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Abstract The endomorphism ring of the projective plane over a field F of
characteristic neither two nor three is slightly more complicated in the Morel—
Voevodsky motivic stable homotopy category than in Voevodsky’s derived
category of motives. In particular, it is not commutative precisely if there
exists a square in F' which does not admit a sixth root. A byproduct of these
computations is a proof of Suslin’s conjecture on the Suslin—Hurewicz homo-
morphism from Quillen to Milnor K -theory in degree four, based on work of
Asok et al. (Invent Math 219:39-73, 2020).

1 Introduction

Automorphisms of geometric objects describe their symmetries, and hence
important geometric information. It depends on the context which type of
morphisms are considered useful. In the case of a projective space P" over the
complex numbers, one may consider its linear automorphisms (a group denoted
PGL,,11(C)), birational automorphisms (the Cremona group Cr,, (C)), diffeo-
morphisms, homeomorphisms, and self-homotopy-equivalences, just to name
afew. The Morel—Voevodsky A !-homotopy theory provides an interesting way
to consider self-homotopy-equivalences of varieties [21]. Although this setup
is conceptionally very satisfying, concrete determinations of endomorphisms
in the A!-homotopy category are hard to come by. For example, the endomor-
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phism ring of P! over a perfect field F in the pointed A'-homotopy category
is given by the Grothendieck ring of isomorphism classes of symmetric inner
product spaces over F' with a chosen basis, where the isomorphisms preserve
the inner product and have determinant 1 with respect to the chosen bases [17,
Remark 7.37].

Stabilization with respect to smashing with a projective line P! A — provides
a simpler categorical setting, the motivic stable homotopy category SH(F),
which is still richer than the corresponding derived category of motives [27].
Part of the gain from leaving the unstable realm is an additive (in fact triangu-
lated) structure, whence the set of endomorphisms of any object is always a
ring. For example, it is a deep theorem of Morel’s that the endomorphism ring
of the projective line in the motivic stable homotopy category over a field F is
the Grothendieck—Witt ring of symmetric bilinear forms with coefficients in F
[15]. The addition in the Grothendieck-Witt ring, whose elements are formal
differences of symmetric bilinear forms, is induced by orthogonal sum, and
the multiplication by tensor product of forms. By construction, it coincides
with the endomorphism ring of the unit for the symmetric monoidal structure
given by the smash product. Hence it has to be commutative. This is already
different for the projective plane.

Theorem Let F be a field of characteristic neither 2 nor 3, with group of units
F*. The endomorphism ring [P?, PZ]SH( F) inthe motivic stable homotopy cat-
egory of F has an underlying additive group isomorphic to Z&Z& F* | (F*)S.
The multiplication corresponds to the multiplication given by

(x1, X2, x3) o (y1, y2, y3) = (X1y1, X1y2 + X2 )1
+2x2y2, X1y3 + x3y1 + 2x3)2).

In particular, the ring [P2, PZ]SH( F) 1s non-commutative if and only if there
exists a square in F which does not admit a sixth root, or, equivalently, if the
cube map u — > is not surjective on F. Its group of units (which could be
called the group of P! -stable self-A ! -homotopy-equivalences of P?) consists of
all triples (x1, x2, x3) € ZOZ® F*/(F*)% where either x; = &1 and x, = 0,
or x; = £1 and x» = —x. It is as non-commutative as the endomorphism
ring it belongs to. Along the way, the homotopy modules 77;P? and > P? will
be determined, based on computations in [23] and [22]. These computations
provide an ingredient to complete the program Aravind Asok, Jean Fasel and
Ben Williams developed in [3] to prove Suslin’s conjecture on the Suslin-
Hurewicz homomorphism from Quillen to Milnor K -theory in degree four.
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Theorem Let F be an infinite field of characteristic different from 2 and 3, and
A an essentially smooth local F-algebra. The image of the Suslin-Hurewicz
homomorphism K4Qmuen (A) — K}tvm“or (A) coincides with 6K}lvmn°r(A).

This closes the gap between three and five in the set of degrees for which
Suslin’s conjecture was previously known. See the introduction of [3] for more
details on its history, as well as Suslin’s original paper [25].

2 Topology

Let CP" denote complex projective space of complex dimension n. This sec-
tion contains rather elementary calculations in the classical stable homotopy
theory, which determine the endomorphism ring of CP? in the stable homo-
topy category. These calculations are based on stable homotopy groups of
spheres m,,S in degree m < 6 and the action of the topological Hopf map
n: $3 - CP!' = $2, whose cofiber is CP2, on them. The standard reference
here is [26]. As is customary in stable homotopy theory, the notation for a
map and its (de)suspensions coincide if the context allows it. The purpose of
this section is not to present original results (there aren’t any), but instead to
document the similarities and differences to the situation in the motivic stable
homotopy category.

Choose a basepoint for CP', and hence CP?, which will not appear in the
notation. The cofiber sequence

S35 cpl L cp? S st @.1)

induces a long exact sequence of stable homotopy groups
B 7TmCP1 = Tp_2S l—*> 7'[,,1CP2 L nmS4 = Tp_4S KN JTm_1CP1
= nm_3S — ...
terminating with 7T2CP1 = 7T2CP2. The induced short exact sequences
0 — mpm_oS/nmm—3S —> 7rmCP2 = =4S — 0

express the stable homotopy group of the complex projective plane as an
extension of two groups, the subgroup annihilated by 5, and the cokernel of
multiplication by 5, on the respective stable homotopy group of spheres. Since
n: woS =7 — mS = Z/27Zis surjective, n: m1S — m2S is an isomorphism,

n: mS — w3S = 7Z/24 is injective, and m4S = 755 = 0, the following table
results, without any extension problem to solve.
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m 2 3 4 5 6 7
7 CP? y/ 0 27 7/12 0 7./24

Here 27 denotes the abelian group of even integers under addition. The van-
ishing 773 CP? = 0 implies that the cofiber sequence (2.1) induces a short exact
sequence

0 — mCP? = [s*. cPY L [CP2, cP2] 5 [CP!, CP?] = 7,CP2 — 0
2.2)

of stable homotopy groups. Hence the abelian group [CP?, CP?] is an exten-
sion of two free abelian groups, each on one generator. Since 7,CP? = 7, the
short exact sequence (2.2) splits. In order to describe the ring structure, it helps
to be more specific. A generator for 7, CP? is the inclusion i : CP! <> CP2. It

is the image of id -p2 under [CPZ, CPZ] N [CP1 , CPZ]. To describe a genera-
tor for 74CP?, observe that there exists a unique map w: S* — CP? such that
q o w = 2id 4. The short exact sequence (2.2) then implies that every element
x € [CP?, CP?] can uniquely be expressed as a sum xjidcp2 + x2(w o @),
where x1, x € mpS = Z. The ring structure is then given as

Xoy= (xlidcpz + x2(w o q)) o (ylidcpz + y(wo q))
= x1y1idep2 + (x1y2 + x2y1)(@ 0 g) + x2y2(@wogowoq)
= x1y1idcp2 + (x1y2 + x2y1 + 2x2y2) (@ 0 q)

and is in particular commutative. The group of units consists of the following 4
elements: {idcp2, —idgp2, idep2 —wogq, —idcp2 +wogq} Of course knowledge
does not stop at the dimension two. For example, [20] determines the groups
[CP", CP"] for n < 7. The complex dimension 7 is the smallest dimension
where this group contains torsion; in fact, [CP’, CP’] = Z’7 @ Z/27. The ring
structure is commutative in all these dimensions.

