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Abstract. For an additive polynomial and a positive integer, we define an irreducible smooth
representation of a Weil group of a non-archimedean local field. We study several invariants
of this representation. We obtain a necessary and sufficient condition for it to be primitive.

1. Introduction

Let p be a prime number and g a power of it. An additive polynomial R(x) over I, is
aone-variable polynomial with coefficients in IF, such that R(x+y) = R(x)+R(y).
Itis known that R (x) has the form Zf:o a,-xpl (a, # 0) withanintegere > 0.Let F
be anon-archimedean local field with residue field I, . We take a separable closure F
of F.Let Wr be the Weil group of f/ F.Let vg(-) denote the normalized valuation
on F. We take a prime number £ # p. For a non-trivial character : F,, — @Z ,
a non-zero additive polynomial R(x) over [F; and a positive integer m which is
prime to p, we define an irreducible smooth Wg-representation ty g, over @[
of degree p° if vp(p) is sufficiently large. This is unconditional if F has positive
characteristic. The integer m is related to the Swan conductor exponent of Ty g .
As m varies, the isomorphism class of Ty g, varies.

Let Cg denote the algebraic affine curve defined by a? —a = xR(x) in
Aﬂ%‘q = Spec Fy[a, x]. This curve is studied in [6] and [1] in detail. For example,
the smooth compactification of Cg is proved to be supersingular if (p, ) # (2, 0).
The automorphism group of Cr contains a semidirect product Q g of a cyclic group
and an extra-special p-group (Definition 2.7). Let IF be an algebraic closure of F,.
Then a semidirect group Qg x Z acts on the base change Cr r := Cp XF, F as
endomorphisms, where 1 € Z acts on Cg F as the Frobenius endomorphism over
IF,. The center Z(QRr) of Qr is identified with IF,, which actson Cg asa > a+¢
for ¢ € F). Let HC1 (CRrF, Q,) be the first étale cohomology group of C R.F With
compact support. Each element of Z(QR) is fixed by the action of Z on Qg. Thus
its Y-isotypic part H!(Cg r, Qp)[¥]is regarded as a Qg x Z-representation.
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We construct a concrete Galois extension over F' whose Weil group is iso-
morphic to a subgroup of Qg x Z associated to the integer m (Definition 3.1 and
Lemma 3.9(1)). Namely we will define a homomorphism g ;1 Wr — QrxZ
in (3.17). As a result, we define 7y g, to be the composite

(')R,m,m

Wr —=% Qg x Z — Autg, (H! (Crx, Q¥

This is a smooth irreducible representation of W of degree p°.

We state our motivation and reason why we introduce and study Ty g . It is
known that the reductions of concentric affinoids in the Lubin—Tate curve fit into
this type of curves Cg with special R. For example, see [18] and [19]. When R
is a monomial and m = 1, the representation ty g, is studied in [9] and [10]
in detail. In these papers, the reduction of a certain affinoid in the Lubin-Tate
space is related to Cg in some sense and the supercuspidal representation 7w of
GL pe (F) which corresponds to Ty, g, under the local Langlands correspondence
explicitly. The homomorphism ®f 1 with R(x) = xP (e € Z>1) does appear in
the work [9]. An irreducible representation of a group is said to be primitive if
it is not isomorphic to an induction of any representation of a proper subgroup.
The representation ty, g, in [9] and [10] is primitive and this property makes it
complicated to describe 7 in a view point of type theory. For example, see [2]. It
is an interesting problem to do the same thing for general Ty g ;,. In this direction,
it would be valuable to know when 7y g, is primitive. We expect that another Cg
will be related to concentric affinoids in the Lubin—Tate spaces as in [9].

We briefly explain the content of each section. In 2, we state several things on
the curves Cg and the extra-special p-subgroups contained in the automorphism
groups of the curves.

In 3.1 and 3.2, we construct the Galois extension mentioned above and define
Ty R.m-Letdg = ged{ p[ +1 | a; # 0}. We show that the Swan conductor exponent
of Ty g m equals m(p® + 1)/dg (Corollary 3.15). In 3.3, we study primitivity of
Ty, R,m- In particular, we write down a necessary and sufficient condition for Ty g
to be primitive. Using this criterion, we give examples that Ty g, is primitive
(Example 3.29). The necessary and sufficient condition is that a symplectic module
(VR, wp) associated to Ty g, is completely anisotropic (Corollary 3.28). If Ris a
monomial, (Vg, wg) is studied in 3.4 in more detail. In Proposition 3.44, a primary
module in the sense of [9, 11] is constructed geometrically via the Kiinneth formula.

Our aim in 4 is to show the following theorem.

Theorem 1.1. Assume p # 2. The following two conditions are equivalent.
(1) There exists a non-trivial finite étale morphism

Cr — Cpgy; (@, x) = (a — A(x), r(x)),

where A(x) € Fy[x] and r(x), Ri(x) are additive polynomials over F, such
that dg y | dg, and r(ax) = ar(x) for any o € 4y,
(2) The W-representation Ty R, s imprimitive.
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If 7y g m is imprimitive, it is written as a form of an induced representation of a
certain explicit Wg/-representation 1:1;’ R,.m associated to a finite extension F 'JF.
The proof of the above theorem depends on several geometric properties of Cg
developed in [6] and [1]. See the beginning of 4 for more details.

Notation

Let k be a field. Let u(k) denote the set of all roots of unity in k. For a positive
integer r, let w, (k) :={x e k | x" = 1}.

For a positive integer i, let A;{ and ]P’;; be an i-dimensional affine space and a
projective space over k, respectively. For a scheme X over k and a field extension
I/ k, let X; denote the base change of X to /. For a closed subset Z of a variety X,
we regard Z as a closed subscheme with the reduced scheme structure.

Throughout this paper, we set ¢ := p/ with a positive integer f. For a positive
integer i, we simply write Nr and Tr for the norm map and the trace map
from F i to Fy, respectively.

Let X be a scheme over [F; and let F;: X — X be the g-th power Frobenius
endomorphism. Let IF be an algebraic closure of F,. Let Fr, : Xg — Xp be the base
change of F;;, to Xy. This endomorphism Fr is called the Frobenius endomorphism
of X over IF,.

For a Galois extension [/ k, let Gal(l/ k) denote the Galois group of the exten-
sion.

qi/q q'/q

2. Extra-special p-groups and affine curves

Definition 2.1. Let k be a field. A polynomial f(x) € k[x] is called additive if
fx 4+ y) = f(x) 4+ f(y). Let o be the set of all additive polynomials with
coefficients in k.

Let p be a prime number. We simply write o7, for o/, . Let R(x) := Yo aixpi €
oy with e € Z>¢ and a, # 0. Let

Er(x) = RO + (@) e . @.1)
i=0
We always assume
(p.e) #(2,0). (2.2)

This condition and a, # 0 guarantee that E g (x) is a separable polynomial of degree
p*¢. We simply write 1, for i, (F) for a positive integer r. Let

dg = ged{p’ +1 | a; #0}.
If a; # 0, we have ol =alanda? =afora e Wdg- Hence

aR(ax) = R(x), Eg(ax) =aEr(x) foro € puq,. (2.3)
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We consider the polynomial

e—1 fe—i—1 ) ) )
fROGY) ==Y | Y @xP )P + RO | € Fylx, yl.
i=0 j=0

This is linear with respect to x and y. By (2.3), we have an equality

fR(leaa)’)sz(xa)’) fOI'OlG,U.dR. (24)

Lemma 2.2. We have fr(x, y)? — fr(x,y) = —xP Eg(y) +xR(y) + yR(x). In
particular, if Egr(y) = 0, we have fgr(x,y)? — fr(x,y) = xR(y) + yR(x).

Proof. The former equality follows from

e—1

fr@ 9P = fr(x.y) = xR() = GRONY + D (@ixy — (@ix? y)»™)
i=0

= —x" Er(y) + xR(y) + yR(x).
O

Definition 2.3. (1) Let Vg := {8 € F | Er(B) = 0}, which is a (2¢)-dimensional
¥ ,-vector space.
(2) Let

Ok = {(@.B.7) €F |a €y, BV v" —y =BR(B))
be the group whose group law is given by

(a1, B1. y1) - (a2, B2, v2) = (102, B1 + @182, 1 + 2 + fr(B1, @182)) .
2.5)

We check that this is well-defined and Qg is a group. From (2.3), it follows that

Er(a182) = a1 ERr(B2) = 0.Furthermore, letting y := y1+y2+ fr(B1, @1 82),
we compute

y? —y = B1R(B1) + B2R(B2) + B1R(a182) + a1 B2R(B1)
= (1 +a1B2)R(B1 + a1B2),

where we use Lemma 2.2 for the first equality and use (2.3) for the last one.
Hence the right hand side of (2.5) is in Q. Via (2.4), both of ((«1, B1, 1) -

(@2, B2, v2)) - (a3, B3, y3) and (a1, B1, 1) - (@2, B2, ¥2) - (@3, B3, ¥3)) equal

(arazas, B + a1 (B2 +a2B3), v1 + v2 + v3 + fR(B1, a1 (B2 + a283))
+fr(B2, 283)).

Finally, (1, 0, 0) is the identity element of Qg and the inverse element of
(o, B, ¥) € QR is given by

@B ) =@ =B =y + fr(B. B)), (2.6)
where the right hand side is in Q g due to Lemma 2.2 and (2.3).



Local Galois representations associated... 5

(3) Let Hg := {(o, B, y) € Or | « = 1}, which is a normal subgroup of Q.

If e = 0, we have p # 2 by (2.2). Wehave Hg =F, C Qr = u2 xFpife =0.

For a group G and elements g, g’ € G, let [g, g'] := gg'g ‘g’ .

Lemma24. For g = (1,B8.y), § = (1,B.,y") € Hg, we have [g,g'] =
(1,0, fr(B, B') — fr(B', B)). In particular, we have fr(B, ') — fr(B', B) € F.

Proof. Using (2.6) and letting y; := —y —y'+ fr(B, B)+ fr(B", B) + fr(B, B,
we compute

[¢.8'1= (LB, V)L By, =B, =y + fr(B. BN, =B, —y" + fr(B", B)))
=(LB+B .y +v + frRB,BNA B =B 1)
= (L0, fr(B. B) + fr(B'. B) +2fr(B. B) — fR(B+ B, B+ B)
= (1,0, fr(B, B) — fr(B'. B)). 0

For a group G, let Z(G) denote its center and [G, G] the commutator subgroup
of G.

