 — €2)p, k3 +m3p)

and it is required to show that €| + mo —my + €3 — £, > 0.
Following the argument in [2, Lemma 4.5], we have

kz+ (3 —my+my—4La)p >k >0
so that (¢3 —m| + my — €r)p > —k3z > —p and therefore £3 — m| +my — €y >0
and €1 + €3 — m| + my — €5 > 0, as required.

By Lemma 2.1(iv), if k3 + €3p < kp + €2 p, and ko +myp > ki + mq p, then

(ki +€1p, ki +myp)(ka + Lap, ko +map)* (k3 + €3p, k3 + m3p)
= (ko + (€1 +ma —m1)p, ko + (m3 + €2 — £3) p)

and it is required to show that £ +my —m > 0. and m3 + € — €3 > 0.
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Following the argument in [2, Lemma 4.5], we have
ky+ (2 —4L3)p > k3 >0
so that (€2 — £3)p > —k3 > — p and therefore £, — €3 > 0 and m3 + £, — €3 > 0, as
required.
Following the argument in [2, Lemma 4.5], we have

ky+ (ma —m3)p >k =0

so that (my —m)p > —k; > —p and therefore mp, —m; > 0and £; +mp —m; > 0,

as required. O
ki ky k3 ka ks ke k7 ks ko k1o ki k12
0 q P q+p 2p q+2p 3p q+3p

0 A A A

ki q [ ] [ ] [ ] [ ]

153 . . .

k3 p| A A A A

ka . . .

ki q+p u [ | | | |

ke

k7 2p | A A A A

ks . .

ko q+2p ] [ ] n |}

ko 3p | A A A A

ki .

ki2 q+3p u u | n

Remark 2.8 The adjoint operation a;; + a; = aj; on the extended bicyclic semi-
group E is an anti-isomorphism of a subsemiheap K of E onto the subsemiheap
K*, that is, (ab*c)* = c*ba*. As another application of Lemma 2.1, the trans-
lation map on the extended bicyclic semigroup is a triple isomorphism, that is, if

(pa,,g(a,'j) = Aita,j+B> then

(p(aija;qars) = w(aij)‘l)(apq)*‘p(ars)-
Hence, if K is a subsemiheap of K g, then ¢_, _g(K) is a subsemiheap of the bicyclic
semigroup Ko o. At the very least, this fact can simplify notation in parts of this paper.
3 Subsemiheaps of the extended bicyclic semigroup
In this section, we shall determine all of the subsemiheaps of the extended bicyclic
semigroup. We shall proceed as follows. First, for an arbitrary subsemiheap K of E,

we define

ap = infla € Z: 3B € Z, agp € K},
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and
Bo=inf{B € Z:3a € Z, anp € K}.

We have four mutually exclusive and exhaustive cases, namely,

1. Quadrant oy % —o0, By # —o0
2. Right Half Plane og = —o0, By # —o0
3. Lower Half Plane ¢y # —o00, fg = —00
4. Full Plane o = —o0, fp = —00

Remark 3.1 We only need to find all of the subsemiheaps of E which are in case (1),
since the other cases can be reduced to this case in steps, as follows, which shows
that every subsemiheap of the extended bicyclic semigroup is the inductive limit of
subsemiheaps in case (1) in the category of semiheaps and semiheap homomorphisms. !

e If a subsemiheap K of E is in case (2), then K C {a;; : i € Z,j > o} and
K = Uyez K%, where K% = K N{a;j : i > a, j > Bo} (which we have denoted
by Kq,g,) is in case (1).

o If a subsemiheap K of E is in case (3), then K C {a;; : i > ap,j € Z} and
K =UgezKg, where Kg = K N{a;j : i > ag, j = B} (=Kq,,p) is in case (1).

e If a subsemiheap K of E is in case (4), then K C {a;; : i,j € Z} and K =
UgezK (o), Where Koy = K N{a;j : i > a, j € Z} is in case (3).

Alternatively, if a subsemiheap K of E is in case (4), then K = Ugcz K B, where
K® =Kn {ajj i € Z, j = B} is in case (2).

Therefore we shall concentrate only on case (1). Suppose then that «g # —oo and

Bo # —oo. Then K C Ky g, = {apg : p > a0, g > Po}. We define three parameters
as follows:

B=sup{f €Z:agp € K}
o =sup{a € Z: ayp, € K}
Y =sup{k € No : agg4k,po+k € K}.

We shall consider three primary cases:

1.=PHy 2. Pyp<B<oo 3.p=c0

Each of the cases 1, 2, 3, consists of three further subcases.

118 =80 @ = 128 =8y, a9 <@ < 00 1.38 = By, @ = 0.
218=pfyp <00, @d=ap22Py <P <00,ap <& <0023Py<p <o00,a=00.
318=00,o =ap 328=00,00 <@ < 00 338 =o00,a = o0.

! In fact, it is an elementary inductive limit since the connecting maps are inclusions (see Theorem 1.2).
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Each of these nine cases consists of three further subcases. Thus, in order to account
for the quadrant case (1), and hence the other three cases, it will be necessary to consider
27 cases. We summarize the results in the table Classification Scheme below. It is
worthy to note that by Diagram 2, if S is finite, by which we mean, Sy < 8 < oo,
then a, 3 is the only point of K of the form ay, g. A similar statement holds for @.

Also, if @ = ag, or if B = By, then aug,p, € K. Thus in cases 2.2, 2.3, 3.2, and 3.3, it
is necessary to consider the two possibilities: aqq,g, € K, and ay, g, ¢ K.

Classification Scheme

Case subcase B o Y Exists? result
1.1.1. Bo %} 0 Yes Lemma 3.2
1.1 1.1.2. Bo ') Finite Yes Proposition 3.3
1.1.3. Bo ') o0 Yes Proposition 3.4
1.2.1. Bo Finite 0 No Lemma 3.7
1 1.2 1.2.2. Bo Finite Finite No Lemma 3.7
1.2.3. Bo Finite oo No Lemma 3.7
1.3.1. Bo o0 0 No Lemma 3.7
1.3 1.3.2. Bo 00 Finite No Lemma 3.7
1.3.3. Bo o0 00 No Lemma 3.7
2.1.1. Finite %) 0 No Lemma 3.8
2.1 2.1.2. Finite ') Finite No Lemma 3.8
2.1.3. Finite ') oo No Lemma 3.8
2.2.1. Finite Finite 0 No Lemma 3.9
2 2.2 222. Finite Finite Finite No Lemma 3.9
2.2.3. Finite Finite [e9) No Lemma 3.9
2.3.1. Finite 00 0 No Lemma 3.10
2.3 2.3.2. Finite 00 Finite No Lemma 3.10
2.3.3. Finite 00 oo No Lemma 3.10
3.1.1. 00 ') 0 No Lemma 3.11
3.1 3.1.2. 0o 7 Finite No Lemma 3.11
3.1.3. 00 %) oo No Lemma 3.11
3.2.1. 0o Finite 0 No Lemma 3.11
3 32 3.2.2. 00 Finite Finite No Lemma 3.11
3.2.3. o0 Finite 00 No Lemma 3.11
3.3.1. 0 0 0 No Proposition 3.12
33 3.3.2. 00 00 Finite No Proposition 3.12
3.3.3. 0 0 0 Yes Proposition 3.18

We now proceed to analyze all 27 cases.
Lemma3.2 Incase 1.1.1 (B = fo, @ = ag, ¥ = 0), we have K = {aaopo }-

Proof In this case, the diagram is the following, where the bullet represents the element
Auyp,- and the circles indicate that no element of K occupies that position. (Ignore,
for the moment, the symbols B, A, A)
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Suppose that a2 g,+1, denoted by A, belonged to K. Then by Diagram 3 applied
to the points agg, and A, the point ayy 1, 4,41, denoted by A, would belong to K, a
contradiction. So A does not belong to K. By the same argument, no element of K
resides in the second column of the diagram.

