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Abstract As announced in Gross and Siebert (in Algebraic geometry: Salt
Lake City 2015, Proceedings of Symposia in Pure Mathematics, vol 97, no 2.
AMS, Providence, pp 199–230, 2018) in 2016, we construct and prove con-
sistency of the canonical wall structure. This construction starts with a log
Calabi–Yau pair (X, D) and produces a wall structure, as defined in Gross et
al. (Mem. Amer. Math. Soc. 278(1376), 1376, 1–103, 2022). Roughly put, the
canonicalwall structure is a data structurewhich encodes an algebro-geometric
analogue of counts of Maslov index zero disks. These enumerative invariants
are defined in terms of the punctured invariants ofAbramovich et al. (Punctured
Gromov–Witten invariants, 2020. arXiv:2009.07720v2 [math.AG]). There are
then twomain theorems of the paper. First, we prove consistency of the canon-
ical wall structure, so that, using the setup of Gross et al. (Mem. Amer. Math.
Soc. 278(1376), 1376, 1–103, 2022), the canonical wall structure gives rise
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to a mirror family. Second, we prove that this mirror family coincides with
the intrinsic mirror constructed in Gross and Siebert (Intrinsic mirror sym-
metry, 2019. arXiv:1909.07649v2 [math.AG]). While the setup of this paper
is narrower than that of Gross and Siebert (Intrinsic mirror symmetry, 2019.
arXiv:1909.07649v2 [math.AG]), it gives a more detailed description of the
mirror.

Mathematics Subject Classification 14J33 · 14N35 · 14A21
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Introduction

Themathematical investigation of themirror phenomenon observed in physics
[25,26,33] has long been vexed by the basic question how broadly mirror pairs
exist. Mirror symmetry is certainly too wide a phenomenon to even imagine
an answer that is immediately satisfying from all perspectives. The authors
have nevertheless long been convinced that there is a fundamental mechanism
underlying all mirror phenomena that is both key to general constructions of
mirror pairs and to establish various mirror correspondences between them.
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Intrinsic mirror symmetry

Following a long line of developments and refinements around the SYZ phi-
losophy of dual torus fibrations [1,2,10,30,34,37,42,44,59,60,78,81], the
authors in [48] proposed an intrinsic mirror construction for logarithmic
Calabi–Yau varieties.

The construction takes as input a pair (X, D) of a normal crossings divisor
D on a smooth variety X , projective over a point or a curve, such that X\D
supports a holomorphic volume form with at most logarithmic poles along
D. We assume further that D has a zero-dimensional stratum. The mirror is
constructed as the affine or projective spectrum of a newly defined degree zero
relative quantum cohomology ring for the pair (X, D) that is expected to only
depend on X\D. The definition of the relative quantum cohomology ring has
been made possible by the development of punctured Gromov–Witten invari-
ants, a variant of logarithmic Gromov–Witten invariants [3,21,45] admitting
negative contact orders, in joint work of the authors with Abramovich et al. [5].
The structure coefficients of relative quantum cohomology involve invariants
with two positive and one negative or zero contact orders.

In our opinion this is a very clean and satisfying construction from the
algebraic geometric point of view: It generalizes many of the known geometric
mirror constructions to a large, birationally distinguished class of algebraic
varieties.1 For example, maximally unipotent degenerations of smooth proper
Calabi–Yau varieties, the original object of study in mirror symmetry, and
Fano manifolds with an anticanonical divisor with zero-dimensional stratum
both fall in this class of varieties.

There is also a clear tentative interpretation of relative quantum cohomology
in terms of symplectic geometry as a degree zero symplectic cohomology ring
[31,71–73]. This link both points to possible generalizations of the construc-
tion to a purely symplectic framework and to higher degree relative quantum
cohomology rings [41], as well as to a proof of homological mirror symmetry
[58] in this framework [76].

The canonical wall structure and the SYZ interpretation of intrinsic mir-
ror symmetry

The present paper puts the intrinsic mirror construction of [48] into the context
of our long-term program aiming at an algebraic-geometric implementation
of the SYZ picture of mirror symmetry. Our program is based on a tropical-

1 It is a certain joke of history that a slight twist to one of the first objects arising in the context
of mirror symmetry, namely quantum cohomology, turns out to hold an answer to the puzzling
fundamental question in mirror symmetry in such great generality.
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ization of the geometry, leading to a polyhedral manifold B with an integral
affine structure with singularities (a polyhedral affine manifold) together with
a wall structure. The polyhedral affine manifold provides the central fiber of
the mirror family, the uncorrected mirror, while the wall structure carries the
quantum corrections to build a consistent deformation of this uncorrected mir-
ror. In [44] we gave an algorithmic inductive construction of the wall structure
for cases with affine singularities that are locally rigid in some sense, purely in
terms of affine geometry.We have long suspected, but couldmake precise only
in very limited cases [37,40], that for the construction of the mirror of a pair
(X, D) the wall structure should be constructible from the tropicalizations
of rational curves on X virtually intersecting D at one point; the enumera-
tive invariants carried by the wall structure should then be the corresponding
punctured Gromov–Witten invariants, see e.g. [46, Sect. 4]. This picture is the
algebraic-geometric analogue of the quantum corrections on the symplectic
side from Maslov index zero pseudoholomorphic disks with boundaries on
Lagrangian fibers that give rise to the bounding cochains in [28].

With punctured Gromov–Witten theory sufficiently developed [5], we have
nowbeen able tomake this picture a reality.Moreover, using the general frame-
work of constructing families from consistent wall structures worked out in
[39], we give an alternative and technically simpler proof of the associativity
of the degree zero relative quantum cohomology ring from [48] in the case of
interest for mirror symmetry, where (X, D) has logarithmic Kodaira dimen-
sion zero and D has a zero-dimensional stratum. We emphasize that only the
present paper makes the clear connection of the intrinsic mirror construction to
the SYZpicture. The assumption that D has a zero-dimensional stratum indeed
provides families of Lagrangian tori in X\D degenerating to the zero dimen-
sional stratum. Thus this assumption can be both viewed as a replacement of
the existence of Lagrangian torus fibrations or, in a degeneration situation, of
the maximally unipotent monodromy assumption [66].

The present paper also provides the link to the algorithmic construction of
walls [44], and to previous mirror constructions in two-dimensions [37] and
for cluster varieties [38], also giving rise to rich combinatorial structures, see
e.g. [22–24,62,63,74,75]. All these previous constructions generalize known
and tested mirror constructions such as [12,13,35,51], and they have also been
independently tested, see e.g. [16,36,43,49,61,64,77], thus providing further
evidence that [48] really does produce mirror pairs. Wall structures also give
powerfulmethods for explicit computations [9,40,44], and in fact, all examples
of mirror pairs we have computed explicitly were first obtained via their wall
structures.

Another motivation is that the wall structures contain a lot of information
not directly accessible from the relative quantum cohomology ring in [48]. For
example, our wall structures suggest to generalize Mikhalkin-style tropical
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correspondence theorems for curve counting from toric ambient geometries
to logarithmic Calabi–Yau varieties. In this correspondence, straight lines are
to be replaced by the broken lines reviewed in Sect. 4.1. Broken lines are
certain piecewise straight lines with possible bends when crossing a wall due
to interaction with the tropical disks carried by the wall. The present paper
also gives a systematic treatment of the geometric information carried by the
wall structure, which sometimes contains interesting enumerative information
in its own right [9,20,32,40].

Statement of main results

We now describe the results of the paper in more detail. In Sect. 1 we define the
relevant polyhedral affine manifold B as the dual intersection complex of D,
study the relevant affine geometry and discuss the additional conditions com-
pared to [48] to fulfill the assumptions on B in [39]. As in [48] we distinguish
the absolute and relative case. In both cases X is a smooth variety over an alge-
braically closed field k of characteristic zero and D ⊂ X is a normal crossing
divisor. In the absolute case X is projective over k while in the relative case
we have a projective morphism g : X → S with S an affine curve or spectrum
of a DVR, g smooth away from a closed point 0 ∈ S and g−1(0) ⊆ D. In
other words, g induces a log smooth morphism (X,MX ) → (S,MS) when
endowing X, S with their respective divisorial log structures. Let�(X) denote
the tropicalization of (X, D) introduced in Sect. 1.1.
Assumption T The pair (X, D) fulfills Assumptions 1.1 and 1.2 related to its
tropicalization �(X) in the absolute and relative cases, respectively.

We show in Proposition 1.6 that Assumption T holds for resolutions of
log Calabi–Yau minimal models with connected D having a zero-dimensional
stratum, using a result of Kollár and Xu [56]. While the existence of log
minimal models is not yet generally known in dimensions greater than three,
a recent result of Birkar paraphrased in Theorem 1.7 shows their existence in
the relevant situation under a technical assumption [15, Cor. 1.5]. The upshot
is that we expect Assumption T to be fulfilled for all practical purposes for
cases of interest in mirror symmetry.

Section 2 reviews some material concerning punctured maps, their moduli
theory and their tropicalizations. A key result for this paper is Lemma 2.5
classifying those tropical punctured maps that later appear in walls and broken
lines.

After these preparations, Sect. 3 introduces the two main players of this
paper, the canonical wall structure Scan on B and logarithmic broken lines,
both defined in termsof certain puncturedGromov–Witten invariants.Walls are
defined in terms of punctured Gromov–Witten invariants with one non-zero
contact order. There are in fact two canonical wall structures S undec

can , Scan
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(Constructions 3.8 and 3.13), where S undec
can only fixes the total curve class

whileScan prescribes a curve class for each vertex of the tropical disk (“dec-
orated wall type”). The refinement concerning curve classes is necessary for
some proofs. The formulas defining the walls in terms of punctured Gromov–
Witten invariants are stated in (3.9)–(3.11) and in (3.12) for the undecorated
and the decorated cases, respectively. A similar definition, but with punctured
invariants with two rather than one contact orders, one of which is negative,
provides the notion of logarithmic broken line.

At this point we have in principle the same objects as in [39], but we neither
know that the wall structure is consistent nor that our logarithmic broken lines
have anything in common with the broken lines from [39], which are defined
algebraic-combinatorially from the canonical wall structure Scan. Our first
main result, covered in Sect. 4, is that these two notions of broken lines indeed
agree.

Theorem A Let (X, D) fulfill Assumption T. Then the broken lines for the
canonical wall structuresScan andS undec

can are exactly the logarithmic broken
lines.

TheoremAfollows from the bijection between logarithmic broken line types
and families of broken lines of fixed combinatorial type (Proposition 4.13),
with equality of the corresponding coefficients (Theorem 4.14).

The proof of the decisive Theorem 4.14 relies on a gluing formula for
punctured Gromov–Witten invariants that gives the crucial interpretation of
bending at a wall as attaching a number l of genus zero punctured maps with
one puncture (“bubbles”) to a genus zero punctured map with two punctures,
by adding an irreducible component with trivial numerical information and
l + 2 punctures and identifying l + 1 pairs of punctures to nodes. This gluing
problem is simplified a lot since broken lines only interact with walls in a
cell of codimension zero or one. The codimension zero case corresponds to
gluing in a zero-dimensional stratum of D, with the added component to the
stable map necessarily contracted. In codimension one the gluing happens
along a one-dimensional stratum. Luckily, an argument by Kollár shows that
Assumption T implies that a one-dimensional stratum is actually isomorphic
to P

1 with stratified structure given by two points (Proposition 1.3). Both cases
can then be treated in a rather straightforward manner by the numerical gluing
formula for punctured invariants proved by Wu [82], which applies when all
gluing strata are toric. For the reader’s convenience and to fix notations we
recall this formula in Appendix A.

The essential property of wall structures needed for constructing deforma-
tions is a certain notion of “consistency”. Consistency says that the schemes
obtained by gluing local standard models for the deformation in codimension
zero and one in a way prescribed by the walls containing any given codi-
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mension two subset j ⊂ B has enough global regular functions. We prove
this property by restricting to the wall structure on the star of j given by the
walls containing j, and then showing that the theta functions obtained from
sums over logarithmic broken lines with fixed endpoint provide such func-
tions. Thus consistency comes from invariance properties of certain sums of
punctured invariants. This reverses the logic in [39] where we assume consis-
tency to construct theta functions, due to a lack of an a priori interpretation of
broken lines. We obtain our second main result, Theorem 5.2 in the body of
the text.

Theorem B Let (X, D) fulfill Assumption T. Then the canonical wall struc-
turesScan and S undec

can are consistent in the sense of [39].

Gross et al. [39] now provides a ring of theta functions that serves as the
affine or projective coordinate ring of our mirror family, depending if we are
in the absolute or relative case. The last section, Sect. 6, is devoted to proving
that this ring agrees with the relative quantum cohomology of [48].

Theorem C Let (X, D) fulfill Assumption T. The ring of theta functions asso-
ciated to the canonical wall structureScan via [39] agrees with the degree zero
relative quantum cohomology ring from [48]. In particular, the canonical wall
structure in connection with [39] produces the intrinsic mirror family from
[48].

This theorem is stated as an equality of structure coefficients in Theorem6.1.
Thekey step in the proof is to split the structure coefficients from [48] according
to types of tropical punctured maps with two unbounded and one bounded
leg. A dimension count shows that such tropical punctured maps split into
two connected components when removing the vertex containing the bounded
leg, with each connected component leading to a tropical punctured map as
they appear in broken lines. The relation to the structure coefficients of the
rings defined by the theta functions then boils down to another application of
YixianWu’s gluing formula [82], in a particularly simple situation with a zero-
dimensional gluing stratum and transversality of the tropical gluing situation,
see Lemma 6.6.

Related work

Under the assumption that X\D is affine and contains a full-dimensional
algebraic torus Sean Keel and Tony Yu gave an alternative construction
of the degree zero relative quantum cohomology ring with Berkovich non-
archimedean methods [52]. The presence of the algebraic torus makes it
possible to avoid negative contact orders by tropically extending negative con-
tact order legs out to infinity, so that contact orders become positive. [52]
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also construct wall structures with the same assumptions, via a different, but
presumably equivalent, approach to ours, by counting the effect on analytic
cylinders interacting with the wall.

The paper [9] of the first authorwithHülyaArgüz has beenwritten in parallel
to the present work. Generalizing [40] to higher dimensions, this work treats
the case that (X, D) is a blowing upof a toric variety in hypersurfaces contained
in its toric boundary with D the strict transform of that toric boundary. The
main result says that in this situation our canonical wall structure agrees with
an algorithmically constructed consistent wall structure, following [44]. Thus
[9] provides a rich source of explicit examples. Because of this, we refer the
interested reader to that paper for examples more complicated than the ones
given in this paper.

Honglu Fan, Longting Wu and Fenglong You, in the case of a smooth
boundary divisor, and Hsian-Hua Tseng and Fenglong You in the case of a
normal crossings divisor, made an alternative proposal for a relative quantum
cohomology ring based on orbifold Gromov–Witten invariants [29,80]. As
pointed out by Dhruv Ranganathan, their invariants do not have the correct
invariance properties under log étale modifications to immediately agree with
our relative quantum cohomology ring. However, since the first version of
the current paper, [11] has achieved a comparison result between orbifold
invariants and log invariants with non-negative contact orders. It remains to
be seen if a modification of their definitions could also give negative contact
orders. In any case, there are no wall structures in this picture since walls are
genuinely tropical objects while orbifold Gromov–Witten theory is not known
to be linked to tropical geometry.

In two dimensions, Bousseau [17–19] gave a higher genus interpretation
for quantum versions of wall structures. It remains an interesting question as
to whether there is a higher-dimensional generalization of this work.

Yoel Groman and Umut Varolgunes kindly informed us of their work in
progress aiming at a construction of mirrors based on symplectic cohomology
type invariants for compact subsets of symplectic manifolds. One of their geo-
metric frameworks rely on decomposing a symplectic manifold into simpler
pieces using a multiple cut configuration as in [79, Def. 13]. A multiple cut
configuration gives rise to an SC symplectic degeneration, which is a sym-
plectic analogue of a semi-stable degeneration. Therefore, this approach is a
symplectic hybrid version of both the patching construction from [44] and the
symplectic cohomology interpretation of [48]. It presently does not involve a
wall structure.
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1 The basic setup

1.1 The tropicalization of a log Calabi–Yau pair

Weuse the same setup for the logCalabi–Yau case as in [48], Sect. 1. Explicitly,
we fix a non-singular variety X of dimension n and a simple normal crossings
divisor D ⊆ X yielding a divisorial log structure on X , log smooth over Speck.
We write X as this log scheme, and D = D1 + · · · + Ds the decomposition
of D into its irreducible components. We consider the absolute case, in which
X is projective over S = Speck, and the relative case, in which one has in
addition a projective log smooth morphism g : X → S with S a regular one-
dimensional scheme over Speck with a divisorial log structure coming from
a single closed point 0 ∈ S. We include here the case that S is the spectrum
of a complete DVR, or is an affine curve. Necessarily g−1(0) ⊆ D, but we do
not require equality.

To avoid combinatorial complexities and to fit with the hypotheses of [39],
we will assume that for any index set I ⊆ {1, . . . , s}, the (possibly empty)
stratum XI := ⋂

i∈I Di of D is connected. This can always be achieved
via a log étale birational modification of X . In this case, the tropicalization
�(X) (see [4, Sect. 2.1.4]) has a simple description, following [48, Ex. 1.4],
as a polyhedral cone complex in DivD(X)∗R. Here DivD(X) is the group of
divisors supported on D andDivD(X)∗R is the dual vector space. If D∗1, . . . , D∗s
is the basis dual to D1, . . . , Ds , then

�(X) :=
{
∑

i∈I
R≥0D∗i | I ⊆ {1, . . . , s}, XI �= ∅

}

.

For ρ = ∑
i∈I R≥0D∗i ∈ �(X), we will often write Xρ instead of XI in the

sequel, keeping with the convention of [4,5]. We usually view Xρ as a log
scheme, with the strict closed embedding Xρ ↪→ X . We write |�(X)| for the
support of this polyhedral cone complex.

For a stratum XI = Xρ , we write ∂XI or ∂Xρ for the reduced divisor on
XI given as

∑

j /∈I
D j ∩ XI .

The pair (X, D) is logCalabi–Yau if the logarithmic canonical class KX+D
is numerically equivalent to an effective Q-divisor supported on D. We then
fix once and for all an explicit representation

KX + D ≡Q

∑

i

ai Di (1.1)
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with the ai ≥ 0. In general, our mirror construction depends on this choice in
that it determines the set of good divisors below and hence the Kontsevich-
Soibelman skeleton. For the situations considered in this paper, however,
we expect this skeleton to be well-defined. This is known to be the case if
(X, D)→ S is a degeneration of Calabi–Yau manifolds with D the fibre over
0 ∈ S, see [67].More generally, see [48, Ex. 1.23] for further discussion on this
point. Recall that KX+D is the first Chern class of the sheaf�1

X = �1
X (log D)

of logarithmic differential forms. We call Di good if ai = 0. We call a stratum
XI good if ai = 0 for all i ∈ I . We write

∂goodXI :=
∑

j /∈I,a j=0
Dj ∩ XI , ∂badXI :=

∑

j /∈I,a j>0

Dj ∩ XI ,

so that ∂XI = ∂goodXI + ∂badXI .
The Kontsevich-Soibelman skeleton of X is the pair (B,P) where

P := {σ ∈ �(X) | Xσ is good}
and

B =
⋃

σ∈P
σ.

Thus B is a topological space with polyhedral cone decompositionP with all
cones standard simplicial cones.

We denote by P [i] the set of i-dimensional cones of P and Pmax the set
of maximal cones.

In [48], we were able to construct a ring from the above data with no further
assumptions. However, for the setup of wall crossing structures in [39], we
need to impose some additional hypotheses on the pair (X, D) and the map to
S. We list these assumptions here, which will be in force for the remainder of
the paper, and discuss in Sect. 1.2 the naturality of these assumptions.

Assumption 1.1 We assume that

(1) P contains an n-dimensional cone, where n = dim X .
(2) Whenever ρ ∈ P [n−1], σ ∈ �(X) with dim σ = n and ρ ⊆ σ , we also

have σ ∈ P . Put another way, a good one-dimensional stratum Xρ only
intersects good divisors.

(3) Whenever ρ ∈P with dim Xρ > 1, ∂goodXρ is connected.

Assumption 1.2 We assume that, with g : X → S in the relative case and
dim X = n:

(1) Conditions (1)–(3) of Assumptions 1.1 hold for the pair (X, D).
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The canonical wall structure and intrinsic mirror symmetry 1111

(2) For any ρ ∈P , g|Xρ has geometrically connected fibres. (Note g|Xρ may
be constant.)

Proposition 1.3 If (X, D) satisfies Assumptions 1.1 or 1.2 in the absolute
or relative cases respectively, then (B,P) is a pseudomanifold in the sense
of satisfying conditions (1)–(5) of [39, Constr. 1.1]. Further, for each one-
dimensional good stratum Xρ , either (a) Xρ

∼= P
1 and ∂Xρ consists of two

points, or (b) we are in the relative case and g|Xρ is an isomorphism, with
∂Xρ a single point.

Proof First, conditions (1) and (2) of [39,Constr. 1.1] follow immediately from
the construction ofP as a fan in DivD(X)∗R. Note this description is possible
precisely because we have made the assumption that the XI are connected.

Condition (3) states that every ρ ∈ P is contained in an n-dimensional
cone σ ∈P . In other words:

Every good stratum of X contains a zero-dimensional good stratum. (1.2)

We will show (1.2) by adapting an argument of Kollár [55, Thm. 10]. First
note that by adjunction, for ρ ∈P , we may inductively write

KXρ + ∂Xρ ≡Q

∑

i :Di�Xρ

ai (Di ∩ Xρ).

Thus the pair (Xρ, ∂Xρ) may also be viewed as a log Calabi–Yau variety in
our sense, with Assumptions 1.1, (2), (3) holding automatically for this pair.

We now prove (1.2) by induction on dim X , with base case dim X = 1. In
this case, (1.2) is obvious, but we observe more. In the absolute case, X is a
compact non-singular curve and D is non-empty. By Assumptions 1.1, (2),
all components of D must be good, and thus KX + D ≡ 0. Thus the only
possibility is that X ∼= P

1 and D consists of two distinct points. In the relative
case, by Assumptions 1.2, (2), X → S has connected fibres and hence is an
isomorphism, and thus D consists of one point lying over 0 ∈ S.

