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Abstract. We compute Hodge numbers and zeta function of a Kummer Calabi-Yau 3-folds
introduced by M. Andreatta and J. Wisniewski in [2] and investigated by M. Donten-Bury
in [13].

1. Introduction

The classical Kummer construction involves an abelian surface A over C and an
involution i: A — A. The quotient X := A/i is a normal surface having 16

rational singularities of type A1. The minimal resolution of singularities X of X is
a K3 surface.

Various ideas have been used to give generalizations of the Kummer construc-
tion. In [18] the author describes the generalized Kummer manifold us an algebraic
variety X for which there exists an abelian variety A and a generically surjective
rational map A — X. S. Cynk and K. Hulek in [10] imitated the classical Kum-
mer construction in the sense that they considered pairs of varieties X, Y with
involutions iy and iy. Then the authors derived a criterion for when the quotient
(X x Y)/(ix x iy) admits a crepant resolution of singularities giving a Calabi-
Yau manifold. In the paper [12] Cynk and M. Schiitt using Cynk-Hulek generalised
Kummer construction and the Weil restrictions discussed resulting Calabi- Yau man-
ifolds over number fields. For n = 3, the construction was exhibited in [4] in the
context of Calabi-Yau threefold with complex multiplication.

In[2] M. Andreatta and J. Wisniewski gave another generalization, Kum,, (A, G),
of the classical Kummer construction by resolving singularities of the quotient
of a complex abelian variety A of dimension n by a finite integral matrix group
G in GL,(Z). Incidentally, holomorphic symplectic manifolds introduced by A.
Beauville in [3] are examples of manifolds Kum, (A, G) for some group G.
Andreatta and Wisniewski gave also a new method to compute the cohomology
of the constructed Kummer variety. In the case of Beauville’s holomorphic sym-
plectic manifolds the cohomology has been computed by using another idea by L.
Gottsche and W. Soergel in [15], B. Fantechi and L. Gottsche in [14]. In dimension
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3, under some restrictions on the resolution of singularities and the group action,
the resulting variety is a Calabi-Yau threefold.

M. Donten-Bury in [13] investigated the Andreatta-Wisniewski construction in
the case of A = E3 —a triple product of an elliptic curve E, together with an action
of a finite subgroup of SL3(Z) on E>. The complete classification of finite subgroups
of SL3(Z) was given in [ 17], Donten-Bury classified these subgroups using different
idea. Following Andreatta-Wisniewski paper, the author gave detailed computations
of the Poincaré polynomial of a crepant resolution Kums(E, G) of the quotient
E3/G.

The aim of this work is to give a formula for the Hodge numbers and local
zeta function of Kum3(E, G) using the Chen-Ruan orbifold cohomology theory
[11] and the description of the Frobenius action on the orbifold cohomology [16].
The work is motivated by the limited range of examples of Calabi-Yau manifolds
which are neither complete intersection in projective spaces nor hypersurfaces in
toric space with explicit computed zeta functions.

Our main result is:

Theorem. Hodge numbers and zeta functions of Kums(E, G) are given in tables
from section 5.

In [6], [7], [8] we successfully used that approach in order to compute Hodge
numbers and zeta function of manifolds (X; x X3 X ... x X})/G, where X;
(i = 1,2,...,k) are manifolds of a Calabi-Yau type (i.e. Kx, = Oy,) and G
is a finite group acting on a product variety X1 x X2 X ... x Xi. All computed
examples covered: the famous Borcea-Voisin Calabi-Yau threefolds ( [5], [19]),
n-dimensional Calabi-Yau manifold of a Borcea-Voisin type (see [9] for n = 3,
and [8] for an arbitrary dimension 7).

In Sects. 2 and 3 we briefly discuss Chen-Ruan cohomology theory and orbifold
zeta function. In section 4 we give detailed computations of Hodge numbers and
zeta functions of Kum3(E, G), for some group G € SL3(Z) of order 24. In the
Sect. 5 we give results of computations for all remaining groups.

2. Chen-Ruan cohomology

In [11] W. Chen and Y. Ruan introduced a new cohomology theory for an orbifold.

Definition 2.1. Let X be a projective variety and G be a finite group which acts on
X. For a variety X/ G define the Chen-Ruan cohomology by

C(g)
Hér{)(x/ G) = @ @ Hi—age), jfage(g)(U) , 2.1)

[g]eConj(G) \U€eA(g)

where Conj(G) is the set of conjugacy classes of G (we choose a representative
g of each conjugacy class), C(g) is the centralizer of g, A(g) denotes the set of
irreducible connected components of the set fixed by g € G and age(g) is the age
of the matrix of linearised action of g near a point of U.

The dimension of H"/ (X/G) will be denoted by 4.’ (X/G).

orb orb
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An important feature of the Chen-Ruan cohomology is the possibility of com-
puting Hodge numbers of a crepant resolution of singularities of a quotient variety,
without referring to an explicit construction of such a resolution i.e.

Theorem 2.2. ([20], Cor. 3.16) Let X and X' be complete varieties with Gorenstein
quotient singularities. Suppose that there are proper birational morphisms Z — X
and Z — X' such that Kz;x = Kz,x'. Then the orbifold cohomology groups of
X and X' have the same Hodge structure.

As a special case we have:

Theorem 2.3. Let G be a finite group acting on an algebraic smooth variety X. If

there exists a crepant resolution X /G of variety X /G, then the following equality
holds

W (X]G) = hi)

orb

(X/G).

For a systematic exposition of the orbifold Chen-Ruan cohomology see [1].

3. The orbifold zeta function

Let g be a prime power. For a smooth, tame, Deligne-Mumford F,-stack & Rose
in [16] defined ¢-adic Chen-Ruan orbifold cohomology of X XF, [F, denoted

by Hig (X x, Fy, Q) (Def. 3.1), introduced the orbifold Frobenius morphisms

Frobo, on Hig (X XF, IF‘q, Ql) (Prop. 1.1) and defined (Def. 6.1) the orbifold zeta
function by

Zer(X, 1) == det (1 — Frobor ¢ | Hig (X xE, Fy, Q1))

It turns out that the orbifold zeta function of a crepant desingularization coincide
with the usual zeta function i.e.