Definition 2.5. A non-abelian p-group G is called an extra-special p-group if
[G,G] = Z(G) and |Z(G)| = p.

Lemma 2.6. Assume e > 1.

(1) The group Hpg is non-abelian. We have Z(Hg) = Z(Qgr) = {(1,0,y) | vy €
Fp,}. The quotient Hg /Z(HR) is isomorphic to Vg.

(2) The group Hp is an extra-special p-group. The F,-bilinear form wg: Vg x
Ve = Fu: (B, B) — fr(B,B) — fr(B', B) is a non-degenerate symplectic
form.

Proof. We show (1). Let Xg := {x € F | fr(B,x) = fr(x, B)} for B € V.
Then Xg is an IF-vector space of dimension 2e — 1 if B # 0. Since Vg has
dimension 2e, we have Vg ¢ Xg for B € Vg\{0}. We take B’ € Vg\Xp and g =
(1» /Bs )/), g/ = (17 ﬁ/v J//) € HR-Then [gv g/] = (17 O’ fR(ﬂ» ﬁ/)_fR(ﬁ/’ ﬂ)) 75 1
in Hg according to Lemma 2.4. Hence Hpg is non-abelian.

Clearly we have Z := {(1,0,y) | y € F,} C Z(Qr) C Z(Hg). It suffices
to show Z(Hg) C Z.Let (1, B, y) € Z(Hg). We have Vg C Xg by Lemma 2.4.
This implies 8 = 0. Thus we obtain Z(Hgr) C Z. The last claim is easily verified.

We show (2). By Lemma 2.4, we have [Hg, Hr] C Z(HRg). Since Hg is non-
abelian, [ Hg, Hg]isnon-trivial. Hence wehave [Hr, Hr] = Z(HR) by |Z(HR)| =
p. Thus Hp is extra-special. Assume wg (B, B') = 0 for any B’ € Vi. We take an
element (1, B8, y) € Hr. By Lemma 2.4, we have (1, 8, y) € Z(Hg). Thus 8 =0
by (1). O

Definition 2.7. (1) Let Cp be the affine curve over I, defined by a” —a = xR(x).
(2) Let Qg act on Cg f by

@x)-@py)=(a+ fre.p+yalc+p). @D

for (a, x) € Crrand (e, B, y) € Qr. Thisis well-defined by (2.3) and Lemma
2.2.
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The curve Cp is studied in [6] and [1].

We take a prime number £ # p. For a finite abelian group A, let AY denote the
character group Homz (A, @EX ). For a representation M of A over Q; and y € AV,
let M[x] denote the y-isotypic part of M.

According to Lemma 2.6(1), we identify a character ¢ € IFIV, with a character
of Z(Hpg).

Lemma 2.8. Let y € )\ {1}.

(1) Let W C Vg be an F ,-subspace of dimension e, which is totally isotropic with
respect to wg. Let W' C Hp be the inverse image of W by the natural map
Hg — Vg, (1,8, y) > B. Let & € W'Y be an extension of ¥ € Z(HRg)". Let
Py = Ind‘l,il,’fé . Then py, is a unique (up to isomorphism) irreducible represen-
tation of Hg containing V. In particular, py |z (Hg) is a multiple of .

(2) The r-isotypic part HC1 (CrF, @g)[l/f] is isomorphic to py as Hg-
representations.

Proof. From Lemma 2.4, it follows that the subgroup W' C Hp, is abelian, since
W is totally isotropic via wg. Hence an extension § € W'Y of ¢ always exists.
From Lemma 2.6(2) and [8, 16.14(2) Satz], the claim (1) follows. By [18, Remark
3.29], we have dim HC1 (CRr.F, @[)[w] = p°. Hence the claim (2) follows from (1).

O

The representation py, induces a projective representation

py: Hr/Z(Hg) — PGLpe (Qp).
Lemma 2.9. The map py is injective.

Proof. As in the proof of [15, Theorem 6], we have Tr py (x) = 0 for x €
HR\Z(HR). Assume py (xZ(Hg)) = 1 for x € Hg. Then py (x) is a non-zero
scalar matrix. Hence Tr py (x) # 0. This implies x € Z(HR). |

Let Z > 1 act on Hcl(CR’[E‘,@g) by the pull-back FrZ. Let Z > 1 act on Qp

by (@ 8,7) = (@, B
H{ (Crr. QY]

A smooth projective geometrically connected curve X over F, is said to be
supersingular when the Jacobian of X is isogenous to a power of a supersingular
elliptic curve.

,yqfl). The semidirect product Qr X Z acts on

Proposition 2.10. Let C g denote the smooth compactification of C . The projective
curve C R is supersingular. In particular, this curve has positive genus. The natural
map HCI(CR,F, Qp) — Hl(CR,]F, Qy) is an isomorphism.

Proof. The former claim is shown in [6, Theorems (9.4) and (13.7)] ( [1, Proposi-
tion 8.5], [17, Theorem 1.1]). The last claim follows from [18, Lemmas 3.27 and
3.28(3)]. O
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3. Local Galois representation

In this section, we define an irreducible smooth Wg-representation Ty g, and
determine several invariants associated to it. In 3.2.2, we determine the Swan con-
ductor exponent of Ty g ;. In 3.3, we determine the symplectic module associated
to Ty, R, m, and give a necessary and sufficient condition for 7y, g , to be primitive.
As a result, we obtain several examples such that 7y g, is primitive. In Lemma
3.36, if R is a monomial, we calculate invariants of the root system corresponding
to (Vg, wr) defined in [11].

3.1. Galois extension

For a valued field K, let Og denote the valuation ring of K.
Let F be a non-archimedean local field. We denote the characteristic of F by
char F. Let F be a separable closure of F. Let F denote the completion of F. Let

v(-) denote the unique valuation on F such that v(z) = 1 for a uniformizer @ of
F, which we now fix. We simply write O for (’)?. Let p be the maximal ideal of O.

For an element x € O, let X denote the image of x by the reduction map
O — O/p. For a positive integer r prime to p, we have the bijection

1t (F) U {0} = up(F) U {0}; x > &. 3.1)

The inverse of this map is given by Teichmiiller lift. Let g be the cardinality of the
residue field of OF. For an element a € Fy, let @ € puy—1(F) U {0} denote its lift
via (3.1).

We take R(x) = Y {_oa;ix? € o Let

R(x) = Zaix”i, Egr(x) := R(x)" + 2:(5,'16)”H € Orlx].
i=0 i=0

Similarly as in (2.3),

aR(ax) = R(x), Eg(ax)=aEg(x) fora e ug,(F). (3.2)
Beﬁnition 3.1. Letm be a positive integer prime to p. Let &g o, BR.m.or» YR.m,v €
F be elements such that

d ~ B ~
aR[fw =w, ER(ﬂR,m,w) = aR,n:U’ V]l;,m,w —VYRmw = ,BR,m,wR(ﬂR,m,w)-

For simplicity, we write &g, BRr.m, YR.m fOr R o, BR.m.w» VR.m.w » T€Spectively.
Remark 3.2. By deg Eg(x) = p*¢ and deg R(x) = p°, we have

m(p®+1)

V(YR,m) = _PZH—ldR.

1 m
v(ag) = a, V(BR,m) = _pZe—dR’
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The integer m controls the depth of ramification of the resulting field extension
F(ar, Br.m> YrR.m)/F. We will understand this later in 3.2.2.
Let

e—1 fe—i—1 : i N .
Foyy==>" Y @x" " + &R

i=0 \ j=0

Let p[x] := pOl[x] and p[x, y] := pO[x, y]. We assume that

Bh m (ER(Bron + ) — Er(Brom) — ER(x)),
Bron (R(Brm + %) — R(Br.m) — R(x)),
FBrm.X)” = F(Brom: ) + Bl ER(x) = xR(Br.m) — Brom (3.3)
ﬁ(x) are contained in p[x] and
VRom + FBRm» ¥) +2)P — Vom = FBrom, )P —xP € plx, yl.
If char F = p, these differences are zero by (x + y)? = x” + y? and Lemma 2.2.
Thus (3.3) is always satisfied in this case.
Forr € Q> and f, g € F, we write f =g mod r+ if v(f — g) > r.Fora
local field K contained in F, let Wg be the Weil group of F /K. Let
n: Wg »7Z; 0 — ng 3.4

denote the homomorphism defined by o (x) = x4
vk (+) denote the normalized valuation on K.

mod 0+ for x € Of. Let

Definition 3.3. For 0 € W, we set

aAR.o = o(ag)/ag € Hdg (7)» bR,a = a%,ga(ﬂR,m) - ,BR,ma (3.5)
CR,o ‘=0 (YR,m) — YR.m — f(lgR,nu bR,)-
In the following, we simply write a4, by, ¢5 fOr dg o, bR o, CR.&, rE€SPectively.

In the following proofs, for simplicity, we often write ., 8 and y for ag, Bg,,» and
YR.m» respectively.

Lemma 3.4. We have by, ¢y € O, Egr(by) = 0and % — &5 = by R(by).
Proof. Using (3.2), the equality E r(B) = a™™ in Definition 3.1 and (3.5),
ER(B+bo) = Er@”o(B) = alEg(o(B)) = ao(@) ™ =a ™™ = Eg(f).

Using v(8) < 0in Remark 3.2 and (3.3), we have A(x) := ER B+x)— ER B) —
Er(x) € p[x]. By letting x = b, and applying the previous relationship, we obtain
that Eg(by) + A(by) = 0. Hence b, € O and Eg(by) = 0.

By (3.3), we have

ﬂl{(ﬂ+bg>zgﬁ<ﬂ>+ﬂﬁ(bg), 3
F(B.bs)? — F(B.by) = by R(B) + BR(by) mod 0+.  (3.6)
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Substituting y = b, € O to (3.3), we obtain
A1(x) = (v + f(B.bo) +x)P — y? — F(B.bg)? — x” € plx].