Suppose that a1, 8,42, denoted by B, belonged to K. Then by Diagram 1 applied
to the points ay,g, and M, the point ay,+1,5,+1, denoted by A, would belong to K, a
contradiction. So M does not belong to K. By the same argument, no element of K
resides in the second row of the diagram.

Repetition of these two arguments shows that no element of K resides in any column
or row of the diagram, other than the first row and column, and therefore K = {agg,}
contains exactly one element. g

Proposition 3.3 In case 1.1.2 (E = Po, g =&, 0 <y < 00), we have

K = {a(xo,ﬁo} U {aao+kj,ﬁo+kj 1< .] =< n()}a
wherel <ky <ky <--- <kpy =y andng € N.

Proof Inthis case, in Diagram 11, the bullets represent some of the elements of K resid-
ing on the diagonal, the circles indicate that no element of K occupies that position, and
the dots represent both the finite number of points of K on the diagonal together with
some positions on the diagonal not containing points of K (Ignore for the moment,
the symbols @, [ which represent two elements of K lying on the diagonal, and the
symbols M, L], A, A). The symbol & represents the element a4, o+, - We shall
show that all off-diagonal positions are not occupied by elements of K, which means
that K = {aao,ﬂo} U {aa0+kj,/30+kj 1l=<j= no}. |

Suppose that for kj < £ < kj41, the point agy+k,,,.p+¢> denoted by M in Dia-
gram 11, belonged to K. Then by Diagram 2, starting with B and aq,+k;,,,fy+k
denoted by [] in Diagram 11, shows that

jH1

kjy1—¢ .
KD Ka0+kj+],ﬁ0+€ = {aao+kj+1+m(kj+1—5)’/30+€+n(kj+1—€) :m,n € No}.

Then choosing m = n — 1, so that
kivi+mkjpr —0) =L+nkjp —0)

and letting n — oo shows that there are infinitely many points of K on the diagonal,
a contradiction, so B ¢ K. The same argument applies to every point on each row
determined by ag + k41 to the left of ag+k;,,,pp+k;4, for0 < j <no— 1.
Suppose now that for k; < € < kj4i, the point dy,+k; gy+¢, denoted by A in
Diagram 11, belonged to K. Then by Diagram 2, starting with ao+;,g,+k;, denoted
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by © in Diagram 11, and A, shows that

—k;
K D Kook, pore = Gaotkj+m(e—kp). potkj+n(e—kj) : m,n € No}.

Then choosing m = n, and letting n — oo show that there are infinitely many points
of K on the diagonal, a contradiction, so A ¢ K. The same argument applies to every
point on each row g + k; to the right of agy+;,gy+k; for 0 < j < no.

Thus all rows containing an element of K on the diagonal do not contain any other
elements of K, as in Diagram 12.

Diagram 11 kj o kj ki kg
[ ] o) o] ] () o] (o) o) (o)
k; © A
¢ o A . O
kjy1 o B O

&

Diagram 12 ki € ki ki kng
° o o o o o o o o
kj o e o o o o o o

¢ o
kit o o o e o o o o
ki o o o o o e o o
kny, o© o o o o o o o &

A parallel argument, using Diagram 4 shows that all columns containing an element
of K on the diagonal do not contain any other elements of K. For completeness, we
include the details.

Suppose that for kj < £ < kj41, the point agy+e,gy+k;,,> denoted by Ll in Dia-
gram 11, belonged to K. Then by Diagram 4, starting with [J and aq,+«
denoted by [-], shows that

j+1.Bo+kj1s

kjr1—t .
K D Koo porhj = Waottimibjyi—0),fotkyi+ntej—0) M, 1 € Noj.
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Then choosing m = n + 1, so that
kivi+nkjp1 =0 =L+mkjp —0)

and letting n — oo shows that there are infinitely many points of K on the diagonal,
a contradiction, so [J ¢ K. The same argument applies to every point on each column
determined by By + k41 above Aog+kj1,Botkjs1 forO <j<np—1.

Suppose now that for k; < £ < kj41, the point du,¢,g+k;, denoted by A in
Diagram 11, belonged to K. Then by Diagram 4, starting with A and do+;, go+k; »
denoted by ©, shows that

—k;
KD Ky it pork; = Waothjtm(e—ky).potkj+nie—kj = m,n € No},
Then choosing m = n, so that
kj +n —kj) = kj +m( — kj)

and letting n — oo shows that there are infinitely many points of K on the diagonal,
a contradiction, so A ¢ K. The same argument applies to every point on each column
determined by By + k; above agy+k;.go+k; for 0 < j < no.

To complete the proof, we now show that no point ayg4m,gy+n, With m # n can
belong to K. By what was just proved, it suffices to consider points which are not on
arow or column containing a point of K, thatis,m # k; forall j and n # k for all £.

We shall refer to the following diagram, which depicts the eight possible locations
for the element ayy+m, g,+n. reflecting the cases m > n and m < n, namely,

I. m > kyy > key1 > n > k¢, denoted by l

. kgy1r >m > kg > kj1 > n > kj, denoted by A
kji1 > m > n > kj, denoted by V¥

m > n > ky,, denoted by «

n > kyy > key1 > m > k¢, denoted by [

. key1 >n > kg > kjy1 > m > kj, denoted by A
kjt1 > n > m > kj, denoted by Vv

n > m > ky,, denoted by <

© N LR W

Suppose first that m > n, for example case (2), kg1 > my > kg > kjy1 >
ny > kj. We consider the two points dyg+k;,gy+k; and A = dgytm,, fo+n,- These
two points are vertices of a triangle with height 7 = m, — k; greater than the base
b =ny —kj,s0h —b = my — ny. Then by Lemma 2.2 (see Diagram 3), the point
X2 = dagtkj+Bo+ma—ao—kj.fotmy = Qag+my,fo+my Would belong to K, which is a
contradiction since ky < my < ky41.

Suppose next that m < n, for example, case (6), k; < mg < kj11 < k¢ <
ne < key1 We again consider the two points Aotk Bo+kj and A = agy4mg, fo-+ne-
These two points are vertices of a triangle with height 7 = mg — k; less than the
base b = ng — kj and b — h = n¢ — me. Then by Lemma 2.2 (see Diagram 1), the
POINt X1 = dgg+k;j+po+ns—Po—kj.fot+ns = Qag+ne,fo+ne Would belong to K, which is a
contradiction since ky < ng < kg+1.
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The same two-part argument works in all the other cases, more precisely, as follows:

e For case (3), kj < n3 < m3 < kj41, Diagram 3 applied t0 agg+k;,po+k; and ¥
yields x2 = auytn3.po-+n3

e For case (7), kj < m7 < n7 < kjy1, Diagram 1 applied to Aoo+kj, Botk; and V
yields x3 = agy-+my, y+m7

e For case (4), m4 > n4 > ky,, Diagram 3 applied to agy+k,,,9+*,, and < yields
X2 = Qog+ng, fo+ns

e For case (8), ng > mg > ky,, Diagram 1 applied to Aoyt otk and < yields
X3 = Qay+ms, fo+ms

e Forcase (1), my > ky, > kgy1 > ny > k¢, Diagram 3 applied to a4, gy+4, and
B yields x2 = dagtn,, ot

e For case (5), n5 > kp, > kg1 > ms > kg, Diagram 1 applied to a4k, o+k, and

U yields x3 = @qg4ms, go+ms- This completes the proof of Proposition 3.3. O
ne, ng,
n3y np ny ny ng ns
kj kjt1 kg ket kg
e o o o o o o o o o o o o o o o o
o o o o o
kj o . o o o o o o o
mi7 o v
me o o o o A o
m3 o v
kjy1 o o . o o o o o o
o o o o o
o o o o o
ki o o o . o o o o o
my,ms o o A o o o
key1 o o o o . o o o o
o : : : :
kny © o o o o &» o o o
o o o o o o o
miy,mg o o o o | | o o < o
myg o o o o o o < o

