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Abstract

The celebrated Pélya’s conjecture (1954) in spectral geometry states that the eigen-
value counting functions of the Dirichlet and Neumann Laplacian on a bounded Eu-
clidean domain can be estimated from above and below, respectively, by the leading
term of Weyl’s asymptotics. Pélya’s conjecture is known to be true for domains which
tile Euclidean space, and, in addition, for some special domains in higher dimensions.
In this paper, we prove Pélya’s conjecture for the disk, making it the first non-tiling
planar domain for which the conjecture is verified. We also confirm Pélya’s conjec-
ture for arbitrary planar sectors, and, in the Dirichlet case, for balls of any dimension.
Along the way, we develop the known links between the spectral problems in the disk
and certain lattice counting problems. A key novel ingredient is the observation, made
in recent work of the last named author, that the corresponding eigenvalue and lattice
counting functions are related not only asymptotically, but in fact satisfy certain uni-
form bounds. Our proofs are purely analytic, except for a rigorous computer-assisted
argument needed to cover the short interval of values of the spectral parameter in the
case of the Neumann problem in the disk.
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1 Weyl’s law and Pélya’s conjecture

Let  C R? be a bounded domain. Consider the Dirichlet eigenvalue problem for the
Laplacian

e
0.2
i ax,
in :

—Au=2:Au in 2,

(1.1)
u=0 on 9%2.

It is well known that the spectrum of (1.1) is discrete and consists of isolated eigen-
values of finite multiplicity accumulating to +oo,

0<AM (@) =h(@) =< =A(E ) =...,
which we enumerate with account of multiplicities.
Similarly, assuming additionally that 9$2 is Lipschitz, consider the Neumann

eigenvalue problem

—Au = pu in €2,

(1.2)
0,u =0 on 02,

where d,u = (Vu, n)|;o denotes the normal derivative of u with respect to the exte-
rior unit normal n on the boundary. The spectrum of (1.2) again consists of isolated
eigenvalues of finite multiplicity accumulating to +o0,

0=p1(2) =p2() <--- <= un(2) <.,

enumerated with account of multiplicities.
Let, for A e R,

AP0 =#lna@ =22 and 0 =4 ) =2
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Pdlya’s conjecture for Euclidean balls 131

denote the counting functions' of the Dirichlet and Neumann eigenvalue problems on
Q.2 It follows from the variational principles for (1.1) and (1.2) that

AP0y < AN

for any A > 0.3
Under the assumptions stated above, the leading term asymptotics of the counting
functions is given by Weyl’s law [41],

Na(M) = CalQlar? + R(V), (1.3)

where 4G ()1) denotes either JI/SZD(A) or </VQN(A), | - | denotes the d-dimensional
volume, R(A) =o (Ad) as A —> 400, and

1

Coim—
T @mir (1)

is the so-called Weyl constant. We refer to [38] for a historical review, as well as
numerous generalisations and improvements.

H. Weyl himself conjectured [42] a sharper version of (1.3) taking into account
the boundary conditions: for & c R¢ with a piecewise smooth boundary,

%(x)=Cd|sz|dxdicb,d|asz|d_1)\d—1+o(,\d—1) as A — 400,  (1.4)

where the minus sign is taken for the Dirichlet boundary conditions and the plus sign
for the Neumann ones, and

1
i

Cp.a:= .
bd 2a’+1ndTF (%)

We note that for planar domains (1.4) takes the particularly simple form

Area(2) 224 Length(9€2)

M) = 4 4

A+o(). (1.5)

The two-term Weyl’s law (1.4) remains open in full generality. It has been proved
by V. Ivrii [20] under the condition that the set of periodic billiard trajectories in 2
has measure zero. While this condition is conjectured to be satisfied for all Euclidean
domains, it has been verified only for a few classes, such as convex analytic domains
and polygons, see [38] and references therein. Specifically for a disk, it was proved
by N. Kuznetsov and B. Fedosov in [24].

1Strictly speaking, we are counting the number of eigenvalues less than or equal to a given 22, but such
normalisation will be convenient to us throughout.

20ne can also define the counting functions using strict inequalities; this does not affect any of the results
below.

3This in fact can be improved to JVQD()L) +1< ,/VQN (1), see [10] and [4].
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132 N. Filonov et al.

Assuming that the two-term Weyl’s asymptotics (1.4) holds for a domain  C R¢,
we immediately obtain that for A above some sufficiently large but unspecified value
A1 we have

Ny (W) < CalQlar? < A (). (1.6)

We refer also to [34] for results of the same kind in the Riemannian setting.

In 1954, G. Pélya [36] conjectured that the inequalities (1.6) hold for all A > 0.*
He later proved this conjecture in [37] for tiling domains Q2: that is, domains such
that R¢ can be covered, up to a set of measure zero, by a disjoint union of copies of
Q. In fact, in the Neumann case, some additional assumptions were imposed in [37]
that have been removed in [21]. It has been also shown that Pdlya’s conjecture in the
Dirichlet case holds for a Cartesian product Q2 = Q| x Q5 C R4+ if it holds for
Q1 c RY with d; > 2, and Q, C R? is bounded, see [26, Theorem 2.8]. For general
domains, somewhat weakened versions of (1.6) are known to hold as a consequence
of the so-called Berezin—Li—Yau inequalities: we have

dj2
(%) AP0 < CalQlan < #a@’(x)
forall A > 0, see [31], [23], and [26]. We refer also to [32], [25], [9], and [8] for some

recent results on Pélya’s conjecture and further interesting links to other problems in
spectral geometry.

Remark 1.1 Pélya’s conjecture (1.6) can be equivalently restated as the inequalities
for the eigenvalues (instead of the counting functions),

1ns1 () < (CalRa) ™7 0 < 2n() (1.7)

for all n > 1. It is known that inequalities (1.7) hold for any domain in any dimension
for n = 1, 2. In particular, for n = 1 this follows from the celebrated Faber—Krahn and
Szeg6—Weinberger inequalities, and for n = 2 in the Dirichlet case from the Krahn—
Szego inequality, see [17]. For n = 2 in the Neumann case, we refer to [11], [1].
These are the only eigenvalues for which it is known in full generality. We refer also
to [7] for further results on the validity of the Dirichlet Pélya’s conjecture for low
eigenvalues in higher dimensions. <

Remarkably, since balls do not tile the space, Pélya’s conjecture has so far re-
mained open for Euclidean balls, including planar disks.> Although all the eigenval-
ues of the Dirichlet and Neumann Laplacians on the unit disk are explicitly known in
terms of zeros of the Bessel functions or their derivatives, see §2 below, in each case
the spectrum is given by a two-parametric family, and rearranging it into a single
monotone sequence appears to be an unfeasible task.

4In fact, Pdélya’s original conjecture was only for planar domains, and in a slightly different form.

5 As stated in [27, p- 638]: “Remarkably this conjecture still remains open even for such a simple domain
as the disc, where the eigenvalues of the Dirichlet Laplacians could be calculated via the roots of Bessel
functions.” See also [6, p. 1366] and [28, p. 66].
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Pdlya’s conjecture for Euclidean balls 133

Let BY ¢ R? be the d-dimensional unit ball. Then [B¢|; = % Therefore the

r(5+1)

leading Weyl’s term in (1.3) for B¢ becomes

1
Wa() = CalBlah! =wap,  wi=———, (1.8)
24(r (3 +1))
in particular
A2 223
Wo(h) = — and Wi(L) = —.
4 o

The main results of this paper address the validity of P6lya’s conjecture for disks
and balls. Namely, we prove the following results.

Theorem 1.2 The Dirichlet Polya’s conjecture for the unit ball holds in any dimen-
sion d > 2, that is we have

Ngd (M) < Wa(h)
forall A > 0.