The table above allows to determine [ X CP?, CP2] as well, which is use-
ful, because this group contains the interesting element nidcp2 = n A CP%.
The suspension of the homotopy cofiber sequence (2.1) induces a long exact
sequence on [—, CP?]. Since 73CP? is the zero group, there results an iso-

morphism 5 Cp? / 77714CP2 i [ZCP?, CP?]. As 75CP? is cyclic, generated
by i o v, the abelian group [SCP?, CP?] is generated by the map

sCP? 4 §5 Y% §2 = cp! 5 P2,

Its order can be determined by identifying w o € w5CP?, which is £6(i o v),
as the Toda bracket (n, 2, n) = {6v, —6v} shows, together with [26, Prop. 1.8]
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appliedtoo =y =nand f = 2, using w = E (See Appendix B for a defi-
nition and some properties of Toda brackets, and in particular Proposition B.1
for a restatement of [26, Prop. 1.8].) Hence [ECPZ, CPZ] is cyclic of order
6. The element nidcp2 turns out to be the unique nonzero element of order
2, as the Toda bracket (n, 2 = g o w, n) also implies. The properties of Toda
brackets supply an inclusion

n,g.nACPY)ow C (n,g,n ACP?ow=won) C(n,qow,n)
= {6v, —6v}

which shows that it does not contain the zero element. More precisely, since
the composition

738 L 1220P2, 31 S 138

is multiplication with 2 on a cyclic group with 24 elements, and the homo-
morphism ¢*: 73S — [£2CP?, 53] is the projection onto a cyclic group with
12 elements (as one deduces from the action of n on 7,,S for n € {1, 2}),
the homomorphism w™*: [22CP2, 3] — m3S is injective. One obtains
(n,q,n A CP?) C {3v0gq, —3v o q}. Hence the identity idep> € [CP?, CP?]
satisfies

nidep2 = n A CP? = £3(i o v o q). (2.3)

For comparison purposes with the motivic situation, it is instructive to look

at the real case as well. Let RP" denote real projective space. The cofiber

sequencel

s' 2 Rp! 5 RP? & §2 (2.4)
induces a long exact sequence of stable homotopy groups

2 i q 2
oo S 7,RP =7, 1S 5 1, RP? 55 71,82 = 71,,_2S = 7, RP!

=Tp_2S —> -
terminating with 77;RP! — 7;RP?. The induced short exact sequences

0= Tm1S/27m-1S = 7TuRP? = 27,,_2S — 0

! It would be better to use —2 and not 2, since the real realization of the algebraic Hopf map is
negative.
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express the stable homotopy group of the real projective plane as an extension
of two groups, the 2-torsion subgroup, and the cokernel of multiplication by
2, on the respective stable homotopy group of spheres. The groups 73RP? and
74RP? are both extensions of 7./2 by Z,/2. The Toda bracket (2, 0, 2) = {n?}
implies that 73RP? is given by the nontrivial extension, the extension for
74RP? turns out to be trivial [32, Lemma 5.2]. The following table results.

m 1 2 3 4 5 6
maRP?  Z/2Z Z)2Z ZJAZ Z)2ZxZJ2Z ZJ2Z 0

The portion for m < 3 of this table implies that the cofiber sequence (2.4)
induces a short exact sequence

0 — mRP? = [52, RP?] L5 [RP?, RP?] LR [RP', RP?] = 7|RP? = 0
(2.5)

and hence the abelian group [RP?, RP?] is an extension of two groups of order
two. As in the computation of JT3RP2, the extension is nontrivial, meaning that
idgp2 € [RPZ, RP?] is an element of order 4, as already proven in [7]. There
cannot be any doubt whatsoever regarding the ring structure of [RP?, RP?].

3 Over afield

Let F be a field, and let SH(F) denote the motivic stable homotopy category
of F [27]. For a motivic spectrum E € SH(F) and integers s, w € Z, let
75 wE denote the abelian group [£*"1, E], where E is a motivic spectrum
and 17 = 1 is the motivic sphere spectrum. The grading conventions are
such that the suspension functor ©>! = 1+ js suspension with P!, and
10 = 14O = ! = ¥ is suspension with the simplicial circle. Set
s+ w)E 1= Ts4w,wE, and let

7Ts+(*)E = @ 7Ts+w,wE = @ 7Ts+(w)E

weZ weZ

denote the direct sum, considered as a Z-graded module over the Z-graded
ring 704« 1. The notation 7y_ ) E := msy (. E will be used frequently. The
strictly A'-invariant sheaf obtained as the associated Nisnevich sheaf of U >
[Z25*Uy4, E]forU € Smpisdenoted i, E, which gives rise to the homotopy
module 7 *)E. In the following, ever)’/ occurrence of “m” can be replaced

by “m” without affecting the truth of the (suitably reinterpreted) statements.
See [15] for the following fundamental result.
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Theorem 3.1 (Morel) Let F be a field. Then mo—x)1 is the Milnor-Witt K -
theory of F.

The Milnor-Witt K -theory of F is denoted KMW (F), or simply KMW, fol-
lowing the convention that the base field or scheme may be ignored in the
notation. The definition and some details regarding KMW and modules over it
are contained in the Appendix A. Theorem 3.1 implies that for every motivic
spectrum E and for every integer s, 7,4 x)E has a canonical structure as a
graded KMW_module. The conventions dictate that this structure comes with
a sign change in the sense that elements in KL}/'W provide homomorphisms
Ts+w)E = Tsrw—a)E forevery d, s, w € Z.

Choose a basepoint for P!, and hence P?, which will not appear in the
notation. Neither will the base field F most of the time. The main cofiber
sequence over a field is

§i+@ I pl L p2 4 ¢2+Q2) 3.1)

KMW

It induces a long exact sequence of -modules

U s G n
e —> JT,,H_(*)PI l—) JTm+(,,)P2 — 7Tm+(*)S2+(2) — nm_1+(*)P1 —> ..

terminating with 711+(*)P2 by connectivity [16]. The induced short exact
sequences

0 = Tm—146—0 1/ NTm-1+6-2)1 = Tmr P> = 4 Tm—24x—21 = 0
(3.2)

express JT,,H_(*)PZ as an extension of two KMW._modules, the submodule of
Tm—2+—2)1 annihilated by 7, and the cokernel of multiplication by n on
Tm—1+x—1)1. This justifies the relevance of the following statement.

Theorem 3.2 (Gille-Scully—Zhong) Let F be a field of characteristic not two.

The submodule of KMW annihilated by n coincides with the image of multi-
plication by the hyperbolic plane on KMW.

JKMW — MW

Proof This follows from the injectivity of the homomorphism R in [12, The-
orem 5.4] for R a field. O
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Theorem 3.2 provides the exactness of the sequence mentioned in [8,
Remark 4.3]. It is quite special that the kernel of multiplication by 1 on KMW
is generated by a single element, but then the element 7 is also quite special.
As a consequence of Theorem 3.2, the short exact sequence

0= T /N1l = T2y P? = yT0re-21 = 0

specializes to an isomorphism 714 w—1)1/ 07 14+w-2)1 = 712+(w)P2 for w >
2. Therefore knowing 714 (x—1)1/n714+x—2)1 is essential.

Theorem 3.3 Let F be a field of characteristic not two or three. The unit map
1 — Kkq induces a surjection w11/ w1411 = T4+ K/ n714+0-1)kq
whose kernel is Kg/'_ /12 (generated in x = 2) after inverting the exponential
characteristic e of F. In particular, the vanishing 714 ) Kq/n71+w-1Kq for
w > 1 implies that the nontrivial group of highest weight is 7r1+(2)1[e_1] /
r]m+(1)l[e_1] = 7Z/12, generated by the image of the Hopf map v.

Proof This is a consequence of [23, Theorem 5.5] in the formulation given
in [22, Theorem 2.5]; see also [24, Theorem 1.1]. First of all, the unit map
T+ 1 = mi4wKkq is surjective, whence the same is true for the induced
map on the quotients. Set e to be the exponential characteristic of F. Consider
the following natural transformation

0— KQA_*/M[é] — Tipwlli] —— 771+(*)kQ[%] — 0

| ! !

0 > A > m+(*)1[%]/77 — 771+(*)kQ[é]/77 —0

of short exact sequences. The snake lemma implies that the map KM/ 24[%] —
A is surjective, because the map nmi+x)1 — 1w+ kq on the kernels is
surjective. The map n: (V1 — 1 factors by construction as n: Z(V1 —
fi1 — 1, where f|1 — 1 denotes the first effective cover. The presentations
given in [22, Lemma 2.3, Theorem 2.5] then imply that the kernel of the map
N1+l = nmi4wKq is generated by 12y = Uzﬂtop, where niop € 7101
denotes the topological Hopf map.? Hence the snake lemma also implies that
A=KM/1201). O

The same proof shows that Theorem 3.3 is valid in characteristic 3 as well
in the sense that the kernel of

T+ 1/ Nm146-1)1 = Ti4wKq/nm146-1)kq

2 This element appeared in Sect. 2 without the subscript.
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is isomorphic to KM /4[%] after inverting 3. Theorems 3.2 and 3.3 provide
sufficient information about the outer terms in the short exact sequence

0 = T4 /0714621 = T2 P? = JTore-2l = 0 (3.3)

of KMW_modules. Actually the outer terms are KM-modules in a natural way;
n acts trivially on these. However, 1 acts nontrivially on the middle term. The
reason is the Toda bracket (n, h, n) = {6v, —6v} from [22, Proposition 4.1].