Proposition 3.4 In case 1.1.3: (B = Po, @ = ap, Yy = 00), either K = {ayyp,} U
{aag+k;.po+k; = J € N}, or there exist o, £y € N such that (see Examples 2.6 and 2.7)

K = {auypy} Y aag+k; po+k; i =1,...80 — 1} U go+kzo,/30+k(0’ or (4)

J
K = {aaoﬁo} U {aa0+ki,}30+ki 1 <i<{ptU U Kgo-i-ki»ﬂo-i-ki 5)
i={y
where 1 < ky <k <--- <kj <--- <o0,andin(5), 0 = kj — kg, where kj is

such that no point Qaig+key . fo+kp belongsto K for 1 < p < j. If €y = 1, then the term
{aag+ki otk = 1 <1 < Lo} is missing in (4) and (5).

Proof In this case, the diagram is the following, where the bullet represents the element
Auy B, the circles indicate that no element of K occupies that position, and the dots
indicate that infinitely many elements of K reside in the diagonal.

. o o
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We consider a point dgy+m,gy+n, denoted by M in Diagram 13, with m # n and
m #kj,n # k; forevery j > 1.

Suppose first that m > n, more precisely, kj 1 > m > kj > key1 > n > kg We
consider the two points ayy44,,6,-+k, (an element of K on the diagonal), denoted by [
in Diagram 13, and agy+m,g,+» = M. These two points are vertices of a right triangle
with height 4 = m — k, greater than the base b = n — k¢, so h —b = m — n. Then by
Lemma 2.2 (see Diagram 3), the point X2 = Guq+k+Bo+n—Bo—ke, Bot+m = Qag+n, fo+n>
denoted by @, would belong to K, which is a contradiction since ky < n < kg41.
Therefore all elements below the diagonal which are neither located on a row nor on
a column containing a diagonal point of K, do not belong to K.

Diagram 13

ke ke ki ki1
[ ] (o] o o] [e] [e] [e] (o] o o o) (4]

n(m) o © A
ke+] o [ ]

kj
m(n)

(¢]
°

o
|
o

kj+1 o °
[e]

Suppose next that m < n, more precisely, kg < m < key1 < kj <n < kjq
We again consider the two points dgqk,,gy+k,» denoted by [ in Diagram 13, and
Awg+m, fo+n» denoted by A in Diagram 13. These two points are vertices of a right
triangle with height 7 = m — ky smaller than the base b =n —kyandb —h =n —m.
Then by Lemma 2.2 (see Diagram 1), the point X1 = Guq+k+o+n—Bo—ke,fo+n =
Qug+n, o+n- denoted by @, would belong to K, which is a contradiction since k; <
n<kjpi.

The same two-part argument works inthe casesk; <m <n < kjyjandk; <n <
m < kjy1. Therefore all elements above or below the diagonal which are not located
on a row or on a column containing a diagonal point of K, do not belong to K.

We now have Diagram 14. Thus the only off-diagonal points that can possibly
belong to K are those that are located either on a row containing a diagonal point of
K, indicated by - - -, or on a column containing a diagonal point of K, indicated by
vertical dots.
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We next show that points which lie on a row or column, but not both, cannot belong
to K.

Consider first, for any row determined by k; and any n with n # k,, for all m,
the element ag+;, py+n» denoted by M in Diagram 15, and suppose it belonged to K.
Then by Lemma 2.1(iii),

*
AaoPolagtk;, po+naotk;.fo+n = Gagtn,fo+n (denoted byL])

would belong to K, a contradiction since n # k;, for every m.

Next, for any column determined by k; and any n with n # k;, for all m, consider
the element do 41, p,+k; » denoted by A in Diagram 15, and suppose it belonged to K.
Then by Lemma 2.1(),

*
Qao+n, fo+kj A +n, fo+k; GenBo = Gagtn,Bot+n (denoted byL])

would belong to K, a contradiction since n # k,, for every m.

We now have Diagram 16. Thus the only off-diagonal points that can possibly
belong to K are those, denoted by M, that are located simultaneously on a row con-
taining a diagonal point of K and a column containing a diagonal point of K.

If none of the off-diagonal elements Ml belong to K, then obviously K = {au,g,} U
{agy+k Btk - Jj € N}. We next consider the case that some of the elements l in
Diagram 16 belong to K.

Diagram 14
ke ke k; kjyi
[ o] (o] (o) (o] (o] (o) (0] o (0] (0] o]
o (o] (o] (o] o [¢] [e]
ke o - °
o [e] o o o [} [} [e]
Koy o oo e .
o [e] [e] (o] o] o [¢] [e]
o
kj o °
o [e] [e] (o] o] o [¢] [e]
b o e Do
o [e] o o o [} o [e]
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A row determined by k; for which no element other than ay,« i Botk; belongs to
K, that is, aay+k;,po+k; € K, and agy+i;,py+k, ¢ K forall p € N — {k;}, will be
called a null row. More precisely, a right-null (respectively left-null) row determined
by kj is one that satisfies do,+k;,gy+k; € K, and dgotk;.pp+k, ¢ K forall p > k;
(respectively p < k;). The row determined by e is a null row.

Similarly, a row determined by k; which contains an element of K other than
Aog+k;,fo+k;» that is, there exists £ > j (respectively £ < j), such that ag+k;,g+¢ €
K, will be called a right-ample (respectively left-ample) row. A row that is either
left-ample or right-ample (or both), will be called simply ample. By Diagram 2, a
left-ample row is also right-ample, but not conversely (see the sentence following
Lemma 2.1). For the same reason, a right-null row is also left-null. As noted above, if
all rows of K are null, then K' = {an,p,} U {dag+k;,po+k; : J € N}. Thus we have the
following lemma.

Lemma 3.5 If all the rows of K are right-null, then K = {ag,p,} Y {aag+k;.po+k;
j € NL

Diagram 15
ke n ko1 kj kj+1
[ ) o o] o o [0 o [¢] o] o ] (o)
(0] o [0} (e} o o [0)
ke o .- °
n o o O o o A o o o
kepr o e 1 e o
(0] [e] o [0 o [0} ] (0]
(0]
kj o [ | °
o o o o o o o o
O O
(0] o [0 o (e} [0} o (0]
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Diagram 16
ke kgt k; kjyi
e o© o o ) o o o o o o o o
o o o o o o o o o o o
ke o o e o© | o o B o o [ | o o
o o o o o o o o o o o o
k(w1 o o B o ° o o B o o | o
o o o o o o o o o o o o o
o
ki o o B o | o o e o o© [ | o o
o o o o o o o o o o o o o
o o o o o o o o o o o o o
kiti o o H o 1 o o W o o ° o o
o o o o ) o o o o o o o o

Lemma 3.6 All right-null rows lie above all ample rows. Hence, if there is at least one
ample row, then there are only finitely many right-null rows.

