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Abstract

A countable semigroup is N-categorical if it can be characterised, up to isomor-
phism, by its first-order properties. In this paper we continue our investigation into
the N;-categoricity of semigroups. Our main results are a complete classification of
N,-categorical orthodox completely O-simple semigroups, and descriptions of the 8,
-categorical members of certain classes of strong semilattices of semigroups.
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1 Introduction

A countable structure is N-categorical if it is uniquely determined by its first-order
properties, up to isomorphism. While the concept of N,-categoricity arises naturally
from model theory, it has a purely algebraic formulation thanks to the Ryll-Nardze-
wski theorem (RNT). Independently accredited to Engeler [3], Ryll-Nardzewski [28]
and Svenonius [29], it states that the N -categoricity of a structure M is equivalent to
there being only finitely many orbits in the natural action of Aut(M) (the automor-
phism group of M) on M", for each n > 1. Significant results exist for both relational
and algebraic structures from the point of view of N -categoricity, but, until recently,
little was known in the context of semigroups. This article is the second of a pair ini-
tiating and developing the study of N -categorical semigroups. For background and
motivation we refer the reader to Hodges [14] and Evans [5], and to our first article

[9].
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We explore in [9] the behaviour of N-categoricity with respect to standard con-
structions, such as quotients and subsemigroups. For example, N -categoricity of
a semigroup is inherited by both its maximal subgroups and its principal factors.
Differences with the known theory for groups and rings emerged, for example, any
N,-categorical nil ring is nilpotent, but the same is not true for semigroups. While
keeping the machinery at a low level, we were able to give, amongst other results,
complete classifications of ¥, -categorical primitive inverse semigroups and of
E-unitary inverse semigroups with finite semilattices of idempotents.

For the work in this current article, it is helpful to develop some general strate-
gies and then apply them in various contexts. In view of this, in Sect. 2, we intro-
duce N-categoricity in the setting of (first-order) structures. Although we will
mostly be working in the context of semigroups, this broader view will be useful
for studying structures, such as graphs and semilattices, which naturally arise in
our considerations of semigroups. Key results from Gould and Quinn-Gregson
[9] are given in this setting. In particular, we formalise the previously defined
concept of N-categoricity over a set of subsets; the ¥ -categoricity of rectangular
bands over any set of subrectangular bands acts as a useful example.

In Sect. 3 we construct a handy method for dealing with the ¥;-categoricity of
semigroups in which their automorphisms can be built from certain ingredients.
This is then used in Sect. 4 to study the N -categoricity of strong semilattices of
semigroups. The main results of this article are in Sect. 5, where we continue
from [9] our study into the ¥,-categoricity of completely 0-simple semigroups.
We follow a method of Graham and Houghton by considering graphs arising from
Rees matrix semigroups, which necessitated our study of N -categoricity in the
general setting of structures.

We assume that all structures considered will be of countable cardinality.

2 The X -categoricity of a structure

We begin by translating a number of results in [9] to the general setting of (first-
order) structures. Their proofs easily generalize, and as such we shall omit them,
referencing only the corresonding result in [9].

A (first-order) structure is a set M together with a collection of constants €,
finitary relations R, and finitary functions & defined on M. We denote the struc-
ture as (M;R, g, C), or simply M where no confusion may arise. Each constant
element is associated with a constant symbol, each n-ary relation is associated
with an n-ary relational symbol, and each n-ary function is associated with an n-
ary function symbol. The collection L of these symbols is called the signature of
M. We follow the usual convention of not distinguishing between the constants/
relations/functions of M, and their corresponding abstract symbols in L.

Our main example is that of a semigroup (S, -), where S is a set together with a
single (associative) binary operation -, and so the associated signature consists of
a single binary function symbol.
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No—categoricity of semigroups Il 811

A property of a structure is first-order if it can be formulated within first-order
predicate calculus. A (countable) structure is N-categorical if it can be uniquely
classified by its first-order properties, up to isomorphism.

The central result in the study of N-categorical structures is the Ryll-Nardze-

wski Theorem, which translates the concept to the study of oligomorphic auto-
morphism groups (see [14]). Before stating it, it is worth fixing some notation
and definitions. Let ¢ : A — B be a map, let a = (a,, ...,a,) be an n-tuple of A
and let M C A. Then we let a¢p denote the n-tuple of B given by (a9, ...,a,d),
and M ¢ denotes the subset {m¢ : m € M} of B.
_ Given a structure M, we say that a pair of n-tuples a=(ay,...,a,) and
b= (by,...,b,) of M are automorphically equivalent or belong to the same
n-automorphism type if there exists an automorphism ¢ of M such that a¢ = b,
that is, a;¢ = b, for each i € {1,...,n}. We denote this equivalence relation as
a ~y, b. We call Aut(M) oligomorphic if Aut(M) has only finitely many orbits
in its action on M" for each n > 1, that is, if each |M"/ ~,, , |is finite.

Theorem 2.1 (The Ryll-Nardzewski theorem (RNT)) A structure M is Ny-categori-
cal if and only if Aut(M) is oligomorphic.

It follows from the RNT that every N-categorical structure is uniformly locally
finite [14, Corollary 7.3.2], that is, there is a finite uniform bound on the size
of the n-generated substructures, for each n > 1. In particular, an ¥;-categorical
semigroup is periodic, with bounded index and period.

Another immediate consequence of the RNT is that any characteristic sub-
structure inherits ¥ -categoricity, where a subset/substructure is called charac-
teristic if it is invariant under automorphisms of the structure. However, key sub-
semigroups of a semigroup such as maximal subgroups and principal ideals are
not necessarily characteristic, and a more general definition is required:

Definition 2.2 Let M be a structure and, for some fixed r € N, let {)_(i :i€1} be
a collection of #-tuples of M. Let {A; : i € I} be a collection of subsets of M with
the property that for any automorphism ¢ of M such that there exists i,j € I with
X;¢ =X, then ¢|A,. is a bijection from A; onto A;. Then we call A={A,X) :iel}
a system of r-pivoted pairwise relatively characteristic (z-pivoted p.r.c.) subsets (or,
substructure, if each A, is a substructure) of M. The t-tuple X; is called the pivot of
A; (€. If |[I| =1 then, letting A} = A and X = X, we write {(A, X)} simply as
(A, X), and call A an X-pivoted relatively characteristic (X-pivoted r.c.) subset/sub-
structure of M.

In [9], Definition 2.2 was shown to be of use in regard to, for example, Green’s
relations. In particular, {(H,,e) : e € E(S)} forms a system of 1-pivoted p.r.c. sub-
groups of a semigroup S. It then followed from the proposition below that maxi-
mal subgroups inherit N-categoricity, and moreover there exists only finitely
many non-isomorphic maximal subgroups in an ¥X,-categorical semigroup.
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812 T. Quinn-Gregson

Proposition 2.3 [9, Proposition 3.3] Let M be an ¥-categorical structure and
{(A;,X,) : i €1} a system of t-pivoted p.r.c. subsets of M. Then {|A;| : i €1} is
finite. If, further, each A; forms a substructure of M, then {A; . i € I} is finite, up to
isomorphism, with each A; ¥,-categorical.

We use the RNT in conjunction with [9, Lemma 2.8] to prove that a structure
M is ¥,-categorical in the following way. For each n € N, let y,, ..., 7, be a finite
list of equivalence relations on M" such that M" /y, is finite for each1 < i < r and

ViNY NNy Sy

A consequence of the two aforementioned results is that M is N -categorical. This
result will often be drawn upon in a less formal way as follows. Suppose that we
have an equivalence relation ¢ on M" that arises from different ways in which a
given condition may be fulfilled; if M" /o is finite, then we say the condition has
finitely many choices.

Example 2.4 Recalling [9, Example 2.10], consider the equivalence fy, on n-tuples
of a set X given by

(ays...,a)lx, (by,...,b,) if and only if [¢; = a; & b; = b;, for each i, j].
2.1

A pair of n-tuples a and b are f x-€quivalent if and only if there exists a bijection
¢ :{a,....,a,} = {b,...,b,} such that a,¢ = b;, and the number of f -classes of
X" is finite, for each n € N. Note also that if M is a structure then any pair of n-auto-
morphically equivalent tuples are clearly {j,, -equivalent.

Let M be a structure and A = {A; : i € [} a collection of subsets of M. We may
extend the signature of M to include the unary relations A; (i € I). We denote
the resulting structure as M = (M;A), which we call a set extension of M. If
A={A,,...,A,} is finite, then we may simply write M as (M;A,, ..., A,).

Notice that automorphisms of M are simply those automorphisms of M which
fix each A; setwise, that is automorphisms ¢ such that A;¢p = A; (i € I). The set
of all such automorphisms will be denoted Aut(M;.A), and clearly forms a sub-
group of Aut(M). The X;-categoricity of M is therefore equivalent to our previous
notion of M being N,-categorical over A in [9].

Lemma 2.5 [9, Lemma 5.2] Let M be a structure with a system of t-pivoted p.r.c.
subsets {(A;,X;) : i €1}. Then (M;{A; : i € I}) is Xy-categorical if and only if M is
Ny-categorical and 1 is finite.

Lemma 2.6 [9, Lemma 5.3] Let M be a structure, let t,r €N, and for each
ke {l,...,r}let X, € M'. Suppose also that A, is an X,-pivoted relatively charac-
teristic subset of M for1 < k < r. Then (M;A,, ... ,A,) is Ry-categorical if and only if
M is X -categorical.
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Consequently, if S is an N-categorical semigroup and G, ..., G, is a collection
of maximal subgroups of S then (S;G,, ..., G,) is ¥,-categorical.

However, note that not every N,-categorical set extension of a semigroup requires
the subsets to be relatively characteristic. We claim that any set extension of a rec-
tangular band by a finite set of subrectangular bands is ¥;-categorical. This result is
of particular use in the next section when considering the ¥;-categoricity of normal
bands.

Recall that every rectangular band can be written as a direct product of a left
zero and right zero semigroup. The following isomorphism theorem for rectangular
bands will be vital for proving our claim, and follows immediately from Howie [17,
Corollary 4.4.3]:

Lemma 2.7 Let B, =L, X R, and B, = L, X R, be a pair of rectangular bands. If
¢, 1 L, = L, and ¢y : Ry X R, are a pair of bijections, then the map ¢ : B; — B,
given by (I,r)¢p = (I, rg) is an isomorphism, denoted ¢ = ¢; X ¢ Conversely,
every isomorphism can be constructed this way.

