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In the proof of Theorem 1.1 in [4], there are two mistakes that are explained in
Remark 4, and therefore the vanishing of the first and the second cohomologies in
Theorem 1.1 is still open. We mention that all other results in [4] still hold. We
should restate Theorem 1.1 as follows. We recall that the coarse moduli space M (d)
of v-sl,-parabolic connections on (Pl, 11 + - - - +1t5) of degree d has a stratification

M(d) = M)’ U M@d)",

where M (d)¥ denotes the subvariety defined in [4, 2.4]. For simplicity, let us denote
Z=M(", and M(d)* = M)\ Z.

Theorem 1. 1. We have
i=0,

> 2.

H (M(d). Oyray) = {g?
2. If the following connecting homomorphism of cohomology groups
§: H'(M(@)°, Opap0) — Hz(M(d), Opria)
is an isomorphism, we have H i (M(d), Omay) = Ofori = 1,2, and coversely.
In the process of the proof of Theorem 1, we have the following
Proposition 2. We have

i =0,

i>1.

. C,
H' (M(d)°, Opyiap) = { 0

Remark 3. In general, dim H' (M (d)®, Oy(40) # 0.
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Proof of Theorem 1. By thelocal cohomology theory, there is along exact sequence
0— HY(M(d), ®) - H'(M(d), ©) — H'(M(d)°, O)
— Hy(M(d),0) — H'(M(d), 0) » H'(M()°,0)

LY HZ(M(d), 0) - H*(M(d), 0) — H*(M(d)°, 0)

— H3(M(d), ©) - H*(M(d), O) - H>*(M(d)°, O)

— Hy(M(d), ©) - H*(M(d), 0) - H*(M(d)°, O)

— 0. (1)
By [1, Theorem 1(ii)], we have that H (M (d), ©) = Ofori > 2. Since Z isalocally

complete intersection in M (d) and codim s (4)(Z) = 2, we have that depth Iy 0) >

2, where Iz is the ideal sheaf of Z. Therefore, we get Hé(M (d), ©) = 0 by [3,
Theorem 3.8]. Now the theorem follows from Proposition 2. O

Remark 4. In the proof of Theorem 1.1, there are two mistakes.

1. We found that the action of G; is not commutative with Leray’s spectral
sequence. Therefore, the action of G, on higher cohomologies is highly non-
trivial, and a detailed calculation is needed.

2. The subscheme Z = M(d)! has codimension 2 in M(d) and it is isomor-
phic to A2. Therefore, we ignored the contribution of the local cohomol-
ogy H%(M(d), 0). However, in general, dim H%(M(d), Omw@) # 0. Itis
explained as follows. From [3, Theorem 2.8], we have that

n_;gExt"(O/I", 0) = HL(M(d), 0),

where Z7 is the ideal sheaf of Z. Furthermore, there is a spectral sequence

E}Y =lim HP(M(d), Ext1 (0T, 0) = li_r)nExti (01, 0).
k k

Let us consider H% (M (d), O). From the above discussion, we have that

HZ(M(d), O) ~ h_r)nExtz(O/Ik, 0) = EB HP (M), Ext1(O/I5, 0)).
k p+q=2

Moreover, since supp(Ext9 (OJI%, ©)) = Z and Z ~ A2, we have

H;(M(d), 0) = lim H(Z, £x1*(O/T;, O)).
k

Therefore, H2(M(d), O) = 0 if and only if Ext>(O/IE, ©) = 0 for k > 0.
We have not known yet whether this is zero or not.

All other results in [4] still hold.

Remark 5. We do not know whether the connecting homomorphism § in the

sequence (1) is an isomorphism or not. Therefore, the vanishing of the cohomolo-
gies H' (M (d), Opq)) fori =1, 2 is still an open problem.
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Keeping the notation in [4], we prove the Proposition 2. We can suppose that
d = —1. Denote by W the product of the surfaces ]F3 X Fg, by T the divisor
D x IF3 + IF3 x D +F3 xpt F3 on W, and by A the diagonal of W. Also, denote by
@ W — W the blowing-up along A, and by E the exceptional divisor. We denote
by T the strict transform of 7. Let us compute the cohomology of U := W\ T.
By the local cohomology theory, we have a long exact sequence

0— HYW.0g) — H'(W.Og) - H (U, Oy)
— HXW,Of) - H'(W,0g) - H'(U. Op)
— HZ(W.O) — H*(W,0g) - H*(U. Op)
— HAX(W,Op) — HY(W,0g) - H*(U. Op)
— HX(W.Of) — HY(W,0g) - H'(U. Op)
— 0. 2)
Since W is a nonsingular projective rational variety, we have