Proof Suppose k; determines a right-null row, and k¢ determines an ample row, which
we may assume to be right-ample, say containing the element a4k, 8y +,, » and sup-
pose by way of contradiction that £ < j. Since £ < j < m, the diagram is the
following, where M denotes the element agg+k;, fy+k, -

ke kj km
ke o ° o o o o | o
k; o o ° o o o
km o o ° o

The two points B and ag,+k;,,+k; are vertices of a triangle with base b = k;, —k;
and height i = k; — k;. Then by Diagrams 6, 8, or 10, depending on the relative
sizes of b and h, the point x3 = dag+k;,fy+k,+k,;—k Would belong to K, which is a
contradiction since k,, +k; — ko > kj. O

Let £y € N be such that the first ample row is determined by ky,, and assume
without loss of generality, that this row is right-ample. Assume also, temporarily, that
£o > 1. The rows lying above the row determined by «g + k¢, do not contain any
elements of K above the diagonal. It follows from Diagram 4 that the columns lying
to the left of the column determined by By + k¢, do not contain any elements of K
below the diagonal. By Diagram 2, K contains infinitely many elements to the right
of Qo+ fo-they and then by Diagrams 2 and 4, K contains infinitely many elements

@ Springer



778 R. Pluta, B. Russo

below dutky,.fo+ke,- Since ¥ = 00, the subsemiheap K M Kok, .o+, falls into
subcase 3.3.3 below (see Propositions 3.15 and 3.16, and Diagram 17), and therefore

. kj—ke
K = {agpy} U{aag+k;. po+k; : 1 =i < Lo} U Kaé+kzg,ﬁo+keo’ ©)
or
J ok
. i—ke
K = {auppy) Ulaag i porks - 1 <i <oy U | (U Kol % i, )
i={y

where k; is such that no point dagtkey.fo+k, belongs to K forl <p<j.Ifly=1,

then the term {ayy+k;,go+k; : 1 <1 < £o} is missing in (6) and (7). (In Diagram 17,

0 = kgyq1 + (kj — kgp)). This completes the proof of Proposition 3.4 and hence of

case 1.1. O
In each of the six subcases of cases 1.2 and 1.3, the diagram is the following:

Bo
oy e o o o o o
(o)
(o)
(o)
r [ ]

Then applying Diagram 4 to the points ay,g, and dgy1r,g, shows that x; =
Qug,po+r € K, acontradiction. Hence we have the following lemma.

Lemma 3.7 Cases 1.2 and 1.3 do not occur.
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Diagram 17
Bo---ki---ka - kgg—1--keg - keg1- - kjr o
dpe® O O O O O o O O O [0} O O O o0 O
O O 0O 0O O O o o O O o O O O o0 O
kl O O @€ O O O (¢] O O O @] O O O O ©O
O O 0O 0O O O o O O O o O O O OO
kzO O O O e O o o O o o O O O 0O
O O 0O 0O O o o O O O o O O O OO
k(o_l O O 0O 0O O o [ ] o O o ¢} O O O O
. o -
kg, o
k40+1 o o o o
: o [e] o
kj
o

Lemma 3.8 Case 2.1 does not occur.

Proof Diagram 18 includes each of the three subcases of case 2.1. Then applying
Diagram 2 to the points ay,g, and ag,g,+p shows that x; = agy4p g, € K, a contra-
diction.

o

Lemma 3.9 Case 2.2 does not occur.

Proof Note first that by Diagrams 2 and 4, only one element of K can reside on the
row determined by o or on the column determined by SBy. Thus, Diagram 19 depicts
this case (if r < p).

Then by Diagrams 6 and 8 (depending on whether » < p or p > r, K would
contain elements ay,, g,+¢ With £ > p, a contradiction. O
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780
Diagram 18
Bo 14
o ] o o o ° o
)
o
o
(¢]
Diagram 19
Bo p
(o)) o o o o ° o
)
r ®
o
p o

Lemma 3.10 Case 2.3 does not occur, hence case 2 does not occur.

Proof In case 2.3.1 (Bp < B < 0o, @ = 00,y = 0), note that gy, po+p 1 the only
point of K on the row determined by «g. From the following diagram we see that if
p < r, we get a contradiction using Diagram 8, and if » < p we get a contradiction
using Diagram 6, whereas if p = r, we get a contradiction using Diagram 10.

Bo p
o

® O O O O O O
]

The same_proof applies to cases 2.3.2 (fy < B < 00, @ = 00,0 < ¥ < 00) and
233 (Bo <P <00, =00,y = 00). O
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Lemma 3.11 Cases 3.1 and 3.2 do not occur.

Proof Cases 3.1.1,3.1.2, and 3.1.3 do not occur by Diagram 2. Cases 3.2.1, 3.2.2, and
3.2.3 do not occur by Diagram 6. O

Proposition 3.12 Cases 3.3.1 and 3.3.2 do not occur.

Proof By Diagram 2 or 4, we may assume that aq,g, ¢ K. The subsets K N K, go+k,
and K NKyq,1¢,,p, are subsemiheaps of K which fall into case 3.3.3, whichis described
below in Proposition 3.18. However, as shown in the proof of Lemma 3.17 below, the
four possible situations each lead to aq, g, € K. O

Case 3.3.3 (8 = 00, @ = 00, ¥ = 00)

Let ayy pot+p € K with p > 1 and ay, gy+p ¢ K for 1 < p" < p. Similarly, let
Ago+r,py € K withr > 1 and agy4, p, ¢ K for 1 < v’ < r and let aqy4q po+q € K
with g > 1 and ay4q/ gy+q ¢ K for1 <q’ <gq

In the diagram below, the bullets represent the three points of K which were just
defined, the symbol © means that the element a,,g, may or may not belong to K,
and the circles indicate that no element of K occupies that position. The diagram
represents just one of 13 possible cases (namely case (5) below), and is for illustration
purposes only.

Bo q p
ay © o o o o o °
o
o o
q o °
o
o
o
r °
p

Of course, we must consider the various relations between the three elements
P, q,r € N, some of which can be equal, of which there are six, namely

r=p=gq
pP=r=gq
P=q=r
r=sq=p
q=r=p
q=p=r

But for our purposes, it is necessary to distinguish 13 more refined cases, namely
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~
5]
N

r<p<gq
.p<r<gq
.p<q<r
r<qg<p
.g<r<p
.q<p<r
r=p<gq
p=gq<r
r=q<p
10. r<p=gq
11. p<r=gq
12. g<r=p
13. r=p=gq

b

Lemma 3.13 Cases (3) to (11) do not occur. If ay, g, € K, then cases (1) and (2) do
not occur. If agyp, ¢ K, then case (12) does not occur. In case (13), agyp, € K.

Proof By Lemma 2.1, we have

() Qag, po+p—r ifr <pandg <p
% ) GD) aggtr—p.po ifr>pandg <p
oo-botpGeota.fora%eotrbo = Giii) agg 4, o itr=qandg=p ©

(iv) aagtq—p.po+q—r ifr <gandg > p.

In case (1) with ay,g, € K, we obtain a contradiction by Diagram 4.
In case (2) with ay,p, € K, we obtain a contradiction by Diagram 2.
In case (3), we obtain a contradiction by (8(iii)).

In case (4), we obtain a contradiction by (8(1)).

In case (5), we obtain a contradiction by (8(1)).

In case (6), we obtain a contradiction by (8(ii)).

In case (7), we obtain a contradiction by (8(iv)).