Theorem 2.8 If B is a rectangular band and B, ..., B, is a finite list of subrectangu-
lar bands of B, then B = (B;B,, ..., B,) is Ny-categorical. In particular, a rectangu-
lar band is N -categorical.

Proof Let B =L X R, where L is a left zero semigroup and R is a right zero semi-
group. Foreach1 <k <r,let L, C L and R, C R be such that B, = L, X R,. Define
a pair of equivalence relations o; and oy on L and R, respectively, by

io,jolieL, o jeL, foreachk],
iogj < [i € R, & j € Ry, foreach k].

The equivalence classes of o, are simply the set L\ |J, ., L; together with certain
intersections of the sets L. Since r is finite, it follows that L/c; is finite, and simi-
larly R/oy is finite. Let a = ((i},j;), ..., (i,,j,)) and b = ((k, ), ..., (k,.£,)) be a
pair of n-tuples of B under the four conditions that

(1) i;opk foreachl <s<n,
(2) jyopl foreachl <s<mn,
3 (Gyseenni) by, (kyy .ok,
@ G eersd) g C1s s ),

where f]; , and lj, , are the equivalence relations given by (2.1). By conditions (3) and
(4), there exists bijections

b, isooin} = ks kY and gt (oo ody) = (E4s sy}

given by i;¢p; = k;and j ¢, = £, for each1 < s < n. By condition (1), we can pick a
bijection @; of L which extends ¢, and fixes each o, -classes setwise, and similarly
construct @. Then @ = @; X @ is an automorphism of B. Moreover, if (i,j) € B,
then i € L; and as i o, (i®@;) we have i®; € L. Dually, j € R, and as jop (jd,) we
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814 T. Quinn-Gregson

have j®, € R,. Hence there exists £ € L and r € R such that (i®,, r) and (¢, j®y)
are in By, so that

(i¢L’ r)(fajéR) = (Z¢L’J¢R) € Bk

as B, is a subrectangular band. We have thus shown that (i, /)@ = (i®;, j®y) € By,
and so B,®@ C B,. We observe that ®~! = @Zl X @El is also an automorphism of B
with QDZI and (DEI setwise fixing the o;-classes and oy-classes, respectively. Follow-
ing our previous argument we have B,®@~! C B, and so B,@ = B, for each k. Thus
@ is an automorphism of B, and is such that

(i‘v’js)cp = (iS¢L’jS¢R) = (is¢L7jx¢R) = (k‘v’ f&)

gor eachl < s <n, sothata ~Bn b. Hence, as each of the four conditions on a and
b have finitely many choices, it follows that B is N -categorical. O

Note that any set can be considered as a structure with no relations, functions or
constants. Every bijection of the set is therefore an automorphism, and as such all
sets are easily shown to be ¥, -categorical. In fact a simplification of the proof of
Theorem 2.8 gives:

Corollary 2.9 Let M be a set, and M, ... ,M, be a finite list of subsets of M. Then
M;M,, ..., M,)is X-categorical.

3 A new method: (M, M’;N;¥)-systems

For many of the structures we will consider, automorphisms can be built from iso-
morphisms between their components. For example, for a strong semilattice of
semigroups S = [Y;Sa;ll/a,/;], we can construct automorphisms of S from certain iso-
morphisms between the semigroups S,. In this example we also require an automor-
phism of the semilattice ¥, which acts as an indexing set for the semigroups S,. We
now extend this idea by setting up some formal machinery to deal with structures in
which the automorphisms are built from a collection of data.

Notation 3.1 Given a pair of structures M and M’, we let Iso(M;M") denote the set of
all isomorphisms from M onto M’.

Definition 3.2 Let M be an L-structure with fixed substructure M’
Let A={M, : i€ N} be a set of substructures of M’ indexed by some K-struc-
ture N such that M’ = J,.y M;. Let N|,...,N, be a finite partition of N, and set
N = (N;Ny,...,N,). For each i,j €N, let ¥;; be a subset of Iso(M;;M;) under the
conditions that

(3.1) ifi,j € Ny for some 1 <k < rthen'¥;; # 0,
(3.2) ifp € ¥, and ¢’ € ¥, then ¢’ € ¥,
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(3.3) ifp € ¥, then plew i io
34 ifr e Aut(ﬁ) and ¢; € ¥, for eachi € N, then there exists an automorphism
of M extending the ¢,.

Letting ¥ = U, ieN Y, 7 then, under the conditions above, we call A = {M; : i € N}
an (M, M’;N; '{’) system (in M). If M’ = M then we may simply refer to this as an
(M;N;¥)-system.

By Condition (3.1) if i,j € N, for some k, then M; = M;. Hence the num-
ber of isomorphism types in A is bounded by r. Moreover, 1t follows from Con-
ditions (3.1)—(3.3) that ¥;; is a subgroup of Aut(M,), for each i € N. If the sets
M; are not pairwise dlS]OlIlt then Condition (3.4) should be met with caution.
Indeed, if x € M; N M, then by taking 7 to be the identity map of N, we have that
x¢;, xp; € M; N M; for all ¢; € Aut(M,) and ¢; € Aut(M;) by Condition (3.4). How-
ever, for our Work the sets M; will mostly be pairwise d1s101nt or will all intersect
at an element which is fixed by every isomorphism between the M;. For example, M
could be a semigroup containing a zero, and 0 is the intersection of each of the sets
M,

Note also that no link needs to exist between the signatures L and K. For most of
our examples they will be the signature of semigroups and the signature of sets (the
empty signature), respectively.

Given an (M;M";N;¥)-system A = {M, : i € N} in M, we aim to show that, if N
is N-categorical and each M, possess a stronger notion of ¥ -categoricity, then M is
N,-categorical. The stronger notion that we require comes from the following defini-
tion, which generalises the notion of ¥-categoricity of set extensions.

Definition 3.3 Let M be a structure and ¥ a subgroup of Aut(M). Then we say that
that M is Ry-categorical over ¥ if ¥ has only finitely many orbits in its action on M"
for each n > 1. We denote the resulting equivalence relation on M" as ~; y .

By taking ¥ to be those automorphisms which fix certain subsets of M we recover
our original definition of N -categoricity of a set extension. Similarly, by taking ¥ to
be those automorphisms which preserve a fixed equivalence relation, or those which
fix certain equivalence classes, we obtain a pair of notions defined in [9].

Lemma 3.4 Let M be a structure, and A= {M; : i € N} be an (M, M’;N;¥)-system.
If N is ¥-categorical and each M; is R-categorical over 'V, ; then

'/ ~ua | <N

foreachn > 1.

Proof Let N = (N;N,,...,N,) and, for each 1 < k < r, fix some m; € N,. For each
i €Ny, let ; € ¥, , noting that such an element exists by Condition (3.1) on ¥.

Let a = (ay,...,a,) and b = (b, ...,b,) be a pair of n-tuples of M’, with a, € M;
and b, € M;, and such that (i,...,i,) ~y, Gi»-.-.J,) via = € Aut(N), say. For
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816 T. Quinn-Gregson

eachl <k <r, letiy, i, ..., i, be the entries of (i, ..., i,) belonging to N, where
kl < k2 < -+ < kny, and set

ak = (akl, e ,Clknk) (S (M,)nk.

We similarly form each Ek, observing that as i,7 = j, for each 1 <t < n and # fixes

the sets N; setwise (1 <j < r) the elements ji,, i, ... . Ji, are precisely the entries

of (jy, ..., J,) belonging to Ny, so that by = (byy, ..., by, ) for some by, € M’. Notice

that as Ny, ..., N, partition N we have n =n; +n, + -+ + n,. Since i, j,, € N, for

eachl <t < n;, we have that q;,0, and b,,0; are elements of M,, . We may thus sup-
kt Ji s

pose further that foreach1 < k <r,

(aklgikl v aknkglkn ) MmA W gmy (bklajkl vt bk”k iy )

via oy € ¥, ,,, say (where if a; is a O-tuple, then we take o, to be the identity of

N,, ). Foreachl < k <rand eachi € N, let

¢, = 0,00, : M; > M,,,
noting that ¢; € ¥;;, by Conditions (3.2) and (3.3) on ¥, since 0,, 5, and 0;,, are ele-
ments of ¥. Hence, by Condition (3.4) on ¥, there exists an automorphism ¢ of M
extending each ¢;. Forany 1 <k < rand any1 < ¢ < n;, we have
P = akl‘(bikz = akfeikr lk T bktejm 9]; = by,
and 50 a ~y, b via ¢. Since N is N-categorical and each M, are N -categorical
over ¥, ;, the conditions 1mposed on the tuples @ and b have finitely many choices,

ll’

and so [(M")"/ ~y;,, |is finite. O

By Corollary 2.9, the structure N in the lemma above can simply be a set. In
most cases we take M’ = M, and the result simplifies accordingly by the RNT as
follows.

Corollary 3.5 Let M be a structure, and A = {M; : i € N} be an (M;N;¥)-system. If
N is N-categorical and each M is R-categorical over 'V; , then M is Ry-categorical.

Example 3.6 The corollary above could be used to efficiently prove the interplay of
N,-categoricity and the greatest O- dlrect decomposition of a semigroup with zero
[9, Theorem 4 8]. Indeed, if S = |_| S; is the greatest O-direct decomposition of

S,and I, ...,1, is a finite partition of I corresponding to the isomorphism types of
the summands of S, then it is a simple exercise to show that S= {S; : i € I} is an
;1 ..., 1,);P)-system, where ¥ is the collection of all isomorphisms between

summands. Since (31, ..., I,) is N-categorical, it follows by Corollary 3.5 that S is
N-categorical if each S; is ¥ -categorical (over ¥;; = Aut(S;)).
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4 Strong semilattices of semigroups

In this section we study the N-categoricity of strong semilattices of semigroups by
making use of our most recent methodology. We are motivated by the work of the
author in [22] and [23], where the homogeneity of bands and inverse semigroups
are shown to depend heavily on the homogeneity of strong semilattices of rectangu-
lar bands and groups, respectively. Recall that a structure is homogeneous if every
isomorphism between finitely generated substructures extend to an automorphism.
A uniformly locally finite homogeneous structure is ¥,-categorical [19, Corollary
3.1.3]. Consequently, each homogeneous band is ¥,-categorical, although the same
is not true for homogeneous inverse semigroups.