Now assume (1.2) is true when dim X < n, and consider the case dim X =
n. Suppose that ρ is maximal in P , i.e., is not contained in a larger cone of
P , but with dim ρ < n. By assumption, there exists an n-dimensional cone
σ ∈P . This gives strata Xρ , Xσ withdim Xρ > 0, dim Xσ = 0.After reorder-
ing the indices 1, . . . , s, we may assume Xσ ⊆ D1 and Xρ ⊆ Dr , and by
connectivity of ∂goodX there exists a sequence of good divisors D2, . . . , Dr−1
such that Di ∩ Di+1 �= ∅ for 1 ≤ i ≤ r − 1. Noting that (D1, ∂D1) satisfies
Assumptions 1.1, we see by the inductive hypothesis that necessarily the good
stratum D1 ∩ D2 of (D1, ∂D1) contains a zero-dimensional good stratum.
Thus the same is true of (D2, ∂D2). Continuing in this way, we see the same
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1112 M. Gross et al.

Fig. 1 Sketch of (X, D) in
Example 1.4

is true of (Dr , ∂Dr ), and hence again by the inductive hypothesis Xρ contains
a zero-dimensional good stratum.

Note this argument also shows that all good one-dimensional strata satisfy
conditions (a) or (b) in the statement of the proposition. Condition (4) of
[39, Constr. 1.1], which states that every n − 1-dimensional cone ρ of P is
contained in one or two n-dimensional cones, thus follows immediately. In
case (a), ρ is contained in two maximal cones and in case (b), ρ is contained
in one maximal cone.

Finally, Condition (5) of [39, Constr. 1.1] follows immediately from the
assumed connectedness of ∂goodXτ for τ ∈P with dim τ ≤ n − 2. ��
Example 1.4 We will illustrate some features of our construction via a simple
example. This is a special case of the blow-ups of toric varieties considered
more generally in [9], and we refer the reader to that paper for more details
and other more interesting examples.

Write (X , D) for the toric pair given by X = P
1 × P

1 × P
1 and D its toric

boundary. Label the six toric boundary divisors as Di,0, Di,∞, where Di,0
indicates the product obtained by replacing the i th factor in P

1×P
1×P

1 with
{0}, and Di,∞ instead replaces the i th factor with {∞}.

Let Z1, Z2 ⊆ X be the curves

Z1 := P
1 × {0} × {1} ⊆ D2,0, Z2 := D1,∞ ∩ D2,∞ = {∞} × {∞} × P

1.

Let π : X → X be the blow-up with center Z1 ∪ Z2, with exceptional
divisors E1, E2 sitting over Z1 and Z2 respectively, see Fig. 1. Let Di,0, Di,∞
be the strict transforms of Di,0, Di,∞.

Then we take

D = D1,0 + D2,0 + D3,0 + D1,∞ + D2,∞ + D3,∞ + E2.

Note that the blow-up along Z2 is a toric blow-up, so if π is factored as
X → X ′ → X with X ′ this toric blow-up, D is the strict transform of the toric
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The canonical wall structure and intrinsic mirror symmetry 1113

boundary of X ′, and KX + D = 0. Thus all divisors are good, and (X, D)

satisfies Assumptions 1.1.
In this case (B,P) is piecewise linear isomorphic to the fan for X ′.

1.2 Minimal log Calabi–Yau pairs

We now briefly discuss how restrictive Assumptions 1.1 and 1.2 might be.
Certainly, they impose much stronger conditions than those imposed in [48].
Indeed, for a simple example, consider X a rational elliptic surface with f :
X → P

1 the elliptic fibration, and assume the fibre of f over p1 ∈ P
1 is a

Kodaira type In fibre for some n ≥ 3. Take D = f ∗(p1 + p2 + p3) where
p2, p3 ∈ P

1 are points over which the fibre of f is non-singular. Since KX =
f ∗(−p1), we may in fact write

KX + D ∼ 2 f ∗(p3).

Thus with this choice of representation (1.1), each irreducible component of
f −1(p1) and the fibre f −1(p2) are good divisors. So ∂goodX is not connected.
Note also that f −1(p2) does not contain a zero-dimensional stratum even
though ∂goodX does.

An obvious problem with this example is that the pair (X, D) is not log
Kodaira dimension zero. In particular, if we assume (X, D) is log Kodaira
dimension zero, we conjecturally obtain the desired hypotheses. The stan-
dard conjectures of the minimal model program in particular would imply the
existence of a log Calabi–Yau minimal model:

Definition 1.5 A log Calabi–Yauminimal model is aQ-factorial divisorial log
terminal (dlt) pair (X ′, D′) such that KX ′ + D′ ≡ 0.

Let (X ′, D′) be a log Calabi–Yau minimal model. As necessarily each irre-
ducible component of D′ is Q-Cartier, the argument of [68, Thm. 4.5] shows
that if C ⊆ D′ is a one-dimensional stratum of D′, then X ′ is non-singular
and D′ is simple normal crossings in a neighbourhood of C .2 Hence, we may
choose a resolution of singularities φ : X → X ′ with exceptional divisor E ,
such that D = φ−1∗ (D′) + E is simple normal crossings, and such that φ is
an isomorphism in a neighbourhood of each one-dimensional stratum of D′.
(Here φ−1∗ is the notation of [54] for the strict transform.) We may then write

KX + φ−1∗ D′ = φ∗(KX ′ + D′)+
∑

i

a(Ei , X
′, D′)Ei , (1.3)

2 The context of [68] is in the case of a degeneration of Calabi–Yaumanifolds, but the argument
still applies in our case.
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1114 M. Gross et al.

where the Ei are the irreducible components of E , and a(Ei , X ′, D′) is, by
definition, the log discrepancy. By the definition of dlt (see e.g., [54, Def. 2.8]),
we have a(Ei , X ′, D′) > −1 for all i . Since KX ′ + D′ ≡ 0, we may add E to
both sides to obtain

KX + D ≡
∑

i

ai Di (1.4)

with ai ≥ 0 and ai = 0 if and only if Di = φ−1∗ (D′j ) for some j . Thus we see
that good components of D are precisely the strict transforms of components
of D′.
Proposition 1.6 Let (X ′, D′) be a log Calabi–Yau minimal model with X ′
projective, and let φ : (X, D) → (X ′, D′) be a resolution of singularities
which is an isomorphism in neighbourhoods of one-dimensional strata of D′.
Suppose that any intersection of components of D′ is connected3 and that D′
has a zero-dimensional stratum. Then (X, D) satisfies Assumptions 1.1 and
(B,P) is the dual intersection cone complex of (X ′, D′).
Proof Since D′ has a zero-dimensional stratum, it follows that every stratum
of D′ has a zero-dimensional stratum by [56, Thm. 2, (1)]. The assumption that
φ is an isomorphism on neighbourhoods of one-dimensional strata of D′ then
implies that for any stratum Z ′ of D′, there is a dense open subset U ′ ⊆ Z ′
such that φ−1(U ′)→ U ′ is an isomorphism. Let Z be the closure of φ−1(U ′):
this allows us to pass from a stratum of D′ to a stratum of D. In particular,
writing D′ = D′1+· · ·+D′s′ , D = D1+· · ·+Ds with s ≥ s′, wemay order the
latter divisors so that Di = φ−1∗ D′i for i ≤ s′. Thus if Z ′ =⋂

i∈I D′i , then the
corresponding stratum Z coincides with DI . Since the good divisors amongst
the Di are precisely D1, . . . , Ds′ , the claim concerning (B,P) follows.

Now conditions (1) and (2) of Assumptions 1.1 hold by assumption, the
first since D′ is assumed to have a zero dimensional stratum and the second
because φ is assumed to be an isomorphism in a neighbourhood of each one-
dimensional stratum of D′. Finally (3) holds from results of Kollár and Xu
[56]. Indeed, if Z ′ is a stratum of D′ of dimension at least two, and Z ′′ ⊆ Z ′
is the union of strata properly contained in Z ′, then Z ′′ is connected, see Sect.
2, paragraph 16 of [56], as well as the discussion immediately preceding [56,
Sect. 2], which shows that (Z ′, Z ′′) is also a dlt log Calabi–Yau pair. ��

In dimension larger than three, the existence of log Calabi–Yau minimal
models of pairs (X, D) of logKodaira dimension zero is expected but currently
unknown. Caucher Birkar, however, has given a criterion for the existence
of minimal models and the necessary connectedness statement of Assump-
tion 1.1. We paraphrase [15, Thm. 1.4, Cor. 1.5]:

3 This requirement is only necessary to ensure the assumptions on connectivity of strata made
throughout this paper.
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The canonical wall structure and intrinsic mirror symmetry 1115

Theorem 1.7 Let (X, D) be a pair as in Sect. 1.1 with KX + D ≡R

∑
i ai Di

with ai ≥ 0. Suppose P has an n = dim X-dimensional cone corresponding
to a zero dimensional stratum consisting of x ∈ X. Letφ : Y → X be the blow-
up of X at x with exceptional divisor E, and suppose that φ∗(KX + D)− t E
is not pseudo-effective4 for every real number t > 0. Then (X, D) has a
log Calabi–Yau minimal model, and the connectedness hypothesis Assump-
tions 1.1, (3) holds.

In the relative case, there is a different kind of result to which one may
appeal. With S as usual, write S◦ = S\{0}, and suppose given a Q-factorial
dlt pair (X◦, D◦) equipped with a flat morphism g◦ : X◦ → S◦ which is a
relatively minimal log Calabi–Yau, i.e., the intersection number of KX◦ + D◦
with any curve contracted by g◦ is zero. Then [57, Thm. 2], generalizing the
statements of [14, Thm. 1.4] and [50, Thm. 1.1], states that there is a finite map
τ : S′ → S totally ramified over 0 ∈ S and a morphism g′ : (X ′, D′) → S′
such that:

(1) The restriction of g′ to τ−1(S◦) is isomorphic to the pull-back morphism

(X◦, D◦)×S◦ τ
−1(S◦)→ τ−1(S◦).

(2) (X ′, D′ + F ′) is dlt and relatively log Calabi–Yau, where F ′ is the fibre of
g′ over 0 ∈ S′.

Given this, if the general fibre of g◦ has a zero-dimensional stratum then
(X ′, D′ + F ′) has a zero-dimensional stratum over 0 ∈ S′. In any event, as
long as (X ′, D′ + F ′) has a zero-dimensional stratum, we may then resolve
singularities to obtain (X, D) → (X ′, D′ + F ′) and apply Proposition 1.6
to obtain the needed connectedness statement of Assumption 1.1, (3). Some
additional care may be necessary, however, to guarantee that (X, D)→ S′ is
log smooth.

In the classical case of a degeneration of genuine Calabi–Yau manifolds,
the issue of log smoothness is not a concern, and the following proposition
summarizes the above discussion in this case.

Proposition 1.8 In the situation above, suppose X◦ → S◦ is a relatively
minimal family of non-singular Calabi–Yaumanifolds, i.e., KX◦/S◦ ≡ 0. Then:

(1) After a possible base-change S′ → S branched at 0 ∈ S, there is a dlt
relatively minimal model (X ′, F ′)→ S′ where F ′ is the fibre over 0 ∈ S′
and X ′\F ′ → S′\{0} is the base-change of X◦ → S◦.

4 i.e., is not a limit of effective R-divisors.
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(2) If themonodromyof the family X◦ → S◦ ismaximally unipotent, then there
is a resolution of singularities φ : (X, D)→ (X ′, F ′) and an expression

KX + D ≡
∑

ai Di

with ai �= 0 if and only if Di is exceptional for φ. Further, possibly after
first performing a further base-change, the data (X, D) → S′ together
with this description of KX + D satisfies Assumption 1.2.

Proof (1) follows from the discussion preceding the proposition.
For (2), first note that by [68, Thm. 4.5], X ′ is non-singular in some

neighbourhood of each one-dimensional stratum of F ′ and D′ is simple
normal crossings in that neighbourhood. Thus we may find a resolution
φ : (X, D) → (X ′, F ′) with (1) D a normal crossings divisor which is the
reduction of φ−1(F ′); (2) φ is an isomorphism in neighbourhoods of one-
dimensional strata of F ′; and (3) φ induces an isomorphism X\D ∼= X ′\F ′.
After taking further base-change and resolving the resulting singularities in a
standard crepant toric way appropriately (see [53, II, Sect. 4, III, Thm. 4.1]),
we may further assume that any intersection of irreducible components of D
is connected. We may then use (1.3) and (1.4) to obtain the desired expression
for KX + D.

The condition of Assumption 1.1, (1) is then implied by [67, Thm. 4.1.10]
if the family X → S′ is maximally unipotent. The remaining conditions of
Assumptions 1.1 and 1.2 are then immediate by construction and Proposi-
tion 1.6. ��

Of course the existence of a maximally unipotent degeneration for a type
of Calabi–Yau manifold has been classically viewed as a prerequisite for the
existence of a mirror.

The conclusion is that the hypotheses of Assumptions 1.1 and 1.2 should
be expected to hold in the cases of interest for mirror symmetry.

1.3 The affine structure

We continue to assume that (X, D) satisfies Assumptions 1.1 or 1.2 in the
absolute or relative cases, with dim X = n.

We set

� :=
⋃

σ∈P
dim σ=n−2

σ
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and

B0 := B\�.

We also denote by ∂B the union of those ρ ∈ P [n−1] contained in only one
top-dimensional cone, and write P∂ ⊆ P for the set of cones contained in
∂B. Set Pint =P\P∂ . By Proposition 1.3, in the absolute case ∂B = ∅.

We define an integral affine structure on B0 as follows. For τ ∈P , denote
the open star of τ to be

Star(τ ) :=
⋃

τ⊆σ∈P
Int(σ ).

If σ ∈ Pmax, then σ , hence Int(σ ), is already endowed naturally with an
affine coordinate chart arising from its linear embedding in DivD(X)∗R. If
ρ ∈P [n−1]

∂ , then Star(ρ) inherits an affine structure with boundary from the

unique maximal cone σ containing ρ. On the other hand, if ρ ∈P [n−1]
int , then

ρ = σ ∩ σ ′ with σ, σ ′ ∈P [n]. We then define an embedding

ψρ : σ ∪ σ ′ → R
n, (1.5)

well-defined up to an element of GLn(Z), as follows. Let ρ be generated
by D∗i1, . . . , D

∗
in−1 , and assume that σ is generated by ρ and D∗in , while σ ′ is

generated by ρ and D∗i ′n . Choose integral bases e1, . . . , en and e1, . . . , en−1, e
′
n

of R
n subject to the constraint that

en + e′n = −
n−1∑

j=1
(Di j · Xρ)e j . (1.6)

We note the intersection numbers are defined: the fact that ρ ∈ Pint implies
Xρ is proper. We then define ψρ to be piecewise linear, linear on each cone,
via

ψρ(D
∗
i j ) = e j , 1 ≤ j ≤ n, and ψρ(D

∗
i ′n ) = e′n.

This gives rise to affine charts ψρ : Star(ρ) → R
n , and hence an affine

structure on B0. In the language of [39, Const. 1.1], this gives (B,P) the
structure of a polyhedral affine pseudomanifold.

Remark 1.9 This affine structure was first given in [47] in the case that KX +
D = 0. More generally, in the relative case g : X → S with D = g−1(0),
so that g is a degeneration of Calabi–Yau manifolds, [68] showed that the
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above affine structure was the correct affine structure on the base of the non-
Archimedean SYZ fibration, at least in the case that (X, D) is a resolution
of a dlt relatively minimal model (X ′, D′) as in Sect. 1.2. In particular, they
showed that if Z ⊆ D was a one-dimensional stratum and Di · Z < 0 for all
Di containing Z , then the formal completion of X along Z is isomorphic to
the formal completion of a one-dimensional stratum in a toric variety. The fan
determining the toric variety then determines the affine structure above.

In our situation, the affine structure can be viewed as natural from the log-
arithmic point of view.

Lemma 1.10 Let ρ ∈P [n−1]
int , ρ ⊆ σ, σ ′ ∈Pmax, with chart ψρ : σ ∪ σ ′ →

R
n constructed above. Let �ρ be the fan consisting of the cones ψρ(σ),

ψρ(σ
′) and their faces, and let X�ρ be the corresponding toric variety. For

τ ∈ �ρ , write X�ρ,τ for the corresponding stratum of X�ρ . Let Xρ ⊆ X,
X�ρ,ψρ(ρ) ⊆ X�ρ be given the log structures making these inclusions strict,
with X�ρ carrying the standard toric log structure. Then there is an isomor-
phism

Xρ
∼= X�ρ,ψρ(ρ)

as log schemes over Speck.

Proof By Proposition 1.3, Xρ
∼= P

1, and certainly X�ρ,ψρ(ρ)
∼= P

1, so the
underlying schemes are isomorphic. Further, Xρ contains precisely two zero-
dimensional strata, Xσ and Xσ ′ . Let X ′ρ denote the log structure on Xρ induced
by the divisor Xσ ∪ Xσ ′ . If Xρ is contained in divisors Di1, . . . , Din−1 corre-
sponding to the edges of ρ, letM j denote the restriction to Xρ of the divisorial
log structure on X induced by the divisor Di j . This log structure is determined
by the line bundle OX (Di j )|Xρ . Finally,

MXρ =MX ′ρ ⊕O×Xρ

⊕

j

M j ,

where all pushouts are over O×Xρ
.

On theother hand,MX�ρ,ψρ(ρ)
has a similar description, and ifD′i1, . . . , D

′
in−1

are the toric divisors of X�ρ corresponding to the edges of ψρ(ρ), we have

degOX (Di j )|Xρ = degOX�ρ
(D′i j )|X�ρ,ψρ(ρ)

(1.7)

by [69], pg. 52 and the definition of ψρ . Thus Xρ and X�ρ,ψρ(ρ) are in fact
isomorphic as log schemes. ��
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Example 1.11 We return to Example 1.4. We first remark that in general for a
minimal log Calabi–Yau pair satisfying Assumptions 1.1, the affine structure
described on B0, the complement of the union of codimension two cones ofP ,
in fact extends across the interior of all cones ρ ∈P such that (Xρ, ∂Xρ) is a
toric pair. See [9, Prop. 2.3] for details. In the case ofExample 1.4, only the strict
transforms of boundary divisors of X which meet the center Z1 transversally
fail to be toric: these are D1,0 and D1,∞. Hence, after extending the affine
structure where possible, the smaller discriminant locus � is homeomorphic
to the lineR≥0D∗1,0∪R≥0D∗1,∞. Themonodromy about this singularitymay be

calculated, and takes the form
(

1 1 0
0 1 0
0 0 1

)
. See [9, Sect. 3.2] for related calculations

carried out in a more general setting. This is the simplest kind of singularity
appearing in affine manifolds in our program.

We recall some standard notation, e.g., from [39].

Definition 1.12 We write

B(Z) := B ∩ DivD(X)
∗,

the set of integral points on B.

Definition 1.13 We take  to be the local system on B0 = B\� consisting
of integral tangent vectors, and write ̌ := Hom(,Z).

Construction 1.14 We now fix a finitely generated abelian group H2(X) of
possible degree data for curves on X , see, e.g., [48], Basic Setup 1.6 for a
discussion on this. We may take, for example, H2(X) = H2(X,Z) if working
over k = C, or may take H2(X) = N1(X), curve classes modulo numerical
equivalence. We require that every proper curve C ⊆ X gives a curve class
[C] ∈ H2(X), and that for any stable map f : C → X , there is a well-defined
curve class f∗[C] ∈ H2(X). We also require use of intersection numbers with
divisors, i.e., a pairing H2(X) × Div(X) → Z. As in [48], Basic Setup 1.6,
we assume that f∗[C] is torsion if and only if f is a constant map, in which
case f∗[C] = 0.

In the relative case, the inclusion Xs ↪→ X for s ∈ S should induce a natural
map

ι : H2(Xs)→ H2(X). (1.8)

We further choose a finitely generated monoid Q ⊆ H2(X) such that (1) Q
contains the classes of all stable maps to X ; (2) Q is saturated; (3) the group
of invertible elements of Q coincides with the torsion part of H2(X).

We may then define a multi-valued piecewise linear (MPL) function ϕ with
values in Qgp

R
, see [39], Definition 1.8. Such a function consists of a choice,

for each ρ ∈ P [n−1]
int , of a single-valued PL function ϕρ : Star(ρ) → Qgp

R
,

123



1120 M. Gross et al.

well-defined up to linear functions. The kink of ϕρ is defined as follows. Let
x ∈ Int(ρ), and let ρ ⊆ σ, σ ′ ∈ Pmax. Let n, n′ ∈ ̌x be the slopes of ϕρ |σ
and ϕρ |σ ′ . Then we may write

n′ − n = δ · κρ (1.9)

where κρ ∈ Qgp and δ : x → Z is the surjective map which vanishes on
tangent vectors to ρ and is positive on tangent vectors pointing into σ ′. Then
κρ is the kink of ϕρ .

An MPL function is completely determined by giving its kinks,5 see [39,
Prop. 1.9]. Throughout this paper, we will work with ϕ such that for ρ ∈
P [n−1]

int ,

κρ = [Xρ] ∈ H2(X).

Note that this curve class makes sense as ρ � ∂B implies that Xρ is proper.
Further, the class [Xρ] is then not invertible in Q.

The data of the polyhedral affine manifold (B,P) and the MPL function ϕ

are the necessary ingredients for the setup of wall structures of [39, Sect. 2].
We end this subsection by examining, in the relative case, some additional

structure. As tropicalization is functorial, we obtain a map

�(g) : �(X)→ �(S) = R≥0,

which restricts to a map

gtrop : B → R≥0.

Explicitly, viewing �(X) or B as a subset of DivD(X)∗R, the (not necessarily
reduced) divisor g∗(0) induces a linear function on the latter space, which
restricts to �(g) or gtrop in the two cases.

Proposition 1.15 gtrop is an affine submersion, and ∂B is the union of all
(n − 1)-dimensional cones contained in g−1trop(0).

Proof For the first statement, it is sufficient to show that (gtrop|Star(ρ)) ◦ ψ−1ρ

is a surjective linear function on the fan �ρ for each ρ ∈P [n−1]
int . Here ψρ is

the local chart (1.5) and �ρ is as defined in Lemma 1.10.

5 In [39], we always worked with a monoid Q which was torsion free. Of course, if Q has
torsion, then the kink as defined above only lies in Qgp/Q

gp
tors. However, if we wish to work

with a curve class group H2(X) which has torsion, then it is more natural to view the MPL
function simply as a collection of kinks in Qgp = H2(X). This will only affect the definition
of the sheaf P , discussed in Sect. 3.1.
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If we write the divisor g∗(0) as
∑

i bi Di , then gtrop takes the value bi on
D∗i . In particular, (gtrop|Star(ρ)) ◦ ψ−1ρ is the piecewise linear function on �ρ

corresponding to a toric divisor D′ on X�ρ which may be written explicitly
as follows. Denote by D′j the toric divisor of X�ρ corresponding to the ray
ψρ(R≥0D∗j ), for j ∈ {i1, . . . , in, i ′n}. Then

D′ = bi ′n D
′
i ′n +

n∑

j=1
bi j D

′
i j .