Theorem 3.1. ([16], Cor. 6.4) Let X be a proper, smooth, tame Deligne-Mumford
stack satisfying the hard Lefschetz condition with trivial generic stabilizer. Suppose

X = Xisa crepant resolution of the coarse moduli scheme X of X, then
Zygs (X.1) = Zy (X, D).

o
where Z,(X, t) denotes the classical zeta function X.
As a special case we have:

Theorem 3.2. Let G be a finite group acting on an algebraic smooth variety X. If

there exists a crepant resolution X /G of variety X/ G, then the following equality
holds

Zy(X]G.1) = Zpge, (X/G.1).
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4. Quotients of E3 by a finite subgroup of SL3(Z)

Let E be an elliptic curve, and let G be a finite subgroup of SL3(Z). The action
of G on E3 is regarded as the action of G on the endomorphism ring of E3. The
quotient £3 /G admits a crepant resolution of singularities in the sense of Andreatta-
Wisniewski ( [2]) denoted by Kums(E, G). If HI’O(E3)G = 0, then Kums(E, G)
is a Calabi-Yau threefold. The Calabi-Yau manifold Kum3(E, G) is defined over
any subfield of C containing the j-invariant of E. Note that all finite subgroups
SL3(Z) were classified in [17] as well as in [13] by using different idea.
Denote by 7,  a 2-torsion and 3-torsion point of E, respectively.

4.1. Hodge numbers

In this section we compute Hodge numbers of the variety Kums(E, G4.1), where
001 -1 0 0
Gog1: < 010}, 0 0-1 >ZS4
-100 0—-1 0

is a finite subgroup of SL3(Z) of order 24 denoted by G24.1. In the table below w
collect all necessary data needed for computation of the Hodge numbers by using
Chen-Ruan cohomology 2.1 i.e the fixed loci and the age of representative classes
of conjugacy classes of Go4.1:

Conj(Ga4.1) = {[gol, [g1], [g2], [g3], [g4]}

100 Fix(go) = E3
go=(010 age(go) =0
001 C(g0) = G
-1 0 0 1 0 O
g1=( 0 0—1) C(81)=<1, (0—1 O)>~ZZ®ZZ
0-1 0 0 0-1
Fix(g1) = Urepp) (T, =%, X)}xee = Ureppp) E — four copies of E
age(g)) =1
0—-1 0
82 = (0 0 1) Clg2) = (82) =73
1 0 0
Fix(g2) = {(x, —x, X)}xeg = E — one copy of E
age(g2) =1
0-10
g3(1 00) C(g3) = (g3) ~Za
0 01

Fix(g3) = {(, 7, X)}reE2), xeE = U E — four copies of E
teE[2]
age(gs) =1
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-1 00 -10 0 010
a=| 0-10 C(g4)=<g4, o1 of.[-100 >’:Dg
0 01 00 -1 001

Fix(g4) = U U {(t1, 12, X) }xeE = U U E — sixteen copies of E
71 €E2] neE[2] 11 €E[2] neEl2]
age(gs) = 1

The fixed locus of the action of gy = id . As Fix(gp) = E3 wehave to compute
HYO(E3CGumr  gLI(E3)HGu1 gL2(E3)6241 Denote by dz;, dZ; pullbacks of
invariant form and its complex conjugation by the projection E> — E on i-th
component. Then {dz;, dzp, dz3} is a basis of the vector space H'O(E3). The
action of generators of Go4.1 on H 1*O(E 3) is given by matrices

001 -1 0
M = 010 and N = 0 0 —1
-1 00 0 —1

Consequently the vector space H'"O(E3)G241 is given by the kernel of the 6 x 3

matrix
M — 13
N-—-15 )"

In this case

H"O(E3)921 = ker

—_ o O O oo

1
0
—1
| =
—1
0

|
SO = = O =

Similarly the vector space H':!(E3)¢241 has basis dz; A dzj, hence the space
HV1(E3)G241 is the kernel of the 18 x 9 matrix

MM — 19

N®N—19 )’
where ® denotes the Kronecker product of matrices. In our case H1(E3)G241 ~
C.

Finally dz; A dZ; A dZx forms a basis of H'"2(E?), hence H'2(E3)021 s
given by the kernel of the matrix

M®/\2M—]19
NOANN-1y |’

Consequently H2(E3)G21 ~ C.
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The fixed locus of the action of g;. Since

Fix(g) = |J (@, —x.0her~ |J E® —fourcopiesof E
TeE[2] ie(1,2,3,4)

and C(g1) = (g1, ) where

oo
I
SO =
|
S = O
—_ O O

it follows that

o g(EW)y=ED,

e g acts on H%O(Fix(gy)) as diag(1, 1, 1, 1),

e gacts on H'O(Fix(g)) as diag(—1, —1, —1, —1).
Consequently

H%O(Fix(g1)¢®) ~ C* and H"°(Fix(g))¢®" ~ (0).
One can also see that
Fix(g1)/C(g1) ~ four copies of P!.
The fixed locus of the action of g,. In that case
Fix(g2) = {(x, —=x, X)}xeg @ E and C(g2) = (g2).
Therefore Fix(g2)/C(g2) =~ E, so
H%O(Fix(g2)¢® ~ C and H'(Fix(g2))¢® ~ C.

The fixed locus of the action of g3. In that case

Fix(g3) = {(t, T, O}repy ver = ) E® — four copies of E
ie{1,2,3,4)

and C(g3) = (g3). Therefore
H%O(Fix(g3))¢®) ~ C* and H"(Fix(g3))¢® ~ C*.

The fixed locus of the action of g4. In that case

Fix(g4) = U U {(71, 72, X }xeE = U E@)) _ sixteen copies of E.
11€E[2] 1aeE[2] i,je(l,2,3,4)

The action of

—-10 0 010
C(g4)=<g4, 01 O0],]-100 >2D8
00 -1 001
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on H O’O(Fix(g4)) has the following matrix

6
(b“ea((l’g))

while the action of C(g4) on H 1’O(Fix(g4)) has the matrix —1 6. Therefore
HO(Fix(g4)€® ~ C'% and H'O(Fix(g4))¢®? ~ (0).
In total, the Calabi-Yau manifold X has the following Hodge numbers:

WYY (Kums(E, Gu1) =144+ 1444+10=20 and
B2 (Kums(E, Go41)) =140+ 1+440=6,

hence the Poincaré polynomial of Kum3(E, G4.1) equals
1% 4+ 20* + 147% 4+ 2012 + 1,

which agrees with the result of [13].