We have o(,B)R(a B) = (B+bs )R(,B +by) by substltutmg (3.5) and using (3.2).
By multiplying the first congruence in (3.6) by by B!, we obtain b, R(ﬂ +by) =
by R(ﬁ) + by R(b ) mod 0+. Hence, we compute

o)’ —o(y) = (B)R((B) = (B +bs)R(B + by)
= BR(B) + bo R(B) + BR(bo) + bs R(bs)
=y” —y + F(B.bs)” — F(B. bo) + bs R(by)
=0(y)’ —o(y) — (cl —co + A1(cs)) + bo R(by) mod 0+,

where we have Bsed (3.5) for the last congruence. Therefore, we obtain cf,] —co +
Ai(co) = bsR(by) mod 0+. By b, € O, we have ¢, € O and ¢§ — &5 =
bsR(by). O

Assume that

(x + Bron)” —x?' — ,BR eplx] forl <i<e-—1,

- (3.7)
FBrmx+) = FBrm»X) — F(Brom» ¥) € plx, 1,
which are satisfied if char F = p, because these differences are zero. Let
Ormaw: Wr— Qr X Z; 0 > (@), bo.Cs). no). (3.8)

Lemma 3.5. The map O .4 is a homomorphism.

—ng

Proof. Let 0,0’ € Wp. Recall that o (x) = x4 mod 0+ for x € O. Using
Definition 2.3(2), we reduce the claim to checking that

byor = a[rynl,_)z/_ng + BJ’
ST P ampn,
Coo' =Co +Cpy  + Sr(bs, ag b(,/ ). (3.9)

We easily check that aso' = 0 (as/)as and bye' = ay o (bs') + b . Hence the first
two equalities in (3.9) follow. We compute

Coor = Co +0(ce’) +0(f(B,be) + F(B,bo) — F(B, boor)
=y +0(co’) +0(f(B,bo)) — f(B,a"o (b)) mod 0+,

where we use the second condition in (3.7) for the second congruence. We have

e—1e—i—1 | ~ ;
(f(B.bo) ==Y Y @obe)a (B = (a(B)R(0(bs))”
i=0 j=0 i=0

= fby, alo(bs)) + F(B.alo (b)) mod O+,
where we substitute o (8) = a, " (B + b, ), (3.7) and (3.2) for the second congru-

ence. The last equality in (3.9) follows from F(by, a?o (by)) = fx(bo,a"b%, "),
since f(x,y) is alift of fr(x, y) to Oflx, y]. O
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Lemma 3.6. If v(p) is large enough, the conditions (3.3) and (3.7) are satisfied.

Proof. There exists s € Z=1 such that the coefficients of all polynomials in (3.3)
and (3.7) have the form: p- 8} Rom @ witha € O by Remark 3.2. Since the valuation
of v(Br.m) is independent of F the claim follows O

In the sequel, we assume that the conditions (3.3) and (3.7) are satisfied. Let F ur
denote the maximal unramified extension of F in F.

Lemma 3.7. The extension F* (', Br.m» YrR.m)/ F is Galois.

Proof. Let Ly := F" (o™, B.y)and L := Zo be the completion of Lg. Let o €
G . We note that ay € g, (F) C F* by p { dg. Hence o («”") = ala™ € L.
We show o (8), o (y) € Ly. It suffices to prove

by, ¢y € Ly,

since

by ~
o) ="tE o) =y ter+ Fib.b)

by (3.5). As in the proof of Lemma 3.4, we have (ER + A)(by) =0, E(x) :=
(ER + A)(x) € Opylx] and deg E(x) = p*. The equation E(x) = 0 mod 0+
has p?¢ different roots. Thus by Hensel’s lemma, E (x) = 0 has p>¢ different roots
in Oy. Hence b, € L N'F = L. As in the proof of Lemma 3.4, we have

fleo) :=cl —co + At(cs) —y =0with y € O,

where f(x) € Ory[x] with deg f(x) = p. We have y = baR(bo) mod 0+.
The equation f(x) = x? —x —y = x —x — by R(b ) = 0 mod O+ has p
different roots. By Hensel’s lemma, f(x) = 0 has p different roots in Op. Hence
e € LNF = L. O

Definition 3.8. Let

dr
d = — = , B, € € .
R,m ng(dR, m) QR,m {(0[ /3 V) QR | o //vdR,m}
We have
F" C F"(ag) C F¥ (g, Br.m) C FY (&R, BRoms YR.m)- (3.10)

Using Definition 3.1 and p 1 dg_, the first extension is a tamely ramified extension
of degree dg ;. According to Remark 3.2, the second and last extensions are totally
ramified extensions of degree p*¢ and p, respectively. Thus

[F (&, BRoms YR.m) : F"1 = dr mp™ ™. (3.11)

Lemma 3.9. (1) The homomorphism OR . in (3.8) induces the isomorphism

W(Fur(a%, ﬁR,WH VR,m)/F) :) QR,m XL 0 ((d?, 50» Co), Ng).
(3.12)
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(2) The homomorphism OR . o induces

Gal(FU" (g, Brom: YRa)/F") = QRom,
Gal(F" (&g, Brm. Yrom)/F" (@) — Hi.
Proof. We use the same notation as in the proof of Lemma 3.4. Let
I := Gal(F" (™, B, y)/F") D P := Gal(F" (", B, y)/F" (™))

and ®: I — Qr, ,, be the restriction of (3.12). By the snake lemma, the assertion
(1) is reduced to showing that ® is an isomorphism. In order to show that ® is
an isomorphism, it suffices to show that ® is injective according to (3.11) and
|[Or.m| = dR,mpzeH. If ® is injective, it follows that ®|p: P — Hp is an
isomorphism from |P| = |Hg| = p*+.

We will now show that © is injective. Assume © (o) = 1 for o € 1. We will
show ¢ = 1. By the assumption, a = 1, by = 0 and ¢, = 0. Recall (3.1). By

" =1and a, € Wy (F) in (3.5), we have al’ =1and o (™) = a™.

We recall the equality E R(bs) + A(by) = 0 in the proof of Lemma 3.4, where
A(x) € p[x] has no constant coefficient. We write E RO +AX) =) cix' €
O[x]. From E}Q(O) # 0 and A(x) € p[x], it follows that v(c;) = 0. We have
v(bs) > 0 by 150 = 0. Thus, for an integer 2 < i < r, we obtain v(ciby) =
v(by) < v(b.) < v(c;ib!). Hence v(by) = v(ciby) = v(ER(by) + A(by)) = 00
Hence b, = 0 and o (B) = B.

By the last condition in (3.3) with y = 0,

Ax) == (y +x)P —yP —xP e plx].

Definition 3.1 induces o (y)? —o(y) = y? — y. Thus (y + ¢5)P — yP = ¢, and
¢l + A(ey) = ¢y. Since A(x) € p[x] has no constant coefficient, if 0 < v(cy) <
00, we have v(c! + A(cy)) > v(cy), which can not occur. Hence ¢, = 0 and
o(y) = y. As aresult, we obtain ¢ = 1. Thus O is injective. O

3.2. Galois representations associated to additive polynomials

3.2.1. Construction of Galois representation ~We assume that (3.3) and (3.7) are
satisfied. If char F is positive, these are unconditional. If char F is zero, these
conditions are satisfied if the absolute ramification index of F' is large enough as
in Lemma 3.6.

Definition 3.10. Let ¢ € ]F; \{1}. We define 7y, g n,» to be the Wr-representation
which is the inflation of the Qg x Z -representation H! (Cg.r, Qp)[¥1by O .o
in (3.8). For simplicity, we write Ty g, for Ty g m,w-

For a non-archimedean local field K, let Ix denote the inertia subgroup of K. Then
Ker 1y g contains the open compact subgroup / F@ Brom:vim) by Lemma 3.9(1).
According to Lemma 3.9(2) and Lemma 2.8(1), Ty g m|1,. ) is irreducible. Hence
the representation 7y g, is a smooth irreducible representation of Wp.

Let G := Gal(F/F). We consider a general setting in the following lemma.
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Lemma 3.11. Let T be a continuous representation of G  over Q, such that there
exists an unramified continuous character ¢ of G g such that (T @ ¢)(G ) is finite.
Assume that T := Ty, is irreducible. Then T ® ¢ is primitive if and only if T is
primitive.

Proof. Let 7 := T ® ¢ and " := 7 ® ¢|w,. The subgroup Ker 7’ is open by
|Gr/Ker7'| < co. Hence Ker t/ C Wp is open. Therefore 7’ is smooth. Hence so
is 7. Since 7 is irreducible and smooth, we have dim 7 < oo. We will show that T’
is imprimitive if and only if 7 is imprimitive.

First, assume an isomorphism 7/ ~ IndgF 1" with a proper subgroup H. We can
check Ker 7 C H. Hence H is open. Hence we can write H = G g with a finite
extension F’/F. Thus we obtain an isomorphism t 2>~ Ind%i/ 0'lw,, ® ¢! W)

To the contrary, assume 7 =~ Ind}}_IVF o. In the same manner as above with
replacing G g by W, the subgroup H is an open subgroup of W of finite index
by dim T < oco. Hence we can write H = Wjs with a finite extension F’/F. Let
o' =0 ® ¢lw, . Wehave 1’ =~ Indwi ,o’. From Frobenius reciprocity, we have
that o/ (Wg) C ©/(Wp). By the assumption, the image o’(Wp) is finite. Hence
the smooth W -representation o’ extends to a smooth representation of G g+, for
which we write & ( [2, Proposition 28.6]). The restriction of Indgi G to Wr is

isomorphic to Indvvx o’ ~ 1’ Both of Indgi , 0 and 7" are smooth irreducible G r-

representations whose restrictions to Wg are isomorphic to t’. Hence we obtain an
isomorphism 7’ >~ Indgi .0 as G p-representations by [2, Lemma 28.6.2(2)]. O

We identify as Gal(IF/F,) = 7Z, which sends the geometric Frobenius to 1. The
group Gal(F/F,) acts on Qg , naturally. Then Hcl(CR,]F, Qv is regarded as
a representation of Qg , % 7. We identify as Gal(F"'/F) = Gal(IF/F,) = Z,
where the first isomorphism is the natural map. Let7: G oty Gal(F"/F) 57

be the composite, which is an extension of n: Wr — Z; o + ny in (3.4). Then
we have

®R,m,w: Gr — QR,m X Z; o ((&’01'1ng7 50')7;1\0')7

which is defined by the_same formu/]\as as in (3.5). Then @R’m,w extends Or .-
By inflating Hc1 (Cr.Fr, Qp)l¥] via O .+, Wwe obtain a continuous representation
of G r, which we denote by Ty g m.