While there has not yet been a general study into N,-categorical semilattices, a
complete classification of countable homogeneous semilattices was completed in [6]
and [7]. Since semilattices are uniformly locally finite, this provids us with a count-
ably infinite collection of ¥ -categorical semilattices. For example, the linear order
Q is a homogeneous semilattice, and all N -categorical linear orders are classified in
[27].

Let Y be a semilattice. To each a € Y associate a semigroup S,, and assume that
Se NSy = @ if « # B. For each paira, f € Y witha > f, let Vap * Sq = Spbeamor-
phism such that y, , is the identity mapping and if a > § >y then y, sy, = v, -
On the set S = |,y S, define a multiplication by

ax b = (allla,aﬂ)(bwﬂ,aﬂ)

foraeS,besS > and denote the resulting structure by S = [Y;Sa;y/a,ﬂ]. Then S is
a semigroup, and is called a strong semilattice Y of the semigroups S, (a € Y). The
semigroups S, are called the components of S. We follow the convention of denoting
an element a of S, as a,,.

The idempotents of S = [Y;S,;y, 5] are given by E(S) = |J
forms a subsemigroup of S then

E(S) = [Y;E(Sa);Wa,ﬂlE(Sa)]'

E(S,), and if E(S)

agY

We build automorphisms of strong semilattices of semigroups in a natural way using
the following well known result. A proof can be found in [21].

Theorem 4.1 Let S = (ViS5 be a strong semilattices of semigroups. Let
x € Aut(Y) and, for eacha €Y, let 0, : S, = S, be an isomorphism. Assume fur-
ther that for any a > p, the diagram

Ou
Saq — Saxn

l‘l’a,ﬁ i‘/’an,ﬁn “.1)
6
Sp—Spx

commutes. Then the map 0 =],y 0, is an automorphism of S, denoted
0 = [ea’”]ae)"
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818 T. Quinn-Gregson

We denote the diagram (4.1) by [a, f;ax, fz]. The map # is called the induced
(semilattice) automorphism of Y, denoted 67

Unfortunately, not all automorphisms of strong semilattices of semigroups can
be constructed as in Theorem 4.1. We shall call a strong semilattice of semigroups
S automorphism-pure if every automorphism of S can be constructed as in Theo-
rem 4.1. For example, every strong semilattice of completely simple semigroups is
automorphism-pure [20, Lemma IV.1.8], and so both strong semilattices of groups
(Clifford semigroups) and strong semilattices of rectangular bands (normal bands)
are automorphism-pure.

Let S = [Y;S,:y, 4] be a strong semilattice of semigroups. We denote the equiv-
alence relation on Y corresponding to isomorphism types of the semigroups S,
by g, so that ang fp < S, = S;. We let YS denote the set extension of Y given by
YS 1= (Y;Y/ny).

Proposition 4.2 Letr S =[Y;S,;w, ;] be automorphism-pure and Y,-categorical.
Then each S, is R -categorical and Y is R -categorical, with Y /n finite.

Proof For each a € Y fix some x, € S,. We claim that {(S,,x,) : « € Y} forms a
system of 1-pivoted p.r.c. subsemigroups of S. Indeed, let 8 be an automorphism of
S such that x,0 = Xg for some a, f € Y. Since S is automorphism-pure, there exists
7w € Aut(Y) and isomorphisms 6, : S, = S,, (¢ €Y) such that § =[0,, 7],y
Hence S,0 = S, and the claim follows. Consequently, by the N,-categoricity of S
and Proposition 2.3, each S, is ¥-categorical and Y /7y is finite.

Let a = (a,...,a,) and b= (f,,...,B,) be a pair of n-tuples of Y such that
there exists a, €S, and by €S, with (a,,....,a,) ~g5, (bs,....bs) via
[0/, 7'],cy € Aut(S), say. Since z” € Aut(Y) and S, = S, for each @ € Y, it follows
that 7 € Aut(YS). Moreover, a;’ = f for each k, so thata ~ys,, b via z’. We have
thus shown that

[(Y5Y" ) ~oys | SUS™/ g | < Ry,

as S is W-categorical. Hence Y¥ is R -categorical. O

A natural question arises: how can we build an N-categorical strong semilattice
of semigroups from an ¥;-categorical semilattice and a collection of N,-categorical
semigroups? In this paper we will only be concerned with the N,-categoricity of
strong semilattices of semigroups in which all connecting morphisms are injective
or all are constant. For arbitrary connecting morphisms, the problem of assessing
N,-categoricity appears to be difficult to capture in a reasonable way. Examples of
more complex N,-categorical strong semilattices of semigroups arise from Quinn-
Gregson [22], where the universal normal band is shown to have surjective but not
injective connecting morphisms. We first study the case where each connecting
morphism is a constant map.

Suppose that Y is a semilattice and, for each @ € Y, S, is a semigroup containing
an idempotent e,. For each @ € Y let y, , be the identity automorphism of S, and
for a > f let y, 4 be the constant map with image {e;}. We follow the notation of
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Worawiset [30] and let y, 5 := Ca,e,, for each @ > f in Y. It is easy to check that
WopWpy = Wo, foralla > >y inY, so that § = [Y;Sa;Ca’eﬂ] forms a strong semi-
lattice of semigroups. We call S a constant strong semilattice of semigroups.

Definition 4.3 If S = [Y;Sa;Ca’eﬂ] is a constant strong semilattice of semigroups,
then we denote the subset of Iso(S,;S,) consisting of those isomorphisms which map
e, 10 e as 150(S,:5 )] Notice that the set Iso(S,,:S,)/“*! is simply the subgroup
Aut(S,;{e,}) of Aut(S,). We may then define a relation vg on Y by

avgf & Iso(Sa;Sﬁ)[ea?eﬂ] + @,

so that vy C 7.

The relation vy is reflexive since 1 € Aut(S,;{e,}) for each @ € Y, and it easily
follows that vy forms an equivalence relation on Y.

Proposition 4.4 Ler S =[Y:S,:C,, 1 be such that Y/vg=1{Y,,...,Y,} is finite,
Y=(;Y,,....Y,) is Nycategorical and each S, is Nj-categorical. Then S is N,
-categorical.

Proof We prove that {S, : @ € Y} forms an (S;);¥)-system for some ¥. For each
a,fEY, let ¥, ;= ISO(Sa;Sﬁ)[eu;eﬁ] and fix ¥ = Ua,ﬂeY ¥, - Then Conditions
(3.1)—(3.3) are seen to be satisfied since vg forms an equivalence relation on Y. Let
7 € Aut()) and, for eacha € Y, let 0, € ¥, ,,. We claim that § = [0, 7],cy is an

automorphism of S. Indeed, for any s, € S, and any f < @ we have

saCa,eﬁQﬂ =e40, = ¢4, =5,0,C

a’a~an.ep,
so that the diagram [a, f;az, fz] commutes. Moreover [«, a;az, ez ] commutes as
salsaea = saaa = saaalSM’

and the claim follows by Theorem 4.1. Since 6 extends each 6,, we have that
{S, : a € Y}is an (S;V;¥)-system. Moreover, as S, is N-categorical, it is N-cat-
egorical over ¥, , = Aut(S,:{e,}) by [9, Lemma 2.6]. Hence S is N-categorical by
Corollary 3.5. a

Examining our two main classes of automorphism-pure strong semilattices of
semigroups: Clifford semigroups and normal bands, the result above reduces accord-
ingly. If S = [Y;Ga;Ca,gﬁ] is a constant strong semilattice of groups, then e, is the
identity of G,, and so Is0(G,:G,) = Iso(Ga;Gﬁ)[“w;eﬁ] for each a, § € Y. On the other
hand, if § = [Y;B,:;C, . ]1s a constant strong semilattice of rectangular bands, then it
follows from Lemma 2.7 that Iso(B,;B,) # # if and only if Iso(B,;B ﬂ)[e,,;e,;] # @, for
any e, € B,,e; € B,. In both cases we therefore have vg = 5. Moreover, each rec-
tangular band B, is ¥;-categorical by Theorem 2.8, and the following result is then
immediate by Propositions 4.2 and 4.4.
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Corollary 4.5 Let S = [Y;Sa;Ca,eﬁ] be a constant strong semilattice of rectangular
bands (groups). Then S is Ry-categorical if and only if YS is R-categorical, with
Y /g finite (and each group S, is Ry-categorical).

We now consider the ¥N,-categoricity of a strong semilattice of semigroups
S = [Y:S,:w, ] such that each connecting morphism is injective. For each a > f

in Y, we abuse notation somewhat by denoting the isomorphism ‘Va_/lillmw , simply

-1 : _
by Y, 5 We observe thatif « > f >y and x, € Imy, , say x, = x,y, ,, then
-1 -1 -1
x}’wa,ywll,ﬂ = XaWay a,yll/a,ﬁ =XeWap = x}’wﬁ,y'
Hence, on the restricted domain Im Wy WE have
-1 _ -1
VayVap = Vg, 4.2)

If Y has a zero (i.e. a minimum element under the natural order) we may define an
equivalence relation & on Y by a &g f if and only if S,w, o = Spyy0. If a &g f then
Wa 0¥ 1S an isomorphism from S, onto Sy, and so & C 7.

Proposition 4.6 Let S = [Y;S,;w, 5] be such that each y, 5 is injective. Let Y be a
semilattice with zero andY [ = {Y, ..., Y,} be finite, with

(SeWoo ra€ Y} ={T,...,T,}.

Then S is Ry-categorical if both Y = (Y;Y,,...,Y,) and Sy = (Sg;Ty, ..., T,) are N,
-categorical. Moreover, if S is automorphism-pure and N-categorical, then con-
versely both Y and S, are R -categorical.