Lemma 3.4 Let F be a field of characteristic neither 2 nor 3. The action of
on the KMV _module n2+(,,)P2 in the extension

0= 7141/ N1l = T wP? > 04621 — 0

is determined by the fact that h' o = 6(i o v), where W' € my1)P? is any
lift ofh e 7T0+(0)1.

Proof The Toda bracket (n,h,n) = {6v, —6v} from [22, Proposition 4.1]
implies by Proposition B.1 that there exists an element h’ € n2+(2)P2 which
on the one hand maps to h € , 704 (0)1, and on the other hand is such that h’ o7 is
the image of 6v € w14 (2)1. Inspecting the short exact sequence (3.3) in weight
3 gives anisomorphism w4 (2)1/nm141)1 = n2+(3)P2 by Theorem 3.2. Hence
n2+(3)P2 is cyclic of order 12 by Theorem 3.3, with the image i ov of v asa
generator. It follows that h’ o 7 is the unique nonzero element of order two in
this group, and this is true for any choice of h’ lifting h. Inspecting the short
exact sequence (3.3) in weight 2 provides

0— 7'[1+(1)1/777T1+(())1 — 7T2+(2)P2 — ,,7'[0+(())1 — 0.

that for any two lifts ', h” of h, there exists {u} € KM/12 withh'—h" = i {u}v.

In order to describe the extension group more precisely, set A, :=
T1—x—1)1/nm1— 1. The extension (3.3) is given by an element in
Extyum (n770-(++2) 1 Aer2) = Extyun (2K, Aut2) = Extiqun KM, 4)
by Theorem 3.2. The short exact sequence

0— KM - KM - 2kM - 0

of KMW_modules induces a long exact sequence

0 — Hom(2KM, A) - Hom(KM, A) — Hom(KM, A)
— Ext' KM, A) — Ext!(KM, 4) — ...

@ Springer



1170 0. Rondigs

where the subscript “KMW” is suppressed. Lemma A.3 applies to provide an

isomorphism between the group Ext;(,v,w KM, A =71 _(—1y1/nm1—(»y1) and

h(mirl/nmieD) = 20mi+0) 1/ nmiryl) =27Z/12

where the last isomorphism follows from Theorem 3.3. Note that multiplication
with  on the KMW-module M1+ 1/nm141 is the zero homomorphism
by construction, which simplifies the term appearing in Lemma A.3. Hence
ExtII(MW (KM, T—x—1)1/nm1—1) = {0, 6v} does not depend on the base

field F. The homomorphism Extl(ZKM, A) — Extl(KM, A) is surjective,
because the extension in question corresponds to the unique nonzero element
in A1 = w2 1/nmi+)1 of order two by the Toda bracket (n, h, n) =
{6v, —6v} from [22, Proposition 4.1]. There results an exact sequence

Homgww (KM, 4) — Homgmw KM, A) — Extgmw (2KM, A)
— Extgmw (KM, 4) — 0 (3.4)

where Hom(zKM, A) C Hom(KM(—l), A) = A; via the surjection
KM(—1) — ,KM obtained by multiplying with {—1} € KM, see Theorem A.1.
Since Homygmw (KM, 4) = Homgwm (KM, A) and Homymw KM A) =
Hompgm (2KM, A), the exact sequence (3.4) induces a short exact sequence

0 — Exty (KM, A) — Extl oy KM, 4) - Extiouw (KM, 4) — 0

in which Exti{M (2KM, A) = Homgwm (2KM, A)/pAp. Inparticular, the sought-
after element in Ext;(MW (2KM, A) classifying the extension in question is

determined by the relation h’ o n = 6(i o v) and an element in the group
Ext;(M (2KM, A) depending solely on the KM-module structures of 2KM and
A O

Remark 3.5 Regarding the unstable situation, the A!-fiber sequence
Al {0} > A® {0} > P?

and the Al-discreteness of A! < {0} provide an identification QZZ‘IPZ =
191(A3 ~ {0} = Kg"w of (unstable) A'-homotopy sheaves, by [17, The-
orem 1.23]. Let lg.:_(3)P2 denote the threefold contraction of gﬁ‘le, which

coincides with the Nisnevich sheaf associated with the presheaf X

Hom (X)(A3 ~ {0}, P2 %) [17, p. 72, Theorem 6.13]. The generator of

n2+(3)P2 KMW is thus the class of the canonical map A3~ {0} —> P2
Stabilization with respect to P! provides a homomorphism
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Al 2 2
7oy 3P = 1y )P

to the stable homotopy sheaf computed in Lemma 3.4. It sends the generator
to m(i o v), where m is an integer unique up to multiples of 12, and i o v
is the generator of the target. A comparison with the classical topological
situation via complex or étale realization, which is possible since the target
does not depend on the base field, shows that m = £2, because the order of
the canonical map S° — CP? is 6 after one suspension [19, Theorem 1.2].
Note that étale realization sends P” to the profinite completion of its complex
realization CP" by [5, Theorem 12.9]; see also [10, Theorem 8.4]. The same
applies to the maps involved here.

The computations provided by m_(,,_l)Pz >~ KM and Lemma 3.4 suffice
to conclude the following statement.

Theorem 3.6 Let F be a field of characteristic not in {2,3}. The cofiber
sequence (3.1) induces a short exact sequence

0 = T4t P? /0t i )PP = [SPP?P?] = 74 yP? — 0
(3.5)

of KMV modules. In particular, after inverting the exponential characteristic,
there is an isomorphism

Z/6 = w243 P? Inmay ) P* = (2P, P2
withi o v o g as a generator, and an isomorphism
Z® 7oK /6(F) = [P, P
of abelian groups, with idp2 and h' o q each generating one free summand.
The equality n - idp2 = n A idp2 = 3(i o v o q) determines the action of n on
[Z®P2 P2,
Proof As before, the cofiber sequence (3.1) induces a short exact sequence

0— 7T2+(*+2)P2/n7'[2+(*+1)P2 — [Z(*)PZ, PZ] — n7T1+(*+1)P2 — 0.

The short exact sequence for 711+(*)P2 specializes to the identification
711+(*)P2 =~ KM mentioned already above. Since 5 acts as zero on this
KMW_module, the short exact sequence (3.5) of KMW_modules follows. The
identity idp2 hits the canonical generator i € n1+(1)P2. The action of 7 in
the KMW_module structure on [ ®P2, P2] is then determined by specifiying
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1172 0. Rondigs

nidp2 € [= (P2, P2]. More precisely, as in the proof of Lemma 3.4 there
results a short exact sequence

0 — Exty KM, A) — Extl oy KM, 4) — Extlyw (KM, 4) — 0

of abelian groups, where A, = JTZ_(*_Q)PZ / nnz_(*_l)Pz. Lemma A.3 iden-
tifies the last extension group as

Exthw (KM, 72— o) P? /(o 1)P?) = (21 3) P2 /24 0)P?) = 27/6.

Here the description of 72 (x)P? as a KMW-module from Lemma 3.4 supplies
the last isomorphism in this sequence, as well as the first isomorphism men-
tioned in the statement of the theorem. Hence nidp2 = m (i o v o g) for some
m € Z which is unique up to multiples of 6. The element nidp2 turns out to be
the unique nonzero element of order 2, as the Toda bracket (n, h =g o h’, )
implies. The properties of Toda brackets supply an inclusion

(n,g.n AP o C (n,q,n AP?oh =hon) C(n,goh’,n)
= {6v, —6v}

which shows that it does not contain zero. This already suffices to conclude.
More precisely, since the composition

q* (h/)*
mirl — [ OP? g2 s 01

is multiplication with h, one obtains (17, ¢, n AP?) C {3voq, —3voq}. Note

h)*
that the homomorphism [Z!+(VPp2, §2+(1)] LN 71+(2)1 identifies with the
inclusion Z/12 < 7 /24, as one may deduce from the exact sequence

q* e n*
T+ 1 — [ZH_(UPZ, SZ+(1)] LN o+ 1 — mor2)1.