_ We fix an isomorphism ¢: C 5 Qy, and work with the choice of square root ¢
in Q, given by ((,/q).
Lemma 3.12. The eigenvalues of Fr; on HC1 (CrF, Q)[¥] have the forms VL]

with roots of unity ¢ in Q,. The automorphism FrZ is semi-simple.

Proof. As in [14, 2.3], it is well-known that a smooth projective geometrically
connected curve X over I, is supersingular if and only if all the eigenvalues of
Fri on H'(Xr, Q) have the form ¢ /g with ¢ € 1(Q;). Hence the claim follows
from Proposition 2.10. O
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Letg¢: Gp — @; be the unramified character sending a geometric Frobenius to
ﬂ_l. The image of G r by the twist T := Ty g » ® ¢ is finite by Lemma 3.12.

By the isomorphism ¢: Q, ~ C, we obtain a continuous representation 7 of
G r over C by 7'. Then 7. is primitive if and only if Ty g, is primitive.

Corollary 3.13. The Wr-representation Ty g n is primitive if and only if the con-
tinuous G g-representation ?(é: is primitive.

Proof. Clearly T is primitive if and only if 7" is primitive. We obtain the claim by
applying Lemma 3.11 with T = Ty g », and T = ty g n. O

3.2.2. Swan conductor exponent In the sequel, we compute the Swan conductor
exponent SW(ty g.m)-

We simply write «, B, y for ar, Br,m, Yr.m in Definition 3.1, respectively.
We consider the unramified field extension F,./F of degree r such that N :=
Fy(a, B, y) is Galois over F. Let T := F,(«) and M := T(B). Then we have

FCF.CTCMCN.

Let L/K be a Galois extension of non-archimedean local fields with Galois
group G. Let {G'}._ | denote the upper numbering ramification groups of G in
[16, 1V 3]. Let ¥z, x denote the Herbrand function of L/K.

Lemma 3.14. Let G := Gal(N/F). Then we have

t ift <0,

dpt fo<t=<1,
UnF() =1 5 2 o m 1 m

p-tdrt — (p~° — )m lfﬁ<l‘5 e dr’

p*tldpt — (p¢ + D(p¢t! — Dm otherwise

and

G ifi = —1,
Gal(N/F,) if —1<i <0,
G = { Gal(N/T) if0<i <2,

Gal(N/M) if i <i < P,

{1} otherwise.

Proof. Similarly as in (3.10), 7/ F is a totally ramified extension of degree dg. We
easily have

t ifr <0,
drt otherwise.

Yrp(t) = {

For a finite Galois extension L/K, let {Gal(L/K),},>—1 be the lower numbering
ramification subgroups. Let 1 # o € Gal(M/T). Let b, = o(B) — B as before.
‘We have ER (B+bs) = ER (B) by the proof of Lemma 3.4. If v(b,) > 0, we obtain
bs = 0 by the same arguments as in the proof of Lemma 3.9. This induces o = 1.
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Hence v(b,) = 0. From vy (8) = —m, we obtain vy (o (my) — oy) = m + 1.
Thus

Gal(M/T) ifu <m,

GalM/T), = { {1 otherwise,

ift <m,
p*¢ — 1)m otherwise.

t
YmyT () = {p2et —

Letl # 0 € Gal(N/M).If vy (o (y) — y) > 0, we obtain o (y) = y in the same
way as the proof of Lemma 3.9. This implies that o = 1. Hence vy (o (y) —y) = 0.
Let wy be a uniformizer of N. From vy(y~") = (p¢ 4+ m, it follows that
vy(o(my) — oy) = (p° + 1)m + 1. Thus

Gal(N /M), = {Gal(N/M) ifu < (p¢ + ym,

{1} otherwise,
YN () = t ift < (p°+ Dm,
NIMEZ =\ pt — (p — D)(p® + Dm otherwise.

Hence the former claim follows from ¥y ,/r = ¥n/m © YmyT © Y1/F-
We can check

G ifu=-1,
Gal(N/F,) if —1 <u <0,

G, =14 Gal(N/T) if0 <u <m,
Gal(N/M) if m < u < (p®+ 1)m,
{1} otherwise

by using the former claim and [16, Propositions 12(c), 13(c) and 15 in IV3]. Hence
the latter claim follows from G' = Gy (). m]

Corollary 3.15. We have Sw(ty g .m) = m(p® + 1) /dg.

Proof. Before Corollary 3.13, it is stated that the twist Ty g » ® ¢ factors through
a finite group Qg % (Z/rZ) ~ Gal(F,(«a, B8, y)/F) with a certain integer r. Since
¢ is unramified, SW(ty, g,.m) = SW(Ty gr.m @ ¢). It follows that Sw(zy, g.m @ ¢) =
m(p® +1)/dr from Lemma 3.14 and [7, Théoréme 7.7] ( [16, Exercise 2 in 2VI]).
O

3.3. Symplectic module associated to Galois representation
We simply write PGL(Q,) for Aut@e(Hcl (Crr Q)[¥]D/Q, . Let p denote the
composite

Ty ,R.m can.

Wr — Autg, (H (Cr¥, Q)[¥]) —> PGL(Q).

Namely, p is the projective representation associated to Ty, g ». Similarly, let p’ be
the projective representation associated to T/ = Ty g.m ® ¢.
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Lemma 3.16. We have p(Wr) = p'(G ), which is finite.

Proof. Since T’ is a smooth irreducible G g-representation, we have that 7/(G ) =
(Ty,R.m ® ®) (W) ([2, the proof of Lemma 2 in 28.6]). Thus the claim follows. O

Let F, denote the kernel field of p and T, the maximal tamely ramified extension
of Fin F,. Let

H :=Gal(F,/T,) C G := Gal(F,/F).

The homomorphism p induces an injection 5: G — PGL(Qy).

Recall that Hcl(C R.F» @e)w] is regarded as a Qg X Z-representation as in 2.
We have the subgroup Qr.,» X Z C Qg % Z. Now we regard HC1 (CrF, @4)[1//] as
a Qr.m X Z-representation. Let T denote the composite

Qrm % 7 — Autg, (H, (Crr, Q)[¥]) — PGL(@Qy).

From Definition 3.10 and Lemma 3.9(1), it follows that T o Oy, = p. Let
i: Hr <> QRg,m % Z be the natural inclusion. Since 7 o i equals py in Lemma 2.9,
we obtain Ker(zr o i) = Z(Hpg) according to the lemma. Let V be as in Lemma
2.6. Then we have pr: Hgr/Z(Hg) = Vr; (1, B8,y)Z(Hr) — B. Thus we have
a commutative diagram

W G (3.13)
5
@R,m,wi o \

QR,m X Z

Hp B HRr/Z(HR) — Vk.

Lemma 3.17. We have an isomorphism p(H) =~ Vp.

Proof. Let L := FY(a%y, Brm, YRr,m) and K := F"(ay). From Lemma 3.9, we
recall
W(L/F) >~ Qgrm xZ, W(L/K) > Hg.

The subfield K is the maximal tamely ramified extension of F in L. In the sequel,
we freely use (3.13). From Lemma 3.9(1), it follows that , C Land 7, = F,NK.

The homomorphism ®g ;; » induces G = W (F,/F) ~ Wr/Ker p = (QRr.m X
Z)/ Ker t. Thus we have a commutative diagram

| — > ker(t 0i) ~ W(L/F,K) ——> Hg ~ W(L/K) — > H = W(F,/T,) —> 1

| — > kert =~ W(L/F,) ———> Qg X Z =~ W(L/F) ——> G = W(F,/F) — 1,
where the two horizontal sequences are exact. This induces that
H = Gal(F,/T,) ~ Hr/Ker(t 0oi) = Hr/Z(Hp) S Vi

Since p is injective, the claim follows. m]
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Let
0 = G/H = Gal(T,/F).

Let 0 € #). We take a lifting & € G — % of 0. Let 5% acton H by o - 0/ :=
60’5~ foro’ € H.Thisis well-defined because H is abelian according to Lemma
3.17. We regard H ~ Vg as an F,[4)]-module.

By Lemma 3.12, we can take a positive integer » such that rZ C Ker t and
x9" = xforx e Mdg.,,- LetZ/rZ acton gy, by 1-x = x4 We take a generator
a € [Ldg,,. Let

I = Wag,, X (L[rZ) = <(7, t]lo" =1, dkm — 1 o107 = rq>,
(3.14)

where the isomorphism is given by (&, 0) — t and (1, —1) — o. The groups %)
and .77 are supersolvable. We consider the commutative diagram

Orm X Z (Qrm X Z)/Kert >~ G

l l

A~ (Qrom % L)[(Hg 3 rZ) ——> (Qrm x Z)/(Ker T - Hg) ~ 4,

where every map is canonical and surjective.

Lemma 3.18. The elements ¢(a, 0) and (1, —1) in sy acton H >~ Vg by x — ax
and x +— x4 for x € Vg, respectively.

Proof. These are directly checked. O
We can regard Vg as an F,[Z’]-module via ¢. Let wg be as in Lemma 2.6(2).
Lemma 3.19. We have wg (hx, hx') = wg(x, x") for h € .

Proof. The claim for h = « follows from (2.4). For h = (1, —1), the claim
follows from wg (x?, x'7) = (fr(x, x') — fr(x", )9 = fr(x,x") — fr(x', x) =
wR(x, x'). O

Definition 3.20. Let G be a finite group. Let V be an F,[G]-module with
dimp, V < 00.Letw: V x V — [, be a symplectic form. We say that the pair
(V, ) is symplectic if w is non-degenerate and satisfies @ (gv, gv’) = w (v, V') for
ge€Gandv, v eV.

Lemma 3.21. The F ,[7]-module (Vg, wg) is symplectic.
Proof. The claim follows from Lemma 2.6(2) and Lemma 3.19. |

Definition 3.22. The IF,[ %) ]-module (Vz, wp) is called a symplectic module asso-
ciated to Ty R m.
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Definition 3.23. Leto: F — F; x > x%. For f(x) = Y[, a;x' e Flx], we set
fo(x) =" yola)x'.

