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Abstract

The arboreal gas is the probability measure on (unrooted spanning) forests of a graph
in which each forest is weighted by a factor 8 > 0 per edge. It arises as the g — 0
limit of the g-state random cluster model with p = Sg. We prove that in dimensions
d > 3 the arboreal gas undergoes a percolation phase transition. This contrasts with
the case of d = 2 where no percolation transition occurs.

The starting point for our analysis is an exact relationship between the arboreal
gas and a non-linear sigma model with target space the fermionic hyperbolic plane
HO2, This latter model can be thought of as the 0-state Potts model, with the arbo-
real gas being its random cluster representation. Unlike the standard Potts models,
the H°?> model has continuous symmetries. By combining a renormalisation group
analysis with Ward identities we prove that this symmetry is spontaneously broken
at low temperatures. In terms of the arboreal gas, this symmetry breaking translates
into the existence of infinite trees in the thermodynamic limit. Our analysis also es-
tablishes massless free field correlations at low temperatures and the existence of a
macroscopic tree on finite tori.
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1 Introduction

This paper has two distinct motivations. The first is to study the percolative properties
of the arboreal gas, and the second is to understand spontaneously broken continuous
symmetries. We first present our results from the percolation perspective, and then
turn to continuous symmetries.
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1.1 Main results for the arboreal gas

The arboreal gas is the uniform measure on (unrooted spanning) forests of a
weighted graph. More precisely, given an undirected graph G = (A, E), a forest
F = (A, E(F)) is an acyclic subgraph of G having the same vertex set as G. Given
an edge weight 8 > 0 (inverse temperature) and a vertex weight 2z > 0 (external field),
the probability of a forest F' under the arboreal gas measure is

1
Pgh[F]:=E?5_5HNFN [Ta+nvan (1.1)
B.h TeF

where T € F denotes that T is a tree in the forest, i.e., a connected component of F,
|E(F)| is the number of edges in F, and |V (T)| is the number of vertices in 7. The
arboreal gas is also known as the (weighted) uniform forest model, as Bernoulli bond
percolation conditioned to be acyclic, and as the ¢ — 0 limit of the g-state random
cluster model with p/q converging to 8, see [57].

We study the arboreal gas on a sequence of tori Ay = Z¢/LN7Z4 with L fixed
and N — oco. To simplify notation, we will use Ay to denote both the graph and
its vertex set. From the percolation point of view, the most fundamental question
concerns whether a typical forest F under the law (1.1) contains a giant tree. In all
dimensions, elementary arguments show that giant trees can exist only if # =0 and
if B is large enough, in the sense that connection probabilities decay exponentially
whenever i > 0 or § is small; see Appendix A.2.

The existence of a percolative phase for 4 = 0 and B large does not, however,
follow from standard techniques. The subtlety of the existence of a percolative phase
is perhaps best evidenced by considering the case d = 2: in this case giant trees do
not exist for any 8 > 0 [20]. Our main result is that for d > 3 giant trees do exist for
B large and h = 0, and that truncated correlations have massless free field decay. To
state our result precisely, let {0 <> x} denote the event that O and x are connected, i.e.,
in the same tree.

Theorem 1.1 Let d > 3 and L > Lo(d). Then there is By € (0, 00) such that for
B = Bo there exist {y(B) =1—0(1/B),c(B)=c+ O(/B) withc >0, and k >0
such that

c(B)

Blx|?—2

PANI0 < x]=Ca(B) + +0( )+ O(—), (12)

13|x|d—2+/( IBLKN

where |x| denotes the Euclidean norm.

Numerical evidence for this phase transition of the arboreal gas was given in [40].
More broadly our work was inspired by [21, 37, 38, 40, 60, 61], and we discuss
further motivation later.

Although both the arboreal gas and Bernoulli bond percolation have phase tran-
sitions for d > 3, the supercritical phases of these models behave very differently:
(1.2) shows that the arboreal gas behaves like a critical model even in the supercrit-
ical phase, in the sense that it has massless free field truncated correlation decay.
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While this behaviour looks unusual when viewed through the lens of supercritical
percolation, it is natural from the viewpoint of broken continuous symmetries. We
will return to this point in Sect. 1.2.

Theorem 1.1 concerns the arboreal gas on large finite tori in zero external field
(i.e., h = 0). Another limit to consider the arboreal gas in is the weak infinite volume
limit. To this end, we consider the limit obtained by first taking N — oo with 2 > 0
and then taking # | 0. In a manner similar to that for Bernoulli bond percolation
in [47, Sect. 5] and [2, Sect. 2.2], the external field is equivalent to considering the
arboreal gas on an extended graph G% = (A U {g}, E U E9) where E9 = A x {g}
and each edge in E9 has weight /. The additional vertex g is called the ghost vertex.
The measure (1.1) is then obtained by forgetting the connections to the ghost. This
rephrases that the product in (1.1) is equivalent to connecting a uniformly chosen
vertex in each tree T to g with probability 2|V (T)|/(14+h|V (T)|). For vertices x, y €
A, we continue to denote by {x <> y} the event that x and y are connected in the
random forest subgraph of G with law (1.1), i.e., {x <> y} denotes the event that
there is a path from x to y in the random subgraph, and that this (necessarily unique)
path does not contain g. We write {x <> g} to denote the event that x is connected to
g.

The event {0 <> g} is a finite volume proxy for the event that the tree Tj containing
0 becomes infinite in the infinite volume limit when % | 0. Indeed, let us define

64(B) =lim lim P50 < g, 13
a(B) bim Jim 500 < gl 1.3)
and let IP’%[I be any (possibly subsequential) weak infinite volume limit
limy 0 limy— oo P4} . Then
d
0a(B) =P [|To| = oo, (1.4)

see Proposition A.6. By a stochastic domination argument it is straightforward to
show that

0a(B)=0  for0< B < pe(d)/(1 = pc(d)) < oo, 1.5

where p.(d) is the critical probability for Bernoulli bond percolation on Z4, see
Proposition A.3. When d = 2, 6,(8) = 0 for all § > 0 by [20, Sect. 4.2]. The next
theorem shows that for d > 3 the arboreal gas also has a phase transition in this
infinite volume limit.

Theorem 1.2 Let d > 3 and L > Lo(d). Then there is By € (0, 00) such that for
B = Po the limit (1.3) exists and

64(B) =¢a(B)=1—0(1/B), (1.6)

where {q(B) is the finite volume density of the tree containing 0 from Theorem 1.1.

In fact, our proof shows that 6,(8) ~ 1 — ¢/B with ¢ = (—AZd)_l(O, 0) > 0 the
expected time a simple random walk spends at the origin. This behaviour is different
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from that of Bernoulli bond percolation and more generally that of the random clus-
ter model with g > 0. For these models the percolation probability is governed by
Peierls’ contours and is 1 — O((1 — p)3%) by [70, Remark 5.10].

That the arboreal gas behaves critically within its supercritical phase can be further
quantified in terms of the following truncated two-point functions:

=1 ,
78(x) hlfol 78,h(X)

(1.7)
Taa(x) = lim_ PEH0 <> x, 0« gl,
op(x) = }lillgﬁﬂ,h(X),
(1.8)

og,n(x) = Nh—r>noo(P§Z [0« g]* — IP’;}]Z [0 x,0 s g, x «» g]).

Theorem 1.3 Under the assumptions of Theorem 1.2, for B > By, the limits
(1.7)—(1.8) exist and there exist constants c;(f) =c; + O(1/B) and k > 0 such that

_ci(B) 1
T,s(x)—ﬂl)c'd,2 0(,3|x|d*2+'<)’ (1.9)
c2(B)
Uﬁ(x)=ﬂ2|x|2d—4+ (132|x|2d—4+l()' (1.10)

The constants satisfy (c2(B)/cq (,8)2)9(1(,3)2 =1 and c(B) = 2c1(B), c(B) from The-
orem 1.1.

Further results could be deduced from our analysis, but to maintain focus we have
not carried these out in detail. We mention some of them below in Sect. 1.4 when
discussing our results and open problems.

1.2 The H"?2 model and its continuous symmetries

In [37, 38], the arboreal gas was related to a fermionic field theory and a supersym-
metric non-linear sigma model with target space one half of the degenerate super-
sphere S%2. In [20] this was reinterpreted as a non-linear sigma model with hyper-
bolic target space HC?, which we refer to as the H°?> model for short. The reinterpre-
tation was essential in [20]; it is less essential for the present work, but nevertheless
we continue to use the H'? formulation of the model.

Briefly, the HO2 model is defined as follows, see [20, Sect. 2] for further details.
For every vertex x € A, there are two (anticommuting) Grassmann variables &, and
n, and we then set

Zx=+1=25n,=1-&n;,. (L.11)

Thus the z, commute with each other and with the odd elements &, and n,. The
formal triples u, = (&, nx, zx) are supervectors with two odd components &, 71y
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and an even component z,. These supervectors satisfy the sigma model constraint
Uy - uy = —1 for the super inner product

Uy -ty = —&xny — EyNy — ZxZy- (1.12)

In analogy with the tetrahedral representation of the g-state Potts model, see [26,
Sect. 2.2], the sigma model constraint can be thought of as uy -u, =g — 1 with g = 0.
The constraint is also reminiscent of the embedding of the hyperbolic space H? in
R equipped with the standard quadratic form with Lorentzian signature (1, 1, —1).
Inzdeed, —&xny — &yny is the fermionic analogue of the Euclidean inner product on
R-.

Let F be a (non-commutative) polynomial in the variables {&x, x}xea. The ex-
pectation of F with respect to the H°> model is

1 I 8
(P =7 [ ([ tn.e, rebtsnit, (1.13)
B.h XeA <x

In this expression, [ [],c, 8y, 0, denotes the Grassmann integral (i.e., the coefficient
of the top degree monomial of the integrand), Zg j, is a normalising constant, and

1 1
S A== Y e —uy)(r—uy) = Y eeuy+1),

xyeE(A) xyeE(A)

(l,z)=sz,

xeA

(1.14)

where xy € E(A) denotes that x and y are nearest neighbours (counting every pair
once), and the inner products are given by (1.12). The factors 1/z, in (1.13) are
the canonical fermionic volume form invariant under the symmetries associated with
(1.12) as discussed further below.

As explained in [20, Sect. 2.1] (see also [37] where such relations were first ob-
served) connection and edge probabilities of the arboreal gas are equivalent to corre-
lation functions of the H? model. The following proposition summarises the rela-
tions we need, see Appendix A for the proof.

Proposition 1.4 For any finite graph G, any § >0 and h > 0,

P nl0 < g1 = (20}, (1.15)
Pgal0 < x,0 < gl = (§omx) g, (1.16)
Pg nl0 < x] +Pg [0 x,0 < g,x < gl = —(uo - ux)g.n, (1.17)

and the normalising constants in (1.1) and (1.13) are equal. In particular,
Pgol0 < x] = —(uo-ux)p,0 = —(z0zx) .0 = (§0nx)p.0 = 1 — (Somoéxnx)p.0. (1.18)

These relations resemble those between the Potts model and the random cluster
model, giving further credence to our proposal that the H? model may be inter-
preted as the O-state Potts model, with the arboreal gas playing the role of the O-state
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random cluster model. Nevertheless, there are important differences from the g-state
Potts model with ¢ > 2. Chief amongst them is that the H"? model has continuous
symmetries. To make this precise, let

T=Y 20, T=) zd,. (1.19)

xeA xeA

One way to understand the significance of T, T is via the identities (T F) B0 =
(T F)g 0 =0 for any polynomial F in the variables & and n; see [20, Sect. 2.2]. For
example, (T'§o)g,0 = (z0)p,0 = 0. Identities derived in this way are conventionally
called Ward identities.

The maps T and T are infinitesimal generators of two global internal supersymme-
tries of the H? model. These supersymmetries are explicitly broken if 4 # 0. They
are analogues of infinitesimal Lorentz boosts or infinitesimal rotations. Together with
a further internal symmetry corresponding to rotations in the &, n plane, these oper-
ators generate the symmetry algebra osp(1|2) of the H°? model. For details and
further explanations we again refer to [20, Sect. 2.2]. As generators of continuous
symmetries, 7 and T imply Ward identities that are not available for the Potts model
with g > 2. These identities are crucial for our analysis and will be discussed below.

The phase transition of the arboreal gas corresponds to a spontaneous breaking of
the above supersymmetries in the infinite volume limit. By spontaneous symmetry
breaking we mean that there is an observable F* for which limy _, oo limy, o (F) g n #
limy, | o limy_ oo (F) g,5 . Indeed, this is shown in our next theorem for the HO12 model
from which Theorems 1.2 and 1.3 follow immediately by (1.15)—(1.17) (except for
the same statements relating the constants, which we omitted here). A similar refor-
mulation applies to Theorem 1.1.

Theorem 1.5 Let d > 3 and L > Lo(d). There exists By € (0,00) and constants
04(B) =14 0(/B) and c;(B) =c; + O(1/B) and k > 0 (all dependent on d) such
that for B = Bo,

lim lim (20} =€a(5) (1.20)

tim i (60n.) = };;ﬁf}z HOG ) (12D

lim Jim ({202} g = (o) pntexdpn) = = ,320|i(|/23d)74 + 0 () (122
In particular,

fim lim (o105 = ~64() — ﬁzﬁc‘ﬁf_ ) 4o ﬂ|x|j_2+K a2

In fact, the constants c¢; (8) both satisfy ¢; (8) = (cq)’ + O(1/B), where ¢, is the
leading constant in the asymptotics of the Green function of the Laplacian —AZ" on
z4:

cd

M=k O(lx|~@=21), (1.24)

(—AZ)"10,x) =
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Our proof of Theorem 1.5 is by a rigorous renormalisation group analysis aided by
Ward identities. We set ¥ = /Bn and ¥ = /BE. Algebra then shows the fermionic
density in (1.13) is equivalent to

exp | —(¥, —AY) — %(1 +h) Y Yt — % DoVl Y VereWte | s
XEA XeA ec&y
(1.25)
where the 1 in the quadratic term arises from putting the H? volume form (see
(1.13)) into the exponential, i.e.,

1_[ Zi _ 1_[ et — H e~ Miéx — exp [_% Z lﬁxlpx:| , (1.26)

xeA xeA xeA xeA

and & = {ey, ..., exq} are the standard unit vectors (where e;y; = —e;). The re-
formulation (1.25) looks very much like a fermionic version of the g04 spin model.
However, the following differences are important:

(1) Due to the fermionic nature of the field, and because the fermionic field only
has two components (different for example from the case of Dirac fermions with
four components), the quartic term actually has gradients in it: denoting the discrete
gradient in direction e € E; by (VoY) = ¥xte — ¥y, the quartic term can be written
as

1 - - 1 - - - -
wawx Z wx+ewx+e = EW}CW}C Z (VeW)x (VeW)x = I/fxllfx (Vw)x(VI/I)x’
eeSd 665,1
(1.27)
where we introduced the shorthand notation

- 1 _
(V) (V) =5 3 (Ve (Ve

ee&y

(2) The coupling constants L1+ h) of the quadratic and 1 of the quartic terms
are related, and they are equal in the case & = O of ultimate interest. This relation is
due to the geometric origin of the model as a non-linear sigma model and analogous
relations are present in intrinsic coordinates for other sigma models like the vector
O (n) model. We remark that if the coupling constant of the quartic term was much
smaller than that of the quadratic term (so /& >> 0) the study of the model would
reduce to an exercise in fermionic cluster expansions (but see Appendix A.2 for even
simpler arguments in this case).

To study the case of equal coupling constants, we will first consider their renor-
malisation group trajectories as a one parameter family among the set of all renor-
malisation group trajectories obtained by allowing the initial quadratic and quartic
couplings to vary independent of one another. We will then place the equal-initial-
coupling trajectories on the critical manifold of the renormalisation group dynamical
system using the following Ward identity for the H°/> model:

(zo)pn = (Té0)p,n = — Zh(é‘oTZx)ﬂ,h =h Z(Eonx)ﬁ,h, (1.28)

xeA xXeA
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where T is the symmetry generator (1.19); in the second equality we have used [20,
Lemma 2.3].

After taking into account the two points above (in particular that the flow of the ex-
panding quadratic term is constrained by the Ward identity), power counting heuris-
tics predict that the lower critical dimension for spontaneous symmetry breaking with
free field low temperature fluctuations is two for the H?> model. We expect that these
considerations generalise to all non-linear sigma models with continuous symmetry,
in agreement with the Goldstone mechanism. In conjunction with [20], our results
rigorously establish that the lower critical dimension is two for the H> model.

1.3 Background on non-linear sigma models and renormalisation

The low temperature renormalisation group analysis of non-linear sigma models with
non-abelian continuous symmetry is a notorious problem that was famously consid-
ered by Balaban for the case of O(n) symmetry, see [10, 11] and references therein.
Our comparatively simple analysis of the H%? model, which is a non-linear sigma
model with non-abelian continuous OSp(1]2) symmetry, is made possible mainly
by the fact that it does not suffer a large field problem because it has a fermionic
representation. Our approach to the H%? model differs from Balaban’s approach to
the O(n) model on a conceptual level, in that it is based on intrinsic coordinates as
opposed to extrinsic ones. In the extrinsic approach of Balaban the sphere S"~! is
embedded into R” and the renormalised action evolves as a function of R”-valued
fields, manifestly preserving O (n) symmetry. The intrinsic approach we use, which
is similar to the one taken in the physics literature (see [79]), is based on local coordi-
nates for the target space HO2. The renormalised action does not have the O Sp(1]2)
symmetry of the model, and Ward identities are used a posteriori to enforce the es-
sential constraints (relations between couplings) due to the symmetry. It is unclear to
us how to implement an extrinsic approach in our situation of OSp(1]2) symmetry,
and more generally for noncompact symmetries.

Somewhat remarkably, despite its simplicity, the H? model has all of the main
features present in the non-abelian O(n) models, including: absence of sponta-
neous symmetry breaking in 2d (proven in [20]); mass generation in 2d (conjectured
in [38]); and a spontaneous symmetry breaking phase transition with massless low
temperature fluctuations in d > 3 (the main result of this work).

The H°? model is a member of the family of hyperbolic sigma models with target
spaces H"?"  see [39] for a discussion of some aspects of this. By supersymmetric
localisation the observables of the H? model considered in Theorem 1.5 are equiv-
alent to the analogous ones of the non-linear sigma model with target H2*. While
this relation does not play a role in this paper, it leads to a more direct representa-
tion of the continuous symmetry breaking observed here. In brief, in the H?* model
each vertex comes equipped with two real and four Grassmann fields. By expressing
these fields in horospherical coordinates one of the real fields and the four Grass-
mann fields can be integrated out. The marginal distribution of the remaining real
field, which is called the 7-field, may be viewed as a ‘V¢’ random surface model,
albeit with a nonconvex and nonlocal Hamiltonian. By this we mean that the poten-
tial is invariant under the global translation #, +— t, 4 r for r € R. See [20] for more
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details, where this perspective was used to prove the absence of symmetry breaking
in d = 2. The full H"*" family has been important for advancing our understand-
ing of other aspects of these models [20, 39]. Of particular note, we mention that
the H?? model has received substantial prior attention due to its exact connection to
linearly reinforced random walks and its motivation from random matrix theory, see
[42,72,78, 80, 81].

For hyperbolic sigma models with target H", n > 1, spontaneous symmetry break-
ing for all 8 > 0 was shown in [78], and with target H?/ for A large in [42] (see also
[43]). For motivation from random matrix theory and the Anderson transition see
[76, 77]. These proofs make essential use of the horospherical coordinates mentioned
above. Moreover, the proof of symmetry breaking for the H>? model in [42] relies
on an infinite number of Ward identifies resulting from supersymmetric localisation.
These identities are absent in the H> model, limiting the applicability of the meth-
ods of [42] to our setting. At the same time, the H??> model has no purely fermionic
representation, and so our methods do not apply there, at least without significant
further developments.

Introductions to fermionic renormalisation include [22, 66, 73], see also [53]. Re-
cent probabilistic applications of these approaches to fermionic renormalisation in-
clude the study of interacting dimers [51, 52] and two-dimensional finite range Ising
models [7, 8, 49, 50]. Our organisation of the renormalisation group is instead based
on a finite range decomposition and polymer coordinates, and follows [28] and its
further developments in [12, 16, 17, 29-32, 36]. This approach has its origins in [33].
For an introduction to this approach in a hierarchical bosonic context see [18]. Previ-
ous applications of this approach include the study of 4d weakly self-avoiding walks
[14, 15]; the nearest-neighbour critical 4d |go|4 model [13, 75] and long-range ver-
sions thereof [63, 74]; the ultraviolet <p§ problem [34, 35]; analysis of the Kosterlitz—
Thousless transition of the 2d Coulomb gas [41, 45]; the Cauchy—-Born problem [1];
and others.

While the construction of the bulk renormalisation group flow is simpler for the
intrinsic representation of the H°? model than in many of the previous references,
a crucial novelty of our present work is the combination of the finite range renor-
malisation group approach with Ward identities, together with a precise analysis of
a nontrivial zero mode. This has enabled us to apply these methods to a non-linear
sigma model in the phase of broken symmetry. It would be extremely interesting to
understand this approach for bosonic non-linear sigma models where, while ‘large
fields’ cause serious complications, the formal perturbative analysis is very much in
parallel to the fermionic version we study in this paper. Ward identities of a different
type have previously been used in the renormalisation group analyses in [9] and [23]
and many follow-up works including [51, 52]. Finally, we mention that Theorem 1.1
yields quantitative finite volume statements. The proof implements a rigorous finite
size analysis along the lines of that proposed in [27]. It would be very interesting to
extend this to even higher precision as discussed in Sect. 1.4 below.

1.4 Future directions for the arboreal gas

In this section we discuss several interesting open directions, including the geometric
structure of the weak infinite volume limits of the arboreal gas and its relation to the
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uniform spanning tree, and a conjectural finite size universality similar to Wigner—
Dyson universality from random matrix theory.

1.4.1 Finite volume behaviour

The detailed finite volume behaviour of the arboreal gas would be very interesting to
understand beyond the precision of Theorem 1.1. On the complete graph at supercrit-
ical temperatures it is known that there is a unique macroscopic cluster, and that there
are an unbounded number of clusters whose sizes are of order |A |%/3 [64]. The fluc-
tuations of the macroscopic cluster are non-Gaussian of scale | A|%/3 and the distribu-
tion of the ordered cluster sizes of the mesoscopic clusters has been determined [64].
The joint law of the mesoscopic clusters can be characterised [65, Sect. 1.4.3]. In-
triguingly, |A|?/3 is the size of the largest tree at criticality on the complete graph,
and the order statistics of the supercritical mesoscopic clusters can be related to the
order statistics at the critical point [65, Sect. 1.4.3].

Going beyond the complete graph, is this distribution of ordered cluster sizes uni-
versal, at least in sufficiently high dimensions? This would be similar to the con-
jectured universality of Wigner—Dyson statistics from random matrix theory [67] or
the conjectured universality of the distribution of macroscopic loops in loop repre-
sentations of O (n) (and other) spin systems [55, 68]. More generally it would be an
instance of the universality of low temperature fluctuations in finite volume in models
with continuous symmetries.

Finally, we mention that on expander graphs the existence of a phase transition
for the arboreal gas is not difficult to show by using a natural split-merge dynamics
[54]. It would be interesting if this dynamical approach could also be used to obtain
information about the cluster size distribution.

1.4.2 Infinite volume behaviour and relation to the uniform spanning tree

As mentioned previously, the arboreal gas is also known as the uniform forest model
[57]. We emphasise that the arboreal gas is not what is typically known as the uniform
spanning forest (USF), which is in fact the weak limit as Ay 1 Z% of a uniform
spanning tree (UST) [69]. On a finite graph, the UST is the § — oo limit of the
arboreal gas. The correct scaling of the external field for this limit is 7 = Bx and we
thus write Pyst = limg_, oc Pg, g, for the UST on a finite graph (plus ghost vertex if
k > 0). For k > 0, this measure is also known as the rooted spanning forest, because
disregarding the connections to the ghost vertex disconnects the tree of the UST, with
vertices previously connected to the ghost becoming roots. The distributions of rooted
and unrooted forests are not the same. To help prevent confusion we will refer to the
rooted spanning forests as (a special case of) the UST.

It is trivial that PGéVT,o[O <> x] = 1. Nevertheless, the behaviour of the UST in the
weak infinite volume limit depends on the dimension d. This limit can be defined
as ]P’%‘;T =lim o limy_ o0 ]P’GQ’T’K and is independent of the finite volume boundary
conditions (e.g. free, wired, or periodic as above) imposed on Ay, see [69]. Even
though the function lg.., is not continuous with respect to the topology of weak
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convergence, it is still true that

d . .
Plstl0 < x]=lim fim Py [0« ¥ (1.29)
The order of limits here is essential. In this infinite volume limit the UST disconnects

into infinitely many infinite trees if d > 4, but remains a single connected tree if
d <4, see [69]. Moreover,

d d
PZr[0 < x] 4 PZGr[0 o x, | Ty| = 00, | Ty | = 00] = 1. (1.30)

On the left-hand side, the second term vanishes if d < 4 whereas the first term tends to
0 as |x| — oo if d > 4. Furthermore, the geometric structure of the trees under ]P’%ZT
is well understood. In particular, all trees are one-ended, meaning that removing one
edge from a tree results in two trees, of which one is finite [24, 69].

For the arboreal gas, the existence and uniqueness of infinite volume limits is an
open question. Nonetheless, subsequential limits exist, and in such an infinite volume
limit all trees are finite almost surely when g is small, while Theorem 1.2 implies the
existence of an infinite tree for 8 large. Moreover, by Theorem 1.3,

. A
%Iol/vlgnoo@])gz [0 < x] —i—IP’ﬁf}’l[O »x,0<>g,x < g])

2¢1(B) 1
,3|x|d*2 + 0(’3|x|d72+x

=04(8)* + ). (1.31)
By analogy with the UST, we expect that only the first term on the left-hand side
contributes for d < 4 and that only the second term contributes asymptotically as
|x| = oo for d > 4. The tempting conjecture that the UST stochastically dominates
the arboreal gas on the torus is consistent with these expectations. The analogue of
the left-hand side of (1.31) plays an important role in the proof of uniqueness of the
infinite cluster in Bernoulli percolation in [4]; this is related to the vanishing of the
second term. As already mentioned, for the arboreal gas we only expect this to be
true in d < 4. Significant progress towards this statement has been obtained in [58],
where it is shown that translation-invariant infinite volume limits of the arboreal gas
have a unique infinite tree in d = 3, 4. More precisely, [58] makes use of the existence
results of the present paper and establishes uniqueness.