Our results in the Neumann case are restricted to the case d = 2. Higher-
dimensional Neumann problems are harder, and we intend to treat them in a sub-
sequent paper.

We first state

Lemma 1.3 The Neumann Pélya’s conjecture for D = B? is valid for all 1 € [0, Ag],
where

Ay = 24/3.

Proof Taking the span of {1, x, y} as a test space in the Rayleigh quotient for the
Neumann Laplacian on D gives u3(ID) < 4. Therefore,

1, 1€l0,2), e
MING) = 3 x>[2) > o foriel0, Aol O

We then prove

Theorem 1.4 The Neumann Pélya’s conjecture for the unit disk holds for all

_ o
T 37 -8

A> A (1.9)

We note that Ag > 3 and A1 < 14, so we already have the validity of the Neumann
Pdlya’s conjecture for the disk for all A outside the interval (3, 14).
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134 N. Filonov et al.

Theorem 1.5 The Neumann Pdélya’s conjecture for the unit disk holds for all ) €
[3, 14].

The proof of Theorem 1.5 is rigorous but computer-assisted. More specifically, it
is based on a realisation of an algorithm which satisfies two fundamental principles.

Principle 1. The algorithm should complete in a finite number of steps.
Principle 2. The algorithm should operate only with integer or rational numbers,
thus avoiding any use of floating-point arithmetic and any rounding errors.

The combination of Lemma 1.3 and Theorems 1.4 and 1.5 ensures that the Neu-
mann Pélya conjecture for the disk is valid for all A > 0, that is we have

Corollary 1.6 47 (1) > ’\Tzfor all A > 0.

Remark 1.7 Since Pélya’s conjecture is scale-invariant, its validity for a unit ball im-
mediately implies that it is valid for any ball of the same dimension. <

We additionally have the following generalisation of Pdlya’s result for tiling do-
mains: we show that P6lya’s conjecture holds not only for domains which tile Eu-
clidean space, but also for domains which tile another domain for which it is known
to be true.

Theorem 1.8 Let 2 C R? be a domain for which either the Dirichlet or the Neu-
mann Pélya’s conjecture holds, and let Q' be a domain which tiles Q. Then the same
Pélya’s conjecture also holds for Q.

Proof Assume that €2 can be tiled by £ > 2 congruent copies of &/, so that |Q|s =
2|2’ |4. We have, by bracketing and since the eigenvalues of all the congruent copies
coincide with those of €/,
AL ) < AP < AT < e o).
Assuming now (1.6) for all A > 0, we get
LN () = CalQlar! = Cat|Q|ar! < LG (),

and the result follows by cancelling £. O

Remark 1.9 If the inequalities in Pdlya’s conjecture (1.6) for Q2 are strict, they are
also strict for Q'. <

Theorem 1.8 immediately implies the following
Corollary 1.10 Let Qcsi! bea spherical domain which tiles S?~!. Then the
Dirichlet Pélya’s conjecture holds for the spherical cone in R? with the base Q and

the vertex at the origin.
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Pdlya’s conjecture for Euclidean balls 135

In the planar case we get

Corollary 1.11 Pdlya’s conjecture holds for any circular sector S, with an aperture
a=2 where L €{2,3,...}.

We refer also to [8] for an alternative proof of Corollary 1.11 for sufficiently large
(but unspecified) ¢.
We can in fact extend the result of Corollary 1.11 to arbitrary sectors.

Theorem 1.12 Pdlya’s conjecture holds for any circular sector S, with an aperture
o € (0,2m], that is

a2
NP0 < = < N ()
forall A > 0.

Remark 1.13 The result of Theorem 1.12 in the case o = 27 (the disk with the radial
slit) follows immediately from Theorems 1.2 (d =2) and 1.4 by Dirichlet-Neumann
bracketing. <

Plan of the paper

In the next section we describe two lattice counting problems (2.6) and (2.7), variants
of which were originally introduced by N. Kuznetsov and B. Fedosov in [24], and
which are closely linked to the Dirichlet and Neumann eigenvalue counting problems
in the ball. The key novel tool is Theorem 2.3, originally obtained in part in [39],
which gives a uniform bound between the eigenvalue and the lattice counting func-
tions, as opposed to asymptotic relations that were previously known. We provide an
independent proof of this result in §3. In §4 we state the results on the lattice counting
functions which are sufficient for proving Pdlya’s conjecture for balls. The bulk of
the paper, §§5-8, is devoted to the proofs of these results. Theorem 1.12 is proved in
§9.

2 Dirichlet and Neumann eigenvalues of the ball and lattice counting
problems

Throughout this paper, with v > 0, and k € N, let J,,(z) be the Bessel functions of
order v, let j, x be the kth positive zero of J,, and let jl/)’ « De the kth positive zero of
its derivative J;, with the exception of J;j for which jj ; = 0.

It is well known that the eigenvalues of the Dirichlet Laplacian in the unit ball
are given by the squares of the zeros of the cylindrical Bessel functions. Namely,
considering the Dirichlet Laplacian in B¢, we have the simple eigenvalues

Ad,0k = (jd/zfl,k)z, keN,
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136 N. Filonov et al.

that is of multiplicity
Kkd,0:=1,

and the eigenvalues

i = (mra-14)" m, k eN,

m+d—1 m+d—3
Kdm ‘= — .
dm d—1 d—1
Remark 2.1 We note that the numbers k4., d > 2, m € Ng = N U {0}, coincide with
the multiplicity of the eigenvalue m(m + d — 2) of the Laplace—Beltrami operator on

the unit sphere SY~!, or alternatively with the dimension of the space of homogeneous
harmonic polynomials of degree m in R?. In the planar case we have

of multiplicity

Kom =2 form e N.
|
We therefore have
o0
Mg W)= kam#{k €N: jmyap 1k <A} (2.1)
m=0
Remark 2.2 The sum in (2.1) is in fact finite: we have®
A—d/2+1]
MW= Y kam#{k €N juyap 1k <1}, 22)
m=0

This is due to the fact that j, 1 > v [35, Eq. 10.21.3]. Note that in (2.2) and further
on, any sum in which the lower limit exceeds the upper limit is assumed to be zero,
which immediately gives J@B(k) =0for A < % —1. <

In the planar case the expression (2.1) simplifies to

[A—d/2+1]
MPO)=#{keN:jog<r}+2 > #{(m,k) N jus gx}.
m=1
Similarly, the eigenvalues of the Neumann Laplacian in the unit disk D are given

by the squares of the zeros of the derivatives of Bessel functions. We have the simple
eigenvalues

Mok = (j{),k)z, keN,

SHere and further on, |x] =max{k € Z : k < x} denotes the integer part of x € R, and [x] =min{k € Z:
k > x} denotes its ceiling.
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Pdlya’s conjecture for Euclidean balls 137

J%DN,D )

60 -
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1 1 1 A
5 10 15

Fig.1 The Dirichlet eigenvalue counting function JifD)D (1) (blue), the Neumann eigenvalue counting func-

tion /%N (1) (red), and the leading Weyl’s term Wy (1) = % (black) in dimension d = 2. The plot is pro-
duced using the floating-point evaluation of zeros of the Bessel functions and their derivatives. If we were
to assume (contrary to the philosophy of this paper) the validity of floating-point arithmetic, this plot would
have presented a numerically assisted (as opposed to computer-assisted) “proof” of Pélya’s conjecture for
the disk for A < 15

and the double eigenvalues

g2
pmk = (i) > mkeN.
We therefore have
[A—d/2+1]
AW =#lkeN: i <aj+2 ) #{(m,k) eN: )l §A}, 2.3)
m=1

where the sum is again finite since j\i,l > v [35, Eq. 10.21.3].