4.2. Zeta function

Let g be a power of a prime p # 2 such that the curve E admits a good reduction
E, over IF,. In the case of groups of order 6, 12, 24 we also assume that p # 3.
These conditions imply that the Calabi-Yau 3-fold X = Kum3(E,, G) has a good
reduction X, over IF,.

The zeta function of E, is equal to

1—a,T +qT?
(1 =17)(1—qT)’

where
ag =q+1—#E,(F,) and |a4| <2./q.

Moreover trinomial 1 — a, T + ¢T? has two roots ey and o, which are algebraic
. _ 3
integers such that o, | = |oy| = g2.

By [16] the orbifold zeta function is given by the product of zeta functions
associated to fixed loci of actions of elements in G,4.1. The orbifold zeta function
associated to H *(E;’)GZ“Al is a factor of zeta function of E; :

(1—a,T +4q71?)’° (1 — (a3 = 3a,)T + q3T2) (1 = agqT + ¢*T%)° (1 — ay4*T + ¢°T2)’

9 3 3 9 .
(1=T)( —qT) (17(u372q)T+q2T2) (17(u3q72q2)T+(14T2) (1—¢21)° (1 - 43T)
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The fixed locus of the action of gy = id . The contribution to the zeta function
coming from H O(Xq) and H 6(Xq) obviously equals
1 1
—— and ———,
1-T 1-4q3T
respectively.
By the orbifold formula (cf. Thm. 2.3) the Kummer 3-fold Kum3(E, G) is
Calabi-Yau exactly for 16 non-cyclic groups from [17] (see Table 2 in [13] for a
complete list of subgroups and corresponding Poincaré polynomials).

Lemma 4.1. Let E be an elliptic curve with a good reduction E, over F,. Then for
any group G (such that Kums3(E, G) is a Calabi-Yau 3-fold) the group HZ(ES)G
is generated by divisors defined over .
Consequently, the orbifold Frobenius polynomials for Hz(Xq) and H4(Xq)
equal
1 1
(a1- qT)dimHl-](E3)G and a1- q2T)dimH1-](E3)G ’

respectively.

Proof. The vector space H"!(E 3 )¢ is generated by the classes of the following
invariant divisors:
o Gui: {(Z1,22,23) € Ej: Z1 =0},
((Z1,22,Z3) € E}: 2 =0},
((Z1,22,23) € E}: Z3 = 0}

o Gua: {(Z1,722,23) € E}: Z1 + Za + Z3 = 0},
(21,22, 23) € E): Z1 + Z2 = 0},
{(Z1,22,23) € E}: Z1 + 23 = 0},

(21,22, Z3) € E}: Z1 =0},
((Z1, 22, Z3) € E}: Z, =0},
{(Z1, 22, Z3) € E}: Z3 =0}

o Gouz: {(Z1,22.23) € E): Z1 + Za+ Z3 =0},
((Z1, 22, Z3) € E}: Z1 + Z2 =0},
{((Z1,22,23) € E}: Z1 + Z3 = 0},
((Z1,22,Z3) € E}: Z1 = 0},

((Z1, 22, Z3) € E}: Z2 =0},
{(Z1,22,23) € E}: Z3 =0}

o Gii: {(Z1, 22, Z3) € E): Za+ Z3 =0},
((Z1, 22, Z3) € E}: Z2 = 0},
(21,22, Z3) € E} = Z3 =0},
((Z1,22,23) € E}: Z1 = 0}
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o G {(Z1,22,23) € Ej: Z1 = 0),

((Z1,22,23) € ES:
{((Z1. 22, Z3) € E}:

Z, =0},
Z3 =0}

o Gu3: {(Z1,22,23) € Ej: Z1 — Za = 0},

(21,22, Z3) € E:
((Z1, 22, Z3) € E}:
{(Z1,22,23) € E:
{(Z1,22,23) € E}:
{((Z1, 22, Z3) € E}:

Zy — 73 =10},
Z3— 7 =0},
Zy =0},
Z; =0},
Z3 =10}

o Gioa: {(Z1,25,23) € ESI Zy+ Z, =0},

{(Z1,22,23) € E}:
((Z1, 22, Z3) € E}:
(21,22, Z3) € E:
{(Z1, 22, 23) € E}:
(21,22, 23) € E}:
(21,22, Z3) € Ej:

Zy+ Z3 =0},
Zr+ Z3 =0},
Z1+ Zr 4+ Z3 =0},
Z; =0},

Z, =0},

Z3 =0}

o Gyi: {(Z1,22,23) € E): Z1 =0},

{(Z1,22,23) € E}:
{(Z1, 22, Z3) € E}:

Z> =0},
73 =0}

o Gso: ((Z1,722,23) € E): Z1 + Za + Z3 = 0},

{(Z1, 22, Z3) € E}:
{(Z1,22,23) € E}:
((Z1, 22, Z3) € E}:
(21,22, Z3) € E}:
{(Z1,22,23) € E}:

Z1+ Z, =0},
Z+ Z3 =0},
Zy =0},
Z, =0},
Z3 =10}

o Go1: {(Z1,22,23) € Ej: Z3 — Zo = 0},

{(Z\, 2. Z3) € E}:
(21, 22, Z3) € E}:
{((Z1,22,23) € E}:

Z; =0},
Z, =0},
Z3 =0}

o Geoo: {(Z1,22,23) € ES: Z3 — Zr =0},

((Z1, 22, Z3) € E}:
{(Z1,22,23) € E:
((Z1, 22, Z3) € E}:

Z; =0},
Z, =0},
Z3 =0}

o Go3: {(Z1,22,23) € Ey: Zi + Zo+ Z3 = 0)
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o Gai: {(Z1,22,23) € Ej: Z1 = 0),
(21,22, 23) € E): Z2 =0},
((Z1,22,23) € E}: 23 = 0)

o Gio: {(Z1,22,23) € Ej: Zo + Z3 =0},
(21,22, Z3) € E}: Z1 =0},
((Z1, 22, Z3) € E}: Z, =0},
{(Z1, 22, Z3) € E}: Z3 =0}

o Gu3: {(Z1,22,23) € Ef,i Zy =0},
((Z1, 22, Z3) € E}: Z2 = 0},
(21,22, 23) € Ej: 23 = 0)

o Guu: {(Z1,22,23) € E): Z1 — Zo =0},
((Z1,22,23) € E}: Z1 + Z3 = 0},
(21,22, Z3) € Ej: Za — Z3 = 0},

((Z1, 22, Z3) € E}: Z2 =0},
((Z1,22,23) € E}: Z3 =0}

Lemma 4.2. The orbifold Frobenius polynomial for Hé3t(E 3 Q)Y equals

5 N 3.0\ dim H>(E?.C)F
(1—(aq—3aqq)T+q T )(1 —agqT +q°T )

Proof. The lemma is obvious when a, = 0, so we can consider only ordinary case.
Let o, n € HLz (E4) such that

Frob, @ = ay0 and Froby n = dyn.

Denote by dz; = n(dz), w; = nf(w), n; = n}(n) where m;: E> — E is
projection on i-th coordinate (i = 1, 2, 3). As w and 7 are linearly independent it
follows

dz =kw+¢n and dz = mw + nn,
for some k, £, m,n € C. Now
dzi Adza Adzz = o1 Aws Aws + 01 A Az + k2EE + k024,
where
Frob;;(é) = qu,&, Frob;;(a)l Awr Aw3) = aéa)l Awr A3
and

Frob} (¥) = qdyy.  Frob}(m Ama Anz) =dg’ni Ana A
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If all eigenvalues of Frobj; are equal g, and ga, then k® = 3 = 0 as we consider
the case a4 # 0. Consequently dz = 0 which is impossible in the ordinary case.
0

From the above lemmas we immediately get the following corollary
Corollary 4.3. The orbifold zeta function for Hé3t (E3, Q)¢ equals
)dim H>(E3,0)°

(1 — (ag —3a,q9)T + q3T2) (1 —agqT + q3T?
1-T)1 - qT)dimHl-](E3,C)G(1 _ q2T)dimH'v1(E3,(C)G(1 _ q3T).

For our main case (24.1) we have computed dim H'!(E3,C)0»#1 =
dim HZ1(E3, C)%241 = 1, so the orbifold zeta function Hgt (E3, Q)¢ equals

H 2,13 G
(1 — (ag —3a,q)T —|—q3T2> (1 —agqT + q3T2)dlmH (E.C)

1-T)(1 - qT)dimHl-l(E3,(C)G(1 _ q2T)dimH1v1(E3,(C)G(l _ q3T). (4.1)

-1 0 0
The fixed locus of the action of g; = 0 0-1
0-1 0

Since Fix(g1)/C(g1) = four copies of indexed by 2-torsion points E[2] the
zeta function of H™*(Fix(g1)/C(g1)) depends on the behaviour of torsion sub-
groups E[2] under the reduction modulo ¢. Let £y [2] = {a, b, ¢, d} and denote by
P4, .ar.....a;) the characteristic polynomial of the following matrix:

000 ...1 000 ...1 000 ...1
100 ...0 100 ...0 100 ...0
0 01010 ...0]lgp...01010...0
00...10 00...10 00... 10
—
ap ap Aak

We have the following three cases:

e (1,1,1,1) All points a, b, c, d are defined over ;. Then the zeta function is
equal to

Pa1,n(T) = (1 - )%,

e (1,1,2) Points a, b, ¢ + d are defined over I, but ¢, d are not. The action of
the Frobenius has the following linearization
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1000
0100
0001
0010

and therefore the zeta function equals

Pui2(T) =1 =T 1 +T).

e (1, 3) ais defined over I, and b, ¢, d not. The action of the Frobenius has the
following linearization

1000
0001
0100
0010

and therefore the zeta function equals

Pusy(T)=(1—-T)*(1+T+T?).
From section 3 it follows that in the case (A) we have the following formula
Z, (H*(Fix(g1)/C(g1))) = Zy(H*(PY)(gT) ® Py (T)
1

, 4.2
(1 —qT)(1 —g*T)) ® Pi)(T) 42)
for (A) € {(1,1,1,1), (1, 1,2), (1, 3)}.

0 —
The fixed locus of the action of g = | 0
1

SO =
S = O

Since Fix(g2)/C(g2) =~ E it follows that

e . N _ l—aqu—l—q?’T2
Z, (H*(Fix(2)/C(2))) = Zy(H*(E))(qT) = A —qD)(1 = g2T)" (4.3)

0-10
The fixed locus of the action of g3 = | I 00 | Since C(g3) is generated

0 01
by g3 then

Zy (H*(Fix(g3)/C(g3))) = Zg(H*(E))(qT) ® Pi)(T)

1 —auqT + 4377
= A =4y — 1) ® Py (T). 4.4)

-1 00
The fixed locus of the action of g4 = 0-10

0 01
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In the case of (1, 1, 1, 1) the action has the matrix 1y with characteristic poly-
nomial equal to

Paaaiaa11an(T) =1 -1

For (1,1,2) the Frobenius morphism has the following linearization:

3
(D“@(?é)

with characteristic polynomial equal to
Pai11.220)(T) = (1= D1 = T?).