However, by (1.7), D′ · X�ρ,ψρ(ρ) = g∗(0) · Xρ = 0 as g∗(0) is algebraically
equivalent to the trivial divisor. Thus D′ is linearly equivalent to zero, so
(gtrop|Star(ρ)) ◦ ψ−1ρ is linear, as claimed. This latter map is also non-zero, as
Xρ is contained in g−1(0), and hence it is surjective.
For the second statement, by definition ∂B is the union of those codimension

one cones ρ only contained in one maximal cone. But these correspond to the
non-compact one-dimensional good strata Xρ , which are precisely the ones for
which g|Xρ is surjective. However by the definition of gtrop, these are in one-
to-one correspondence with the set of those ρ ∈P [n−1] with gtrop(ρ) = 0. ��

Frequently, in the relative case g : X → S, it is more intuitive to work
not with (B,P) but with the fibre of gtrop : B → R≥0 over 1. This fits
more closely with the earlier point of view of affine manifolds associated with
degenerations andwall structures in [42,44]. Set B ′ := g−1trop(1), equippedwith
the polyhedral decomposition

P ′ := {σ ∩ B ′ | σ ∈P}.

Note that the elements ofP ′ are no longer, in general, cones.We then observe:

Proposition 1.16 Suppose that all good divisors contained in g−1(0) have
multiplicity one in g−1(0). Then (B ′,P ′) is a polyhedral affine pseudomani-
fold.

Proof As gtrop is an affine submersion on B0 by Proposition 1.15, B ′ ∩ B0
acquires an affine structure. Thus we just need to check that (B ′,P ′) satisfies
the conditions of [39, Constr. 1.1]. Note that if ρ ∈ P is a ray with gtrop|ρ :
ρ → R≥0 surjective, the corresponding divisor Xρ is contained in g−1(0) and
is good, hence appears with multiplicity one in g−1(0) by assumption. Thus
g−1trop(1) ∩ ρ is an integral point of ρ, so all elements of P ′ are in fact lattice
polytopes. Conditions (1)–(5) of [39, Constr. 1.1] now follow immediately
from the same conditions for P . ��
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Remark 1.17 In the above situation, given an MPL function ϕ on (B,P),
we obtain by restricting representatives of an MPL function ϕ|B′ . Note that if
ρ ∈P [n−1]

int , then the kink κρ of ϕ at ρ then agrees with the kink κρ∩B′ of ϕ|B′
along ρ ∩ B ′. This follows immediately from the definition (1.9).

Remark 1.18 In [39, Sect. 4.2], given a polyhedral affine pseudomanifold with
singularities B, we defined a polyhedral affine pseudomanifold CB, the cone
over B. In our current situation, B is a conical polyhedral affine pseudomani-
fold, and B ′ as defined above satisfies CB ′ = B. Here we find it more natural
to work with the cone.

We next consider a special case of the relative situation, satisfying Assump-
tion 1.2, when S is an affine curve and (X, D) → S is a degeneration of log
Calabi–Yau varieties which themselves satisfy Asssumption 1.1. Recall from
Assumption 1.2 that in the relative case, for s ∈ S a closed point, s �= 0, we
have Dj ∩ Xs is an irreducible divisor on Xs . We may then write

KXs + Ds ≡Q

∑

j

a j (Dj ∩ Xs).

Using this representative for the numerical equivalence class of KXs + Ds ,
it then makes sense to ask that the pair (Xs, Ds) satisfy Assumption 1.1. We
write B(Xs ,Ds) for the polyhedral affine pseudomanifold associated to the pair
(Xs, Ds): this will be pure (n − 1)-dimensional, still with n = dim X . We
wish to understand the relationship between B(Xs ,Ds) and B, the polyhedral
affine pseudomanifold associated to the pair (X, D). This is described by the
following proposition, which will be of use in [9].

Proposition 1.19 Assume we are in the relative case, with Assumption 1.2
holding. Suppose that as described above, for s ∈ S a closed point, s �= 0,
(Xs, Ds) satisfies Assumption 1.1. Then:

(1) ∂B = g−1trop(0) is naturally identified with the polyhedral cone complex
B(Xs ,Ds).

(2) The structure of integral affine manifold with boundary on B0 can be
extended across the interiors of cells ω ∈ P [n−2]

∂ . Further, the induced
polyhedral affine pseudomanifold structure on ∂B then agrees with that
determined by the pair (Xs, Ds).

(3) Let ι : H2(Xs)→ H2(X) be the map of groups of curve classes induced
by the inclusion of the fibre Xs ↪→ X. Then for each ω ∈ P [n−2]

∂ , the
MPL function ϕ of Construction 1.14 has a single-valued representative
in Star(ω). Further, the restriction of this single-valued representative to
Star(ω) ∩ ∂B has kink ι([Xω ∩ Xs]). We write the MPL function on ∂B
with such kinks as ϕ|∂B.
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Proof Step 1: Proof of (1).We call a stratum Z of X vertical if g|Z is constant
and otherwise say Z is horizontal. Note that all vertical strata lie over 0 ∈ S.
The rays ofP contained in g−1trop(0) correspond precisely to the good horizontal
components of D. Thus there is a one-to-one correspondence between cones
ρ ∈P with ρ ⊆ g−1trop(0) and good horizontal strata of D. There is also a one-
to-one correspondence between horizontal strata of X and strata of Xs , taking
a horizontal stratum Z to the stratum Z ∩ Xs . Note that by Assumption 1.2,
(2), this is indeed an irreducible stratum. Conversely, every stratum of Xs is
necessarily of this form by definition of Ds . This correspondence takes good
strata to good strata. Thus P(Xs ,Ds) may be identified with the set of cones
ofP contained in g−1trop(0). Further, since (Xs, Ds) satisfies Assumptions 1.1,
B(Xs ,Ds) is pure (n−1)-dimensional, and hence coincides with ∂B. This gives
(1).

Step 2: Analysis of horizontal good two-dimensional strata. For (2), we
need to give, for ω ∈ P [n−2]

∂ , a chart ψω : Star(ω) → R
n which agrees, up

to elements of GLn(Z), with ψρ on Star(ρ) ⊆ Star(ω) whenever ω ⊂ ρ ∈
P [n−1].

To do so, we first analyze the geometry of the surface Xω. As Xω is hori-
zontal, we obtain a non-constant map gω : Xω → S. We first analyze ∂Xω.
Since Xω ∩ Xs is one-dimensional, Xω ∩ Xs is disjoint from any bad divisor
on Xs by Assumptions 1.1, (2). Hence Xω is disjoint from any horizontal bad
divisor. On the other hand, Xω ∩ Xs necessarily contains precisely two zero-
dimensional strata, and hence Xω contains two horizontal one-dimensional
strata Xρ, Xρ′ with ω ⊆ ρ, ρ′. These are the only horizontal one-dimensional
strata of Xω. Note they are necessarily sections of gω by Assumptions 1.2, (2).
However, since ∂goodXω is connected, there must be a chain of vertical good
one-dimensional strata connecting Xρ and Xρ′ . Again, by Assumptions 1.1,
(2), these are disjoint from any bad divisor. Now the union of vertical strata
coincides with g−1ω (0) and g−1ω (0) is connected (again by Assumption 1.2,
(2)), so it follows that all one-dimensional strata of Xω are disjoint from bad
divisors. Thus Xω is disjoint from all bad divisors.

By Proposition 1.3, each vertical one-dimensional stratum in Xω, being
good, contains precisely two zero-dimensional strata. On the other hand,
g−1ω (0) contains two zero-dimensional strata given by Xρ ∩ g−1ω (0) and
Xρ′ ∩ g−1ω (0), and all other zero-dimensional strata of Xω are then inter-
sections of two good vertical one-dimensional strata. Thus the only possibility
for the set of one-dimensional strata of Xω is as follows: this set of strata may
be written as {C0, . . . ,Cr }, with C0 = Xρ , Cr = Xρ′ , C1, . . . ,Cr−1 vertical
strata, and with Ci ∩ C j �= ∅ if and only if |i − j | ≤ 1. Further, Ci ∩ Ci+1
consists of one point. See Fig. 2.

Now let (Bω,Pω) be the two-dimensional polyhedral affine pseudomani-
fold associated to the log Calabi–Yau variety (Xω, ∂Xω) defined over S. We
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Fig. 2 The two-dimensional
stratum Xω

will describe Bω and Pω explicitly. Let τ0, . . . , τr be the rays of Pω corre-
sponding to C0, . . . ,Cr . Now define nτ0 = (0, 1) ∈ Z

2, nτ1 = (1, 0) ∈ Z
2,

and inductively obtain nτ2, . . . , nτr ∈ Z
2 by requiring that

nτ�−1 + nτ�+1 = −C2
�nτ�, 1 ≤ � ≤ r − 1. (1.10)

We may define a coordinate chart ψτ� : Star(τ�)→ R
2 by mapping primitive

generators of τ�−1, τ� and τ�+1 to nτ�−1, nτ� and nτ�+1 respectively. By (1.6),
this coordinate chart is compatible with the affine structure on Bω\{0}. Indeed,
in (1.6), we have Di j = Xτ� = C�.

Now let gω,trop : Bω → R≥0 be the tropicalization of Xω → S. Note that
gω,trop|Star(τ1) ◦ψ−1τ1

is given by (1, 0) ∈ (Z2)∗. Indeed, as C0 is not contained
in g−1(0), gω,trop vanishes on C0. On the other hand, the multiplicity of C1 in
g−1ω (0) must be 1, as C0 · g−1ω (0) = 1, C0 being a section. Thus gω,trop takes
the value 1 on the primitive generator of τ1.

Sinceψτ� andψτ�+1 agree on Star(τ�)∩Star(τ�+1), in fact gω,trop is given by
(0, 1) on all charts. Since gω,trop is positive on generators of τ1, . . . , τr−1 and
takes the value 0 on τr , we see that all nτ� lie in R≥0 × R and nτr = (0,−1).
Taking �ω to be the fan in R

2 with one-dimensional cones generated by nτ� ,
0 ≤ � ≤ r and two-dimensional cones spanned by nτ�, nτ�+1 , 0 ≤ � ≤ r − 1,
we see that the charts ψρ� glue to give an identification of Bω with R≥0 × R

andPω with �ω, so that Bω\{0} is affine isomorphic to (R≥0 × R)\{(0, 0)}.
Further, under this identification, gω,trop is given by projection onto R≥0.

Step 3: A chart on Star(ω).Wemay now build a chart for Star(ω) as follows.
Let ω be generated by D∗i1, . . . , D

∗
in−2 , and let ψ j , 1 ≤ j ≤ n − 2, be the R-

valued piecewise linear function on Bω with kink along τ� being Di j · C�.
Explicitly, such ψ j may be constructed by having it take the value 0 on some
choice of two-dimensional cone inPω, and then using the relation

ψ j (nτ�−1)+ ψ j (nτ�+1) = Di j · C� − C2
�ψ j (nτ�) (1.11)
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to determine the value ofψ j on nτ�+1 inductively. Indeed, the readermay easily
check that the function defined on Star(τ�) satisfying (1.11) has kink Di j ·C�

using (1.9) and (1.10).
Let ρ0, . . . , ρr be the codimension one cones containing ω, with Xρ� = C�,

and let D∗k� be such that ω and D∗k� generate ρ�, 0 ≤ � ≤ r . We may then

define ψω : Star(ω)→ Bω × R
n−2 via, with e1, . . . , en−2 the standard basis

for R
n−2,

ψω(D
∗
i j ) = (0, e j ), 1 ≤ j ≤ n − 2

and

ψω(D
∗
k�) =

⎛

⎝nτ�,−
n−2∑

j=1
ψ j (nτ�)e j

⎞

⎠ , 0 ≤ � ≤ r. (1.12)

We then extend ψω linearly on each cone containing ω. It is easy to see that
ψω induces an embedding of Star(ω) into Bω × R

n−2. It is thus sufficient to
check that ψω is compatible with each ψρ� , 1 ≤ � ≤ r − 1, as defined in
(1.5) and (1.6). For this, it is enough to verify the equality (1.6). We have for
1 ≤ � ≤ r − 1,

ψω(D
∗
k�−1)+ ψω(D

∗
k�+1)

(1.12)=
⎛

⎝nτ�−1 + nτ�+1,−
n−2∑

j=1
(ψ j (nτ�−1)+ ψ j (nτ�+1))e j

⎞

⎠

(1.10),(1.11)=
⎛

⎝−C2
�nτ�,−

n−2∑

j=1
(Di j · C� − C2

�ψ j (nτ�))e j

⎞

⎠

= − (Dk� · Xρ�)ψω(D
∗
k�)−

n−2∑

j=1
(Di j · Xρ�)ψω(D

∗
i j ),

the last equality by C2
� = Dk� · Xρ� . This verifies (1.6), as desired. Thus we

obtain an affine chart on Star(ω) compatible with the affine structure on B0.
Step 4: Restricting the affine structure on Star(ω) to ∂B. To complete the

proof of (2), we compare the restriction of this chart to Star(ω) ∩ ∂B with
the corresponding chart for ∂B arising from the pair (Xs, Ds). It is enough to
verify that

ψω(D
∗
k0)+ ψω(D

∗
kr ) = −

n−2∑

j=1

(
(Di j ∩ Xs) · (Xω ∩ Xs)

)
ψω(D

∗
i j ), (1.13)
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where the intersection number is calculated on Xs . We first note that

ψ j (nτ0)+ ψ j (nτr ) = Di j · (Xω ∩ g−1(0)) = Di j · (Xω ∩ Xs). (1.14)

Indeed, let σ�,�+1 ∈ Pω be the two-dimensional cone with boundary rays
τ� and τ�+1, and let nτ� = (α�, β�). Then by the definition of kink (1.9), for
1 ≤ � ≤ r − 1,

(dψ j |σ�,�+1)(0,−1)+ (dψ j |σ�−1,�)(0, 1) = α�(Di j · Xρ�). (1.15)

Since α� is the multiplicity of Dk� in g−1(0) by definition of gtrop, summing
(1.15) for 1 ≤ � ≤ r − 1 gives (1.14). Thus we obtain

ψω(D
∗
k0)+ ψω(D

∗
kr ) =

⎛

⎝nτ0 + nτr ,−
n−2∑

j=1

(
ψ j (nτ0)+ ψ j (nτr )

)
e j

⎞

⎠

(1.14)=
⎛

⎝0,−
n−2∑

j=1

(
(Di j ∩ Xs) · (Xω ∩ Ds)

)
e j

⎞

⎠ .

Noting that ψω(D∗i j ) = (0, e j ), this gives (1.13).
Step 5: Proof of (3). For (3), note that we may obtain such a single-valued

representative by constructing a single-valued piecewise linear function ϕ̄ω :
Bω → Qgp

R
with kink [Xρ�] along τ�, just as we constructed ψ j as above. Let

pr1 : Bω×R
n−2 → Bω be the first projection. We then obtain a single-valued

function ϕω = ϕ̄ω ◦ pr1 ◦ψω on Star(ω) with the correct kinks along the ρ�.
The kink of the restriction of ϕω to Star(ω) ∩ ∂B is then easily calculated as
ϕ̄ω(nτ0) + ϕ̄ω(nτr ) = [Xω ∩ g−1(0)] as before, and the latter coincides with
ι([Xω ∩ Xs]), as desired. ��

2 Punctured log maps and tropical geometry

Throughout this section we will assume given g : X → S satisfying Assump-
tions 1.1 and 1.2 in the absolute and relative cases without further comment.

2.1 Review of notation

Webriefly review notation from [4,5] for tropical maps to�(X) and punctured
maps to X . We first summarize the tropical language as developed in [4, Sect.
2.5] and [5, Sect. 2.2].

In what follows, Cones denotes the category of rational polyhedral cones
with integral structure, i.e., objects are rational polyhedral conesω ⊆ ω⊗ZR
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for ω the lattice of integral tangent vectors6 to ω. Morphisms are maps of
cones induced by maps of the corresponding lattices. We write ωZ = ω ∩ω

for the set of integral points of ω.
We consider graphs G, with sets of vertices V (G), edges E(G) and legs

L(G). In what follows, we will frequently confuse G with its topological real-
isation |G|. Legs will correspond to marked or punctured points of punctured
curves, and are rays in the marked case and compact line segments in the
punctured case. We view a compact leg as having only one vertex. An abstract
tropical curve over ω ∈ Cones is data (G, g, �) where g : V (G) → N is a
genus function and � : E(G) → Hom(ωZ,N)\{0} determines edge lengths.
Since this paper will only deal with genus 0 curves, we omit g entirely from
the sequel.

Associated to the data (G, �) is a generalized cone complex (a diagram in
the category ofConeswith all morphisms being inclusions of faces induced by
a morphism of corresponding lattices) �(G, �) along with a morphism of cone
complexes�(G, �)→ ωwith fibre over s ∈ Int(ω) being a tropical curve, i.e.,
a metric graph, with underlying graph G and affine edge length of E ∈ E(G)

being �(E)(s) ∈ R≥0. Associated to each vertex v ∈ V (G) of G is a copy ωv

of ω in �(G, �). Associated to each edge or leg E ∈ E(G) ∪ L(G) is a cone
ωE ∈ �(G, �)with ωE ⊆ ω×R≥0 and the map to ω given by projection onto
the first coordinate. This projection fibresωE in compact intervals or rays over
ω (rays for legs representing a marked point).

A family of tropical maps to �(X) over ω ∈ Cones is a morphism of cone
complexes

h : �(G, �)→ �(X).

If s ∈ Int(ω), we may view G as the fibre of �(G, �)→ ω over s as a metric
graph, and write

hs : G → �(X)

for the corresponding tropical map with domain G. The type of such a family
consists of the data τ := (G, σ ,u) where

σ : V (G) ∪ E(G) ∪ L(G)→ �(X)

associates to x ∈ V (G)∪ E(G)∪ L(G) the minimal cone of�(X) containing
h(ωx ). Further, u associates to each (oriented) edge or leg E ∈ E(G)∪ L(G)

the corresponding contact order u(E) ∈ σ (E), the image of the tangent
vector (0, 1) ∈ ωE = ω ⊕ Z under the map h.

6 In [4,5], we write this lattice as Nω; here we use the notation ω to fit the notation of [39].
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As we shall only consider tropicalizations of pre-stable punctured curves
(see [5, Def. 2.5]), following [5, Prop. 2.21] wemay assume that for L ∈ L(G)

with adjacent vertex v ∈ V (G) giving ωL , ωv ∈ �(G, �), we have

h(ωL) = (h(ωv)+ R≥0u(L)) ∩ σ (L) ⊆ σ (L),R. (2.1)

A decorated type is data τ = (G, σ ,u,A) where A : V (G) → H2(X)
associates a curve class to each vertex of G. The total curve class of A is
A =∑

v∈V (G)A(v).
We also have a notion of a contraction morphism of types φ : τ → τ ′, see

[4, Def. 2.24]. This is a contraction of edges on the underlying graphs, and the
additional data satisfies some relations as follows. If x ∈ V (G)∪E(G)∪L(G),
then σ ′(φ(x)) ⊆ σ (x) (if x is an edge, it may be contracted to a vertex by
φ). Further, if E ∈ E(G) ∪ L(G) then u(E) = u′(φ(E)) under the inclusion
σ ′(φ(E)) ⊆ σ (E), provided that E is not an edge contracted by φ.

We also recall the notion of global contact order, [5, Def. 2.29]. If σ ∈
�(X), we set

Cσ (X) := colimσ⊆σ ′ σ ′,

where the colimit is taken in the category of sets, and define

C(X) :=
∐

σ∈�(X)

Cσ (X).

A global type of tropical or punctured map is then τ̄ = (G, σ ,u), where for
each E ∈ E(G) ∪ L(G), u(E) ∈ Cσ (E)(X). Note that a type τ = (G, σ ,u)
determines a global type by replacing u(E) with its image under the natural
map σ (E) → Cσ (E)(X).

We say a type (or global type) τ is realizable if there exists a family of
tropical maps to �(X) of type (or global type) τ . We also say τ = (τ,A) is
realizable if τ is realizable. We note that if a global type τ̄ is realizable, there
is only one type τ of tropical map realizing it (see [5, Lem. 3.5]). Most of the
time in this paper, we will only deal with realizable types, and hence we will
then not distinguish between a type and a global type in this case.

If a type τ is realizable, then there is a universal family of tropical maps of
type τ , parameterized by an object of Cones. Hopefully without confusion,
we will generally write this cone as τ . Hence we have a cone complex �(G, �)

equipped with a map to τ and a map of cone complexes h = hτ : �(G, �)→
�(X). Generally we write h rather than hτ when unambiguous. Note that for
each x ∈ E(G)∪L(G)∪V (G), we thus obtain τx ∈ �(G, �) the corresponding
cone.
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We write X for the Artin fan of X , see [6], as well as [4, Sect. 2.2] for a
summary. We emphasize here that we always mean the absolute Artin fan,
denoted as AX in [5], even when we are working in the relative situation.

We refer to [5, Defs. 2.10, 2.13, 2.14] for the notion of a familyπ : C◦ → W
of punctured curves and pre-stable or stable punctured maps f : C◦/W → X
or f : C◦/W → X . For the most part in this paper, we work with punctured
maps with target X defined over Speck, and in the relative case, only briefly
work with punctured maps defined over S.

Given a punctured map with domain C◦ → W andW = Spec(Q → κ) for
κ an algebraically closed field and target X or X , we obtain by functoriality
of tropicalizations a family of tropical maps

�(C) = �(G, �) �(X)

�(W ) = ω = Q∨
R

(2.2)

parameterized by W . The type of the punctured map is then the type τ =
(G, σ ,u) of this family of tropical maps. We recall that the punctured map
f : C◦/W → X is basic if (2.2) is the universal family of tropical maps of
type τ .