Let k be a field. We say that a polynomial f(x) € k[x] is reduced if the ring
k[x]/(f (x)) is reduced. An additive polynomial f(x) € < \ {0} is reduced if and
only if f/(0) # 0.

Lemma 3.24. Let E(x) € o be areduced polynomial. LetV := { € F | E(8) =
0}.

(1) Assumethat E (x) is monic and V is stable under . Thenwe have E(x) € IF,[x].
(2) Let r be a positive integer. Assume that V is stable under (,-multiplication.
Then we have E(ax) = a E(x) for o € [d,.

Proof. We show (1). The assumption implies that E° (8) = (E(,qul))q = 0 for
any 8 € V.Since E (x) is separable, there exists @ € F* suchthat E (x) = ¢ E(x).
Then o = 1, because E(x) is monic. Hence we have the claim.

We show (2). Let « € u,. By the assumption, E(a¢f) = 0 forany g € V.
Since E(x) is separable, there exists a constant ¢ € F* such that E (a¢x) = cE(x).
By considering the derivatives of E(ax), cE(x) and substituting x = 0, we obtain
a = ¢ by E’(0) # 0. Hence the claim follows. |

Definition 3.25. Let f(x) € 7.

(1) A decomposition f(x) = f1(f2(x)) with f;(x) € 7, is said to be non-trivial
ifdeg f; > 1 fori € {1,2}.
(2) We say that f(x) € @ is prime if it does not admit a non-trivial decomposition

F ) = fi(f2(x) with fi(x) € .

Definition 3.26. Let (V, w) be a symplectic IF,[7#]-module. Then (V, w) is said
to be completely anisotropic if V does not admit a non-zero totally isotropic proper
F,[2€]-submodule.

For anIF ,-subspace W C V, let Wt:={veV | ww w)=0 forall w € W}.

Proposition 3.27. The symplectic F ,[5¢]-module (Vg, wg) is completely anisotropic
if and only if there does not exist a non-trivial decomposition Eg(x) = f1(f2(x))
with f;(x) € ¥y such that f>(ax) = afz(x) fora € Hdg,, and Vg, == {B € F |
f2(B) = 0} satisfies V, C V.

Proof. Assume that there exists such a decomposition Eg(x) = f1(f2(x)). Since
the decomposition is non-trivial, we have V, # {0}. Hence V, is anon-zero totally
isotropic proper IF,[.7#’]-submodule of Vg. Thus Vf is not completely anisotropic.

Assume that Vg is not completely anisotropic. We take a non-zero totally
isotropic I ,[.77°]-submodule V' C Vg. According to [13, 4 in Chap. 1], there exists
a monic reduced polynomial f(x) € <4 suchthat V' = {8 € F | f(B) = 0}.
Since V' is stable by o, we have f(x) € F,[x] by Lemma 3.24(1). Since V' is
stable by 7, we have f(ax) = af(x) fora € ugy,,, from Lemma 3.18 and Lemma
3.24(2). There exist f1(x), r(x) € 7 such that Eg(x) = f1(f(x)) + r(x) and
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degr(x) < deg f(x) according to [13, Theorem 1]. For any root 8 € V' of f(x),
we have r(8) = 0 from Eg(B) = 0. Since f(x) is separable, r(x) is divisible by
f(x). Hence degr(x) < deg f(x) induces r(x) = 0. From definition, we obtain
V' ¢ V'L, Thus the converse is shown. O

Corollary 3.28. (1) The Wr-representation Ty, g is primitive if and only if the
symplectic F ,[7]-module (Vg, wg) is completely anisotropic.

(2) The WE-representation ty R p is primitive if and only if there does not exist
a non-trivial decomposition Eg(x) = fi(f2(x)) with fi(x) € <, such that
flax) = afa(x) fora € pay,, and Vi, == {B € F | f2(B) = 0} satisfies
Vi, C V.

(3) If ER(x) € o, is prime, the Wg-representation Ty R, is primitive.

@ IfR(x) = aex?* and Fp(iag,,) = ]szg, the ¥ ,[5€]-module Vg is irreducible.
The W-representation Ty g, is primitive. If gcd(p®+1, m) = 1, the condition
Fp(tdg,,) = sze is satisfied.

Proof. The claim (1) follows from Corollary 3.13, Lemma 3.17, and [11, Theorem
4.1].

The claim (2) follows from (1) and Proposition 3.27. The claim (3) follows
from (2) immediately.

We show (4). We assume that there exists a non-zero [F,[7#’]-submodule W C
Vi ={B € F | (aex? )P + a,x = 0}. We take a non-zero element 8 € W. Then
Fp(idg,,) = F 2 implies F e 8 = F)(1az,,)B C W. Since Vg is the set of the
roots of a separable polynomial Eg(x) of degree p>¢, we have |Vg| = p¢. Hence
W = Vg = F 2 B. Thus the first claim follows. The second claim follows from
the first one and [11, Theorem 4.1]. If ged(p® + 1, m) = 1, we have dg ,, = dg =
p¢ + 1. Hence the third claim follows from ), (e 1) = F 2. 0

Example 3.29. For a positive integer s, we consider the set

Aq,s = {QD()C) S IFq[x] ) (p(x) — Zcixpsi} ’

i=0

which is regarded as a ring with multiplication ¢ o ¢y := @1 (p2(x)) for @1, @2 €
Ayg.s. The number of prime elements in 4, ; in the sense of Definition 3.25(2) is
calculated in [4] and [12]. We will review this now.

In the following, we give examples such that Er(x) is prime. We write dg =
p' + 1 withz > 0. Then Eg € Ay ;. We write g = p/ . Assume f | r. We have

e e
Er(0) =Y aix?” + ) aix?. (3.15)
i=0 i=0

Becauseof f | t, wehave theringisomorphism ®: A, ; = Fylyl; Z{:o cixp“ —
Y oG y', where IF,[y]is a usual polynomial ring. The polynomial Er(x) € &7,
is prime if and only if ® (Eg(x)) is irreducible in F, [y] in a usual sense. Recall that
apolynomial ) . _, ciy' e IF,[y]is said to be reciprocal if ¢; = ¢,—; for0 <i <r.



Local Galois representations associated... 19

Via (3.15), we know that ®(Eg(x)) is a reciprocal polynomial. The number of the
monic irreducible reciprocal polynomials is calculated in [3, Theorems 2 and 3].

In general, we do not know a necessary and sufficient condition on R(x) for
Er(x) to be prime.

Proposition 3.30. Assume dg ,, € {1,2}. There exists an unramified finite exten-
sion F'/F such that Ty, R.m |WF, is imprimitive.

Proof. We take a non-zero element 8 € V. Let ¢ be the positive integer such that
F, =F,(B). Let 2 C S be the subgroup generated by o’, 7. Since dgn < 2,
according to Lemma 3.18, 7 acts on Vx as multiplication by sign. Thus the subspace
Wg :=F,B C Vg is an IF,[77/]-submodule, since o! acts on Wg trivially. From
Lemma 2.6(2), it follows that wg (¢8, ¢'B) = ¢¢'wr(B, B) = Oforany ¢, ¢ € F.
Thus Wr is a totally isotropic proper IF ,[.7#]-submodule of V. Hence Vy is not a
completely anisotropic IF,[.7//]-module. Let F;/F be the unramified extension of
degree t in F. Then Ty Rm |WF¢ is imprimitive by [11, Theorem 4.1]. m]

Lemma 3.31. The Wr,-representation ty, R,m|WTp is imprimitive.

Proof. We take a non-zero element 8 € Vg. Then I, 8 is a totally isotropic sym-
plectic submodule of the symplectic module Vg associated to Ty, R,m|Wr,J~ Hence
Ty.R,m |er is imprimitive by Corollary 3.28(1). O

3.4. Root system associated to irreducible IF ,| 7 ]-module

A root system associated to an irreducible IF,[.7Z’]-module is defined in [11]. We
determine the root system associated to Vg in the situation of Corollary 3.28(4).
We recall the definition of a root system.

Definition 3.32. ([11, 7])

(1) Let ® be the group of the automorphisms of the torus (F*)? generated by the
automorphisms 6: («, ) — (a”, BP)and o : (a, B) — (oc‘fl, B). A d-orbit
of (F*)? is called a root system.

(2) Let W = ®(w, B) be aroot system. Let

a = a(W) be the minimal positive integer with ol =a,

b = b(W) the minimal positive integer witha?’ = o, ﬂ"b = B withx € Z, and

¢ = ¢(W) the minimal non-negative integer with o’ g
Let e’ = ¢/ (W) and f' = f/(W) be the orders of @ and B, respectively. These
integers are independent of (¢, 8) in W.

@) Let #, =(o,t|t?=1,0" =1, oto~! =19 withg" =1 (mod d).
(4) We say that a root system W belongs to .y , if e’ | d and af’ | r.
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(5) Let W = ®(«, B) be a root system which belongs to .77 .. Let M (W) be the
[F-module with the basis

Olc/m|0<i<b—1,0<j<a-—1}

and with the action of .77 by

tm=am, o%m= Bm, 0°m = o m.

Theorem 3.33. ( [11, Theorems 7.1 and 7.2])

(1) There exists an irreducible IF ,[ ¢ 1-module M (W) such that M (W) ®F, Fis
isomorphic to M(W) as F[7¢; ,]-modules.
(2) The map W +— M (W) defines a one-to-one correspondence between the set of

root systems belonging to 7¢; , and the set of isomorphism classes of irreducible
F,[245 r1-modules.

We go back to the original situation. Assume that R(x) = aex?’ and F p(Udg.,) =
F . Let S be as in (3.14). In the above notation, we have 7 = g, . r. As in
Corollary 3.28(4), the ), [#7]-module Vy is irreducible.

Proposition 3.34. We write ¢ = p/. Let ey = gcd(f,2¢) and B :=
Nrgy/per (—ae_(p _1)). Leta € [Ldy,, be a primitive dg ,-th root of unity. We con-

sider the root system W := ®(«, B).

(1) We have a(W) = 2e/ey and b(W) = e;. Further, c(W) is the minimal non-
negative integer such that fc(W) = e; (mod 2e).