In case (8), we obtain a contradiction by (8(ii)).

In case (9), we obtain a contradiction by (8(i)).

In case (10), we obtain a contradiction by (8(i)).

In case (11), we obtain a contradiction by (8(iii)).

In case (12) with ay,p, ¢ K, we obtain a contradiction by (8(i)) or (ii).
In case (13), aqyp, € K by (8(iii)). O

It remains to consider cases (1) and (2), with a4, ¢ K, and the cases (12) and
(13), with agyp, € K. The latter two will be resolved in Propositions 3.15 and 3.16
and the former two in Lemma 3.17.

We start with some properties in case (12). The basic diagram for case (12) is the
following.
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o 1 2 3 4 5 6 7

Bo P
0 oy e o o o o o °
1 o
2 o o
3 q o °
4 o
5 o
6 o
7 r=p e

Lemma 3.14 In case (12), with (necessarily) ayyp, € K,

(@) Therows 1,2, ...,q — 1 contain no elements of K above the diagonal
The columns 1,2, ...,q — 1 contain no elements of K below the diagonal

(b) The points agytq,py+q+i> for 1 <i < p — g do not belong to K.
The points agy+q-+i,py+q- for 1 <i < p — q do not belong to K.

(c) The points agy+1q,py+p> And Ggy1 p,py+q do not belong to K.

(d) The points agy+q,py+j, for mp < j < mp + q, withm € N do not belong to K.
The points agy+i,py+q, for mp < i < mp + q, withm € N do not belong to K.

(©) Gag+q.po+pta> Gaotptq.fotq € K-

() The points agy+q,py+j, formp +q < j < (m + 1)p, with m € N do not belong
to K.
The points agyti py+q, formp +q < i < (m+1)p, withm € N do not belong to
K.

(g) The points ay, gy+j, for mp < j < (m + 1)p, withm € N do not belong to K.
The points agy+i gy, formp <i < (m + 1)p, withm € N do not belong to K.

Proof In what follows, we shall elaborate on the above diagram. In the next diagram,
the symbols ll, A, V, «, >, ¢, ®, &, and their blank versions, represent points which,
a priori, do not belong to K. They should be temporarily ignored. (The locations of
(a)—(g) are indicated in the diagram preceding Proposition 3.16.)

(a) Consider the two points ay,g, and ay,+i,p,+;, the latter indicated by M in the
next diagram, with 1 <i < ¢,2 < j <ooandi < j, and suppose that ay,+;,gy+;
belongs to K. Then by Diagram 1, x3 = ag; g,+i, indicated by L], belongs to K, a
contradiction. Therefore the rows 1,2, 3,...g — 1 contain no elements of K above
the diagonal.
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o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
Bo q p p+q 2p

0 o e o o o < V o .

1 o o

2 o g O ||

3 o A

4 q o 8 . vV <« ¢ .

5 o

6 o ®

7 r=p e > °

8 A

9 23]

10 *

11 p+gq ° °

12

13

14 2p ° .

Consider the two points ay,g, and ag,+i g+, the latter indicated by A in the
preceding diagram, with 1 < j < ¢g,2 < i < oo andi > j, and suppose that
Aug+i,po+j belongs to K. Then by Diagram 3, xo = a4 j,g,+ . indicated by A, belongs
to K, a contradiction. Therefore columns 1,2, 3, ...g — 1 contain no elements of K
below the diagonal.

(b) Assuming that agy4,g,+¢+j» indicated by V in the preceding diagram, with
1 <j < p—q,belongs to K, we have that

J — . -
K> Ka0+q)ﬂ0+q = {aag+q+¢j.po+g+mj : €, m = O}

Then by Lemma 2.1(i),

aao,ﬂo+pa;0+q+z/',ﬂo+q+mj“aoﬁo = oy po+(t—m)j+p € K,
provided that 0 < ({ —m)j + pand g +mj < p. Then with £ = 0 and m = 1, we
have that ay, g, j+p, indicated by V, belongs to K, which is a contradiction.

For the second statement of (b), the proof is the same, namely, assuming that
Gaytq+i,fotq- indicated by @, with 1 <i < p — g, belongs to K, we have that

i — . ..
K> Ka0+q’ﬁ0+q = {aa0+q+@t,ﬂo+q+ml :4,m > 0}.

Then by Lemma 2.1(i),

aao,ﬂo+ﬁa;o+q+€i,ﬁo+q+miaa0ﬂ0 = dag, fo+(t—m)i+p € K,
provided that 0 < ({ —m)i + pand g +mi < p. Then with £ = 0 and m = 1, we

have that ay, g,—i+p, indicated by V, belongs to K, which is a contradiction.
(c) Assuming that ay, 14, g+ p, indicated by <, belongs to K, thenby Lemma 2.1(iii),

* _
Aag, Bo+pQay+q, Bo+ pPaotq.Bo+q = G, fo+q>
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indicated by <, belongs to K, a contradiction. Assuming that da,+ p,g,+4, indicated
by », belongs to K, then applying Diagram 4 to the two points dgy+g,gy+q and » we
have x1 = ayy+q,py+p € K, a contradiction to the previous paragraph.

(d) Suppose mp < j < mp + g and assume that dy,14,g,+j, indicated by ¢ in the
preceding diagram (with m = 1), belongs to K. Then by Lemma 2.1(iii),

* — .
Ao, fo+mpag+q,po+j Yeto+q.fo+q = Gao+j—mp,Bo+q>

indicated by ¢, belongs to K, a contradiction to (i), since j — mp < q.
Suppose mp < i < mp + g and assume that ay,4; g,+q, indicated by [ in the
preceding diagram (with m = 1), belongs to K. Then by Lemma 2.1(iv),

* J— .
Aao+q, fo+q%ay+i, Bo+q Gao+mp,fo = Qao+q,Bo+i—mp,

indicated by H, belongs to K, a contradiction to ('), since i — mp < q.

(e) By Diagrams 6 or 8, applied to the vertices ayg+¢,8y+¢ and dgy+p,gy» X1 =
Aoytq,po+p+q € K, and then by Diagram 7, agytpiq,p0+q € K.

In the proofs of (f) and (g), and in the rest of this section, we can assume (by Remark
2.8), with no loss of generality, that ¢g = So = 0.

(f) Suppose that (¢, j) € K withmp +¢q < j < (m + 1)p. By Lemma 2.1(iii),
(0,mp)(q, j)*(¢,q) = (j—mp, q). Thisis a contradiction to (b) since p > j—mp >
q.

Suppose that (i,q) € K withmp +q < i < (m + 1)p. By Lemma 2.1(iv),
(q,9)(i,q)*(mp,0) = (¢, i —mp). This is a contradiction to (b) since p > i —mp >
q.

(g) Supposing that ay, g,+;, With p < j < oo and j ¢ {2p,3p, ...}, denoted
by & in the preceding diagram, belongs to K, we apply Diagram 2 to ay,, g,+mp and
Qg po+j» Wheremp < j < (m+1)ptogetxo = agytj—mp,py+; € K, acontradiction
since j —mp < p.Hence no element of K occupies any position in the row determined
by a except for the points ay, g,4mp for m € Ny.