C, i=0,

LW ) —
wa.on={y ;7

Again by the local cohomology theory, we have H%(W) = lim H =T, N,7).
There is a short exact sequence

0— Op — OfnT) - N7 — 0,
which induces the following exact sequence
0— H'W,0p) - H'W, O5(nT)) — H T, N,7)
— HY(W, Op) — H' (W, OVT,(nT)) — H'(T, N, W)
— HX(W,0p) = HXW, O5(nT)) - HXT, N,7)
— H3(W, Op) — H3(W, OW(nT)) — H3(T, N,7)
— HYW, O) — HYW, O (nT)) — 0. 3)
So, it suffices to compute the cohomology
H (W, O (nT)) = H(W, O (nT) ® O (-nE)),
where T/ :=T + E = @*(T). There is a short exact sequence
0= O T ® O (—nE) — Of Ty — O T @ Of /Of(—nE) — 0
which induces the following cohomology sequence
0 — HY(Oz(nT") ® Of(—nE)) — H (Op(nT")
— HY Oz (0T ® O/O(—nE))
— H'(O5(nT) ® O(—nE)) - H' (O (nT")
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— HY (O (nT") ® O/O(-nE))

— H>(O5(nT") ® O (—nE)) — H*(O (nT"))

— HX(O5(nT") ® O/O(—nE))

— H3(Oz(nT") ® O (—nE)) — H* (O (nT"))

— H3(Oz(nT") ® O/O(—nE))

— HYOp(nT") ® O (—nE)) — HY(Oy(nT') — 0. 4)

To apply the Kiinneth formula, considering the push forward of these cohomologies
via g : W — W, we have the following cohomology sequence

0— HOW,Ow(nT)® 1) — HO(W, O nT)) — HYW, Ow(nT)® O/I%)
— H' (W, 0y nT) @ I7) — H'(W, Ow(nT)) — H' (W, Ow(nT)® O/I})
— H*(W, Oy (nT) @ I}) — H*(W, Ow(nT)) — H*(W,OwnT)® O/I})
— H3(W,Ow(nT)® I%) — H*(W, O (nT)) — H*(W, Ow(nT)® O/I1)
— H*(W,Ow(nT) ® I}) — H*(W, Ow(nT)) — 0, (5)

where I is the ideal sheaf of A.

Proposition 6. H (W, Ow (nT)) = 0 fori > 0.

Proof. By the Kiinneth formula, we have

H' (W, Ow(nT)) = @ HP(F3, OmD) @ HI([F3, O(nD')),
ptq=i

wherg D' = D + F and F is a generic fiber. TherefoLe, it suffices to show that

HP(F3,O(nD")) = 0for p > 0. 1tis cl:cvar that H2(F3, O(nD’)) = 0 by Serre

duality. So, it remains to show that H L(F3, O(nD")) = 0. Firstly, suppose that

n = 1. The divisor D’ is linearly equivalent to 259 — Y E li where 5y is the strict

transform of the 0-section s of 3. Then, we have a short exact sequence

0— (’)]F~3(D’) — OF,(250) — Oy s 0,
which induces the following cohomology sequence
0— HO(F, 0D — HO(F, 025 &> @ HO(EE, Ops)
— H'\( 5, 0(D')) — 0.

Let us show that ¥ is surjective. Let f € H O(F~3, O(25))) be a global section of
O(250). On some local chart, we can write f(x,y) = ap2y> + Z?:o ai1x'y +
Z?:o a,',ox". If f(x,y) € Ker(¢), then f(x, y) satisfies f(z;, vf) =0forj =
1,...,5. Then we have the system

1 1 ... l16 V1 1‘131)1 v% aop,o
1 1 ... l16 -V —t?vl v% ai,o
: =0.
1 5 ... t56 V5 c.. t531)5 1)52 as |
1 s 2 1—vs ... 31 —vs) (1—vs)? ap.n
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Since t; # t; fori # j, we can see that the coefficient matrix is of full rank.
Therefore, v is surjective.
Secondly, we have the short exact sequence

0— O((n—1)D') - OmD') - N — 0,
which induces the following cohomology exact sequence
H' ([, 0((n = DD") — H' ([, 0mD") - H' (D', NF") — 0.