Proof Suppose first that both J and S, are Y -categorical. Let a = (a,, ..., a, ) and
b= (bﬂ], ,bﬂ”) be n-tuples of S with («,, ..., a,) ~Yn By, ..., P, viax € Aut()),
say. Suppose further that

(g Wa, 00+ > Ao, Ve, 0) ~s,m Op W 05+ 5Dp W 0)

via 6, € Aut(S), say. Then for each a € Y we have Sy, o = S,,¥,, 0. and so we
can take an isomorphism 8, : S, = §,, given by

-1
001 = Wa,() 90 Wa,[,()'
For each @ > fin Y, the diagram [a, f;ax, fz] commutes as
-1 -1
Wap Op = Wap Wpo 00 W) = Wao O Wy
-1
= ll/lJt,O 00 (WCUI.',O ll/afr,ﬂzr) = ea Wa;r,[in’

where the penultimate equality is due to (4.2) as Im y,, o = Im y, o = (Im y,, ()6,
Hence 6 = [0, 7],y is an automorphism of S by Theorem 4.1. Furthermore,
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-1 -1
aaka = aak eak = aak WaA,O 90 Waklr,O = bﬂk Wﬂk,() ll/ﬂk,O = bﬁk
foreach1 < k < n, so that a ~n b via 0. We thus have that
IS/ ~su | AV ~y 1180/ ~som | <R

and so S is N-categorical.

Conversely, suppose S is automorphism-pure and ¥, -categorical. For
each 1 <k <r, fix some y, €Y,, where we assume without loss of general-
ity that S, y, o =T}. For each « € Y, fix some x, € §,. Let a = (ay, ..., a,) and
b= (B, ...,B,) be n-tuples of Y such that

(xal, N T ’xn) ~§ntr (xﬂl, ey Xg s Xy ,xy)_),

via 0 € Aut(S), say. Since S is automorphism-pure there exists # € Aut(Y) and
0, € Iso(S,;S,,) such that @ = [0, 7] ,y. The automorphism x fixes each y,, so that
Sne = Syk' Hence, as the diagram [y,, 0;y,, 0] commutes for each k, we have

T, =S,w,0=(5,0,)w, 0=S,w, o0y =T 0, = T;0.
If @ € Y, then, by the commutativity of the diagram [a;0;ax, 0], we therefore have
SaWao = T = T8y = SeWe 000 = S00eWaro = SaxWaro>
and so 7 € Aut())). We have shown that
V') ~yu | U8 g | <Ry

and so Y is N-categorical. Now suppose ¢ and d are n-tuples of S, such that
(Ev xyl LRRER xyr) NSJH—V (d7 xyl IR 9xy')’

via#' = [0/, 7'],cy € Aut(S), say. Then arguing as before we have that 7,0’ = T for
each k, and it follows that 6 € Aut(S,), with cf;, = d. Hence

1S5/ ~syn | SIS ] ~gar | <Ry
and so & is N-categorical. O
Note that if Y is finite, then the meet of all the elements of Y is a zero. Moreover,

as Y is finite, it is N-categorical over any set of subsets by the RNT, and so the
result above simplifies accordingly in this case:

Corollary 4.7 Let S = [Y;S,;y, 4] be such that Y is finite and each y, 4 is injective. If
So = Sps{SaWa © a € Y}) is Ry-categorical then S is ¥-categorical. Conversely, if

S is automorphism-pure and N -categorical then S is N-categorical.

For a Clifford semigroup S, the property that the connecting morphisms are
injective is equivalent to S being is E-unitary, that is, such that for all e € E(S)
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and all s € S, if es € E then s € E(S) [17, Exercise 5.20]. Since Clifford semi-
groups are automorphism-pure, we therefore have the following simplification of
Proposition 4.6.

Corollary 4.8 Let S =[Y;G,;y, 4] be an E-unitary Clifford semigroup. Let Y be
a semilattice with zero and Y [&g be finite. Then S is N-categorical if and only if
(Y:Y /&g) and (Sp;{S, Wy © @ € Y}) are Ry-categorical. In particular, if Y is finite
then S is N-categorical if and only if (Sy;{S,y, o : @ € Y}) is R-categorical.

Example 4.9 We use the work of Apps [1] to construct examples of N -categorical
E-unitary Clifford semigroups as follows. Let G be an N -categorical group and
H, < H, < ---acharacteristic series in G, so that each H, is a characteristic subgroup
of G and H; is a subgroup of H, ;. Apps proved that such a series must be finite,
and there exists a characteristic series {1} = G, < G, < G, < - <G, =G with
each G;/G,_, a characteristically simple R -categorical group. For each 0 < i < n, let
K; = G; X {i} be an isomorphic copy of G;. Foreach0 <i <j <n,lety;; : K; — K;
be the map given by (x, )y;; = (x,j). Then we may form a strong semilattice of the
groups K; by taking § = [Y;Ki;u/iJ], where Y is the set {0, 1, ...,n} with the reverse
ordering 0 > 1 > 2 > --- > n. Notice that § is E-unitary as each connecting mor-
phism is injective. Moreover, each Ky;, = G; X {n} is a characteristic subgroup of
K, = G, x {n}. Hence, by Lemma 2.6, (K,;{Kyy;,, : 1 <i < n}) is ¥-categorical.
Since Y is finite, we have that (Y;Y /&) is N,-categorical, and so S is N -categorical
by Corollary 4.8.

IfS=[Y ;Sa;wa’,,] is such that each connecting morphism is an isomorphism,
then Y/&; = {Y}, and so the result above simplifies accordingly. However we can
prove a more general result directly (without the condition that Y has a zero)
with aid of the following proposition. The result is folklore, but a proof can be
found in [21].

Proposition 4.10 Let S = [Y:S,:y, ;] be such that each y,, 5 is an isomorphism. Then
S8, XY foranya € Y. Conversely, if T is a semigroup and Z is a semilattice then
T X Z is isomorphic to a strong semilattice of semigroups such that each connecting
morphism is an isomorphism.

Corollary 4.11 Let S = [Y;S,3w, 4] be such that each v, 4 is an isomorphism. If S,
and Y are X -categorical, then S is R-categorical. Moreover, if S is automorphism-
pure then the converse holds.

Proof By Proposition 4.10, S is isomorphic to S, X Y for any a € Y. The first half of

the result then follows as N -categoricity is preserved by finite direct products [12].
If S is automorphism-pure then the converse holds by Proposition 4.2, as (Y;Y /)

being N -categorical clearly implies Y is N -categorical. O
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5 N,-categorical Rees matrix semigroups

A semigroup S is called simple (0-simple) if it has no proper ideals (if its only
proper ideal is {0} and S? # {0}). A simple (0-simple) semigroup is called com-
pletely simple (completely 0-simple) if contains a primitive idempotent, i.e. a
non-zero idempotent e such that for any non-zero idempotent f of S,

ef =fe=f=>e=f.

Since an N-categorical semigroup is periodic, it follows that every N -categorical
(0-)simple semigroup is completely (0)-simple (see the proof of Theorem 3.12 of
[9]). By Rees theorem [25], to study the N-categoricity of a completely 0-simple
semigroup, it is sufficient to consider Rees matrix semigroups:

Theorem 5.1 (The Rees Theorem) Let G be a group, let I and A be non-empty
index sets and let P = (p,;) be an AXI matrix with entries in GU {0}. Sup-
pose no row or column of P consists entirely of zeros (that is, P is regular). Let
S = (I X G x A)U {0}, and define multiplication x on S by

(i, g, A) * (b, p) = { g’gl’wh’ u) ifp;; #0

else

0% (i,g, A)=(i,g, 1) 0=0%0=0.

Then S is a completely O-simple semigroup, denoted MO[G;I , A;P], and is called a
(regular) Rees matrix semigroup (over G). Conversely, every completely 0-simple
semigroup is isomorphic to a Rees matrix semigroup.

The matrix P is called the sandwich matrix of S. If P has no zero entries, then
I X Gx A forms a subsemigroup of MO[G;I, A, P], called a Rees matrix semi-
group without zero and denoted M|[G;l, A;P]. Every completely simple semi-
group is isomorphic to a Rees matrix semigroup without zero [17, Section 3.3].

Lemma 5.2 Let G be a group and P be a A X I matrix with entries from G. Then
MIG;l, A;P]is R-categorical if and only if MO[G;I , A;Plis Ry-categorical.

Proof The result is immediate from Gould and Quinn-Gregson [9, Corollary 2.12]
since MC[G:1, A;P]is isomorphic to M[G;I, A;P] with a zero adjoined. O

As a consequence, to examine the N -categoricity of both completely simple
and completely 0-simple semigroups, it suffices to study Rees matrix semigroups.

A fundamental discovery in [9] was that to understand the N -categoricity of
an arbitrary semigroup, it is necessary to study N, -categorical completely (0-)
simple semigroups. Indeed, they arise as principal factors of an W-categorical
semigroup, as well as giving examples of 0-direct indecomposable summands in
a semigroup with zero.
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In [9] the Nj-categoricity of Rees matrix semigroups over identity matrices
(known as Brandt semigroups) were determined, although we deferred the general
case to this current article. Countable homogeneous completely simple semigroups
have been classified (modulo our understanding of homogeneous groups) in [24],
which gives rise to more complex examples of ¥,-categorical completely (0-)simple
semigroups.

Given a Rees matrix semigroup § = MO[G;I, A;P] with P = (p, ;), we let G(P)
denote the subset of G of all non-zero entries of P, thatis, G(P) := {p,; : p,; # 0}.
The idempotents of S are easily described [17, Page 71]:

ES) = {(.p;1, ) i py; # 0}

Since there exists a simple isomorphism theorem for Rees matrix semigroups [17,
Theorem 3.4.1] (see Theorem 5.10), we should be hopeful of achieving a thorough
understanding of ¥;-categorical Rees matrix semigroups via the RNT. However,
from the isomorphism theorem it is not clear how the N,-categoricity of the semi-
group MP[G;1, A;P] affects the sets I and A. We instead follow a technique of Gra-
ham [10] and Houghton [15] of constructing a bipartite graph from the sets 7 and A.