For illustrative purposes only, we show the graphs of the Dirichlet and Neumann
eigenvalue counting functions for the disk in Fig. 1.

We will be comparing the counting functions ‘/‘{BB (A) and J%N()») with some
weighted lattice counting functions. Let

1
h(x) = — (\/1 —x2- xarccosx) . xelo,1],
bid
and let P be a planar region under the graph of & (x),
P:={(x,y):xe€[0,1],y €[0,h(x)]}.

Let, for A > 0,

G, (2) = h (%) = % ( A2 — 72 — zarccos i) . zel0,A], (2.4)
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138 N. Filonov et al.

Ga(2)
A
- 4
/A
L R 4
e o o
® & 6 o O
e o o o o
4t 6 0 0 0 0 0
e o o o o o o
L B AR IR R
e e o o o o o
$ 6 0 0 0 0 0 0
e o o o o o o
4t ¢ 0 0 0 0 0 0
e e o o o o o
RIS z

Fig.2 The region IP;, and the sets of shifted lattice points Q? (A) (blue disks) and ng (A) (red diamonds),
shown here for d =2 and A =23

and let P, be a dilation of P with coefficient A with respect to the origin,

Pr={(z,»):0=z2=2,0=<y =Gux()}, (2.5)
that is, the region under the graph of G, (z).
Let
D d 1
Qg =3 (m, k) + 5—1,—2 ePy:(m, k) eNygxN
and

oY) = {(m,/o + (o, —Z) € Py : (m. k) € No x N}

be the sets of shifted integer lattice points which lie in P), see Fig. 2. The defini-
tions of the two sets for d = 2 differ by a vertical shift. The reason for choosing this
particular notation will become evident later.

We now introduce the weighted lattice point counting functions

2P0 = > Kd,m (2.6)
(m+4-1k-1)e00)

and

PN = > K2.m.- .7)
(m,k—%)eQ’z‘I(A)
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Pdlya’s conjecture for Euclidean balls 139

It is immediately seen from the definitions (2.5)—(2.7) that with R € {D, N} we have

[A—d/2+41] d
PN =D Kim {Gk <m + - - 1) +st : (2.8)

2

m=0
where
1 3
D N

=, =—. 2.9
s i s 1 (2.9)

It is well known that as A — 400, the asymptotics of the lattice point counting
function 3”31) (1) is intricately linked to the asymptotics of the eigenvalue count-
ing function J@B (1). This was first shown in the planar case in [24] and later re-
discovered in [2], see also [12]. Namely, in some appropriate sense,

N () ~ P2(2)  ash— +oo.

This observation, together with asymptotic bounds on the difference between the two
functions, has been used to great effect to estimate the remainder in Weyl’s law for
the unit ball. In particular, for the Dirichlet problem in the disk the two-term Weyl
asymptotics (1.5) holds with an improved remainder estimate

0 (A131/208(10g )\)18627/8320)

see [15] (the remainder estimate O ()\2/ 3) was already obtained in [24], [2]). Sim-
ilar improved remainder estimates are also known in the Dirichlet case for higher-
dimensional balls [13] and in the planar Neumann case [14].

As has been recently found in [39] in the Dirichlet case, there is a further simple
non-asymptotic relation between the lattice point and the eigenvalue counting func-
tions, which lies at the cornerstone of our proofs of Theorems 1.2 and 1.4.

Theorem 2.3 For any d > 2 and any A > 0, we have
Nga () < PR
We also have, for any A > 0,

Py < M),

3 Proof of Theorem 2.3

We start by introducing some additional notation. Set, for v > 0, A > 0, and R €
{D, N},

Gi(v) +s%, ifa>v,

3.1
PRl if0<Xi<v, G

AN(L) =
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140 N. Filonov et al.

where G} is defined by (2.4) and s™ is defined by (2.9). Some typical graphs of the
functions Aff()») are shown in Fig. 3.

The crucial step in the proof of Theorem 2.3 comes from the following bounds on
the number of zeros of Bessel functions and their derivatives below a given number.

Proposition 3.1 Let v >0 and A > 0. Then

#{keN: e =i} <[ APG) | (3.2)
and

#lkeN:jl, <) > LAEI(A)J. (3.3)

Remark 3.2 For A € [0, v], the inequalities (3.2) and (3.3) become the trivial identities
0=|s"|=0. <

Remark 3.3 For v = 0, the inequality (3.2) is equivalent to jox > 7 (k — %), which
was proved in [18]. |

Proof of Proposition 3.1 We recall the representations of the Bessel functions of the
first and second kind, J,, and Y, and their derivatives in terms of the so-called mod-
ulus functions M,, and N,, and the phase functions 6, and ¢,,,

Jy(x) =M, (x)cosB,(x), Y,(x)=M,(x)sin6,(x),
Jo(x) = Ny(x)cosp, (x), Y, (x) = Ny(x)sing,(x)

(see [35, Egs. 10.18.4-5]). We will be using various properties of the phase functions
below; for a review of these properties see [19]. We will be only considering the cases
v > 0 and x > 0 for which the moduli M, (x) and N, (x) are both positive.

Let us concentrate first on (3.2). We have J,,(xo) = 0 if and only if cos 8, (xg) =0,
and so if and only if

1 1

—0,(x0) + = €Z. 3.4

b4 2
Note that the phase function 6, (x) satisfies 6,(x) — —7 as x — +0 [35, Eq.
10.18.3], and that it is monotone increasing for x € (0, +o00) [19, Theorem 1], there-
fore (3.4) can be replaced by

BP (xo) €N,
where
D 1 1
B (x) = —0,(x) + -, (3.5)
T 2
and therefore
#lkeN: e <if=|BPG)|. (3.6)
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We have

A 1
G,(v) = i ; + 0 (X) as L — 4o00. 3.7

Using the asymptotics7 [19, Eq. 21)], [35, Eq. 10.18.18],

6, (h) = — % <v+%)+0<%) as A — 400,
and (3.5), (3.7), we obtain
BP)— APy -0 asi— +oo.
Further,

dBP(M) 1
v
for A > v by [19, Eq. (56)]. As we additionally have

22 —v2  dAD()
TA

0, (1) > 5

dBP () Co— dAP ()
dA dA
for A € (0, v], the function BP (1) — AP (1) is monotone increasing on (0, +-00) and
tends to zero at infinity. Thus, we have proved that

BP(1) <AP(n)  fora €0, +00). (3.8)

Combining (3.6) and (3.8) proves (3.2).
We now prove (3.3). In the same manner we have J) (xo) = 0 if and only if

1 1
—¢y(xp) + = € Z. 3.9
b4 2

We note that the phase function ¢, satisfies ¢, (x) — % as x — +0 [35, Eq. 10.18.3].
Also, ¢, (x) is monotone increasing for x € (v, +00) and monotone decreasing for
x € (0,v) [19, Theorem 1], with ¢, (v) > —% [19, formula (60)]. Thus, the condition
(3.9) can be replaced by

B‘I)\](xo) eN,
where
N 1 1
B, (x):=—=¢u(x) + =, (3.10)
T 2
and therefore
#lkeN:ji <af =] BYG)]. 3.11)

7See also [16] for all the coefficients of the full asymptotic expansion and some useful remarks.
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A r A

P 21
12345678

123456738

12345678

B2z ----- Ay - AN(2) BN(2)

Fig.3 An illustration of inequalities (3.8) and (3.12). The plots of BP (A) and BII,\I (1) are drawn using the
recipe from [19]. We remark that B{,\I (A) has a minimum at A = v

Using the asymptotics [19, Eq. (22)], [35, Eq. 10.18.21],

A)=A il ! 0] ! A
ov(A) = _§<v_§>+ (X) as A — 400,

and (3.10), (3.7), we get
BN —AN) -0 as i — +oo.
Also,

dBN(x 1 A2 —v2  daANo
ﬁ = —(]5;()») < v — » (1)
da T TA dx

for A > v by [19, formula following Eq. (58)]. As we additionally have

dBN() o— dAN ()
da dx

for A € (0, v], the function Bllf()\) — AEI(A) is monotone decreasing on (0, +00) and
tends to zero at infinity. Thus, we have proved that

BN > AN fora e[0, +00). (3.12)
Combining (3.11) and (3.12) proves (3.3). Il

We illustrate inequalities (3.8) and (3.12) in Fig. 3.