Hence idp2 € [P2, P2] satisfies nA P2=3(G(ovo q)- O

Theorem 3.6 implies that every element x € [PZ, P2] can be expressed
uniquely as a sum xjidp2 + x2(h’ 0 ¢) + x3(i o v 0 g), where x1, x2 € Z and
x3 €K iV' /6. It would probably be more honest to think of the integers xi, x2
as the ranks of virtual quadratic forms. In particular, the hyperbolic form “h”
corresponds to the integer “2”. Using that the composition g o i is the zero
map, the ring structure is then given as
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x oy = (xiidp2 + x2(h" 0 q) + x3(i 0 v 0 q))
o (yiidp2 + y2(h" 0 g) 4 y3(i 0 v 0 ¢))
= xyyiidp2 + (x1y2 + x2y1 + 2x2y2)(h 0 ¢)
+ (x1y3 +x3y1 + 2x3y2) (i ovogq)

and in particular is not commutative if 2K {V'(F )/6 is nonzero. The group of
units in [P2, P2] consists of the elements

{zidp2 + x3(i 0 v 0 ), +idp2 Fh 0 g+ x3(i0voq): x3 € KM/6}.
It F C C, then complex realization [=DP2 P2] — [ZCP2, CP?] is an
isomorphism, but [P2, P2] — [CP?, CP?] is possibly only surjective, not
injective. Nevertheless, every map in [PZ, P?] such that its complex realization

is a unit in [CP%, CP?] is already a unit in [PZ, P2].

Remark 3.7 A different motivic type of endomorphisms of the projective plane
occurs in the motivic stable homotopy category SH(PZF) for P2, with unit
1P2F = ¢*(1F). Here ¢: P% — Spec(F) is the structure morphism. The
choice of a rational point provides a splitting 1 — ‘pﬁ(lev ) — 1F of the
counit, whence ¢y (IPIZV )~ P% V 1. Then ¢4 induces a ring homomorphism

i * ~
70+ 1p2 5 [ZWP2, P2 Z [EWP2, PY @ o 1F © [SWP 1]

where the source

o4+ 1p2 = [2(*)%(11)12?), 171 = [Z2®P% 1] ® morm1F

is a commutative ring by definition. Using [22, Theorem 2.7], the short exact
sequence

0 — mylr/nmrmlr = KY(F)/2 — [P21]
— el ZKM(F)/24 = 0

implies that o4 (o) IP% is not isomorphic to the Grothendieck-Witt ring of PZ.,
which is isomorphic to K} (F) @ K) (F) [29].

4 Suslin’s conjecture

An application of some of the computations performed in Sect. 3 is a proof of
Suslin’s conjecture on the Hurewicz homomorphism from Quillen to Milnor
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K -theory in degree four, exploiting the beautiful work [3]. Unstable homotopy
sheaves will occur, as already in Remark 3.5. Let

Qo-1:=1{(@.b)e A" xA": Y ajb; =1
j=1

be the smooth affine quadric hypersurface which is weakly equivalent to A" ~\
{0} via projection to the first n coordinates [9, Example 2.12(3)]. The quotient
scheme Q»,_1/Gy with respect to the free action X - (a, b) := (Aa, )ﬁlb)
is then weakly equivalent via projection to the first n coordinates to P"~ !
Given (a, b, u) € Qa—1 x Al ~ {0}, let [a, b, u] € GL,, denote the matrix
whose entry at (j, k) is § jx + (u — 1)ajbi, where § ji is the Kronecker symbol.
For a unit u € Gy, let A(u) denote the diagonal matrix whose entries are
(u,1,...,1). The map

Un: Qon—1 x (A {0) — SL,, Yu(a,b,u) := Aw™") - [a, b, u]
4.1)

is compatible with the given Gy, action on the first factor (and trivial actions on
the other factor and SL;,) and sends Q5,1 x {1} U {((1, 0,...,0,@1,0,...,
O))} x (A~ {0}) to the identity matrix, the canonical basepoint in SL,,. Let
{1/ D0y, /Gm — SL, denote also the induced pointed map, a variant
of the map (with the same notation) to GL,, constructed in [31, Section 5]. Its
complex realization is denoted j, in [19, p. 180], and fsy(») in the even more
classical source [33, Section 4]. It is straightforward to check that the diagram

=00y, 1 /G —2 SL,

l l 4.2)

Yn
2D 0041/Gm — SLy4

with obvious inclusions as vertical maps commutes.

Lemma 4.1 The map v>: =V Q03/Gwn — SL, is a weak equivalence over
Spec(Z.).

Proof Let {by = 0} — (3 denote the smooth closed subscheme where
by =0, and {b; # 0} — Q3 its open complement. The map

Al x (AT {0) — (b1 =0}, (x,y) > (x,¥,0,y7h

is an isomorphism. Its image {b; = 0} — Q3/Gy, is a smooth closed sub-
scheme isomorphic to A!, with trivial normal bundle. The map ¥»: Q3 X
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Al < {0} — SL, sends the product {b; = 0} x A! \ {0} to the smooth closed
subscheme {c3; = 0} < SLo, and the induced map {b; = 0} x A! < {0} —
{c21 = 0} is a weak equivalence. The latter follows from placing it at the top
in the commutative diagram

{b1 =0} x A" \ {0} — {c21 =0}

lprz \chz

Al {0} — 95 AL {0}

where the vertical projections are weak equivalences. The open complement
{b1 # 0} — Q3 contains the closed subscheme {b» = 0} — (3 as a strong
A!-deformation retract, as the map

(b1 # 0} x A = (b1 £0), ((a,b), 1) = (ta1 + (1 — )by, a2, by, th)

shows. This strong A !-deformation retraction is Gy,-equivariant, whence also
the inclusion {h; = 0} — {b; # 0} is a strong A'-deformation retract. Note
that {b> = 0} is isomorphic to A!. Homotopy purity [21, Theorem 3.2.23]
supplies a homotopy cofiber sequence

A' =T, =0} = {by #0} = 03/Gn — =TV (b =0}

inducing a homotopy cofiber sequence after applying ¥ (. In particular, since
{by = 0} is A'-contractible, the map £ 03/G, — T+ p = 0},
is a weak equivalence.

Similarly, the smooth closed subscheme {c; = 0} — SL, gives rise, via
homotopy purity, to a homotopy cofiber sequence

{c21 # 0} = SLy — 21Ty =0}

which can be related to the homotopy cofiber sequence above as follows.
While the map > : {b; = 0} x Al . {0} — {c21 = 0} is a weak equivalence,
Ua({b1 # 0} x Al ~{0}) is not contained in {c2; # 0} but instead coincides
with the union U := {cz1 # 0} U {c11 = c22 = 1 and ¢p; = 0}. The strong
A'-deformation retraction

{ca1 # 0} x Al — {ea1 #0), (C,1)

(Cn +t(1—cn) crn+1(1 = C11)2ﬁ)
— 21
c21 (69))
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extends via the constant A'-homotopy to a strong A !-deformation retration of
UtoV :={C € U: c¢11 = 1}, which in turn deforms via

1 cii =1 c12
VxA 5V, (c,z)+—>( o t022+1—t)

to the affine line {c{; = ¢2p = 1 and ¢»; = 0} <> SL;. The induced diagram
of homotopy cofiber sequences

{c21 #0} — SLp — 21 W{ey =0}

! | l

Al ~U s SL, = SL,/U

identifies 't {cr; = 0}/ 2+ {1} . ~ SL,/U and induces a commuta-
tive diagram

2M03/Gn ———— =@, =0},

I -

SL; ——— 2HWiey =0} /21D 1},

in which the vertical map on the right hand side is a weak equivalence, because
itis induced by the isomorphism y : {b; = 0} x A~ {0} S {c21 = 0}.Hence
Yo is a weak equivalence as claimed. O

The proof of the following statement is essentially a modification of Jean
Fasel’s unpublished proof for the corresponding statement on symplectic
groups; I thank him sincerely for the inspiration.

Proposition 4.2 The inclusion SL,, — SL, 1 fits into a homotopy cofiber
sequence

SL, < SL,1 — =" D(SL,),

over Spec(Z).