A bipartite graph is a (simple) graph whose vertices can be split into two disjoint
non-empty sets L and R such that every edge connects a vertex in L to a vertex in
R. The sets L and R are called the left set and the right set, respectively. Formally,
a bipartite graph is a triple I' = (L, R, E) such that L and R are non-empty trivially
intersecting sets and

EC{{x.y} :xeL,y€eR}

We call LUR the set of vertices of I' and E the set of edges. An isomorphism
between a pair of bipartite graphs I' = (L,R,E) and I'" = (L',R',E') is a bijec-
tion w : LUR — L' UR' such that Ly = L', Ry =R’, and {l,r} € E if and only
if {ly,ry} € E'. We are therefore regarding bipartite graphs in the signature
Ly = {Q;. 0, E}, where Q; and Qj are unary relations, which correspond to the
sets L and R, respectively, and FE is a binary relation corresponding to the edge rela-
tion (here we abuse the notation somewhat by letting E denote the edge relation and
the set of edges).

Let I' = (L,R,E) be a bipartite graph. Then I is called complete if, for all
x€L,y€R, wehave {x,y} € E. If E = then I' is called empty. If each vertex of
I' is incident to exactly one edge, then I' is called a perfect matching. The comple-
ment of I is the bipartite graph (L, R, E') with

E ={{x,y} :x€Ly€R,{x,y} € E}.

Hence an empty bipartite graph is the complement of a complete bipartite graph,
and vice-versa. We call I' random if, for each k,Z € N, and for every distinct
X5 oo s X Vs ---» Yy i L (in R) there exists infinitely many u € R (u € L) such that
{u,x;} € Ebut{u,yj} ¢ Eforeachl <i<kandl <j<7.

Clearly, for each pair n,m € N* = N U {¥,}, there exists a unique (up to isomor-
phism) complete biparite graph with left set of size n and right set of size m, which
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we denote as K, . There also exists a unique, up to isomorphism, perfect matching
with left and right sets of size n, denoted P,,. Similar uniqueness holds for the empty
bipartite graph E, ,, with left set of size n and right set of size m, and the comple-
ment of the perfect matching P,, which we denote as CP,. Less obviously, any pair
of random bipartite graphs are isomorphic [4].

Theorem 5.3 [8] A countable bipartite graph is homogeneous if and only if it is iso-
morphic to either K, ., E, ., P,, CP, for some n,m € N*, or the random bipartite
graph.

Since bipartite graphs are relational structures with finitely many relations,
homogeneous bipartite graphs are uniformly locally finite,' and thus R,-categorical.
Unfortunately, no full classification of ¥ -categorical bipartite graphs exists.

Let I' = (L,R,E) be a bipartite graph. A path p in I is a finite sequence of
vertices

P=0gVv,.s V)

such that v; and v, are adjacent for each 0 <i < n — 1. For example, if {x, y} is an
edge in E then both (x, y) and (y, x) are paths in I". A pair of vertices x and y are con-
nected, denoted x X} y, if and only if x = y or there exists a path (v, v,,...,v,)in I’
such that v; = x and v,, = y. It is clear that I is an equivalence relation on the set of
vertices of I', and we call the equivalence classes the connected components of I.
Each connected component is a sub-bipartite graph of I" under the induced struc-
ture, and we let C(I") denote the set of connected components of I

Let I' be a bipartite graph with C(I') = {[} : i € A}. For any automorphism
¢ of I and x,y € I we have that (x,v,,...,v,_;,y) is a path in I" if and only if
xp, vy, ..., v,_1¢,yp) is a path in I, since ¢ preserves edges and non-edges.
Hence x X yif and only if x¢p 4 y¢, and so there exists a bijection z of A such that
I;¢p = I, for each i € I. We have thus proven the reverse direction of the following
result, the forward being immediate.

Proposition 5.4 Let I = (L, R, E) be a bipartite graph with C(I') = {I; : i € A}. Let
@ be a bijection of A and ¢; : I; — I, an isomorphism for eachi € A. Then |, ¢;
is an automorphism of I'. Conversely, every automorphism of I' can be constructed

in this way.

Proposition 5.5 Let I' = (L,R,E) be a bipartite graph with C(I') = {I; : i € A}.
Then I is Ry-categorical if and only if each connected component is N -categorical
and C(I') is finite, up to isomorphism.

! This differs from the graph theoretical notion of being uniformly locally finite, i.e. such that the
degrees of the vertices are bounded above by some finite value.
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Fig. 1 Induced bipartite graph 0 e o

Proof (=) By Proposition 5.4 we have that, for any choice of x; € I; (i € A), the set
{(I;,x;) : i € A} forms a system of 1-pivoted p.r.c. sub-bipartite graphs of I". The
result then follows from Proposition 2.3.

(<) First we show that C(I") forms a (I";A;¥)-system in I for some A and . Let
Ay, ..., A, be the finite partition of A corresponding to the isomorphism types of
the connected components of I, that is, I; = Fj if and only if i,j € A, for some %.
Fix A=(AA,,...,A,). Foreachi,j € A, let le = Iso(I’i;Fj) and fix ¥ = Ui,/eA le.
Then ¥ clearly satisfy Conditions (3.1)—(3.3). Let # € Aut(A) and, for each i € A,
let ¢; € ¥, ;. Then by Proposition 5.4, ¢ = | J,c, ¢; is an automorphism of I', and
so ¥ satisfies Condition (3.4). Hence C(I') forms an (I;A;¥)-system. Each I is N,
-categorical (over ¥;; = Aut(I;)) and A is R-categorical by Corollary 2.9, and so I"

is N-categorical by Corollary 3.5. O

Definition 5.6 Let S = M°[G:I, A;P] be a Rees matrix semigroup with P = (p, ;).
Then we form a bipartite graph I'(P) = (I, A, E) with edge set

E={{i,A} 1 p,; # 0},

which we call the induced bipartite graph of S.

The above construct has long been fundamental to the study of Rees matrix
semigroups, and has its roots in a paper by Graham in [10]. Here, it is used to
describe the maximal nilpotent subsemigroups of a Rees matrix semigroup,
where a semigroup is nilpotent if some power is equal to {0}. All maximal sub-
semigroups of a finite Rees matrix semigroup were described in the same paper,
a result which was later extended in [11] to arbitrary finite semigroups. In [16],
Howie used the induced bipartite graph to describe the subsemigroup of a Rees
matrix semigroup generated by its idempotents. Finally, in [15], Houghton
described the homology of the induced bipartite graph, and a detailed overview
of his work is given in [26].

Example 5.7 Let S = M°[G;{1,2,3}, {4, u};P] where

123

Alab0
P_y|:OCd:|'
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Then the induced bipartite graph of S is given in Fig. 1.

Example 5.8 Let S = MO[G;I, A;P] be such that P has no zero entries, so that S is
isomorphic to a completely simple semigroup with zero adjoined. Then I'(P) is a
complete bipartite graph.

Notation 5.9 Let S = MO[G;I,A;P] be a Rees matrix semigroup. For an n-tuple
a=((i;,81,A1)» -y &y Ay)) of S*, we write I'(a) for the 2n-tuple (i}, A, ..., iy, A,)
of I'(P).

Following [2], we adapt the isomorphism theorem for Rees matrix semigroups to
explicitly highlight the role of the induced bipartite graph:

Theorem 5.10 Ler S, = M°[G,:l;, A,:P,] and S, = M°[G,:l,, Ay;P,] be a pair
of Rees matrix semigroups with sandwich matrices P, = (p,;) and P, =(q,;)
, respectively. Let y € Iso(I'(P,);I'(P,)), 0 € Iso(G,;G,), and u;,v, € G, for each
i €1,,A € A, Then the mapping ¢ : S, — S, given by

(i’ g7 A’)d) = (“V? “i(gg)vp AW)

is an isomorphism if and only if p, ;0 = v, - q,,, ;, - u; whenever p, ; # 0. Moreover,
every isomorphism from S, to S, can be described in this way.

The isomorphism ¢ will be denoted as (6, y, (4;);c;- (v;) ,e4)- We also denote the
induced group isomorphism 6 as ¢ , and the induced bipartite graph isomorphism y
as @rp,) 50 that ¢ = (dg,, Wrep,), (Uies,» (V;) 1e4,)- Note that the induced group iso-
morphism is not uniquely defined by ¢. That is, there may exist 8’ € Iso(G,;G,) and
u;, Vi, € G,, such that 6’ # 0 but ¢ = (¢', v, (ul’.)ielI , (v;)/leA. ). Examples of this phe-
nomenon will occur throughout this work.

The composition and inverses of isomorphisms between Rees matrix semigroups
behave in a natural way as follows, and a proof can be found in [21].

Corollary 5.11 Let S, = /%O[Gk;lk, AP (k= 1,2,3) be Rees matrix semigroups.
Then for any pair of isomorphisms ¢ = (0,y, (u);c; > (V1) seq,) € I50(S,3S,) and
P = Oy jer,» (V) yen,) € 150(5,:83) we have:

(1) d)d)’ = (00/, WW/’ (ul(W(uie/))iEIl y ((Vle,)vlj,w)/leAl ),
(i) ¢ = Oy, Uy -)7" 0 g (V207107 4e )

Let I' = (L, R, E) be a bipartite graph. For each n € N, we let 6, be the equiva-
lence relation on I'" given by

15 X)0r, O y) @y, ELey, €L, foreach 1 <i < nl.

Since each entry of an n-tuple of I' lies in either L or R we have that
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|fn/o-l",n| = 2n’

for each n. Moreover, as the automorphisms of I' fixes the sets L and R, it easily fol-
lows that ~r , C o .

Proposition 5.12 [If § = MO[G;I,A;P] is Ny-categorical, then G and I'(P) are N,
-categorical.

Proof Since G is isomorphic to the non-zero maximal subgroups of S, it is N,-cat-
egorical by Gould and Quinn-Gregson [9, Corollary 3.7]. Now let a = (ay, ... ,a,)
and b = (by, ..., b,) be a pair of o p) ,-related n-tuples of I'(P). Leti; <ip < -+ <
and j; <j, < -+ <j, be the indexes of entries of a lying in / and A, respectively
(noting that the same is true for b as acor, b). Suppose further that there exists
i € I, A € A such that the n-tuples

((aila 17 A)9 ey (ai.x’ 1’ /1)’ (l7 1’ a-‘l)’ (AR ] (l7 17“")) and
((bil’ lsl)’ e 5(b[x9 ]71)7(1" lsbjl)’ e 9(i9 lsb'r))?
are automorphically equivalent via ¢ € Aut(S), say. By Theorem 5.10, a; ¢ p) = b;

and a;,¢rpy =b;, for each1 <r<sand1< ¥ <t. Hence a ~pp), b via Drepy
and we have thus shown that

[LPY') ~rpyn | 218" ) ~g, |-

Hence I'(P) is ¥-categorical by the ¥;-categoricity of S. O

However, the converse to the proposition above does not hold in general (even
in the completely simple case).