Given a decorated global type τ̄ , [5, Def. 3.7] defines the notion of amarking
of a puncturedmapby τ̄ . In particular, this gives rise tomoduli spacesM (X, τ̄ )
(resp. M(X , τ̄ )) of stable (resp. pre-stable) τ̄ -marked punctured maps to X
(resp.X ).Whenweare in the relative situation andwish toworkwith punctured
maps to X defined over S, then we write M (X/S, τ̄ ) for the corresponding
moduli space. We note that while curve classes in X are meaningless, the
decoration on τ̄ affects the notion of isomorphism in the category M(X , τ̄ ).
By [5, Thm. 3.10], these are algebraic stacks, M (X, τ̄ ) is Deligne-Mumford
and both stacks carry natural log structures, namely the basic log structure.
Further, there is a natural morphism

ε :M (X, τ̄ )→M(X , τ̄ ) (2.3)

given by composing a punctured map C◦ → X with the canonical map X →
X . [5, Sect. 4] then gives a perfect relative obstruction theory for ε. Most
importantly, while the stacksM(X , τ̄ )may be quite poorly behaved globally,
in fact they have a simple local structure coming from the fact that they are
idealized log smooth over S, see [5, Thm. 3.24, Rem. 3.25].

We sometimes work with moduli spaces M(X , τ̄ ) of pre-stable τ̄ -marked
punctured maps to X , forgetting the decorations. The forgetful morphism
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M(X , τ̄ )→M(X , τ̄ ) is strict étale, and we may also write ε :M (X, τ̄ )→
M(X , τ̄ ) for the composition of (2.3) with this forgetful morphism.

If there is a contraction morphism between decorated global types φ : τ̄ →
τ̄ ′, we obtain a forgetful map M (X, τ̄ ) → M (X, τ̄ ′). This gives rise to a
stratified description of these moduli spaces, see [5, Rem. 3.29].

There is one special choice of decorated type which imposes the minimal
number of conditions on the curve. We always write β for a class of punctured
map, which is a type where the underlying graph G has only one vertex and
no edges, and σ takes the vertex and every leg to {0} ∈ �(X). Put another
way, a class of punctured map is the data β = (u, A) where u is a collection
of global contact orders {ūi } ⊆ C0(X) and A ∈ H2(X) is a curve class. Given
a decorated global type τ̄ , there is always a unique choice of punctured curve
class β with a contraction morphism τ̄ → β. Here A is the total curve class of
A if τ̄ = (G, σ , ū,A). In this case we say the decorated type τ̄ is of class β,
and there is a canonical morphism M (X, τ̄ )→M (X, β), and an analogous
morphism for maps to Artin fans. The moduli space M (X, β) is the moduli
space of punctured maps where only the curve class and the contact orders of
the marked and punctured points are fixed.

Suppose now given τ a realizable type equipped with a contraction mor-
phism τ → τ ′ to a (not necessarily realizable) global type τ ′, and let τ ′ be a
decoration of τ ′. As mentioned earlier, we do not distinguish between the type
τ and its corresponding global type. We denote by Mτ (X , τ ′) the reduced
closed substack ofM(X , τ ′) whose underlying closed subspace is the closure
of the locus of geometric points whose corresponding punctured map is of
type τ . We may then define

Mτ (X, τ
′) :=M (X, τ ′)×M(X ,τ ′) Mτ (X , τ ′).

While Mτ (X , τ ′), assuming non-empty, always carries points corresponding
to curves of type τ , this may not be the case for Mτ (X, τ ′). Nevertheless,
the type τ ′′ of any curve over a geometric point in Mτ (X , τ ′) always has
a (not necessarily unique) contraction map τ ′′ → τ . We note that provided
Mτ (X , τ ′) is non-empty, there is then a canonical morphism

M(X , τ )→Mτ (X , τ ′)

of degree |Aut(τ/τ ′)|. Here Aut(τ/τ ′) denotes the group of automorphisms
of the global type τ compatible with the contraction map τ → τ ′, i.e., auto-
morphisms of the underlying graph G preserving σ and ū and the contraction
map.
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If τ̄ = (G, σ , ū,A) denotes a choice of global type, and I ⊆ E(G)∪ L(G)

is a collection of edges and legs, then we write

Mev(X , τ̄ ) =Mev(I )(X , τ̄ ) :=M(X , τ̄ )×X I X I .

Here X I denotes the product of #I copies of X over S, and similarly X I ; the
morphismM(X , τ̄ )→ X I is given by evaluation at the nodes and punctured
points indexed by elements of I , and X I → X I is induced by the canonical
smooth map X → X . The map ε then factors as

M (X, τ̄ ) εev
Mev(X , τ̄ ) M(X , τ̄ ).

The secondmorphism is smooth,while εev also possesses a relative obstruction
theory compatible with the morphism ε of (2.3), see [5, Sect. 4.2].

2.2 Some tropical lemmas

We first observe the following result, which explains why the choice of affine
structure on B given in Sect. 1.3 is the correct one.

Lemma 2.1 Let f : C◦/W → X be a stable punctured map to X, with W =
Spec(Q → κ) a geometric log point. For s ∈ Int(Q∨

R
), let hs : G → �(X)

be the corresponding tropical map. If v ∈ V (G) satisfies hs(v) ∈ B0, then hs
satisfies the balancing condition at v. More precisely, if E1, . . . , En are the
legs and edges adjacent to v, oriented away from v, then the contact orders
u(Ei ) may be interpreted as elements of hs(v), the stalk of the local system
 of Definition 1.13 at hs(v). In this group, the balancing condition

m∑

i=1
u(Ei ) = 0 (2.4)

is satisfied. Further, in the relative case, the composition �(g) ◦ hs : G →
�(S) = R≥0 is a balanced tropical map.

Proof By definition of �, hs(v) ∈ B0 implies that hs(v) ∈ Int(σ ) ∈P for σ
of codimension 0 or codimension 1. If σ ∈Pmax, then necessarily σ (Ei ) = σ

andu(Ei ) ∈ σ is a tangent vector toσ , and hence can be viewed as an element
of hs(v). Necessarily f contracts the corresponding component Cv of C to
the zero-dimensional stratum Xσ , and hence the balancing condition holds
from [5, Prop. 2.25], keeping in mind that τx given in the statement of that
proposition vanishes because Cv is contracted.

123



1132 M. Gross et al.

If instead σ ∈P [n−1], note that by Assumptions 1.1, (2), σ is not contained
in any cone of �(X) which is not also in P . Noting also that as σ (Ei ) nec-
essarily contains σ , we must have σ (Ei ) ∈P . In particular, u(Ei ) ∈ σ (Ei )

may then be viewed, via parallel transport in , as a tangent vector in hs(v).
We may now split the punctured map f at all nodes of C contained in Cv ,

and obtain by restriction a punctured log map fv : C◦v → X by [5, Prop. 5.2].
Note that the dual graph ofC◦v consists of a single vertexwith legs E1, . . . , Em .
Further, the contact order of fv at the puncture corresponding to Ei agrees with
the contact order u(Ei ) for the map f of the corresponding edge or leg of G,
oriented away from v. It is thus sufficient to show balancing for the tropical
map induced by fv .

Note fv factors through the strict morphism Xσ ↪→ X . Moreover, by
Lemma 1.10, Xσ is isomorphic to a stratum of the toric variety X�σ , and
hence we obtain a punctured map fv : C◦v → X�σ . However, tropicalizations
of punctured maps to toric varieties are always balanced when viewed as maps
to the corresponding fans, see [5, Rem. 2.26]. The claimed balancing then
follows from the construction of the affine chart ψσ .

Finally, in the relative case, necessarily the underlying map g◦ f is constant
on irreducible components ofC since S is assumed to be affine. Thus balancing
of �(g) ◦ hs holds again from [5, Prop. 2.25]. ��

Note that if τ = (G, σ ,u) is a type of tropical map to �(X), the balancing
condition of Lemma 2.1 still makes sense at vertices mapping to B0. Indeed,
for v ∈ V (G) with σ (v) a codimension zero or one cone of P , we may
choose any point x ∈ Int(σ (v)) and (2.4) makes sense inside x . Further, in
the relative case, by composing with �(g), τ yields a type of tropical map to
�(S) = R≥0, and again it makes sense to ask that such a type be balanced.

Thus we define:

Definition 2.2 A type τ of tropical map to �(X) is balanced if:

(1) For each v ∈ V (G) with σ (v) ∈P a codimension zero or one cone, the
balancing condition (2.4) holds at v.

(2) In the relative case, τ induces a type of a balanced tropical map to �(S).

The following observation shows that certain degree data of maps are deter-
mined by tropical data:

Lemma 2.3 Let τ = (τ,A) be a decorated type, and suppose M (X, τ ) is
non-empty. Then:

(1) For each v ∈ V (G) with σ (v) ∈Pmax, we have A(v) = 0.
(2) Assume v ∈ V (G) with ρ = σ (v) ∈P [n−1]

int contained in σ ∈Pmax. Let
E1, . . . , Er be the edges adjacent to v with σ (Ei ) = σ for 1 ≤ i ≤ r . Let

123



The canonical wall structure and intrinsic mirror symmetry 1133

δ : σ → Z be the quotient map ofσ byρ positive on tangent vectors
pointing from ρ into σ . Then A(v) = d[Xρ], where

d =
r∑

i=1
δ(u(Ei )).

We note that this number is independent of the choice of σ containing ρ

by the balancing condition.

Proof By assumption there exists a punctured map f : C◦/W → X over a
geometric log point W marked by τ . Thus for a vertex v ∈ V (G), we obtain
via splitting as in the proof of Lemma 2.1 a subcurve C◦v and a punctured map
fv : C◦v → X .
In case (1),A(v) = 0 is obvious because fv maps C◦v to a zero-dimensional

stratum.
In case (2), A(v) must be a multiple of the class [Xρ]. If R≥0D∗i is the ray

of σ not contained in ρ, then this multiple may be determined by intersecting
the curve class of fv with the divisor Di . The claim now follows immediately
from [48, Cor. 1.14]. ��
Definition 2.4 Let G be a graph of genus 0. The spine of G is the smallest
connected subgraph G ′ ⊆ G containing all legs of G.

The following is the key tropical argument of the paper. In item (1) we
consider the type of tropical map which will contribute to wall structures.
These are tropical maps where the domain has only one (non-contracted) leg.
Item (1) shows that this leg can sweepout atmost a codimension one polyhedral
cone: in the case of codimension one these will play the role of a wall in the
canonical wall structure. Item (2), on the other hand, considers types which
will correspond to broken lineswith respect to the canonical wall structure, and
the main point of (2) is to show that the spine of G, in this case, is mapped into
B0 ⊆ |�(X)|. This will be key for the logarithmic/broken line correspondence
theorem, Theorem 4.14.

Lemma 2.5 Fix a balanced realizable type τ = (G, σ ,u) of a genus zero
tropical map to�(X) with a distinguished leg Lout ∈ L(G) and u(Lout) �= 0.
Let h : �(G, �) → �(X) be the corresponding universal family of tropical
maps, defined over the cone τ . For s ∈ τ , we write hs : G → �(X) for the
induced map.

(1) Suppose G has only one leg, Lout, and let τout ∈ �(G, �) be the corre-
sponding cone. Suppose further that σ (Lout) ∈ P . Then dim h(τout) ≤
n − 1 = dim X − 1.
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(2) Suppose G has precisely two legs, L in and Lout, with σ (L in), σ (Lout) ∈
P . Suppose further that dim τ = n − 1 and dim h(τout) = n. Then with
G ′ the spine of G and s ∈ Int(τ ), hs(G ′) ⊆ B ⊆ |�(X)|, and hs(G ′)
only intersects codimension zero and one cones ofP , except possibly for
the non-vertex endpoints of L in and Lout. Further, dim h(τv) = n − 1 for
every vertex v of the spine G ′.

Proof We prove both items simultaneously. We may assume in the first
case that to the contrary dim h(τout) = n, and thus in both cases we
have dim h(τout) = n. Further, in the first case we may also assume that
dim τ = n−1. Indeed, if dim τ > n−1, there must be an (n−1)-dimensional
face τ ′ of τ , necessarily corresponding to a type τ ′ which is a contraction of
τ , such that dim h(τ ′out) = n. Thus we may replace τ by τ ′ in this case to
ultimately achieve a contradiction.

Write σv := h(τv). As dim τ = n − 1, dim σv ≤ n − 1.
We shall inductively find a sequence of distinct edges and legs Lout =

E1, . . . , Ep and vertices v1, . . . , vp−1 of G such that E1 = Lout and vi is
a vertex of Ei and Ei+1. Further, this sequence will satisfy the following
inductive properties, for s ∈ Int(τ ):

(1) The images of the edges hs(Ei ) are all contained in B and only intersect
codimension 0 and 1 cones of �(X), except possibly for the non-vertex
endpoint of Lout and, if Ep = L in, also the non-vertex endpoint of L in.

(2) u(Ei ) is not tangent to σvi .
(3) dim σvi = n − 1.

We will be able to continue the induction provided Ep is an edge. Thus in
the first case of the lemma, the induction process would continue forever, a
contradiction. In the second case, eventually Ep = L in, and G ′ is the union of
E1, . . . , Ep, giving the desired result.
For the base case, we take E1 = Lout, v1 the unique vertex of E1. Note

from (2.1) that

h(τout) = (σv1 + R≥0u(Lout)) ∩ σ (Lout). (2.5)

As dim h(τout) = n by assumption, necessarily σ (Lout) ∈ Pmax and
dim σv1 = n − 1. Thus σ (v1) ∈ P is either codimension 0 or 1, and in any
case σv1 intersects the interior of σ (v1). Further, σ (v1) is a face of σ (Lout). It
is then clear that for s ∈ Int(τ ), hs(v1) ∈ Int(σv1) and hs(Lout) is contained
in B and only intersects codimension zero and one cones of �(X) (except
possibly for the non-vertex endpoint of Lout). Further, if u(Lout) were tangent
to σv1 , then (2.5) implies dim h(τout) = n− 1, a contradiction. Thus inductive
conditions (1)–(3) are satisfied.

We next observe that given a sequence of edges Lout = E1, . . . , Ep and
vertices vi of Ei and Ei+1, item (2) for 2 ≤ i < p holds regardless of the
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details of the construction of this sequence of edges. Indeed, suppose that
u(Ei ) is tangent to σvi . Split the graph G by detaching Ei from vi to obtain
two connected componentsG1,G2 such that Ei is a leg ofG1. Hence E1 is also
contained in G1. Now, with s ∈ Int(τ ), necessarily hs(vi )+ εu(Ei ) ∈ σvi for
ε such that |ε| is sufficiently small. Thus there is an s(ε) ∈ Int(τ ), depending
on ε, with the property that hs(ε)(vi ) = hs(vi ) + εu(Ei ). In particular, by
changing the length of the edge Ei , we may glue hs |G1 to hs(ε)|G2 to obtain
a tropical map hs′ : G → �(X) of type τ which does not coincide with hs ,
but for which hs′(E1) = hs(E1). Since hs(E1) already varies in an (n − 1)-
dimensional family, necessarily dim τ must be at least n, contradicting the
assumption on the dimension.

Now assume further that E1, . . . , Ep satisfy the inductive conditions (1)–
(3). We wish to construct Ep+1. By assumption (1), σvp is contained in a
codimension one or codimension zero cone σ = σ (vp) of P , and thus it
follows that for s ∈ Int(τ ), hs(vp) ∈ B0. As τ is a balanced type, the balancing
condition thus holds at vp. Since u(Ep) is not tangent to σvp , there must be at
least one other edge E adjacent to vp with u(E) not tangent to σvp in order
for balancing to hold. Choose one such edge to be Ep+1, and let vp+1 be the
other vertex of Ep+1 if Ep+1 is an edge.

We check the inductive conditions (1) and (3). For (1), note that as s ∈ τ

varies, hs(Ep+1) varies in an (n − 1)-dimensional family, and as hs(Ep+1)
is not tangent to σvp by choice of Ep+1, hs(Ep+1) fills out an n-dimensional
subcone τ ′ of some σ ′ ∈ �(X) containing σ . By Assumptions 1.1, (2), σ ′ ∈
P . Further, for any s ∈ Int(τ ), hs(Ep+1) may only intersect faces of σ ′ of
codimension at most one, except possibly the non-vertex endpoint of Ep+1
if Ep+1 = L in. Indeed, this is clear from (2.1) in the latter case. Otherwise,
Ep+1 has another vertex vp+1, and if hs(Ep+1) meets a face σ ′′ ⊆ σ ′ of
codimension at least 2, then hs(vp+1) ∈ σ ′′ and σ (vp+1) ⊆ σ ′′. However,
then hs(Ep+1) can’t vary in an (n − 1)-dimensional family. Thus inductive
condition (1) follows, and (3) is also clear for σvp+1 . ��
Remark 2.6 In fact, the proof of the lemma tells us a bit more. In case (2), with
notation as in the proof, all edges of G adjacent to vi except for Ei and Ei+1
are tangent to σvi . Indeed, if not, there would be a choice for the edge Ei+1 and
the sequence of edges would not be unique. However, the edges E1, . . . , Ep
must be the unique sequence of edges from Lout to L in in the spine G ′.

3 The canonical wall structure and logarithmic broken lines

We continue with a pair (X, D) satisfying Assumptions 1.1 or 1.2 in the abso-
lute and relative cases. We recall also we have fixed data:

(1) A group of degree data H2(X).
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(2) A saturated finitely generated monoid Q ⊆ H2(X) such that Q∩ (−Q) =
H2(X)tors which contains the classes of all effective curves on X . Wewrite
the monomial maximal ideal of Q

m := Q\Q×.
Throughout this section, we also fix a monoid ideal I ⊆ Q such that

√
I = m.

Equivalently, we require Q\I to be finite.

3.1 Recall of monomials on B

We have constructed (B,P, ϕ) with ϕ a Qgp
R
-valued MPL function as given

in Construction 1.14. This choice of function then yields a local systemP [39,
Def. 1.15] on B0 = B\� fitting into an exact sequence

0 −→ Qgp −→ P −→  −→ 0,

where Qgp denotes the constant sheaf with stalk Qgp on B0.7 We write the
map Px → x as p �→ p̄. Further, for each x ∈ B0, [39, Def. 1.16] gives a
submonoid P+x ⊆ Px of exponents of monomials defined at x .

For our purposes, rather than reviewing the definition ofP , it is easier to give
explicit descriptions of the monoids P+x and the effects of parallel transport
under these descriptions.

For σ ∈Pmax, x ∈ Int(σ ), we have

P+x = x × Q. (3.1)

For ρ ∈P [n−1]
∂ , x ∈ Int(ρ), we have

P+x = ρσ × Q (3.2)

where ρσ is the monoid of integral tangent vectors contained in the tangent
wedge Tρσ of σ along the face ρ. If σ ∈Pmax contains ρ, parallel transport
in the local system P from x to y ∈ Int(σ ) induces the inclusion P+x ↪→ P+y
given by (λ, q) �→ (λ, q).

For ρ ∈P [n−1]
int , x ∈ Int(ρ), we have

P+x = (ρ ⊕ NZ+ ⊕ NZ− ⊕ Q)/〈Z+ + Z− = κρ〉. (3.3)

7 In the case that Qgp has torsion, [39, Def. 1.15] is not suitable. Rather, onemay defineP using
the explicit description of parallel transport given below using the given kinks κρ ∈ Qgp. In the
formalism of [39], such torsion may be accommodated by incorporating it into the parameter
ring A, see [39, Rem. 5.17]. However, we do not need such involved notions here.
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The canonical wall structure and intrinsic mirror symmetry 1137

This abstract description requires an ordering σ, σ ′ ∈ Pmax of the maximal
cells containing ρ and a choice of vector ξ ∈ x pointing into σ and rep-
resenting a generator of σ/ρ . Then for y ∈ Int(σ ), y′ ∈ Int(σ ′), parallel
transport in the local system P yields inclusions

tρσ : P+x ↪→ P+y
(λρ, aZ+, bZ−, q) �→

(
λρ + (a − b)ξ, q + bκρ)

(3.4)

and

tρσ ′ : P+x ↪→ P+y′
(λρ, aZ+, bZ−, q) �→

(
λρ + (a − b)ξ, q + aκρ)

(3.5)

respectively. See the discussion of [39, Sect. 2.2].
Given a choice of monoid ideal I ⊆ Q, we also introduce the monoid ideal

Ix ⊆ P+x when x ∈ Int(σ ), σ ∈Pmax defined in the description (3.1) as

Ix := x × I. (3.6)

Notation 3.1 For x ∈ Int(σ ), σ ∈ Pmax, we will often write a monomial in
k[P+x ] = k[Q][x ] either as zm form ∈ P+x or as tq zm̄ for (m̄, q) ∈ x ⊕ Q
via (3.1).

Similarly, if x ∈ Int(ρ) with ρ ∈ P [n−1], we have a canonically defined
submonoid ρ ⊕ Q ⊆ P+x via (3.2) or (3.3), hence defining a subring
k[Q][ρ] ⊆ k[P+x ]. We again write monomials in this ring as tq zm̄ for
q ∈ Q, m̄ ∈ ρ .

Wewill frequently need to use parallel transport inP+ froma cellσ ∈Pmax
to a cell σ ′ ∈ Pmax, either with σ = σ ′ or σ ∩ σ ′ = ρ ∈ P [n−1]. Take any
x ∈ Int(σ ), x ′ ∈ Int(σ ′). If σ = σ ′, we may define

tσ,σ ′ : P+x → P+x ′

to be given by parallel transport along a path contained in Int(σ ); under the
representation (3.1), this map is the identity. On the other hand, if σ ∩ σ ′ ∈
P [n−1], parallel transport along a path contained in Star(ρ) gives a map

tσ,σ ′ : P+x → Px ′ .

Noting that at the level of groups, tσ,σ ′ = tρσ ′ ◦ t−1ρσ , it follows that if m ∈ P+x
and m̄ ∈ Tρσ , then tσ,σ ′(m) ∈ P+x ′ . Thus, either in this case or the case σ = σ ′,
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we may write tσ,σ ′(m) ∈ P+x ′ whenever

m ∈ P+x , m̄ ∈ Tσ∩σ ′σ.

If we let R′I denote the subring of (k[Q]/I )[σ ] generated by monomials
of the form tq zm̄ for m̄ ∈ Tσ∩σ ′σ , we obtain a ring homomorphism

tσ,σ ′ : R′I → (k[Q]/I )[σ ′ ] (3.7)

3.2 The canonical wall structure

3.2.1 Recall of wall structures

We recall the notion of walls and wall structures from [39, Def. 2.11]:

Definition 3.2 A wall on (B,P) is a codimension one rational polyhedral
subset p � ∂B of some σ ∈Pmax, along with an element

fp =
∑

m∈P+x ,m̄∈p

cmz
m ∈ k[P+x ],

for x ∈ Int(p). Identifying Py with Px by parallel transport inside σ\�, we
require that m ∈ P+y for all y ∈ p\� when cm �= 0. We further require that
fp ≡ 1 mod m.

Definition 3.3 A wall structureS on (B,P) is a finite set of walls.