Beyond the questions above, it would be interesting to analyse more detailed ge-
ometric aspects of the arboreal gas. For example, can one construct scaling limits as
has been done for some spanning tree models [3, 5, 6, 48]?

Finally, we mention that a detailed analysis of the infinite volume behaviour of
the arboreal gas on regular trees with wired boundary conditions has been carried out
[44, 71]. This infinite volume behaviour is consistent with the finite volume behaviour
of the complete graph, e.g., at all supercritical temperatures the sizes of finite clusters
have the same distribution as those of critical percolation.

1.4.3 Order of phase transition

Our analysis could be extended to a detailed study of the approach # | 0. To keep the
length of this paper within bounds, we do not carry this out, but here briefly comment
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on what we expect can be shown by extensions of our analysis. As discussed above,
a natural object is the magnetisation

M(B.h)= lim My (B, h), My (B, h) =P§”Z[0<—>G]» (1.32)

and the corresponding susceptibility (neglecting questions concerning the order of
limits)

X(B,h) = —M(ﬁ h) = Zaﬁh(x) (1.33)

Thus for the arboreal gas, the susceptibility is not the sum over 7g;(x) as is the
case for Bernoulli bond percolation, but the sum over og 5 (x). In terms of the sigma
model, x maybe viewed as the longitudinal susceptibility, often denoted /. In this
interpretation, the sum over tg ;(x) is the transversal susceptibility x, and satisfies
the Ward identity x (8, h) =), tg.n(x) = h~'M (B, h) which is crucial in our anal-
ysis. For the longitudinal susceptibility, we expect that it would be possible to extend
our analysis to show

C'? (@d=3)
x(B, k)~ C(B)llogh| (d=4) (1.34)
cB) d=>4).

Defining the free energy f(B8,h) =limy_ |AN|’1 log Zé\”}‘f, for B > By the previ-
ous asymptotics suggest that 4 — f (B, h) is C? in d > 4 but only C' for d = 3, 4.
In fact, extrapolating from our renormalisation group analysis we believe that for
B > Po the free energy is C” but not C"*! as a function of & > 0 for n = L%J. It
is unclear how this is connected to the geometry of the component graph of the UST,
which also changes as the dimension is varied [25, 59].

1.4.4 Critical behaviour

The critical behaviour of the H°> model and its generalisations (the H* mod-
els) were studied in [46, 62], using e-expansions formally continued from the O (n)
models, with the motivation of being candidates for the CFTs relevant for a dS-CFT
correspondence. Rigorous results about the critical behaviour of the arboreal gas on
74 for d > 3 would be very interesting.

1.5 Organisation and notation

This paper is organised as follows. In Sect. 2, we show how Theorem 1.5 is reduced
to renormalisation group results with the help of the Ward identity (1.28). The main
renormalisation group input is Theorem 2.1 and 2.3. Sections 3-7 then prove these
renormalisation group results. Section 3 is concerned with the construction of the bulk
renormalisation group flow, and Sect. 4 uses this analysis to compute the susceptibil-
ity. In Sect. 5 we extend this construction to include observables. The renormalisation
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group flow for observables is then used in Sect. 6 to compute pointwise correlation
functions. These computations involve a precise analysis of the zero mode. The short
Sect. 7 then collects the results and establishes Theorems 2.1 and 2.3. Finally, in Ap-
pendix A we collect relations between the arboreal gas and the H%? model as well
as basic percolation and high temperature properties of the arboreal gas, and in Ap-
pendix B we include some background material about the finite range decomposition
that we use.

Throughout we use a, ~ b, to denote lim,_, « a, /b, = 1, a, < b, to denote the
existence of ¢, C > 0 such that ca, < b, < Cay,, ay < by if a, < Cb,, and a;, =
O (by) if |ay| < |by|. We write a Ab = min{a, b}. We consider the dimension d > 3 to
be fixed, and hence allow implicit constants to depend on d. In Sects. 1 and 2 we allow
implicit constants to depend on L as well, as this dependence does not play a role. In
subsequent sections L-dependence is made explicit, though uniformity in L is only
crucial in the contractive estimate of Theorem 3.13. Our main theorems hypothesise
L = L(d) is large, and for geometric convenience we will assume throughout that L
is at least 2972,

2 Consequences of combining renormalisation and Ward identities

In our renormalisation group analysis, which provides the foundation for the proofs of
the theorems stated in Sect. 1, we will not assume any relation between the coupling
constants of the quadratic and quartic terms in (1.25) (except that they are small). The
equality of the quadratic and quartic couplings is restored with the help of the Ward
identity (1.28), i.e.,

(zo)gn=nh Z(éonx)ﬁ,h, and in particular (zo)g,0 =0. 2.1

xeA

This application of the Ward identity is the subject of this section.

In our analysis we distinguish between two orders of limits. We first analyse
the ‘infinite volume’ limit limy, o limy_ o, and prove Theorem 1.5 (and thus The-
orems 1.2—1.3). Using results of this analysis (and with several applications of the
Ward identity), we then also analyse the much more delicate ‘finite volume’ limit
limy _, o limy, ¢ in order to prove Theorem 1.1.

2.1 Infinite volume correlation functions

For m? > 0 arbitrary and coupling constants sg, ag, by, which eventually will be
taken small, we consider the model with fermionic Gaussian reference measure with
covariance

C=(—=A+m>7! (2.2)

on Ay and interaction

Vo=VoAw) = I [s0(V) (Vi) + aovraths + botc e (V)2 (VD .
xeAy

(2.3)
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where we recall the squared gradient notation from (1.27). Thus the corresponding
expectation is

1 1

(F) d
et(—A +m

—(, (= A+m) ) -V,
msoanby = 7 oy / dydy e VAR (2.4)
m=,50,40,00

is defined such that

(1)m2 59.a0.5o = 1 We emphasise the connection to the arboreal gas arises only if m2,
S0, ag, bo are chosen to agree with (1.25), c.f. (2.14)—(2.15) below.

The following result states that for correctly chosen ag the correlation functions of
the fields v and ¥y are to leading order multiples of those of the free (Grassmann
Gaussian) case by = 0 if first N — oo and then m? J 0. The result resembles those
in [14, 15, 75] for weakly self-avoiding walks in dimension 4. Compared to the latter
results, our analysis is substantially simplified since the H’> model can be studied
in terms of only fermionic variables with a quartic interaction that is irrelevant in
dimensions d > 2. However, in Sect. 2.2, we state an improvement of the following
result that captures the full zero mode of the low temperature phase and goes beyond
the analysis of [14, 15, 75].

where [ 9y dy denotes the Grassmann integral, and Z,> ¢ ;0 5,

Theorem 2.1 Let d > 3 and L > Lo(d). For by sufficiently small and m? > 0, there
are so = 58 (bo, mz) and ag = ag (b, m2) independent of N so that the following hold:
The functions s; and a;y are continuous in both variables, differentiable in by with
uniformly bounded by-derivatives, and satisfy the estimates

s¢(bo,m*) = O(bo),  a§(bo, m*) = O(bo) 2.5)

uniformly in m* > 0. There exists k > 0 such that if the torus sidelength satisfies
LN <m,

B 1 O(bOL_(2+K)N)
Z <w0wx)m2,50,a0,bo = W + 4

xeAy

(2.6)
m

Moreover, there are functions

A=abo.mD) =14 0@0by).  y=ybo.m?) =A% +m?)710,0)+ 0by).

having the same continuity properties as s¢ and ag such that @7
V0V 2 000,00 = ¥ + OboL ™M), 2.8)
WoV) w2 soa0.b0 = (—A +mH) 710, %) + O (bolx|"“"27) + O (boL™N),

(2.9)

(Yoyo; Ve Vx)m2,s0.a0.b0 = — A2 (=A +m) 710, %) + O(bo|x|72=D7K)

+ O(bgL™N). (2.10)

Here (A; B) = (AB) — (A)(B).
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The proof of this theorem is given in Sects. 3—-7. We now show how to derive
Theorem 1.5 for the HY? model from it together with the Ward identity (1.28). To
this end, assuming so > —1 we further rescale ¥ by 1/4/1 + 59 (and likewise for 1})
in (1.25), and thus set

1450 - 1450
= , = . 2.11
£=/ 8 14 n=,| 5 14 (2.11)

Up to a normalisation constant, the fermionic density (1.25) becomes, see also (1.27),

_ 1 -
exp|— 3 <<1+so)(w>x(w)x+ ;“’(thm
XEAN
14s0)? - -
+ %mmw)x(vw») . (2.12)

For any m? >0 and sg > —1, (2.12) is of the form (2.4) with

1+ 50 5 (1 + 50)*
_ L+h)—m?,  bp= 0
5 ( )—m 0 5

To use Theorem 2.1 to study the arboreal gas we need to invert this implicit relation
between (8, h) and (mz, 50, a0, bo). This is achieved by the following corollary. A key
observation is that the Ward identity (1.28) allows us to identify the critical point with
h = 0. To make this precise, with sé’ and ag as in Theorem 2.1, define the functions

ao (2.13)

(1 45§(bo, m?))*

= 7 ;

ag (b, m2) + m?
bo

B(bo, m?) (2.14)

h(bg,m*) = —1+ (1 + s§(bo, m?)). (2.15)

By Theorem 2.1, both functions are continuous in by > 0 small enough and m?>0.

Corollary 2.2 (i) Assume by > 0 is small enough. Then
h(bo, m*) = m?B(bo, m*)(1 + O (by)). (2.16)

In particular, h(bg, 0) = 0 and h(by, m*) > 0 if m*> > 0.

(ii) For B large enough and h > 0, there are functions l;o(ﬂ, h) > 0 and
m2(B, h) > 0 such that h(by, m%) = h and B(by, m?) = B. Both functions are right-
continuous as h |, 0 when B is fixed.

Proof To prove (i), we use the Ward identity (2.1) with (8, k) given by (2.14)—(2.15).
The left- and right-hand sides of (2.1) are, respectively,

| Lsio,m?) -

(zo)p.n = 5 (Yov0) m2,s59,a0,b0° (2.17)
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1 + s€(by, m?))h(bg, m?
hZEonxﬂF( 56 (bo, m~))h(bo, m?)

B(bo m2) Z <&wa>m2,50,ao,bo' (2.18)

xeAy xeAy

By Theorem 2.1, in the limit N — oo, we obtain from (2.1) that if m? > 0, the identity

B 1+ 55 (bo, m?) (1 + s§(bo, m*))h (b, m?)

by, m?) = 2.19
Bbo.m2 Vo) B(bo, m2ym? 19
holds. Solving for i, we have
B(by, m?)
h(by,m?) =m? | ———2— "y (by, m?) |. 2.20
(bo,m™)=m [l—i—sg(bo,mz) y (bo, m~) (2.20)

Since s§(bo, m?) = O(by), B(bo, m?) =< 1/bo, and y (by, m*) = O(1), all uniformly
in m? > 0, we obtain i (bg, m?) = m?B(bg, m*)(1 + O (bg)). In particular, h(bg, 0) =
0.

Claim (ii) follows from an implicit function theorem argument that uses that s;
and ag are continuous in m? > 0 and differentiable in bg if m? > 0 with bo-derivatives
uniformly bounded in m? > 0. This argument is the same as the proof of [15, Propo-
sition 4.2] (with our notation sq instead of zg, ag instead of vg, by instead of g¢, and
with 1/8 instead of g and # instead of v) and is omitted here. |

Assuming Theorem 2.1, the proof of Theorem 1.5 is immediate from the last
corollary. The main statements of Theorems 1.2 and 1.3 then follow immediately, ex-

cept for the identifications 6,;(8)% = ¢4(B), (c2(B)/c1(B))04(B)*> =1, and c(B) =
2¢2(B) which we will obtain in Sect. 2.2.

Proof of Theorem 1.5 Given B > By and h > 0 we choose by > 0 and m? > 0 as in
Corollary 2.2 (ii). Since z, = 1 — &1y and using (2.11) we then have

1450
(zo)g,n =1—(Eono)gn=1— 5 (YOV0) m2 50.a0.b0 (2.21)
1
(Eone)pp = ;SO o) n. 50 00,0 (222)
(202x)p.n — (20) 5.5 = (Eono&xn) g — (B0M0) 31
1+ s0)?
! ﬂs‘)) D0V0; VeV hue s a0 (2.23)

Taking N — oo and then 4 | 0, the results follow from Corollary 2.2 (i) and Theo-
rem 2.1 with

boy
1455’

04(B) =1— ci(B)=(+sHca, (B =221 +s)*E, (2.24)

where the functions A and y are evaluated at m? =0 and bo given as above, cg 18
the constant in the asymptotics of the free Green’s function on Z¢, see (1.24), and we
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have used the simplification of the error terms O (le_(d_z)_l) + O (bg|x| _(d_2+")) =
O(lx|7“219) and O(jx|[>“7271) + O (bolx|27279)) = O(|x|2=279).
O

2.2 Finite volume limit
The next theorem extends Theorem 2.1 by more precise estimates valid in the limit

m? J 0 with Ay fixed. In these estimates 7y € (0, 1/ m2) is a continuous function of
m? > 0 that satisfies

Iy — lz =0(*) and (2.25)
m
fim [(—A +mH) 710, x) — i] = (—AZ)710,x) + O(L~U2N) (226
m0 [AN|

where on the right-hand side AZ' s the Laplacian on Z4, on the left-hand side A
is the Laplacian on Ay, and |Ay| = L4N denotes the volume of the torus A y. We
define

IN

Wn(x) =Wy 2(x) =(—=A+ m?) 710, x) — ——, (2.27)
’ AN

so that Wy (x) is essentially the torus Green’s function (—A + m?%)~! with the zero
mode omitted.

In the following theorem, and throughout this section, Ay is fixed and the pa-
rameters (B, h) are related to (m?, s0, ag, bo) as in Corollary 2.2. We will write
(Ym2.py = ('-).mz) s (bo.m2). a8 (bo,m),bo for the corresponding expectation and similarly
for the partition function Z,, 5, .
Theorem 2.3 Under the conditions of Theorem 2.1 except that we no longer restrict
L= <m, in addition to the functions ag, s§, A, and y, there are functions &R,’N =
sz\,’N(bo, m2) and u$; = u$; (bo, m2), both continuous in by small and m* > 0, as
well as

iy y = ii%y y (bo,m*) = tnas, y(bo,m*) + O(boL™*N), (2.28)

continuous in bg small and m? > 0, such that, for x € Ay,

> (ovn) L_ 1 G (2.29)
0Vx)m2by = "2~ 27 L ~c ° .
xeAy m= - omt L+ iy
Ay Ay

(Yov0) m2.py =V + + Eqo, (2.30)

—202Wy (x) + 21y

et INIANTT" + Egoxxs
T, NIAN] 00xx

(VoVoUa Vi) p2py = =2 Wy ()2 +y% +

(2.31)
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and
Zy o =€ VIS ). (2.32)
The remainder terms satisfy

O(boL™ (d—2+Kk)N bol.~ kN 2A 1
£y = 000 +hoL Nl AwD ™ 03
1+uNN

Eooxx = O (bolx| 242K 1 0 (hoL~@=2t0N)

2 A —1
+ (O (bylx|~9=2)) 4 O (boL N ))M. (2.34)
1+us’N

The proof of this theorem is again given in Sects. 3—7. This proof also gives a
bound on a$ NN of order by L~ @tV for a small ¥ > 0. We did not state this bound
above because (by using the Ward identity (2.1)) the existence of a N y Wwith its re-
lation to the correlation functions as stated in the theorem is, in fact, sufficient to
determine its precise asymptotic value of order by/|Ay| = boL_d N & bgL=CHON,
see Lemmas 2.4-2.5 below. Using this precise asymptotic information on Zzlc\,’ ~» The-
orem 1.1 then follows from Theorem 2.3. The key computation occurs in Lemma 2.6,
where the asymptotic value of a§ i, 1s used to exhibit important cancelations between
the terms on the right-hand side of (2.31).

Lemma 2.4 Under the conditions of Theorem 2.3,

bo 1+ O(bgL=*N) N
EAY Ty = 0 (boL™). 2.35
/3,()| 0l 1+S(C)(b0,0) aN,N(bO,O) + O(bo ) ( )

In particular, if by > 0 this implies 1/5153\/,/\/([707 0)=O0(ANI/bg) and &N’N(bo, 0) >
0.

Proof From (1.18), we have that
EgbiTol= ) Ppol0<xl= ) (ondpo=lim > (oncpn.  (236)
xeAN xeApy XeAN
Changing variables,

b _
3 Eonpn = > (T0Vi)n2 by (2.37)

c 2
XEAN 1+S0(b0’m )XEAN

where (B, h) and (bg, m?) are related as in (2.14) and (2.15). To evaluate the right-
hand side we use (2.29). Note that
1 1 ayy 1 Uiy y —ay ym™?

2 4 ~c T 2 ~c
m m 1+uN’N m 1+uN’N

@ Springer



R. Bauerschmidt et al.

L+a§, y(ty —m™2) + O(boL™*N)
— m?+a ytnm? 4 O (bom>L=<N)

L+ag, yOL*N) 4+ O (boL™*N)
Com?4al (14 0m?L2N)) + O (bom>L=<N)’

(2.38)

where the second equality is due to (2.28) and the third follows from (2.25). As
m? ], 0, the right-hand side of the third equality behaves asymptotically as

1 +ay yOL™) +0oL™N) 14 0oL V) L ow™ 239

~C ~C
an.n ay.n

Since 5 (b, 0) = O (bo) by Theorem 2.1 we therefore obtain the first claim:

b

N F I
1+ 55 (o, 0) m2 40 2 Wovdn i

xeAy

A
EY 1Tl =

bo 14 0(boL™*N)

— : - + 0(boL*). 2.40
L+55(b0,0)  ayy (b0, 0) (BoL™) (2.40)

For the second claim, let us observe that, on the one hand,

B [AN] 5
Zﬁ,h = (1 +S8> (det(—A +m ))Zmz,bo

[An]
_ ,36 N _ 2 ~C
= ( 1 +58> (det(=A +m7)(1 +uly ), (2.41)

where the first equality is by Proposition 1.4 and (2.4), (2.11), and (2.12), and the
second equality is (2.32). On the other hand, by (1.1),

lim Zg = Zg > 0. (2.42)
h—0

Since, by Theorem 2.3, uf, and s; remain bounded as m? | 0 with Ay fixed (and
thus also 8 which is given by (2.14)), from det(—A + m2) | 0, we conclude that
1+ uN diverges as m? | 0. By (2.28), this implies aN N(bo, 0) > 0. The upper
bound on 1/ay (b, 0) follows by re-arranging (2.35) and using the trivial bound
|Tol < [An|. O

Using that ay, y is at least of order bo/| A n| as established in the previous lemma,
the following lemma gives an asymptotic representation of a$ .y of order bo/|A | in
terms of y from Theorem 2.3.

Lemma 2.5 Under the conditions of Theorem 2.3 and if by > 0,

T 1+ 56(bo, 0)

A(bo, 0)

(b0, 0) + ——
[y T ANy (0. 0)

a1+ O(boL_"N))} . (243)
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Proof The Ward identity (z0)g,0 = 0 implies

_ L 1+ 5§ (bo, m?)
0=(z0)g,0=1—(50m0)p,0 =1 1121110 oD (V0v0) 2.,
b _
=1— M ——— (o), . (244)

m210 1+ 5§ (bo, m?)

where we used (2.11) and that 8 = B(bg, m?) is as in (2.14). To compute (lpolpo)mz‘bo,
we apply (2.30). Since &, y = ay, yin + O(boL™*N) and ty =m=% + O(L*N),

A(bo, mP)ty|An|~!

lim =y (bg,0) + lim -~ + lim E
I w(l/fowo)mz b =V (b0, 0) T Ty (o mDiy + OGoL M) T il 00
Ao, O)|ANI"Y

=y (bo, 0) + M + lim Egp. (2.45)

aN,N(bOvO) m?,0

The limits in the second line exist by Theorem 2.3 and Lemma 2.4, which in par-
ticular implies Ezf\,’ N (b0,0) > 0 since by > 0. As m? J 0, the error term Eqg is
bounded by O(boL ™" /(|Anla§ y)) = (A(bo, )| An|~"/a§, ) OboL™*N) since
Mbo,0) =1 — O(bg) > 1/2, finishing the proof. ' O

Given Theorem 2.3, the following lemma is the main step in the proof of The-
orem 1.1. It uses the asymptotic representation of aj, , to exhibit cancelations in

expressions in Theorem 2.3.

Lemma 2.6 Under the conditions of Theorem 2.3 and if by > 0,

710, x)

5810 < x]=04(B)°

+ 0(b§|x|—<d—2>—K) + 0oL~ 2Ny L 0BIL™N), (2.46)
where 64(B) is defined in (2.24).

Proof By the last expression for Pg [0 <> x] in (1.18) and (2.11), (2.14):

PAN [0 =1—1
ﬂ,O[ < x] ;%(éOﬂOéxnx)ﬁ,h

. bg
=1- lim [(1 P (Yovovx )2 h0:| (2.47)

m2}0

To compute lim,,2 | o(Y0YoWx ¥x) 2 p, We start from (2.31). By Lemma 2.4, as
m? | 0 with Ay fixed,
1 1 m?|Ay|

~ =0 : 2.48
Uiy y  m=2a5 y(bo.0) Ty (248)
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This implies the error term in (2.31) is, as m? J 0 with Ay fixed,
|Eoxr| < O(Ix|7“727) + 0L ™M), (2.49)
For the main term we have (recall Wy (x) = Wy, ,2(x), see (2.27))
Wllizlilo(%lﬁolﬁx Vadm2 by — l}lizrilo | Eo0xx|

=222 Wh(x) 4+ 21 _
= 2 2Wy o) +y2 + lim N F2AY A
m20 1+ay

A
= 2 Wy o(x)? + 2 +2(~ AWNo(x)wxciIAI (2.50)

where on the right-hand side the functions A, y, and sz'\,,  are evaluated at m?=0.
By Lemma 2.5,

bo A boy ) N
Frameai 1+ O(boL™" 2.51
s 3 A ( T ) (1 0boL™)) 2.51)
so that
bo \* 222 W o(x) N 2by boy
- = y 14+ OMyL™"))=— 1— AWn o(x
<1+s5> o] (T OCL ) =~ (= W@
(2.52)
bo \> 2 bn \2
< 2 > (14 0oLV =2 2y2< 4 ) .
1+s5) ay yIAN] 1450 I+ s,
(2.53)
Substituting these bounds into (2.50) and then (2.47) we obtain
P20 =1 b\
pol0 <= x]=1- S mlfilowfolﬂol/fxl/fx)mz bo
2
yby 5 2boA boy boAWn o(x)
=(1- 1— w RS\ A
B S N

+ OBEL™N Wy 0(x) + OBEL™N) + O (B} Egoxx]). (2.54)

Using the definition (2.24) of 6 (8), that Wy o(x) = (—AZ)~1(0, x) + O (L~@=DN)
by (2.26), and in particular Wy o(x) = O (|x|~“~?), the claim follows. O

The next (and final) lemma is inessential for the main conclusions, but will allow
us to identify the constants from the infinite volume and the finite volume analyses.

Lemma 2.7 Under the conditions of Theorem 2.3 and if bg > 0, then A0;(B) = 1.
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Proof Let

bo 1 Ay | Tol —kN —(d—2
= - = —— + O(bgL™" boL~@=2N), 2.55
o Gy ylAn]  POJAy] T OURET AR b3

wy

where the second equality is due to Lemma 2.4. The density ]EA’(‘; |To|/| A n| can also
be computed by summing the estimate in Lemma 2.6 and dividing by | A y|. Subtract-
ing this result from (2.55) gives

wy — 0a(B)> = O(boL™*M). (2.56)
On the other hand, (2.43) shows that
Awy — 0g(8) = O(bgL™*N). (2.57)

The limit w = limy_, oo wy thus exists and satisfies Aw = 6;(8) and w = 0, (,3)2.
Since 64(8) =1 — O(1/8) # 0 this implies A0;(8) = 1. [l

Proof of Theorem 1.1 The proof follows by rewriting Lemma 2.6. Let ¢4 be the con-
stant in the Green function asymptotics of (1.24), and recall the constants 6,;(8) and
¢; (B) from (2.24). Theorem 1.1 then follows from Lemma 2.6 by setting

ta(B) =0a(B)?, c(B) = (1 +50)210a4(B)ca, (2.58)
and simplifying the error terms using O (bolx|~“=2~1) + O®F|x|~@~2+9)) =
OB~ x|~=21) and O (boL=“=2N) + O(BFL™N) = O (B~ L™*N). O

Completion of proof of Theorems 1.2and 1.3 For Theorem 1.2, 4(B) = 64(8)?
was established in the previous proof. For Theorem 1.3, the identity
(c2(B)/c1(B)H)Os(B)? =1 is equivalent (by (2.24)) to 6;(B)A =1, i.e., Lemma 2.7.
Similarly, c(8) = 2164(B)c1(B) = 2c1(B). O

Remark 2.8 To compute Pgo[0 <> x] we started from the expression 1 —
(Eonoé&xmx) g0 in (1.18). An alternative route would have been to start from (§p7.) g,0.
For technical reasons arising in Sect. 5 it is, however, easier to obtain sufficient pre-
cision when working with (50705 7x) ,0-

3 The bulk renormalisation group flow

We will prove Theorems 2.1 and 2.3 by a renormalisation group analysis that is set
up following [28, 32] and [14, 15]; see also [18] for a conceptual introduction. Our
proof is largely self-contained. The exceptions to self-containment concern general
properties about finite range decomposition, norms, and approximation by local poly-
nomials that were developed systematically in [12, 29, 30]. The properties we need
are all reviewed in this section. The first six subsections set up the framework of the
analysis, and the remaining three define and analyse the renormalisation group flow.