(2) The root system W belongs to 7.

(3) We have an isomorphism Vg >~ M(W) as F,[€]-modules.

Proof. We show (1). We simply write a, b, ¢ for a(W), b(W), c(W), respectively.
By definition, @ is the minimal natural integer such that «¢° = «. Because of
Fp() = F 2, a is the minimal positive integer satisfying fa = 0 (mod 2e).
Thus we obtain a = 2¢/e;.

From definition, b is the minimal natural integer such that a?’ = " with
some integer x and ,Bph = B. The first condition implies that fx = b (mod 2e).
Hence b is divisible by ej. The congruence fx = e; (mod 2¢) has a solution x
and B € IF e means BP' = B. Thus b = e.

By definition, ¢ is the minimal non-negative integer such that a?’ =« This
is equivalent to ey = b = fc¢ (mod 2¢). We have shown (1).

We show (2). The order ¢’ of « equals dg_,,. Let f” be the order of 8. It suffices
to show af’ | r. By the choice of r, we have «? = «. Hence 2¢ | fr, since
F e =Fp(a) and a | r. These imply that I e C Fga C Fyr.

Letn € Vg\{0}. Using nl’ze = _ae_(pe_l)n,ae € ]F(}< and 2e | fr, we compute

1

r 2e_ "re_ —(pe—1 —(p—1
n? =" Ty = Nryr e (—ag P70 = Nrayoe(—ag P70y,

q"/p q“/p
(3.16)
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The restriction map Gal(Fg« /F o) — Gal(IFg /Fper) is an isomorphism because
of a = 2e/ey. Since a, € F¥, we have qua/ng(—ae_(pe_l)) = . Hence 9" =
B/ by (3.16). Since n? = n by Lemma 3.18 and Definition 3.32(3), we obtain
B/ = 1.Thus f | (r/a).

We show (3). Let n € Vg \ {0}. Similarly to (3.16), we have o%n = n‘fﬂ =
Bn. From Lemma 3.18, we have 7 = an. The F,[.77]-module Vy satisfies the
assumption in [11, Lemma 7.3] by (2). Hence [11, Lemma 7.3] induces {0} #
M (W) C Vg. Since Vg is irreducible as in Corollary 3.28(4), we obtain M (W) =
Vk. O

A necessary and sufficient condition for an irreducible F,[.7#°]-module to have a
symplectic form is determined in [11, Theorem 8.1]. We recall the result.

Theorem 3.35. ( [11, Theorem 8.1]) Let W = ®(«, B) be a root system. The
irreducible I ,[ 7€ ]-module M(W) has a symplectic form if and only if

(A)a(W) =0 (mod 2), ax € Mega(w)/2 41 and B = —1,

B)b(W),c(W)=0 (mod 2), a € e ph(W)/2 4 ge(W))/2 and B € K pb(W)/2 4 1, OF

(©) b(W) =0 (mod 2), c(W) = a(W) (mod 2), @ € w2 g@wy+ewn2 and
B e M pbW)/2 4 1-

There are two isomorphism classes of symplectic structures on M (W) in the case
A, p # 2 and one in all other cases.

Lemma 3.36. Let W be as in Proposition 3.34. Let v, () denote the 2-adic valuation
on Q.

(1) Assume va(e) = va(f). Then the module M(W) is of type A in Theorem 3.35.
(2) Assume va(e) < v2(f). Thenwe havea(W) =1 (mod 2),b(W) =0 (mod 2)
and (b(W)/2) | e. Hence we have 8 € o pb(W)/2 41
1) If c(W) =0 (mod 2), the module M (W) is of type B in Theorem 3.35.
(i) If c(W) =1 (mod 2), the module M (W) is of type C in Theorem 3.35.

Proof. We show (1). Recall that e; = ged(f, 2¢) and g = qu/m(—ae_(pe_l)).
We have e; | e, a(W) = 2¢/e; = 0 (mod 2) and f/e; = 1 (mod 2). From
(pet = 1) | (p¢ — 1), it follows that
F R e N
B=(D(a " ") =1,

where we use g, € IF; for the last equality. By fa(W)/2 = fe/e; and g = p/,
we have g?W)/2 = pfelei Since fe/e; is divisible by e and f/e; is odd, dr.m |
(p¢+ 1) | pfe/a +1 = ¢*W) 4 1. Hence we obtain « € Hegaw/241- Thus the
claim follows.

We show (2). Recall b(W) = e;. The former claims are clear. Since (e1/2) | e,
we have (p€/2 — 1) | (p¢ — 1). From the definition of 8 and a, € F;, it follows
that

e el

P 2+ _ (a;,,e1/2,1)q—1 -1
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Hence 8 € Mph(W)/2+1.ASSUme that c(W) is even. We write (c(W)/2) f = (e1/2)+
le with [ € Z by Proposition 3.34(1). Then / is odd by e; = gcd(f, 2¢). Thus
(p¢ + 1) | (p'® + 1). This induces that « € K pbw/2 4 gewn/2. Hence (2)@) follows.
The remaining claim is shown similarly. O

3.4.1. Kiinneth formula and primary module Classification results in [11] We
recall classification results on completely anisotropic symplectic modules given in
[11] restricted to the case p # 2.

Theorem 3.37. ( [11, Theorem 9.1]) Let (V, w) = @?:1 (Vi, w;) be a direct sum
of irreducible symplectic F ,[7]-modules. Assume that p # 2. Then (V, w) is
completely anisotropic if and only if, for each isomorphism class, the modules of
type B or C occur at most once and of type A at most twice among Vi, ..., V,.

Assumethat p # 2.Let (M (W), 0) denote the unique symplectic module on M (W)
which is of type B or C by Theorem 3.35. Let (M (W), 0), (M (W), 1) denote the
two symplectic modules on M (W) in the case where p # 2 and M(W) is of
type A. We denote by (M (W), 2) the completely anisotropic symplectic module
on M(W) & M(W), where M (W) is of type A.

Theorem 3.38. ( [11, Theorem 8.2]) Each completely anisotropic symplectic
F,[2)-module is isomorphic to one and only one symplectic module of the form

P wy), vi),

i=1
where W1, ..., Wy, are mutually different root systems belonging to €.

Let k be a positive integer. Let R := {R;}1<;<x With R; € %. We consider the
k-dimensional affine smooth variety X r defined by

k
a’ —a = inRi(x,-)
i=1

in AE’I. The product group Qg := Qg, X - x Qp, acts on X g naturally similarly

as (2.7). Let Z act on Qg naturally. Let s € Fy \ {1}. We regard Hf (X g7, Q)[¥]
as a Qp X Z-representation. Let the notation be as in (3.5). Let m = {m;}1<;i <k,
where m; is a positive integer. We have the homomorphism

OrRmw: Wr—> OQrXZ; 0 ((arlgi’v’gabR;,J’CRi,a)lgiSk,na)- (3.17)

Definition 3.39. We define a smooth W-representation 7y, g, to be the inflation
of the Qg X Z-representation Hck (XR.F, @[)[w] by Or.m.z-

Lemma 3.40. We have an isomorphism Ty g, = ®f:1 Ty, Ri.m; as Wep-
representations.
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Proof. Let Qg, 7 := O, X Z and OR, »; & : Wr — Qg z be asin (3.8). Let
8 QR XNZ — Qpiz % x Qrpzs ((8i)1<i<k, 1) > (8iv M)1<i<k-

Each HC1 (Cg, F, @z)[‘ﬂ] is regarded as a Qp, z-representation. Via the Kiinneth
formula, we have an isomorphism HX (X g 7, Qp)[¥/] ~ @F_, (H (Cr, 7, Q)[¥])
as Qr X Z-representations, where the right hand side is regarded as a Qg % Z-
representation via 8’. We consider the commutative diagram

Wg 8

k
Wi
®R,m.wi l®R1,m1.wX"‘X®Rk,mk,w
8’
OR AL ——=QRp,z X - X OR.Z,
where § is the diagonal map. Hence the claim follows. O

Remark 3.41. Let +: ]_[i-‘=1 Z(Qr) — Fp (1,0, y)i<i<k — Z?:l y; and
Qg = Ogr/Ker+. The action of Qg X Z on HC"(XR,]F,@@) factors through
ER x Z. Let H g denote the image of Hg, x --- x Hpg, under Qg — ER. The
group H g is an extra-special p-group. The quotient H g/ Z(H ) is isomorphic to
@F_, Vk,. Moreover, Qg /H is supersolvable.

Lemma 3.42. The Wg-representation ty, g p is irreducible.

Proof. The ﬁR—representation Hck (X R’]F,@g)[l/f] is irreducible by [8, 16.14(2)
Satz]. The claim follows from this. O

Let py, g;m; denote the projective representation associated to Ty g, m;. Let F;
denote the kernel field of py g, m; and T; the maximal tamely ramified extension of
F in F;. The field 7; is called the tame kernel field of py g, ;. Let Fg := Fy - - - Fy.

Lemma 3.43. Let py g m be the projective representation associated to Ty R m.
The kernel field of py, R m is FR.

Proof. By Lemma 3.40, we can check Ker py g m = ﬂle Ker py, g;,m; - The claim
follows from this. |

Let T be the maximal tamely ramified extension of F' in Fg. We have the restriction
map Vg — ]_[le Gal(F;/T;) ~ @le Vg,. Then Vi := Gal(Fr/Tg) has a
bilinear form stable under the action of F,[Gal(Tg/F)] ([11, 4]). The form on Vg
is given by wg := Y r_, wg;.

Let wg,; be the form on Vg, in Lemma 2.6(2). We give a recipe to make an
example of (M (W), 2) below.

Proposition 3.44. Assume k = 2. Let R (x) = ae,ixl’e # 0fori € {1,2}. Assume

nmi 7'5 my, d:= dR1,m1 = dRz,le‘
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(1) We have an isomorphism Vg >~ Vg, @ Vg,.

(2) We have Tg = Ty - T».

(3) Assume that p # 2, va(e) = vo(f) and Fp(ug) = IE‘[,ze. If (Vg, wg) is com-
pletely anisotropic as a symplectic F ,[Gal(Tg / F)]-module, Vg is isomorphic
to a primary module (M (W), 2) with a root system W.