Remark 3.4 The above definitions differ in a couple of ways from that of [39,
Def. 2.11]. First, we are less permissive with wall functions, insisting that
fp ≡ 1 mod m. Second, we are more permissive with the notion of wall
structure. In [39], we insist walls form the codimension one cells of a rational
polyhedral decomposition of B refining P . This is imposed there to make it
easier to describe gluing. However, a wall structure in the above more liberal
sense is equivalent (in the sense of Definition 3.5 below) to one in the sense
of [39, Def. 2.11], and we ignore this issue in this section and the next, only
returning to the convention of [39] in Sect. 5.

Definition 3.5 For a wall structureS , we define

|S | :=
⋃

p∈S
p ∪

⋃

ρ∈P[n−1]
ρ,

Sing(S ) := � ∪
⋃

p∈S
∂p ∪

⋃

p,p′∈S
(p ∩ p′)
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where the last union is over all pairs of walls p, p′ with p ∩ p′ codimension at
least two.

If x ∈ B\ Sing(S ), we define

fx :=
∏

x∈p∈S
fp. (3.8)

We say two wall structures are equivalent (modulo I ) if fx = f ′x mod I for
all x ∈ B\(Sing(S ) ∪ Sing(S ′)). Generally we omit mention of I if clear
from context.

3.2.2 The construction

Definition 3.6 A wall type is a type τ = (G, σ ,u) of tropical map to �(X)
such that:

(1) G is a genus zero graph with L(G) = {Lout} with σ (Lout) ∈ P and
uτ := u(Lout) �= 0.

(2) τ is realizable and balanced.
(3) Let h : �(G, �)→ �(X) be the corresponding universal family of tropical

maps, and τout ∈ �(G, �) the cone corresponding to Lout. Then dim τ =
n − 2 and dim h(τout) = n − 1. Further, h(τout) � ∂B.

A decorated wall type is a decorated type τ = (τ,A) with τ a wall type.

Before using wall types to define the invariants we use in the canonical wall
structure, we first make an observation in the relative case needed to show
properness of the relevant moduli spaces. For most of the paper, we only work
with the absolute moduli space M (X, τ ), but it turns out that in the relative
case, we may also work with the relative moduli space M (X/S, τ ) when τ

is a wall type. To make this precise, we note that a realizable type τ for a
punctured map to X is a type for X/S if the universal tropical map over τ to
�(X) fits into a commutative diagram

�(G, �)
hτ

�(X)

�(g)

τ �(S)

Proposition 3.7 In the relative case, let τ be a wall type for X, and let β be
the class of punctured map determined by the data uτ and A ∈ Q\I a non-
zero curve class. Then τ is a type of punctured map to X/S, andM (X, β) =
M (X/S, β).

123



1140 M. Gross et al.

Proof We first show that the type τ = (G, σ ,u) is in fact a type for X/S.
Since G is connected, it is sufficient to show that for each E ∈ E(G)∪ L(G),
�(g)∗(u(E)) = 0.Recall that as awall type, τ is realizable andbalanced. Since
τ is realizable,weobtain a family of tropicalmapshs : G → �(X), s ∈ Int(τ ).
Composing with �(g) gives a tropical map �(g) ◦ hs : G → �(S) = R≥0,
which is balanced byDefinition 2.2. But it is then immediate that thismapmust
be constant, as any tropical map to R≥0 satisfying the balancing condition and
with only one leg must be constant. Thus τ is a type defined over S.

The equalities of moduli spaces now follow from [5, Prop. 5.11]. ��
Construction 3.8 Fix a wall type τ and a non-zero curve class A ∈ Q\I . Let
β be the class of punctured map determined by the data uτ and A. Then we
obtain a reduced closed stratum Mτ (X , β) ⊆ M(X , β), and a moduli space
Mτ (X, β) along with a morphism

ε :Mτ (X, β)→Mτ (X , β).

Lemma 3.9 Mτ (X, β) is proper over Speck and carries a virtual fundamen-
tal class of dimension 0.

Proof In the absolute case, Mτ (X, β) is closed substack of M (X, β), which
is proper over Speck by [5, Cor. 3.17].

We next consider the relative case. There is a morphism X → S =
[A1/Gm], induced by g, where S is the Artin fan of S. Write X0 :=
X ×S [0/Gm]; this is a closed substack of X . As dim h(τout) = n − 1 and
h(τout) � ∂B, it follows that �(g) : h(τout)→ �(S) = R≥0 is surjective by
Proposition 1.15. By Proposition 3.7, �(g) ◦ hs is constant for each s ∈ τ ,
and hence for any vertex v ∈ V (G), �(g) : h(τv) → R≥0 is also surjective.
From this it follows that any punctured map C◦ → X inMτ (X , β) has image
lying set-theoretically in |X0|. Since Mτ (X , β) is reduced by construction,
any map must thus factor throughX0 log-scheme-theoretically, and hence any
puncturedmap inMτ (X, β)must factor through X0 log-scheme-theoretically.
ThusMτ (X, β) is a closed substack ofM (X ×S 0, β), which is again proper
over Speck.

We now calculate the virtual dimension. By [5, Prop. 3.28], if τ̄ is the
global type induced by τ , then M(X , τ̄ ) is pure-dimensional and reduced of
dimension

−3+ |L(G)| − dim τ = −3+ 1− (n − 2) = −n.

The same is then true for Mτ (X , β), as the forgetful map M(X , τ̄ ) →
Mτ (X , β) is finite of generic degree |Aut(τ̄ )|. The virtual relative dimen-
sion of Mτ (X, β) over Mτ (X , β) at a punctured map f : C◦ → X over a
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geometric point is χ( f ∗�X ) = A · c1(�X ) + n by Riemann-Roch. Recall
that c1(�X ) = −(KX + D) ≡Q −∑

i ai Di by assumption. Further, for any
generator D∗i of σ (Lout), it follows that ai = 0 as σ (Lout) ∈P . Thus by [48,
Cor. 1.14], A · Di = 0 whenever ai �= 0. Thus the total virtual dimension is 0
as claimed. ��

We now define
Wτ,A := deg[Mτ (X, β)]virt. (3.9)

In addition, h|τout : τout → σ induces a morphism

h∗ : τout → σ ,

and we define

kτ := | coker(h∗)tors| = |h(τout)/h∗(τout)|. (3.10)

Finally, set

pτ,A :=
(
h(τout), exp(kτWτ,At

Az−uτ )
)
. (3.11)

Here we view t Az−uτ as a monomial in k[P+x ] for x ∈ Int(h(τout)) as in Nota-
tion 3.1. To view the exponential as a finite sum, note that k[Q][h(τout)] ⊆
k[P+x ], and we may truncate the infinite sum by removing all monomials
which are zero in (k[Q]/I )[h(τout)].

We then define:

Definition 3.10

S undec
can := {pτ,A | τ an isomorphism class of wall type, A ∈ Q\I,Wτ,A �= 0}.

We note the superscript “undec” refers to the undecorated wall structure,
in distinction with the decorated wall structure we will define in Construc-
tion 3.13, which will be equivalent to the above wall structure but which will
be more useful in the proof of consistency.

Proposition 3.11 S undec
can is a wall structure.

Proof We need to verify that (1) pτ,A is always a wall and (2)S undec
can is finite.

For the first item, fix τ, A. Write u := uτ . It is obvious that h(τout) is
a rational polyhedral cone of codimension one by assumption. We need to
check that the parallel transport of (−u, A) to Py lies in P+y for each point
y ∈ pτ,A\�. Since � is the union of all codimension two cones of P , this
is only an issue if y ∈ ρ ⊆ σ where ρ is codimension one and pτ,A � ρ.
In this case, dim σ (Lout) = n. Let v ∈ V (G) be the vertex adjacent to Lout,
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τv ∈ �(G, �) the corresponding cone. We divide the analysis into three cases,
depending on the relationship between y and h(τv).

Case 1: y /∈ h(τv). From (2.1), necessarily −u ∈ Tρσ . If y ∈ ∂B, then
it is immediate from (3.2) that (−u, A) ∈ P+y . If instead y /∈ ∂B, we may
choose ξ ∈ y pointing into σ as in the description of P+y of (3.3), and then
write −u = u′ + aξ for some a > 0 and u′ ∈ ρ . Thus by (3.4), (−u, A) is
identified with the element (u′, aZ+, 0, A) of P+y .

Case 2: y ∈ h(τv)∩∂B. We are thus in the relative case. By Proposition 3.7,
β must be defined over S, which in particular means that u is tangent to the
fibres of gtrop, and hence u is tangent to ∂B. However, by (3.2), it then follows
that (−u, A) ∈ P+y .

Case 3: y ∈ h(τv)\∂B. Here we assume that Wτ,A �= 0, (as otherwise such
a wall would not be included inS undec

can ). Thus there is necessarily a punctured
map f : C◦/W → X over a geometric log point with type τ ′ equipped with
a contraction to τ . Thus we may mark f with τ , and this leads to a decorated
type τ = (τ,A) with A(v) given by the curve class of the map fv : C◦v → X ,
where C◦v is the subcurve of C◦ corresponding to v ∈ V (G), as in the proof of
Lemma 2.1. In this case, u points into σ , and in the notation δ of Lemma 2.3,
(2), A(v) = d[Xρ] with d ≥ δ(u). Thus the total curve class A satisfies
A = δ(u)[Xρ] + A′ for some A′ ∈ Q.
We may now use the description (3.3) along with (3.4) to test whether

(−u, A) ∈ P+x lies in the image of tρσ : P+y → P+x . Choosing ξ ∈ y as
before, we may now write u = u′ + δ(u)ξ for some u′ ∈ ρ . Thus (−u, A)
equals tρσ applied to

(−u′, 0, δ(u)Z−, A − δ(u)κρ) = (−u′, 0, δ(u)Z−, A′) ∈ P+y .

We have now covered all possible cases for the location of y, and hence
pτ,A is a wall.

To showS undec
can is finite, we first observe that as Q\I is finite by assumption

on Q and I , there are only a finite number of choices for A. For determining τ ,
there are only a finite number of possibilities for σ (Lout) ∈P . Given a choice
of A and wall type τ with given σ (Lout), Wτ,A �= 0 implies thatMτ (X, β) is
non-empty, and then [48, Cor. 1.14] shows uτ is determined by the choice of
A and σ (Lout). If β is the punctured curve class determined by A and a given
uτ , then, sinceM (X, β) is finite type, there are only a finite number of types
of tropical maps τ appearing in the tropicalizations of curves inM (X, β), i.e.,
there are only a finite number of τ such thatMτ (X, β) is non-empty. ��

The main result of the paper, to be proved in Sect. 5, can then be stated:

Theorem 3.12 S undec
can is a consistent wall structure in the sense of [39, Def.

3.9].
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The canonical wall structure and intrinsic mirror symmetry 1143

The above definition of the canonical wall structure is conceptually the
simplest and most useful in practice (see [9] for some explicit examples).
However, for the proofs of this paper, it is convenient to replace S undec

can with
an equivalent wall structureScan using decorated types as follows.

Construction 3.13 Fix a decorated wall type τ = (τ,A), and A =∑
v∈V (G)A(v) the total curve class. As τ is realizable, we may view it equiv-

alently as a global type. Hence we obtain a morphism of moduli spaces
ε : M (X, τ ) → M(X , τ ). From the proof of Lemma 3.9, one sees that
M(X , τ ) is pure-dimensional and [M (X, τ )]virt is a zero dimensional cycle.
Hence we may define

Wτ := deg[M (X, τ )]virt
|Aut(τ )| .

We may then define a wall

pτ :=
(
h(τout), exp(kτWτ t

Az−uτ )
)

(3.12)

and

Scan :=
{
pτ

∣
∣
∣
τ an isomorphism class of decorated wall
type with total curve class lying in Q\I

}
. (3.13)

We note here we do not exclude walls withWτ = 0, so this wall structure may
include an infinite set of trivial walls, i.e., with attached function 1. So techni-
cally this is not a wall structure, but if we remove all trivial walls, it becomes
a finite set as in Proposition 3.11. However, for bookkeeping purposes, it will
prove useful to include these trivial walls.

To see that this gives a wall structure equivalent (in the sense of Defini-
tion 3.5) to the previous definition, fix a wall type τ and a curve class A ∈ Q\I
such that Wτ,A �= 0; this data will give one wall in the earlier definition of
Scan. With β = ({uτ }, A) the associated class of punctured map, we have the
canonical morphism M(X , τ ) → Mτ (X , β), which is surjective and finite
of degree |Aut(τ )|. Further, we have a Cartesian diagram in all categories [5,
Prop. 5.19]

∐
τ=(τ,A)M (X, τ )

j ′

ετ

M (X, β)

ε

M(X , τ )
j

M(X , β)
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1144 M. Gross et al.

Here A runs over all decorations of τ with total curve class A. As j is a map
of degree |Aut(τ )| ontoMτ (X , β), we see that

Wτ,A = deg ε![Mτ (X , β)] = deg ε! j∗[M(X , τ )]
|Aut(τ )| (3.14)

= deg j ′∗ε!τ [M(X , τ )]
|Aut(τ )| =

∑

τ=(τ,A)

deg[M (X, τ )]virt
|Aut(τ )| .

Here the third equality holds by push-pull of [65, Thm. 4.1], and the last
summation runs over all choices of decorations A of τ with total curve class
A. Note however that Aut(τ ) acts on the set of all choices of decoration A,
with orbits of this action giving isomorphism classes of decorated types τ . The
stabilizer of a given τ is the subgroup Aut(τ ) ⊆ Aut(τ ), and hence the orbit
containing τ is of size |Aut(τ )|/|Aut(τ )|. Thus the final expression of (3.14)
can be now expressed as a sum over isomorphism classes of decorations τ of
τ with total class A:

Wτ,A =
∑

τ

deg[M (X, τ )]virt
|Aut(τ )| · |Aut(τ )||Aut(τ )| =

∑

τ

deg[M (X, τ )]virt
|Aut(τ )| . (3.15)

From this, we see the collection of walls in the new definition ofScan coming
from all τ with underlying type τ and total curve class A is equivalent to the
corresponding single wall in the original definition of Scan.

Example 3.14 The construction of Scan agrees (up to equivalence) with the
construction of the canonical scattering diagram of [37] when dim X = 2 and
KX + D = 0, so that B = �(X). In other words, the construction given here
is a generalization of the construction of [37].

To see this, we analyze decorated wall types τ in dimension two. Since we
require dim τ = dim X − 2, in fact such types will be rigid. Thus there is a
unique tropical map h : G → B of type τ , and all vertices of G are mapped to
0 ∈ B; otherwise, rescaling B provides a non-trivial deformation of h. Further,
we require dim h(τout) = 1. So h(τout) is a ray in B with endpoint 0. Hence
there is no choice but for uτ ∈ B(Z)\{0} and h(τout) = R≥0uτ . Further, any
edge of G contracted by h has length a free parameter of the tropical curve,
and hence again by rigidity, there are no edges. Thus the only possibility for
τ is that G has one vertex, with an attached curve class A, and one leg, Lout,
with u(Lout) = uτ ∈ B(Z). Note further that kτ is then just the index of uτ ,
i.e., the degree of divisibility of uτ in B(Z). Of course |Aut(τ )| = 1.
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The canonical wall structure and intrinsic mirror symmetry 1145

To make a comparison with the setup of [37], it is then convenient, for
u ∈ B(Z) primitive, to define

WA,u,k := Wτ ,

where τ is the decorated wall type as described above with curve class A and
uτ = ku. In [37], only one wall for each ray R≥0u of rational slope occurs,
and hence it is then more useful to write the canonical wall structure in the
equivalent form

S ′
can :=

{(
R≥0u, exp

(∑

A,k

kWA,u,kt
Az−ku

)) ∣
∣
∣ u ∈ B(Z)\{0} primitive

}

.

Here the sum is over all positive integers k and all curve classes A. However,
if we write u = aD∗i + bD∗j for some non-negative a, b with a + b > 0, then
by the balancing condition as expressed in [48, Cor. 1.14], we may in fact sum
over only those curve classes with A · Di = a, A · Dj = b, A · Dk = 0 for
k �= i, j .

In [37], a wall function is associated to each ray d = R≥0u of rational slope
using invariants defined as follows. Assuming d does not coincide with a ray
ofP , one performs a toric (log étale) blow-up π : X̃ → X by refining (B,P)

along the given ray d. Otherwise, if d coincides with a ray ofP , we may take
π to be the identity. Let Ã be a curve class on X̃ with the following properties,
depending on whether or not π is the identity. If π is not the identity, then we
require that Ã has trivial intersection number with all boundary components
of X̃ except for the exceptional divisor E of π . If π is the identity, let E be
the component of D corresponding to the ray d. We then require that Ã has
zero intersection number with each component of D except for E . Then [37],
following [40, Sect. 4], defines a number NÃ. This number is defined as a
relative Gromov–Witten invariant for the non-compact pair (X̃◦, E◦) where
X̃◦ ⊆ X̃ is obtained by removing the closure of π−1(D)\E from X̃ , and
E◦ = E ∩ X̃◦. This relative invariant counts rational curves of class Ã with
one marked point, with contact order kÃ := Ã · E with E◦.

To compare NÃ with the type of number considered in this paper, note that
the data of Ã and the contact order kÃ also specifies a type β̃ of logarithmic
map to the pair (X̃ , π−1(D)), and we may compare the logarithmic Gromov–
Witten invariant deg[M (X̃ , β̃)]virt with NÃ. In fact, it follows from [7] that
these two numbers will agree provided that every stable log map in the moduli
space M (X̃ , β̃) factors through X̃◦. However, it is an elementary exercise in
tropical geometry to show that if given a stable log map f : C/W → X̃ of
type β̃ with W a log point, any tropical map in the corresponding family of
tropical maps has image d. This may be proved using an argument similar
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to the argument given in Lemma 2.5, but a similar tropical argument in two
dimensions has already appeared in the proof of [17, Lem. 12], which may
also be viewed as a tropical interpretation of [40, Prop. 4.2]. On the other
hand, any stable log map of type β̃ which does not factor through X̃◦ will
necessarily have a tropicalization whose image does not coincide with d, as
follows immediately from the construction of tropicalization.

Finally, let A = π∗ Ã. Note that in the case π is not the identity, the curve
class Ã is uniquely determined by A and the constraint that Ã has zero inter-
section number with components of the strict transform of D. Then if u is the
primitive generator of d ∩ B(Z), we may interpret kÃu ∈ B(Z) as a contact
order, and the class A and the contact order kÃu determines a type of log
map β to X . It then follows from the birational invariance of log Gromov–
Witten theory of [8, Thm. 1.1.1] that deg[M (X̃ , β̃)]virt = deg[M (X, β)]virt.
In particular, NÃ = WA,u,kÃ .

Conversely, given the data of A, u and k giving a wall type τ withM (X, τ )
non-empty, we obtain via the above blow-up procedure a curve class Ã. Thus
we have a one-to-one correspondence between the set of data contributing
to S ′

can and the data contributing to the canonical scattering diagram of [37].
Further, we have just observed an equality of the invariants. The equivalence of
S ′

can with the canonical scattering diagram of [37] now follows by inspection
of the definition of the canonical scattering diagram in [37].

Example 3.15 Returning to Examples 1.4 and 1.11, we first introduce notation
for the relevant curve classes. Let ei be the class of a fibre of π |Ei : Ei → Zi .
Let f be the class of a curve of the form {a} × P

1 × {b} disjoint from the
centers Z1, Z2.

One can show that the only decorated wall types τ with Wτ �= 0 are of the
following 5 types. In each case, the underlying graph G of τ has one vertex v,
no edges, and of course a unique leg Lout.

(1) For some k > 0, we have uτ = kD∗2,0, σ (Lout) = p1 := R≥0D∗2,0 +
R≥0D∗1,0, and A(v) = ke1.

(2) For some k > 0, we have uτ = kD∗2,0, σ (Lout) = p2 := R≥0D∗2,0 +
R≥0D∗1,∞, and A(v) = ke1.

(3) For some k > 0, we have uτ = k(E∗2 −D∗1,∞), σ (Lout) = p3 := R≥E∗2 +
R≥0D∗1,∞, and A(v) = k( f − e1 − e2).

(4) For some k > 0, we have uτ = kD∗2,∞, σ (Lout) = p4 := R≥0E∗2 +
R≥0D∗2,∞, and A(v) = k( f − e1).

(5) For some k > 0, we have uτ = kD∗2,∞, σ (Lout) = p5 := R≥0D∗1,0 +
R≥0D∗2,∞, and A(v) = k( f − e1).

In all cases, h(τout) = σ (Lout), so walls only have five possible supports.
Further, in every case, kτ = k and Wτ = (−1)k−1/k2. After passing to an
equivalent scattering diagram with only one wall with a given support, we see,
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The canonical wall structure and intrinsic mirror symmetry 1147

for example, that we have a wall

(

p1, exp
(∑

k>0

k
(−1)k−1

k2
tke1z−kD

∗
2,0

)
)

=
(
p1, 1+ te1z−D∗2,0

)
.

Similarly, we have four other walls:

(
p2, 1+ te1z−D∗2,0

)
,
(
p3, 1+ t f−e1−e2zD

∗
1,∞−E∗2

)
,

(
p4, 1+ t f−e1z−D∗2,∞

)
,
(
p5, 1+ t f−e1z−D∗2,∞

)
.

Together, these walls cover the affine plane contained in B which is the union
of all two-dimensional cones of P not containing D∗3,0 or D∗3,∞. We omit a
derivation of these results. Showing (1)–(5) are the only possibilities is not
difficult using [48, Cor. 1.14] to encode balancing requirements for punctured
maps. A direct calculation of Wτ has not been carried out, but presumably
these multiple cover calculations can be carried out as in the two-dimensional
case of [40, Prop. 5.2]. Instead, the above formulas for the wall functions are
proved in a more general context in [9]. In fact, the formulas for these wall
functions follows from the consistency of Scan proved in the present paper.

Thewallspi for i �= 3 arise fromzero-dimensional strata in one-dimensional
moduli spaces of ordinary (non-punctured) stable log maps. For example, the
inclusion of every fibre of π |E1 : E1 → Z1 into X may be viewed as a stable
log map. The walls p1 and p2 capture the curves in this family which are
degenerate with respect to the log structure on X , i.e., fall into D1,0 or D1,∞.
For k > 1, we count multiple covers of these fibres.