Throughout A = Ay is the discrete torus of side length L. We leave L implicit;
it will eventually be chosen large. We sometimes omit the N when it does not play a
role.
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3.1 Finite range decomposition

Let A denote the lattice Laplacian on Ay, and let m? > 0. Our starting point for the
analysis is the decomposition

C=(-A+m>)'=Ci+--+Cy_1+Cnn 3.1
where the C; (with j < N) and Cy y are positive semidefinite m?-dependent matri-
ces indexed by A . These covariances can be chosen with the following properties,

see [18, Proposition 3.3.1 and Sect. 3.4] and Appendix B. The notation Cy_y for the
last covariance is explained below.

3.1.1 Finite range property

For j < N, the covariances C satisfy the finite range property

1.

Cite.y) =0 if |l =yl > LY. (3.2)
Moreover, they are invariant under lattice symmetries and independent of Ay in the
sense that C;(x, y) can be identified as a function of x — y that is independent of
the torus Ay. They are defined and continuous for m? > 0 including the endpoint
m? =0 (and in fact smooth).
3.1.2 Scaling estimates
The covariances satisfy estimates consistent with the decay of the Green function:

IVECi1(x, V)| < O s (9 (m?)) L= @=2HaD] (3.3)

where for an arbitrary fixed constant s,

5 1 m2L% \"°
D =— |1+ —— . 34
im) 2d+m2( 2d+m2> S
The discrete gradient in (3.3) can act on either the x or the y variable, and is defined
as follows. Recalling that ey, ..., e; denote the standard unit vectors generating 74,
that ey j = —e;, and that £; = {ey, ..., ezq}, for any multiindex o € Ng", we define

the discrete derivative in directions o with order || = lei L a(e;) by:
2d
AVA :HVZ(E[)’ Vef:f(_x-{-e)_f(x), (35)
i=1

with Vfi =V, -V, where there are k terms on the right-hand side.
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3.1.3 Zero mode

By the above independence of the covariances C; with j < N from Ay, all finite
volume torus effects are concentrated in the last covariance Cy . We further separate
this covariance into a bounded part and the zero mode:

Cnn=CN+ItNOnN. (3.6)

where ty is an m?-dependent constant and Q is the projection onto the zero mode,
i.e., the matrix with all entries equal to 1 /| A y|. The bounded contribution Cp (which
does depend on A ) satisfies the estimates (3.3) with j = N and also extends con-
tinuously to m? = 0. The constant 7y satisfies

1
iy >0, ty —— =0(L*™). (3.7)
m

In this section, we only consider the effect of Cx (which is parallel to that of the
C; with j < N) while the nontrivial finite volume effect of 7y will be analysed in
Sects. 4-6.

The above properties imply (2.26) and Wy (x) in (2.27) is given by Wy (x) =
Ci(x)+---+Cn(x).

3.2 Grassmann Gaussian integration

For X C A = Ay, we denote by AV (X) the Grassmann algebra generated by v,
V., x € X with the natural inclusions A (X) C N (X’) for X C X’. Moreover, we
denote by N(X U X) the doubled algebra with generators vy, ¥, {y, ¢ and by
0: N(X) - N(X u X) the doubling homomorphism acting on the generators of
N(X) by

QWx wa‘l‘é‘m 91/_[x=1/_fx+§_‘x~ (3.8

For a covariance matrix C the associated Gaussian expectation E¢ acts on N(XuX)
on the ¢, ¢ variables. Explicitly, when C is positive definite, F € A (X U X) maps to
EcF € N(X) given by

EchEC[F]z(detC)/E);BE e CCTOF, (3.9)

Thus EcO: N (A) — N(A) is the fermionic convolution of F € N (A) with the
fermionic Gaussian measure with covariance C. Recall the following well-known
facts about E¢6; elementary proofs can be found in, e.g., [29]. First, this convolution
operator can be written as

EcOF =Ec[0F] = F (3.10)

where Lo =)
property

x,ye Cxydy, 0y . In particular, it follows that Ec6 has the semigroup

Ec,0 0 Ec,0 =Ec, 1c,0. (3.11)
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This formula also holds for C positive semidefinite if we take (3.10) as the definition
of Ec6 F, which we will in the sequel. The identity (3.10) is a fermionic version of
the relation between Gaussian convolution and the heat equation, and (3.11), which
follows from (3.10), is the analogue of the fact that the sum of two independent
Gaussian processes is Gaussian with covariance given by the sum of the covariances.
The identity (3.10) allows for the evaluation of moments, e.g., Ec6 1/_fx Yy = 1/_/x Yy +
C,y. An important consequence of the finite range property (3.2) of C; is that if
F; e N(X;) with disteo (X1, X2) > %Lj then, by (3.10),

Ec, [0(F1 )| = (Ec, [0 Fi1) (Ec, [0 F21). (3.12)
3.3 Symmetries

We briefly discuss symmetries, which are important in extracting the relevant and
marginal contributions in each renormalisation group step (see Sect. 3.6 below). We
call an element F € N'(A) symplectically invariant or U (1) invariant if every mono-
mial in its representation has the same number of factors of ¥ and 1. We remark that
in [29, 30], to which we will sometimes refer, this property is called (global) gauge
invariance. Similarly, F € A'(A U A) is U(1) invariant if the combined number of
factors of ¥ and ¢ is the same as the combined number of factors of ¥ and ¢. We
denote by /\/'Sym(X ) the subalgebra of A/(X) of U (1) invariant elements and likewise
for ./\/Sym (AU A). The maps € and Ec preserve U (1) symmetry.

Abijection E: A — A is an automorphism of the torus A if it maps nearest neigh-
bours to nearest neighbours. Bijections act as homomorphisms on the algebra N'(A)
by Ev, =Ygy, and Elﬁx = &Ex and similarly for A'(A U A). If C is invariant un-
der lattice symmetries, i.e., C(Ex, Ey) = C(x, y) for all automorphisms E, then the
convolution Ec6 commutes with automorphisms of A, i.e., EEcOF =EcOEF. In
particular EEc;0 F =Ec ;0 E'F for the covariances of the finite range decomposition
(3.1). An important consequence of this discussion is that if X C A, F € Nyym(X)
and F is invariant under lattice symmetries that fix X, then ]EC_,. OF € j\fsym(X ) is also
invariant under such lattice symmetries.

3.4 Polymer coordinates

We will use (3.11) and the decomposition (3.1) to study the progressive integration
Zi1 =Ec,,,[07;], (3.13)

for a given Zo € N'(A). To be concrete here, the reader may keep Zg = e~ V) with
Vo(A) from (2.3) in mind, but to compute correlation functions we will consider
generalisations of this choice of Z in Sect. 6. The analysis is performed by defin-
ing suitable coordinates (polymer coordinates) and norms (on polymer coordinates)
that enable the progressive integration to be treated as a dynamical system: this is the
renormalisation group. Towards this end, this section defines local polymer coordi-
nates as in [28, 32]. Section 3.5 then defines relevant norms, and norms on polymer
coordinates are introduced in Sect. 3.8 after other preliminary material is introduced.
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Fig.1 Illustration of j-blocks

when L =2 . . . . . . . 0-blocks
o o o o o o e o
L] L] L] L] L] L] L] L]
1-blocks
L] L] L] L] L] L] L] L] 2—b10CkS
L] L ] L ] L] L ] L] L] L]
L] L] L] L] L] L] L] L]
’
1 3-block
L] L] L] L] L] L] L] L]
L] L] L] L] L] L] L] L]

3.4.1 Blocks and polymers

Recall A = Ay denotes a torus of side length LY. Partition Ay into nested scale- j
blocks B; of side lengths L/ where j =0, ..., N. Thus scale-0 blocks are simply
the points in A, while the only scale-N block is A itself, see Fig. 1. The set of j-
polymers P; ='P;(A) consists of finite unions of blocks in B;. To define a notion of
connectedness, say X, Y € P; do not touch if infyex yey |x — ¥|oo > 1. A polymer is
connected if it is not empty and there is a path of touching blocks between any two
blocks of the polymer. The subset of connected j-polymers is denoted C;. We will
drop j- prefixes when the scale is clear.

For a fixed j-polymer X, let B;(X) denote the set of j-blocks contained in X and
let | B;(X)| be the number of such blocks. Connected polymers X with |B;(X)| < 24
are called small sets and the collection of all small sets is denoted S;. Polymers
which are not small will be called large. Finally, for X € P; we define its small set
neighbourhood X Ue P; as the union of all small sets containing a block in B;(X),
and its closure X as the smallest Y € P, such that X C Y.

3.4.2 Coordinates
We will write Z; in the form

Zj=e MY Vi D g (x), (3.14)
XE’P]‘

where the u; are constants (essentially the free energy), the V;(X) are functions
of the fields ¥, ¥, for x in a neighbourhood of X, parametrised by finitely many
coupling constants which require special attention (and are independent of X), and
everything else is organised into the functions K ;(X), which will be called polymer
activities. Unlike the V;, the polymer activities track quantities whose precise value
is not important. Explicit (somewhat complicated) formulas for the evolution of K;
will be given below. An essential point will be that they can be tracked in terms of
estimates. The tuple (V;, K ;) together with the representation (3.14) will be referred
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to as polymer coordinates. In the remainder of this subsection, we will discuss some
structural properties of these coordinates.

Coupling constants. We will always identify V; with the coupling constants which
parametrise it. Explicitly, for coupling constants V; = (z;, yj,a;,b;) € C* and a set
X CApn,let

Vi = 3 [3i VeV + (=AY + Y (— AT

xeX

@l + b T (V)L (V). ). (3.15)

For the scale j =0, if we set Zy = e~ Y0(AN) then the polymer coordinates take the
simple form

Zo= e~ Vo(AN) _ ,—uolAw] Z €_VO(AN\X)K()(X), (3.16)
XCApN

with
Ko(X) =1x=g, uo=0. (3.17)

To study the recursion Z;;| = Ecj+19Zj at a general scale j = 1,..., N, we
will make a choice of coupling constants V; and of polymer activities K; =
(K (X))Xep,.(x) such that

Zj=e MWL eV g (x). (3.18)
XE’P]'

Polymer activities. The K; will be defined in such a way that they satisfy the
locality and symmetry property K;(X) € Ngym(X D) and the following important
component factorisation property: for X, Y € P; that do not touch,

Kj(XUY)=K;j(X)K;(Y). (3.19)

Note that since they are U (1) symmetric, the K j (X) are even elements of \V, so they
commute and the product on the right-hand side is unambiguous. Using the previous
identity,

Kixy= [ kim. (3.20)
Y eComp(X)

where Comp(X) denotes the set of connected components of the polymer X. In
particular, each K; = (K;(X)) XeP;(AN) satisfying (3.19) can be identified with
its restriction K; = (K;(X)) XeCj(Ay)- We say that K; is automorphism invari-
ant if EK;(X) = K;(E(X)) for all X € Pj(Ay) and all torus automorphisms
E € Aut(A y) that map blocks in B; to blocks in B;.
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Definition 3.1 Let IC]?D (An) be the linear space of automorphism invariant K; =
(Kj(X))xec;an) with K;(X) € J\/Sym(XD) for every X € C;.

Polymer coordinates at scale j are thus a choice of (the coupling constants) V;

together with a choice of (polymer activities) K ; from the space K?. The renormal-
isation group map is a particular choice of amap (V;, K;) = (Vj41, Kj11).

For a given Z, the above conditions do not determine K ; uniquely given V; (see
the proof of Proposition 3.11, where the non-uniqueness is apparent). We will state
our specific choice of such a map in Sect. 3.7 below. The goal is to choose V; such
that the size of the K ; decrease rapidly as j increases when the sizes of V; and K are
measured in appropriate norms. Thus K ; will capture the irrelevant (or contractlng)
directions of the renormalisation group dynamics, while the relevant (or expanding)
and marginal directions will be captured by the V; coordinates. The next section
defines the norms we will use.

3.5 Norms

We now define the T'j(£) norms we will use on the Grassmann algebras N (A). Gen-
eral properties of these norms were systematically developed in [29], to which we
will refer for some proofs. To help the reader, in places where we specialise the defi-
nitions of [29] we indicate the more general notation that is used in [29].

We start with some notation. For any set S, we write S* for the set of finite se-
quences in §. We write Ay = A x {£1} and for (x,0) € Ay we write ¥, 5 = ¥ if
o =+1and ¥y, = ¥, if o = —1. Then every element F € N/ (A) can be written in
the form

F= Z 1r RV (3.21)
zeA* :
where Y% =, -, if z=(z1,...,2,). We are using the notation that z! = n! if

the sequence z has length n. The representation in (3.21) is in general not unique. To
obtain a unique representation we require that the F, are antisymmetric with respect
to permutations of the components of z (this is possible due to the antisymmetry of the
Grassmann variables). Antisymmetry implies that F, = 0 if z has length exceeding
2|A| or if z has any repeated entries.

Definition 3.2 Let po = 2d. The space of test functions @ (£) is defined as the set of

functions g: A?’ — R, 7+ g, together with norm

lgllo, @ = sup sup sup ¢~ L (el lan]) |V§lll e Vglnn gl (3.22)
n20zeA loiI<po

In this definition, ng' denotes the discrete derivative V% with multiindex ¢; acting
on the spatial part of the ith component of the finite sequence z.

The @ (£) norm measures spatial smoothness of test functions, which act as sub-
stitutes for fields. Restricted to sequences of fixed length, it is a lattice CP® norm at
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spatial scale L/ and field scale £. We will mainly use the following choice of £ when
using the @ ;(£) norm:

€ =L~ 2] (3.23)

for a large constant £o, and £; will always be as in (3.23). This choice captures the
size of the covariances in the decomposition (3.1). Indeed, regarding the covariances
C; as functions of sequences of length 2 (i.e., as the coefficient in (3.21) of F' =

Zx’y Uy YyCj(x,y)), the bounds (3.3) imply
ICjlle;e) <1, (3.24)

when £y is chosen as a large (L-dependent, due to the index j + 1 on the left-hand
side of (3.3)) constant relative to the constants in (3.3) with |«| < 2p¢. From now on,
we will always assume that £ is fixed in this way.

Definition 3.3 We define T (£) to be the algebra N (A) together with the dual norm

IFlizye)= sup [(F.g)l,  where(F,g)= Y Fzgz (3.25)
lgle ;<1 en} 2!

when F € N'(A) is expressed as in (3.21).

An analogous definition applies to N'(A LU A), and we then write T; (£L1€) = T (€)
for this norm (with the first notation to emphasise the doubled algebra), where we
recall that V(A U A) is defined above (3.8).

The T;j(¢) norm measures smoothness of field functionals F € N (A) with re-
spect to fields whose size is measured by @ ; (£). They therefore implement the power
counting on which renormalisation relies. Important, but relatively straightforwardly
verified, properties of these norms are systematically developed in [29]; we sum-
marise the ones we need now.

Product property. First, the T;(£) norm defines a Banach algebra, i.e., the follow-
ing product property holds (see [29, Proposition 3.7]): for Fy, F, € N'(A),

IF1F2ll7;0 < I F1llry ) 1 F21 75 00)- (3.26)

Using the product property, we may gain some intuition regarding these norms by
considering the following simple examples:

1V Wl 7,00 < el o 1V Ny 00 = €2, (3.27)
I(Vey)x Wl 7,0 < IVerellry o 1 7y 0) = €2 L7 (3.28)

The following more subtle example relies on wz wz 0 and plays an important
role for our model:

1V VeV seVarell Ty = 1V (Ve )x (Ve allry ) < £1L72 . (3.29)
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In general each factor of the fields contributes a factor £ and each derivative a factor
L™/,

Monotonicity. Second, as follows immediately from the definition, the following
monotonicity properties hold: for £ < ¢ and F € N'(A),

I Fllz;e) < NF N7y ey IF ;4000 < NF N7y (3.30)

Doubling map. Third, the doubling map satisfies (see [29, Proposition 3.12]): for
F e N(h),

IO F 7,0y < I1F 5 20) (3.31)

where the norm on the left-hand side is the 7;(¢) = T; (£ U £) norm on N(AUA).

Gram inequality. Finally, the following contraction bound for the fermionic Gaus-
sian expectation is an application of the Gram inequality whose importance is well-
known in fermionic renormalisation. It is proved in [29, Proposition 3.19].

Proposition 3.4 Assume C is a covariance matrix with ||Cllo ;) < 1. For F € N(AU
A), then

IEcFliT;0) < N F 7 0)- (3.32)
In particular, for F € N'(A\), by (3.31) the fermionic Gaussian convolution satisfies

IEcOF ;) < I FllT;20)- (3.33)

For our choices of £; and of the finite range covariance matrices C}, the inequali-
ties (3.30) and (3.33) in particular imply

IEN 7100 S N7 020500 S IF T )5 (3.34)

”EC]‘+10F“T+1([/+1) ”F”T (j)-

We remark that the existence of this contraction estimate for the expectation com-
bined with (3.40) below is what makes renormalisation of fermionic fields much sim-
pler than that of bosonic ones.

3.6 Localisation

To define the renormalisation group map we need one more important ingredient:
the localisation operators Locy and Locy y that will be used to extract the relevant
and marginal terms from the K ; coordinate to incorporate them in the renormalisation
from V; into V1. These operators are generalised Taylor approximations which take
as inputs F € A (X) and produce best approximations of F in a finite dimensional
space of local field polynomials.
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3.6.1 Local field polynomials

By formal local field polynomials we refer to formal polynomials in the symbols
U, Vi, Vi, Ay, Ay, V2, ... (without spatial index). The dimension of a for-
mal local field monomial is given by (d —2)/2 times the number of factors of v or i/
plus the number of discrete derivatives V in its representation, where A is treated as
two discrete derivatives. The classification of local monomials according to dimen-
sion is known as power counting in the renormalisation group literature. Relevant
monomials are those with dimension strictly greater than d, marginal ones those with
dimension equal to d, and irrelevant those with dimension strictly less than d. Con-
cretely, we consider the following space of formal local field polynomials, consisting
of the relevant and marginal monomials consistent with symmetry constraints.

Definition 3.5 Let V2 = C* be the linear space of formal local field polynomials of
the form

V =y(Vy) (V) + %((—Aw)v‘f + Y (—=AY) +ayy + by (V) (V). (3.35)

We will identify elements V € V2 with their coupling constants (z, y,a, b) € Cc.
Sometimes we include a constant term u and write u +V € C ® V9 withu + V =
(u,z,y,a,b)eC.

Given a set X C A, a formal local field polynomial P can be specialised to an
element of AV'(A) by replacing formal monomials by evaluations. For example, if
P=vyy, P(X) = D ocex V¥ We call polynomials arising in this way local poly-
nomials. The most important case is V +— V (X), with

VX) = 3 [ MV + S (A0 0 + e (= AY))

xeX

@yt + U Ia (V) (V) ] (3.36)

where A =—33",.e VoV and (V) (V) = 5 Y e, Vet Vet are the lat-
tice Laplacian and the square of the lattice gradient; recall that &; = {ey, ..., €24}
For a constant u € C we write u(X) = u|X|, where | X| is the number of points in
XCA. Thus (u+ V)(X)=u(X)+ V(X)) =u|X|+ V(X).

Definition 3.6 For X C A, define V2(X) = {V(X): V € V?} Cc N(A) and analo-
gously (CH® V) X)={u|lX|+V(X):uecC, VeV?}CNA).

The space V¥ contains all formal local field polynomials whose constituent mono-
mials have dimension at most d that are (i) U (1) invariant, (ii) respect lattice sym-
metries (if £X = X for an automorphism E, then EV (X) = V (X)), (iii) V(X) #0,
and (iv) have no constant terms. Note that Ec6 preserves V? (X) by the discussion
in Sect. 3.3. We emphasise that there is no () term, which would be consistent
with having dimension as most d (if d = 3, 4) and symmetries, because it vanishes
upon specialisation by anticommutativity of the fermionic variables.
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Two further remarks are in order. First, the monomial ¥/ (V) (V) has dimen-
sion 2d — 2 > d for d > 3; we include it in V2 since it occurs in the initial potential.
Second, the monomials multiplying z and y are equivalent upon specialisation when
X = A by summation by parts, and differ only by boundary terms for general X C A.
This would allow us to keep only one of them, but it will be simpler to keep both.

3.6.2 Localisation

The localisation operators Locy and Locy y associate local field monomials to el-
ements of A/(X). In renormalisation group terminology, the image of Loc projects
onto the space of all relevant and marginal local polynomials. The precise definitions
of the localisation operators do not play a direct role in this paper. Rather, only their
abstract properties, summarised in the following Proposition 3.8, will be required.
Nonetheless, to give some intuition for the action of Locy and Locy y, we include
the following typical examples (see also [30, Sect. 1.5]). The examples indicate (as
stated at the beginning of this section) that the localisation operators are generalised
Taylor approximations.

Example 3.7 (i) Let F be a monomial in {t/, ¥} of degree greater than four. Then
Locx F =0.

(i) Consider F =3 x> ycnq(x — )¥y ¥, where the kernel ¢: Z¢ — R
has finite support and is invariant under lattice rotations. Then provided A is large
enough,

_ 1- 1 _ _
meF=§:P“wWa+¢“%éwAwa+zmw»waVWAkuX

xeX

-y r, (337)

xeX

where ¢V = > yeza q(y) and g = > yezd ¥7q(y) (and y; denotes the first com-
ponent of y € Zd), and with the same Py as in (3.37),

Locxy F=Y_ Py. (3.38)
yeY

Thus Z?:] Locy, x; F =Locy F if X is the disjoint union of Xy, ..., X,.

For the definition of Locy and Locy y, we use the general framework developed
in [30]. In short, the definitions of Locy and Locy y are those of [30, Definition 1.6
and 1.15]. These definitions require a choice of field dimensions, which we choose as
[¥]= [1}] = (d —2)/2, a choice of maximal field dimension d., which we choose as
d4+ =d, and a choice of a space P of test polynomials, which we define exactly as in
[30, (1.19)] with the substitution V,V, — —V,V_, explained in [30, Example 1.3].
The following properties are then almost immediate from [30].

@ Springer



R. Bauerschmidt et al.

Proposition 3.8 For L = L(d) sufficiently large there is a universal C > 0 such that:
for j < N and any small sets Y C X € Sj, the linear maps Locy y : NxH) -
Ny D) have the following properties:

(i) They are bounded:

[ Locx,y Fllr;;) < CIIFIIT,-(e,-)- (3.39)

(ii) The maps Locy = Locx.x : N'(XZ) — N (XU) satisfy the contraction bound
| — Locy)F <CL LT F 3.40
Il ocx)Fllr;, e, < IF N7 (3.40)

iii is the disjoint union of X1, ..., X,, then Locx =) :_; Locy x,.
(i) IF X i he disioi . X X. then L leL X
iv e maps are Euclidean invariant: i € Aut(Ay) then ocyy F =
(iv) Th p Euclid } ] if E € Aut(Ay) then ELocyy F
LOCEX,EY EF.
v) For a block B, small polymers X1, ..., X,, and any F; € Ngym(X:~) such that
(v) For a block B 1l poly X X dany F; € Ny (XF) h th
Y i_yLocx, p F; is invariant under automorphisms of Ay that fix B,

Y Locx, 5 Fi € (C®V?)(B). (3.41)
i=1

We remark that the image of Locy, y is in general a larger space of local field
monomials than V2 (Y), often denoted V in [30] — for example first gradients of the
field can arise which only need cancel upon the symmetrisation in (3.41). Since we
will not use this larger space directly we have not assigned a symbol for it.

Proof of Proposition 3.8 The bound (i) is [30, Proposition 1.16], the contraction bound
(ii) is [30, Proposition 1.12], the decomposition property (iii) holds by the definition
of Locy,y in [30, Definition 1.15], and the Euclidean invariance (iv) is [30, Proposi-
tion 1.9]. Note that the parameter A" in [30, Proposition 1.12] does not appear here
as it applies to the boson field ¢; our fermionic context corresponds to ¢ = 0. For
the application of [30, Proposition 1.12] we have used that pg was fixed to be 2d in
Definition 3.2, and that we have only considered the action of Loc on small sets.
Finally, property (v) follows from [30, Proposition 1.10] and the fact that the space
V2 defined in Definition 3.5 contains all local polynomials of dimension at most d
invariant under lattice automorphisms that fix a point. O

3.7 Definition of the renormalisation group map

The renormalisation group map @11 =@ y ,2 is a map
Qi1 (Vi, Kj) > (ujpr, Vigr, Kjv1) (3.42)
acting on

VieV?,  K;eK7(Aw), (3.43)
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with uj41 € C, the space of coupling constants V° as in Definition 3.5, and the
space of polymer activities ICJ.g (Ap) as in Definition 3.1. The map will have mild

dependence on m? and Ay as a consequence of this dependence of the covariance
matrices. As indicated above the u-coordinate does not influence the dynamics of the
remaining coordinates. Thus we can always explicitly assume that the incoming u-
component of @1 is 0 and separate it from V1 in the output. This means that we
will often regard ® ;1 asamap (V;, K;) > (Vj41, Kjy1) whereu; =u ;1 =0.

The explicit definition of the map @, is given in (3.48) and (3.49) below. The
essential consequences of the definition are Proposition 3.11, which enables the it-
erative application of the renormalisation group maps, and the estimates of Theo-
rem 3.13.

At first sight, the definition of & ;1 may appear somewhat complicated, but it fol-
lows from simple principles that are outlined in the proof of Proposition 3.11 below.
Compared to other implementations of the fermionic renormalisation group, the fi-
nite range property of the covariances in our implementation means we do not require
infinite expansions, nor do we require norms which control the spatial complexity of
polymers beyond simple volume estimates. As such, establishing useful norm esti-
mates becomes an essentially combinatorial problem. This feature is especially use-
ful in models with bosonic fields, see [28, 36] and [18, Appendix A] for introductory
discussions, but it also provides appealing features in the present fermionic context.
For example, the flows on tori with two distinct side lengths LN < LN? coincide up
to the final length scale L1~ for polymers which do not wrap around either torus,
making the definition of the infinite volume flow and its relation to the finite volume
one particularly transparent (see Proposition 3.12 below).