Proof. ViaLemma 2.9 and Lemma 3.12, there exists an unramified finite extension
E of F such that F; C E(ozR Br,.m;) fori = 1,2 and E(o/"’ Bri.m;)/E is
Galois. We put T := E(ay') = E(w /) and E; := T (g, m;) fori = 1,2. Let
n; :=m;d/dr = m; /gcd(dR,m ). Let {Gal(E; /T) }uv>—1 be the upper numbering
ramification subgroups of Gal(E;/T). Similarly as the proof of Lemma 3.14, we
have

Gal(E;/T) if v < n;,

Gal(Ei/T)vz{{l} if v > n;.

Let H := E; N E,. Since E;/T is Galois, so is H/T. By [16, Proposition 14 in
IV3], the subgroup Gal(H/T)" equals Gal(H/T) if v < n; and {1} if v > n;.
Hence we conclude Gal(H/T) = {1} by n1 # n>. We obtain H = T. Thus we
have an isomorphism Gal(E1E>/T) >~ Gal(E;/T) x Gal(Ey/T) = Vg, @& Vg,.
The extension E1E>/ T is totally ramified and the degree is p-power. Hence, T is
the maximal tamely ramified extension of E in Ej - E5. Therefore, Tg = Fr N T.
We have the commutative diagram

Gal(E|E»/T) —= Gal(E,/T) x Gal(E2/T)

| -

Gal(Fg/Tg) —— Gal(F1/T) x Gal(F»/T»),

where every map is the restriction map. The right vertical isomorphism follows
from Lemma 3.17. Clearly g is injective. The commutative diagram implies that g

is bijective. Hence we obtain (1).
We have the commutative diagram

1 —> Gal(Fg/Tg) ——> Gal(Fg /F) ————— > Gal(Tg/F) ————> 1

. ;

I ——— Vg, ® Vg, — Gal(F{/F) x Gal(F2/F) —— Gal(T|/F) x Gal(T/F) —— 1,

where the two horizontal sequences are exact. Since g7 is injective, so is g». Hence
T =T1T5.

We show (3). Let r := [E : F] and J%;, := pq % (Z/rZ) as in (3.14). We
identify Gal(T'/F) with 77 ,. Since T C T, the Vg, Vg, are naturally regarded
as IF, [ ,]-modules. Let « be a primitive d-th root of unity. Let W := ® (e, —1).
Then we have an isomorphism Vg, >~ M (W) as IF p[%, +]-modules and know that
Vg, is of type A by Proposition 3.34(3), Lemma 3.36(1) and dg, ;u;, = dR,,m,- This
induces anisomorphism Vg, >~ Vg, as[F,[7; ,]-modules. Hence the claim follows
from the assumption that (Vg, wg) is completely anisotropic and the definition of
(M(W), 2). O
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Example 3.45. Assume p # 2. Lete = f = 1, R{(x) = x” and Ry(x) = ax? €
F,[x]\{0}. We assume that m| # m and dg, m, = dr,m, = p + 1. We have
Vi, = {x €F|Xp2 +x=0}fori =1,2.

Let W C Vg, ® Vg, be a totally isotropic IF,[Gal(Tg/F)]-subspace. Assume
W # {0}. We take a non-zero element (x1, x2) € W. We have fg, (x, y) = —xy?,
fro(x.y) = —axy” and hence wg ((x1, x2), (Ex1,Ex2) = (] +axy (& -
&P) = O for any & € upyq. Thus xlerl + axé’+l = 0 and x; # 0. There exists
n € F such that n”*! = —g and x; = 5x;. Since F,» = Fp(up+1), we have
Wi = {nx,x) | x € Vg,} C Wand W, := {(n’x,x) | x € Vg,} C W.Let (;)
be the Legendre symbol. If Wi N W, # {0}, we have n € ), and n* = —a. This
implies (%‘) =1

Assume (‘Tf‘) = —1.Then W = W; @& W) = Vg, @ Vg, by W; N W, = {0}.
This is a contradiction. Hence Vg, @ Vg, is completely anisotropic if (%“) =—1.

It (_7“) = 1, we have W| = W,, which is the unique non-zero totally isotropic
IF,[#]-subspace. Hence Vg, @ Vg, is not completely anisotropic.

4. Geometric interpretation of imprimitivity

Through this section, we always assume p 7 2. Our aim in this section is to
show Theorem 4.13. To show the theorem, we use the explicit understanding of
the automorphism group of Cr and the mechanism of taking quotients of Cg by
certain abelian groups, which are developed in [1] and [6].

4.1. Quotient of Cg and description of Ty g m

Let Cg be as in (2.7). In this subsection, we always assume that there exists a finite
étale morphism

¢: Cr — Cgy; (a,x) = (a— A(x),r(x)), 4.1

where A(x) € Fy[x] and r(x), Ry (x) € 7, satisfy dg | dg, and r(ax) = ar(x)
for a € wgy,,- Since ¢ is €étale, r(x) is a reduced polynomial. Hence r'(0) # 0.
The above assumption implies that

XR(x) =r(x)R1(r(x)) + Ax)? — A(x) (4.2)
r'0) #0, dgm|dg, r(ax)=oar(x) forace Mg 4.3)

Let ¢’ be a non-negative integer such that deg Ry (x) = p"/ and ¢’ < e. Then
degr(x) = pee by (4.2).

We have aRy(ax) = Ri(x) for o € uay,, by drom | dr, and (2.3). Hence
A(ax) — A(x) € ), for a € g, by (4.2). We have A(ax) = A(x), since the
constant coefficient of A(ax) — A(x) is zero.

Lemma4.1. Let ¢: Cr g — CrF; (x,a) = (x +c,a+ g(x)) be the automor-
phism with g(x) € F[x] and c € F. Then we have Eg(c) = 0.
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Proof. From the definition of ¢, we have that
g(x)? — g(x) = cR(x) + xR(c) + cR(c). (4.4)

Let P: Flx] — F[x]; f(x) = f(x)? — f(x). Since F is algebraically closed,
cR(c) =0 mod P(IF). From (4.4) and the definition of Eg(x), it follows that

0=cR(x)+ xR(c) + cR(c) = Eg(c)/? x mod PF[x]).

Hence there exists 4 (x) € F[x] such that (x)? — h(x) = Eg(c)"/? x in F[x]. By
considering degrees, we obtain #(x) = 0 and Eg(c) = 0. |

Lemma 4.2. We have Eg, (r(x)) | Eg(x).

Proof. Letp € Fbeanelementsuchthat Eg, (r(8)) = 0. Wetakeanelementy € F
such that y? —y = r(B)R1(r(B)). Let ¢: Crr — Cg r be the automorphism
defined by

gla,x) = (a+ fr,(r(x),r(B) + Ax + ) — Ax) + v, x + B).

This is well-defined by Lemma 2.2 and (4.2). From Lemma 4.1 it follows that
Eg(B) = 0. Since Eg, (r(x)) is separable, the claim follows. O

Lemma 4.3. Let o, o’ € Mdpg,,- Assume Eg, (r(ay)) = 0 foracertainy € F. Then
we have the equality

Aa'x +ay) + fr (r@'x), ray)) = A(x) + Ay) + fr(a'x, ay).

Proof. By A(a’x + ay) = A(x + (a/a’)y) and (2.4), we may assume o’ = 1
by (4.3). Lemma 4.2 induces that Eg(«y) = 0. Let A1(x) and As(x) denote the
left and right hand sides of the required equality, respectively. We have A;(0) =
Aay) = A(y) = A2(0), since fg(0,x") = 0 in F,[x'] by definition. Hence
it suffices to show A;(x)? — Aj(x) = A(x)? — Ap(x). Lemma 4.2 and the
assumption imply Eg, (r(ay)) = Eg(ay) = 0. Therefore, for each i = 1, 2, we
have A;(x)? — Ai(x) = (x + @) R + ay) — r(MRI () — r@)R1 (r(x))
according to Lemma 2.2. Hence the claim follows. O

Let
Ugp ={xeF|rx)=0}C Vl/e ={x e F| Eg,(r(x)) = 0}.

‘We obtain V,’e C Vg via Lemma 4.2. Then Uy and VI’e are regarded as I ,[77]-
modules according to r(x), R1(x) € Fy[x] and (4.3).

Lemma 4.4. We have Vy C Ufg. In particular, the F ,[7]-module Uy is totally
isotropic.

Proof. Let B bein Ug and B’ bein V, so that r(8) = 0 and Eg, (r(8)) = 0. From

Lemma 4.3, it follows that fz(8’, B) = fr(B, B) = AB + B') — A(B) — A(B).
Hence wg(B, B’) = 0. O
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Let
OQrom ={.B,7) € Qrm | B € Vi)

Then Q’R’m is a subgroup of Qg ,, of index pe_e/, because of (4.3)and [V : Vl/e] =
pe_el. We have the map

T Q/R’m - QRl,m; ((X, 185 V) = (a7 r(ﬁ)’ y - A(:B))
Corollary 4.5. The map 7 is a homomorphism.
Proof. The claim follows from Lemma 4.3 and (4.3). |

We have

Ug :={(1, B, A(B)) € Q/R’m | B € Up} = Kerm. 4.5)

The space Vy, is stable by the g-th power map. Hence we can consider the semidirect
product Q/R,m X Z. The map 7 induces 7’ Q/R,m X7Z — Qr.m X L.
Quotient of Cg Let ¢ be as in (4.1). We can check that ¢ factors through Cg r —

Crr/Ug ﬁ) Cg,.F by (2.7). We obtain an isomorphism ¢ Crr/Ug = CR,F-

Lemma 4.6. We have ¢ ((a, x)g) = ¢(a, x)7'(g) for g € Q/R’m X 2.
Proof. The claim follows from Lemma 4.3. O

Let t(// R,.m denote the Q' ,» ¥ Z-representation which is the inflation of the
QR,,m X Z-representation HC1 (Cpry Fs @6)[1//] by 7’. We have the homomorphism
ORmw: Wr — OQr.m X Z as in (3.8). We define the Wr-representation T]Z Ri.m

. . QR,m X7 ’
to be the inflation of IndQ’R,m wZ 50 Rym

. _
since [QRr.m : /R,m] = pee

via OR ;.- We have dim ‘L’]Z Rim = P’
. ’ _ e/
and dim Ty Rim = P
11 ; : ~ ! .
Proposition 4.7. We have anisomorphismty g ~ Ty Rym 95 W -representations.