The same holds for p4 and p5, with the curves in question being, in general,
strict transforms of curves of the form {a} × P

1 × {1} ⊆ X . Note as these
curves intersect Z1 at one point, the class of the strict transform is indeed
f − e1. However, as a →∞, this curve degenerates to a union C = C1 ∪C2
of two irreducible components, of class f − e1 − e2 (the strict transform C1
of {∞}× P

1 × {1}) and of class e2 (the curve C2 = π−1(∞,∞, 1)). It is this
degenerate curve and its multiple covers which contribute to p4. Meanwhile
the strict transform of {0} × P

1 × {1} and its multiple covers contribute to the
wall p5.

Finally, p3 arises not from a family of curves with one marked point of
positive contact order with the boundary, but from the punctured log map
whose image is C1. This involves a negative contact order with the divisor
D1,∞, which contains C1. This curve is rigid, and if we did not include a wall
for this curve, we would not get a consistent scattering diagram. This shows
how it is essential, unlike in the case that dim X = 2, to take into account
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punctured curves rather than just marked curves, as without p3, Scan would
not be consistent.

Construction 3.16 (The torus action) As with the canonical wall structure in
two dimensions in [37, Sect. 5], there is a natural torus action on the mirror
family constructed using Scan in all dimensions. We refer the reader to [39,
Sect. 4.4] for the general setup for torus actions in the context of families of
varieties built via wall structures, and do not review the notation here.

In this case, there is an action of a torus with character lattice

� := DivD(X),

i.e., the free abelian group generated by boundary divisors. In the language
of [39, Sect. 4.4], the base ring A is taken here to be the ground field k. To
specify the torus action, we must specify the maps δQ and δB of the diagram
[39, (4.8)]. Note that each irreducible component Di of D defines anR-valued
PL function on B; indeed, by construction B ⊆ DivD(X)∗R, and the linear
functional Di on this vector space restricts to a piecewise linear function on
B. We continue to denote this PL function as Di . We may then define

δQ : Q −→ �, δQ(A) =
∑

i

(Di · A)Di

for A ∈ Q, and

δB : PL(B)∗ −→ �, δB(β) =
∑

i

β(Di )Di

for β ∈ PL(B)∗. Commutativity of [39, (4.8)] then follows by direct compu-
tation. Indeed, note that in our current context, Q0 is the free monoid with
generators eρ , eρ ∈ P [n−1], and h : Q0 → Q is defined by h(eρ) = [Xρ],
the kink of our choice of MPL function ϕ along ρ. Then

δQ(h(eρ)) =
∑

i

(Di · Xρ)Di .

On the other hand, g : Q0 → PL(B)∗ takes eρ to the linear functional on
PL(B) taking ψ ∈ PL(B) to the kink of ψ along ρ. It is easy to check from
toric geometry that the kink of the PL function induced by Di along ρ is Di ·Xρ

(noting that if Di is not good, it induces the zero function on B). The claimed
equality δQ ◦ h = δB ◦ g then follows.

Thus, by [39, Thm. 4.17], it follows there is an induced Speck[�]-action on
the flat family X̌→ Spec(k[Q]/I ) constructed from the wall structure Scan

123



The canonical wall structure and intrinsic mirror symmetry 1149

provided thatScan is homogeneous in the sense of [39, Def. 4.16]. For this, it is
enough to check that if τ is a decorated wall type withWτ �= 0 and total curve
class A, then deg� t Az−uτ = 0. Here deg� t A = δQ(A) = ∑

i (Di · A)Di .
If we write uτ = ∑

ui D∗i as a tangent vector to σ (Lout) then deg�(z
−uτ ) is

computed from [39, (4.9)] as −∑
i ui Di . It then follows from [48, Cor. 1.14]

that necessarily ui = Di · A, and hence deg� t Az−uτ = 0 as desired.

3.2.3 The relative case

Construction 3.17 Suppose we are in the situation of Proposition 1.19. It is
useful (see [9]) to compare the wall structures for (X, D) and (Xs, Ds), which
we do as follows.

Recall from that proposition that after extending the affine structure on B
across the interior of cells ω ∈ P [n−2]

∂ , ∂B may be viewed as the polyhe-
dral affine pseudomanifold corresponding to the pair (Xs, Ds). As such, write
(∂B)0 for the complement in ∂B of the union of cones of P [n−3]

∂ . Let ∂B
denote the sheaf on (∂B)0 of integral tangent vectors. We may view∂B as a
subsheaf of |∂B , where the latter sheaf is now extended across the interiors
of cells ω ∈P [n−2]

∂ .
Further, Proposition 1.19, (3) then implies that if P∂B is defined using the

MPL function ϕ|∂B on ∂B, we obtain a natural inclusionP∂B ⊆ P|∂B . Again,
the latter sheaf is viewed as extending across the interiors of ω ∈ P [n−2]

∂ .
Note that P∂B consists of those sections m of P|∂B such that m̄ is tangent to
∂B.

On the other hand, we also have the MPL function ϕ(Xs ,Ds) taking values
in H2(Xs) ⊗Z R. This leads to a sheaf P(Xs ,Ds) on (∂B)0, and the map ι :
H2(Xs)→ H2(X) then induces a map

ι∗ : P(Xs ,Ds) → P∂B .

This allows us to define a map, for x ∈ (∂B)0,

ι∗ : k[P+(Xs ,Ds),x
] → k[P+∂B,x ],

where P+∂B,x := P∂B,x ∩ P+x . Finally, we may define

ι(Scan,s) :=
{
(p, ι∗( fp)) | (p, fp) ∈ S(Xs ,Ds)

}
.

LikeScan,s , this is a wall structure on ∂B.
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On the other hand, we may define the asymptotic wall structure of the wall
structureScan on B by

S as
can := {(p ∩ ∂B, fp) | (p, fp) ∈ S with dim p ∩ ∂B = n − 2}. (3.16)

We note that for each such wall, fp ∈ k[P+∂B,x ] ⊆ k[P+x ]. Indeed, this follows
from Proposition 3.7, which implies that for a wall type τ for X , uτ is tangent
to fibres of gtrop, and in particular tangent to ∂B. Hence S as

can may be viewed
as a wall structure on ∂B.

We then have:

Proposition 3.18 Suppose that all good divisors contained in g−1(0) have
multiplicity one in g−1(0). Then the wall structures ι(Scan,s) and S as

can are
equivalent.

Proof Note ι(Scan,s) is equal to the canonical wall structure for (Xs, Ds)

constructed using the curve class group H2(X) rather than H2(Xs). In the
proof, we generally use τ ′ to denote a decorated wall type for (X, D) and τ

for a decorated wall type for (Xs, Ds), with curve class decoration A taking
values in H2(X).

Given a decorated wall type τ ′, the corresponding cone τ ′ comes with a
structure map p : τ ′ → R≥0 coming from the fact the type is defined over
S. Note p is surjective as uτ is tangent to fibres of gtrop by Proposition 3.7
and hτ ′(τ ′out) � ∂B by Definition 3.6, (3). Then p−1(0) is a proper face of τ ′,
and hence corresponds to a contraction morphism φ : τ ′ → τ of decorated
types. The type τ is realizable provided that the length of Lout ∈ L(G ′) isn’t
zero on the face p−1(0). Thus τ realizable and dim τ = n − 3 is equivalent
to dim pτ ′ ∩ ∂B = n − 2. From this it is immediate that τ is a wall type for
(Xs, Ds) if and only if dim pτ ′ ∩ ∂B = n − 2.

Consider the sets

S′ := {τ ′ | τ ′ is a decorated wall type for X with dim pτ ′ ∩ ∂B = n − 2},
S := {τ | τ is a decorated wall type for Xs}.

The discussion of the previous paragraph has constructed a map � : S′ → S.
To show the desired equivalence of wall structures, it is enough to show that
for τ ∈ S we have

kτWτ =
∑

τ ′∈�−1(τ )
kτ ′Wτ ′ . (3.17)

To do so, we use the decomposition setup of [5, Thm. 5.21, Def. 5.22,
Thm. 5.23]. Note that for 0 �= s ∈ S, s is a trivial log point, so in fact
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M (Xs, τ ) =M (Xs/s, τ ). Thus in particular we have

Wτ = deg[M (Xs/s, τ )]virt
|Aut(τ )| = deg[M (X0/0, τ )]virt

|Aut(τ )| ,

the first equality by definition and the second equality by [5, Thm. 5.23, (1)].
Further, by [5, Thm. 5.23, (2)], we have

deg[M (X0/0, τ )]virt =
∑

τ ′

mτ ′

|Aut(τ ′/τ )| deg[M (X0/0, τ
′)]virt, (3.18)

where the sum is over codimension one degenerations τ ′ of τ in the sense of
[5, Def. 5.22, (2)], and mτ ′ is the order of the cokernel of p∗ : τ ′ → Z. It
is immediate from that definition that if M (X0/0, τ ′) �= ∅ then such a τ ′ is
a decorated wall type for X . (We need to assume non-emptiness to guarantee
that τ ′ is balanced.) It also follows from Proposition 3.7 and the proof of
Lemma 3.9 that M (X0/0, τ ′) = M (X/S, τ ′) = M (X, τ ′). Thus we may
rewrite (3.18) as

kτ
deg[M (X0/0, τ )]virt

|Aut(τ )| =
∑

τ ′

mτ ′kτ
|Aut(τ ′/τ )||Aut(τ )| deg[M (X, τ ′)]virt.

Certainly, |Aut(τ ′/τ )||Aut(τ )| = |Aut(τ ′)|. Further, τ ′out = τout ⊕ Z

and p∗(τ ′out) = mτ ′Z. Next σ ′(Lout) = σ (Lout) ⊕ Z, with the induced map

gtrop,∗ : σ ′(Lout) → Z being surjective because of the assumption that g−1(0)
is reduced. Thus an elementary diagram chase gives a short exact sequence

0→ coker(τout → σ (Lout))→ coker(τ ′out → σ ′(Lout))→ Z/mτ ′Z → 0,

so mτ ′kτ = kτ ′ , giving (3.17). ��

3.3 Logarithmic broken lines and theta functions

Wall types defined in the previous subsection allowed us to define the canoni-
cal wall structure. Consistency of a wall structure is defined partly via broken
lines (reviewed in Definition 4.2). A key point of our proof of consistency is
a correspondence result that associates counts of broken lines to certain punc-
tured invariants. In this subsection, we shall define these punctured invariants.
We proceed quite analogously with the notion of wall types.

Definition 3.19 A (non-trivial) broken line type is a type τ = (G, σ ,u) of
tropical map to �(X) such that:
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(1) G is a genus zero graph with L(G) = {L in, Lout} with σ (Lout) ∈P and

uτ := u(Lout) �= 0, pτ := u(L in) ∈ σ (L in)\{0}
(so that L in represents a marked rather than punctured point).

(2) τ is realizable and balanced.
(3) Let h : �(G, �)→ �(X) be the corresponding universal family of tropical

maps, and let τout ∈ �(G, �) be the cone corresponding to Lout. Then
dim τ = n − 1 and dim h(τout) = n.

We also consider the possibility of a trivial broken line type τ , which is not
an actual type: the underlying graph G consists of just one leg L in = Lout and
no vertices, with the convention that uτ = −pτ . Note this does not correspond
to an actual punctured curve.8

A decorated broken line type is a decorated type τ = (τ,A)with τ a broken
line type. In the trivial case, as there are no vertices, this does not involve any
extra information, and in this case, the total curve class is taken to be 0.

A degenerate broken line type is a type τ which satisfies conditions (1) and
(2) above and instead of (3),

(3′) dim τ = n − 2 and dim h(τout) = n − 1.

Lemma 3.20 Let τ be a non-trivial decorated broken line type. ThenM (X, τ)
is proper over Speck and carries a virtual fundamental class of dimension
zero.

Proof The argument is essentially identical to that of the proof of Lemma 3.9,
and we leave it to the reader to make the necessary modifications, except for
one point. In that proof, we appealed to Proposition 3.7 to argue that in the
relative case, for each v ∈ V (G), we have �(g) : h(τv) → R≥0 surjective.
Crucially, a broken line type is not in general a type of tropical map to X/S, so
a different argument is necessary. However, note that by the assumption that
τ is a balanced type, for any s ∈ Int(τ ), �(g) ◦ hs : G → R≥0 is a balanced
tropical map. Necessarily �(g)∗(u(L in)) = �(g)(pτ ) ∈ R≥0, and hence by
balancing,�(g)∗(uτ ) ∈ R≤0. This implies, again by balancing, that if vin, vout
are the vertices adjacent to L in, Lout respectively, then a = �(g) ◦ hs(vout) ≤
�(g)◦hs(vin) = b, and for any other vertex v ∈ V (G),�(g)◦hs(v) ∈ [a, b].
Further, since dim h(τout) = n, necessarily h(τout) � ∂B, and thus �(g) :
h(τout)→ R≥0 is surjective, and so �(g) : h(τvout)→ R≥0 is also surjective.
Putting this together, we see that �(g) : h(τv) → R≥0 is surjective for any
vertex v ∈ V (G). This is sufficient to complete the argument of the proof of
Proposition 3.9 for properness of the moduli spaces involved. ��
8 Such a broken line type will correspond, as discussed in Sect. 4, to a broken line contained
entirely in σ (L in) and which does not bend.
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We now define, for τ a non-trivial decorated broken line type,

Nτ := deg[M (X, τ )]virt
|Aut(τ )| . (3.19)

We also have a map h∗ : τout → σ (Lout), necessarily of finite index, and
define

kτ := | coker h∗| = |σ (Lout)/h∗(τout)|. (3.20)

For a trivial decorated broken line type τ , we set

Nτ := 1, kτ := 1.

Definition 3.21 Fix p ∈ B(Z)\{0}, σ ∈ Pmax, x ∈ Int(σ ) not contained in
any rationally defined hyperplane in σ . We then define

ϑ
log
p (x) =

∑

τ

kτ Nτ t
Az−uτ ∈ k[P+x ]/Ix

where the sum is over all isomorphism classes of decorated broken line types
τ with pτ = p, x ∈ h(τout). Here A is the total curve class of τ , and we
require A ∈ Q\I .
Lemma 3.22 For p ∈ B(Z)\{0}, the number of decorated broken line types
τ with pτ = p, total curve class in Q\I , and Nτ �= 0 is finite. In particular,
the sum defining ϑ

log
p (x) is finite.

Proof As Q\I is finite, there are only a finite number of total curve classes.
Further, there are only a finite number of possibilities for σ (Lout). For each
curve class A and choice of σ (Lout), it follows from [48, Cor. 1.14] that uτ is
determined by p if M (X, τ ) is non-empty. If β is the punctured curve class
given by contact orders p and uτ and curve class A, thenM (X, β) is of finite
type, and there are only a finite number of decorated types τ appearing as the
types of tropicalizations of punctured maps in M (X, β). Thus there are only
a finite number of possible choices of τ with given total curve class A and
σ (Lout) satisfying u(L in) = p and u(Lout) = uτ . ��

4 A correspondence theorem for broken lines

4.1 Broken lines and statement of the correspondence theorem

We first recall the definition of broken lines [39, Def. 3.3] for a wall structure
S on B. We continue to work with the specific choice of (B,P) derived from
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(X, D), a monoid Q ⊂ H2(X) and monoid ideal I ⊂ Q with Q\I finite as
usual.

Definition 4.1 Let γ : (a, b)→ B0 be a path with t ∈ (a, b) such that γ (t) ∈
|S |\ Sing(S ). Let n ∈ ̌γ (t) be a primitive cotangent vector annihilating
the tangent space to |S | at γ (t). Thinking of n as defining a linear function
locally near γ (t)which is zero along |S |, we assume further that n is positive
on γ (t−ε, t) and negative on γ (t, t+ε) for some ε > 0. Suppose γ (t−ε) ∈ σ ,
γ (t+ ε) ∈ σ ′ with σ, σ ′ ∈Pmax. Given an expression azm with a ∈ k[Q]/I ,
m ∈ σ , 〈m, n〉 > 0, we define a result of transport along γ of azm to be
ai zmi chosen as follows. Write

f 〈n,m〉γ (t) · tσ,σ ′(azm) =
∑

i

ai z
mi

inside (k[Q]/I )[σ ′ ], with the mi ∈ σ ′ mutually distinct. We then take
ai zmi to be one of the terms in this sum. Here t is as defined in (3.7) and fγ (t)
is as defined in (3.8), which may be viewed via transport as an element of
(k[Q]/I )[σ ′ ].
Definition 4.2 A broken line for a wall structure S on (B,P) is a proper
continuous map

β : (−∞, 0] → B0

with image disjoint from Sing(S ), along with a sequence −∞ = t0 < t1 <

· · · < tr = 0 for some r ≥ 1 with β(ti ) ∈ |S | for 1 ≤ i ≤ r − 1, and for
each i = 1, . . . , r an expression ai zmi with ai ∈ k[Q]/I , mi ∈ β(t) for any
t ∈ (ti−1, ti ), subject to the following conditions:
(1) β|(ti−1,ti ) is a non-constant affinemapwith image disjoint from |S |, hence

contained in the interior of some σ ∈ Pmax, and β ′(t) = −mi for all
t ∈ (ti−1, ti ).

(2) For each i = 1, . . . , r − 1 the expression ai+1zmi+1 is a result of transport
of ai zmi along β|(ti−1,ti+1).

(3) a1 = 1.

The asymptotic monomial of β ism1. Note that since β((−∞, t1]) is an affine
half-line contained in a cone σ ∈ P , we may identify m1 with an integral
point of σ , and hence view m1 ∈ B(Z).

Given a broken line β, we write aβ = ar , mβ = mr .

Remark 4.3 This only differs in one way from [39, Def. 3.3], namely the
requirement that a1 = 1. In [39], broken lines satisfying this additional con-
dition are called normalized broken lines. As we never use any other type of
broken line here, we include this in the definition.
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Broken lines define theta functions:

Definition 4.4 Fix p ∈ B(Z)\{0}, σ ∈ Pmax, x ∈ Int(σ ) not contained in
any rationally defined hyperplane in σ . We then define

ϑp(x) =
∑

β

aβz
mβ ∈ k[P+x ]/Ix ,

where the sum is over all broken lines β with asymptotic monomial p and
β(0) = x .

We note this sum is finite, e.g., by [39, Lem. 3.7].
The main result of this section may now be stated as:

Theorem 4.5 For p ∈ B(Z)\{0}, σ ∈Pmax, x ∈ Int(σ ) not contained in any
rationally defined hyperplane, we have

ϑp(x) = ϑ
log
p (x).

Before proving this theorem, we first recast it as a tropical correspondence
theorem between broken lines and punctured log curves. To do so, we need
to deal with a certain amount of book-keeping. To this end, we first refine the
notion of broken line. This refinement keeps track of which wall types cause
the bending of the broken line.

Definition 4.6 A decorated broken line forScan is a proper continuous map

β : (−∞, 0] → B0

with image disjoint from Sing(Scan), along with a sequence−∞ = t0 < t1 <

· · · < tr = 0 for some r ≥ 1 with β(ti ) ∈ |Scan| for 1 ≤ i ≤ r − 1, along
with additional data:

(i) For each i = 1, . . . , r an expression ai zmi with ai ∈ k[Q]/I , mi ∈ β(t)
for any t ∈ (ti−1, ti ).

(ii) For each i = 1, . . . , r − 1, let Si := {pτ ∈ Scan |β(ti ) ∈ pτ }. Then we
are given in addition a function μi : Si → N.

This data is subject to the following conditions:

(1) β|(ti−1,ti ) is a non-constant affine map, and β ′(t) = −mi for all t ∈
(ti−1, ti ).

(2) Define the support ofμi to be the subset ofSi on whichμi takes non-zero
value. Then the support of μi must be finite, and non-empty if β(ti ) lies
in the interior of a maximal cone of P . Further, if β(t) ∈ ρ ∈ P [n−1],
then t = ti for some i .
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(3) For each i = 1, . . . , r − 1, if β(ti − ε) ∈ σ , β(ti + ε) ∈ σ ′, we have

ai+1zmi+1 = tσ,σ ′(ai z
mi )

∏

pτ∈Si

(〈ni ,mi 〉kτWτ t Az−uτ )μi (pτ )

μi (pτ )! . (4.1)

Here ni ∈ ̌β(ti ) is primitive, vanishing on the tangent space to |Scan| at
β(ti ), and positive on mi .

(4) a1 = 1.

Remark 4.7 There are a couple of points of distinction between the above
definition and Definition 4.2. First, it is possible that β(t) ∈ |Scan|with t �= ti
for any i provided β(t) lies in the interior of a maximal cell. Second, the
data of the μi completely determines the change of monomial. To explain the
expression (4.1), note that by the description (3.13) of Scan,

f 〈ni ,mi 〉
β(ti )

= exp
(∑

pτ∈Si
〈ni ,mi 〉kτWτ t Az−uτ

)

=∑
μi

∏
pτ∈Si

(〈ni ,mi 〉kτWτ t Az−uτ )μi (pτ )

μi (pτ )!

where the sum is over all functions μi : Si → N with finite support. Thus
(4.1) arises from one of the summands, and if β(ti ) falls in the interior of a
maximal cell, we do not allow the trivial summand 1 (with μi ≡ 0). This
would correspond, in Definition 4.2, to a situation where ai zmi = ai+1zmi+1 .

It is then clear that we have a refined description

ϑp(x) =
∑

β

aβz
mβ ∈ k[P+x ]/Ix

as a sum over decorated broken lines with asymptotic monomial p ∈ B(Z)

and β(0) = x . Each term in the summation of Definition 4.4 is now split up
into a sum over a number of decorated broken lines.

Construction 4.8 We may now associate to a decorated broken line β an
isomorphism class of a decorated broken line type τβ = (Gβ, σ β,uβ,Aβ).
This is done as follows.

First,we adopt the following notation. For each pτ ∈ Si , write (Gτ , στ ,uτ )

and Aτ for the data giving the decorated type τ . Let Lout,τ ∈ L(Gτ ) be the
unique leg, adjacent to a unique vout,τ ∈ V (Gτ ).

The graph Gβ has a spine comprising of the legs L in and Lout and the edges
E1, . . . , Er−2 and their vertices v1, . . . , vr−1, with the vertices of Ei being vi ,
vi+1 and the vertices of L in and Lout being v1 and vr−1 respectively. At the
vertex vi we glue μi (pτ ) copies of Gτ to vi along the unique leg of Gτ .
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Next,we defineσβ as follows.Wedefineσβ(vi ) orσ β(Ei ) to be theminimal
cone of P containing β(ti ) or β((ti , ti+1)) respectively, and σ β(L in) and
σ β(Lout) to be the minimal cones containing β((−∞, t1)) or β((tr−1, tr ))
respectively. Further, for each i , pτ ∈ Si , we may view each of the μi (pτ )

copies of Gτ as a subgraph of Gβ , and we take σ β to agree with στ on each
copy of Gτ .