The bound (3.2) can be also proved without relying on the properties of the Bessel
phase function. Instead, one uses the known asymptotics of the Bessel zeros and
the Sturm comparison theorem. We present this alternative argument below for an
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interested reader. The bound (3.3) can be proved in the same manner; we omit the
details.
Let v > 0, and let us consider the function

sin (nA]v)(x)) .
Let a, x be its kth zero in [v, 4-00), ordered increasingly. Obviously,
#lkeN:a <2} =] DG . (3.13)
We will prove
Lemma3.4 a, < jyi forall k e N.
Together with (3.13), Lemma 3.4 immediately implies (3.2).

Proof of Lemma 3.4 The function U, (x) := /xJ,(x) satisfies the differential equa-
tion

. v2—1/4
U,x)+(1- — U,(x)=0. (3.14)
Consider the function
. NG . D
VU()C) = m S (ﬂAv (x) + b)

with some b € [0, %) Then

2 2 2\1/4
V)= —— 2 in (nAD(x) ¥ b) Gl RPN (nAD(x) + b)
' 2J/x (x% = v2)5/4 ' VX '
60252 — (x2 — p2)3/4
" _ : D
v, ()= <4x3/2(x2 AT T o ) sin (”Av (x) + b) .
Therefore,

Y 2 v2(6x2 — v?2)
V\) (x)+ l—x—z —m VV(X)ZO fOfxE(U,+OO). (315)

Denote by v, x = vy k() the kth zero of the function V,,. By the definitions of V,, and
AD,

v T
vfk—vz—varccos + —+b=rk.
’ v 4

2 2 -1 v i -1
v ve=uv,r+ 0 (v and arccos =—40|(v as k — oo,
v,k > v,k Vo k v,k
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we have

v 1 1
vv,k(b)_n(k—l—i—é—t)—b—i-O(k ) as k — oo.

On the other hand the asymptotics

Juk =T k+z—1 —l—O(k_l) as k — o0
v, 2 4 ’

is well known, see for example [35, Eq. 10.21.19].
Suppose that b > 0. Then there exists K € N such that

Juk > vy k(D) fork > K. (3.16)

The coefficient in front of U, in (3.14) is greater than the coefficient in front of V),
in (3.15):

v2 —1/4 2 2 v2(6x2 — 1v?)
—>1—-—=>1-

1— - 7
+2 X2 X2 ax2(xZ_2)2

for all x € [v, +00).

By the Sturm comparison theorem there is a zero of U, between v, x(b) and
Uy, k+1(b). So, if jy k, < vy, (b) for some number ko, then jy, xo+1 < vy ko+1(b), and
by induction j, x < v, x(b) for all kK > ko which contradicts (3.16). Therefore, (3.16)
holds for all natural k.

Finally, each function v, x(b) is continuous in b. Thus,

jv,k > Uv,k(o) =Aayk- O

Returning now to the proof of Theorem 2.3, we rewrite (2.8) as

[A—d/2+1]
PO = Z Kd,m LAif,Wz_](A)J. 3.17)

m=0

Theorem 2.3 now immediately follows from Proposition 3.1 with account of (3.17),
(2.2), and (2.3).

4 From the weighted lattice point count towards Pdlya’s conjecture

By Theorem 2.3, the Dirichlet Pélya’s conjecture for BY would follow immediately
if we can prove that

PR < Wa(h) 4.1

for all A € (0, 400), where W;(A) is defined by (1.8).
Similarly, the Neumann Pélya’s conjecture for D would follow immediately if we
can prove that

2NN > Wa(h) (4.2)

@ Springer



Pdlya’s conjecture for Euclidean balls 145

NN AR

3+

1

Fig.4 A numerical experiment: the computed L@gl (A)/ Wp(A) — 1 as a function of A

for all X € (Ao, +00); we note that we have already dealt with A < Ag by Lemma
1.3.
We establish (4.1) in the following cases, which will be dealt with separately.

Theorem 4.1 The inequality
)\'2
PP\ < Wa(h) = T (4.3)
holds for all ) > 0.

Theorem 4.1 will be proved in §5. Together with Theorem 2.3, it implies Theorem
1.2 in the planar case.

Theorem 4.2 The inequalities (4.1) hold for all d > 3 and ) > 0.

Theorem 4.2 will be proved in §7. Together with Theorem 2.3, it implies Theorem
1.2 for higher-dimensional balls.

In the Neumann case, the situation is more delicate, as we cannot expect (4.2) to
hold for all values of A € (0, +00) since g@y (&) is identically zero for A < %, see
Fig. 4.

We prove the following results.

Theorem 4.3 The inequality

N )‘2
PYR) > Wa0) =7

holds for all . > A1, where A is given by (1.9).

Theorem 4.3 will be proved in §6. Together with Theorem 2.3, it implies Theorem
1.4.
We are further able to eliminate the remaining gap in the Neumann case.
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Theorem 4.4 The inequality (4.2) holds for any A € (Ag, A1).

The proof of this result, presented in §8, is computer-assisted. Theorem 4.4 implies
Theorem 1.5.

In all cases, we deal with estimating a (weighted) count of (shifted) lattice points
under the graph of a particular function G,. Such problems have been extensively
studied in number theory, going back to the Gauss circle problem. Important contri-
butions in the general case can be traced through the works of van der Corput [40] and
Kritzel [22] to some very recent results of Laugesen and Liu [29, 33]. In particular,
[30, Proposition 15] is directly applicable (with account of the fact that Laugesen and
Liu do not count the points on the vertical axis and do not double-count the points
inside) to our shifted lattice point count 3”? (X), yielding the bound

22 2 1 3 22
PPy <—+[Z+—- -T2 )a~r~ = +0.70932.
2()_4+(3+n 2;1) i

Unfortunately, since the coefficient in front of X in this formula is positive, this bound
is weaker than our required bound (4.3). We need therefore to obtain sharper lattice
point count bounds than those available generally, and to do so we additionally use
some properties of the derivative of the function G in addition to the properties of
the function itself, see Theorems 5.1 and 6.1, and also Remarks 5.2 and 6.3 for an
informal explanation.

For future use, we summarise below some elementary properties of the function
Gy.

The first lemma is checked by a direct calculation.

Lemma 4.5 The function G, : [0, ] — [0, %] defined by (2.4) is a strictly monotone
decreasing convex C' function with

A
G;.(0) = —, G (L) =0,

T
Gl ()= —Larccos 5. GLO)=——. Gl =0
AZ) = = )\'a A = 2, A =Y,
G//(Z)Z—.
& /A2 — 72

We can therefore define the inverse function G;l : [0, %] — [0, A] which is also
monotone decreasing and convex. Sometimes, it will be also convenient for us to
consider G, on the interval [0, [A]] by extending it by zero to (A, [A]]: the resulting
function, which we for simplicity denote by the same symbol, remains monotone
decreasing, convex, and C L

Lemma4.6 Let 8> 0. Then
r (@) AB+2

aymB+2T (B2)

A
/ #Gi()dz=
0
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In particular,

A )\‘2
/ Gz =" (44)
A 8

Proof 1In fact, the identity can be checked using computer algebra software, but we
include a proof for the sake of completeness. After a change of variables z = A cost,
we obtain

)\‘ﬁ+2 /2
/ #G,()dz =" (cos7)?(sint — T cos ) sint dr. 4.5)
0 T 0

By [35, Egs. 5.12.1-2],

/2
/ (cosT)”(sint)’dr =
0

or (P+o+2
2

for any p, o > 0. Therefore,

7/2 Sl (@)

/ (cos t)ﬁ(sin t)zdr = ,
: w (F)
/2 7(cos .L,)ﬁ+2 /2 1 /2
/ r(cost)lsintdr =— ————|  + —/ (cosT)P2dr
ﬁr (/3-1-3)
2w+mr( )
and so
/2 NN (ﬁ)
/ (cosr)ﬂ(sinr —rtcost)sintdr = —ay
0 48 +2r (442

Substituting this into (4.5) we get the result. g

Corollary 4.7 Letd e N, d > 2. Then

2
d—2)!