Finally, for (1,3) the Frobenius morphism has the following linearization:

010)°>

1*e (001
100

with characteristic polynomial
Paa1133(T) =1 —=T)°(1+ T+ T%%
Therefore in the case (1) we get

Zqy (H*(Fix(24)/C(84))) = Zg(H*P")(qT) ® Py (T)

1
= , 4.5
(1 =gT)(A = ¢*T)) ® Py (T) 4

forne{(1,1,1,1,1,1,1,1,1, 1), (1, 1,1, 1,2,2,2), (1,1, 1, 1, 3, 3)}.
Multiplying rational functions (4.1), (4.2), (4.3), (4.4), (4.5) we obtain the fol-
lowing

Theorem 4.4. The zeta function of Kums(E, Ga4.1) equals

Case: Zgq (Kum3(E, G24.1))
(1 - (113 —3aqq)T +q3T2) (I —agqT +q3T2)6
(1 =T)(1—gT)*( = ¢>T)*(1 —¢3T)
(1= @ =3a,0T +°T?) (1 = aqT +¢*T2)" (1 + a,aT +°T?)
A =T)A=¢T)2(1 +qT)>(1 —agqT +¢3T>3(1 +¢>T)» (1 — ¢>°T)2(1 — ¢3T)
(1 — (a; —3a,q)T +q3T2) (l —aqqT +q3T2)4 (l +agqT — (q3 — a;gz)T2 -%—al,q“T3 +q6T4>
A=T)A=gD)2(1 +qT +¢*TH* A + ¢*T +¢*TH*(1 — ¢>°T)2(1 — ¢3T)

(1,1, 1, 1)

(1,1,2)

(1,3)
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5. Examples

In the computation of zeta function we excluded powers of 2 and 3 because 2 is a
prime of bad reduction of all considered Kummer manifolds while 3 is a prime of
bad reduction of Kum3(E, G) where G is a group of order 6, 12, 24.

In this section we collect result of computations for all remaining groups. The
Frobenius morphism acts on E[2] and E[3] by a permutation and the shape of the
zeta function depends on the cycle type of this permutation. In particular, if all
elements in E[2] and E[3] are I, rational then this action is trivial and hence the
zeta function of X is given by the default (simplest) formula corresponding to the
first row in the table.

5.1. Order 24

0-10 —1-1 0
Gaan: < 1t 11, o1 0 >:S4

-1 00 0 0-—1
Hodge numbers:
RN (Kums(E, Gaan)) = 11 and AN (Kums(E, Goar)) = 3

Zeta function:

Case: Zy, (Kum3(E, G24.2))
(1 — (@} = 3a,)T + q3T2> (1 — agqT + ¢31?)’
(I =T)(1 —gD) A - g?TY!''(1 - ¢3T)
(1= @ = 3a,0T +°T%) (1 = agqT + ¢°1?)’
(I =T)1 —gT)10 +qT)(1 +¢>T)(1 — ¢*>T)'(1 — ¢3T)
(1= @} = 30,07 +°T%) (1 = agqT + ¢°1?)’
(1=T)A —qD)(1+qT +q*TH2(1 + ¢>T + ¢*T?)*(1 — ¢*T)7(1 — ¢*T)

(1,1,1, 1)

(1,1,2)

1,3)

Hodge numbers:

RN (Kums(E, Gag3)) = 11 and A*!'(Kum;3(E, Go43)) = 3
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Zeta function:

Case: Zy (Kum3(E, G24.3))

(1 — (@} = 3a,)T + q3T2) (1 = agqT + ¢°1?)°
11,11

1-T)1—¢gT)''1 - ¢>T)!' (1 —¢3T)
1= (@3 = 3a,9)T + q3T2) (1 — agqT + ¢°1?)°

(1’ 1’2) 10 2 2 10 3

A=T)A-qgD)'°A +qT)A +q*T)(1 —q-T)'°(1 —q°T)

1 — (@3 = 3a,9)T + q3T2) (1 —agqT + ¢°1?)’°

a9 (= T)(1 —qT)(1 + 4T + T2 + 7T + T — TV (1 — ¢°T)
5.2. Order 12

10 0 —-100
Gio1: < 00-11, 001 >2D6
01 1 010

Hodge numbers:

AN (Kums(E, Gi2.1)) =21 and A% (Kums(E, G121)) =9

Zeta function: We get 15 possibilities for the zeta function of Kum3(E, G12.1):

(1 — (a3 = 3a,)T + q3T2> (1—ayqT +¢31%)*

(1= T)(1 = gT)* (1 = gT)(1 = ¢2T)) ® Py)” (1 — 2T)*(1 — ¢°T) |

1 —auqT + q>T?
(((1 —aT(1 q2T>> ® P”) :

where

(), m) e{1,1,1,1,1,(1,1,1,2),(1,2,2), (1, 1, 3), (1, 4)}
x{(1,1,1,1),(1,1,2), (1, 3)}
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(Leh—De(Lgh =D (L + DLy + L+ De(oLh+ 1+ DU+ D (Ll — DL — 1)

by _ b bpc — bpy _
Alm}r% » Q »Amsmfgw v+ _v Am&mjrs@ Dg — D) Q
(LeP—Do1(Lp = De(LP+De(LP+ Do (LP— DL~ 1
Ai% + 1bbo — _v Ai% + 1bPv + _V Al% + L(bPog — ) — _v
(Leb— Dot (L — Dellgh+ De(lb+ D (16— (L — 1)
NAN&% + .2bbp — Q »Ai% + 1bPv + Q AN&% + L(bbrg — o) — ﬁv
(LD —Dipi(Lgh —DUP+ DeLyp + L F DL+ 10+ DUP+ Dy (LD — DL — 1)
#ANHM@IT H@@G - —v AN&M@JT rN@NNNuJT ﬁv ANerwwlT &Awwﬁm - Wﬁv - ﬁv
(Leh— D1 (Leh— Dy (Leb+ Dy(Lb+ Dy (1h - (L~ D
#AN&% + 2bbp — Q AN&% + 1bPv + Q Al% + L(bbog — o) — Q
(Leh - :S@% DU+ DUP+ D (L —D(IL—T1)
%1% +.2bbp — Q %1% + 2bPv + Q Almw + L(bbrg — o) — ﬁv
(LeP =D (Lh —De(gdp? + LP+De(eLP+ LD+ D (b —D(IL— 1)
b b b
Almfn IhPvr — Q Almfw L(bPrg — ) — Q
(Leh—Dgi(Ueh = DL+ D (LD + D (L —D(L -1
Al% +.1bP — _v Al% + L(bPog — ) — _v
(L =D (LD =D (=D -1
Al% +.1bP — ﬁv Ai% + L(bPog — ) — Q
((I'tlp ‘g)eumy) Pz