Supposing that ay,4; gy, With p < i < ocoandi ¢ {2p,3p, ...}, denoted by >,
belongs to K, we apply Diagram 4 t0 agy4mp,g, and agy+i,p,» Where mp < i <
(m + 1) p to get a contradiction. Hence no element of K occupies any position in the
column determined by By except for the points ay,y¢p, g, for £ € No. O

We now have the following diagram for case (12) with ag, g, € K, and it is clear
that K N K, 4 is also in subcase (12), so it follows that K = J72, K}Z’,ﬁ, where
Gaytq;,po-+g; are the points of K lying on the diagonal with

49 =490 <qg1 <q2 <" <{qn <{qnt1 < -

Proposition 3.15 In case (12), with (necessarily) ayy.p, € K, let agy1g;, po+gi» 0 <
i < oo,be the points of K lying on the diagonal, such that

q=qo<q1 <@ <-<gu<p and p<gu1 <gnt2 <---.
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Then
n
K = U KL 4
i=0

Proof We know that K = (J2 K4 4. We need to show that |72, K4, 4 C
U K(Z,qi. For this it suffices to show that each g,; with j > 1 is congruent
to some element of {qo, g1, . ..qn}, modulo p.

Let (qx + £p, qx + mp) € Kq[;ka for some k > n + 1 with fixed £, m, and let
' p,m'p) e K(io with variable ¢/, m’. By Lemma 2.1(i),

(g + £p, gk + mp) (a0, o) (&'p,m'p) = (qx + Lp. gk + (m' +m —€)p) € K

as long as gy +mp > 0 and €'p < gx + mp, We now choose ¢’ such that g =
(¢’ —m)p+d,where '’ —m > 1and 0 < d < p. To check that 'p < g; + mp, we
note that (¢’ — m)p = g — d < qr. We now have

gk +Lp.gx+ (m' +m—Hp) =W+ L+ —m)p.d).
Thus (d + tp,d) € K = | J2) K] 4 for some t > 0, so that (d + tp,d) = (qi +

rp,qi + sp) for some i,r,s > 0. Hence d + tp = g; + rp and d = g; + sp, so by
subtraction tp = (r —s)p andd + (r —s)p = ¢q; + rp so thatd = ¢; + sp. Since

d<p,s=0andd =gqg; withi <n. O
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
Bo q b4 P+q 2p
%) . o o o o o o . o (g o o (2) o . o
o o (a) o o o o o o o o o o o o o
o (a) o (a) o o o o o o o o o o o o
o o (a) o (a) o o o o o o o o o o o
q o o o (a) e b) o (¢) o (d) o e(e) o (f)y o o
o o o o (b)
o o o o o
P . o o o (c) . .
o o o o o
g o o o (@
o o o o o
o o o o o(e) °
(2) o o o o
o o o o f)
2p e o o o o . .

Proposition 3.16 In case (13), K = thoy £

Proof The diagram for case (13) is Diagram 20. (Temporarily ignore the symbols
N AV 9.
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In the first place, we notice that by Diagrams 2 and 4,

K> Kolt]o,ﬂo = {aao+ep.po+mp : €, m € No}.
Diagram 20
,30 p
[e1)) ° [e] o o) ° v

o
o o .
o o

r=p=gq Y °
<

A

The next four paragraphs refer to Diagram 20.

Supposing that ay,; g,+; for 1 <i < pand2 < j < oo, denoted by H, belongs
to K, we apply Diagram 1 to ay,g, and gy o+ t0 get X3 = dgyti po+i € K, a
contradiction. Hence no element of K occupies any position above the diagonal in the
rows determined by «g + i, for 1 <i < p.

Supposing that a4 g,+j for2 <i < ooand 1 < j < p, denoted by A, belongs
to K, we apply Diagram 3 10 ay,g, and dgy+i,gy+j 10 g6t X2 = dgy+j. o+j € K, a
contradiction. Hence no element of K occupies any position below the diagonal in the
columns determined by Bp + j,for 1 < j < p

Supposing that ag,, g,+j, With p < j < ocoand j ¢ {2p,3p, ...}, denoted by V,
belongs to K, we apply Diagram 2 to g, gy-+kp and ag,, gy+ j, Wherekp < j < (k+1)p
t0 get X2 = dug+j—kp,Bo+; € K, acontradiction since j —kp < p. Hence no element
of K occupies any position in the row determined by g except for the points ag, gy 4-mp
for m € Ny.

Supposing that ay, 4 g,, With p < i < ooandi ¢ {2p,3p, ...}, denoted by «,
belongs to K, we apply Diagram 4 to dy+ip, g, and auy+i,4,> Wherekp < i < (k+1)p
to get a contradiction. Hence no element of K occupies any position in the column
determined by By except for the points ay,4¢p,g, for £ € Ny.

We now have
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Bo P 2p
(044} [ ] (] o o [ ] o [} o [ ] o
o o) o ) (o) o) o) (o) o ]
o) o) o o) o) o) o) o) o o]
o) o) o o o o o o o o]
r=p=q [ ) o) o o [ ) [ ]
o o) o o
o) o) o o)
2p ° °

We next consider what happens in the row defined by «¢ + p.

Supposing that ay,+p, g+ p+i belongs to K, with 1 < i < p, then applying Dia-
gram 3 10 dgy, gy+p aNd gyt p g+ p+i WE Obtain xo = agyti gy+p+i € K, which is
a contradiction, and repeating this argument shows that no element of K occupies
any position in the row determined by g + p except for the points agy+ p, gy+mp for
m e No.

We next consider what happens in the column defined by By + p.

Supposing that ay,+p+i,gy+p belongs to K, with 1 < i < p, then applying Dia-
gram 1 0 ayy4p, g, and gy pri, fo+p WE ObLAIN X3 = Ay pti py+i € K, whichis a
contradiction, and repeating this argument shows that no element of K occupies any
position in the column determined by By + p except for the points dgy+¢p, gy+p for
le No.

We now have (ignore temporarily the symbol ll)

Bo P 2p

€ e o o o e o o o ° o
o o o o o o o o o o
o o o o o o o o o o
o o o o o o o o o o

r=p=q e o o o e o o o ° o

o o o o o
o o o o o |

2p °

Finally, we consider what happens along the diagonal.
Supposing that dey+p+i, gy+p+i> denoted by B, with 1 <i < p, belongs to K, we
apply Diagram 1 to ag+p, g, and dag+ p+i,fy+p+i> We obtain X3 = agy+p+i po+i € K,
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which is a contradiction, and repeating this argument shows that no element of K
occupies any position in the diagonal except for the points ayy4¢p,g,+¢p for £ € No.
We now have

Bo p 2p

[64)) [ ] o o o L] o o o [ ] o]
[¢] [¢] [e] [¢] o [e] (¢] [e] [e] @]
(o) (o) o (o) o] (o) o o ] ]
(o) o o] o) o] o) o o o o]

r=p=q [ ] o o o ® (] o o [ ] o]

o o o] o (0] o)
[¢] [¢] [e] [e] o (¢]
(o) (o) o] (o) o] o

2p [ ] o o o [ ) [ ]
o o o] o o] o]

We are now in the position at the beginning of the proof, namely, the semiheap K N
K, p is in subcase (13) of case 3.3.3, and the result follows by applying successively
what has already been proved. O

We shall now consider cases (1) and (2) with ay,, g, ¢ K (See Lemma 3.13), and
assume with no loss of generality, that ¢9p = Bp = 0. We consider the following
diagram for case (1) and establish the following notation. The points of K on the
row determined by «y, indicated by A, are ay, gyym;» With 1 < m; < mpy < ---,
and the points on the column determined by B, indicated by X, are ay,+¢;,8,, With
1<t <t <---.Wedenote 0 = myp —mj and p = £, — £;. For example, in that
diagram,o0 = 6and p =r = 4.

my my
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
r P
0 © o o o o o o o o| A o o o o o A A
1 o o o
2 o o o
3 o o o
4la=r|® @ © © O Ol o [m] [m] =] o
5 o O o o
6 ° ) ° A A A
7 o €] o
8 123 X O O O O a O
9 P o
10 o
11 o
12 q X [m} O a Ce A [m} 0O a m]
13
14
15
16 X O O O O [m] O
17
18 A A A
19
20 X O O O O a O
21
22
23
24 X O O a ] A O O a O
25

We consider first K, o. By Diagram 2, the points (r,i), 1 < i < p, indicated by
©, do not belong to K. By Diagram 4, K D Kp The semiheap K N K, o falls into
case 3.3.3, more precisely, either cases (7), ( 12) or (13), but case (7) does not occur.
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In case (13), the points (r + j, j), | < j < p, indicated by ©, do not belong to K, so
by Proposition 3.16, K N K, o = Kﬁo, and therefore in this case,

Ki =K/ NK,,={(0+r+Lp,fo+mp:teNo,mp=> p}.