For the definition of the renormalisation group map ®;1, we identify V; € Ve
with the tuple (V;(B)) BeB;(Ay)> i.e., the field monomials corresponding to the cou-
pling constants V; evaluated over a block B, and the tuple (K;(X))xec;(ay) With
its extension (K (X)) xep;(ay) determined by the component factorisation property
(3.19). We also introduce, assuming j + 1 < N,

Q(B)= Y LocxpK;(X), (B € B)), (3.44)
XeSj:X>B
J(B,B) = — Z Locx. 5 K (X), (B € B)), (3.45)
XESj\BjZX:)B
J(B, X) =Locy.p K;(X), (X €S;\ B, B € Bj(X)),
(3.46)

and J(B, X) =0 otherwise. If j + 1 = N we simply set Q = J =0.

As a consequence of the properties of Loc from Proposition 3.8 (c.f. in particu-
lar property (v)), Q(B) arises from an element of V¥ and represents the marginal
and relevant contributions from K ; associated with the block B. These contributions
(which are marginal or relevant in the sense of power counting) only come from
K (X) for small sets X, as large sets X will yield contracting contributions for en-
tropic reasons (as opposed to power counting reasons) considered later. The J (B, X)
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are a technical device for removing the Q contribution from K ;. An important prop-
erty is that

> J(B.X)=0, (BeB)). (3.47)
X

The application of this property occurs in (3.111). We indicate the motivation for
the form of J below. For a fuller discussion we refer to [28, Lectures 4-5] and [19,
Appendix A, 12.3.2].

We will specify the V- and K-components of the renormalisation group map sep-
arately.

V -component. The first definition defines the V -component of the renormalisation
group map. This map is given by first-order perturbation theory, i.e., Ec,,, [0 V;(B)],
plus the higher-order contribution Ec;,, [0 Q(B)] representing the marginal and rel-
evant contributions from K; as discussed above. Here recall the definition of the
doubling map 6 from (3.8), i.e., 6 F is obtained from F by replacing ¥ by ¥ + ¢ and
¥ by ¥ + ¢, and that the expectation only acts on (¢, ¢).

Definition 3.9 The map (V;, K;) — (uj41, Vj41) is defined by
wjn|Bl+ Vi (B) =Fc, [0(V;(B) - QB)].  (BeBp.  (348)

We emphasise that V1 is evaluated on B € B; here; V| can then be extended
to B4 by additivity. When K ; is automorphism invariant, which is the case if K; €
Ing (A y), the right-hand side of (3.48) is in (C @ V?)(B) and can thus be identified

with an element of C @ V2 = C. This can be checked by using Proposition 3.8 (iv)
and (v) and the properties of progressive integration discussed in Sect. 3.2. Recall
that we sometimes write the left-hand side as (u + V) j11(B). Since V;;1(B) has no
constant term by definition, the constant u ;| is unambiguously defined.

K-component. The following formula for the K -component of the renormalisation
group map is more involved. It is engineered to achieve the desired factorisation and
contraction properties of the renormalisation group map. The explicit formula will
enable a relatively straightforward verification of the estimates which follow from
it; the formula itself is the result of relatively simple manipulations explained in the
proof Proposition 3.11 below.

Definition 3.10 For U € P41, the map (V;j, K;) — K11 (U) is defined by

Kin(U)= eti+1lUl

« Z e—(u+v)j+1(U\i{ux;c)ﬂzc_l.+I Kj(X) l_[ 0J(B, X)
(X, X)eGU) (B,X)eX
(3.49)
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where

Kix)y= ] Kjw),

WeComp(X) (3 50)
KiWy= Y OK;W\Y)@D' = > 0J(B.W), '
YeP;(W) BeBB;(W)

DX = ]_[ §1(B), SI(B) =0 VitB) _ o= @tV)js1(B) (3.51)
BeB;(X)

Following [28, Sect. 5.1.V2], we define the set G(U) (and the corresponding notation
X and X y) as follows: X € P; and X is a set of pairs (B, X) with X € S; and B €
B;(X) with the following properties: each X appears in at most one pair (B, X) € X,
the different X do not touch, X y = U, x)cx X does not touch X, and the closure of
the union of X with Uz xyexB™ is U.

The following proposition is essentially [28, Proposition 5.1]. The only differences
are that we have factored out the factor e~*i+!1Al and that the doubling map 6 is ex-
plicit (it is implicit in [28]). Explicitly, note that K j11(U) and V;(X) are elements
of the Grassmann algebra A/ (A), i.e., they depend on the fields (1, ), but since the
doubling map 6 replaces (¥, 1/_/) by (¥ +¢, 1} + 5), the functions kj (X) and (81X
above depend on all of (¢, ¥, ¢, ¢).

For convenience and because it also demystifies the somewhat complicated for-
mula for the renormalisation group map, we have included a proof along with some
additional explanations. The proof of this proposition does not rely on the specific
choice of Q and J in (3.44)—(3.46) or on the property (3.47). This choice only be-
comes important in the proof of Theorem 3.13.

Proposition 3.11 Given (V;, K ;) define Z; by (3.18) with uj = 0. Suppose K has
the factorisation property (3.19) with respect to 'P;. Then with the above choice of
(wjt1, Vig1, Kjy1) and Zjyy given by (3.18) with j + 1 in place of j, we have
Zjy1=Ec;,,0Z;, and K11 has the factorisation property (3.19) with respect to
Pjt1. Moreover, if K ; is automorphism invariant then so is K 1.

Proof The proof essentially consists of algebraically manipulating the expression

Z;= Z 1Y K (X) (3.52)
XGPJ'

where I(B) = e~ "i®) and K (X) = K ;(X). These manipulations only rely on fac-
torisation properties of / and K (and not on their precise definitions). Hence we will
explicitly state the required factorisation properties, and later specialise to the context
of Proposition 3.11. We will use that ¥ =[] B;(v) 1 (B) factors over blocks and
K (X) factors over connected components of X. '

Change of coupling constants. Given any I(B) € N(B) for B € Bj,let §1(B) =
O1(B) — [(B) and IY = [ses;m) I(B), i.e., 01(B) depends on (Y + ¢, ¥ + ) by
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definition of 6, I(B) on (y, ¥), and 81 (B) depends on (¥, ¥, ¢, £). The binomial
expansion identity

o1M\ = " [V EnMED (3.53)
YCA\X

and (3.52) lead to, after changing the index of summation,

0Z; = ZiA\XIZ(X), K(X) = Z SHYOK(X\Y). (3.54)
XeP; YeP;(X)

We will later make the particular choice of I that corresponds to (3.51). Thus /
corresponds to the next-scale coupling constants V;,1. This will be important for
obtaining the desired contractive properties of the renormalisation group map in The-
orem 3.13. Exhibiting that the K coordinate is contractive will be aided by the fol-
lowing re-arrangements.

Cancellation of small sets. Keeping in mind that K factors over components
(since K factors over components), we can then define K (Y) to be K(Y) —
> Bij(Y)QJ (B,Y) for any connected polymer Y (and zero otherwise), where

J(B,Y) € N(B) are given. This yields the following formula for K:

K(X)= ]‘[ K()+ Z 0J(B,Y) | . (3.55)

Y eComp(X) BeB;(Y)

Again we will later specialise to J as defined in (3.45) and (3.46), in particular
J(B,Y)=0unless Y is a small set. The motivation for this step is that, for ¥ that are
small sets but not blocks, the effect is that K has the relevant and marginal contribu-
tions corresponding to ) 5 J(B, Y) removed. This step does not remove the relevant
and marginal contributions of blocks due to the choice (3.45). However, relevant and
marginal contributions of blocks will be removed by appropriate choice of I. Both
cancellations occur in the estimates in Sect. 3.8.3.

We next substitute (3.55) into (3.54) and re-arrange the resulting sum. Expanding
the product, (3.55) can be written as

K(X) = Z K(X) ]‘[ Z 0J(B,Y). (3.56)

X cComp(X) YeComp(X\X) BEB; (Y)

Given the polymer X \ X ,thereisa (X'\ X )-dependent set of sets X C {(B,Y): B €
B;(Y),Y €C;} such that

I1 Yo aB.n=> T[] /@B, (3.57)

Y eComp(X\X) BeB; (Y) X (B,)Y)eX

where the sum on the right-hand is over the aforementioned sets of X'. Explicitly,
the sets comprising X are sets of pairs (B, Y) where (i) B is a block in Y, (ii) each
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component ¥ occurs in exactly one pair, and (iii) ¥ is a component of X \ X. In
particular, X = X U X y. Thus

K(X)= Z K(X) ]‘[ 0J(B,Y). (3.58)

(X’)V() (B,Y)eX

Substituting this into (3.54), and using_that X € N(A)isa constant with respect
to EC_,+] , 1.e., the expectation acts on (¢, ¢) while X depends on (, ¥),

Ec,,,0Z; = Z "XEc,,, K(X)
XE’P]'

=Y Y iMEWR. [ R&) ] 6JB.Y) (3.59)

XePj (x,X) (B,Y)eX

where X y is by definition U( B.y)ex Y, and hence X = XUXy by the definition of
the set X.

Reblocking. Next we organise the last right-hand side of (3.59) as a sum over next-
scale polymers U € P4 . We start by inserting the partition of unity

1= Z 1W=U for every (X, X) (360)

UePji1

into the sum and changing the order of the sums. This gives

Ec,,0Zj= Y I"K'U) (3.61)
UE'PjJrl
with
KW= Y INXX0E. K [ eIy |, (362
(X.X)eG (W) (B.Y)eX

where we make the definition that G(U) consists of (X, X ) such that X e Pi, X
satisfies (i) and (ii) above, X y does not touch )V(, and X U Ui, ryex BY1=U. The
sum over X in (3.59) has been incorporated into the sum over ()V( , X).

Conclusion. We now specialise to the setting of Proposition 3.11. Thus we take
J as in (3.45) and (3.46), and I (B) = ¢~ @tV)i+1(B) with the exponent as defined in
(3.48), and K ;1 1(U) as defined in (3.49). The arguments above show that

Ec;,0Z; =e A 3" o= Vit g ). (3.63)

UePj

Jj+1

What remains is to prove the claims regarding factorisation and automorphism invari-
ance. For factorisation, note that } g, uu,) = 2_gw,) 2=, for Ut, Uz € Pj4i
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that do not touch. Moreover, since U; and U; are separated by a distance at least
Lit!l > %LH'I + 244117 the expectations in the definition of K ;1 (U; U U») fac-
tor. Here we have used our standing assumption that L > 2¢%2  that J(B,Y) =0 if
Y ¢ §;, and that the range of C 1 is %L/ *+1. Automorphism invariance follows from
the formula for K ;4 and the properties of Ec; 6 discussed in Sect. 3.3. g

Proposition 3.11 implies in particular that if K; has the factorisation prop-
erty (3.19), then we can identify (K;11(X)) XePj 1 1(Ax) with its restriction to con-
nected polymers (K j+1(X))xec;,,(ay)- Moreover, if the K; are also automorphism
invariant, then K ;| € IC’?H(AN).

By construction and the consistency of the covariances C; with j < N for different
values of N, the maps defined for different Ay are also consistent in the following

sense:

Proposition 3.12 For j +1 <N and U € Pj11(An), Vit 1(U) and K j 11 (U) above
depend on (V;, K ;) only through V;(X), K;(X) with X € Pj(UD). Moreover, for
U ePji1(An) NPjr1(Ay) with the natural local identification of Ay and Ay,
the map (Vi, K;) = (Vi1 (U), Kj11(U)) is independent of N and M.

Temporarily indicating the N-dependence of ® ;1 = ® ;4 y explicitly, consis-
tency implies the existence of an infinite volume limit @41 o0 =limy_ 00 Pj41.N
defined for arguments V; € V2 and K i =(K;(X)) xeCj(zd) € ICJ-g (Z%). Explicitly,
if we write ® ;11 y(V}j, Kj) = (le\i] , K]]-V+1
map, K;1(U) =limy K]NJrl (U), and similarly for V. The limits exist as the
sequences are constant after finitely many terms. This infinite volume limit does not
carry the full information from the ® ;1 » because terms indexed by polymers that
wrap around the torus are lost, but it does carry complete information about small
sets at all scales and thus about the flow of V;. As for the finite-volume maps, the
infinite volume limit carries a mild dependence on m?. We typically omit this from
the notation.

) and omit the N for the infinite volume

3.8 Estimates for the renormalisation group map

The renormalisation group map ®;; = ®;41,5 is a function of (V, K) € V2 o
ICI.@ (A pn). The size of V and K will be measured in the norms

IVIl; = sup IVl (3.64)
Be j
. _nd
IKIlj = sup AUBFO204 | K (X)ll7, e (3.65)
Xe j

where A > 1 is a parameter that will be chosen sufficiently large. The space of bulk
coupling constants V2 = C* has finite dimension. The space for polymer activities
IC?(A ~) is also finite-dimensional for N < oo since an element K; € IC;g (Ay) is
a finite collection of elements K ;(X) of the finite-dimensional Grassmann algebra
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N(Ap). Thus V2 @ IC]Q,j (A ) is a finite-dimensional complex normed vector space
with the above norms, and therefore a Banach space.

Theorem 3.13 Letd >3, L > Lo(d), and A > Ao(L, d). Assume that u; =0. There
exists € =&(L, A) > O such thatif j +1 < N and | Vj||; + | K|l ; < & then

lujr1 + Vit —Ec; 0Vl j+1 < OLYNK; |7 (3.66)
d—2
IKjillj41 < OL™ T D + A |IK 5
+ OV 1%+ 1K1, (3.67)

where n =n(d) and v = v(d) are positive geometric constants. The maps ® j1 are
entire in (V;, K ;) and hence all derivatives of any order are uniformly bounded on
Vil +1IK;ll; < &. Moreover, the maps ® j 1 are continuous in m2 > 0.

d—2
The last renormalisation group map ®y satisfies the same bound with L~ 7 "D

replaced by 1.

Theorem 3.13 is the analogue of [31, 32] for the four-dimensional weakly self-
avoiding walk, but much simpler since (i) we are only working with fermionic vari-
ables, and (ii) we are above the lower critical dimension (two for our model). The
factors L4 and A" in the error bounds are harmless. On the other hand, it is essential
that O(L_(%“) 4+ A7) < 1 for L and A large: this estimate establishes that K is
irrelevant (contracting) in renormalisation group terminology.

The remainder of this subsection proves Theorem 3.13. Readers not familiar with
the use of the renormalisation group might want to skip the somewhat technical proof
on a first reading and proceed to Sects. 3.9 and 4 to get an idea of how these estimates
are used.

Throughout the rest of Sect. 3.8 the hypotheses of Theorem 3.13 will be assumed
to hold.

The substantive claims of Theorem 3.13 are the estimates (3.66) and (3.67): these
quickly yield the claims regarding derivatives by a standard Cauchy estimate, as we
now explain. Recall that given two Banach spaces X and Y and a domain D C C we
say that a function g: D — X is analytic if it satisfies the Cauchy-Riemann equation
d;g = 0. For an open set O C X, we then say that a function F: O — Y is analytic
if F o g is analytic for every analytic function g: D — X. After (possibly) adding
some additional coordinates to ensure all necessary monomials are in the domain,
the maps (V;, K;) — (Vjy1, Kj11) are multivariate polynomials, and the norm esti-
mates (3.66) and (3.67) extend to this larger space. Being multivariate polynomials,
the @ ;1 are analytic functions.

We use analyticity and the Cauchy integral formula to extract derivatives. Namely,
if (V,K)and (VD K (i))l'.’zl are collections of polymer coordinates at scale j satis-
fying |V + 1K [l; <e/2and [V ; + | K@||; <1, then

D"® il ry(VO, KOy,

" dw,-
=7§7§1}w2

n n
©j1(V+Y wiVO K+ wik?) (3.68)

i=1 i=1
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where the n-tuple of contours are circles around 0 with radius ¢/(2n). The statement
of Theorem 3.13 regarding boundedness of derivatives follows.

The asserted continuity in m? > 0 follows from the explicit formulas for
(V2j+1, K1), that Loc is linear, and that the covariances C; are continuous in
m~ > 0.

3.8.1 Coupling constants

We begin with the bound (3.66) for V1. The first term on the right-hand side in the
definition (3.48) of u ;1 4+ V41 produces the expectation term in (3.66). For B € 13;,
the remainder in (3.48) is bounded as follows:

IOBrep< Y. IlLocx.s K;j(X)l7))
XESj:XDB

< O(I)Zu;l? [Locx, s Kj(X)l7;0¢;) < ODIKjll (3.69)

where we have used that the number of small sets containing a fixed block is O(1) in
the second step, and (3.39) in the third. Since each block in ;| contains L? blocks
in B;, by using (3.34) to bound the expectation and change of scale in the norm, the
first claim (3.66) follows.

The remainder of Sect. 3.8 establishes the bound (3.67) for K ;1. The following
basic observations will be used repeatedly. Note that by (3.34) the main term con-
tributing to u j41|B| 4 Vj41(B) is bounded by, for B € Bj,

IEc;  OViB)7; ;0 < INViB)lre,)- (3.70)
By combining this with (3.69) we have that, for B € B;,
ujr1| Bl < Vill; + OUK; ),
IVit1t B 7040 < WVillj + OUIK ).

(3.71)

3.8.2 Preparation for bound of the non-perturbative coordinate

To derive (3.67), we first separate from K ;1 1(U) a leading contribution. This contri-
bution is:

LinW= Y e "mUWemlXg. oK (X)— Y 0J(B.X)
XEC_,‘I}_(:U Bij

+ Z e~ jH(U\X)euj“‘X‘ECjH [(8I)X:|' (3.72)
XePj:X=U

Note that while the first sum on the right-hand side is over connected polymers, the
second is over all polymers. This expression includes the contributions to K ex-
plicitly linear in K ;, and all other terms in the definition of K are higher order,
see Sect. 3.8.5 below.

@ Springer



Percolation transition for random forestsind > 3

We may divide each of the sums on the right-hand side in (3.72) into the contri-
butions from small sets X € S; and large sets X € P; \ S;. We recall that small sets
are, by definition, connected. These restricted sums will be denoted by £, s(U)
and L1 p\s(U) respectively:

LinU)=Lj1,s8WU)+Ljp1psU). (3.73)

Large sets are easier to handle because they lose combinatorial entropy under
change of scale (reblocking), i.e., | B; (X)| will be significantly larger than |B; 1 (X)].
In renormalisation group terminology, they are irrelevant. Small sets, on the other
hand, require careful treatment.
3.8.3 Small sets
The main estimate on small sets is summarised as follows.
Proposition 3.14 The contribution L s to (3.72) satisfies

_(d=2
1L 41.slljs1 = 0L T AVIK 1 4+ LAAVAIG + 1K 15). (3.74)

In order to bound

LinsW)y= Y e VmU\Deunlxi
XESI'ZX':U

xEc,, [0K;(X) = > 0J(B.X)+©6DY |, (379
BEBj

we consider the terms X € S; \ B;j and X € B; in the outer sum separately. By the
definition of J in (3.46), forany X € S; \ B;,

3 IEICM[@J(B,X)]z 3 Ecjﬂ[@Locx,BK,-(X)]
BeB;(X) BeB;(X)

=Ec,,, [9 Locy K (X)], (3.76)

where the final equality follows from Proposition 3.8 (iii). Thus the contribution to
Ljt1,s from X € S\ B; is

Ec,., [9(1 - LocX)K,(X)] +Ec,,, [(31)"]. (3.77)
The contribution to £ s from X = B € B is
Ec,., [QKj(B) +81(B) —0J(B, B)] —Ec,,, [9(1 - LocB)Kj(B)]

+Ec,,, [51 (B)+0 Q(B)]. (3.78)
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We now give a series of estimates, bounding the right-hand sides of (3.77) and
(3.78) and the term outside the expectation in (3.75), and then assemble them into a
proof for Proposition 3.14.

Lemma3.15 Forany U €Cjyq,

[, [0 —Locx)K; ()] — oL K ;. (3.79)

XESJ':)_(=

)TH—] (j+1)

Proof Note that X € S i+1if X € §;, so it suffices to prove the lemma for U € Sj41.
Now for any U € S;41, since there are O(L¥) small sets X € S; such that X=U
we get

[Ec,. [001 = Loex) k(%)
XeS;:X=U

Tjv1(€j41)

< O(Ld)Xsug H]Ecj+l [9(1 —LocX)Kj(X)]
€0j

Tjv1(€j+1)

<OLY) sup (1 —Locx)K; (X7, 2¢100)
XES/'

_ _(4=2
<o@How H LTy sup 1K, (X750
XES_/'

d—2
<O T MK (3.80)

where we have used the contraction estimate (3.33) for the expectation in the second
step and the contraction estimate (3.40) for Locy in the third step. g

Lemma3.16 For B € B3;,

|Ec,..[s1B)+00(B)] = 0V I3+ 1K51P), (3:81)

J+1 (1)
Proof By the definition of (1 4 V) ;41 in (3.48) we have
Ec;, [81(B) +60(B)| =Ec,,, [0 ® — 1+0v,(B)]
— e E k@ V)] 382

By the product property (3.26), if for some V and some k we have ||V (B)|l 1) < 1,
then

le™"™® =1+ VBl < OUIV (BT, 4,)- (3.83)

Recall that Ec; 0 is contractive as a map from T;(£;) to Tj4+1(£;41) by (3.34).
Applying these estimates to the 711 (£+1) norm of (3.82) and using (3.71) gives the
bound (3.81). O
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Lemma3.17 For X € P;,

= (O(IVjll; + 1K1l ;)Bi L, (3.84)

Ec, [51 X]
” Cim 6D Tjp1(€j41)

Proof Using that Ecj 41 satisfies the contraction estimate (3.32), it suffices to show

1EDX 7,410 = (OUV 1 + 1K 1) BT 0L, (3.85)
J

By the product property (3.26) it suffices to prove this estimate for a single block. In
this case,

18I (B)II7;41ce550) < 10€e™ TP = Dz, 0500 + e @B — 17

1)
SOUViB) It @) + O+ V) jr1 (BT, (e541)
(3.86)

by the product property (3.26) of the norms and (3.31). Using 2¢;,1 < £; and (3.30)
for the first term and (3.71) for the second term bounds the right-hand side by
O(IVjll; +IK;ll;) as needed. O

We need one further general estimate.
Lemma3.18 If |Kll; + 1V;ll; <& =¢e(d, L) is sufficiently small, then ifX=Uce
Pjt1,

Vi1 (U\NX)+u

le j+11X] 17,1 ey < 2B (X)) (3.87)

Proof By the product property (3.26) and (3.71) to bound V;;1 and u 1,

e Vi AR <A+ 0O, (3.88)

+1&j+1)
and |B;(U)| is at most L¢|B;+1(U)| < L4|B;(X)|. The claim follows provided (1 +
0@ <. O

Proof of Proposition 3.14 To estimate the summands of £, s(U), we use the prod-
uct property of the || - |7;,,() norm to combine Lemma 3.18 with Lemma 3.15,
Lemma 3.16 for X € B}, and with Lemma 3.17 for X € S;\B;. For the sum of the

terms (81)X we use that (1 + ||Vj||§ + IlKj||§)Ld < 2 provided & = g(L) is small
enough. Altogether, we obtain

_(4=2
L1181y, = OL™T VUK 117 + LAV E + 1K;15).  (3.89)
which proves the lemma. O
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3.8.4 Large sets

Next we consider the contribution to (3.72) from the terms X ¢ S; in the sums, i.e.,
L +1,p\s- The main estimate of this section is summarised in the following proposi-
tion.

Proposition 3.19 The contribution L | p\s to (3.72) satisfies
1L 11 p\8lj+1 = OATIK ;1 + A IVl + 1K 115T%) (3.90)

We begin by recording a combinatorial fact, see [28, Lemmas 6.15 and 6.16] or
[32, Lemmal C.3] for details on its proof. For the statement, recall that if X € P;, then
its closure X € P;;1 denotes the smallest next-scale polymer containing X.

Lemma3.20 Let L > 29 + 1. There is a geometric constant n = 1(d) > 0 depending
only on d such that for all X € C; \ Sj,

1B;(X)| = (142n)|Bj+1(X)]. (3.91)
Moreover, for all X € P}, |Bj(X)| > |Bj+1(X)| and
1B;(X)| = (14 n)|Bjr1(X)| — (1 + )29t Comp(X)|. (3.92)

We also record an application of this estimate to sums indexed by large polymers
which will be used in this and in the next section. By (3.91), if A = A(L) is large
enough,

A|Bj+l(U)| Z (A/2)7|B!(X)| < (2Ld21+2nA72n)\Bj+1(U)\ < A*V}|Bj+1(U)|,
XECJ'\SJ':)_(=U
(3.93)
as the set of X € P; with X = U has size at most 2Ld|BI+1(U)|. Similarly, by (3.92),
if @ > A(l+n)2d“,

AlBj+1(U)] Z (A/z)—\B_/(X)Ia—\COmP(X)I < A—@/D1Bj 1) (3.94)
XE'P.,':)_(=U

Proof of Proposition 3.19 From (3.72) and (3.73), recall that (as J (B, X) = 0 for large
X)

£j+1,73\S(U) = Z e~ j+1(U\X)-i-uj+1\X\Ecj+1 [QK]‘ (X)] (3.95)
XEC_/\S_/:X=U
+ Z e~ j+1(U\X)+uj+1\X\ECj+1 [(51)?{].
XePj\S;:X=U
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We first consider the case U € Cj+1 \ Sj+1, and proceed as follows: for || K| ; +
IVill; < e with ¢ sufficiently small, by Lemma 3.18 the j + 1 norm of the K contri-
bution to (3.95) is bounded by

AlBj1 (W) =2¢ Z 2|Bj(X)|HECj+1 [QK]-(X):I
XGC.,'\S./:)_(=U

. (3.96)
Tjp1(€j41)

By the definition of ||K||; and noting that (|B;(X)| —2%); = |B;(X)| — 2¢ since
Xé¢S;,

—(B: (X)|—24
Ti1€ien) <A (1Bj(X)|-2 )“Kj”], (3.97)
J J

HECHI [91{ j(X)]

where we have also used the contraction estimates (3.33) and (3.30). Inserting this
bound into (3.96) and using (3.93) gives that the K contribution to (3.95) is bounded
by

AB TN A B O <ATKG L. (398)
XECj\SjZ)Z:U
This is the desired bound for the first term in (3.95).