C

[

6

6

6

(€D

(T rnEecn

arrneecn

€DEI1'1°D

@111

arrneCtTiToy

€ DarTrTTn

CroaTiri1o

T rr'DarrTon

=N9)
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(Leh— DL — DUP+ DLy + De(gdi + L+ De(glp + 1P+ D(dh+ 1D+ Dy (Lh — :Q -1

Al% + oLy + L L( bl — b) — [bPv ﬁv Al% + 1bPv + ﬂv %l% + Lbbo — Q Almw + L(bbrg — ) — Q
(Leh =D = Dip(Lh+ DLy + D(LP + Dyp(LP+ D (L — DL — 1

Av&ow._. m&wwwu._. N&Amwwcl b - Lbbp 4+ _v Am&mw;‘ 1Lbbp + ﬁv cAm&mw._. Ibbp — Q Am&mw._. L(bbo¢ — m
(Leh—Dgi(Lep — D(UP+ DLy + D (L +DUP+ D (P — DL — 1)

Al% + e LyhPr+ (I — D) — [bPv + ﬁv Ams% + 1bPv + Q %l% + 1bbv — Q Al% + L(bPog — ) — v
(L =D = Dip(gLpp+ Lh+ D (el + 20+ D (- DL — 1)

A?HC@AT mH?@@GLﬁ NHAN@WG| @v - B@@EL_I ﬁv hANrNM@AT E@w@ - ﬁv AN..NM@AT .Nﬁ@wﬁm - Gv - ﬁv
(Leh—Dor(LPh—De(Leh+ D (gL + LP+ 1D (gL +1b+De(LD+Dor(Zb—D(L — 1)

Al% + cLybPo+ L L( b — ) — [bPo + Q hAl% + 1bPv — Q Al% + L(bPg — by — v
(L =D (UL = DL+ LD+ DL+ LD+ D (L — DL — 1)

Al% + oLy + L L( b2 — b) — [bPr+ Q %1% + Lbbv — _v Al% + L(bbrg — ) — Q

€ DFD

@DETD

T 1'nwn

(€ DET1TD

Tr1oE1D

T rroeETD
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010 —-10 O
Gioo: < 001 ], o1 0 >2A4
100 00 -1

Hodge numbers:

WYY (Kums(E, G122)) = 19 and A% (Kum3(E, G122)) = 3

Zeta function:

Case: Zg (Kum3(E, G12.2)) ;
C <1f(a273aqq)T+q3T2> (lfaqu+q3T2>
(1=T)1 =g - ¢2T)12(1 - ¢3T) 3
. (1—(a3 —3aqq)T+q3T2) (l—aqu+q3T2)
' (1=T)(1 = gD +gD)*(1 +¢2T)* (1 — ¢2T)15(1 —113T)3
W (17(a373aqq)T+q3T2) <lfaqu+q3T2)

(I=T)A = qT)° (A +qT +q>T? (1 + ¢>T + ¢*T> (1 — ¢>T)°(1 — ¢3T)

010 0-11
G123 < 001],1{0-10
100 1-10
010 -1 -1-
Gio4: < 001 ], 0 0
100 0 1

>’:A4
1
1 ~
0

)

Hodge numbers:

RN (Kums(E, G12.3)) = h (Kums(E, G124)) =7
B> (Kum;3(E, G12.3)) = h*!'(Kum3(E, G124)) = 3

Zeta function:

Case: Zg (Kum3(E, G123)) = Z4 (Kum3(E, G12.4)) ;
(1 — (a3 = 3ag)T + q3T2) (1 —a,qT + q3T2)

(1, 1,1, 1)

(1 =T)1—qT)7(1 —¢>T)(1 - ¢3T)
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3
(1 — (ag —3agq)T + q3T2> (l —agqT + q3T2)

11,2
( ) (1 =T)(1 —gT)o(1 +qT)1 +¢q2T)(1 — ¢2T)°(1 — ¢3T)
3
(1 — (a3 = 3ag)T +q3T2) (1 —agqT + q3T2)
1,3
1.3) (1= T)(1 — T30 + 4T + 2T + 2T + ¢* T (1 — 2T (1 — 3T)
5.3. Order 8
10 0 —-100
Gg1: < 00-11, 001 >2D4
01 O 010

Hodge numbers:

WM (Kums(E, Gg 1)) =36 and h>!(Kums(E, Ggp)) =6

Zeta function:

Case: Zq (Kum3(E, Gg.1))
(1 - (a;j —3a,q)T +q3T2) (l —aqgqT +q3T2)6
1 =T)1 =g¢T)*(1 —q>T)3(1 — ¢3T)
(1= @ = 30,007 +4°T2) (1 + agaT +¢*7%) (1 - ayqT +¢°7%)°
A=T)A =g A +¢gT)°(1 +¢>T)°(1 —¢>T)? (1 — ¢°T)0
(1 — (@ = 3a,9)T +q3T2[§ (1 —a,qT +q3T2)4 (l +agqT — (@ — aZg)HT* +agq* T° +q67'4>

(1,1, 1, 1)

(1,1,2)

€3 (I=T)(1—qT)B(1+qT +¢>T2)°(1 + ¢>T + ¢*T2)°(1 — ¢>°T)8(1 — ¢3T)
0

10 1 -1 0
Gga: < 00 —-11], 0 0-1 >:D4
or o 0-1 0

Hodge numbers:

AN (Kums(E, Ggr)) = 15 and h*!'(Kums(E, Gs»)) = 3

Zeta function:

Case: Zg (Kumz(E, Gg.2))

3
(1 — (@3 = 3agq)T + q3T2) (1 —agqT + q3T2)
11,11

(1 =T)1 —gD)5(1 - ¢2T)15(1 — ¢37)
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3
(l - (a;; —3agq)T +q3T2) (l —agqT +q3T2>

@12 (1= =¢D2A+¢T)3 (1 +¢>T)3(1 - ¢>T)12(1 — ¢°T)
3
(1= @} =34y +¢°72) (1 - agqT +4°12)
0 (=11 —qT)°(0+qT +q>T2)3 (1 +¢>T +¢*T2)3(1 — ¢>T)°(1 — ¢37)
5.4. Order 6