By the same argument applied to Ky, ,, assuming that K N Ko, is also in case (13),
we have

Ky:=K§,NK, )= {(ap+ 20, B0+ p+mo):lc>r,m eNyj.

K is depicted by the symbols [1in K, , and K> is depicted by the symbols A in K- ,,
and we must have K1 = K N K, , = K».

As suggested by the diagram, we now show that ¢ = p, and that p and r are
divisible by o.

e Taking m’ = 0 and £'c > r, ({'c, p) € K so that (o, p) = (r + £p, mp) for
some £, m € Ng with mp > p. Therefore p = mp and r = €'o — £p.

e Taking £ = 0 and mp > p, (r,mp) € K so that (r,mp) = ({'c, p + m’p) for
some ¢/, m’ € Ny with £’o > r. Therefore r = ¢'c and mp = p +m'o.

Thus p is divisible by p, say p = mgp, and r is divisible by o, say r = £gpo.

e Taking £ = O and (mo+ Dp = p+ p > p, (r,(my + 1)p) € K; so that
(r, (mg+1)p) = ("o, p+m" p) for some £, m" € Ny with £”c > r. Therefore
r={"ocand (mg+ Dp=p+m'oc.Sop+p=p+m’o,and p =m’o.

e Taking m" = O and ({g + Do = r +0 > r, ((€p + D)o, p) € K3 so that
(o + Do, p) = (r + Lp,mp) for some €,m € Ny with mp > p. Therefore
r+o=r+4{p,sothato = £p
Thus p is divisible by ¢ and o is divisible by p, hence o = p.

Since p and r are each a multiple of p, it follows that (r, p) € K, so that
O, p)(r, p)*(r,0) = (0,0) € K, which is a contradiction. We conclude that if both
semiheaps K N K, o and K N K, are in case (13), then case (1) does not occur.

It remains to show that case (1) does not occur in the three other possible cases,
namely,

e KNK,gpisincase (12) and K N Ko, p is in case (13)
e KNK,qpisincase (13) and K N Ko p is in case (12)
e KNK,qisincase (12) and K N Ko p is in case (12)

Let us now suppose that K N K, o is in case (12), and K N Ko, is in case (13) and
refer to the following diagram. Recall that the points of K on the row determined by
o, indicated by A, are dgq,gy+m;» With 1 < m; < mp < ---, and the points on the
column determined by By, indicated by X, are agy1¢;, 6, With 1 < €1 < €p < ---.
We denote 0 = my — mj and p = £, — €. For example, in that diagram, ¢ = 6 and
p=r=4
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Since K N K, o is assumed in case (12), by Proposition 3.15, there exist 0 = jp <
1<ji<j2<-<ju < psuchthat

n
_ P
KN Kro= U Ky
i=0
and therefore in this case,
n
Kii=K o0 Krp = (KL 0 Kr)

i=0

n
= Jle+ji + o, ji +mp) : £, m € No, ji +mp = p).

i=0
In the diagram, we indicate the points of K rp i = K;‘ 3.3 With the symbols ©, and
the points of K rp i = Kf 6.6 With the symbols ©.

As before, assuming that K N K, ), is in case (13), we have
Ky :=K§ ,NK; p ={(ao+ o, fo+p+m'o): l'c>r,m eNp}

Also in the diagram, K is depicted by the symbols U1, O, @ in K, , and K3 is
depicted by the symbols A in K, ,, and we must have K1 = K N K, , = K.

J1 J2 my my
0 1 2 3 4 5 6 7 8[9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25

r r
0 ) o o o o o o o o A o o o o o A A
1 o o °
2 ° ° °
3 o ° °
da=r X ] O] o O O ] [m]
5 o ° °
6 ° o A A A
T|r+ji|o V] Qo V] V] V] V]
8| 6 | X o o u] u] o u]
9 P °
10| r+p @ ®o @ ) &)
11 © © Qo © o ©
12 q = o O a Oe A O O a4 [u]
13
14 ® ] @ ® @
15 V] V] V] V] V] V]
16 X m} m} u] u} o u]
17
18 @ A © D A @ A O
19 © © © © © ©
20 = o o u] o o o
21
22 ® ] @ ] ]
23 V] V] V] V] V] V]
24 x4 m} O a u] A O O a [m]
25

We show first that p = o. Since K| C K>, for £, m,i € Ny, with j; + mp > p,
there exist £, m’ € No with £’ > r and

(r + ji +Lp, ji +mp) = (L'c, p+m'c). ©)
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Fix i such that j; > p. Thenforall £, m € Ny, there exist £, m" € Ny with £'c > r
such that

r+ji+4eo=1~¢pand ji +mp=p+mo.
Eliminating j; from these two equations results in
r+p=m-—~0p+E —mo, (10)
with (¢/, m") depending on (¢, m) and satisfying 'c > r.
Since K» C Kj, for £,m € Ny, with ¢o > r, there exist £/, m’,i € Ny with
Ji +m’p > p such that
r+ji+4&p=+toand ji +m'p =p+mo.
Eliminating j; from these two equations results in
r+p=m —)p+ {—mo, (11)

with (¢, m") depending on (£, m), provided o > r.
With £ > 0 and m > 0, from (10), there exist £, m such that

r+p=@m-—=0p+ { —mo
and there exist £, m such that
r+p=m+1-~0p+ (€ — M>)o,

so by subtraction, 0 = p + [(€2 — m»2) + ({1 — m1)]o and o divides p.
With o > r and m > 0, from (11), there exist £3, m3 such that

r+p=@m3—~£)p+{—-m)o
and there exist £4, m4 such that
r+p=(mg—_Ly)p+ «+1-mo,

so by subtraction, 0 = [(m4 — £4) — (m3 — €3)]p + o and p divides o.

Hence p = o and from (10) or (11), p divides r + p. Now, takingi = 0, =0
in (9), r = £'o, so that also p divides p. Hence, as in the previous case, (r, p) € K,
so that (0, p)(r, p)*(r,0) = (0,0) € K, which is a contradiction. We conclude that
if the semiheap K N K ¢ is in case (12) and the semiheap K N Ky, is in case (13),
then case (1) does not occur.

Since the adjoint mapping is an anti-isomorphism of the extended bicyclic semi-
group (See Remark 2.8), it follows that if the semiheap K N K, ¢ is in case (13) and
the semiheap K N Ky, is in case (12), then case (1) does not occur.
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It remains to consider the case when both semiheaps K N K, g and K N Ko ), are
in case (12). After this, again since the adjoint mapping is an anti-isomorphism, and
case (1) has been shown to not occur, it will follow that case (2) also does not occur,
so we will have the following lemma.