To bound the j + 1 norm of the § contribution to (3.95), Lemmas 3.17 and 3.18
and the product property yield (provided ¢ is sufficiently small depending on L)

ABR@I2 NV @Ot X 51

XE'PJ'\SJ':)_(=U Tj+1(ﬁj+1)

1B;(X)|
] . (3.99)

. _nd
<AB@IE S ROV + K1)
XEPJ'\SJ':)_(=U

Since U € Cjy1 \ Sj+1 and X = U, each X in the last sum must have |Bj(X)| >
24 4 1. If IVill; + I1K;ll; < & and ¢ is sufficiently small (depending on A), then

the quantity in brackets is less than 1/ AZF2014m27H By the elementary inequality
()2 < " for ¢ € (0, 1), n > 4 and using that |B;(X)| > 2? + 1 > 4 for each
summand, we obtain the upper bound

. _IR. _ d+1\13.
OVl + ”Kj”j)]zAlBjJrl(U)l Z A~IBi ()] g—U+m2TT B (X)]

XGPj\Sj:X=U
(3.100)
Using (3.94), it follows that the 7 contribution to (3.95) is bounded by
OAT2IV,I; + 11K 11 = OVl + K111, (3.101)

for A sufficiently large. We have now completed the bound on (3.72) provided U €
Ci+1\Sj+1.
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The argument is similar if U € S; . In this case the prefactor AlBj+1(U)] =24 gets
replaced by 1 in (3.96) and (3.99). For the K contribution, in place of (3.98) we ob-
tain, since 1 4 29 < IB;(X)| < Ld|Bj+1(U)| < (2L)? and the number of summands

. . . d
in this case is at most 20"

Z e J'+1(U\X)+uj+1|X|Ecj+] [QKj(X)
XeCj\S;:X=U e

_ d -
< A~1p20D) IK;ll; = OA™IK;ll;) (3.102)

for A large enough depending on L and d. For the 6/ contribution, in place of (3.99)
we have

Z e*VjJrl(U\X)JerHIXIIECI_Jrl [(SI)X
XeP/)\S;: X=U 1)

d
<0 (22(2“ (vl + ||K,-||,-]2) (3.103)

since each summand on the left-hand side has |B;(X)| > 2.

Thus for A = A(L, d) sufficiently large and ¢ = ¢(A, L) sufficiently small, the ex-
pression (3.95) is bounded in the T;11(£;4+1) norm by O(A™"||K;|l; + A [IIV;ll; +
IK;1;1%) in all cases. O

3.8.5 Non-linear part

Finally, we consider the non-linear contribution K ;11 — £ ;1. To conclude the proof
of (3.67), and hence the proof of Theorem 3.13, we prove the following estimate.

Proposition 3.21
I1Kjr1—Ljllj+1 <AOUKNAK I+ 1Vill))- (3.104)

Before diving into the proof, let us review the terms which remain to be estimated.
Recall the definition of K;{(U) from (3.49) and the leading part £;11(U) from
(3.72). Write | X| for the number of pairs in X'. With respect to the indexing of sum-
mands for K;{(U), the leading part £;{(U) results from the terms with |X| =0
and X = X by only keeping the terms in the formula for K (X) with either a single
factor 6K ;(X) when X € C;, a single factor (81X when X € Pj, or a single factor
Y g 0J(B, X). It follows that we can write

Kini(U) = Lj1(U) =R U) + R*(U) + R (), (3.105)
where
RI(U) = gHi+11U] Z 3_(u+V)j+l(U\XX)ECjH|: 1—[ 0J(B, X):|, (3.106)
Gi1(U) (B,X)eX
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RE(U) = et+11U] Z o~ WHV)j+1 (U\XUX )
G ()

xECHI[(k(i{)—(31)’?1,,(,:0) ]‘[ 9J(B,X)], (3.107)
(B,X)eX

and

RIW) = e V1 3 e~ V)11 (U\X)
G:(U)

x Ec,,, [1%(5() —0KX) - 6DF + Y 91(3,5{)], (3.108)
BEBI'

when the subsets G;(U) C G(U) are defined as follows. The set G;(U) is defined by
imposing the conditions |X| = 1 and X = @. The set G>(U) is defined to consist of
(X, X ) such that X y U X has at least two components. In particular, if X = &, X
has least two components and if X = & then |X| > 2. Finally, G3(U) is defined by
the conditions | X'| =0 and X e C;.

The next lemma clearly implies Proposition 3.21.

Lemma3.22 Fori e{l,2,3},
IR j1 < A”OUIK K 15 + 1Vl ;). (3.109)

Proof of Lemma 3.22 fori = 1 We begin by bounding R'. This bound exploits that
Y x J(B,X) =0 for every B € Bj, see (3.45)—(3.46) and (3.47). As X is a single
pair {(B, X)}, Xx = X. Since X = & we can write

RI(U) — Mi+11U] Z Z e_(u+v)j“(U\XX)]Ecj+l [GJ(B,XX)]I
BEB]' XxéSj

BO=U"

(3.110)
Since ZXX J(B, X x) =0 for B € B, we can rewrite

RI U) = eti+1lUl Z Z e*(”+v)j+l(U\XX)(1 _ e(u+V)j+1(Xx))
BEBJ' XXeSj

x Ec,., [GJ(B, XX)]IB—D:U. (3.111)

Since Xy € Sj we have |[1 — @tV X0 o = O@A(Vill; + 1K)
by (3.71). Moreover, (3.39) implies || (B, X)ll7;¢;) = OUIKll;), so |Ec;,,0J (B,
141050 = O(IKj j) since Ec;,,0 is a contraction. Finally, exactly as in the
proof of Lemma 3.18, [|¢“/+1 @~V WX |17y < (14 0(e)) B <
2 for ¢ = ¢(L) small enough, since U is the closure of BY. As there are O(LY
summands in (3.111) we have shown

IR' W) 75106, < O AIVSll; + IKINIK 1))
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SO UVill; + 1K IDIK ) (3.112)

Since AIBi+1WI=2)+ = 1 for any contributing U (as U is the closure of BC for
some block B), this concludes the desired bound on R (U). Il

Before proceeding to the proof of Lemma 3.22 for i =2, we first provide estimates
on the norms of K (X) and K (X) — (81)X.

Lemma3.23 If||V;|l; + |K;ll; <& and e = e(A, L) is sufficiently small, then

v v d v A _ 3
1K GOl 165000 < TAZ OV 1+ 1K 1)) CmPE0l ) 7801,
(3.113)
Vv v v d v _
IKX) = BD XI5, < TAZ OV j + 1K 1| ) PO
d A _iB.(%
x O(ATIK 1) ()L (3.114)

The proof of these estimates is postponed until the conclusion of the main argu-
ment.

Proofof Lemma 3.22fori =2 If ||V;||; + ||K;||; is small enough, arguing as in
(3.87) implies [+ e=(HV) i WAXUX )10y < 218101 and by (3.39),
I/ (B, X)llIT;e;,) = O(IK;llj). Thus using that Ec,,, contracts from 74 ({;+1 U
£j4+1)into Tj41(£;41) we obtain

IR* W)z, 1500 < 2B Y TOUKNNITIK X) = BD* 1x_g 14106500
G2 (U)
(3.115)

For brevity let us write b for the factors O(||V;|l; + K|l ;) above. By (3.115) and
Lemma 3.23, it suffices to show

ABnlglB; 1§ (bAzd)|X|+|Comp<)?)\(é)—|8_/<)?)\ <A'OMB?).  (3.116)
2
G2(U)

Indeed, (3.115) is bounded by 0(A*|3j+1 @1 K ;|| j/b) times this quantity. The small

IK;llj/b is due to the fact that if |X'| > 1 there is a factor ||K||; in (3.115) and if

|X| = 0 then (3.114) provides such a factor in place of b. Hence (3.116) gives
IR[lj41 < OAMYUIV,ll; + K INIK ;- (3.117)

To verify (3.116), first note that since |B;(U)| < Ld|Bj+1(U)|, for any ¢ > 0 the
prefactor can be bounded by

ABI@IIB; W) ¢ (g)ufc)\B,-H<U)\2<Ld+1)\l’>’,-+1<l/)\(g)clBjH(U)y (3.118)
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Taking c > 1, the product of the first two terms on the last right-hand side is less than
1 for A sufficiently large. It thus suffices to prove that for some ¢ > 1

(é)C\BHl(U)l Z (bAZd)le'HCOTnP()V()l(é)—|B.i()v()| < AUO(bZ). (3.119)
2 2
G2(U)
At this point we appeal to [28, proof of Lemma 6.17]; this result estimates the same
sum but over G(U) instead of G,(U). However, following exactly the same proof as
in [28] but using that the sum is over G, (U), the supremum over n = 1in [28, (6.85)]
becomes a supremum over n > 2 since |X'| + | Comp(X)| > 2. This yields that there

exists ¢ > 1 such thatif A = A(L, d) is large enough, then there is an m such that for
allU € Pj+1,

(%)ClB_H—I(U)l Z (bA2d)\XH-|Comp()vf)l(%)—Wj(}vf)l — 0((bAm)2), (3.120)
G2(U)

which is A” O (b?) as needed. O

Proof of Lemma 3.23 For notational convenience, for ¥ € C; let

Kyy= Y oK, \wen". (3.121)
WeP;(Y)

We first establish that the claimed bounds follow from the definition of K (X) in
(3.50) if we show, for ¥ € C;,

d
<AT OV Il + 1K1l ))
Tjy1(€j+1)

Hl%(Y) - Z 0J(B,Y)

BeB;(Y)

A
x (5)431‘(” (3.122)

”IE(Y)—(M)Y— > 60J(B.Y) gAzd0(||Kj||j)(%)*|5j(y)|'

BeB;(Y)

Tjv1(€j+1)
(3.123)

Indeed, though K ()V() — (81)* does not factor over components X of X, it can be
written as a sum of |C01np()vf )| terms, each of which is a product over the compo-
nents X of X. That is, we use the formula (a+b)" —ad* = ZZ;& a*b(a + byr+1
with @ = (81)X and b = K(X) — (81)X. Thus each summand contains one factor
K (X) — (D)X and the rest of the factors are either K (X) or (81)X. The estimates
(3.113)-(3.114) then follow by using (3.122)-(3.123) and Lemma 3.17.

To establish (3.122)—(3.123) we apply the triangle inequality. Since J(B,Y) =0
ifY ¢S;,

Z 0J(B,Y)

BeB;(Y)

<Okl ) (3.124)

Tiv1(€j+1)
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where we have used ||J(B, X)||Tj((j) = O(||K|lj), that & contracts from T;(£;)
into Tjy1(£;41) and that |B;(Y)| < 24 This shows the J contributions to (3.122)
and (3.123) satisfy the requisite bounds. For the other contributions, note that by
(3.85), component factorisation of K ;, and the contraction property of the norms and
6, for B € Bj and Z € P; we have

161 (B)II7;4 106,00 < OUVllj+ 11K ), (3.125)

- (W) =24 Comp(Z
||0KJ(Z)”T/+1(KJ+1) gA ZWeComp(Z)qBj( )| )+||Kj”|j omp( )‘ (3126)

We now impose the condition that & < A’zd and that O(¢) < A J in the implicit
bound below. Plugging the previous bounds into the expression for K (¥) we have
1K) — @D |7,

+1¢j+1)

< Y IEDPOK ;Y\ D)7y
ZeP;(Y):Y#Z

< Y OVl K1) B
ZeP;(Y):Y#Z

1K | |] Comp(\Z)| 4 = Lwecomperz) (1B (W) =24+

d | Comp(Y\Z)| . _IB.
< X (i) OVl + 1K1 )B4~ 18\
ZeP;(Y):Y#Z

d _ .
SAYYK IOV, + 1K)+ A~HIBiMI
., —1B;(¥)]
< AY|Kj | <§> . (3.127)

Since (8D Iz, < LOUVill; + 1K INIBIOT< A0Vl + 1K) x
ABiMLif 0(e) < A™!, by the triangle inequality we also have
. 5 —1B; )l

K700, <A™ OVl + 1K) <5> : (3.128)
Together with (3.124) this proves the lemma. g
Proof of Lemma 3.22 fori =3 The bound on R3(U) is similar to that of R2(U)
but simpler since only connected X are involved. In particular, the analogue of
Lemma 3.23 only involves the reasoning leading to (3.127), with the key difference
being that now also Z # J. We omit the details. 0

3.9 Flow of the renormalisation group

Recall the infinite volume limit of the renormalisation group maps ® ;1 oo discussed
below Proposition 3.12. We equip IC? (Z%) with the norm IK]|; defined by (3.65).
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This space is now infinite dimensional, but it is clear that it is still complete as a
normed space, i.e., a Banach space. Moreover, by the consistency of the finite vol-
ume renormalisation group maps (Proposition 3.12), the estimates given in Theo-
rem 3.13 also hold for the infinite volume limit. Next we study the iteration of the
renormalisation group maps as a dynamical system. In what follows Ky = 0 means
Ko(X) =1x—g for X € P;.

In the next theorem (and later in the paper) we write O (-) to indicate a bound
with a constant that may depend on L, but where the constant is uniform in j, i.e.,
fj =O0r(L7/)if there is a C = C(L) such that f; < CL™/ forall j.

Theorem 3.24 Let d >3, L > Lo, and A > Ay(L). For m?2>0 arbitrary and by
small, there exist VOC(mZ, bo) and k > 0 such that if (Vy, Ko) = (VOC(mZ, bo), 0) and
(Vit1, Kjr1) = Py o0 m2(Vj, Kj) is the flow of the infinite volume renormalisation
group map then

1Vjllj = Or(boL ™), IKllj = OL(bGL™). (3.129)

The components of Vi§ (m?, bo) are continuous and uniformly bounded in m* > 0 and
differentiable in by with uniformly bounded derivative.

Proof of Theorem 3.24 The proof is by a version of the stable manifold theorem for
smooth dynamical systems. Specifically, we use [28, Theorem 2.16].

To start, we write down the dynamical system corresponding to the renormalisa-
tion group map. The definition of V; 1 is (3.48). We start with the contribution to
V41 arising from the first term

Ec; [0V (B)] =it11BI+ Vi1 (B), (3.130)

where i ;11 and Vj+1 are defined by the right-hand side. These can be computed by
the Wick formula (3.10), which gives

- - b
Zim=zj 4+, Fii=y+«lbj, G130

~ b
aj+1:aj+/<J“- bj, bj-i—l:bja

. b b 1
with K]y- = _.C]L!»](O), /c;.‘b = ACjH(O),.and K]Z- = E.ACJ-H(O). Ind.eed, non-
constant contributions only arise from quartic terms, and Wick’s formula gives

Ec[ 00t (Ve)x (Vo)) |

= YV (Ve )x (Vep)x — CO) (Vo) (Ve )y — Ve V-, CO) Y,
+ Vo COWYx (Ve)x — VeC(0) P (Vo) + (constant). (3.132)

Since V,C(0) = C(e) — C(0) = %Zeegd(C(e) — C(0)) = ﬁAC(O) for all e €
&4 by symmetry, and since the lattice Laplacian has the representations A =
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_% Zeegd Vevfe = Zeegd Ve, therefore
Ec [0 (Vi) (V)0

= 5 3 B[00 (Ve (Ved) )]

ee&;

= Y (V) (V)x — C(O)(Vl/f)x(Vlﬁ)x + ACO)Yx Y

1
AC(O)( RN (Aw>xwx> + (constant). (3.133)

Since [|V;(B)l|1;(;) is comparable with |z;| + |y;| + L¥ |a;| + L=@=2J|b)|, i.e.,
IVi(B)lIz;¢e;) = Or(lzj| + |yjl + L¥a;| + L=4=2i|b;]) = OL(”V/(B)”T,(Z >
it is natural to define the rescaled variables and coefficients Z; = z;, 3; = y;,
_ _ d—2 sab _ y24dj, ab Y0 _ y(d—=2)j, b ~zb
aJ—L/a/, bJ—L ( )fb/, 7 —L+f/<;’ s =L )chj o and & ]Z

L(d_z)jlcjz.b. The definition (3.48) of V; | then becomes

i1 =2, +RPh; + 7%, Yjr1 =9 +&; *b; +77, (3.134)
ajp1=L%;+ &b +7,  bja=L"""2b;+7. (3.135)

Here 7; is the 4-component vector of real numbers determined by the Loc step of the
renormalisation group map. Each component is thus a linear function of K;, and by
(3.66) of Theorem 3.13 has size O(Ld||KA,~ ;). The &; are uniformly bounded in j
by the covariance estimates (3.3).

We now reorganize variables. Set v; = (§,%;,d;) and w; = (b;, K;) and use
|l - ll; for the norm given by maximum of the (norm of the) respective components.
The index j does not play a role for ||v;||;, but it does for [|w;|| ;. By the computa-
tion above and Theorem 3.13 the infinite volume renormalisation group map can be
written in the block diagonal form

vi+l ) (E BJ)(Uj) ( 0 )
(wj+1> (O D; ) \w, + g, w)) ) (3.136)

In this formula, £ comes from the first terms on the right-hand sides of the Z, y,
and a equations in (3.134) and (3.135), B; represents the /2}‘" and the f}‘ terms with

X =2,y,a, and D; represents the first term in the b equation in (3.135) and the lin-
earisation of (0, K;) — K1 1. Finally, g;1(v;, w;) is then the non-linear remainder
of K after the linearisation is removed. It follows from these identifications that
gj(0,0) =0 and Dg;(0,0) = 0. Moreover g; is analytic in its arguments, so that all
structural hypotheses required to apply [28, Theorem 2.16] hold.

As for the requisite norm estimates, since it is a 3 x 3 triangular matrix with
non-zero diagonal entries, E is invertible with bounded inverse E —1 As indicated
above, [|7;lj+1 = O(Ld||Kj||j), 0 || Bj|lj— j+1 is bounded. Finally, the derivative
estimates on the renormalisation group map from Theorem 3.13 imply the following
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norm bounds on D;:
IDjlljj+1 <bomax{L™"?, O(L™> + A"} < O(boL ™), (3.137)

with the latter inequality holding provided A is large enough.

For every m? >0, bo sufficiently small, and Ko = 0, [28, Theorem 2.16] now
implies that we can find an initial 3-tuple of coupling constants v (m?, b)), or equiv-
alently an initial local potential VOC (m2, bo), so that for some « > 0,

lvjll; + llwjllj = O (boL ™). (3.138)

These bounds are not explicit in the statement of [28, Theorem 2.16], but are im-
mediate from its proof (because the proof constructs a solution in a correspondingly
weighted sequence space). In particular this bound implies that || K;|l; + | V;]l; =
Or(Ivjllj +llwjllj) = O (boL™).

Smoothness of the renormalisation group map implies that Vj (m?, bp) is smooth
in bg. To see that VOC (m2, by) is also continuous in m?2 > 0, one can for example regard
v; and w; as bounded continuous functions of m?, i.e., consider v; € Cp([0, 00), R3)
and w; € Cp([0,00),R x IC? (Z4)). Since all the estimates above are uniform in

m? > 0, the previous argument applies in these spaces and shows that the solution is
continuous in m?. g

Remark 3.25 Note that while Theorem 3.13 assumes that u; = 0 and produces u 11,
it is trivial to extend the statement to u; # 0 by simply adding u; to the u ;11 pro-
duced for u; =0.

By consistency, the finite volume renormalisation group flow for V; agrees with
the infinite volume renormalisation group flow up to scale j < N provided both have
the same initial condition. As a result we obtain the following corollary by iterating
the recursion (3.67) for the K -coordinate using the a priori knowledge that || V| ; =
O1.(boL~"7) due to Theorem 3.24.

Corollary 3.26 Under the same assumptions as in Theorem 3.24, the same estimates
hold for the finite volume renormalisation group flow for all j < N, and the V; and
uj produced by the finite volume renormalisation group flow are the same as those
for the infinite volume flow when j < N.

From this it follows that if e ““¥IAN1 denotes the total prefactor accumulated in the
renormalisation group flow up to scale N, then uy is uniformly bounded in N and
m? as m? | 0 if we begin with V{ as in Theorem 3.24. Indeed, up to scale N — 1 this
follows from the bounds (3.129) and (3.71). In passing from the scale N — 1 to N, the
renormalisation group step is A y-dependent, but is nevertheless uniformly bounded

by the last statement of Theorem 3.13.
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4 Computation of the susceptibility

In the remainder of the paper, we will use the notation (with A = Ay)

Be[e ]

<F>=(F>V0=W

4.1

.....

and assume that (V;, K;);—o
Kijt1))=®;+1(V), Kj).

In this section we express the susceptibility in terms of the dynamical system
generated by the (bulk) renormalisation group flow. First recall that Zy = e~ "0
and that

N is a renormalisation group flow, ie., (Vjy1,

C=A+mH'=Ci+ - +Cy_1+Cyn, Cyn=Cn+in0On, 4.2)

where A is the Laplacian on Ay, ty = m=2— 0(L2N ) is a constant, and the matrix
Oy is the orthogonal projection onto constants (i.e., all entries equal 1/|Ay|). Using
(3.11) and (3.13), with uy as in (3.18), we then set

Zn.n =Eryoy [QZN] =Ec [920], Znn =V Zy N (4.3)

where E;, 0,6 is the fermionic Gaussian convolution with covariance #y Q y defined
in Sect. 3.1. Thus ZN,N is still a function of i, gﬁ, i.e., an element of N'(A). Note
that Ec[Z] is the constant term of Zy y, i.e., obtained from Zy y by formally set-
ting ¥ and ¥ to 0. The following technical device of restricting to constant fields v,
¥ will be useful for extracting information. By restriction to constant v/, ¥ we mean
applying the homomorphism from A (A) onto itself that acts on the generators by
Yy > Ill\_\ Y rea ¥y and likewise for the V. The result is an element in the subal-

gebra of A'(A) generated by Ill\_l Y ven ¥y and ﬁ D oieA ¥ ; we will simply denote

these generators by ¢ and ¥ when no confusion can arise. To explain the notation
in the next proposition, note that a general even element of this subalgebra can be
written as FO + szw for some constants F°, F2, c.f. (3.21).

Proposition 4.1 Restricted to constant , r,

Znn=1+iyn—|Anlan vV,

~ _ 0 | =~ ~ _ N
un, N =ky +an ntwn, aAN.N =aN — ———
[AN]
where
Ky =O0UKNIN), ki =O0UVIKNIN). 4.5)

If Vo, Ko are continuous in m*> > 0 and by small enough, then so are k?v and k12v~
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Proof Since the set of N-polymers Py (Ay) is {&, An} and “¥IAN1 s a constant,
(3.18) and (4.3) simplify to

Zn.n =By [ 0™V + Ky (An)). *6)

We now evaluate the integral over the zero mode with covariance ty Q. To this
end, we restrict~VN (Ay) and l( N(An) to spati~ally constant ¥, ¢ and denote these
restrictions by Vy(Ax) and Ky (Ay). Since Vy and Ky are even, they are of the
form

VN (AN, ¥, ¥) = |Axlan ¥ (4.7)
Kn(An, ¥, %) =k + k39, (4.8)

where the for_m of VN follows from the representation (3.36). Thus restricted to con-
stant ¥ and i the integrand in (4.6) is

e WAV L Ry (An) =14k — (|Anlan — K3y, 4.9)

Therefore applying the fermionic Wick formula E;, o Nexpxﬁ =—tN|ANIT F Uy,
we obtain (4.4). The continuity claims for k?v and k12v follow as (V;, K;) is a renor-
malisation group flow (see below (4.1)) and since the renormalisation group map has
this continuity.

The bounds (4.5) follow from the definition of the Ty (£y) norm. Indeed, since
ko is the constant coefficient of Ky (Ay), clearly K =0(KnIn). Similarly, set-
ting g(x,1),(y,—1) = 1 for all x,y € Ay and g, = 0 for all other sequences, we have

lglloy ey =€y and
kil = (KN (AN). &) < lIglloyen IKnIn = €7 1K lly (4.10)
where (-, -) is the pairing from Definition 3.3. 0

Proposition 4.2 Using the notation of Proposition 4.1,

- 1 1 7
3 o) = —5 — —g e (4.11)

=27 4 ~
m m*14+u
xelAy + N.N

Proof We amend the algebra N (A y) by two Grassmann variables o and & which we
view as constant fields o, = o and 6, = 6. We then consider the fermionic cumulant
generating function (an element of the Grassmann algebra generated by o and o)

[(0,6)= logEc[Zo(llf, 1})6(‘7”/})"'(1/”&)], (4.12)

where C is as in (4.2). By translation invariance

_ 1 - 1 _
Z<wowx>:m > (Va¥y) = 118505 T(@,6). (4.13)

xeAy X, yEAN
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The linear change of generators ¥ — ¥ + Co, ¥ — ¥ + C& yields
I'(0,5) = (0, C5) + log Ec [ezo(cc, ca)], (4.14)

where the right-hand side is to be interpreted as applying the doubling homomor-
phism and then restricting to constant o, o. Since o is constant in x € Ay, we have
Co =m 2o. With (4.3) thus

[(0,6)=m 2|Ay|od +log Zy n(m 20, m™25) —un|Ay|. (4.15)
As aresult, by (4.4)—(4.5),

1 B 1 1 aN.N
— 050, (0,0) = — — — ————. 4.16
a2 = T T iy e

5 The observable renormalisation group flow

Recall that (-) denotes the expectation (4.1), in which we will ultimately choose V =
VOC (bo, m?) as in Theorem 3.24. This section sets up and analyses the renormalisation
group flow associated to source fields. This will enable the computation of correlation
functions (observables) like (¥, ) in Sect. 6. Our strategy is inspired by that used
in [14, 75], but with important differences arising due to the presence of a non-trivial
zero mode in our setting.

5.1 Observable coupling constants

As in the proofs in Sect. 4, we amend the Grassmann algebra by two source fields.
Now, however, the additional fields are not constant in space but rather are localised
at two points a, b € A = Ay . We distinguish between two cases:

Case (1). For the two point function (1/_/‘a Yp) (which we call ‘Case (1)’), the addi-
tional source fields o, and o}, are two additional Grassmann variables that anticom-
mute with each other and the v, V.