So, it suffices to show that H!(D’, Ng’,") = 0 for n > 1. By the Riemann-Roch
theorem, we have
D'.(D' + Kz,

1(Op) = ———5—= = -1

Since (D')? = 2, we have deg(Ng’,") = 2n > deg(wp’) = 3 for n > 1. Therefore,
we get H'(D', Ng’,”) =0forn > 1,and H'(F3, O(nD')) = 0 forn > 1 by
induction. O

Proposition 7. H (W, Oy (nT) ® Ow /I}) = 0 fori > 0.
Proof. We have exact sequences

0 — OwmT) @ I /1™ — Oy (nT) ® Ow /17!
— Ow(nT) @ Ow/Iy ™ — 0

form =1, ...,n — 1. By the proof of Proposition 6, we have
H\(W, Ow(nT) ® Ow /1) = H (F3, O2nD')) = 0
fori > 0. So, let us show that
H' (W, Ow(nT) @ 37" /137" 1) ~ H'(F3, 02nD') ® Sym" " (@) =0

for i > 0. Consider the projective space bundle ]P’(Qllﬁ ) associated to Q%FE , and

denote it by P. There is a natural projection 7 from P to [F3. On P, we have the
line bundle Op (1) and denote it by L.

Lemma 8. We have
H' (P, 7*(0@2nD") ® L¥) ~ H'(F3, 02nD") ® sym*(2))
fork > 0.

Proof. By construction, we have that R'n,LF = 0 and 7. LF ~ Symk(Qﬁ;3 ).
Therefore, the statement follows from Leray’s spectral sequence and the projection
formula. =
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We have that
Kp > n*(K]f}) ® Kp
~ 1*(Kg,) ® n*(MQI‘@) ® L2
~m*(2Kg,) ® LY.
Therefore, H' (P, 7*O(2nD")® L*) ~ H'(P, 7*O2nD' —2Kz) @ LM 2@ K p).
So, if 7*OQ2nD" — 2K ) ® L**+2 is a nef and big line bundle, we get the result
by the Kawamata- V1ehweg vanishing theorem.
Firstly, let us check that this line bundle is nef. Let C be an irreducible curve I in

P.Ifn(C)=pe 73, C is linearly equivalent to the generic fiber of 7 : P — 5.
In this case, we have that

(n*O(ZnD’ —2Kz) ® Lk+2.c) —k+2>0.

Next suppose that 7(C) = C’ is a curve on ]1?3 Since Pic(]l?g) is generated by
Soo, F, and Eli (i = 1,...,5), it is enough to check the case that C’ is one
of these. If C' = sx, then (L .55) = deg(Q]i%k;c) = (K]FNS.EJO) =1, and
2nD’ — ZK]F~3.§;'O) = —2. Therefore,

(n*O(2nD/ —2Kz) ® Lk+2.C) —rk >0,

where r is some positive integer.
If C' = F, then (m,L.F) = deg(QllFﬂF) = (Kg,.F) = =2, and 2nD' —
2K,.F) = 4n + 4. Therefore, )

(n*O(an/ —2K5) ® Lk+2.C) =2 2n—k) > 0,

where r’ is some positive integer.
IfC' = EF, then (. L.EF) = deg(Qﬁ@Eii) = —l,and 2nD' —2Kp, .Ef) =
2n + 2. Therefore,
(n*O(ZnD’ —2Kz) ® L"+2.E}) —"Qn—k) >0,
where r” is some positive integer. Thus 7*O(2nD’ — 2Kg,) ® LK is a nef line
bundle.

Secondly, let us check that this bundle is also a big line bundle. From the
definition of Chern classes, we have

L> — n*cl(Q]i:}).L + n*cz(Qé:}).f =0,

where f is a generic fiber of . Since cl(Q]lF?)2 = —2and CZ(QH{‘}) = 14, we have
L3 =—16,and ‘

3
(n*O(ZnD’ ~2Kg) ® Lk+2) = 24kn> + 48n% — 16k> — 84k — 168k — 128.

This is positive if 7 > 3. Thus, 7*O(2nD’ — 2Kg,) ® LF is a big line bundle,
and this completes the proof. O
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Proof of Proposition 2. We have that HO(M (—1)°, ©) = C by Corollary 4.7 and
Lemma 5.2 in [4]. By using Proposition 6 and 7, we have that

H (W, 0p(T)®1%) =0

fori > 1andn > 3. '
From the cohomology sequences (2), (3), and (4), we get H' (U, Oy) = 0 for
i > 1.Since U/Gy ~ M(—1)°, we have H (M (—1)°, ©) = 0 fori > 1. O
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