Lemma 3.17 Cases (1) and (2) with (necessarily) (0,0) ¢ K, do not occur.

Proof 1t suffices to show that if both semiheaps K N K, o and K N Ko, , are in case
(12), then (0, 0) € K and therefore case (1) does not occur. We have

n
Ki:=KNK0NK, ,=|JIo+ji+Lp, ji +mp): t,m €Ny, ji + mp > p)
i=0

and

/

n
Ky =KNKop,NK,,= U{(k,- + Lo, p+ki+mo):€,meNyki+ Lo >r},
i=0

where 0 =kg <1<k <ky<---<ky<o.
Since K| C Ky, for i, £,m € Ny with j; +mp > p, there existi’, £/, m’ € Ny
satisfying k;s + €'c > r, such that
(r+ ji +Lp, ji +mp) = (ky +L'0, p + ki + m'c)
so that
r+ji+4ep=ky+toand j; +mp=p+ky+mo
Fix i such that j; > p. Then for every £, m € Ny, by subtraction, we have
r+p=m—~0p+E —m)o (12)
with ¢/, m’ depending only on ¢, m € Ny (and ¢ satisfying k;s + ¢’c > r for some i’).
Since K» C Ky, fori,£,m € Ny with k; + €o > r, there exist i’, £, m’ € Ny
satisfying ji +m’p > p, such that
(ki +€o, p+ki +mo) =@+ jy +p, ji +m'p)
so that
ki+to=r+jy+lpand p+k +mo = jy+mp
Fix i such that k; > r. Then for every ¢, m € Ny, by subtraction, we have

r+p=U—m)o+m —)p (13)
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with ¢/, m’ depending only on £, m € Ny (and m’ satisfying j; +m’p > p for some
i").
With £ > 0 and m > 0, from (12), there exist £1, m such that

r+p=m-=0p+{ —m)o
and there exist £, my such that
r+p=m+1—-~0p+ £y — M3)o,

so by subtraction, 0 = p + [({» — m»2) + ({1 — m1)]o and o divides p.
With £ > 0 and m > 0, from (13), there exist £, m such that

r+p={-—m)o+m—~L1)p
and there exist £, my such that
r+p={+1-m)o + (mx—£2)p,
so by subtraction, 0 = o + [(m2 — €2) + (m1 — £1)]p and p divides o.

Hence p = o and from (12) or (13), o divides p + r. In fact, o divides both p and
r. Indeed, since (g, q) € K| and K| = K>, there exist £, m, i and £', m’, i’, such that

(q.q) = (r+ ji + o, ji+0) = (ki + 0, p+ ki +m'o),

so that r + o = mo and p + m'c = €'o. We now have (r, p) € K, so that
(0,0) = (0, p)(r, p)*(r,0) € K, a contradiction. o

We summarize the results of Lemma 3.13 to Lemma 3.17 in the following propo-
sition.

Proposition 3.18 Ifthe semiheap K is in case 3.3.3, then either K = Kzfo,ﬁo for some
p > 0, or there exist p > 0 and q > 0 such that

n
K = U qujv‘h'
=0

where

q=qo<q1<q@2<---<qu<p and p<quy1 <{qpi2 <---.

Proof By Lemma 3.17, cases (1) and (2) do not occur. By Lemma 3.13, cases (3)—(11)
do not occur. Cases (12) and (13) are described in Propositions 3.15 and 3.16. O
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4 Injectivity of W*-TROs

The notation for this section is the following.

S is an inverse semigroup with generalized inverse x*.

K is a subset of S closed under the triple product xy*z (semiheap).

7 is the left regular representation of S on H := £2(S) so that S is an orthonormal
basis for H and 7 (x) is the partial isometry defined by 7 (x)y = xy if yy* < x*x and
m(x)y = 0 otherwise.

C;‘e d(S) is the C*-algebra generated by {7 (x) : x € S} and is the norm closure of
span 7 ().

T RO(K) is the TRO generated by (K ) and is the norm closure of span 7 (K).

V N(S) is the von Neumann algebra generated by 7 (S) and is the weak closure of
Crea®

VNTRO(K) is the W*-TRO generated by 7w (K) and is the weak closure of
TRO(K).

Details of the left regular representation are as follows ([13, pp. 25-27]). We have

* *
QijApg, Apgd < a;.ajj
ﬂ(a[j)apq = { 0 e Y

otherwise
that is,
Qijdpg, dpp = djj
mw(a;j)a = ! .
(@ij)apq { 0, otherwise ’
or
y _ Jaijapg, p =
T (aij)apg = { 0, otherwise ’
or

Qitp—jg» P =]
7(a;)a,, = 4
(@ij)apq { 0, otherwise

Define provisionally a linear map ®¢ : spann(S) — spannw(K) as follows:
®y(0) =0, and for xy,...x, € S,

ol (ZMMM)) = Z AT (x;).
i=1

x;eK

Proposition 4.1 The idempotent map ® is well-defined and contractive, and therefore
extends to a contractive projection ® on C ;e (S) with range T RO (K). Moreover,
extends to a completely contractive projection on VN (S) with range VNT RO (K).
Hence, if VN(S) in an injective von Neumann algebra, then VNT RO (K) is an
injective operator space.
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Proof Leta = ||}/, Aim(x;)| andb = ”ineK AT (x;)

Withe =Y (£, 2)7 €

e2(S),
TOE= Y (¢ xz
2% <xFx;
so that
2
b= sup | Y am()E| = sup Yoo LGP
len=t | ok IEIS1y ckozes aer<ary,
and by the same calculation
2
a® = sup > rmw()E| = sup > E R
&=t X €S ”EHSlxieS,zeS,zz*fx.*x,-

Therefore @ is contractive and extends to a contractive projection on C;“e d(S ) with
range TRO(K).
Let A = C;‘ed(S), U = TRO(K), so that ®** is a contractive projection on the

von Neumann algebra A** with range U**. By [10, Lemma], U** is isomorphic to
VNTRO(K), and by [3, Theorem 2.5], ®** is a completely contractive projection
withrange VN T RO (K). Therefore, the restriction ® of ®** to V N () is a completely
contractive projection of VN (S) onto VNT RO(K). If VN (S) is injective, then there
is a completely contractive projection P of B(H) onto VN(S), so that Do Pisa
completely contractive projection with range VNT RO (K). O

Example 4.2 Suppose that e and f are idempotents in the inverse semigroup S and

that K = eSf, which is a subsemiheap of S. The corresponding induced map takes
the form 7 (x) — m(exf) (with 0 — 0) and is contractive since

l

Hence Proposition 4.1 applies. This also applies to maps of the form x — ex and
x = xf.

= Iz

I (Il =

D him(exif)

'Zkin(x,-) Z)Liﬂ'(xi)

The maximal subgroups of any inverse semigroup S are of the form
Se={seS:ss*=s"s=¢e}
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for some idempotent e (See [13, p. 198]). Thus, the maximal subgroups of the extended
bicyclic semigroup E reduce to one-element groups, so are trivially amenable and
hence by [13, Theorem 4.5.2], VN (E) is injective.2

Since VN (E) is injective, where E is the extended bicyclic semigroup, it follows
from Proposition 4.1 and Example 4.2, that V NT RO (a;; Ea ;) is an injective operator
space, as are VNTRO(Eaj;) and VNT RO (a;; E). More generally, we have

Corollary 4.3 All of the subsemiheaps of the extended bicyclic semigroup E (which
were determined in Theorem 1.2) give rise to injective W*-TRO:s.
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