10 0 -1 0 0

Ge.1: <(oo—1),( 0 0—1)>:S3
01 -1 0-1 0
10 0 ~100

Gea: < 00-1|,] oot >:s3
01 -1 010

Hodge numbers:

RN (Kums(E, G 1)) = ' (Kums(E, Gg2)) = 15, h>1(Kums(E, Ge1))
= h*!'(Kum3(E, Gg2)) = 15

Zeta function: We get 21 possibilities for the zeta function of Kums(E, G¢.1) and
Kumj(E, Ge.2):

(l — (as —3a,q9)T + q3T2> (1 —agqT —i—q3T2)2
(1 =T)(1 —qT)*(1 —¢*T)*(1 — ¢°T)

1 —agqT +¢°T* 1 —ayqT +q°T?
| <<<1 —4T) —qu)> ¢ P“”) | (((1 —qT)(1 - qu)> N P(“) ’

where

()\‘) e {(17 17 19 17 11 19 17 11 1)1 (1’ 11 1721 27 2)’ (17 2! 2’ 2? 2)7 (19 17 11 37 3)7
(1,4,4), (1,2,6), (1,8)}
(m e {(1,1,1,1),(1,1,2), (1,3)}
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(LeP—Dor(LP = De(Lb+ DLl + Do (2P — DL — 1)
Ai% + bt — Q mAl% + 1bbv + Q Al% + L(bPrg — by — Q
(Leh =D (L= Dip(LD+ DLl + D (2P — DL — 1)
Al% +.1b — _v %1% + 1bPv + _V AN&% + L(bPog — ) —

01

Il
(Leh—Dor(Lp—De(Leh+ DLy + LP+ D (gl +1b+De(Lb+Do(Zb— DL -1

(pLob + eLybP0+ L1 b0 — B) — 1B+ 1) %1% + b+ 1) _Al% +.16% = 1) (zLeb + L(bPvg - o) —
(Leh =D (L= Dip(Lh+ DL+ D (L — D=1

I
I
:Almtn £Lbbp — Q vAlmfr LbPv + _v Almjr L(bPog — Ip) —
I
I

(Leh— DL —De(Lh+De(LP+ D (Lb— DL —1)
by _ b bpe — bpyy _
N%lmfgw D Q mANs%Jrgw v+ _v Aimfrs@ vg — ¢D)
(LeP— DL = DL+ L+ D(Lh+ LD+ D (Ll — DL — 1)

Ai% + edLybPr+ L( 20— b) — [bPv + _v QAN&% + 1bPp — _v Ai% + L(bPrg — by —
(L =D (U= DU+ DAL+ Dy (=D =1
AN#@ + 1bPv — ﬁv Al% + 1bbo + Q Al% + L(bPog — tv) — 1
(Leh =D Uh =D (- -1

b b b
W_Almtj LbPp — Q Almtn L(bPrg — vy — 1
(T *g)fwny]) Pz = ((199 *7) fwny) Pz

4!

)
)
)
)
)
)
)

@1y
(tceey

(€1
(TTerrn

T1'D
(TTT1r'n

T11'nD
(TTTT1'D

€D
6(D)

1D
61

T 11
6(D

=N9)




D. Burek

(Leh—De(LP = D(Lh+D (gL + L+ 1)
by _ b, _ by _ b
(pLob+ cLyb? = L1 (b2 — by — 1bP0 — 1) NAN#fE v+ 1)
(edpb+ Lgh— Db+ 10— D (gdh+Ib+D(Lb+De(Lb— DL — 1)
Ai% + e LybPr+ L( 20— b) — [bPv + & @Al% + 1bbv — Q Ai% + L(bPog — ) — Q
(LD =1 (L =D (Lgh+D(eLyp + DGLyb+ LD+ DL+ LD+ D p(plh + D (Lb+ 1), (b - DL -1

X

X

L

1% + e LyhP + L1 (blv — b) — [bPo + _v NAl% + LbPv + ﬁv Al% + 1bbv — Q Al% + L(bPog — Pv) —
(LeP—Dg(Uh = De(Lgh+ DLy + D(gLP + D (L +Dg(Lb — DL — 1)

1% + e LybPr + (b0 — b) — [bPo + _v mAi% + LbPv + _V Al% + 1bPv — Q Almw + L(bPog — 2w
(Leh—De(Leh —D(Lgh+ De(eLyb + :NA1%+ Db+ 1D(Lb—-DIL~-T1

(LD —De(Lh— DLyl + LP+De(qLP+ 10+ DLl — DI — 1)

(LD = Do (Lgh = DU+ Dg(qdp? + L+ Dl + 10+ DUD+ Do (Ll — DL — 1)

A ob + edyhPr+ L L( D20 — by — [bPv+ Q NAl% + 1bPv + Q %1% + 1bPv — Q Al% + L(bPog — v) —

v&cw._.m&vwsu._.m&mmwwal b) — [ bbp + _v Am&mw._‘&wwc._. V Am&mw._.&wwcl _v Am&mw._.,iwgml D) — 1
(LD =D (LD~ Doyt + &Nwlf :NAN&Nw;‘ Ib+Db-DI -1
NAI%JF cLybPo+ (b0 — b) — [bPv Q :Aimfr Lbbp — Q Almfr L(bbog — ) —
(Leh=De(Lh =D (Lh+ DL+ Lh + 1D (Lh + 2P+ D (LP+ Db — DL — 1)

ob+ cLybPr+ 1 (bIo — b) — [bPv+ Q %1% + 1bPv + Q %l% + 1bbv — Q Al% + L(bPog — Pv) — v

by _ bpc — _
Almtni; QAN#TQQ g v I

Al% + e LyhPr + L (b2v — b) — [bPo + Q %1% + 1bPv + ﬂv
(T ‘) €wmy)) Pz = (199 nmvmé@ bz

6

(€D
(0]

(T1D
D
1T
Ty
(€D
(€¢1T 1D

@1y
€¢I 1D

(€D
(Tzccn
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X

X

(Leh—Do(Lh =D U+ D (L + D (L + LP+ D (pLgh + 1)
b b b. b b,
Awssr yLyPyP + L chory — LgbT+ Q Al% + oLy PP+ (G by — b)) — 1hPr + Q