A
/ 472G (2) dz = Wy (L) = war?.
0

Proof Applying Lemma 4.6 with 8 =d — 2 we get

2 Y ae F(@>)‘d
(d—2)!/0 Z Gx(z)dz—de(d 2)'1”(%)
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The duplication formula [35, Eq. 5.5.5]

Vrd—2)! =7l —1)=297°T <d%> r <§>

implies
d—1 d
r (T) A )\d )\d

2d7(d - 2T (452) " 2d-1gr (4)r (42) Y (r (%»2

=Wy). O

An important role in our study in the Neumann case will be played by the inverse
function value G;l (%) (defined for all A > %). We will use the following bounds.

Lemma 4.8 We have

1
G;! (—) <A—1 (4.6)
4
Sforall . > 2. Additionally, for any o € (0, %] we have
e
G, 7 > ACOSO “@.7
whenever
> ri(o) = z 4.8)

4(sino — o coso)’

Proof Since G, is monotone decreasing, the claim (4.6) is equivalent to
1
Guh =D <. (4.9)
We have G»(1) — 1 = ¥2 — T <0, and additionally

a4 (Gr(A—1)) = ! (lVZA — 1 — arccos <1 — l)) <0
T \ A A

as

thus implying (4.9) for A > 2.
Similarly, the claim (4.7) is equivalent to

A(sino — o coso) - 1
T 4
given (4.8). Il

G)(Acoso) =
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5 Proof of Theorem 4.1
We first state the following

Theorem 5.1 Let b > 0, and let g be a non-negative decreasing convex function on
[0, b] such that g(b) =0 and

1
l8(z) —gw)l = Sz —wl (5.1)

forall z,w € [0, b]. Then

1b) b
L ©0) + 5 J+2Z{ (m) + J / 2(2)dz. (5.2)
0

The equality is possible only if g is identically zero on [0, b].

Remark 5.2 We explain here, very informally, the ideas behind the proof of Theorem
5.1. The area under the graph of the function g on the interval [m, m + 1] is approxi-
mately equal to the area under the straight line passing through the points (m, g(m))
and (m + 1, g(m + 1)), so

m+1 1
/ g(Z)dZNE(g(m)Jrg(m-i-l))-

m

Summing up these equalities over m we obtain

b Lb)
2/0 gz~ g(0)+2) " glm).

m=1

If a number x is chosen randomly then | x| ~ x — % on average. Thus, Lg (m) + }TJ ~

g(m) — A—IP and these extra contributions of —% ensure the sign of the inequality in
(5.2). In order to prove Theorem 5.1 rigorously we divide the graph by horizontal
lines y =n,withn=0,1,..., [g(0)], and we consider what happens in the intervals
where n + 1 > g(z) > n. The values of |g(m) + 1/4] there are either n or n + 1.
The point m is “bad” if g(m) > n + % and thus |g(m) + 1/4] =n + 1: these “bad”
points contribute more to the sum than we expect “on average”. The convexity of the
function g and condition (5.1) ensure that the number of such “bad” points is not
greater than half of the total number of integer points in an interval, and this yields
the required estimate in the interval we are considering. <

In order to prove Theorem 5.1 we require the following

Lemma 5.3 Leti,jeZ,i < j. Let g be a decreasing convex function on [i, j + 1]
satisfying (5.1) for all z, w € [i, j + 1]. Assume additionally that

n+lzgli+D)=--=g(j)zn=g(j+1) (5.3)

@ Springer



150 N. Filonov et al.

for some n € Z. Then

j—1

1 1 1 1 ) 1< J q 54
E\f’,(l)—i_ZJ—i_ > {g(m)+ZJ+§Lg(])+ZJ_£ g(2)dz. (5.4)

m=i+1

Proof of Lemma 5.3 The validity of the claim does not change if we add a constant
integer number to the function g. So, without loss of generality we can assume n = 0,
so that (5.3) becomes

1>g(i+1D)=-->g()=0=g@(+D. (5.5)
Additionally, (5.1) implies that g(i) < g(i + 1) + 1 < 3.
Set
. L3
K:#{me{z,...,]}:zfg(m)},

and consider four cases.

Case K =0. The left-hand side of (5.4) is zero, and the right-hand side is non-
negative by (5.5).
Case K = 1. Here

5 3
7780z >gl+D=-2g()=0,

and the left-hand side of (5.4) is equal to % The assumption (5.1) yields g (i + %) >

%, therefore by non-negativity and convexity of g on [i, j],

j i+1 1 1
/ g(z)dzi/ g(z)dz2g<i+5>2§.

Case K =2. Here

Zg(i)Zg(H-l)EZ>g(i+2)Z-~-Zg(j)2028(j+1),

N W

and the left-hand side of (5.4) equals % By (5.1) we have j > i 4 2, and therefore
by non-negativity and convexity of g,

J i+2 3
/ g(z)dzZ/ g(z)dziZg(i+1)z§.
i i
Case K > 3. Here
3 . . . 3 . .
5zg(z)Zg(z+1)2~--Zg(z+K—1)ZZ>g(t+K)z--~zg(J)

>0>g(j+ 1.
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The left-hand side of (5.4) is equal to K — % By convexity of g,
(K —Dgli+ 1)+ (K —2)gG +2K —2) > 2K — 3)g(i + K — 1),

and therefore
(i +2K 2)>—2K_5 0
- >
&l = 4K —2)
Thus, j >i +2K — 2. Next,

3K -3

> K —

j i+2K—2 1
f g(z)dzz/ g dz> QK —Dgli+ K —1) > -

as K > 3. O
Remark 5.4 One can easily see from the proof that the equality in (5.4) is attained in

the following three cases only:

e g(z)=nonli j]Gf K =0);
o j=i+landg(x)=n+ 5%+ 3onli,i+1]Gf K =1);
. j:i+2andg(z)=n+s(i+l—z)+f—10n[i,i+2]withse[%,%] (f K =2).

<
We can now proceed to the proof of Theorem 5.1 proper.
Proof of Theorem 5.1 Let

N =[g0)].