Case (2). For the quartic correlation function (¥, ¥, ¥ V) (called ‘Case (2)°), we
introduce additional Grassmann variables 5x, ¥, for x € {a, b} and the additional
source fields o, and o}, are the commuting variables o, = 0.0, for x € {a, b}. This
explicit U (1) invariant choice will be convenient when discussing symmetries.

In both cases we relabel the initial potential Vj from Sect. 3 as VOg and set Vy =
Vofa + Vi where VJ is an observable part to be defined.

Case (1). In this case,

V§ = —1a,00a¥a — A, 0Vb0p. (5.1

The spatial index of V{ signals the local nature of the source fields. More pre-
cisely, the evaluation of V;; on a set X is defined to be spatially localised: V{j(X) =
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—2a.00a¥alaex — Ap.oV¥poplpex. Recalling that C = (—A + m?)~!, see (3.1), it
follows that

- 1
(Fa¥hp) = a0, log B[ 70D (52)
Aa,04b,0

Obtaining (5.2) is just a matter of expanding e Vo), using (¥,) = (¥) =0, and
applying the rules of Grassmann calculus. Note the order of 95, and 9,,, which is
important to obtain the correct sign. Although (5.2) holds for any constants A, o,
Ab,0, it is convenient for us to leave these as variables to be tracked with respect to
the renormalisation group flow.

Case (2). Similarly to the previous case, we choose

Vi = —2a,00aV¥a¥a — hb,00b Vs, (5.3)

so that

1 —Vo(A)
(Fatya) = i logEc e ™0™ | (5:4)

a,

Ap,0=0

- - _ - 1
TV s) = aba) (Do) = -—— o, 0, log Ec [ WD ] (5.5)
Aa,0Ab,0

To distinguish the coupling constants in the two cases, we will sometimes write kép 3
with p =1 or p = 2 instead of A, o, and analogously for the other coupling constants.

5.2 The free observable flow

To orient the reader and motivate the discussion which follows, let us first consider the
noninteracting case VOg =0, in which the microscopic model is explicitly fermionic
Gaussian. In this case, one may compute all correlations explicitly by applying the
fermionic Wick rule. The same computation can be carried out inductively using the
finite range decomposition of the covariance C, and we review this now as it will be
the starting point for our analysis of the interacting case.

To begin the discussion, observe that all source fields square to zero, i.e., oaz =
Ub = ob = 0. This implies that V‘*(A)3 0 since Vj(A) has no constant term and
has at least one least source field in each of its two summands. Given V(;* , we induc-
tively define renormalised interaction potentials that share this property:

1
W (0) + Vi () =Ec,, [0V | = 3B [0V ovim)] - 66

where

Cin [V 0V (M) | =Ec,, [0V (8] = (Ec,. [V} (A)]) .7
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and u; " 1 (M) collects the terms that do not contain v or I/_/ Consequently, one can
check that

Ec,,, [ee‘vf(“)] —Ec,,, [9(1 _vra+ %W(A)z)] o W=V ()
(5.8)

For convenience, in the last step when j = N, we set Cy41 =ty QO y. This sepa-
ration of the zero mode is not essential here but will be useful for our analysis in the
interacting case.

For j > 0, the Vj* have terms not present in V', for example the terms involving
g in the next definition. The nilpotency of the source fields o,, o} limits the possibil-
ities.

Definition 5.1 Let V* be the space of formal field polynomials u* + V* of the form:

_ _ _r - _
V= _)\aaawa - AbWbUb + Uaab_(WaWa + wab)v .
2 in Case (1),

u* = —0,0pq,
* 7 T n, < -
V= —04haVaVa — ab)‘bwbwb_gaabi(waWb + Yp¥a)

+ 00005 (Favra + V0)). in Case (2),

u* = —04Ya — ObYb — 0a0bq,

for observable coupling constants (A4, Ap, q,7) € ct respectively (Aq, Ab, Va, Vbs G,
n,r) € C’.For X C A, we define (u* + V*)(X) e N*(X N {a, b}) by

W+ V)X) = —2q04 Ipa Laex — Ap¥poplpex — 040pqlacx pex
_r - -
+ 040p 5(% Va + Vp¥p) laex bex (5.9)
in Case (1), and analogously in Case (2).

Remark 5.2 The terms corresponding to r do not appear at any step of the free observ-
able flow (5.6) if we start with them equal to 0. We include them here in preparation
for the interacting model.

The evolutions of u* 4+ VI — u; 4 andV ; — Vj* 1 are equivalent to the evolu-
tion of the coupling constants (Ag, Ap, g, ) respectively (Aq, Ap, Va, Vb, 4,1, 7). By
computation of the fermionic Gaussian moments in (5.6), the flow of the observable
coupling constants according to (5.6) is then given as follows. Note that the evolution
of coupling constants in V* is independent of the coupling constants in u*.

Lemma 5.3 Let Vog =0, and let u*; and V; be of the form as in Definition 5.1. The
map (5.6) is then given as follows. In Case (1), for x € {a, b},

)Lx,j+1 Z)Lx,j (5.10)
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qj+1=qj + ra,jrb, jCjr1(a,b) +r;jCj4+1(0,0) (5.11)
i =1, (5.12)

whereas in Case (2), for x € {a, b},

Ax,jtl =Ay j (5.13)

Ve, j+1 =Vx,j +2x,jCj11(0,0) (5.14)
qj+1=4j +1;Cj+1(a.b) +1;Cj11(0,0) = Aq jAp jCj11(a. b)* (5.15)
nj+1="n;j — 2ka, jrp,jCj+1(a, b) (5.16)
Tj+1=Tj. (5.17)

Proof This follows from straightforward evaluation of (5.6) using (3.10). Il

To continue the warm-up for the interacting case, we illustrate how these equa-
tions reproduce the direct computations of correlation functions (and explain the ter-
minology of observable coupling constants). When ry = 0, by a computation using
Definition 5.1, the formulas (5.2) and (5.4)—(5.5) imply the correlation functions in
Cases (1) and (2) are given by

4dN+1
Xa,0hp,0
(5.18)
with g = ¢ and A = A (D for the first equation and ¢ = ¢®, y =y, and A = 1
for the last two. Recalling the convention Cy1 =ty Qn, for Case (2) withrg =0 a
computation using (5.13), (5.15) and (5.16) shows

gN+1

(&al/fb) = Y

<¢a1/fa> = Ya.Nt1

a,0Ab,0 Aa,0

s (Jfawa; &b\”b) =

2
an1=—roarob | Y Ci(a,b)+ixQy(a,b)
k<N
= —ho.ar0.b(=A +m*) " (a, b)?, (5.19)
with the final equality by (3.1). Combined with (5.18), this gives
(VaVa; Vo) = —(=A +m) ™ (@, b)?, (5.20)

as expected for free fermions.

Remark 5.4 In the preceding computation we kept the potential in the exponential
for the entire computation, whereas in Sects. 4 and 6 the zero mode is integrated out
directly without rewriting the integrand in this form (see, e.g., (4.3)). We distinguish
these two approaches by using N + 1 subscripts for the former and (N, N) for the
latter, and by putting tildes on quantities associated with the (N, N) step as was
done in Sect. 4.
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Before moving to the interacting model, we introduce the coalescence scale j,p
as the largest integer j such that Cy41(a,b) =0forall k < j, i.e.,

Jab = [logp 2la — bleo) ]. (5.2

In the degenerate cases A, = 0 or A, = 0 when only one of the source fields is present
we use the convention j,; = +00. Note that the finite range property (3.2) implies
that g; =n; =r; =0 for j < ju provided they are all 0 when j = 0. This will also
be true in the interacting case.

In connection with the coalescence scale, we also make a convenient choice of the
block decomposition of Ay based on the relative positions of a and b. Namely, we
center the block decomposition such that point a is in the center (up to rounding if L
is even) of the blocks at all scales 1 < j < N. This implies that if |a — b|oo < %Lj“
the scale- j blocks containing a and b are contained in a common scale-(j + 1) block.

5.3 Norms with observables

To extend the above computation for V< = 0 to the interacting case, we will extend
the renormalisation group map to the Grassmann algebra amended by the source
fields. In Case (2), recall that the source fields o, and o}, are even elements rather than
Grassmann generators themselves, i.e., they are commuting elements also satisfying

02 = abz = 0. In both Cases (1) and (2), this algebra has the decomposition

NX)=N2X) SN X) BN (X)) dNPX) =N X)dN*(X) (5.22)

where N'? (X) is spanned by monomials with no factors of o, N*(X) is spanned by
monomials containing a factor o, but no factor g, (respectively o}), analogously for
N?(X), and N*’(X) is spanned by monomials containing 63, respectively o,05.
Thus any F € N'(X) can be written as

F=F9% 4y F*= Fo +04Fs +0pFp +0,0pFap, Case (1) (5.23)
Fo +o04F, +opFp +o040pFa,, Case (2),

with Fg, F,, Fp, Fu € N2 (X). We denote by ng, m,, mp and 7, the projections
on the respective components, e.g., 7, F = 0, F,, and w, = 7, + mp + 7. We will
use superscripts instead of subscripts in the decomposition when the factors of ¢ are
included, e.g., F* =0, F, and F2 = Fy.

We say that F is U (1) invariant if the number of generators with a bar is equal
to the number without a bar. Explicitly, in Case (1) this means Fg and F,, are
U (1) invariant, F, has one more factor with a bar than without, and similarly for
Fy,. In Case (2) this means all of Fg, F,, F} and F,;, are U (1) invariant (recall that
04 = ¥V and 03, = 9,9;). Denote by Nym(X) the subalgebra of U (1) invariant
elements.

For F decomposed according to (5.23) we define

1 Fllz;e;y = I FaliTie;) +La,jll FallTie;) + o, j | FollT; ;) + Lab, jl FabllT;(e))
(5.24)
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where

;' Case(l) e Case (1)
€%, Case (2), CITVGGE, . Case (2).

JNJab’

Lo j=4tp,j= (5.25)

In particular, [logll7;(¢;) = €a,j and [|6aopliT;(¢;) = Lab,j and, in Cases (1) and (2),
respectively,

loaVallr;e;) =ta.j€j =1, loaVaVallr;e;) = ﬂa,ﬂ? =1 (5.26)
and, again in the two cases respectively,

lowsWa¥allryep = Lab G =1, loaopWuatiallrye)) = Lab j €5 = €7, -
(5.27)
In both cases these terms do not change size under change of scale, provided that
J = Jjap for the last term. Thus they are marginal. As will be seen in Sect. 6, see
the paragraph following Lemma 6.3, the choices of £, ; and £, ; are appropriate to
capture the leading behaviour of correlation functions.

The extended definition (5.24) of the T;(£;) norm satisfies the properties dis-
cussed in Sect. 3.5, with the exception of the generalisation of the monotonicity es-
timate || Fzll7;,, ;) < IFall7;(;)- Checking these properties is straightforward
by using the properties of the bulk norm, and, in the case of the product property,
using that £4p ;j < €4, jlp,; (recall (3.23)). Similar reasoning also yields a weaker
monotonicity-type estimate: by (5.24), (3.23), and monotonicity in the bulk alge-
bra,

IFNT e S NFIT00 200 < L2 2 Fliz, @ ). (5.28)
5.4 Localisation with observables

We combine the space V¥ of bulk coupling constants from Definition 3.5 with the
space V* of observable coupling constants from Definition 5.1 into

V=V V" (5.29)

We extend the localisation operators Locy y from Sect. 3.6 to the amended Grass-
mann algebra (5.22) as follows. As in the bulk setting, we will focus on the key
properties of the extended localisation operators. The extension of Locy y is linear
and block diagonal with respect to the decomposition (5.22), and so can be defined
separately on each summand. On N (X), the restriction Locy.y is defined to coin-
cide with the operators from Proposition 3.8. From now on we denote this restriction
by LOC? or loc? if we want to distinguish it from the extended version. To define
the restriction Loc}’Y of Locy,y to N*(X), we continue to employ the systematic

framework from [30, Sect. 1.7], as follows. Let loc?, locb, and loc?’ be the locali-
sation operators from [30, Definition 1.17] with maximal dimensions (for the Cases
(p=1 and (p=2))

dizd_f;zg(d—z), A =d —2. (5.30)
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Case (1). For o,F, € N4(X) we set Locx y(0,F,;) = oq4 loc‘}‘m{a}’m{a} F,, and
likewise for point b. For o,0p F,p € N“b(X) we set Locy y(0,0pFap) = 0,0p X
b
10Ca,b), ¥ Nfa,b) Fab-
Case (2). The definitions in Case (2) are analogous, but with 63 replaced by op,.
The superscripts &, a, b, ab are present to indicate that we have assigned differ-
ent maximal dimensions to the summands in (5.22). We use the same choice of field

dimensions [{] = [I/_f] = (d —2)/2 as in Sect. 3.6. We note that loc‘)‘(’g = loclg(’g =

loc‘)‘(b & = 0. The main difference between these operators and Loc? is that the ex-

pressions produced by loc?, loc?, loc?” are local, i.e., supported near a and b. A
second difference is that the maximal dimensions vary.

Before giving the general properties of the extended Loc we include an example
in Case (1).

Example 5.5 Consider Case (1). Then:

(i) If F € N(A) is a field monomial of degree greater than one or if F has gra-
dients in it, then Loc‘;( F = Loc})’( F = 0. Here (and in the rest of this example) we
do not count factors of o, and o}, in the degree. If F has degree greater than 2 or is
degree two and has gradients Loc‘;(b F=0.

() If F= Ualﬁx +0pYy + 0u0p Yy, then

Locy F :Ua¢a1a6X +opYplpex

_ - - 1 - _
+ 040 (WaWalan,bgéX + Y ¥plpex,agx + E[Iﬂalﬂa + Wbl/fb]la,hex> .
(5.31)

The next proposition summarises the key properties of the operators Locy y. As
with Proposition 3.8, these properties follow from [30]. That the choice of maxi-
mal dimensions (5.30) produce contractive estimates can intuitively be understood
by considering the marginal monomials. By (5.26) and (5.27), these are exactly the
monomials with dimensions df = d_li respectively dj‘rb .

Proposition 5.6 For L = L(d) sufficiently large there is a universal C > 0 such that:
for j < N and any small sets Y C X € §j, the linear maps Loc y : N*(xH) -

N*(YD) have the following properties:
(i) They are bounded:

ILock y Fllz;e;) < CIF 7)) (5.32)

(ii) For j > jab, the maps Lock = Loc y: N*(XP) = N*(XB) satisfy the con-
traction bound:
1 —Loc)F < CL~UFAD 5.33
(1 —Locx) Fllr;,,2¢;4) < CL IF N7 (5.33)
Moreover, the bound (5.33) holds also for j < jap if F*? =0.
(iii) If X is the disjoint union of X1, ..., X, then Locy, = >, LOC;{,X,-'
(iv) For a block B and polymers X D B, Loc}’B FeV*(B)if F e N _(X).

sym
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Properties (i)—(iii) follow from [30] in the same way as the corresponding proper-
ties in Proposition 3.8 by making use of the observation that

loall; i 2e.0) < 2L +IIUaIIT(z s lobllT; e < 214 +IIUIallT(lz )
(5.34)
ab PPN .
1060 17,426 ,01) < ALY NoaobliT;(e)) if j 2 Jjab, (5.35)

in Case (2) and analogously in Case (1). These factors of L% correspond to the
missing L% factors in (5.33) as compared to Proposition 3.8. It only remains to
verify (iv), i.e., to identify the image of Loc}’ p When acting on F € M"ym(X ).

Case (1). By the choice of dimensions in its specification, the image of o, loc? is
spanned by the local monomials o,, o, lﬁa, 04¥,. The condition of U (1) invariance
then implies that if o, F, € ./\/g“ym (X) only the monomial o,V, is admissible. The
situation is analogous for loc?. Similarly, 0,065 loc?? has image spanned by 0,6, and
040p lﬁx Yy for x € {a, b} as well as further first order monomials with at most (d —
2)/2 gradients, e.g., 0,05V, ¥y. Only the even monomials ¢,6p, Uaé'bv_/al/fa, and
040, Yy, are compatible with U (1) symmetry. In summary, Loc y F is contained
in V*if F e N (X). ’

Case (2). By the choice of dimensions, in this case o, loc® has image spanned
by the local monomials o, o, 1}0 Y, as well as further first order monomials with at
most d — 2 gradients, and U (1) symmetry implies that only the even terms o, and
ana Y, arise in the image if F € /\/Sym(X) The analysis for o loc? is analogous.
Lastly, o,0p loc?® has image spanned by 0,05, and the monomials aaowa Yy for
x € {a, b} and first order monomials with at most (d — 2)/2 gradients. Again only the
even monomials are compatible with U (1) symmetry.

5.5 Definition of the renormalisation group map with observables

In this section the renormalisation group map @41 = @ y ,2 is extended to in-
clude the observable components (as in Sect. 3, we omit the N and mz-dependence
when there is no risk of confusion). To this end, we now call the renormalisa—
tion group map from Sect. 3.8 the bulk component and denote it by o? i1 and
D= (@2 j @ 1) will now refer to the renormalisation group map extended
to the algebra w1th observables. The map &% ] is the observable component of the
renormalisation group map. This extension w111 be defined so that the bulk compo-
nents of K11 and V; 1 only depend on the bulk components of K; and V;. In other
words,

mo®11(Vj, Kj) = @7, (7o V), 15K ). (5.36)

On the other hand, the observable components V; ' and K j* 41 Will depend on both
the observable and the bulk components of (V;, K;). The observable component
<I>;. 41 1s upper-triangular in the sense that the a component 7, ® i (Vi  Kj) of

<I>;+1(Vj, K ;) only depends on (ng, K?) and (V¢, K;‘) but not on (V?, K}’) or
(V;’b, K;.’b ), and similarly for the b component. The ab component depends on all
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components from the previous scale. We will use an initial condition V) € V and
Ko(X) = 1x=0.

We now give the precise definition of the observable component of the renormal-
isation group map <I>;+1: Vi, Kj) — (“;‘+1’ V;H, K;H). For j + 1 < N, given
(Vj,K;) and B € Bj, define Q(B) and J(B,X) as in (3.44)-(3.46) using the
extended version of Loc from Sect. 54. If j + 1 =N set Q =J = 0. We let
0*(B) = 1, Q(B) and J*(B, X) = m,J (B, X) denote the observable components.
The new detail for the observable renormalisation group map is that, to define V; 1
we include the second order contribution from Vj* in order to maintain better control

on the renormalisation group flow. To this end, for j + 1< N and B, B’ € B i, let

1
P*(B, B = 5Ec,., [0(V] (B)— 0" (B): 0V} (B) — 0" (B,
5.37
P*(B)= ) P*(B.B). 637

B’GBJ'

The following observations will be useful later. Since V*(B), Q*(B) € V*(B), the
sum over B’ contains at most two non-zero terms, corresponding to the blocks con-
taining a and b. Since the covariance matrix C; has the finite range property (3.2),
also P*(B,B’) =0 for B+# B’ if |[a — b|s > %LH]. Finally, if ¢ and b are not in
the same block, then P*(B, B) = 0 since the source fields square to zero.

With these definitions in place, u; gt V; "1 is defined in the same way as u 1 +
V1 with the addition of the second order term P*, and K ; 41 is then defined in the
same way as Kj:

Definition 5.7 The map (V;, K;) — (u V;+1) is defined, for B € B}, by

j+le
Wi (B)+ Vi (B) =Ec,, [0(V} (B) = 0"(B)) | - P*(B) (5.38)
where u; 1 consists of all monomials that do not contain factors of ¢ or . Explic-

itly,

* —040bqj+15 Case (1),
”j+1={ “obdit (5.39)

—040pqj+1 — OaVa,j+1 — OpVb,j+1, Case (2).

The map (V;, K;) — Kﬁ_l + K}‘H is defined by the same formula as in Defini-
tion 3.10 except that VZ and u”? are replaced by V = V? + V* and u = u® + u*.

Propositions 3.11 and 3.12 also hold for this extended definition of the renormali-
sation group map. The proofs are the same as presented in Sect. 3.7.

5.6 Estimates for the renormalisation group map with observables

In this section, the O-notation refers to scale j -+ 1 norms, i.e., for F, G € N'(A), we
write F'= G + O(¢) to denote that |F — Gll1;,,¢;,,) < O(t). We use ||V} and
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|K;ll; defined in (3.64)—(3.65), with the understanding that the right-hand sides of
the definitions are the norm (5.24) which accounts for source fields.

Theorem 5.8 Under the assumptions of Theorem 3.13, if also || V;||j + ||K}‘||j <e
and u‘]' =0, then for j + 1 < N the observable components of the renormalisation
group map CD;H satisfy

* 1 * *
Wy (A) + Vi (A) =Ec,,, [9 V3 (A)] - 5Ec;., [9 VI(A): OV (A)]
+ 0L 2K (5.40)
d=2
1KYl <O 4 AT K5
+0(Av)(||v;z||j+||Kj||j)(||vj||j+||Kj||j)7 (5.41)

provided that K;.‘b(X) =0for X €S if j < jap. Both n =n(d) and v = v(d) are
positive geometric constants. For j +1= N, &}, is bounded.

The first estimate in the theorem expresses that the evolution of u* 4+ V* is given
by second-order perturbation theory, plus a higher order remainder due to K*. The
second estimate states that K* is contracting (for L and A large), up to error terms
at most as large as the bulk coupling constants V< and K = K< + K*. The addi-
tional factor ||V;|l; + |K;ll; > ||V*||] will be small (but of order 1) while all other
coordinates W111 be exponentially small in j. Indeed, as a consequence of the above
theorem, Proposition 5.15 below states that if the bulk flow (V2,K#9) is as con-
structed in Sect. 3.9 then V* remains bounded while K* goes to 0 exponentially fast.

The proof of the theorem follows that of Theorem 3.13 closely, with improvements
for the leading terms that allow for V* to be tracked to second order. It is given in
the remainder of this subsection. The reader may again wish to skip the details of this
proof on a first reading and proceed to the application of these estimates Sect. 5.7.

5.6.1 Coupling constants

We first give a bound on ”;+1 (A) + VJ‘.'+1 (A). By Proposition 5.6 (iii),

0*(A) = Z Locy K (X). (5.42)

XeS j
Since only small sets X that contain a or b contribute, Proposition 5.6 (i) implies

10" (M)liTye;) < OMIKTI- (5.43)

By algebraic manipulation, the product property, that Ec;,,6 is a contraction, (5.28),
and (5.43),

1
PHA) = 3B, [0V 000V ()] + Be, o [003 00 00 () + 5 250A)]
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1 . _ .
= SEc;., [9vj (A): ev;(A)] + O 2K AV + 1K)
(5.44)

Putting these pieces together establishes (5.40) as L>@=2(|V;||; + |K;|;) < 1 if
& = ¢(L) is small enough. An immediate consequence is

1% (W 7416540 < OUVT N + L2 2K ). (5.45)
IV M7y, < OV + L2211 ). (5.46)

The same bounds hold with A replaced by any X € P;. These will be used in the
following analysis.

5.6.2 Small sets

The most significant improvement in the analysis concerns small sets, which we now
analyse to second order. To simplify notation, we write

\7}# =Vi-0" Vi =i+ Vi (5.47)

Lemma5.9 Forany B, B’ € Bj,

1 . X 1 .
P*(B.B) = 3Ec,., [0V} (B)0V} (B) | = 3Via BV (B).  (549)
Proof Note that P*(B, B') = 3Ec;,, [0V (B); 0V(B)]. Since it is quadratic in

\7]" € V*, P*(B, B’) can only contain monomials with a factor of ¢,05 (Case (1))

or 0,05 (Case (2)) because %2 = O'hz = 6,72 = 0. Similarly, for any W € V* and

B, B, B” € Bj, it follows that P*(B, B'YW(B”) = 0. The claim follows as this im-
plies that (E¢ GV]*(B)])(]EC 9&7;(3’)]) is the same as

j+1[ j+1[

(Bc,a[0V;B)] = P*(B)) (Bcy. [0V (BY] = P*(B)) = V741 BV} (B,

(5.49)
0

The next lemmas are analogues of Lemmas 3.16-3.17 that apply to the observable
components. We begin with the replacement for Lemma 3.17. For B € B}, recall B
denotes the scale j + 1-block containing B.

Lemma 5.10 Suppose that ||V;||; + |K;ll; < 1. Then for any X € P}, denoting by
n € {0, 1,2} the number of B € B;j(X) containing a or b,

7Ecy | 6DY]

Tiv1(€j+1)

<OUVjllj+ LUK 1" OV + 1K1 )B &= (5.50)
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For any B € B; such that B contains at most one of a and b,

7.Ec;., [51(3)]

Tjv1(€j+1)

SO NKN) + 0Vl + LUK NAVI L+ 1K 1) (5.51)

Moreover if |a — bl = %LJH then for any X € P; with |B;(X)| =2,

7B, [ 6DY]

Tiv1(€j+1)

SOVl + L22UKIHAVI G + L2 UK 7). (5.52)

Proof Throughout the proof, we will use that for V representing either V; or u ;1 +
V;j+1 one has

T VB = (e VI BV (B)y

1 *
= —V*(B) + 5 V*(B) + OUV* BI1y16,0n 1V E B)I701 0010
(5.53)

where we recall that the O-notation refers to terms whose T)j41(£;41)-norms are
bounded by the indicated numbers, up to multiplicative constants. For both of the
choices for V, one has ||V@(B)||T/+1(g/+1) < ||Vg|| + 0(||Kz|| )< O(1) by (3.71)
and | V*(B) 7y ¢;0) < OV + L7472 ||K*|| /) by using (5.45)~(5.46) (with B
instead of A).

To show (5.50), for each B € B;, write §1 (B) = w681 (B) + 7,61 (B) and expand
the product defining (§7)% using that there are n blocks B for which 7,81 (B) #
0. The claim then follows since ||71@8I(B)||Tj+1(@j+l) < 0(||Vj@ Il + ||K]1®||j) by
Lemma 3.17 and 7,81 (B)I7;.,¢;.) = OV} 1 + L2~ K31l ;) which follows
from the previous paragraph (as the doubling map commutes with ).