L+ D (Lgh+ 1D+ DLy + D (L P+ DAL+ 1Do(Ll — (L — 1)
Al% + oL Pio+ L pbT - Q Al% +1bbv + Q %l% + b — ﬁv Al% + L(bbog — Pv) — Q
(LD =D (Lh—Dg(Lh+ D (gLp? + D GLgh + 1) »

b. b.
Aw&ﬁw + pLybyP + L hry — . LobT + Q
(pLpp + D(Lyp + D (LD + DL+ D (L= DL -1

X

X

Al% + o LghPr+ 1 cbT - Q NAl% + 1bbp + Q %1% + 1bbp — Q Al% + 1(bPog — Pv) — Q
(Leh—Dg(Leh =D (UP+ D (L + D(GLgh + 1) »
b b
Aw&ﬁw + pLybyP + L by — pLgbT + Q
(pLpP + D (Lpp + 1D (LP+ DU+ Dg(Lb— DL — 1)
Ai% + oL b+ uchT - Q Ai% + LbPr + Q wAl% +1bby — Q Ai% + L(bPog — fv) — Q
(Leh =D (Lh— Db+ D(eLyp + Lh+ 1)
(rLob+ cLyb = oL( b0~ cb) = 1bP0 — 1) Nf% +1bbo+ 1)
(¢Liph+Lgh—D(eLgh+ 10— D(eLh+ 1P+ D (Lb+ 1), (L —-D(L—1)
Al% +edybPr+ L(bEr— by — [bPv+ Q %1% + 1b%v — Q Ai% + L(bbog — bv) — Q
(Leh—Dg(Lzh = De(Lh+ D (Lyp + Lh+1)
(rLob+ cLyb = oL( b0~ cb) = 1P — 1) mf% +.1bbo+ 1)
(¢LpP+ 17— D (gL + 10— D(Lh+1b+ D (Ll +Dg(Lb— DL~ 1)
Ai% + LyPPr+ L bEv — by — [bPo+ Q wAl% + 1bbv — Q A%% + L(bbog — bv) — Q
((T99 *g)eumny)) Pz = (19 ‘7) Cwny) Pz

X

X

4

X

X

€D
81

@1D
81

T
81
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010 0 0-1
Ge3: < 0011, 0—-1 0 >:S3

100 -1

Hodge numbers:

WY (Kums(E, Ge3)) =7 and h>'(Kums(E, Gg3)) =7

Zeta function:

Case: Z, (Kum3(E, Ge.3))
1= @ =3a,@)T +¢7%) (1 - ayaT +¢*7%)’
(1 =T)(1—qT)(1 = ¢*T)7(1 - ¢°T)
(1 — (a3 = 3a,)T + q3T2) (1 —agqT +4¢°12)°
(1=T)1=¢D)2( + ¢T3 (1 +¢>T)3(1 — ¢2T)'2(1 — ¢°T)
(1 — (a; —3a,q)T +q3T2) (1 —agqT +q3T2)5 (1 +agqT — (q3 — aﬁqz)T2 +aqq4T3 + q6T4)
(I =T)1 =qT» (1 +qT +q>TH (1 +¢*T +q*T*)(1 — ¢*T) (1 — ¢3T)

(I, 1,1, 1)

(1,1,2)

(1,3)

5.5. Order 4

1 0 O -1 00
Gy < 0-1 0], 0-10 >~Zz@Z2
0 0-1 0 01

Hodge numbers:

A (Kums(E, G4p)) =51 and A>'(Kums(E, G4p)) =3

Zeta function:
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Case: Zg (Kum3(E, G4.1))
(1 — (a3 = 3a,)T + q3T2> (1 = ayqT + ¢°1?)’
(1L, 1L, 1,1
(1=T)1 —qT)» (1 = ¢>T)' (1 - ¢3T)
1— (ag —3a4,q)T +q3T2) (1 —ayqT +q3T2)3
1,1,2
G2 DA+ DR+ #1010 — D)
(1 - (a3 —3a,q)T + q3T2) (1 —agqT + q3T2)3

1,3
a9 (I— 1)1 —qT (1 + 4T + @?THB(1 + T + ¢*THB(1 — ? TP (1 — ¢°T)

1 0 0 -1 0

Gan < 0-1 0], 0 0-1 >:ZZ®ZZ
0 0-1 0 -1

Hodge numbers:

WY (Kums(E, Gao)) =21 and 7> (Kums(E, G42)) =9

Zeta function:

Case: Zy (Kums(E, G4,2))
(1 - (a;j —3a4q)T + q3T2) (1 —agqT + q3T2)9

11,1
( : (=)A= (1 = TP (1 = ¢°T)
1— (ag —3a,q)T +q3T2) (1 —ayqT Jrq3T2)9

1,1,2)

(1=T)1—¢D)BA+¢T)»1 +¢>T) (1 —¢*T)8(1 - ¢°T)

(1 - (as —3a,q)T + q3T2) (1 —agqT + q3T2)9
1,3
a9 (=11 — gD +qT + 2T + T + ¢ T — 1)1 —¢°T)
-100 -1 0 0

Ga3: < 0011, 1 0-1 >:ZQ@Z2

010 -1-1 0

-100 -1 1-1
Gag: < 001 ], 0 0-1 >222€BZQ
010 0—-1 0
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Hodge numbers:

RN (Kums(E, G43)) = b (Kums(E, G44)) = 15
h* 1 (Kums(E, G43)) = h*! (Kum3(E, G44)) =3

Zeta function:

Case: Zy (Kum3(E, G4.3)) =27 (Kum3(E, G4.4))

(1 - (as —3a,q)T + q3T2) (1 —aqgqT + q3T2)3

LD (1 =T)(1—gD)BA-¢*D)5(1 - ¢3T)

(1 — (@} = 3a,)T + q3T2) (1 — ayqT + ¢°1?)’

12 (1 =11 —gD)?(1+qTP A +¢T) (1 —¢*T)'(1 - ¢°T)

(1 — (a3 = 3a,)T + q3T2) (1 — agqT + ¢°1%)°

0.9 (I =T)(1 = qT)° (1 +qT + ¢T3 (1 + T + ¢*T)3(1 — 2T)° (1 — °T)
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