To define uβ , we again take it to agree with uτ on any copy of Gτ , and take
uβ(Ei ) = −mi+1 with Ei oriented from vi to vi+1.We also set uβ(L in) = m1,
uβ(Lout) = −mr (using the standard convention that legs are oriented away
from their vertex).

This defines the global type τβ . For the decoration Aβ , it similarly agrees
with Aτ on each copy of Gτ . If v = vi , we take Aβ(vi ) = 0 if β(ti ) lies in the
interior of a maximal cell of P , but if β(ti ) ∈ Int(ρ) with ρ ∈ P [n−1], then
we take Aβ(vi ) = 〈ni ,mi 〉[Xρ] ∈ H2(X).

Lemma 4.9 Let β be a decorated broken line with x = β(0) ∈ Int(σ ), σ ∈
Pmax, x not contained in any rationally defined hyperplane. Then τβ is a
decorated broken line type.

Proof Condition (1) of Definition 3.19 is immediate.
For condition (2), we first show τβ is realizable, i.e., there is a tropical

map h : Gβ → �(X) of type τβ . On the spine G ′β of Gβ , consisting of
vertices v1, . . . , vr−1, edges E1, . . . , Er−2 and legs L in, Lout, we define h
to agree with β, extending β linearly on Lout if necessary. For each i and
for each pτ ∈ Si , τ is a wall type, and hence is realizable with an n − 2-
dimensional universal family with output leg tracing out the wall pτ . Further,
β(ti ) ∈ Int(pτ ). Thus there is a unique tropical map hτ : Gτ → �(X) of type
τ with β(ti ) ∈ hτ (Lout,τ ). Thus we may define h restricted to any copy of Gτ

in Gβ to be given by hτ , appropriately truncating the edge Lout,τ as necessary.
This shows realizability.

Next, we observe that τβ is balanced. Because this is true for each wall type
τ appearing in τβ , this only needs to be checked at the vertices vi , but such
balancing follows from (4.1). Indeed, by considering exponents, that equation
tells us that

mi+1 = mi −
∑

pτ∈Si

μi (pτ )uτ ,

which is the balancing condition at vi given the specified contact orders in
Construction 4.8 of edges adjacent to vi . In the relative case, we also need to
verify that�(g)◦ h is balanced as a map to�(S) = R≥0. However, this again
holds at all vertices of Gβ except for the vi ’s because the same is assumed true
of the wall types τ . At a vertex vi , the result follows from the balancing in B
and the fact (Lemma 1.15) that gtrop is an affine submersion.
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For condition (3), observe that, by elementary convex geometry, β varies
in an n-dimensional family: each β(ti ) is constrained to live in an n − 1-
dimensional subspace, and the location of β(t1) and the mi completely
determine the map β, up to the location of β(0), which gives an extra param-
eter. In particular, the dimension of the universal family of tropical maps of
type τβ is then clearly n − 1, and h(τβ,out) is n-dimensional. This shows τβ is
a broken line type. ��

We note that the broken line type τβ had a very specific form for the curve
classes associated to the vertices vi . We codify this as follows:

Definition 4.10 Let τ = (G, σ ,u,A) be a decorated broken line type with
spine G ′ ⊆ G (see Definition 2.4), the latter having vertices v1, . . . , vr−1
and edges Ei with vertices vi , vi+1. By Lemma 2.5, σ (vi ) ∈P [n] ∪P [n−1].
We say τ is admissible if A(vi ) = 0 whenever σ (vi ) ∈ P [n], and A(vi ) =
|〈ni ,u(Ei )〉|[Xσ (vi )] whenever σ (vi ) ∈ P [n−1], where ni ∈ ̌x for x ∈
Int(σ (vi )) is a choice of primitive normal vector to σ (vi ).

By construction, if β is a decorated broken line, then τβ is admissible. The
following is immediate from Lemma 2.3:

Lemma 4.11 Let τ be a decorated broken line type. Then Nτ �= 0 implies
that τ is admissible.

We now reverse the procedure of Construction 4.8 and go from decorated
broken line types to decorated broken lines.

Construction 4.12 Let τ = (G, σ ,u,A) be a decorated broken line type, h
the universal tropical map parameterized by the cone τ , and x ∈ Int(h(τout)).
We may construct a broken line βτ ,x as follows. There exists a unique s ∈
Int(τ ) such that x ∈ hs(Lout). Let G ′ be the spine of G. Label the vertices
of G ′ as v1, . . . , vr−1 with L in adjacent to v1, Lout adjacent to vr−1, and
edges E1, . . . , Er−2, with Ei having vertices vi and vi+1. Shrink Lout so that
the non-vertex endpoint of Lout maps to x under hs . We may then choose an
identificationψ : R≤0 → G ′ with the following property. Let ti ∈ R≤0 satisfy
ψ(ti ) = vi , 1 ≤ i ≤ r − 1, take tr = 0, and set βτ ,x = hs |G ′ ◦ ψ . We require
that condition (1) of Definition 4.6 is satisfied for βτ ,x with mi = −u(Ei ),
with Ei oriented from vi to vi+1. Note by construction that βτ ,x (0) = x .

We now specify the decorations, notably the functionsμi . LetGi1, . . . ,Gisi
be the closures of the connected components of G\{vi } not containing L in or
Lout. These are the graphs attached to vi but only intersecting G ′ at vi . We
view the edge of Gi j adjacent to the vertex vi as a leg Li j,out of Gi j , so that
vi is not a vertex of Gi j . This gives rise to decorated types τ i1, . . . , τ isi by
restriction of σ ,u,A to each graph Gi j .
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We claim that each τ i j is a wall type. Indeed, condition (1) of Definition 3.6
is immediate except for the statement that u(Li j,out) �= 0, which we rule
out below. For condition (2), note τ i j is realizable and balanced since τ is
realizable and balanced.

For condition (3), let hi j : �(Gi j , �i j ) → �(X) be the universal trop-
ical map of type τ i j , defined over the cone τi j . First note that necessarily
h(τvi ) ⊆ hi j (τi j,out), and by Lemma 2.5, (2), dim h(τvi ) = n − 1. Thus
dim hi j (τi j,out) ≥ n − 1. However by Lemma 2.5, (1), still assuming that
u(Li j,out) �= 0, dim hi j (τi j,out) ≤ n − 1 and thus this dimension is n − 1, as
desired.

Suppose now that dim τi j > n − 2. Thus for any fixed s′ ∈ Int(τ ), there
is a positive dimensional subset ω ⊆ τi j such that for s′′ ∈ ω, hs′(vi ) ∈
hi j,s′′(Li j,out), where Li j,out is the unique leg of Gi j . Thus for each point
y ∈ h(τvi ), there is a positive dimensional family of tropical maps of type
τ taking vi to y. Again since dim h(τvi ) = n − 1, this shows dim τ ≥ n, a
contradiction.

We now eliminate the case that u(Li j,out) = 0. Indeed, if this is the case
and v is the unique vertex of Li j,out in Gi j , then hi j (τi j,v) = hi j (τi j,Li j,out),
and this is again n − 1-dimensional as above. Thus dim τi j ≥ n − 1. On the
other hand, if Ei j is the edge of G corresponding to the leg Li j,out of Gi j , we
have u(Ei j ) = u(Li j,out) = 0, so the length of Ei j is arbitrary, and thus we
obtain again that dim τ ≥ n. Thus we conclude that τ i j is a wall type.

We may now define μi : Si → N by defining, for pτ ′ ∈ Si , μi (pτ ′) =
|{ j | τ i j � τ ′}|.

Having defined theμi , (4.1) defines themonomials ai zmi . There is one thing
to check: as we have already defined mi in terms of u, we need to check that
(4.1) yields the same values formi . However, this is immediate inductively by
balancing at the vertices vi .

Hence we have constructed a decorated broken line βτ .

Constructions 4.8 and 4.12 now immediately give:

Proposition 4.13 Given x ∈ B0 not contained in any rationally defined hyper-
plane and p ∈ B(Z)\{0}, there is a one-to-one correspondence

{β |β is a decorated broken line with endpoint x

and asymptotic monomial p}
↔

{
τ

∣
∣
∣
τ is an isomorphism class of admissible decorated

broken line types with x∈Int(h(τout)) and pτ=p

}

given by β �→ τβ , τ �→ βτ ,x .

The key result, to be proved via gluing of punctured curves in the next
subsection, is then:
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Theorem 4.14 Let τ be an admissible decorated broken line type, and let
βτ ,x be the corresponding broken line with endpoint x ∈ Int(h(τout)). Then
we have

aβτ ,x z
mβτ ,x = kτ Nτ t

Az−uτ ,

where A is the total degree of τ .

Proof of Theorem 4.5 given Theorem 4.14. This follows immediately from
the definitions Definition 4.4 and 3.21 of the two types of theta functions,
Proposition 4.13, and Theorem 4.14. ��

4.2 Proof of the correspondence theorem, Theorem 4.14

The proof is by induction on the length of βτ ,x , that is, the number r ≥ 1 in
Definition 4.2. The base case r = 1 is the case of a straight broken line ending
at some point x in the interior of a maximal cell. The corresponding broken
line type is then a trivial one τ in without a vertex and trivial curve class A = 0.
Thus Nτ = 1, kτ = 1 by definition and the claimed equality holds trivially.

For the inductive step, let τ = (τ,A), τ = (G, σ ,u) be an admissible
decorated broken line type as in the theorem, with associated broken line βτ ,x
of length r . Let v ∈ V (G) be the vertex adjacent to Lout, τv ∈ �(G, �) the
corresponding cone and σp = σ (v) the smallest cell containing h(τv). Here we
denote by p the set-theoretic intersection of all walls or codimension one cells
ofP containing h(τv). Thus p is a polyhedral subset of B of dimension n−1.
Note that dim σp ∈ {n−1, n}, andwe refer to the two cases as codimension one
and codimension zero, respectively.Wework in an affine chart of B0 containing
Int σp, with denoting the lattice of integral tangent vector fields byp ⊂ 

the corank one lattice of vectors tangent to h(τv). Let Ein ∈ E(G) be the
unique edge adjacent to v and belonging to the spine of τ , and E1, . . . , El
the remaining edges adjacent to v, all oriented toward v. The case l = 0
means that no such edges are present and then E1, . . . , El denotes the empty
sequence. Denote further uin = u(Ein), uout = u(Lout) = uτ , ui = u(Ei ),
and σin = σ (Ein) the maximal cell containing hs(Ein) for all s ∈ τ .

We now split G at all the edges Ein, E1, . . . , El adjacent to v. See [5, Sect.
5.1] for a formal treatment of splitting. Splitting an edge E with vertices v1, v2
leads to a pair of legs that we denote (E, v1), (E, v2). By Construction 4.12
the types obtained from τ after splitting are as follows.

(1) A decorated broken line type τ in = (G in, σ in,uin,Ain), with the unique
leg (Ein, vin) obtained from splitting and uin(Ein, vin) = uin.

(2) Decorated wall types τ i = (Gi , σ i ,ui ,Ai ), i = 1, . . . , l, with legs
(Ei , vi ) ∈ L(Gi ) obtained from splitting, and ui (Ei , vi ) = ui .
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(3) τ 0 = (G0, σ 0,u0,A0), the type of a decorated punctured map with only
one vertex v with σ 0(v) = σp = σ (v), no edges, and legs (Ein, v),
(E1, v), . . . , (El, v), (Eout, v) = Lout with A0(v) = A(v) and

u0(Ein, v)=−uin, u0(Eout, v)=uout, u0(Ei , v)=−ui , i = 1, . . . , l.

As usual the corresponding undecorated types are denoted τin and τi , i =
0, 1, . . . , l. Grouping together identical τ i we may relabel and assume the τ i
are pairwise non-isomorphic, but each τ i to occur μi -times in the splitting for
some μi ∈ N.

The propagation rule (4.1) for monomials in the definition of decorated
broken lines (Definition 4.6) together with the induction hypothesis shows that
the claimed equality aβτ z

mβτ = kτ Nτ t Az−uout is equivalent to the following

kτ Nτ t
Az−uout = kτinNτ in t

Ain td[Xσp ]z−uin ·
l∏

i=1

(
dkτi Wτ i t

Ai z−uτi
)μi

μi ! . (4.2)

Note that [Xσp] = 0 in the codimension zero case and [Xσp] is the class of the
curve corresponding to the (n − 1)-cell containing p in the codimension one
case. Furthermore,

d = |δ(uin)| (4.3)

for δ : → Z the quotient byp, and kτin , kτi are defined in (3.20) and (3.10),
respectively.

To prove this equality, we employ the numerical splitting formula for
punctured Gromov–Witten invariants proved by Wu [82] and recalled in the
appendix. AssumptionA.1 of toric gluing strata is trivially fulfilled in the codi-
mension zero case, while in codimension one it follows from Lemma 1.10. In
the following discussion,we freely use the notation introduced in the appendix,
but note that we do not split all edges of τ , but just the subset E(G, v) ⊆ E(G)

of l+1 edges adjacent to v. Thus for any E ∈ E(G, v) the vector space (E )R
holding the E-component of the displacement vector equalsR. For the time
being we also revert to the original labelling of the τ i with possibly several
identical wall types. The numeratorμi ! in (4.2) arises only at the very endwhen
taking the automorphism group of the glued decorated type τ into account.

To invoke Theorem A.4 we need to choose a general displacement vector
ν = (νE )E∈E(G,v) and then determine the corresponding set�(ν) of decorated
transverse types

(ωin,ω0,ω1, . . . ,ωl)

for ν, withω• a decorated typemarked by τ•. Lemma 4.15 below shows that for
a certain choice of ν there is a unique decorated transverse typewithωin = τ in,
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ωi = τ i for all i , and with

ω0 = (Ĝ0, σ̂ 0, û0, Â0) = (ω0, Â0) (4.4)

a certain maximal decorated global type marked by τ 0. If l = 0 we take
ω0 = τ 0. To define ω0 for l ≥ 1, assume first σp = σin, that is, we are in the
situation of codimension zero. Take for Ĝ0 the graph with l trivalent vertices
v′1, . . . , v′l connected in the given order by l − 1 edges E ′1, . . . , E ′l−1 to form
a chain, and with legs distributed as

(Ein, v
′
1), (Eout, v

′
l), (Ei , v

′
i ), i = 1, . . . , l,

see Fig. 3. The notation Ein, Ei , Eout indicates that we identify these legs
with the legs of τ0 via the contraction morphism ω0 → τ0 contracting all
edges of ω0. All strata are given by σin and the contact orders for each edge
are determined inductively from the contact orders u0 of τ0 by enforcing the
balancing condition Lemma 2.1. Necessarily Â0 = 0.

If σp is of codimension one, we further split v′l into two vertices v′l and v′out
connected by another edge E ′l , with σ̂ 0(v

′
out) = σp, and the legs at v′l and v′out

distributed as (El, v
′
l), (Eout, v

′
out). For l = 1 the leg (Ein, v

′
1) = (Ein, v

′
l) is

also adjacent to v′l . The other strata are forced to be one of the twomaximal cells
σin = σ (Ein, v) or σ (Lout) containing σp, namely σ̂ 0(Eout, v

′
out) = σ (Lout)

and all other strata equal to σin. The curve classes are determined by the
contraction morphism as

Â(v′out) = A(v) = d · [Xσp]

and all other curves classes trivial. Note that in any case the curve classes
are determined by the contraction morphism. It is therefore enough to drop
the decoration in the following classification of transverse types according to
Definition A.2.

Lemma 4.15 There exists a displacement vector ν = (νE )E ∈ ∏
E∈E(G) R

that is general for τ such that any ν-transverse type ω for τ (Definition A.2,
2) withM (X, ω′0) �= ∅, for ω′0 the part of ω marked by τ0, is isomorphic to

ω = (τin, τ1, . . . , τl, ω0),

where ω0 is as described in (4.4).

Proof Take the quotient δ :  → Z by p to evaluate non-negatively on
vectors pointing from p to the incoming direction, and let m ∈  be a vector
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with δ(m) = 1. Then in particular  = p ⊕ Zm. Choose ν1, . . . , νl ∈ R

with

ν1 > · · · > νl > 0,

and define

νEin = 0, νEi = νi · m, i = 1, . . . , l.

Thus νEi = (0, νi ) when identifying  with p ⊕ Z. Following the interpre-
tation in Remark A.3 of �(ν), we have to show that any ν-broken tropical
punctured map marked by τ fulfilling M (X, ω′0) �= ∅ has components of
types

ωin = τin, ω1 = τ1, . . . , ωl = τl, ω0.

We first consider the component marked by τ0. Denote this component by
ω′0 = (G ′0, σ ′0,u′0) and by

(Ein, v
′
in), (Eout, v

′
out), (E1, v

′
1), . . . , (El, v

′
l)

the legs, with some of the vertices v′in, v′1, . . . , v′l, v′out possibly coinciding.
Denote further by E ′1, . . . , E ′r ∈ E(G ′0) the unique sequence of edges con-
necting v′in to v′out, oriented away from v′in. Note also that d = −δ(uin) for d as
introduced in (4.3) and that Ein ∈ E(G) is oriented away from v. Now since
M (X, ω′0) �= ∅, Lemma 2.1 shows that ω′0 fulfills the balancing condition.
Thus u1, . . . , ul ∈ p = ker(δ) implies that the images under δ of the contact
orders of all edges are determined as follows:

−δ(u′0(E)) =
{
d, E = E ′1, . . . , E ′r
0, otherwise.

Moreover, by the perturbedmatching condition (A.9), the fact that the outgoing
vertex for each τi maps to p and the choice of ν1, . . . , νl , it follows that δ
is constant on the subtree connecting the leg (Ei , vi ) to the chain of edges
E ′1, . . . , E ′r , with value νi . Since all νi are disjoint, it follows that all of these
subtrees are disjoint. Note that there are r + 1 vertices on the path connecting
v′in and v′out (including these latter two vertices). Thus necessarily r + 1 ≥
l. However, if dim σp = n − 1, σ ′0(Ein, v

′
in) and σ ′0(Eout, v

′
out) are distinct

maximal cones containing σp, and thus there must be at least one vertex v′j
on this path contained in σp. By the choice of displacement vectors, none of
the subtrees connecting an edge (Ei , vi ) to the chain of edges E ′1, . . . , E ′r is
connected to v′j . Thus in this case, r ≥ l.
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Now by the dimension formula (A.8) we require

dim ω̃in + dim ω̃′0 +
∑l

i=1 dim ω̃i (4.5)

= dim τ̃ +
∑

E

rk = (n + l)+ (l + 1) · n = ln + 2n + l.

Note that if dim σp = n, then dimω′0 ≥ n + r , as there is an n-dimensional
choice of location for one vertex, and an additional choice of length for the
edges E ′1, . . . , E ′r . Thus, in this first case, dim ω̃′0 ≥ n + r + l + 1. On the
other hand, if dim σp = n−1, then dimω′0 ≥ n−1+ r , as there is an (n−1)-
dimensional choice of location for the vertex v′j . Thus, in this second case,
dim ω̃′0 ≥ n + r + l. The left-hand side of (4.5) now has dimension at least

{
n + (n + l + r + 1)+ l · (n − 1) = ln + 2n + r + 1, dim σp = n

n + (n + l + r)+ l · (n − 1) = ln + 2n + r, dim σp = n − 1.

Note in both cases, this quantity is then ≥ ln + 2n + l, with equality with
the right-hand side of (4.5) precisely if r + 1 = l or r = l in the two cases,
ωin = τin, ωi = τi , i = 1, . . . , l, and the mentioned subtrees in ω′0 trivial.
Comparingwith the right-hand side of (4.5) shows thatwe indeedhave equality.
In particular, G ′0 agrees with the graph G0 in (4.4). Then also σ ′0 = σ̂ 0 since
each vertex, except v′out in the codimension one case, maps to the maximal cell
σ (Ein). Furthermore, the contact orders u′0 agree with û0 due to the balancing
condition.

Taken together this showsω′0 = ω0, and hence (τin, τ1, . . . , τl, ω0) is indeed
the only transverse type for ν. ��

It remains to compute the multiplicity m(ω) = m(ω) occurring in Theo-
rem A.4.

Lemma 4.16 The multiplicity according to Definition A.2, (3) for the single
element ω = (τin, τ1, . . . , τl, ω0) of �(ν) in Lemma 4.15 equals

m(ω) =
{
k−1τ kτin

∏l
i=1(dkτi ), dim σp = n

dk−1τ kτin
∏l

i=1(dkτi ), dim σp = n − 1.

Proof The multiplicity in question is the index of im(�gp), where

� : (̃τin)Z × (ω̃0)Z ×∏l
i=1(̃τi )Z → ×l

is the map describing the matching at the gluing edges, denoted εω0 in (A.7).
In particular, �−1(0) = τ̃ is the enlarged basic cone for the glued type τ . For
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the case of a trivial incoming broken line type define τ̃in as the maximal cone
containing the incoming vector and� on this factor as the inclusion to the first
copy of .

We first treat the case dim σp = n. In this case, by the description of the
type ω0, we can write

(ω̃
gp
0 )Z = × Z

l × Z× Z
l−1 = × Z

l × Z
l, (4.6)

with the Z-factors holding the lengths

�1, . . . , �l, �in, �
′
1, . . . , �

′
l−1

of the legs (E1, v
′
1), . . . , (El, v

′
l), (Ein, v

′
1) and edges E ′1, . . . , E ′l−1, in this

order, while the -factor records the image of the point on the incoming leg.
For uniformity of notation write E ′0 = (Ein, v

′
1), u

′
0 = uin, �′0 = �in and

u′i = û0(E ′i ) = uin + u1 + · · · + ui , i = 1, . . . , l − 1.

Thus the image of v′i ∈ V (Ĝ0) under the tropical punctured map of type ω0
defined by

(m, �1, . . . , �l, �
′
0, . . . , �

′
l−1) ∈ × Z

l × Z
l

equals

m + �′0u′0 + �′1u′1 + . . .+ �′i−1u′i−1.

Denote further by evin : (̃τ gpin )Z →  and evi : (̃τ gpi )Z → p ⊂  the linear
extensions of the evaluation maps at the point on the respective unique leg.

We first compute the cokernel Q of the restriction of �gp to

(̃τin)
gp × ({0} × Z

l)×
l∏

i=1
(̃τi )

gp.

The further restriction to the subspace spanned by the last copy of Z in (4.6)
and (̃τl)

gp leads to the map

εl : Z× (̃τ
gp
l )Z → , (�′l−1, hl) �−→ evl(hl)− �′l−1 · u′l−1
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to the last copy of in the codomain of�gp. Now since |δ(u′l−1)| = d we can
fit εl into the diagram with exact rows and injective columns

0 (̃τ
gp
l )Z

evl

Z× (̃τ
gp
l )Z

εl

Z

·d

0

0 p  Z 0.