For the bound (5.51), using that B can contain only a or b by assumption and that
source fields square to zero, one has V*(B)? = 0 for V either V; or uj41 + Vj41.
Thus (5.53) simplifies to

mie VB =, (e VBV (B)y

= —V*(B)+ O(IV*B)I1,11 ) IV By t00)- (5.54)

Observe that P*(B) = 0 since B contains only one of a and b, see the remark
below (5.37). As a result, (5.38) and the above show that the term linear in
V (B) in m,Ec;,,81(B) cancels in expectation. The claim (5.51) then follows from
||IECH19Q*(B)||Tj+l(gj+l) = O(L*“=?| K| ;) by (5.43) and (5.28), and bounding
the quadratic terms using (3.71) and (5.45)- (5 46) as below (5.53).

For the final assertion (5.52), we first show that Ec; (.81 X = [4d=D)

O(||Vj‘g||j + ||Kj||j)(||Vj*||j + ||K;||j), where we emphasise that m, is inside the
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product over X. To see this bound, let X = B U B’, and note that V*(B) and V*(B’)
are either O or polynomials in v, ¥, and ¥y, ¥, respectively. Since by assump-
tion Cjy1(a,b) =0, IECHIOV*(B)V*(B/) = 0. Hence a nonvanishing contribution
to Ec;,, (w81 )X involves at least one factor V2 from the expansion of the 81 by

(5.53). The factor of L*¢=2 arises from applying (5.28). The estimate (5.52) now
follows similarly to the previous cases:

mEe,,, 6D =mEc,,, (1o8] + m,.80)*
= O((IVjllj + L* UK 1AV + L2NK 1)) (5.55)

as the cross terms with one factor , and one factor 7 satisfy this bound as above.
O

Next we replace Lemma 3.16. Unlike before we explicitly consider terms arising
from two blocks, in order to obtain a cancellation up to a third order error in V*.
Indeed, note that the right-hand side of (5.56) involves [|V;]|; |l ng I < (Il ng ;i +

||Vj*||j)||Vj@||j but no term ||Vj*||§, and that || Vj@||j is exponentially small in j along
the flow while || ij|| j is of order 1. The K-terms are higher order.

Lemma 5.11 Suppose that || Vj@nj + ||Kf’ Ilj <eand |VHI; + 1K}l <. Then for
B e Bj,

1
mEep | 81(B) + 5 Y SI(B)SI(B)+00Q(B)

/ 'R
B'#B.B'CB Tjr1(€+1)

= O (IVill; + K DAV + 1K 1)) (5.56)

Proof Recall ‘N/J.*H = u;H + V].*Jrl. Using (5.38) to re-express Ec;, [0 0*(B)], the
term inside the norm on the left-hand side of (5.56) equals

1
mEc;,, | 81(B)+ 3 Z SI1(B)SI(B)
B'#B,B'CB

+Ec,,, [9 VJ-*(B)] — S P*B.B) - Vi (B). (5.57)
B/

We start with the one block terms B’ = B in (5.57). Using Lemma 5.9 to rewrite
P(B, B) and since 81 (B) = e~ ViB) — ¢=(Vis1+uj+D(B) these terms are

v, . 1A,
JT*IEc_HIQ |:e VitB) _ 1 4 Vj (B) — Evj (B)z:|
(v . ~ . I~
— 7, [6 Viituj+D(B) _ + Vj+1 (B) — Evj+l (3)2] . (5.58)
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To estimate these terms, first note that if V = V1 +u ;4 then (5.40) and its con-
sequences (5.45)—(5.46) imply ||Vg||Tj+,(gj+|) <1, ||V*||Tj+|(gj+l) < 1. This bound
also holds for V = V; provided ¢ is sufficiently small by (5.28), we then have for
V=ViorV=uji i+ Vi,

me VB =7, (VB 4 (e_vz(B) — e VB

1
— V' (B) + 5 V*(B)?
+ OV + LX2UK DAV + 1K), (5.59)

where we have used V*(B)3 =0, and in the case V =u;y1 + Vj41, 3.71) to
control ||u?Jrl + Vﬁ_llle in terms of ||ijz||j + ||Kjg||j and (5.46) to control
||u;Jrl + Vj*Jrl | j+1 similarly. Using also

Vi(B)? = (Vi(B) — Q(B))
= V(B + O KAV + 1K) (5.60)

by the product property, (5.43), (5.28), and the assumed norm bounds, the estimate
for the one block terms follow.

Recall that P*(B, B") =0 unless a, b are each in one of the two blocks. Thus for
B’ # B the two block terms in (5.57) are, by Lemma 5.9,

1 / S x Tx o/ 7% 7 * ’
S (Ecm [01(B)81(BY| = e, [0V B0V} (B) | + Vi (B, (B )).

_(5.61)
We start by rewriting this in a more convenient form. Let (SVJ.* = GVJ.* -V

] I fNE By
(5.39), EC,-H@V; = Vj*Jrl +P*=V?  + 0(040p), where O(0,0)) denotes a mono-

mial containing a factor 0,6 in Case (1) or a factor o,0} in Case (2). Since all terms
in SV]?‘ contain a source field (that is, a o -factor) and source fields square to zero, we
obtain

Ec,,, [3 Vi (B)S vj*(B/)]
=Ec,,, [917;(3)9\7;(3/)] + VI (B)VE,(B)
N VJ'*+1(B)EC/‘+1 [9‘7/’*(3/)] B ‘71'*+1(B/)ch“ [0‘7/*(3)]

=Ec,,, [0V; B0V (B) | = Vi (B, (B). (5.62)
Therefore we need to estimate

1 I 1 * * /

SmEc,,, [51(3)31(3 )] —>Ec;,, [SVJ. (B)SV} (B )]. (5.63)
First write

7 [81(B)SI (B = m 81 (B)m,81(B') + w81 (B) 81 (B)
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+ 81 (B)mSI(B). (5.64)

The second and third terms on the right-hand side are O ((| V7| + L2d=2) K311 x
V21 + IK7 1) using Lemma 3.17 for w81 and |Imd1(B)lz;, ;. 1) =

OV + L2d-2) IK%1l;) by (5.46). Using (5.59), the term 7,81 (B)m,81(B') can
be estimated as

. (8V;(B) — %((ﬂ/,»(B)2 — Vi1 (B, (8V;(B') - %(evj(B’)2 — Vj11(B)?)
+OWVi 1+ L22UK DAV + 1K 1))
=38V} (B)SV(B') + O((IVHIl; + LXK DAV + 1K 1)), (5.65)
since 02 = abz = 'bz = 0. The factor L*? is a convenient common bound. O

The next lemma replaces Lemma 3.15 on the observable components.

Lemma5.12 Forany U € Cj41, ifK;”(Y) =0forallY € Sjandall j < jup, then

d—2
=0 T "M IK*|;:. (5.66
rartsn = O K™ j. (5.66)

> HECJ-H [9(1 - Loc})Kj*-(X)]

XeSj:X=U

Proof The proof is the same as that of Lemma 3.15 except for the following ob-
servation. The sum over X € S; that contributes a factor O(L%) in the proof of
Lemma 3.15 only contributes O (1) on the observable components because for these
only the small sets containing a or b contribute. Thus the bound for Loc* from Propo-
sition 5.6, which lacks a factor L~¢ compared to the bound for Loc?, produces the
same final bound. O

Proof of Theorem 5.8 The proof is analogous to that of Theorem 3.13, and we proceed
in a similar manner, by beginning with the coupling constants and then an estimate of
mLjy1(U), where L;1(U) is defined by the formula (3.72) but with the extended
coordinates introduced in Sect. 5.5.

For the coupling constants, i.e., the analogue of Sect. 3.8.1, the bound (3.69) gets
replaced by (5.43) which gives [|Q*(B)l7;,,(;,1) < O(Ld*2||Kl*. 1), and we also
have [l {41+ IV 41 < OUVEI+ LI2IK ) by (5.45)-(5.46).

Note that the terms of £41(U) are of the form Y e~ Vi+1U\DFujIXI P We will
use that

4 (e~ Virt U\D+u51X )
— (n*e*Vjﬂ(U\XHujIXI)ngF + n*(e*VjH(U\X)Jruleln*F). (5.67)

We first explain how to estimate the sum arising from the first term, which only
contributes to the second term in the estimate. The estimation of the terms wg F
is exactly as in Sect. 3.8. Estimating e~ Vi+1(W\X)+4j1XI " and the resultant sum

@ Springer



Percolation transition for random forestsind > 3

over F, requires a replacement of Lemma 3.18. For this it suffices to note that
e Vit @A XT gy < AVELG 4+ L2E2K ) 2B L This esti-
mate follows by the product property, (5.45)—(5.46), and arguing as in the proof of
Lemma 3.18. Hence this term is bounded by O(||V}||; + L2d=2) ||K;||,-)(||Kj‘? I+
A KT I3+ 1V 13

Next we explain how to estimate e~ "i+1 U\ X7 F The prefactor is at most
21Bi(0l i e., the analogue of Lemma 3.18 applies when V2, 4 and K © are replaced
by V, u and K if ¢ is small enough, and it suffices to estimate 7, F.

Consider the small set contributions to £;(U), i.e., the analogue of Sect. 3.8.3.
As stated previously, Lemma 3.15 is replaced with Lemma 5.12 whereas Lem-
mas 5.11 and 5.10 replace Lemmas 3.16 and 3.17. In detail, in the analogue of (3.78)
we now also include quadratic terms in 67, i.e., we replace (3.78) by

1
ﬂ*]EC_H_. GKJ»(B)+8I(B)+§ Z 81(B)SI(B')—0J(B, B)
B'#B,B'CB

=mEc,,, [9(1 - LocB)Kj(B)]

1
+rr*ECj+l 81(B)+§ Z 8I(B)SI(B)+60Q(B) |, (5.68)
B'#B,B'CB

with the corresponding analogue of (3.77) then being (for X € S; \ B;)

mEe,,, [9(1 - LocX)Kj(X)]

1
+ B, |ODY =5 Y0 SIB)SI(B)pup=x |- (5.69)
B'#B,B'CB
Let us note that since B U B’ is not necessarily connected (so in that case not a
small set), along with the third term in (5.69), there is a corresponding correction

for polymers in the large set sum (3.95): the terms inside the sum are replaced by
e Vit U\ Fuj 1 IXI myltiplied by

TaEcy. 0K (0 Lxecys,

1
+mB;, |ODY =5 30 BB pup=x |1xepps;.  (5.70)
B'#B,B'CB

Now Lemma 5.12 bounds the sum over X of the (1 — Locy) terms in (5.68)
and (5.69). Lemma 5.11 bounds the second term on the right-hand side of (5.68).
Finally, (5.50) of Lemma 5.10 bounds the second term in (5.69) by O(IIVI.QII i+

IKZ 1)UVl + L2 K;l), after making use of the cancellation between
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(80X and 81(B)8I(B’) when X = BU B’ and B’ C B. Indeed, note that for all other
X at least one B € B;(X) does not contain a or b. Putting these bounds together (as
in the proof of Theorem 3.13) then gives that the small set contribution to 7, L1 1(U)
is O(L~CT IR ) + OV + IKZ 1NV + L2 K; ).

To bound the large set term (5.70) and the non-linear contributions, we will use
the principle that for F; € V,

k
rn[[F=)_F[F°+>_Fr]]F° (5.71)
i=1

i I i#k I£i k

as the product of any three elements of V* is zero. The bound on the sum over

H*EC./'+1 I:e K] (X)] IXECJ' \S, (572)

proceeds exactly as in Sect. 3.8.4, bearing in mind (5.71) and (5.28). The resulting
estimate is O (A" ||K}’||j). For the second term in (5.70), observe that if [B; (X)| =2

and X e B i+1, the bound is identical to that of the same term in (5.69) above. The re-
maining possibilities are that either [B;(X)| > 3 or |B;(X)| = 2 but with constituent
j-blocks which are in distinct (j + 1)-blocks. In the former case, by applying (5.71),
(5.50) of Lemma 5.10 and Lemma 3.17 and then proceeding as in Sect. 3.8.4, we
obtain

AUB 1 (U)=29)4

X |[ 7T Z e J'“(U\X)JFW“‘X‘]ECJ'H [(SI)X]
Xepj\sj;XzU,|Bj(X)|>3 Ti+1(£+1)

The remaining case is |B;4+1(U)| =2 and |B;(X)| =2 where U = X. Then the
81(B)81(B’)1pyp—x cancellation is absent, but JT*]ECJ.+I (81X itself satisfies the de-
sired bound by Lemma 5.10. Indeed, either a and b are in the same (j + 1) block or
they are not. If they are, we use (5.50) with n = 1, and if not, this follows from (5.52)
since a and b being in distinct (j + 1)-blocks of U implies that |a — b|os > $LI !
since a is positioned in the center of all of its blocks. The bound

s Z e~ VinW\OFulXIg [(SI)X]
XeP\S;:X=U,|B;(X)|=2 freatCren
<OWH AVl +IKANNAVE N +IK 1) (5.74)

follows as there are at most L2? summands.
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All together, after possibly increasing A, we obtain that the large set contribution
to Liy1(U)is

OATIKS )+ O UV + IKTINUAV G + 1K) (5.75)

The non-linear contribution does not require any changes as the bound from
Sect. 3.8.5 already gives (after possibly increasing A) A"O(|K;ll;(IV;ll; +
1K 115))- u

5.7 Flow of observable coupling constants

With Theorem 5.8 in place, the evolution of the observable coupling constants in
u* + V* is the same as the free one from Sect. 5.2 up to the addition of remainder
terms from the K coordinate. To avoid carrying an unimportant factor of L2(@=2)
through equations, recall that we write Oy (-) to indicate bounds with constants pos-
sibly depending on L (but we reemphasise that implicit constants are always inde-
pendent of the scale j).

Lemma 5.13 Suppose j < N, x € {a, b}, and that (5.40) holds. If j < jap, further
suppose that K;’b (X)=0for X €S;. In Case (1),

dox,jort = b j + OL @S IKT 1)), (5.76)
Qjr1 =) + ra,jro,;Cj1(a, D)+r;Ci11(0,0) + OL Uy NK1155 ),

5.77)

rist=rj+ 0L, €K 112 ,), (5.78)

and in Case (2),
hx j1 = ke j+ OLE T IKT 1), (5.79)
Ve j+1 = o)+ he jCia1 (6, 0) + OL(E SIKT ), (5.80)
gj+1=q; +1;Cjs1(@,b) — rg jrp jCjs1(a,b)* +1;C41(0,0)

+ 0Ly MK 11 ), (5.81)

Nj+1="n;j —2xq jrp,jCjt1(a, b), (5.82)

rivr=rj+ 0Ly £ NKP 115 5,)- (5.83)

Moreover, for j + 1 < N, all coupling constants are independent of N .

Note that there is no error term in the equation for 7, as the corresponding nonlocal
field monomials ¥, ¥, and Y, are not contained in the image of Loc.

Proof For j < N, the main contribution in (5.40) is identical to that in Lemma 5.3.
The indicator functions 1 ;. in the error terms are due to the assumption K ;’b (X) =
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0 for j < jup and X € S;. The bounds for the error terms follow from the definition
of the norms as in obtaining (4.10). Finally, that the couplings are independent of N
is a consequence of the consistency of the renormalisation group map, i.e., Proposi-
tion 3.12 (applied to the renormalisation group map extended by observables). g

The next lemma shows that if we maintain control of || K ||x up to scale j then we
control the coupling constants in V* on scale j.

Lemma 5.14 Assume that || K} ||x < MxoboL ™ for k < j and that (5.40) holds for
k < j. Then, in Case (1) if gqo =ro =0 and A9 > 0,

Aj =g+ OL(MAiobo) (5.84)
rj =0r(Mxobola —b|™)1j> ., (5.85)

and, in Case (2), if go =ro = yx,0 =10 =0 and 1o > 0,

Aj = Ao+ OL(MMAobo) (5.86)
nj=0rM\3la—b"“""N1;5,, (5.87)
rj = Or(Mhobola —b|~ D7) ;5 (5.88)

where \.j = Ay, j for either x = a or x = b. In both Cases (1) and (2),
VIl < 2o+ OL(§) + OL(MAobo). (5.89)

Proof The bounds on the coupling constants in (5.84)—(5.88) follow from Lem-
ma 5.13; the hypothesis regarding K ; (X) =0 for j < ja and X € S; holds as Def-
inition 5.7 implies that for an iteration (V;, K ;) of the renormalisation group map,
the N0 components of V;(B) and K;(X) with X € S; can only be nonzero for
J > Jjab since we have started the flow with 7o =0 in Case (1), and go =n9g=r9 =0
in Case (2). What remains is to analyse the recurrences to establish (5.89).

For Ay, ;, since E;’l]l;p =1 in Case (p), using (5.76), respectively (5.79),

j—1 Jj—1
xj=hro+ Y OLUKEI) =20+ Y OL(MArgboL ™) = ko + OL(Maobo).
k=0 k=0

(5.90)
The bounds on r; follow from the fact that all contributions are O for scales j < jup
if 7o = 0. For example, in Case (2), using (5.83),

j—1
Irjl=20boOL(M Y € 477 L)
k=jab
j—1
= hobol,, OL(M Z L™y = Op (MAgbola — b|~@=27x). (5.91)
k=jab
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Case (1) is similar, except no factor £;,, arises (see (5.25)). The bound on 7; in
Case (2) follows from the preceding analysis of A ;, the fact that n; =0 for j <
Jab if 1o = 0 since C; has finite range (C;j(a,b) =0 if |a — bl = %Lj), and that
Cjs1(a,b) < OL(L~€@=2J):

j—1
njl=0L0g > L™ =0L(Gla— b2, (5.92)
kzjab

For the bound on the norm of || VJ.* || ; recall that the ¢ and y terms have been taken
out of V*. Thus in Case (1),

IVEBI S Ihj1+1rjlab €5 S 11+ 1l = [hj] + OL(MAobo). (5.93)

Similarly, in Case (2), using that Ziﬁab,j = E;/%jab =0 (la —b|42) for j > jub,

IVFB S A1+ 10165 Lab 1 juy + 17 1ab 5 5 50y
S+ Injlla = b1 s iy + Irjlla = b1 55
S 1l + OLOD >4, + OL(MAobola — bl ™)1,
=Ajl+ OL(A5) + OL(Mboho). O
We now analyse the observable flow from initial conditions which extend the
bulk initial conditions of Theorem 3.24, and verify the assumption on K* made in
Lemma 5.14 along this flow. As already remarked at the beginning of Sect. 5.5, the
renormalisation group maps with observables are upper triangular, so that the observ-
able components of the maps do not affect the bulk flow. Thus from now on, the bulk
components (V]fz, K jg) j<w are identified with the trajectory given by Theorem 3.24

and we may use the decay rates from that theorem as inputs in obtaining estimates on
the remaining components. In particular, there is an & > 0 such that

IVEIlj = 00boL™),  1IK7 ;= Or(boL™). (5.94)
Using this as input, we iterate the observable flow (5.40)—(5.41), with initial condition

Aa,0 = Ap,0 = Ao small enough and all other observable coupling constants equal to
0.

Proposition 5.15 Assume that the bulk renormalisation group flow (ng, K]?@) obeys
IVEI + 1K1 = OrLboL ™) (5.95)

for some oo > 0. Then there is k > 0 such that for Ls 0 = Ap,0 = Ao > 0 and by > 0
sufficiently small and all other observable coupling constants initially 0,

IV7l; < OL(ho), K31 < OL(hoboL ™). (5.96)
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Proof We may assume A¢ < 1, and that « is less than « and the exponents of L and
A in (5.41). The proof is by induction. The inductive assumption is that || K}|lx <
MboroL ™"k for all k < j, for some M = M(L) chosen large enough below. Clearly,
this holds for j = 0. Lemma 5.14 then shows that ||V ||lx < O (1)Ao+ O (1) MAobg
for all £ < j 4+ 1. We now apply Theorem 5.8 to control K; 41- Since A is chosen as
function of L, the second term on the right-hand side of (5.41) is

OA YV N+ IK DUVl + 1K1 )

< 0L (L™ + K711 ) (boL ™ + Ao + MAobo)
o1
S OLMbohoL™ + 2 LK, (5.97)

as long as bp < Ao and Mbg + A is sufficiently small (depending on L). As A > L,
and using our second assumption on «, we obtain from (5.41) that

* 1 — * —aj
1K ll+1 < 5L “IKFIl; + OL(DboroL™
1 . .
< (EM + 0L (1))boroL U+ < MboroL™<U+D (5.98)

provided that M is sufficiently large and by is sufficiently small (depending only on
L). Hence if 1o and by are small enough we have advanced the induction, completing
the proof. d

6 Computation of pointwise correlation functions

In this section we use the results of Sect. 5 to prove the following estimates for the
pointwise correlation functions (Y, ¥p), (VaVa), and (Yo ¥ ¥pip). Recall (2.27)
and (2.25), i.e.,

t 1
Wy () =Wy ()= (~A+m) ™ 00— —F= 0<iy=— — 0L,

AN
6.1
Thus Wy (x) is essentially the torus Green function (—A + m?)~10, x) with the
zero mode subtracted and ry is essentially m~> when L2 « m~2 and negligible
otherwise.

Proposition 6.1 For bg sufficiently small and m* > 0, there exists continuous func-
tions

r=a(bo.m?) =14+0L(by),  y=y(bo.m?) =A% +m®)~1(0,0)+ 0L (bo).
(6.2)
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such that if Vog = Voc(mz, bo) is as in Theorem 3.24, Vd' is as in Proposition 5.15,
and ﬁi\,’N = ﬁ?v,N(bO’ mz) is as in Proposition 4.1, then

MNIANIT + O (boL=U=2HINY 1 O (boL =N (m?|An|)~ 1)
1+in N

<1}a1ﬂa> =y +

(6.3)

Proposition 6.2 Under the same assumptions as in Proposition 6.1,

- tv|An] !
(Faty) = Wiy(a —b) + T ——
+unN.nN
+ 01 (bola — b~ @2+ 4. Qrlbola = PG IAND T
1+L~tN,N
6.4)
- —202Wy(a — b) 4+ 21 B
(aVabp ) = —A2Wy(a — b)? + % + 1N+aNN NI
+ Op(bola — b|724=D7) 4 O (boL ==V
2 A —1
+ (0L (oL ™M) + O (bola — b~ @20y IAND
1+MN,N
(6.5)

Throughout this section, we assume that the renormalisation group flow
(Vj, K;)j<w is given as in Corollary 3.26 (bulk) and Proposition 5.15 (observables).

6.1 Integration of the zero mode

As in the analysis of the susceptibility in Sect. 4, we treat the final integration over
the zero mode explicitly. Again we will only require the restriction to constant v, ¥
(as discussed below (4.3)) of

Ec6Zo =,y 0,0 Zy =e*“5'AN‘ZN,N, (6.6)

where the last equation defines Z N.N. We write Z N.N = N T Z  for its de-
composition into bulk and observable parts (see (5. 23)) The bulk term was already
computed in Proposition 4.1. The observable term Z ~.n 1s computed by the next
lemma. In the lemma we only give explicit formulas for the terms that will be used
in the proofs of Propositions 6.1 and 6.2.

Lemma 6.3 Restricted to constant \, 1}, in Case (1),
Zyn=0aVZ3N ! ey 7 o 0aGZ N+ aaoblplpz"”"“’“/’ (6.7)
where

Z3% = han + 0L N R KR ) (6.8)
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Z3% = + OLE N TR ) (6.9)
ZOW" gn(+iin.N) + ra NAp NINIAN] T =iy | Ay] !
+ 0L (m AN e VKN IIND. (6.10)

In Case (2),
Zy n=0aZ%y +aaw1pz"“‘” o2y + a;,wwz"b‘”‘”
+0u0p 2% +oaa,,1pwz”“"bw 6.11)

where, setting Ay N.N = Ax.N + OL(Z)ZINK;,ZIIKI*VHN),

Z5 n=rven(U+inw) + e vntv AN+ OLE VKNIV (6.12)
ZZ"%’ = (qn + VYan Vo, N) (L +in N) + (N = TN + ha N NVoN

+ AN N Vet AN
+ OL((VaN | + 1N DE Ny + oy
+m AN e IE N (6.13)

The error bounds above reveal the tension in the explicit choices of £ 1 and £, bl j

To obtain effective error estimates, we want £ - lN and £, bl y tobeas small as possible.
On the other hand, to control the iterative estimates of Theorem 5.8 over the entire
trajectory, i.e., to prove Proposition 5.15, we needed that £ ; and £, ; were not too

large. In particular, either of the more naive choices £4p j = £;4 and £gp, j = E;; in
Case (2) would have lead to difficulties, either in terms of forcing us to track addi-
tional terms in the flow and in terms of controlling norms inductively, or by leading
to error bounds that are not strong enough to capture the zero mode sufficiently ac-
curately.

Proof Throughout the proof, we restrict to constant r, 1/_/ Since
(ﬁuﬁ(mzN)* — (efu'N(m(eva(A) n KN(A)))*
= (VW 1) (e W 4 K2(A))
+ e N (W) LKy (A))*, (6.14)
by applying [;, 0,6 we obtain

Zyn= (%D 1)1 +iiyy — [Axlay vy )
A

+eTINE, o [Q(e_VN(A) + KN(A))*] : (6.15)

B
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In obtaining A we used (4.4) which gives E;, o, [G(e_ng(A) + Kﬁ(A))] =1+
UN.N — |AN|ZzN,N¢1ﬁ. Since each term in V/\? (A) contains a factor wxﬁ and each
term in V (A) either ¢ or ¥, we have Vz\? (A)V3(A) =0. Thus

B=e"WNE, o [9(—&/1;(1\) + %V,’{,(A)Z + K,*V(A))]. (6.16)

Case (1). Since 02 =G} =0,

eIV _ 1 = —uh (M) = 0uGpgn, (6.17)
we get
A =0,0pgn (1 +iin N — AN lanNY) (6.18)
B = 0ui (hay +K5) + 93, Gy + kYY)
+0465Ery 0y [exﬁw(xa,mm —rn+ kﬁ"}”‘z"’)]. (6.19)
The constants kf\, are given in terms of derivatives of Ky (A) and bounded analo-
gously as in (4.10). For example, k;'v‘”/} =0 (Ea_}vﬁg,l | K3 Iln), and similarly for the

other kf\, terms, the rule being that we have a factor E;ﬁv if there is a superscript o,

or 63 but not both, a factor E;bl  for 0,05 and a factor Z;,l for each superscript i or

Y. These bounds follow from the definition of the T (£;) norm.

Since E;y 0, 0¥ ¥ = —tn|An|~' + ¥ the claim follows by collecting terms and
using (3.7).