If N =0, then applying Lemma 5.3 with i =0, j = |b], and g(z) extended by zero
for z € (b, |b] + 1], gives

[b] b
{g(O) + 1J +2)° {g(m) + lJ < 2/ g(2)dz
4] T 41y ’

and therefore (5.2).
Assumenow N > 1.Fork=0,1,..., N, let

Ly :=max{m €{0,..., [b]}: g(m) >k}, (5.6)
see Fig. 5. Therefore, we have
O0<Ly<Ly-1<---<Lo=b],

where the strict inequalities Ly < Ly—1, k=1, ..., N, follow from (5.1).
We will consider two cases depending on whether Ly = 0.
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Fig.5 The numbers L, see (5.6) and also Remark 5.5

Case Ly =0. We write

1 L] 1
{g(@ + ZJ +2mX:jl {g(m) + ZJ

—

Li—1

1 1 1 1 1
=2 — gL - “ 4=+ -
> 2{8( k+l)+4J+ > {g(m)+4J+2{g( k)~|-4J
k=0 m=Ly1+1
5.7
Foreachk €{0,..., N — 1} we have
k+1>g(Lgr1+ 1) >g(Lp) =k>=g( Ly + 1),
and applying Lemma 5.3 with i = L1, j = Lk, and n = k yields
Li—1 L
1 1 1 1 1 k
Slein+1 |+ D |em+1|+5 e+ || g@dz
2 4 4 2 4 Ly
m=Lyy1+1 +1
(5.8)

Substituting (5.8) into (5.7) gives

[b] 1 5] b
g +2) " \\g(m) + ZJ < 2/0 g(z)dz < 2/0 g@dz, (5.9
m=1

as required, where in the last inequality we used non-negativity of g.
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Case Ly > 0. We write

1 Lb] 1
{g(ow ZJ +sz21 {g(m)+ ZJ

Ly—1
2 2o+ |+ > (g 1|+ |+
I 2 R R R I o
psy | 1 el 11 1
2 —|g(L - —|+=lgLp)+-
+2)° 2{8( k+1)+4J+ > {g(m)-l-d—l-z{g( k)+4J
k=0 m=Ly1+1
(5.10)
We have
N+1>g0)z--=g(Ln—D=g(Ly)=N>g(Lny+1D),
therefore applying Lemma 5.3 withi =0, j = Ly, and n = N, we get
2 (e 2]+ 35 [eom et [ e+ ! <2/LN (0)d
= - m) + — = - .
3 8 2 ~ 8 2 ) 8(LN ] =), g(z)az
(5.11)

Substituting (5.11) and (5.8) into (5.10) gives (5.9).

Finally, assume that we have the equality in (5.2). Due to Remark 5.4, the func-
tion g is linear on each interval [Lgy1, L], and either dist(g(Ly), Z) > % org=0
on [Lg+1, Li]. The situation when dist(g(Ly), Z) > i and g =0 on [Lg, Lxg—1] is
impossible due to continuity of g. If dist(g(Ly),Z) > 1 for all k, then in particular

g(Lo) =¢g(lB)]) = %, and the last inequality in (5.9) is strict. Therefore, the equality
in (5.2) requires g = 0 on the whole interval [0, b]. g

Remark 5.5 If g is strictly monotone on [0, 5], then the inverse function g_1 is well-

defined on [0, g(0)], and the definitions (5.6) may be equivalently rewritten as

Li= Lg_l(k)J, k=0,...,12(0)].

We finally use Theorem 5.1 to prove Theorem 4.1.

Proof of Theorem 4.1 We apply (5.2) with b = X and g = G, (which we can do since
Lemma 4.5 ensures that (5.1) holds in this case), and use (4.4), giving the bound
(4.3) and therefore confirming the validity of the Dirichlet Pélya’s conjecture for the
disk. O
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6 Proof of Theorem 4.3
We start by stating

Theorem 6.1 Let b > 0, and let g be a non-negative decreasing convex function on

[0, b] such that g(0) > %, g(b) =0, and (5.1) holds for all z, w € [0, b]. Let

Mong,ozzl—kmax{me{O,...,LbJ}:g(m)z%},

and assume that My < b. Then

L) b 3
> {g(m) + éJ 2/ g(2)dz — b= Mo (6.1)
4 0 8

m=0

1

Remark 6.2 1f g is strictly monotone on [0, b], then the inverse function g~ is well-

defined on [0, g(0)], and
1 (1
My=|g y +1, (6.2)

cf. Remark 5.5. |

Remark 6.3 Once more, we first outline a very informal plan of proving Theorem
6.1. As we have argued in Remark 5.2, we have Lg(m) + %J ~ g(m) + }‘, which

should in principle ensure the correct inequality sign in (6.1). “Bad” points are now
the points with n < g(m) <n + %. So, we divide the graph of g by the horizontal

lines at y =n + %, where n =0,1, ..., Lg(O) + %J Again, this guarantees that the

number of “bad” points in each resulting interval is less than half the total number of
points there. This still leaves an unresolved issue of points m lying under the tail of
the graph of g, where 0 < g(m) < i. Such points make no contribution to the left-

hand side of (6.1), but the tail does contribute to the integral: consider, for example,

a toy case of a function g(z) = 1%61 on the interval [0, 10]. To account for that, we
subtract an additional term in the right-hand side of (6.1). <

Before proceeding to the proof of Theorem 6.1, we require

Lemma 6.4 Leti,j€Z,i < j.Let g be a decreasing convex function on [i, j]. As-
sume that

1 ) . 3 .
n+1>g(l)z-~-2g(1—l)zn—1>g(1)

for some n € Z. Then

N = 30 1] . 3 j =i 1
6.3)
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Proof of Lemma 6.4 The left-hand side of (6.3) is equal to (j —i)n — % By convexity
of g,

g joio . L 1
/ g(Z)dZET(g(J)—i—g(l))E(]—l)(n—1>. O
Proof of Theorem 6.1 As g(0) > 1, we have
3
N := Lg(O) + ZJ > 1. (6.4)

Fork=1,..., N —1, denote
1
My = Mg :=l+max{me{0,...,LbJ}:g(m)zk—f-Z}.

We also denote My = M, y := 0. The assumption (5.1) yields My > M. for all
k=0,..., N — 1. Therefore, by Lemma 6.4,

1 3| W 3
; {gm) T ZJ £y Lg(m) T ZJ

m=1

T

My—1

1 3 3 1 3
3 {g (My41) + ZJ + {g(m) + ZJ +5 {g (M) + ZJ

m=My1+1

M, M,
g M,y — My v fo Mo
Qdz+——< | = (x)dz+ —
&mg 4 2)7 ), ¢ 4

3
Il
o

z
L

v

( N
; 2

Due to (6.4) we get

3
Il

Z{( )+§J>/M° (dz + Mo
glm 3=, g(z)dz 1

By convexity of g,

b— M
8 9

b 1
/ g(x)dz < Eg(Mo)(b — M) <
My

and we get (6.1). O
We can now proceed to the proof of Theorem 4.3. We start with

Proposition 6.5 Let A > 2. Then

N A2
Py > o+ 7R, (6.5)
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Ra(k) =3G;" (5 —A<1+;)—3.

Proof We have, with account of G, (0) = %,

where

3 A 3
PN = {GA«)) + ZJ 2y {me) + ZJ
m=1

1]
A3 3
- b + ZJ +2m§=0 {Gx(m) + ZJ .

We apply Theorem 6.1 to the sum in the right-hand side, with g = G, , b = A, and

(1
e[ ()

(see Remark 6.2). Given that A > 2, we take into account the bound (4.6) (which
ensures that Mg, o < A), and the value of the integral from Lemma 4.6, leading to

P Gl O] KSR ELE

Finally, we use
x—1l<|x]<x
to obtain (6.5). O
We now have
Proposition 6.6 Let . > A1, where Ay is given by (1.9). Then Ry(A) > 0.

Proof of Proposition 6.6 Let o = arccos % € (0, %], and let

3 /2
V11— Sarccos%’

see (4.8). Then by Lemma 4.8, the bound (4.7) holds. Therefore,

A=ri(o) =

4

37 —8
Rz(k)zk(3cosa—1——>—3=k il

2

—3,
b4

and is non-negative if
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As A1 > ri(o) (with the inequality easy to prove rigorously using the method of
verified rational approximations discussed in §8), the result follows. O

Theorem 4.3 now immediately follows from Propositions 6.6 and 6.5.