Example 5.13 Let G = {1,a} be the group of size 2 and let I = {i,,i;,...,} and
A = {2, 4y, ..., } be infinite sets. Let P be the A X[ matrix in which p, ; =a if
and only if k > £ > 1, that is,

1 1 1 1
la 1l 1 1
la a 1
P=|: -1 1
1 a a a
1 a a a a

Let § = M[G;I, A;P]. Then I'(P) is a complete bipartite graph, and thus N -cate-
gorical. However, {((iy, 1, 4p). (i}, 1, 4;)) : k € N} can be shown to be an infinite set
of distinct 2-automorphism types of S. Alternatively, we will show at the end of the
section that S is not ¥-categorical by Proposition 5.29.
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5.1 Connected Rees components

Let S, = M°[G:I,, A;;P,] (k € A) be a collection of Rees matrix semigroups
with P, = (p( )) and S, NS, = {0} for each k,Z € A. Then we may form a single
Rees matrix semigroup S = M°[G;l, A;P), where I = J,cu Iy, A= U;eq Ar and
P = (p,,;)is the A by I matrix defined by

(k) if A,i € I'(P,), for some k
Piri—
0 else.

That is, P is the block matrix

P, 0 0
lor, 0 -
P=lo o p, -| CRY)

We denote S by ®I<Ge Sk~ The subsemigroups S, of S are called Rees components of S.
Notice that each I'(P,) is a union of connected components of I'(P). The subsemi-
group S, will be called a connected Rees component of S if I'(P,) is connected (and
is therefore a connected component of I'(P)).

Conversely, for any Rees matrix semigroup S = MO[G;I , A;P] there exists
partitions {/, : k€ A} and {A, : k€ A} of I and A, respectively, such that
CI'(P))={A,UI, : ke A}. Consequently, for each k € A, the subsemigroup
S, = M°[G;],, Ai;P,] of S is a connected Rees component, where P, is the A, X I,
submatrix of P, and are such that S;.S, = 0 for all k # #. Following the work of
Graham [10], we may then permute the rows and columns of P if necessary to
assume without loss of generality that P is a block matrix of the form (5.1).

Note that if S is a Rees matrix semigroup with connected Rees components
{S, : k € A} then clearly

ES) = ES)p. (5.2)

keA

Using the fact that automorphisms of I'(P) arise as collections of isomorphisms
between its connected components, we obtain an alternative description of automor-
phisms of a Rees matrix semigroups. The proof is a simple exercise, and can be
found in [21].

Corollary 5.14 Let S = @ Sk = MPO[G:I, A;P] be a Rees matrix semigroup such
that each S, = M°[G:I,, Ak,Pk] is a connected Rees component of S. Let & be a
bijection of A and, for each k € A, let ¢, = (0, Wk’(u(k))lelk (V(k)),le/l ) be an iso-
morphism from S, to S,. Then ¢ = (0, y, (u;);g;, ( (}()AGA) is an automorphlsm of S,
where y = Jeq Wi and ifi, A € T'(Py) then u; = u;” and v, = v . Moreover, every
automorphism of S can be described in this way.
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We observe that the induced group automorphisms of the isomorphisms ¢, above
must all be equal.

Recall that if § = MO[G;I , A;P] is Ny-categorical, then I'(P) is ¥ -categorical by
Proposition 5.12, and thus C(I"(P)) is finite, up to isomorphism, with each connected
component being N,-categorical by Proposition 5.5. We extend this result to the set
of all connected Rees components of S as follows:

Proposition 5.15 Ler S = ®1(<;eASk be an Xy-categorical Rees matrix semigroup such
that each S, is a connected Rees component of S. Then each S|, is N-categorical and
S has finitely many connected Rees components, up to isomorphism.

Proof We claim that {(S;,a,) : kK € A} is a system of 1-pivoted p.r.c. subsemigroups
of § for any a;, € S}, to which the result follows by Proposition 2.3. Indeed, let ¢
be an automorphism of S such that a,¢ = g, for some k, [. Then, by Corollary 5.14,
there exists a bijection 7 of A with S,¢p = S,, = S, as required. O

Our interest is now in attaining a converse to the proposition above, since it would
provide us with a method for building ‘new’ ¥,-categorical Rees matrix semigroups
from ‘old’. With the aid of Lemma 3.4, we shall prove that a converse exists in the
class of Rees matrix semigroups over finite groups. The case where the maximal
subgroups are infinite is an open problem.

Given a pair S = MO[G:I, A;P] and S’ = MO[G;I’, A’;Q] of Rees matrix semi-
groups over a group G, we denote Iso(S;S")(1;) as the set of isomorphisms between
S and ' with trivial induced group isomorphism. That is, Iso(S;S")(1;) is the subset
of Iso(S;S") given by

{¢ : Jy €Iso(I'(P);I'(Q)) and u;,v, € G such that ¢ = (15, v, () icr> V3)e4) )

If S =8 we denote this simply as Aut(S)(1;), and notice that Aut(S)(1;) is a sub-
group of Aut(S) by Corollary 5.11.

Lemma 5.16 Let S = MO[G;I, A;P] be a Rees matrix semigroup over a finite group
G. Then S is Xy-categorical if and only if S is N-categorical over Aut(S)(1).

Proof Let S be N-categorical with G = {g,,...,g,} finite. Let a and b be a
pair of n-tuples of S. For some fixed p,; # 0, let g be the r-tuple of S given

by g=((G.g#),....(.&-#), and suppose that (a,g) ~g,. (b,g) Via
¢ =0, w,W;)c;» (V;),e4)s say. Then, for each 1 < k < r, we have
(j’ g]@ M)d’ = (11117 I/Lj(gke)\/”, MW) = (i& gks M),

so that g, = u;'g,v;". Foreachi € 1,4 € A, let#; = uu; ' and 9, = v,'v,. Then

(i Ty 297) = (i 0 ) (71, A
= (iy, u,‘(gk‘g)",p Ayr)

= (0, g1 VP,
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for any (i,g;,A) €S, so that ¢ = (15, v, (#);c;> (V1) ,e4) € Aut(S)(15). Conse-
quently, (a,8) ~g aus) 1.0+ (b>8) and in particular a ~g xus)1,) b- We have thus
shown that

15"/ ~saucsagn | S 18/ ~gpar | <Ry,

as § is ¥,-categorical. Hence S is N -categorical over Aut(S)(1;).
The converse is immediate. O

We are now able to prove our desired converse to Proposition 5.15 in the case
where the maximal subgroups are finite.

Theorem 5.17 Let S = MO[G;I,A;P] be a Rees matrix semigroup such that G is
finite. Then S is R-categorical if and only if each connected Rees component of S
is Ny-categorical and S has only finitely many connected Rees components, up to
isomorphism.

Proof (=) Immediate from Proposition 5.15.

(«) Since S is regular with finite maximal subgroups, to prove S is N -categori-
cal, it suffices by [9, Corollary 3.14] to show that |E(S)"/ ~g,, | is finite, for each
n € N. Let {S, : k € A} be the set of connected Rees components of S, which is
finite up to isomorphism and with each S, being ¥X,-categorical. Define a relation #
on A by inj if and only if Iso(S;;S;)(15) # @. By Corollary 5.11 we have that ; is an
equivalence relation.

We first prove that A/n is finite. Suppose for contradiction that there exists an
infinite set X of pairwise #-inequivalent elements of A. Since S has finitely many
connected components up to isomorphism, there exists an infinite subset {i, : r € N}
of X such that §; =, for each n, m. Fix an isomorphism ¢; :§; — S; for each
n € N. Then as Aut(G) is finite there exists distinct 7, m such that d)G d)G and so
¢n¢l‘ € Iso(S; 5S; )(15) by Corollary 5.11. Hence i, 7
A/n is finite.

Let 8" = (s St noting that §” is the 0-direct union of the S, and in particular
is a subsemigroup of S. Let A/n = {A,,...,A,}and set A = (4;A4, ..., A,). For each
i,j €A, let ¥;; =TIs0(5;;5,)(15) and fix ‘P UueA .. We prove that (S - ke A}
forms an (S;S é ¥)-system in S. First, by our constructlon if i,j € A,, for some m
then?;; # @, and so ¥ satisfies Condition (3.1). Furthermore, it follows immediately
from Corollary 5.11 that ¥ satisfies Conditions (3.2) and (3.3). Finally, take any
7 € Aut(A) and, for each k € A, let ¢, € ¥ ;.. Then as gb,f = 1, for each k € A, we
may construct an automorphism ¢ of S from the set of isomorphisms {¢, : k € A}
by Corollary 5.14. Hence, as ¢ extends each ¢, by construction, we have that
{S; : k € A} forms an (S;S;A;¥)-system as required. Since S, is N,-categorical, it
is N-categorical over ¥ ; = Aut(S;)(15) by Lemma 5.16. By Corollary 2.9 A is ¥,
-categorical, and so

a contradlctlon and so

m°

)"/ ~s | <R
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by Lemma 3.4. Given that E(S) C 8’ by (5.2), we therefore have that
|E(S)n/ ~Sn I < I(S,)n/ ~S.n | < N0'

Hence § is ¥,-categorical. O

Open Problem 5.18 Does Theorem 5.17 hold if G is allowed to be any ¥-categori-
cal group?

5.2 Labelled bipartite graphs

In Example 5.13, the problem which arose was that by shifting from the sandwich
matrix P = (p,;) to the induced bipartite graph I'(P) we have “forgotten” the value
of the entries p,,. In this subsection we extend the construction of the induced
bipartite graph of a Rees matrix semigroup to attempt to rectifying this problem, as
well as to build classes of ¥ -categorical Rees matrix semigroups. Further examples
of N-categorical Rees matrix semigroups can then be built using Theorem 5.17.