Proof. Lemma 4.6 induces an injection

J— ¢* J—
) rym = Ho (Cry 7. QY] — H! (Crr. QI¥]
of Q’R’m x Z-representations. Hence we have a non-zero homomorphism

mRXL_y

Indg’zmxsz,Rl,m — H!(Crp. QY] (4.6)

as Q r.m X Z-representations via Frobenius reciprocity. Since the target is irreducible
by Lemma 2.8, the map (4.6) is surjective. We know that (4.6) is an isomorphism by
comparing the dimensions. By inflating (4.6) via O ,, 4, We obtain the claim. O
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We consider the open subgroup W' := 0!

R.m,w

(Qk.m ¥ Z) C Wr of index

e—e’

p“’_e/. We can write W' = Wg with a finite field extension F’/F of degree p
Let

®R,m,w

kit Wi = Qo XL > Qpim % L — Autgg, (HY (Cr, 7, QoY1)
4.7

be the composite.

Corollary 4.8. We have an isomorphism Ty gm = Ind%ﬁ ) rl}/ Rim @S WE-

representations. If ¢’ < e, the W -representation Ty, R,m 1S imprimitive.

Proof. The assertion follows from Proposition 4.7. O

4.2. Totally isotropic subspace and geometry of Cg

Let (1, B, y) € Hpg so, as in Definition 2.3(2), we know that y” —y = BR(B). We
obtain (fr(B, B) — 2y)?” = fr(B, B) — 2y by the definition of the pairing wg in
Lemma 2.6(2). Assume we have that

 f&(B. B
y=—0

The following lemma is given in [6, Proposition (13.5)] and [1, Proposition 7.2].
This lemma gives an algorithm of taking quotients of Cr by certain abelian groups.

B #0, (4.8)

Lemma 4.9. Let Cg be as in Definition 2.7. Assume e > 1.

(1) Let
wi=x" —prlx, vi=a+ @/Pyx/B) — fr(x,B). (4.9

Then there exists Py(u) € </ of degree p¢~' such that vP — v = u Py (u).
Q) Let U = {(1,£B,&%y) € Hr | € € Fp} = ((1, B, v)). Then the quotient
Cr.r/ U is isomorphic to Cp, p.

Proof. We show (1). Let x1 := x/8 and uy := u/B?. Then u; = xf — x1. We
compute
v? —v=xR(x)+ y”xlzl’ —yxt —xl fr(x, B)P + x1 fr(x, B)
= xR@) + y(x? = xD) + B2 R(B)XP
—urfr(x, B) — (x/B)P (BR(x) + xR(B))
= up™"(=BR(x) + BTPTIR(BIXP + y (xf +x1) = fr(x, B)),
where we use y? — y = BR(B) and Lemma 2.2 for the second equality. Let

P(x) := BP(=BR(x) + BPTR(B)xP + y(x{ + x1) — fr(x, B)). Since P(x)
is additive, there exists Py (1) € o such that P(x) = P;(u) + ax for a constant
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«. By (4.8), we have P(8) = B~ P2y — fr(B,8)) = 0. Thus « = 0. From
deg P(x) = p¢, it follows that deg P; (1) = p°~!. Hence we obtain (1).

We show (2). We easily check that the finite étale morphism of degree p:
Crr — CpF; (a,x) — (v,u) factors through Cxr — Crr/U — Cp, F.
Since Cr r — Cg /U is afinite étale morphism of degree p, the claim follows. O

Let
Ao(x) 1= —=(x/B)(y (x/B) — fr(x, B)).
From Lemma 4.9(1), it follows that
XR(x) = uP(u) + Ag(x)? — Ag(x). (4.10)

We write u(x) for u.

Let (1, 8/, y’) € Hpg be an element satisfying (4.8). Assume wg (B, B’) = 0.
Then (1, 8, y) commutes with (1, 8, ). Hence the action of (1, 8, y") on Cgr
in (2.7) induces the automorphism of Cp; g >~ Cg r/U.

Lemma 4.10. Let 7 (B, v') := (1, u(B), ¥’ — Ao(B)).

(1) We have (B, y') € Hp, and fp (u(B), u(B")) =2(y" — Ao(B)).
(2) The action of (1, B, y') on Cr r induces (B, y') on Cp, p.

Proof. Let Aj(x) := fr(x,B") — Ao(x + B') + Ag(x). By (4.9), the action of
(1, B/, ') on Cg F induces the automorphism of C p,  givenby u > u+u(8’) and
vi> v+ Ap(x)+y on Cp, r. Using (4.8), we can easily check that A (x) — A1 (0)
is an additive polynomial such that A;(8) — A1(0) = wg(B, B/) = 0. Hence there
exists g(u) € F,[u] such that Aj(x) = g(u(x)) + A1(0). Lemma 4.1 induces that
Ep,(u(B)) = 0. Thus u(B’) € Vp,. We show (1). The former claim follows from
(4.10). Using Ap(0) = Ep, (u(B8")) = Er(B’) = 0 in the same way as Lemma 4.3,
we have

Ao(x + B + fp (u(x), u(B) = Mo(x) + Ao(B) + fr(x, ). (4.11)

Substituting x = B’, and using Ag(28') = 4A¢(B') and (4.8) for (B’,y’), we
obtain the latter claim in (1).
By (4.11),

v+ RO, B) = Ao(x + ) + Ao(x) + ¥ = v+ fr (ux), u(B)) +y' — Ao(B).
Hence the claim (2) follows from (2.7). |

Assume that Vg is not completely anisotropic. Let Ug be anon-zero totally isotropic
IF,[#]-submodule in V. There exists a monic reduced polynomial r(x) € o/
such that Ugr = {x € F | r(x) = 0} by [13, Theorem 7]. Since U is an IF ,[ 7]
module, we have

r(ax) = ar(x) fora € ug,,, and r(x) € Fy[x] 4.12)

e—e'

by Lemma 3.24. We write deg r(x) = p with anon-negative integer 0 < ¢’ < e.
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We take a basis {81, ..., Be—e} Oof Ug over ). Let (1, B;, ;) € Hg be an
element satisfying (4.8). Let U; := {(1,&B:, E%y;) | & € F,} C Hg, which is a
subgroup. Since Uk is totally isotropic, we have wg (B;, B;) = 0.Thus g;g; = g;&i
forany g; € U; and g; € U; via Lemma 2.6(2). We consider the abelian subgroup

Ug :=U;--U,_y C Hg. (4.13)

Proposition 4.11. Assume that Vg is not completely anisotropic. Then there exist
R (x) € o of degree pel and a polynomial A(x) € F[x] such that A(0) = 0 and
the quotient Cg /Uy, is isomorphic to the affine curve Cg, r and the isomorphism
is induced by w: Cr g — Cgr,F; (a,x) = (a — A(x), r(x)). In particular, we
have xR(x) = r(x)R1(r(x)) + A(x)? — A(x). Furthermore, we have dg , | dR,.

Proof. By applying Lemmas 4.9 and 4.10 successively, we know that the quotient
CrrF/ UI’? is isomorphic to the curve Cg, r with some R;(x) € o4, and we obtain
w: Crr — Cg.F; (a,x) = (a—A(x), r(x)). By (4.9), wehave A(0) = 0. Since
Ug is an IF,[2]-module, the subgroup A := {(«,0,0) € Qrp | @ € Mg}
normalizes U ;e~ Hence A acts on the quotient Cg, r. We recall that b” — b =
YR (y) is the defining equation of Cg, r. Through the morphism 7, the action of
A > («,0,0) on Cpg, F is given by b — b + A(x) — Al %), y = r(x) —
r(e”'x) = o~y by (4.12). From [6, Theorem (13.3)] or [1, Theorem 4.3.2], it
follows that o € j1qy, - Hence the last claim follows. m]

Corollary 4.12. Let the assumption be as in Proposition 4.11. We have A(x),
Ri(x) € Fylx].

Proof. We use the same notation as in Definition 3.23. We consider the equal-
ity xR(x) = r(x)R1(r(x)) + A(x)? — A(x) in Proposition 4.11. Let S(x) :=
—R{(x) + Ri(x) and II(x) := A°(x) — A(x). Then S(x) € . Since
r(x), R(x) € Fy[x],

M(x)? — TI(x) = r(x)S(r(x)). (4.14)

Assume S(x) # 0. We have the non-constant morphism f: AIIF — CsF; x —
(IT(x), r(x)), since r(x) is non-constant. Let ES,]F be the smooth compactification
of Cg r. The morphism f extends to a non-constant morphism ]P’]lF — Cg.r. Hence
this is a finite morphism. From the Riemann—-Hurwitz formula, it follows that the
genus of C r equals zero. This contradicts to Lemma 2.10. Hence S(x) = 0 and
Ri(x) € Fy[x]. We have I1(x) € IF, by (4.14). As in Proposition 4.11, A(0) =0
induces IT1(0) = 0. Hence IT(x) = 0. Thus the claim follows. O

4.3. Theorem

Finally, we summarize the contents of 4.1 and 4.2 as a theorem.

Theorem 4.13. Assume p # 2. The following conditions are equivalent.
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(1) There exists a non-trivial finite étale morphism
CR - CRl; (aax) = (a - A(‘x)7 r(-x))v

where A(x) € Fy[x] and r(x), Ri(x) € o, satisfy dg, | dg, and r(ax) =
ar(x) foro € [ay,,-

(2) The IF ,[2)-module (Vg, wRr) is not completely anisotropic.

(3) The Wg-representation Ty R, s imprimitive.

If the above equivalent conditions are satisfied, the W g-representation Tty g is
; . Wr / c
isomorphic to IndWF, Ty Rym where Ty Ry.m IS given in 4.7).

Proof. Assume (1). The degree of the finite covering Cg — Cg, equals degr(x).
Since Cg — Cg, is not an isomorphism, we have degr(x) > 1. Thus (2) fol-
lows from Lemma 4.4 and Ur # {0}. Assume (2). Then (1) follows from (4.12),
Proposition 4.11 and Corollary 4.12.

The equivalence of (2) and (3) follows from Corollary 3.28(1).

The last claim follows from Corollary 4.8. O
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