Case (2). Using again that ouz = abz =0, but now taking in account that u*(A) has
additional terms compared to Case (1),

—u* * 1 *
TV — 1= —uy (M) + Suly (M) = 0u0p (N + Ya N V5. N) + OaVaN + ObVN,
(6.20)
and therefore

A = (0,06(qN +VanVb.N) +0aVan + Ve N) A +iin N — |[Anlan NYP). (6.21)

Since in Case (2) each term in V3§, (A) contains a factor of V1, we have vy (A)?2=0
and thus

B=(1—uy(A)Ey o, [9(—\/; (A) + K,*\,(A))]. (6.22)
Therefore
B = O'ak% + O'bk;‘vb + Uaab(ya,NkZb + Vb,Nkﬁl + k;aob)

+ Euy 0y [0 @t + bk, 8) + 00 (o = 1y
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+ Yo + Vo ko + )] (6.23)
where we have set XX,N =Ax.N + k;'v'”ww. Taking the expectation and collecting all
terms gives

ZUU Op __

NN =GN+ Yanyo,N) (1 +iUn N)

+ (N =N+ AaNVN + Ab NVan + KTV ey | Ay ]!

+ Yanky + Vo Nk + KT (6.24)
Z5 n =Yan(+inn) + rantv| A + k3 (6.25)
The bounds on the constants kfv are analogous to those in Case (1). g

6.2 Analysis of one-point functions

We now analyse the observable flow given by Lemma 5.13 to derive the asymptotics
of the correlation functions. Note that the coupling constants A, ; and y, ; can pos-
sibly depend on x = a, b as the contributions from K can depend on the relative
position of the points in the division of Ay into blocks. The following lemma shows
that in the limit j — oo they become independent of x; an analogous argument was
used in [14, Lemma 4.6].

Lemma 6.4 Under the hypotheses of Proposition 6.1 there are Aé{? = Xxo+ O (M obg)
and vy~ = O (Ag), all continuous in m? >0 and bo small, such that for x € {a, b},

WP =28 + 0L(oboL ™), yaj =Yoo + OL(oboL™ 7). (6.26)

In Case (1), A\ = r¢. In Case (2), A2 = 1o + O (hobo) and y2 =12 (—AZ" +
m?)~1(0, 0) + O (Aobo), and with the abbreviations » =\® and y =y @,

Yoo SEINIANIT! + OL(boL™=2HON) 4 01 (boL 7N (m?| AnDTH)

<1/fa1/fa) = E + 1+ ﬁN,N

(6.27)

Proof We will typically drop the superscript (p). In both cases, we have already seen
that

j—1 j—1
doj=ho+ Y OLUKEI) =%+ Y OL(oboL ™). (6.28)
k=0 k=0

Since the K are independent of N for k < N (by Proposition 3.12 for the extended
renormalisation group map, see Sect. 5.5), the limit A, », makes sense, exists, and
[Ax,j — Ax,c0l = OL (AoboL 7). Similarly, in Case (2), by Lemma 5.13 and Z;]j =
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=0 (L7172,

Jj—1
Vuj = Pk o1 (5, ) + 0L ™KK )| (6.29)
k=0

In particular, by the above estimate for |Ay, j — Ay col, We have

(e.¢]
Vioo = hrioo O Cr1(0,0) 4 OL (o) = 0 (— AZ' 4+ m?)~1(0, 0) + O (hobo).
k=0
(6.30)
The continuity claims follow from the continuity of the covariances C; in m? >0, of
the renormalisation group coordinates K ;, and that both Ao, and yso are uniformly
convergent sums of terms continuous in by and m?> > 0.
To show that )»5(12)0 = Ap in Case (1), which is in particular independent of x, we
argue as in the proof of [14, Lemma 4.6]. On the one hand, Lemma 6.3 implies as
N — oo with m? > 0 fixed,

000, ZN.Nlo = kaN + OL(N L N IKNIN) = ha v + OLUKNIN) ——— haco,
(6.31)

where | denotes projection onto the degree 0 part, i.e., ¥ =¥ =0 =& =0, and we
have dropped the superscript (1) from A, ;. On the other hand, we claim

~ . - - an,N
35,90, Z.Nlo = hom* (1 +iin.N) Z (ovx) =2o (1 +unny——5 ). (6.32)
m

xeAy

Indeed, the first equality in (6.32) follows analogously to [14, (4.51)-(4.53)]: let
I'(p, p) be as in (4.12), except that Zy now includes the observable terms o, and
op and we write p and p for the constant external field to distinguish them from o,
and op. Then as in (4.15),

95 ZN.Nly=j=0

= Y Wowdy, =T (p, Pl p=pmo =m ™ H——F=H— (6.33)
xeAy ZN.Nly=y=0

and (-),, 5, denotes the expectation that still depends on the source fields o, and o,.
Differentiating with respect to o, and setting 65, = 0 gives

30,05 ZN N o 8500, ZN.N 0
m—22e v —m 2

o Y Watn) =— : (6.34)

- Y
oy Zn,Nlo +unN

which is the first equality of (6.32) upon rearranging. The second equality in (6.32)
follows from Proposition 4.2.

The right-hand side of (6.32) converges to Ag in the limit N — oo with m? > 0
fixed since ay, v = ay — k% /IAn| = OL(L™*N | Vylln) + OL (LN Ky llxy) = 0
and iy n = kS +an, ntv = O(|KnIv) +an, nty — 0 when m? > 0 is fixed. Since
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the left-hand sides of (6.31)—(6.32) are equal, we conclude that A, .o = Ao when
m? > 0. By continuity this identity then extends to m? = 0.
In Case (2), to show (6. 27) we use (6.12), that Proposition 5.15 implies || Ky |y =

01 (LoboL™N), and e—l ¢y =1and e—N = €3 = 0L (L=“=2N) t0 obtain

VACH
1+unn Ya.N
Aa,cot NIAN]T! + OL (hobo L= @=2HONY 1 Op (hobo LN (m?|An1)~")
l+uyn )
(6.35)
Since
- 0o, ZN'N|0 Z;‘VaN
A =2 = — , 6.36
O(I/fawa) ZN,N|0 1+MN,N ( )

this gives (6.27). In particular, by the translation invariance of (/,v,), taking N —
oo with m? > 0 fixed implies y,. o is independent of a. Similarly, taking m? | 0
first and then N — oo we see that A, « is independent of a. Indeed, using (4.4), as
N — o0,

. in|AN]T! 1
A (VaVa) ™~ Va,oo + Aaco IM ———— ~ Y4 00 + Ag oo ——7—, (6.37)
m2l0  UN,N |Anlan, N

where (,1,) and all scale-dependent coupling constants are evaluated at m? =0.
Thus Ag.0co = limy— 00 [AN|AN, N (A0{VaWa) — Ya.00) and the right-hand side is inde-
pendent of a. g

Proof of Proposition 6.1 Taking Ao > 0 small enough, the proposition follows imme-
diately from Lemma 6.4 with A = )»é%) /Ao and y = (2) 0o [ A0- O

6.3 Analysis of two-point functions
Next we derive estimates for the two-point functions.

Lemma 6.5 Under the hypotheses of Proposition 6.1,

- tn|AN]!
(Ya¥p) =Wn(a—b)+ ————
l+un N
bo —d- bo (m?*|Ay)~!
+0L(—la— b7 4 0L (=|a— b~ “>7, (6.38)
A0 A0 UN,N
@ @ .
and, setting hAoo = Aog and Yoo = Voo as in Lemma 6.4,
- A2 ve  —2X2 Wy(a —b) + 2hy. _
(VaVaVpyn) =—-FWyla—b)’+ -5 + ==yl
)\0 )\() )\ (1 +MN N)
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b b
+0L(:2la — b|7HA7D76) 4 0 (2 L7720
Ao Ao

(m* An)~!

1+iunn
(6.39)

b b
+ (0L (Z)a —b|~@=2H9) 4 0 (Z2L7*NY)
Ao AQ

Proof The proofs of (6.38) and (6.39) corresponding to Cases (1) and (2) are again
analogous.

Case (1). By Lemma 5.14 (whose hypotheses are verified by Proposition 5.15) and
Lemma 6.4,

Ax.j=hoo+ OL(hoboL™) = Ao + OL(AoboL ™),
(6.40)
rj = O0rp(hobola —b|™ )1 >,

Using that e;b{jnK]“.”nj < Op(hoboL=W=2490y ;5 and |Cji1(a,b)| <

Ci+1(0,0) < OL(L’(d’z)j) it then follows from Lemma 5.13 that

N—-1

v =2 [RaitniCir1(@b) +7;Cih1(0,0) + Op(hoboL ™72
J=Jab—1
N-—1
=23 Y _ Cjla.b) + OL(uobola — b|~“~27)
j=1
=A5Wn(a — b) + OL(hobola — b|“=27%), (6.41)

where we have used (6.40), |a — b| < L, that Cj(a,b) =0 for j < jup, and that
Wy (x —y) = Ci(x,y) + -+ + Cy(x,). By (6.10), using that £, y¢;* =1 and
again (6.40), therefore

ZyN

— 2 = 2Wn(a — b) + O (hobola — b|~4727%)
I+unnN

N AtnIANIT + O (hobola — bl m™2|An|™")
14iy N '

(6.42)

Since (1/_/‘11#;,) = Zz”f;\‘;/()\%(l + iy, n)) and |Ag| < 1, the claim for the two-point
function follows.

Case (2). Again, the analogue of (6.40) holds:

Av.j=hoo + Op(boroL ™), rj=Op(borola —b|" 2N 1,5, . (6.43)

The first estimate is by Lemma 6.4, the second by Lemma 5.14. Since Ci(a,b) =0
for k < jup and |Crq1(a, b)| < O (L~@=2K) then by Lemma 5.13 and as |a — b| <
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L’
j—1
nj=-2 Y haxrpxCiri(a,b)
k:jab_l
j
=-22, ) Ci(a.b) + Or(borola — b|~“=27). (6.44)
k=1
Note that
N-—1
D 1nlCry1(0,0) < Op(bohola — b~ @721y 3= =2
k=jap—1 k2 jab

< Op(borola — b| 7247271, (6.45)

As a result, again by Lemma 5.13, these bounds together then give

gy = Y _ [m-1Cx(a, b) — 13,Ci(a, b)*1+ Or(bohola — b|~>4~27)
k<N

=—3% Y _[2) Ci(a,b)Ci(a,b) + Ci(a, b1+ OL(borola — b|~>“~27%)
k<N 1<k

2

=% | D Cu(@.b) | + Or(bohola —b|72I=27%),
k<N

=22, Wn(a —b)* + Or(borola — b| 724727, (6.46)
We finally substitute these estimates into (6.13). Using also that 2;,71’ NE;,Z = Eib =

Or(la— b|—(d—2>), that Z;}vzlj}z =0 (1), that yx v = Yoo + OL (bohoL~@=2+ONY
by (6.26), and | Ky ||y < OL(boroL™"), we obtain
Zi
1+ IZNﬁN
= -2 Wy (a—b)> +yZ + OL(borola — b|72@727%)
+ O, (b())»()L_(d_z'H{)N)

—222 Wy (a — b) + 2hoo Voo

_ tvlAN] !
T+ NIAN]
N OL(bohoL ™ Nm=2|An|™") 4+ Op(borola — b~ =2 m=2| Ay |~h)
1+un N
(6.47)
which gives (6.39) since (VaVa¥p¥s) = Z3' % /AF(1 + iy N)). O
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Proof of Proposition 6.2 The proposition follows immediately from Lemma 6.5 with
the same A and y as in Proposition 6.1. g

7 Proof of Theorems 2.1 and 2.3

Proof of Theorems 2.1 and 2.3 By summation by parts on the whole torus Ay, we
have

YV V) + T (A D) + (0. =A9)) = Qo+ 20 (VY. V). (D)

Given m? > 0 and bg small, we choose VOC (bo, m?) as in Theorem 3.24. This defines
the functions s§ = y§ + z and ag in (2.5) with the required regularity properties.
The claims for the correlation functions and the partition function then follow from
Propositions 4.1-4.2 and 6.1-6.2. The continuity of u¢; follows from the continuity
of Vi and the continuity of the renormalisation group maps.

For Theorem 2.1, note that the statements simplify by the assumption m? >
Indeed, using that (m2|AN|)_1 < L=@=2N apd lay| < OL(boL_(H")N), by Propo-
sition 4.1, we have that |ay y| < O (boL~%NY and Jiy y| < Op(boL™*N). O

L2V,

Appendix A: Random forests and the H'!> model
A.1 Proof of Proposition 1.4

For any graph G = (A, E) with edge weights (8y,) and vertex weights (&), the
partition function appearing in (1.1) can be generalised to

Zow=y_ [[ B [T+ ho. (A1)

FeF xyeF TeF xeT

where F is the set of forest subgraphs of G. Recall from the discussion above (1.3)
that expanding the product over T in (A.1) can be interpreted as choosing, for each
T, either (i) a root vertex x € T with weight h, or (ii) leaving T unrooted. This
interpretation will be used in Lemma A 4.

By [20, Theorem 2.1] (which follows [37]),

1
Zpn= / [0 3&7@” Bryx sty + D=2 o hx @), (A2)
.X

XeEA
Moreover, by [20, Corollary 2.2], if & = 0 then
HJ);B,O[X < yl= _<MO'Mx>ﬂ,O = _(Z()Zx>ﬁ,0 = (Sx’?y>ﬂ,0 =1- <Sx77x§y'7y>f3,0- (A.3)

Proposition 1.4 follows easily from this. For convenience, we restate the proposition
as follows. In the statement and throughout this appendix, inequalities like 8 > O are
to be interpreted pointwise, i.e., By > 0 for all edges xy.
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Proposition A.1 For any finite graph G, any 8 >0 and h > 0,

Pg.n[0 < g1 = (20)p.h- (A4)
Pg.p[0 < x,0 « gl = (Eomx) g, (A.5)
Pg.n[0 <> x]14+Pg [0 x,0 <> g, x <> gl = —(uo - tx)B ks (A.6)

and the normalising constants in (1.1) and (1.13) are equal. In particular,
Pgol0 <> x]= —(uo - ux)p.0 = —(z0zx)p.0 = (onx)p.0 = 1 — (Somo&xnx)p.0- (A7)

Proof of Proposition A.1 For notational ease, we write the proof for constant /. The
equality of the normalising constants is a special case of (A.2). To see (A.4), we
use that (zo — 1)>2 =0 so that zo = 1 — (1 — z0) = e~ 720, As a result (7o), =
Zg nh—1y/Zp,n, and (A.1) gives

h|To|

=Egp,——— =Pg ;[0 < g]. A.8
(z0)g,n ﬁ,hl+h|TO| 6.l gl (A.8)

Similarly, (zozx) = Zg,h—19—1,/Zp,» and thus (A.1) shows that

L hiTol Tl W
T+ hTol 7 P TR R T T AIT, O

(zozx)g,n =Ep.n

=Pg 1[0 < x] —2Pg 1[0 <> x, 0 gl + Pg [0 » x,0 <> g, x < gl.
(A.9)

To see (A.6), we note that the left-hand side is the connection probability in the
extended graph G9. From (A.3) with By, = B for x,y € A and By =h forx € A
we thus obtain the claim:

—(uo - ux)gn =Ppnl0 < x]+Ppnl0x,0<g,x < gl (A.10)

To see (A.5), we combine (A.9) and (A.10) to get
2(80mx) ,h = —(uo - ux)gn — (z0zx) g, = 2Pp [0 <> x, 0+~ g]. (A.11)
Finally, (A.7) is (A.3). This completes the proof. O

The extended graph G9 allows z-observables to be interpreted in terms of edges
connecting vertices in the base graph G to g. To state this, we denote by {x g} the event
the edge between x and g is present. The next lemma will be used in Appendix A.3.

Proposition A.2

ho{zo — 1)g.n =g »[0g] (A.12)
hohx{zo — 15 zx — 1) g.n = Pp 1[0g, xg] — P n[0g]1Pp 1 [xg] (A.13)

Proof As discussed above, after expanding the product in (A.1) the external fields A,
can be viewed as edge weights for edges from x to g. With this in mind the formulas
follow by differentiating (A.2). O
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A.2 High-temperature phase and positive external field

Proposition A.3 If f < pc(d)/(1 — pc(d)), then 0q(B) = 0. Moreover, there is a ¢ =
c(B) > 0 such that ]P’gg [0 < x] < ek,

Proof In finite volume, Holley’s inequality implies the stochastic domination ]P’g% =<

IPQ,I}' , where the latter measure is Bernoulli bond percolation on the extended graph

G9 with p=8/(1+B) and r =h/(1 + h), see [20, Appendix A]. In particular,

IP’?”,V! [0 < g] <PHY[0 < gl. (A.14)

Since each edge to the ghost is chosen independently with probability r, this latter
quantity is

IANI
P[0 < gl =) PRYIICol =nl(1 — (1 —r)") <rEp¥|Col (A.15)

n=1

since 1 — (1 —r)" < rn for 0 <r < 1. Here Cy is the cluster of the origin on the
torus without the ghost site, so ]Eﬁ,\’\,’ |Col| = E£%|CO|. Now suppose B is such that
P < pc(d). Then the right-hand side is finite and uniformly bounded in N. Hence

. . A . A
6a(p) = lim lim P[0 < g] < lim r sngpymcm =0. (A.16)

The second claim follows from stochastic domination, as when p < p.(d) bond per-
colation has exponentially decaying connection probabilities [56]. |

Lemma A.4 Let h > 0 and suppose that for all x, hy = h. Then there are c¢,C > 0
depending on d, B, h such that

PEh0 <> x,0g] < Ce ™l PRN[0 > x, 045 g] < Ce™ . (A.17)

Proof We begin with the inequality on the left of (A.17). Define F(0 <> x) to be the
set of forests in which both 0 is connected to x and Ty is rooted at 0, and F the set
of all forests. In this argument we treat F as being a set of (possibly) rooted forests,
i.e., we identify edges to g with roots. Without loss of generality we may assume
x - ey 2 o|x] for a fixed o > 0. Note that if F € F(0 <> x) there is a unique path yr
from O to x in F', and there are at least «|x| edges of the form {u, u + e} in yF.

We define amap S: F(0 < x) - 27 by, for F € F(0 < x),

1. choosing a subset {u;, v;} of the edges {{u, v} € yr |v=u+ e}, and
2. removing each {u;, v;} and rooting the tree containing v; at v;.

Thus S(F) is the set of forests that results from all possible choices in the first step.
The second step does yield an element of 27 since Tj is rooted at 0, so it cannot be
the case that the tree containing v; is already rooted (connected to g).

The map S is injective, meaning that given F € Ure F0<x) S(F) there is a unique

F such that F € S(F). Indeed, given F e S(F), F can be reconstructed as follows.
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In F, either the tree containing x contains 0, or else it is rooted at a unique vertex v’
and it is not connected to u’ = v’ — ey. Set F/ = F U {u’, v'}. The previous sentence
applies to F’ as well, and continuing until a connection to 0 is formed we recover
F'. This reconstruction was independent of F, and hence if Fi=F,F €S (F;), we
have F| = F>.

Let w(F) = hB* [174q, (1 +h|V(T))). Then for F € S(F), w(F) = w(F)(%)k

if F had k edges removed. Hence if the connection from O to x in F has k edges of
the form {u, v}, v =u + ey,

Z w(F) =1+ %)kw(F). (A.18)
FeS(F)

Let Fr(x) C F(0 <> x) be the set of forests where the connection from O to x contains
k edges of the form {u, v}, v =u + e;. We have the lower bound

Zgh =Y B T[a+nvan=>" > > wk) (A.19)
FeF  TeF k>0 FeFi(x) FeS(F)

since S is injective and all of the summands are non-negative. Hence we obtain, using
(A.18),

Zk>a|x| ZFE]-'k(x) w(F)
Zk20 ZFE]:k(x) ZFES(F) w(F)
hy—k N - -
~ Yisall 2reFRwU BT Xiesin W)
21@0 ZFe]:k(x) ZFGS(F) w(F)

P[0 <> x, 0gl <

h _
<(1+B) alxl, (A.20)

A similar argument applies when 0 <~ g; this condition is used in the second step
defining S to ensure the trees containing the vertices v; are not already connected to
g. In this case the weight w(F) does not have the factor %, but the remainder of the
argument is identical. g

Proposition A.5 Let h > 0 and suppose that for all x, hy, = h. Then there are ¢, C > 0
depending on d, B, h such that

PEHI0 <> x] < CeeM, (A21)

Proof Since
PQ,Z [0 < x] = Pfg‘,’; [0« x,0< g]l+ IP’}’;Z [0 < x,0 < gl, (A.22)
it is enough to estimate the first term, as the second is covered by Lemma A.4. Note

PEhl0 < x, 0 gl=Y Pehllooxlooylygl=Y PgYloorlooylogl (A23)
y y
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where the first equality follows from the fact that the only one vertex per component
may connect to g, and the second follows from exchangeability of the choice of root.
Examining the rightmost expression, there are most cy4|x|¢ summands in which |y| <
|x|; for these terms we drop the condition 0 <> y. For the rest we drop 0 <> x. This
gives, by Lemma A .4,

IP’/‘;’Z [0 x, 0 gl <Clx[‘e™ M+ Y~ cem Pl < cem M, (A.24)
[y1>]x|
where ¢, C are changing from location to location but depend on d, B, h only. g

A.3 Infinite volume limit

We now discuss weak limits IP’%d obtained by (i) first taking a (possibly subsequential)
infinite-volume weak limit P%dh =lim N IE”AN and (ii) subsequently taking a (possibly

subsequential) limit ]PZ = limy o Pz’ - We do not explicitly indicate the convergent
subsequence chosen as What follows apphes to any fixed choice. Define

0a.n (B, 1) =PgN[0 < gl=1—h~'PgY[0g] (A.25)

where the second equality is due to (A.12). Since this last display only involves cylin-
der events,

lim 04 n(B,h)=1—h" 09] Oa (B, h), (A.20)
N—oo
where the last equality defines 6,4 (8, h).

Proposition A.6 Assume limy, 0 04(B, h) = 604(B) exists. Then
74 _ _
Py [1To| = 0ol = 6a(B). (A.27)

Proof Write Pg j, = P%dh. We claim that

Py.1l08] =D Pyl Tol =l —, (A.28)
n>1
and hence, since 64(B, h) = 1 — h~'Pg 4[0g],
0, hy=1- P Tol = . A2
(B ) > PgallTol i (A.29)
n>1
Granting the claim, by dominated convergence we obtain
Pg.ollTol < o0l =Y Ppol|Tol =nl=1—0a(B), (A.30)

n>1
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as desired. To prove the claim, rewrite it as
Pg.nl1To| = 00, 0g] = rlin;o Pg.nllTo| > r, 0g] = 0. (A.31)

The probabilities inside the limit are probabilities of cylinder events, and hence are
limits of finite volume probabilities. For a fixed r the probability is at most 2 /(1 +rh)
in finite volume, which vanishes as r — oo. O

Appendix B: Finite range decomposition

In this appendix, we give the precise references for the construction of the finite
range decomposition (3.1). The general method we use was introduced in [12], and
presented in the special case we use in [18, Chap. 3] and we will use this reference.
For ¢ > 0, first recall the polynomials P; from [18, Chap. 3] (these polynomials are
called W;* in [12]). These are polynomials of degree bounded by ¢ satisfying

1 o0 2 dt 2. N—S§
5= t Pz()»)T, 0< Pi(u) < Os(1+17u) (B.1)
0

for any s > 0 and u € [0, 2]. Our decomposition (3.1) is defined by

1

1 , 3L A(k) +m? _dt
Cilx,y) =———— e’k'(x’y)'/ TR Y AR Gt B.2
10x, ) (2d+m2)|AN|k§ i Cgam) T B
N
iy 2
[ Ak) +m? _dt
Ci(x,y) = ———5—— ik (x y>[ PP(———=)— (B3
j(x, y) (2d+m2>|AN|k§*" " P g T B
N
1 Y e Ak) +m? _dt
() V) =——"— ik-(x y)/ PP (= —, B4
NN ) = e " g T B

keAy

where A(k) =4 Z?:l sinz(kj /2) and Aj‘v C [—m, 7)4 is the dual torus. The estimates
for Cq, ..., Cn_ are straightforward from these Fourier representations and can be
found in [18, Chap. 3]. We remark that in [18, Sect. 3.4], the torus covariances are
defined by periodisation of the finite range covariances on Z¢; by Poisson summation
this is equivalent to the above definition.

The decomposition of Cy n in (3.6) is defined by removing the zero mode from
C N,N:

Cn(x,y)=

R A(k) +m? _dt
ik-(x—y) 2P “r B.
Qd +m2)|Ay] 2, e ALNt 1 )y B

ke A% k#0 2d+m
o m? dt

2
IN=——— t"Pi(———=) —, B.6
N 2d+m2/%LN a7 (B.6)
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from which (3.6) is immediate. For Cy estimates follows as in [18, Chap. 3]:

1 . e
|ICn(x, )| < —— Z ﬁLN;P(M) !

AN ke A% k20 2+
1 00 B s, dt
S |A | Z /1‘ Ntzt 2S|k| 2S7
N keAj‘V:k;éO 2L
Z L—2SN|k|—2S
keA* k#£0
oo
< [~W-DN f 2=l g, < [ ~@-DN (B.7)
1

and analogously for the discrete gradients. Finally, by (B.1),

, / m? )dt

N= (2d+m2) N ‘Cdtm
_ ! / T )‘”—1 o). (B
T m?2 Q2d+m?) ), t2d+ e ' '
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