Definition 5.19 Let I' = (L, R, E) be a bipartite graph, X~ a set, and f : E > X a
surjective map. Then the triple (I, X, f) is called a X-labeled (by f) bipartite graph,
which we denote as I/,

A pair of X-labeled bipartite graphs I/ = (I', X, f) and I'V' = (I'"’, X, f’) are iso-
morphic if there exists an isomorphism y : I" — I'" which preserves labels, that is,
such that

{x,ylif =c o {xy,ywlf =o.

This gives rise to a natural signature in which to consider X-labeled bipartite graphs
as follows. For each o € X, take a binary relation symbol E and let

Lpgs =LgcUIE, 0 € 2}

Then we call Ly s the signature of X-labeled bipartite graphs, where (x,y) € E, if
and only if {x,y} € F and {x,y}f = o.

Let IV be a X-labeled bipartite graph. Then for any set X’ and bijection
g: X — X', we can form a X'-labeling of I" simply by taking I'/¢, which we call a
relabeling of IT''. Notice that if y is an automorphism of I', then w € Aut(I") if and
only if y € Aut(J7%). Indeed, if w € Aut(I) then for any edge {x, y} of I" we have

{xylfg=0 o {xylf=d'g o (. ywif =6’ & (xy,ywifg =0,

since g is a bijection. The converse is proven similarly, and the following result is
then immediate from the RNT.

Lemma 5.20 Let I be a Z-labeling of a bipartite graph I'. Then I'f is R -categori-
cal if and only if any relabeling of I' is R-categorical.
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Lemma5.21 If I = (I', X.f) is an Ry-categorical labeled bipartite graph then X is
finite and T is N -categorical.

Proof For each o € X, let {x,,y,} be an edge in I such that {x_,y,}f = o. Then
{(x,,y,) : 6 € X}is aset of distinct 2-automorphism types of I/, and so X is finite
by the RNT. Since automorphisms of I'/ induce automorphisms of I', the final result
is immediate from the RNT. O

A consequence of the previous pair of lemmas is that, in the context of ¥,-cat-
egoricity, it suffices to consider finitely labeled bipartite graphs, with labeling set
m={1,2,...,m} for some m € N.

Lemma 5.22 Let IV = ((L,R,E), m, f) be an m-labeled bipartite graph such that
either L or R are finite. Then I'' is R-categorical.

Proof Without loss of generality assume that L = {/,,l,,...,1,} is finite. Define a
relation 7 on R by yry' if and only if y and y’ are adjacent to the same elements
in L and {l;,y}f = {1,y }f for each such [, € L. Note that since both L and m are
finite, R has finitely many z-classes, say R, ..., R,. Considering R simply as a set,
fix A = (R;R,, ..., R).

Since L is finite, to prove the N -categoricity of I” it suffices to show that
(I"\L)* = R" has finitely many ~ v ~Classes for each n € N by a simple generali-
zation of Gould and Quinn-Gregson [9, Proposition 2.11]. Let @ = (r, ..., r,) and
b= (r,...,r) be n-tuples of R such thata ~,, b via y € Aut(A), say. We claim
that the map ¢ : IV — IV which fixes L and is such that {r|;, = y is an automor-
phism of I'/. Indeed, as y setwise fixes the z-classes, we have (r, ry) € 7 for each
r € R. Hence r and ry are adjacent to the same elements in L, and so

{l.r} €Es {l,ry} €E s {(liyr,ry} €E,

so that § is an automorphism of I'. Similarly {/;, r}f = {l,, rw }f = {{;yr,r§r}f, so
that y preserves labels. This proves the claim. _
For each 1 < k < nwe have ry = iy = rj, sothata ~ s, b. Consequently,

I((TN\LY" )~ | S TA") ~ a0 -

The set extension A is Ry-categorical by Corollary 2.9, and so |A"/ ~ 4, | is finite
for each n > 1. Hence I'/ is N-categorical. O

Lemma 5.23 Let IV = ((L,R,E),m,f) be such that there exists p € m with
{x,y}f = pfor all but finitely many edges in I'. Then I/ is R-categorical if and only
if I is N-categorical.

Proof Suppose I' is N-categorical, and that {/,,r},...,{/,,r,} are precisely the

edges of I" such that {/, r, }f # p, where [, € L and r, € R. Let a and b be n-tuples
of I'/ such that
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@ 1,1y, byr) ~rao Bl LT

via y € Aut(I'), say. We claim that y is an automorphism of I'/. For each1 < k <t
we have [,y = [, and r,y = r; so that

(L} =Ly, nwlf.

It follows that {Z, r}f = p if and only if {lw, ry }f = p, and so y preserves all labels,
thus proving the claim. Consequently, a ~p,, b viay, so that

(Y )~ | AT g | <R

by the N-categoricity of I'. Hence I'/ is R -categorical.
The converse is immediate from Lemma 5.21. O

Definition 5.24 Given a Rees matrix semigroup S = MO[G:1, A;P), we form a G(P)-
labeling of the induced bipartite graph I'(P) = (I, A, E) of S in the natural way by
taking the labeling f : E — G(P) given by

{l9ﬂ}f :pﬂ,i'

We denote the labeled bipartite graph by I'(P)!, which we call the induced labeled
bipartite graph of S.

Note that, unlike the corresponding case for the induced bipartite graph I'(P),
there exist isomorphic Rees matrix semigroups with non-isomorphic induced
labeled bipartite graphs. For example, let G be a non-trivial group and P and Q be
1 X 2 matrices over G U {0} given by

P=(1a) 0=(11)

where a & {0,1}. Let §=M°G;2,1;P] and T = M°[G;2,1;0], noting that
I'(P) = I'(Q) (and are isomorphic to K, ;). Then (15, 1 r(p), ()2, (V) 1e1) 1S an iso-
morphism from S to 7, where u; = 1 = v, and u, = a. However, since I" (P)! and
I'(Q)' have different labeling sets, they are not isomorphic.

Proposition 5.25 Let S = MO[G;I , A;P] be a Rees matrix semigroup such that G and
(P are X -categorical. Then S is R -categorical.

Proof Since I'(P) is Nj-categorical, the set G(P) is finite by Lemma 5.21, say

G(P) = {xy,...,x,}. Consider a pair of n-tuples a = ((i}, g, A1), ..., (i,, &,» 4,)) and
b= (G, h, 1), .-Gy by uy,)) of S* under the pair of conditions that

(l) (81_,-“’8”,361,---,_)6,) ~Gn+tr (/’ll,...,hn,xl,...,xr),
2 I'ta) ~ Py 2n '),

via 0 € Aut(G) and y € Aut(I'(P)"), respectively (noting the use of Nota-
tion 5.9 here). We claim that ¢ = (0, y, (1), (1),c4) 1s an automorphism of
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S. Indeed, if p,; # 0 for some i € 1,4 € A, then p,; =x, for some k, so that
{i, A}f = {iy, Ay }f = x;. Consequently,

Pyi0=x0=x = Py .iy»
and the claim follows by Theorem 5.10. Hence
(i & A)d = (. 8,0, A, w) = (G, by, 1)

for each1 <t < n, so that
|(S*)n/ ~S.n | < |Gn+r/ ~Gn+r | : |(F(P)l)2n/ ~I(Py2n | < No,

as G and I'(P) are ¥ -categorical. Hence S is N-categorical by Gould and Quinn-
Gregson [9, Proposition 2.11]. O

The proposition above enables us to produce concrete examples of ¥;-categori-
cal Rees matrix semigroups. For example, the result below is immediate from
Lemma 5.22.

Corollary 5.26 Let S be a Rees matrix semigroup over an Ry-categorical group hav-
ing sandwich matrix P with finitely many rows or columns, and G(P) being finite.
Then S is ¥y-categorical.

Similarly, Lemma 5.23 may be used in conjunction with Proposition 5.25 to
obtain:

Corollary 5.27 Let S = MO[G;] , A;P] be a Rees matrix semigroup such that G and
I'(P) are N-categorical, and all but finitely many of the non-zero entries of P are
the identity of G. Then S is N-categorical.

However, the converse to Proposition 5.25 fails to hold in general, and a coun-
terexample will be constructed later in the next subsection. The idea is that any
MPO[G:I, A;P] in which G(P) is infinite forces I'(P)' to be non N,-categorical by
Lemma 5.25.

Open Problem 5.28 Does there exist an ¥,,-categorical connected Rees matrix semi-
group with G(P) finite which is not isomorphic to a Rees matrix semigroup with ¥
-categorical induced labeled bipartite graph?

We prove that the open problem has a negative answer for the case of com-
pletely simple semigroups. Given a completely simple semigroup M[G;I, A;P],
we call P normal if there existi € [ and A € A such that p,; =p,; = 1 for every
j€I and u € A. Every completely simple semigroup is isomorphic to a Rees
matrix semigroup without zero in which the sandwich matrix is normal [17].
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Proposition 5.29 Let M[G;l, A;P] be an R-categorical completely simple semi-
group in which P is normal and G(P) is finite. Then I'(P) is R,-categorical.

Proof Suppose P is normalised via i* € I and A* € A. Since G(P) is finite we may
fix some finite subsets I’ = {x,, ... ,x,} €1 and A={y,... ,¥,} € A such that the
A’ x I' submatrix of P contains every element of G(P). Let x be the pg-tuple of S
given by

((—x19 1,)71), ()C], 17y2), ’(-x19 17yq), ()C2, 1,)’1)’ ,()Cp, 17yq))’

Using the notation of Proposition 5.12, let a = (a,, .. ,an) and b = by, ... ,bn) be a
pair of o py ,related n-tuples of I" (P). Leti; <iy < -+ <i and j, <j, < - <j,
be the indexes of entries of @ (and thus b) lying in / and A, respectively. Suppose
further that there exists i € I and A € A such that the n + pg + 1-tuples

((a« ,1,4), .. (al , 1, 4), (i, l,al ) A (A 1,aj’),)_c, @i*,1,4")) and
((bl [ )s (bl ’ 71) (l» lab ) (ls lvbjr)’)_c’ (l*s 1’)’*))

are automorphically equivalent via ¢ = [0, v, (1) ;s> (v;) 1 4] € Aut(S), say. Then y
is an automorphism of I'(P) which maps a to b. We aim to show that y preserves
labels, i.e., Pii = Payiy for every i € I, A € A. Since ¢ fixes (i*, 1, A*) we have by
Gould and Quinn-Gregson [24, Corollary 4.9] that there exists g € G with u; = g
andv, = g‘1 foreveryi € I, A € A. Since y fixes x|, ... Xy Vi e s Vg WE have

pyk’xfe Hp)’k‘lf XeY X/ =8 p}k X/g

Consequently, as every p, ; is equal to some p, , , we have p, ;0 = g~ 'p 1.:8 for every
i€l, A€ A. However, p,,0 =v,p,, . u; =8 p,h,, w8 and hence y preserves
labels as required. We have thus shown that

(F(P)I)n/ NF(P)/,n | S |Sn+pq+l/ NS,n+pq+1 | < NO

as S is Ny-categorical. O

The sandwich matrix P of a Rees matrix semigroup MO[G;1I, A;P] can also
always be normalised, but it is necessarily more complex. We can restate Open
Problem 5.28 as follows:

Open Problem 5.30 If MO[G:I, A;P]is N,-categorical, where P is normal and G(P)
is finite, then is I"(P)! N,-categorical?