Proof A matrix C € SL, has entries denoted ¢1,1,...,C1n, €21, .-, Cn.n-
The homotopy purity theorem [21, Theorem 3.2.23], applied to the smooth
closed subscheme W := {c,+1.1 = ... = cyt1,0» = 0} =< SL, 41 (whichis a
global complete intersection and thus has a trivial normal bundle), supplies a
homotopy cofiber sequence:

SLn_H W SLn—H — En+(ﬂ) W+
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The inclusion (SL,4+1 ~ W) N {ch+1.n41 = 1} < SL,41 ~ W is a weak
equivalence. Let g: SL,41 ~ W — A" ~ {0} send C to (¢p4+1.15 - - - » Cnt1.n)-
Let X and Y be defined by taking pullbacks

X > Y > Qon—1

l: l: [pn @3)

(SLpt1 ~ W) N {ppingt = 1} — SLugp1 ~ W — A" < {0}

where the vertical maps are Zariski locally trivial fibrations with A"~! as
fiber, and hence weak equivalences. An element in Y is a pair (E, d) with
E € SL, 11~ Wandd € A" ~ {0} such that Z?:l eént1,j -dj = 1. The map

Y x Al — Y, ((E,d),t) — E . ((161 t(l _enil-l,n—i-l)d) ,d)

is a strong A!-deformation retraction onto X. Moreover,

I _tEj,n+1
(E.0) = <0 1E

is an A!-deformation retraction of (SL,+1 ~ W) N {cpt1.n+1 = 1} onto the
closed subscheme

SLy x (A"~ {0)) = (SLyst ~ W) 0 {eyr st = 1), (E,d) > (5 ?) .

As in the proof of Lemma 4.1, the homotopy purity theorem provides a homo-
topy cofiber sequence

SL, x (A" \ {0}) = SLy,41 — Z"T®w, (4.4)
in which W = {¢c,411 = ... = cp1.n = 0} = SL,, x (Al < {0}) x A" ~

SL, x (A! \ {0}). Enlarging the subscheme SL,, x (A" ~ {0}) in (4.4) to
SL,, x A" then provides the desired homotopy cofiber sequence:

SL, ~SL, x A" < SL,.; — ="t0+D(SL,)

Corollary 4.3 In the commutative diagram
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202 1/Gn — ZW Q024 41/Gy —— SMTOHD

\L‘//n \Liﬁn+1 l

SL, —— 3 SL,y; — SL,41/SL,

in which the top row is a homotopy cofiber sequence and the bottom row
is a homotopy fiber sequence, the canonically induced map S"++tD —
SL,,+1/SL,, is a weak equivalence over Spec(Z).

Proof Proposition 4.2 and the standard homotopy cofiber sequence for
021-1/Gm — Qo,+1/Gn give a diagram of homotopy cofiber sequences

W00, 1/Gm — ZW00,41/Gr — TP /P11 = £H0+D (Spec(Z)) 4
iz e 1
SL, —— SL, 2D (SL,) 4

where the vertical map on the right hand side is induced by the inclusion of
the identity matrix. The canonical map ¥"+*+D(SL,), — SL,.1/SL, is
induced by the structure map SL,, — Spec(Z), because the pullback square

(0} x (AT~ {0) — A" {0}
of smooth schemes induces a commutative diagram
(A" /A" N O A Wy ————— SLyt1/(SLyy1 N W)
lamarsonaes l
(A7 /A" ~ {0 A (AL {0 — A" {0} /(A" < {0}) x Al

of homotopy purity transformations, where the map ¢ sends a matrix in
W ~ SL, x (A! \ {0}) to its last diagonal element and hence is induced
by the structure map SL,, — Spec(Z). Proceeding through the zigzag relating
SL,,+1/(SLy4+1~ W) withSL,, 1 /SL,, produced in the proof of Proposition 4.2
provides the statement. m|

With the help of 3, the cell structure of SL3 looks as follows.

Lemma 4.4 The homotopy cofiber of ¥3: T VP2 — SLj over Spec(Z) is
given by §3+0),

Proof Lemma 4.1, Proposition 4.2 and elementary properties of homotopy
pushout diagrams imply that the diagram

=D Qs/Gm —L— SL;

! !

§2+03) 22+(3)(SL2) n
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in which the vertical maps are the canonical quotient maps and the bottom
horizontal map is the canonical inclusion is a homotopy pushout diagram. The
result follows. o

More generally, the total homotopy cofiber of diagram (4.2) can be deter-
mined as follows.

Lemma 4.5 The homotopy cofiber of the map £V 02,41/Gm Us® 0y, 1 /G
SL,, — SL, 11 induced by the commutative diagram

XD 00 1/Gn — 2V 02,41/Gn

\L‘/fn \L‘//nJr 1

SL, ———— SLu4

is equivalent to " +VSL, over Spec(Z).

Proof This follows from Proposition 4.2, Corollary 4.3 and a straightforward
manipulation of homotopy pushout squares. O

In the following, Q2,—1/Gy will be identified via projection to the first n
coordinates with P"~!, which gives rise to maps such as v, : S(OVP~1 ~
>M05,_1/Gm — SL, in the homotopy category. Recall from [6, Conven-
tion 2.3.5] that a map f of pointed motivic spaces is A'-n-connected if its
homotopy fiber® hofib( f) is A!-(n — 1)-connected, which is equivalent to the
homomorphism 1‘;1 f being an isomorphism for j < n and an epimorphism
for j = n.

Lemma 4.6 Let F be a field. The inclusion Y VP! — T WP? induces the
canonical projection

KWW = 74 s (Op! A 5 0p2 = Y

on A'-fundamental groups. The inclusion VP~ — S OP" js Al-(n — 1)-
connected for all n > 0.

Proof The assumption that F is perfect may be imposed by pulling back from
a perfect subfield, over which everything in sight is defined. As a suspen-
sion of an A!-0-connected variety, >MP" js Al-0-connected for all n [6,
Lemma 3.3.1]. The determination of 7 ‘?l P" from [17, Theorem 7.13 and The-

orem 7.29] implies that the map Qfl‘lPl — l’f‘lP" is surjective for all n > 0.

3 One has to take homotopy fibers at all Al—path components in the case (which will not occur
here) that the target motivic space is not Al-0-connected.
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In other words, the inclusion P! — P" is A'-1-connected for all n > 1. While
smashing with Gy, preserves the simplicial connectivity of a map, it is a pri-
ori not clear whether smashing with Gy, preserves the A!-connectivity of a

map. Let SingAl denote the endofunctor on (pointed) simplicial presheaves on
Smp introduced in [21, p. 87]. It commutes with limits and colimits. Since the

natural transformation G, — SingAl (Gy) is an isomorphism, there results
a natural isomorphism ED(I)SingAl (B) > SingAl (z D B) for every pointed
simplicial presheaf B. Choosing appropriate A'-naive models for projective
spaces — which is possible by [4, Example 4.2.13] — provides a model for

the canonical inclusion P! — P” such that SingAl(Pl) — SingAl(P") is
simplicially 1-connected, and hence so is

»(DSingA' (P!) = Sing® (VP! - Sing?' (zVP") = £ DsingA’ (P").
(4.5)

The source is stalkwise equivalent to SingA] (SL») by [4, Lemma 4.2.4]. Since
SL, is A'-naive by [4, Theorem 4.2.1] (applied to Q3 = SL,), there results
an isomorphism

A @nOsingd' (P!) = 74 VP! = 7A'SL, = KMW

where the last isomorphism follows from [17, Theorem 1.27] (see also [18,
Theorem 1]). Thus gg‘] QE(I)SingA1 P isa strictly Al-invariant sheaf. To
prove the same for 131 QY (I)SingAl (P"), let G denote the (simplicial) homo-
topy fiber of the map (4.5). The aforementioned connectivity of the map (4.5)
implies that G is simplicially O-connected, and hence A'-0-connected by [21,

Cor. 2.3.22]. Since 5223(1)SingAl (P™) is the simplicial homotopy fiber of the

canonical map G — Zi(l)SingAl (PY), [17, Theorem 6.56] (see also [6, Corol-
lary 2.3.6]) provides an exact sequence

726 - 72 £ Osing @) > 78" @xDSing®’ (P") > 72'G =0

using that E‘S‘] QE(”SingA1 (P1) is a strictly A'-invariant sheaf. In this exact
sequence l‘f‘lG is strongly Al-invariant by [17, Theorem 6.1], its image
in Z‘IXIEJ(I)SingA1 (P!) is strongly A'-invariant by [8, Theorem 1.6], and
moreover abelian, and the cokernel gg‘l QY (I)SingAl (P") is then a strictly A!-

invariant sheaf by [17, Corollary 6.24]. As a consequence [17, Theorem 6.56]
applies to show that Z(VP! — £ (P is Al-1-connected.
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To determine Q‘f‘l >OP" forn > 1, Morel’s A!-Hurewicz theorem [17,
Theorem 6.35] implies that the Hurewicz transformation E?IE(I)P” —