7 Proof of Theorem 4.2
We have the following “dimension reduction” formula.

Theorem 7.1 Letd > 3. Then

LA7%+1J

d—73\ s
CAOEEDY (”+ )9% L), .

_ +4_
= d-—3 n+3

where for r € [0, L] we denote by

[A—r]
- ~ 1 ~ 1
e@,]ﬂ)()h) = \‘G)\,r(()) + ZJ +2 Z \\G)»,r(j) + ZJ
j=1
[A—r]

1 1
= LGA(r) + ZJ +2 ; {Gx(j +r)+ ZJ (7.2)

the “standard” two-dimensional weighted shifted lattice point count under the graph
of the function G, _,(t) ;=G (t +r),t €[0,A —r].

We remark that in comparison to our original definition

LA7%+1J
d 1
P20y = G — 1)+,
To= > xd.,m{ A<m+2 >+4J
m=0
see (2.8), where the weights «; ,, are attached at each individual abscissa m, the
formula in the right-hand side of (7.1) attaches weights (";d_f) to the whole counts
3%,]!1 4 (1), which we will later estimate using the previously proven Theorem 5.1.
4_

Note also that for A < % — 1, the equation (7.1) becomes the trivial identity O = 0 by
our notational convention for sums, see Remark 2.2.

Proof of Theorem 7.1 With account of (7.2), the right-hand side of (7.1) reads

[h—4+1]
> ()
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LA—n—%+lJ

ot B o et

j=1

For a fixed m € {0} UN, the contribution of LG,\ (m + % — 1) + A—ILJ in this expression

appears with the factor

mAd—3\ "itd-3\ IN[(j+d—3\ "D j+d-3
2y - 3
< d—3 >+ FO(d—3 ) Fﬂ(cﬁ% )+_ ( d—3>

j=0
m+d3< ; ) m—d—4 ;
TELE)
i=d—3 d-3 i=d—3 d-3
_ m+d—2 n m—+d—3
S\ d-2 d—-2

_(m+d-1 m+d—3\
“\ d-1 d—1 )=
where we have used the standard identity [35, Eq. 26.3.7]
2()-(1)
— / [+1
and another identity [35, Eq. 26.3.5],
k k+1 k
(T - , k>1.
l I+1 I+1

Thus, the contributions of LG Am+4—1)+ %J in both sides of (7.1) coincide. [

\
v

(7.3)

Before proceeding to the proof of Theorem 4.2 we will introduce some additional
notation and state some auxiliary facts which will be required later. Let, for x > 0,

I, (x) := n(x+j) =(x+1---(x+n) forneN, IMo(x) :=1.
j=1

The function IT,, (x) is closely related to Pochhammer’s symbol, or the rising factorial
(X)p :=x---(x +n—1) (for which numerous other notation is also used) in the sense
that IT, (x) = (x 4+ 1),,. We also have

C+J>_(L+D~-U+j)_fh0y_ﬂxn
i) j! T T
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Let us introduce, for d > 3, a piecewise-constant function

d = _ . :
T (), il g1 =,

and let
Fi(2) ::/O fa(t)dz.

In what follows we will require an upper polynomial bound on Fy(z). If 7 < % -1,
then Fy(z) =0.Letz>% —landm=|z— 4 + 1] > 0. Then

k+d /2

z m—1 z
Fy(z) = / fd(t)dt=<Z / fd(t)dt)+ f fa(t)dt
0 ko Kk+d/2—1 m+d/2—1
:<’"X‘:‘<k+d—z>>+<z_m_g+l)<m+d—2>
N\ a-2 2 d—2
_(m+d—2 d L\ (m+d=-2
(") ) (10

_ IMg_o(m) _ (d—-1Dd~- 2))

SRTE <(d—1)z—(d—2)m 5

(7.5)

where we used (7.3) to evaluate the sum of binomial coefficients.
To establish a bound on F;(z), we apply the AM-GM inequality

LBr- B <Bi+--+B, €N, Bi,....p=>0,
with/ =d — 1 and
_Jm+ HIa—1(m) ifj<d-2,
/31_ d—1 N
z if j=d—1,
yielding
(d — Dzlg_o(m) < Tg_o(m) (m+1) +--- 4+ (m+d —2)) + 97!

d— 2)2(d - 1)) My o (m) + 241,

= ((d —2)ym +
Collecting together the terms with I1;_»(m) and substituting the resulting bound into

the right-hand side of (7.5), we deduce that
d—1

d—1)!

Fi(2) < Fy(2) = for all z > 0. (7.6)
We will require an auxiliary
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Lemma 7.2 Let [ be a locally integrable function on [0,+00), and let F e
C'[0, +00) with F(0) = 0 be such that

F(Z)I=/Zf(f)dt51:"(z) forall 7> 0.
0

Let b > 0, and let g € C'[0, b] be a decreasing function such that g(b) = 0. Then

b b
/0 f(@)g(z)dz < /0 F'(2)g(2) dz. (7.7)

Proof Integrating by parts, we get

b b
/0 F'(2)8(2) dz—/o f(2)g(z)dz

= fob (ﬁ’(z) - F’(z)) g(z)dz

b

~ (Fo-ro) 0], - [ (Fo - F@) g @0,

since F(0) = F(0) = g(b) = 0 and (F(z) - F(z)) ¢'(2) < 0, thus proving (7.7). [J
We now proceed to the proof of Theorem 4.2 proper.

Proof of Theorem 4.2 First of all, note that for A < % — 1 there is nothing to prove
as in this case @E(k) =0. For A > % — 1, we apply Theorem 5.1 with g = Gx,r,
r=n+%—1l,andb=2%—r=21—n—%+1 tothe right-hand side of (7.2), giving

. A—n—%+1 d by
PP (A)<2f Gx<t+n+§—l>dt=2/ Gy (z)dz
0 n

d
n+5-—1 +%_1

forn=0,..., Lk — % + IJ. We now substitute the results into (7.1), yielding, with

account of (7.3), the bound
n+d-—3 »
( ) / Gy (2)dz
d-3 n+%—1

-t

p_gHJ
0

PPy <2 Y

e n+d-3 (7.8)

_zé_l 2:(:) ( i3 ) G;.(2)dz
Polle=%+1]+d=-2

:2/4_1< 2 4o >Gx(z)dz.

[N
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Using notation (7.4), we rewrite (7.8) as

A
2P < 2/0 f1(2)G;.(2) dz. (7.9)

We now apply Lemma 7.2 to the right-hand side of (7.9), taking f = f4, g = G, and
F(z) = Fa(z) = Gy by (7.6), which gives

A A
PP\ < 2/ F)(2)G(z)dz = / 2972G;(2) dz.
0 0

d—-2)!
Finally, applying Corollary 4.7 gives
PR < Wa(h)

as required. g

8 Closing the gap: the proof of Theorem 4.4

We describe the algorithm (based on the two Principles stated in §1) of verifying the
statement

)\,2
PG>~ forallie(3,14] 8.1)

with the lattice point counts given explicitly by

LA 3
PYN = kam {Gx (m) + ZJ :

m=0

The first Principle is realised with the help of the following simple lemma, which
ensures that our algorithm described below requires only a finite number of steps.

Lemma 8.1 [f the inequality (8.1) holds for a particular Ao, that is, we have

)\2
e(ro) = PN (ho) — 70 >0,

this inequality also holds for all . € (Ao, Ao + §(1p)) = <A0, +/ A% + 4e(k0)) , where

8(ho) 1= /A3 + 4e(ho) — Ao.