Notice that in Example 5.13, the labeled bipartite graph is clearly not ¥,-cate-
gorical since each i, is adjacent to exactly k vertices in which the edge is labeled
by a. By construction the matrix P is normal via row @, and column i,, and
hence S is not N-categorical by the proposition above.
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5.3 Pure completely 0-semigroups

Following Jackson and Volkov [18], we call a completely O-simple semigroup S pure
if it is isomorphic to a Rees matrix semigroup with sandwich matrix over {0, 1}.
Houghton [15] considered trivial cohomology classes of Rees matrix semigroups,
a property which is proven in Sect. 2 of his article to be equivalent to being pure.
Hence, by Houghton [15, Theorem 5.1], a completely 0-simple semigroup is pure if
and only if, for each a,b € S,

[a,b € (ES)) andaH D] = a=b.

It follows that all orthodox completely O-simple semigroups are necessarily pure,
but the converse is not true in general. Indeed, a completely 0-simple semigroup is
orthodox if and only if it is isomorphic to a Rees matrix semigroup with sandwich
matrix over {0, 1} and with induced bipartite graph a disjoint union of complete
bipartite graphs [13, Theorem 6]. Hence, in this case, it can be easily shown that the
isomorphism types of the connected Rees components depends only on the isomor-
phism types of the induced (complete) bipartite graphs.

We observe that if the sandwich matrix of a Rees matrix semigroup is over {0, 1}
then I'(P)! is simply labeled by {1}. Therefore all automorphisms of I"(P) automat-
ically preserve the labeling, and so I'(P)' is N-categorical if and only if I'(P) is
N,-categorical. The equivalence of statements (1), (3), and (4) in the result below
therefore follow from Propositions 5.12 and 5.25. For the interest of the reader we
give an alternative proof of (4) = (1) using results in [9].

Lemma 5.31 Let S = M°[G:I, A;P) be a pure Rees matrix semigroup. Then the fol-
lowing are equivalent:

(1) SisNy-categorical;

(2) G and(E(S)) are Xy-categorical;

(3) G and I'(P) are ¥y-categorical;

4) G and M°[{1}:], A;P)are Ny-categorical.

Proof (1) = (2) If S is N-categorical then so is G by Proposition 5.12. Clearly E(S)
is preserved by automorphisms of S, and hence (E(S)) is a characteristic subsemi-
group of S, and thus inherits N-categoricity.

(2) = (3) Suppose that (E(S)) = ({(i,1,4) : p;; # 0} U {0}) is Ny-categorical.
Let S, = MO[G;Ik, AP ] (k € A) be the connected Rees components of S, where
P, is the A, X I; submatrix of P. Then (E(S)) is isomorphic to the O-direct union of
the semigroups E, = (E(S,)), and since each P, is regular it is a simple exercise to
show that £, = MO[{1 }il, AP ]. By Gould and Quinn-Gregson [9, Corollary 4.9]
(E(S)) is N-categorical if and only if each E; is N,-categorical and {E, : k € A} is
finite, up to isomorphism. By Proposition 5.12 each I'(P,) is N,-categorical, and by
Theorem 5.10 C(I'(P)) = {I'(P}) : k € A} is finite, up to isomorphism. Hence I'(P)
is N -categorical by Proposition 5.5.
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(3) = (4) Immediate from Corollary 5.27.

(4) = (1) The elements of the combinatorial Rees matrix semigroup
T = M°[{1};1, A;P] can be identified”> with the set (I X A) U {0}. Since N,-catego-
ricity is preserved by finite direct products [12], the semigroup U =G X T is N,
-categorical. The set I = {(g,0) : g € G} is an ideal of U, and the Rees quotient
U/l is a principal factor of U. Hence U/I is N-categorical by Gould and Quinn-
Gregson [9, Theorem 3.12]. Moreover, the map ¢ : U/I — S given by 0¢p = 0 and
g G A))p=C(>gA1) (geqG,iel, A€ A) is an isomorphism, to which the result
follows. O

Furthermore, since complete bipartite graphs are ¥ -categorical by Theorem 5.3,
a disjoint union of complete bipartite graphs is N,-categorical if and only if it has
finitely many connected components, up to isomorphism, by Proposition 5.5. The
corollary above thus reduces in the orthodox case as follows.

Corollary 5.32 Ler S = MO[G;I , A;P] be an orthodox Rees matrix semigroup. Then
the following are equivalent:

(1) SisNy-categorical;

(2) G and E(S) are Rj-categorical;

(3) G is Xy-categorical and I'(P) has finitely many connected components, up to
isomorphism;

@) Gand MO[{ 1};1, A;P] are N -categorical.

In [9] we studied inverse completely O-simple semigroups, that is, Brandt semi-
groups. These are necessarily orthodox, and are isomorphic to a Rees matrix semi-
group of the form MO[G;I, I;P] where P is the identity matrix, that is, p; = 1 and
p; = 0 for each i # j in I, and are denoted B°[G:I]. Since the induced biparite graph
of a Brandt semigroup is a perfect matching, it is N,-categorical by Theorem 5.3.
Corollary 5.32 then simplifies to obtain our classification of N-categorical Brandt
semigroups [9, Theorem 4.2], which states that a Brandt semigroup over a group G
is Nj-categorical if and only if G is N -categorical.

We are now able to construct a simple counterexample to the converse of Propo-
sition 5.25. Let G = {g; : i € N} be an infinite N -categorical group. Let

S = M°[G;N,N;P] = B[G;N] and T = M°[G;N, N;0],

where Q = (g;;) is such that ¢;; = g; and ¢, ; = 0 for each i # j. Then I'(P) = I'(Q)
(and are isomorphic to Py) and (15, 1p), (gi_l)ieN, (1),en) 1s an isomorphism from
S to T by Theorem 5.10 since

piilg=1= 858,-_1 =1-q;;" 8;1,

2 Semigroups of this form are known as rectangular 0-bands.
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for each i € N. Since S is N-categorical by the N -categoricity of G, the same is true
of T. However, I'(Q)' is a G-labeling, and is thus not ®,-categorical by Lemma 5.21.
Hence T is our desired counterexample.

5.4 Alternative directions

To further incorporate the link between the induced bipartite graph of a Rees matrix
semigroup and the entries of the sandwich matrix, we could instead introduce the
stronger notion of an induced group labeled bipartite graph. A group labeled bipar-
tite graph is a G-labeled bipartite graph I'¥ = ((L, R, E), G.f), for some group G,
where an automorphism of I'/ is a pair (y, 8) € Aut(I") X Aut(G) such that, for each
£ €L reR,

@, nf=ge @y, ry)f =gb.

However, group labeled biparite graphs do not appear to be first-order structures.

Let S = MO[G;I, A;P] be such that G(P) forms a subgroup of G. Then we may
define the induced group labeled bipartite graph of S as the G(P)-labeled bipar-
tite graph I” (PY, with automorphisms being pairs (y, 8) € Aut(I") X Aut(G(P)) such
that p,,, ;, =p,;0 for each i € I, A € A. Notice that if (y,0) is an automorphism
of the induced group labeled bipartite graph of S and is such that 6 extends to an
automorphism 8’ of G, then (¢, y, (D;eps (1)) 1s clearly an automorphism of S.
However, we do not in general obtain all automorphisms of § in this way. Similar
problems therefore arise in regard to when ¥-categoricity of S passes to its induced
group labeled bipartite graph (by which we mean the induced group labeled bipar-
tite graph has an oligomorphic automorphism group).

An alternative next step could be to extend the scope of this section by consider-
ing the N;-categoricity of Rees matrix semigroups over semigroups (or monoids),
denoted MO[S;I , A;P], where again we assume P is regular. Similarly we may define
MIS;I, A;P]. However, this task is as difficult as considering the N,-categoricity
of all semigroups. Indeed, if S is a semigroup then 7 = MPO[SL:{i, {A);(D)] s iso-
morphic to S with both a zero and an identity adjoined, and by Gould and Quinn-
Gregson [9, Corollary 2.12] S is N-categorical if and only if T is N-categorical. A
second problem that arises is that the vital Theorem 5.10 only holds in the forwards
direction for Rees matrix semigroups over semigroups. As such we do not have an
explicit description of the automorphism group of MC[S;I, A;P] via its components,
and many of the proofs of this section do not seem to be easily extendable. In fact
the N;-categoricity of a Rees matrix semigroup over a semigroup S does not neces-
sarily pass to S, unlike for groups as shown in Proposition 5.12. For example, take
any semigroup S with zero element ¢, and consider M = M[S;{i}, {A};(e)]. Then M
is isomorphic to a null semigroup with zero element (i, €, ), which is N-categorical
by Gould and Quinn-Gregson [9, Example 2.7]; taking S to be non ¥,-categorical
gives our desired example. On the other hand, it can be easily shown that Proposi-
tion 5.25 can be extended to Rees matrix semigroups over monoids. This allows us
to build chains of ¥;-categorical semigroups as follows. Let M be an ¥,-categorical
monoid, and let P be a A X I matrix over {0, 1} in which I'(P) is ¥,-categorical. Take
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840 T. Quinn-Gregson

M, = MO[M:1, A;P], and inductively define M, = /\/lO[M]i_1 I, A;P] for k > 1. Then
each M, is Nj-categorical, and M,_, embeds into M, for each k € N.
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