H 11‘1 >MP7igan isomorphism for all n. For n = 2, the latter can be determined
via the cofiber sequence

SH—(3) l) E(I)Pl N E(l)Pz

as HA' (P2 2= KM Similarly, for n > 2 the inclusion P"~! < P" s
A'-(n—1)-connected, as one may deduce from the homotopy fiber of the “cov-
ering” map A"~ {0} = A"*1\ {0} of universal A'-coverings. Again smashing
with G, preserves the simplicial connectivity of P"~! < P”. Arguing with
A'-naive models and the functor SingAl as before provides that ©(VP"~1 —
WP is Al-(n — 1)-connected, again invoking [17, Theorem 6.56] or [6,
Corollary 2.3.6] and the strict A!-invariance of Qg\l QZ‘(I)SingA1 (P") already
established. O

The pushout in diagram (4.2) gives rise to a map
Ont1: TP Ugaypnot SL, — SLy1 (4.6)
which factors ¥, 41 : X(VP" — SL, for every n > 0.

Proposition 4.7 Let F be a field. The image of the homomorphism Qﬁl SL,+1
— 121 S"THD induced by taking the last column of a matrix is isomorphic
to the image of the homomorphism Egl > DP"Usypu-1 SL, — lﬁl gntnt1)
induced by the canonical quotient map collapsing SL, to the basepoint.

Proof In case n = 1, both the last column map and the quotient map are
equivalences, whence the induced homomorphisms are isomorphisms. Let
n > 1. Diagram (4.2) and the map 6, defined in (4.6) induce the following
commutative diagram

lﬁl s (Hpn-1 ; lﬁl s (Hpn ; l315n+(n+1)

x4y, ! =

EQISLn - EQIE(I)P” Ustypr—t SLy — EnAlsn-l—(n-i—l) 4.7

. 1 ~
J/ld \l,?lf? On+1 \l/:

rA'SL, ————— gA'SL,yy ——— g sty

of sheaves of A!-homotopy groups, in which the vertical homomorphisms on
the right hand side are isomorphisms by Corollary 4.3 and by construction. In
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particular, the image of the homomorphism Q;AIE(I)P” Usapn-1 SL, —
7A §n 1+ embeds in the image of the homomorphism ngLnH —
QQIS”JF(”“). To prove that the image of QQISL,,H — QQIS”JF(”“)
coincides with the image of Qﬁlﬁ(l)P” Usmpn-1 SL, — QQIS”H”“)
induced by collapsing SL,, it suffices to prove that the homomorphism
EQIGHH : EQIE(I)P” Usmpn-1 SL, — EQISLHH is surjective. This in turn
follows if the map 6,1 is Al-n-connected. This is the connectivity of its
homotopy cofiber cone(6,,+1) by Lemma 4.5. Unfortunately this does not nec-
essarily imply that its homotopy fiber hofib(6,41) is A'-(n — 1)-connected.
To conclude this nevertheless, start with the case n = 2. Then the map 63 in
question coincides with ¥3: Z(VP? — SLj3 up to equivalence by Lemma 4.1.

Lemma 4.6 implies together with the determination of - ‘?] SL, from [18, The-

1 . . .
orem 1] that 111‘ Y3 is an isomorphism. There results an exact sequence

A]
A sOp2 2V JAGr L A fofib(ys) — 0

. . 1 . . .
whence it remains to prove that 1‘? Y3 is an epimorphism. Consider the com-
mutative diagram

A ZOPl — 7A OP2 3 ZAI2+O) sy pAlS Pl ZATOP2 s
\Lllfz \l;lfs J/E \sz J/l//}
7A'SL, —— 7A'SLy —— A A3\ (0} — 7A'SL, — 7A'SL; —— 0
(4.8)

induced by diagram (4.2) in which the bottom row is induced by the homotopy
fiber sequence

last column

SL, — SL; — 5% A3 {0}

and in particular exact. The top row in diagram (4.8) is induced by the homo-
topy cofiber sequence

sWpl o 5@p2 _, §246)

and the weak equivalence ¥ : >Mpl 5 SL, from Lemma 4.1, in the sense
that the homomorphism gfz‘l §7+3) g‘?l 2 (P! is the composition of the
inverse of g‘l‘ll//g and 1‘3‘152“3) x~ 1§1A3 < {0} — Q’f‘lSLz. Here the
first isomorphism follows from Corollary 4.3. It follows that the upper row
in diagram (4.8) is exact at the spots involving g‘?l . To conclude exactness at
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191 §2+®) it remains to prove that the image ofléA1 »Hp2 191 §2+3) con-
tains the kernel of EéAl §2+3) l‘f‘l > (DP! By construction of the homotopy
cofiber sequence, the latter coincides with the kernel of n: K;V'W — Kg"w,
which is th"W by Theorem 3.2. The map

P! x P! - PZ, ((a() tay), (bg : bl)) = (aopbo : apb1 + a1bo : a1by)

induces a commutative diagram

P! xpP! — 5 P2

lcan. lcan.

P! AP! s p2/p!

in which the identification of the lower horizontal map can be deduced from

P!-stabilizing first, then observing that its P!-stabilization is in the kernel of
multiplication with  on the Grothendieck-Witt ring (hence an integer multiple
of hby Theorem 3.2), and finally a degree argument using motivic cohomology
or realization, showing that the rank of the integer multiple of h is 2. Morel’s
Theorem [17, Theorem 1.23] then implies that the image of the homomorphism
g‘;l »Opl x P! — QSIE(I)PZ — 1§152+(3) contains th"W. In particular,
the top row in diagram (4.8) is also exact at gfz‘l §2+3) Together with the
isomorphism g‘z‘l Yo from Lemma 4.1, a diagram chase then provides that
1?] Y3 is an epimorphism.

Diagram (4.2) furthermore implies that ¥, 1 is at least A!-2-connected for
all n > 1. Invoking the Al-van Kampen theorem [30, Theorem 3.10], [17,
Theorem 7.12] provides with Lemma 4.6 that g‘?l On+1 is an isomorphism for
all n > 1. Hence 0,41 : »(hpn Usmpn-1 SL, — SL,41 is A'-2-connected
as well. To reach further, let n > 2 and consider the transformation

Qsnteth Sl —— SL,4;

l ! lid (4.9)

On
hofib(6,41) — SDOP" Usaypn-i SL, —5 SLy4

of homotopy fiber sequences, inducing a transformation of long exact
sequences of homotopy groups. The vertical map in the middle of dia-
gram (4.9) is A'-(n — 1)-connected. In fact, as the cobase change of the map
»Opr—1 . 5P which is Al-(n — 1)-connected by Lemma 4.6, it is
simplicially (n — 1)-connected. To apply [17, Theorem 6.56] or [6, Corol-
lary 2.3.6] and conclude the desired A!-connectivity, it remains to prove that
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131 QP Uy (1ypu—1 SL,, is strongly A'-invariant. The simplicial van Kam-
pen theorem [30, Corollary 3.5] provides that the Nisnevich sheaf associated

with the presheaf of fundamental groups of SingAl (z(Opm) USingAl (sOpr-1)

SingAl (SL,) (using A'-naiveness provided by [17, Theorem 8.1] for GL,, and
[4, Example 4.2.13]) coincides with Kg" In particular, itis strictly A!-invariant.