Proof The result immediately follows from the facts that 3”;1 (%) is non-decreasing in

2
A and that A = Ao + 6(Xg) is the positive root of the equation ATz = %0 +e(rg). O
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To implement the second Principle, we work with rational numbers only. Let, for
x €R, x <x <X, where x, x € Q are some lower and upper rational approximations
of x. The function G, (z) does not as a rule take rational values even for rational A
and z, so to overcome this we work instead with

[A]
Poy=3 ko {Qk (m) + %J . req,

m=0

where
1
QA(Z)::(V)»2—Z2—ZarCCOS i) z€QnNIO, AL
— VAT 27

Of course, G, (z) < G1(z) and therefore 225 (1) < 25 (1), for A, z € Q. Obvi-
ously, taking integer parts of rational numbers, as well as other arithmetic operations
on them is exact and does not introduce any numerical errors. We now describe how
to construct verified rational approximations of the square roots /- and arccosines
arccos(-). For the former, any guess (say, obtained from numerics) can be directly
verified by taking squares and comparing rationals, which is rigorous. To verify our
approximations of arccosines (taken at rational points) one may proceed as follows.
Define the functions cos,c0s: QN (0, 3] — Q as

cosx := Tz2[cos](x), cosx := Ti4[cos](x),

where T;[cos](x) is the Taylor polynomial of cosx at x = 0 of degree ¢, so that
COSXx < COsx < COsx, see, for example, [3, Problem 15].8 Then

m(B) <X < cos (ﬂ) implies B := arccosx < 8 = arccosx < arccos x =: f3,

and the verification is again reduced to elementary operations on rationals. In the
same manner,

7 = 3 arccos 3 and 7 = 3arccos 3

provide verified rational approximations for 7.
To finish describing our process, we need also to rationalise the square root ap-
pearing in the definition of §(A): we effectively replace e(1) by a smaller number

)\2
e =250 — T (8.2)

and also replace §(A) by a smaller number

S(A) 1= /22 +4de(h) — A, (8.3)

where a verification is again by taking squares.

8We thank the referee for pointing out this reference.
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Flg.6 The basic algorithm The algorithm for proving (8.1)
A< Ay
stepnumber < 0
while A < A; do
stepnumber < stepnumber + 1
p =250
)\2
e<p—7y
if ¢ > O then

A< iT¥de
else
print “Proof failed ©”; exit
end if
end while
print “Success in”, stepnumber, “steps @”

Remark 8.2 In practice, we use the following process to find lower and upper rational
approximations of a number x € R (which may be a square root, or an arccosine).
Throughout, we fix a relatively small number ¢ (say, ¢ = 10™3) as an accuracy pa-
rameter. We find numerically some approximation xo of x (which may be above or
below x) with some better accuracy. Then, we define x as the rational number in the
interval [xg — 3¢, xo — €] with the smallest possible denominator, and X as the ratio-
nal number in the interval [xg + €, xo + 3¢] with the smallest possible denominator,
using a modification of a fast algorithm for traversing the Stern—Brocot tree [5]. As
we always verify the resulting approximations using the procedures described above,
we do not in fact depend on the quality of an original numerical “guess” xo as long
as |xg — x| <e. <

Thus, our main algorithms work as follows. In order to prove (8.1) for A €
[Ao, A1], we move upwards: set A = Ag, compute the margin e(X) from (8.2), set
Anew = A + 8 (1) using (8.3), and continue the process. If the margins are positive on
each step, the process will stop successfully if after a finite number of steps we reach
A > A, see Fig. 6.

The algorithm works extremely fast (when implemented in Mathematica, see
the footnote on the title page), thus proving Theorem 4.4: in principle, with enough
patience the whole implementation can be done by hand. We summarise its outcomes
in Table 1.

9 Proof of Theorem 1.12

Let S be a circular sector of aperture 0 < @ < 2m. The eigenvalues of the Dirichlet
and Neumann Laplacians on S, are easily found by separation of variables. They are
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Table 1 Detailed output of the

computer-assisted algorithm Step A e(d) 8()

3 6

1 3< Ay 7 3
5 45 1355 223
13 76 221
3 16 868 584
17 289 493
4 164 3368 995
29 841 783

5 187 11687 29

27 2916 27

43

6 8 3 43
7 523 57671 227
60 14400 260
g 374 6098 719
39 1521 897
9 239 10591 339
23 2116 368

181 4103 11

10 To 024 T6

24

11 12 6 u
12 324 2506 241
2 6 400
13 217 7183 il
16 1024 272

14 D3>

all simple, and are given by

2
Am,kz(j%,k) meN, keN,

and

2
Mm’k:(j,’n_n’k), meNU{0}, keN,

respectively. Therefore, the corresponding eigenvalue counting functions are

2 2
AP = Z#{keN:jn:Tn,kg)\} and AN = Z#{keN:jﬁﬂ’kf)\},

m=1 m=0

where the both sums are finite since j, | > j, | > v.
Assume for the moment that the sector S, contains a half-disk, that is « € [, 27].
By Proposition 3.1 with account of (3.1), (2.4) and (2.9), we have

%)

A=Y |6 (") 4y | ©.1)

m=1

Set

ga(t) =Gy, (%) . 1e[0.5],
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where
oA
b=—.
T

Then g,  is a monotone decreasing convex function on [0, b] with g(b) = 0; more-

over,
r o o="a (X e[—l O]c Lo
Eratl) =70\ 7 20’ 2’

due to our assumption « > 7. With this notation, the right-hand side of (9.1) becomes

[b] 1
> {gx.a(nn + ZJ :

m=1
and we can estimate it from above directly by Theorem 5.1 with g = g; 4, giving

Lb] 2

1 ar/m a A ar
Z{gx,a(mwﬂ </ gx,a(r)dr=—/ Gi()dz=——.
0 T Jo 8w

m=1

Substituting this into (9.1) proves the Dirichlet Pélya’s conjecture for sectors con-
taining a half-disk.

We now turn to the Neumann problem in S, still assuming that @ € [, 27]. Fol-
lowing the same argument as in Lemma 1.3, we conclude that the Neumann Pdlya’s

conjecture for S, holds for A <2 %’T. We therefore may assume that

6
=22 =23 9.2)
o
from now on.

Using once more Proposition 3.1 yields

%) )

VAOEDS LGX (=) + ZJ =y {gx,a(m - ZJ N )

m=0 m=

with the same function g, , and parameter b as above.
We are now going to use Theorem 6.1 with g = g, , to estimate the right-hand
side of (9.3) from below. Note that g, ,(0) = % > % by (9.2). Also, by (6.2)

—1 1 o —1 1
MO:MgA,a»(): g)»-,()t Z +1= ;G)» Z +1,

and in order to apply Theorem 6.1 we need to ensure that My < b = “7‘1—)‘ But this is
true since, with account of « > 7,

Mo—b<2G (a1 <% (61 () 11-4) <0
— — - - —=<-— - -] <
0 — g A 4 A 2 4
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by (4.6). Then, (6.1) implies

Lb] 2

3 al b — 3M,
> [gm<m)+ J T 9. (9.4)
m=0

We now reason as in the proof of Theorem 4.3: if we can show that b — 3My < 0 for
all & > 2+/3, this would prove, via the combination of (9.3) and (9.4), that JI/SI:(A) >

"éiﬂz.Wehave
oA o 1
b—3My=— 3| =G;'[-)|-3
o -1 1 o -1 1
<—(A2-3G, |~ <—(A-2G, |- )]-
T 4 T 4

We now apply the second statement of Lemma 4.8 with o = % which guarantees that
b—3My < 0 for

A>r <%)=6«/§377i27[

As g f o < 2./3, this finishes the proof of Theorem 1.12 for sectors S, of aperture

o € |m,2m].
To complete the proof of Theorem 1.12 we now need to consider the case « €
(0, ). Set

Then @ = Lo € [, 21r], Pélya’s conjecture holds for S, and S, tiles S;. By Theorem
1.8, Pdlya’s conjecture holds for Sy.
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