The long exact sequence diagram (4.9) induces on A'-homotopy groups then
provides epimorphisms 1‘].‘41_15”“”“) ~ 1‘;" Qs+t 1‘}1 hofib(6,,+1)
for all j < n. In particular, Morel’s A'-connectivity for S"t@*D provides
l?] hofib(8,+1) = 0 for j < n — 1, so that 6,4 is at least Al-(n = D-
connected. To conclude the vanishing of Eﬁi 1 hofib(6,, 1), observe that it
is a quotient of g‘n‘l gntotl) ~ Kr'\l")r’\ll The A'-homotopy groups induced by
diagram (4.9) are modules overlfl*lSLn ~ 1‘1‘1 (ZDP"Usypn-1SL,) = KM,
and all homomorphisms involved are Kg" -equivariant. However, the action of

1 1 . .. . 1
g‘? SL, on E? Q8"+ +D s trivial because it factors through E? *, as the
commutative diagram

Qs+t QL > SL,41

b ]

Qs+t — Sy — gnt+(n+1)

of fiber sequences implies. Hence the action of l’l"l (x(pn Usypn—1 SLy;) on
the quotient g‘}l hofib(6,41) of 1‘?1 Q87 +(+D g also trivial. It follows that
the relative Hurewicz homomorphism lﬁl hofib(6,,+1) — H fl‘l cone(f,+1)

introduced in [2, Section 4.2] is an isomorphism by [2, Theorem 4.2.1]. The
latter group is trivial by Lemma 4.5. Hence 6,41 is A'-n-connected. O

Theorem 4.8 Let F be an infinite field of characteristic different from 2 and
3, and A an essentially smooth local F-algebra. The image of the Suslin-
Hurewicz homomorphism KSUIIICH(A) — K"}’I (A) coincides with 6K!}/I (A).

Proof By [3, Theorem 2.18] it suffices to prove that a certain canonical sur-
jection KQA /6 — S4, obtained from Suslin’s Hurewicz homomorphism, is an
isomorphism. One description of S4 goes as follows. The A!-fiber sequence

$3t® 5 BSL; — BSLy
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of motivic spaces induces a long exact sequence of unstable homotopy sheaves
terminating with

oo 7Sy — 7A@ o 7A'BSL; — 7A'BSLy — 0. (4.10)

The sheaf S, is isomorphic to the kernel of Q?IBSL3 — Q?IBSL4 by [1,
Lemma 3.5]. Homotopical stability provides that Q?IBSL4 = E?IBSLOO =
K3Q is the third algebraic K -theory sheaf, as explained in [3]. Morel’s unstable
computations provide 1‘3‘1 §3+@ = K!Y'W [17, Theorem 1.23]. Hence there
exists a surjection KA'Y'W = 113‘1 §3+@ 5 S, which, as s also explainedin [3],
factors over K!}" /6. In the case where F is a field of characteristic p > 3, the
map KLY' /6 — KQA[ p~'1/6 is injective by [13]. Therefore it suffices to prove
that the induced map KR" [ p_l] /6 — S4[p_1] is injective. In the following,
the characteristic p of the field F' may be implicitly inverted if p > 3.

Using the exact sequence (4.10), the image of 1‘§ISL4 — 113‘153“4)
(induced by taking the last column of a matrix in SL4) contains at least the
subsheaves 6K2"W and nKQAW, and hence their sum. Proposition 4.7 shows

1 1A194
that this image coincides with the image of 113‘ S OP3 Ugyp2 SLy ——
Q?l SLy — l?l §3+® _ Passage to motivic suspension spectra simplifies the
situation via the following commutative diagram

: 1
l? ) o Usmp2 SLy ——— 113\ §3+@)

! !

l3+(0)2(])P3 UE(I)PZ SL3 — E3+(0)S3+(4)

in which the vertical homomorphisms are induced by taking P!-suspension
spectra. In particular, the vertical homomorphism on the right hand side is an
isomorphism by Morel’s theorem. Hence the image in question is contained in
the image of the homomorphism g3+(0)2(1)P3 Usmp2 SLz — £3+(0)S3+(4)
which coincides with the kernel of the homomorphism 3, S @
75+ (0)SL3 because of the cofiber sequence

SL; — WP Ugyp2 SL; — §37&.

Using the map ¥3: (VP2 — SL;, this kernel contains the kernel of
73,05 = 715, 0, VP2 These kernels are equal, because the map

Tor)V3: Ty +(O)E(1)P2 — 7, +(O)SL3 is not only surjective (a straightfor-
ward consequence of Lemma 4.4), but injective as well (at least after inverting
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the exponential characteristic of F if it is odd). The latter can be seen from
Lemma 4.4 which supplies a homotopy cofiber sequence

»Op2 Y gp. , §3HO).

It induces a map 3t — B1+DP2 whose composition with the canonical
quotient map !tMP2 — §3+0) gives rise to an element in the Witt ring
T35 §3+(3) = KMV by Morel’s theorem. This element is the zero element,
because the image of QH(S)EH(I)PZ — l3+(5)S3+(3) is zero by the short
exact sequence (3.3). Hence the map S3T® — !+ MP2 factors over the
inclusion L!TWP!l — 51+(P2 and gives rise to an element in the group
T35 5°® =1, 3)1F which s trivial by [23, Theorem 5.5] after inverting
the characteristic of F if it is odd.

To summarize, the image of the homomorphism E§ISL4 — 1‘3"1 §3+@ of
unstable A !-homotopy sheaves is contained in the kernel of the homomorphism
of stable A'-homotopy sheaves 3, ¢, S*"® — 7, ZP2 Using P!-
stability, the latter homomorphism can be identified with the homomorphism
7y 1)S*t® — 7, P? induced by the attaching map y»: A%\ {0} — P?
of smooth schemes because of the cofibration sequence

AP0} B P2 P2
The composition
§2+3) 2 p2 4 ¢2+(2)

is nullhomotopic essentially because 2 is even. More precisely, by Morel’s
Theorem, it suffices to prove this after applying = V. The composition of the
attaching map =1y, with the canonical inclusion to = (VP3 is nullhomotopic
by construction, hence also the composition with ¥4: £ (VP3 — SLy4. By the
commutative diagram appearing in Corollary 4.3 and exactness, the composi-
tion 93 o (D, is in the image of the connecting map 83 : 1‘3&(4) §3+@
lﬁm)SL} The result follows from [1, Lemma 3.5] and Corollary 4.3. Hence
the attaching map y» corresponds P!-stably to an element in the image of
72+ P! — 724 3)P%. This element is y, = £2(iv) € mp43)P? = Z/12{iv}
by Remark 3.5. It follows that the kernel of the induced homomorphism

- y2=2iov .
KW g, (5250 220 M 12) (i 0 v) > 1y, )P

is generated by 7 and 6 as a KMW-module. In particular, in the relevant degree,

the image of Q?ISLA; — g’;lSH(“) is contained in the subsheaf nKQ’IW +
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6K2"W. Since it also contains this subsheaf, equality follows. This completes
the proof. O

Corollary 4.9 Let F be an infinite field with characteristic coprime to 6. The
inclusion BSL3; — BSLy induces the following short exact sequence of
sheaves:

0 — KM/6 — 74" BSL; — K¥en _, ¢

Proof This is a single case of [1, Theorem 1.1], having identified S4 with
K!}A /6 in the proof of Theorem 4.8. O
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Appendix A: modules over Milnor-Witt K -theory

Let F be a field, usually suppressed from the notation. The Milnor-Witt K -
theory of F, as defined by Hopkins-Morel [15], is the unital graded associative
algebra generated by n € K“_"}N = 71,11 and the symbols [u] € K'I\AW(F ) =
m_1,—11F for every unit u € F*, subject to the following relations.

Steinberg relation [u][v] = 0 whenever u + v = 1.
n-twisted logarithm [uv] = [u] + [v] + nlu][v]
Commutativity [u]n = nlu]

Hyperbolic plane n + n*[—1] = —p

@ Springer


http://creativecommons.org/licenses/by/4.0/

1188 0. Rondigs

If uy,...,uy € F are units, then the element (1 + nlu1]) + --- + (1 +
numl) € K('Y'W(F ) corresponds to the quadratic form (uy, ..., u,) given
by the appropriate diagonal matrix under the identification of KgAW(F ) with
the Grothendieck-Witt ring GW (F) of F. Milnor K -theory [14] is expressed
as the quotient KE" = KEAW / nKD"W. Often the grading will be suppressed
from the notation. Its reduction modulo 2 is denoted kM for brevity. If A is a
(graded) KMW_module, its degree d partis Ay. For any x € KD,"W, the kernel
and cokernel of multiplication with x on A, are denoted y Ay and Ay /xAp_g4.
As a warm-up, KM-modules will be treated first.

Theorem A.1 There is an equality {—1}KM = ,KM of KM-modules.

Proof This follows as an equality of zero modules from [13] if F" has charac-
teristic 2. Suppose now that the characteristic of F is different from 2. Since
2{—1} = {1} = 0 € KM, there is an inclusion {—1}KM c KM of KM-
modules. The cofiber sequence

2

2 pry° a2,
MZ > MZ — MZ/2 — EMZ

induces a short exact sequence

0%
0— 7t1+(*)MZ/27T1+(*)MZ —> 71’1+(,,)MZ/2 — 2710+(*)MZ — 0
(A1)

of KM-modules. Let 7 € m—-HMZ/2 = K1 denote the class of —1 € F.
Then 32, (7) = {~1} € mp_)MZ = K'lv| by inspecting the short exact
sequence (A.l) in the given weight, using that —1 is the unique nontriv-
ial unit of order two in F. Voevodsky’s solution of the Milnor conjecture
on Galois cohomology [28] (or rather the Rost-Voevodsky solution of the
Beilinson-Lichtenbaum conjecture relating motivic and étale cohomology
with coefficients in Z/2) provides that multiplication with 7 is an isomorphism
T0+MZ/2 = w14 MZ/2 of KM-modules. It follows that multiplication
with {—1} on KM factors as

00 . 32
KM = 04+ MZ p—r2—> To+xMZ/2 BN T1+xMZ/2 = 270+ (0 MZ

= KM c kM
in which the first three maps are surjective. The result follows. O

Lemma A.2 Let A be a KM-module. There is an isomorphism

Extu(kM, A) = (_1)A0/240
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which is natural in A.

Proof The short exact sequence
0—2KM > KM - kM - 0
induces an exact sequence

0 — Homgm (kM, A) — Homgm(KM, A) - Homyu(2KM, A)
— Extlu (M, A) — 0.

The short exact sequence
O—>2KM—>KM—>2KM—>O
induces an exact sequence

0 — Homgu(2KM, A) — Homym(KM, A) - HomyuGKM, A)
— Bxtly KM, 4) - 0.

The composition KM — 2KM — KM coincides with multiplication
by 2, whence naturally Homgym &M, A) = ,Ap. In order to identify
Homgwm (2KM, A) in a similar way, observe the equality

KM = (—1}KM
of KM-modules from Theorem A.1. The composition KM - (—1}KM =

KM — KM coincides with multiplication by {—1}, whence naturally
Homgm (2KM, A) = (_1)A¢. The statement follows. O

Lemma A.3 Let A be a KMV module. There is a natural isomorphism
Extyn (K™, 4) = nA_1/nAo.
Proof Abbreviate Hom(A, B) := Homgmw (A, B). The short exact sequence
0—>nKMW—>KMW—>KM—>0
induces an exact sequence

0 — Hom(KM, A) - Hom(K"W, 4) - Hom(nKMW, 4)
— Extlw (KM, A) — 0.
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The short exact sequence
0— KMW—>K'VI —>77KMW—>0
induces an exact sequence

0 — Hom(nK"V, 4) — Hom&KMY, A) — Hom(,KMY, A)
— Extjw (KM, 4) — 0.
The composition K* i nKMW . KMW coincides with multiplication by

n, whence naturally Hom (KM, A) = ;Ao. Inorder toidentify Hom(nKMW, A)
in a similar way, observe the existence of a further short exact sequence

0 — pKMW — KMV hgkMW = KMV 0

of KMW_modules, the surjection being induced by multiplication with h.
Note that hLKMW = hKM = ,,KMW by Theorem 3.2. The composition

KM\_AI’ — KMXY — KMFV\I’ coincides with multiplication by h, whence natu-

rally Homygmw (nK , A) = hA_1. The statement follows. O

Lemma A.4 Let A be a KMV -module. There is a natural exact sequence
0 = (=1}(,40)/2(yA0) = Extiw &M, A) > nA_1/nAg

Proof Abbreviate Hom(A, B) := Homgww(A, B) and Ext(A, B) :=
Extgmw (A, B). The short exact sequence

0—2KM - KM - kM - ¢
of KMW_modules induces an exact sequence

0 — Hom(kM A) — Hom(KM A)
— Hom(2KM A) — Ext' (kM A) — Ext!(KM A) — ...
The natural map Homygmw (B, A) — Homgwm(B, ;A) is an isomorphism

whenever nB = 0. The result then follows from Lemma A.2 and Lemma A.3.
O

Appendix B: Toda brackets

Consider three composable maps
DLELFSG
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of pointed motivic spaces or motivic spectra (over any base scheme) such that
the compositions B oy and « o B are nullhomotopic. Choosing nullhomotopies
cone(D) := D A (A',1) — F and cone(E) = E A (A!,1) — G defines
extensions of these compositions displayed in the diagram

cone(D)

/7h \ﬁ>\ «
D > E > F > G
\ /

cone(E)

and hence a map XD =~ cone(D) Up cone(E) — G, where the identification
of D with the displayed pushout is canonical. The Toda bracket

(a, B,y) C [ED, G]

is the subset of (pointed) homotopy classes maps which can be obtained
this way. It depends only on the homotopy classes of «, 8, y. This defini-
tion provides a secondary composition on the level of homotopy categories
and is sufficiently general to apply in manifold cases, for example in any
pointed simplicial model category. In case [XD, G] is abelian (which is
always the case for motivic spectra), then (@, £, y) is a coset of the subgroup
ao[XD,F]+ [XE,G]o Zy C [ZD, G] [26, Lemma 1.1]. An equivalent
description of («, B, y) is obtained by taking homotopy classes of composi-
tions

D % cone(B) = cone(E) Ug F E) G

where @ is an extension of « to cone(8) and y’ is a coextension of y with
respect to B [26, Prop. 1.7]. Any coextension of y with respect to g is a lift of
¥y along cone(B) — X E. In the stable case of motivic spectra, a coextension
of y with respect to 8 is the same as a lift of Xy along cone(8) — X E [11,
Prop. 5.2]. Two straightforward extensions of statements from [26] will be
stated explicitly for reference purposes.

Proposition B.1 Let three composable maps

DLELFX G

of pointed motivic spaces or motivic spectra (over any base scheme) be given

such that the compositions B o y and a o 8 are nullhomotopic. Let G N
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cone(o) 2. SF denote the canonical maps. There is an equality
—io{a, B,y)=1{B oXTy: B coextension of B w.r.t. a}

of subsets of [2D, G].

Proof This follows by translating [26, Proposition 1.8] to the motivic setting.
O

Proposition B.2 Let three composable maps

DLELFX g

of pointed motivic spaces or motivic spectra (over any base scheme) be given
such that the compositions 8 oy and o o B are nullhomotopic. Then for every
A € {a, B, y) there exists an extension E; cone(y) — F of B such that the
diagram

can

cone(y) —> XD

15 IR (B.1)

F—* 3+ G

commutes up to homotopy. Conversely, for every extension E : cone(y) — F
of B there exists an element A € («, B, y) such that diagram (B.1) commutes
up to homotopy.

Proof This follows by translating [26, Proposition 1.9] to the motivic setting.
O

By adjointness, an equivalent description in terms of maps to loop spaces
can be given. From the definition it follows quite immediately that any functor
® induced by a pointed simplicial left Quillen functor on homotopy categories
preserves Toda brackets in the sense of providing an inclusion

Q((a, B, y)) C (P(a), P(B), P(y))

whenever the Toda bracket («, 8, y) is defined. In particular, if the target Toda
bracket (® (), ®(B), P(y)) does not contain the zero element, neither does
the source Toda bracket (o, 8, y). This applies in particular to base change
functors, stabilization, and to complex and étale realization.

For example, the Toda bracket (2, ntop, 2) C 755 3 in the pointed homotopy
category of topological spaces defined by

2

2 UKt
R g O e O
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consists of the single element ’7t20p3 $5 - 83 by [26, Lemma 5.2 and (5.2)].
With the help of the unstable considerations over Spec(Z) in [9] (see in par-
ticular [9, Remark A.10]), the maps

@2+@ N2+@) 1 2+ B o2+

define a Toda bracket (h, n, h) c [$3+@®, §2+(D] Comparison with the P!-
stable situation and [23, Theorem 5.5] shows that any element in this Toda
bracket maps to 1 o nop € m14(1)1F modulo the subgroup 2(K'1\”(F )/24)
generated by v over fields F of characteristic not two. Similarly, any element
in the Toda bracket

(n,h,n) c [§3T, 52+

maps to £6v € i (2)1F over fields F of characteristic not two or three, by
[23, Theorem 5.5] and [26, (5.4), Prop. 5.6 and its proof]. See [22, Prop. 4.1]
for these two and further examples.
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