(4.7)

The cokernel of evl having order kτl , the snake lemma implies | coker(εl)| =
d · kτl . An induction on l thus shows that |Q| equals ∏l

i=1
(
dkτi

)
times the

order of the cokernel of the case l = 0, which is | coker(evin)| = kτin . We have
thus shown ∣

∣Q
∣
∣ = kτin

∏l
i=1(dkτi ). (4.8)

To finish the computation of
∣
∣ coker�gp

∣
∣, consider the following diagram

with exact rows and columns and with the obvious maps.

0 0

0 (̃τ
gp
in )Z × {0} × Z

l ×∏l
i=1 (̃τ

gp
i )Z ×l Q 0

0 τ̃
gp
Z

α

(̃τ
gp
in )Z × (ω̃

gp
0 )Z ×

∏l
i=1 (̃τ

gp
i )Z

�gp
×l coker(�gp) 0

0 × Z
l × Z

l 0 0

0 0

The snake lemma yields the exact sequence

0 −→ τ̃
gp
Z

α−→ × Z
l −→ Q −→ coker(�gp) −→ 0. (4.9)

Note also that τ̃ gp
Z
= τ

gp
Z
× Z × Z

l with the Z-factors from the additional
points at the l + 1 gluing edges, and the map α is a product of the injection of
lattices

ᾱ : τ gp
Z
× Z → , (h, λ) �−→ V (h)− λ · uin

and idZl . Here V : τ gp
Z
→ p is the evaluation at the outgoing vertex. Replac-

ing uin in this formula by uout yields evout : τ gpZ
× Z →  with index of the

123



1168 M. Gross et al.

image defining kτ . But |δ(uout)| = |δ(uin)| = d. By considering two diagrams
similar to (4.7), it follows that

| coker(α)| = | coker(ᾱ)| = | coker(evout)| = kτ .

Together with (4.8) the exact sequence (4.9) thus yields

m(ω) = ∣
∣ coker(�gp)

∣
∣ = k−1τ · |Q| = k−1τ kτin

∏l
i=1(dkτi ),

as claimed.
If dim σp = n − 1 we have an additional vertex v′out mapping to σp and an

additional edge E ′l connecting v′l to v′out, with contact order u′l . Thus in this
case we have

(ω̃0)
gp
Z
= p × Z

l × Z× Z
l,

with p recording the position of v′out in p. We can now exhibit (ω̃0)
gp
Z

as a
sublattice of × Z

l × Z
l from (4.6) by the map

! : p × Z
l × Z

l+1 −→ × Z
l × Z

l,

(m, �1, . . . , �l, �
′
0, . . . , �

′
l) �−→

(
m −∑l

i=0 �′i u′i , �1, . . . , �l, �′0, .., �′l−1
)
.

Here u′0 = uin, �′0 = �in are defined analogously to the codimension zero
case. Since the images of u′i in /p � Z generate dZ, we see that ! is an
inclusion of lattices of index d. The stated formula in codimension one now
follows by observing that �gp is the composition of �gp in the codimension
zero case with id(τ̃in)Z ×! × id∏

i (τ̃i )Z
. ��

Finally we need to compute one simple punctured invariant.

Lemma 4.17

deg
[
M (X,ω0)

∣
∣virt =

{
1, codim σp = n

1/d, codim σp = n − 1.

Proof The graph Ĝ0 given by ω0 is a chain with l or l + 1 trivalent vertices of
genus 0, depending if dim σp = n or dim σp = n − 1. In any case, l vertices
are marked by σin, the maximal cell containing the image of Ein. Thus if
dim σp = n, the underlying stable maps in M (X,ω0) are contracted trees of
l copies of P

1 with three special points each, with l − 1 pairs of such special
points identified at the nodes. With the labelling of the l+ 2 remaining points,
this is a rigid curve with trivial automorphism group. Moreover, the pull-back
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of �X is trivial. Hence M (X,ω0) is a reduced point, giving the result in the
case dimp = n.

In the codimension one case, p is contained in the (n− 1)-cell ρ = σp with
stratum Xρ ⊂ X isomorphic to P

1 and MX |Xρ admitting a lift of the torus
action. In particular, it holds �X |Xρ � On

P1 . The incoming and outgoing legs
ofG0 are labelled by the maximal cells σin, σ (Lout) ∈ �(X) containing ρ. By
the description ofω0, only the outgoing vertex maps to ρ, all others map to σin.
Thus the stable maps underlying objects inM (X,ω0) are contracted trees of
l copies of P

1 with three special points each as before, joined at the outgoing
point with another copy of P

1 mapping to Xρ � P
1. The tropical picture

shows that the map P
1 → P

1 is totally branched at the two zero-dimensional
strata Xσin , Xσ (Lout) ⊂ Xρ with branching order d = |δ(uin)| the constant
from (4.3). Hence the associated curve class is d · [Xρ] (as follows also from
Lemma 2.3). Thus there is a unique underlying stable map over W = Speck.
Arguing similarly as in [48, Claim 3.22], there is then a unique enhancement,
up to isomorphism, of this underlying stable map to a basic punctured map
f : C◦/W → X of type ω0 with W = Speck. Moreover, by the triviality
of�X |Xρ this is again a logarithmically unobstructed and rigid situation, now
with automorphism group μd . Hence M (X,ω0) is the quotient of a reduced
point by μd , proving the stated result. ��

Proof of (4.2) For applying the gluing formula we now use the labelling with
pairwise different τi and multiplicities μi . Let

δ :M (X, τ )→M (X, τ in)×M (X, τ 0)×
l∏

i=1
M (X, τ i )

μi

be the splitting map from (A.1) for τ . Applying Theorem A.4 with the general
displacement vector ν from Lemma 4.15 and noting that Aut(ω/τ ) = {1}
yields

δ∗
[
M (X, τ )

]virt = m(ω) · [M (X, τ in)
virt]× ( jω0)∗[M (X,ω0)]virt

×
l∏

i=1

[
M (X, τ i )

μi
]virt

. (4.10)

Next observe

Aut(τ ) � Aut(τ in)×
l∏

i=1

(
Aut(τ i ) � Sμi ),
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with the symmetric group Sμi acting by permutation of the μi copies of τ i
attached at v. Taking degrees in (4.10) and applying Lemma 4.17, plugging
in m(ω) from Lemma 4.16, multiplying by kτ , and dividing by |Aut(τ )| now
leads to

kτ Nτ = kτin ·
∏l

i=1(dkτi )μi · deg[M (X, τ in)]virt
|Aut(τ in)| ·

l∏

i=1

deg[M (X, τ i )
μi ]virt

|Aut(τ i ) � Sμi |

= kτinNτin ·
l∏

i=1

(dkτi Wτ i )
μi

μi ! .

The total curve class and contact orders are computed from the decorations as

A = Ain + d[Xσp] +
l∑

i=1
μi Ai ,

and

uout = uin +
l∑

i=1
μi ui .

The last three equalities together imply the claimed scattering equation (4.2).
��

5 Consistency of the canonical wall structure

We now prove the main result of the paper, namely that Scan is a consistent
wall structure. The actual definition of consistency, while summarized in [39,
Def. 3.9], is a bit complicated. However, the main point of the definition is to
enable the constructionof so-called theta functions. In otherwords, consistency
guarantees that the local description ϑp(x) for theta functions patch together
to give global functions on a scheme constructed from the wall structure.

Here, we proceed in the opposite direction.Wewill first show that the ϑp(x)
satisfy the necessary patching criteria, and then show this patching implies
consistency as defined in [39, Def. 3.9].

5.1 Patching of theta functions

As the discussion from now on largely follows the notions of [39], we now
adopt the conventions and notation of that paper with regards to wall struc-
tures. In particular, we now work with a wall structureS satisfying precisely
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the properties of [39, Def. 2.11,2], by assuming that the walls of S com-
prise the codimension one cells of a polyhedral cone refinement PS of P .
As mentioned in Remark 3.4, this may be achieved for Scan by subdividing
walls, combining walls with the same support, and adding walls with attached
function 1 if necessary. In particular, as in [39], we use the notation u for a
maximal cell of PS and b for a codimension one cell of PS contained in
ρ ∈P [n−1]. We call u a chamber and b a slab or codimension one wall, while
we call those walls intersecting the interior of a maximal cell a codimension
zero wall. A joint j is a codimension two cell inPS , and the codimension of
j is the codimension of the smallest cell of P containing j.

Recalling further notation from [39], if u is a chamber contained in σ ⊆
Pmax, we set

Ru = Rσ := k[P+x ]/Ix = (k[Q]/I )[σ ]

for any point x ∈ Int(u).
Given a codimension zero wall p separating chambers u, u′, we obtain a

k[Q]/I -algebra homomorphism

θp : Ru → Ru′, zm �→ f
〈np,m〉
p zm, (5.1)

where np ∈ Hom(σ ,Z) is the primitive normal vector to p positive on u.
Since fp ≡ 1 mod m and

√
I = m, fp is in fact invertible so that θp is an

automorphism.
For a slab b, after choosing ξ as chosen for the isomorphism (3.3), we define

Rb := (k[Q]/I )[ρ][Z+, Z−]/(Z+Z− − fbt
κρ ),

where fb is the function attached to b. If u, u′ are the adjacent chambers to b,
there are natural localization maps at Z+ and Z− respectively

χb,u : Rb → Ru, χb,u′ : Rb → Ru′, (5.2)

given by

χb,u(t
Azm Za+Zb−) = t A+bκρ zm+(a−b)ξ f bb ,

χb,u′(t
Azm Za+Zb−) = t A+aκρ zm+(a−b)ξ f ab ,

where A ∈ Q and m ∈ ρ . Note that these maps differ from those given in
(3.4), (3.5) only in the powers of fb appearing here.

We may now make precise the notion that the ϑp(x) patch.
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Theorem 5.1 For the canonical wall structure Scan and any p ∈ B(Z)\{0},
we have

(1) If x, x ′ ∈ Int(u) for a chamber u, then

ϑp(x) = ϑp(x
′).

(2) If p is a codimension zero wall separating chambers u, u′, and x ∈ Int(u),
x ′ ∈ Int(u′), then

ϑp(x
′) = θp

(
ϑp(x)

)
.

(3) If b is a slab with adjacent chambers u, u′, x ∈ Int(u), x ′ ∈ Int(u′), then
there exists a unique ϑp(b) ∈ Rb such that

χb,u(ϑp(b)) = ϑp(x), χb,u′(ϑp(b)) = ϑp(x
′).

Proof Step 1: Establishing the setup. We fix p ∈ B(Z)\{0} once and for all.
We work throughout with ϑ

log
p (x) using Theorem 4.5. Let B be the set of

isomorphism classes of decorated broken line types given as

B := {τ = (τ,A) | pτ = p, the total curve class of A

lies in Q\I and Nτ �= 0}.
B is a finite set by Lemma 3.22. Thus we may choose a polyhedral cone
complex PB refining PS with the property that for each τ ∈ B, h(τ out)

is a union of maximal cells u ∈ PB . At the same time, we refine the wall
structureS so that we may takePS =PB .

It is immediate from the definition of the log theta functions that if u ∈PB

is a maximal cone then ϑ
log
p (x) = ϑ

log
p (x ′) for any x, x ′ ∈ Int(u). Thus, it

is now sufficient to verify that if u, u′ ∈ PB are two chambers separated
by a codimension one cell p, then statements (2) or (3) of the theorem hold,
depending on whether p is a codimension zero wall or a slab.

Step 2: Broken lines transversal to p. For y ∈ Int(p), let np ∈ ̌y be
a primitive normal vector to p, positive on u. We may then decompose, for
x ∈ u, x ′ ∈ u′,

ϑ
log
p (x) = ϑ+ + ϑ− + ϑ0

ϑ
log
p (x ′) = ϑ ′+ + ϑ ′− + ϑ ′0

whereϑ+ (resp.ϑ−,ϑ0) consists of a sumof thosemonomialsat Azm appearing
in ϑ

log
p (x) with 〈np,m〉 > 0 (resp. 〈np,m〉 < 0 and 〈np,m〉 = 0). The terms

ϑ ′±, ϑ ′0 are defined analogously.
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Using the broken line description of these theta functions, the now standard
argument of the proof of [36, Thm. 4.12] or [27, Lem. 4.9], shows immediately
that if p is a codimension zero wall, then

θp(ϑ+) = ϑ ′+, θp(ϑ−) = ϑ ′−. (5.3)

We briefly recall the argument. Given a decorated broken line contributing
to ϑ+ with endpoint in u very close to p, we may perturb the broken line by
moving its endpoint to a nearby point in p. We may then add an additional
line segment (or simply extend the final line segment through p) following
the definition of a decorated broken line to obtain a decorated broken line
with endpoint nearby in u′. If this is done in all possible ways, it then follows
from the propagation rule for monomials (4.1) that θp(ϑ+) = ϑ ′+. Finally, any
monomial in ϑ0 or ϑ ′0 has exponent tangent to p, and hence is left invariant
under transport from u to u′. Thus in this case, it is sufficient to show that
ϑ0 = ϑ ′0 under transport tσ,σ ′ .

If p = b is a slab contained in ρ, u ⊆ σ , u′ ⊆ σ ′, then we may write

ϑ+ =
∑

i

ai z
mi+αi ξ , ϑ ′− =

∑

i

a′i zm
′
i−α′i ξ

with ai , a′i ∈ k[Q]/I , mi ,m′i ∈ ρ and αi , α
′
i > 0. We may then define

ϑ+(b) :=
∑

i

ai z
mi Zαi+ , ϑ−(b) :=

∑

i

a′i zm
′
i Z

α′i− .

By construction, χb,u(ϑ+(b)) = ϑ+ and χb,u′(ϑ−(b)) = ϑ ′−. On the other
hand, it follows from exactly the same argument as outlined above and the
formulas for χb,u′(Z+) and χb,u(Z−) of (5.2) that

χb,u′(ϑ+(b)) = ϑ ′+, χb,u(ϑ−(b)) = ϑ−. (5.4)

As before, any monomial in ϑ0 or ϑ ′0 is left invariant under transport from
u to u′. Thus again it is sufficient to show that ϑ0 = ϑ ′0 under transport tσ,σ ′ ,
as the expression

ϑp(b) := ϑ+(b)+ ϑ−(b)+ ϑ0

then satisfies the desired properties.
Step 3: Reduction to a non-virtual linear equivalence relation on moduli

spaces. Let Bu (resp. Bu′) denote the collection of isomorphism classes of
decorated broken line types τ contributing to ϑ0 (resp. ϑ ′0) such that u ⊆
h(τout), u′ � h(τout) (resp. u′ ⊆ h(τout), u � h(τout)). Any other broken line

123



1174 M. Gross et al.

type τ contributing to either ϑ0 or ϑ ′0 must then have u ∪ u′ ⊆ h(τout), and
hence contributes equally to both ϑ0 and ϑ ′0. Hence it is sufficient to show that

∑

τ∈Bu

kτ Nτ t
Az−uτ =

∑

τ∈Bu′
kτ Nτ t

Az−uτ .

Let D be the set of isomorphism classes of degenerate decorated broken
line types (see Definition 3.19) τ ′ for which there exists a τ ∈ B and a
contraction morphism τ → τ ′. Recall that for a degenerate broken line type
τ ′, dim τ ′ = n − 2 and dim hτ ′(τ ′out) = n − 1. Let

Dp := {τ ′ ∈ D | p ⊆ hτ ′(τ
′
out)}.

Note by the defining assumption onPB , if τ ∈ B∪D is a broken line type or
a degenerate broken line type and dim p ∩ h(τout) = n − 1, then p ⊆ h(τout).

For any τ ∈ Bu ∪ Bu′ , since uτ is tangent to p and p is contained in
a codimension one face of h(τout), necessarily there is a unique choice of
contraction morphism of decorated types φ : τ → τ ′ with τ ′ ∈ Dp. Note
further the isomorphism class of τ ′ only depends on the isomorphism class
of τ . This gives maps ! : Bu → Dp, ! ′ : Bu′ → Dp taking τ to the
corresponding degenerate decorated broken line type τ ′. It is now sufficient to
show that for any τ ′ ∈ Dp, we have

∑

τ∈!−1(τ ′)
kτ Nτ =

∑

τ∈(! ′)−1(τ ′)
kτ Nτ . (5.5)

To prove this, we now fix τ ′ ∈ Dp with underlying type τ ′. We consider the
moduli space

Mev(X , τ ′) :=M(X , τ ′)×X X ,

where the morphism M(X , τ ′) → X is given by schematic evaluation at
the section of the universal curve corresponding to Lout. For any contraction
morphism τ → τ ′, we obtain by [5, Prop. 5.19] a Cartesian diagram

∐
τ=(τ,A)M (X, τ )

ετ

ι′τ
M (X, τ ′)

ετ ′

Mev(X , τ )
ιτ

Mev(X , τ ′)

(5.6)

Here the disjoint union is over all decorations τ = (τ,A) of τ such that the
contraction morphism τ → τ ′ induces a contraction morphism τ → τ ′. The
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The canonical wall structure and intrinsic mirror symmetry 1175

maps ιτ , ι′τ are induced by the contraction morphisms τ → τ ′ and τ → τ ′.
Note that

∑

τ∈!−1(τ ′)
kτ Nτ =

∑

τ∈!−1(τ ′)
kτ

deg[M (X, τ )]virt
|Aut(τ )|

=
∑

τ→τ ′
τ=(τ,A)

kτ
deg[M (X, τ )]virt

|Aut(τ )||Aut(τ/τ ′)||Aut(τ/τ ′)|−1

=
∑

τ→τ ′
τ=(τ,A)

kτ
deg[M (X, τ )]virt

|Aut(τ ′)||Aut(τ/τ ′)| .

(5.7)

The last two sums are over (1) isomorphism classes of types τ which
are the underlying type of some element of !−1(τ ′) and (2) decorations
τ = (τ,A) of τ yielding an induced contraction map τ → τ ′. The factor
|Aut(τ/τ ′)||Aut(τ/τ ′)|−1 arises in the third summation because we are now
summing over multiple representatives for an isomorphism class in !−1(τ ′).
Indeed, giving a fixed representative τ equipped with its unique contraction
morphism τ → τ ′, Aut(τ/τ ′) now acts on the set of decorations τ = (τ,A)

of τ such that τ → τ ′ induces a contraction morphism τ → τ ′. The stabi-
lizer of this action is the subgroup Aut(τ/τ ′) ⊆ Aut(τ/τ ′), and hence each
τ ∈ !−1(τ ′) appears |Aut(τ/τ ′)|/|Aut(τ/τ ′)| times in the last two sums.
For the last equality, we use |Aut(τ )| = |Aut(τ/τ ′)||Aut(τ ′)|.

Using (5.6), if we fix τ → τ ′, we may write

∑

τ=(τ,A)

deg[M (X, τ )]virt = deg(ετ )
![Mev(X , τ )].

Thus, with all sums below being over isomorphism classes of broken line types
τ which are the underlying type of elements of !−1(τ ′), the quantity of (5.7)
may now be written as

∑

τ

kτ
deg ι′τ,∗(ετ )![Mev(X , τ )]
|Aut(τ ′)||Aut(τ/τ ′)| =

∑

τ

kτ
deg ε!

τ ′ ιτ,∗[Mev(X , τ )]
|Aut(τ ′)||Aut(τ/τ ′)|

=
∑

τ

kτ
|Aut(τ/τ ′)| deg ε!

τ ′ [Mev
τ (X , τ ′)]

|Aut(τ ′)||Aut(τ/τ ′)|

=
∑

τ

kτ
deg ε!

τ ′ [Mev
τ (X , τ ′)]

|Aut(τ ′)| .
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Here the first equality follows from [65, Thm. 4.1], while the second equality
follows from the morphism ιτ : Mev(X , τ ) → Mev

τ (X , τ ′) being of degree
|Aut(τ/τ ′)|. Thus it will be sufficient to show the following relation in the
codimension one Chow group ofMev(X , τ ′)

∑

τ→τ ′
u⊆hτ (τout)

kτ [Mev
τ (X , τ ′)] =

∑

τ→τ ′
u′⊆hτ (τout)

kτ [Mev
τ (X , τ ′)], (5.8)

where the sums are over isomorphism classes of broken line types τ with a
contraction morphism τ → τ ′ and with the stated inclusion.

Step 4: Evaluation maps and local structure of moduli spaces. We con-
tinue with τ ′ ∈ Dp fixed as in the previous step. If C◦ → M(X , τ ′) is the
universal punctured curve over the moduli space M(X , τ ′), with section xout
corresponding to the leg Lout, we write

M̃(X , τ ′) := (M(X , τ ′), x∗outMC◦)
sat,

the saturation of the log structure of C◦ pulled back via xout: see [5, Sect. 5.2].
Denote the reduction by

M(X , τ ′) := M̃(X , τ ′)red.

By [5, Prop. 5.5], the composition M(X , τ ′) → M̃(X , τ ′) → M(X , τ ′)
induces an isomorphism on underlying stacks, asM(X , τ ′) is already reduced
by [5, Prop. 3.28].

By composing the universal morphism f : C◦ → X with the section xout,
we obtain an evaluation map ev : M(X , τ ′) → X . As the former space
is reduced, this evaluation map factors through the stratum Xσ of X where
σ ∈P is the minimal cell containing p.

We recall from [5, Def. 3.22] that M(X , τ ′) carries an idealized structure
given by a coherent sheaf of monoid ideals I ⊆ MM(X ,τ ′). This sheaf may
be described by giving the stalks of the image sheaf I of I in the ghost sheaf
MM(X ,τ ′). By [5, Prop. 3.23], because τ ′ is realizable, for a geometric point
w̄ of M(X , τ ′), the monoid ideal Iw̄ has the following description. Let Qw̄

be the stalk of the ghost sheaf at w̄, and Qτ ′ the stalk of the ghost sheaf at
a generic point of M(X , τ ′). Then there is a well-defined generization map
χw̄ : Qw̄ → Qτ ′ , and Iw̄ = χ−1w̄ (Qτ ′\{0}).

Similarly, we may put an idealized structure onM(X , τ ′), with ideal sheaf
J . For a geometric point w̄, let Q◦,satw̄ be the stalk of the ghost sheaf of this latter
log structure; necessarily, this monoid is contained in Qw̄ ⊕ Z and contains
Qw̄ ⊕ N. Then we take the stalk of the corresponding monoid ideal J w̄ to
be the monoid ideal generated by Iw̄ ⊕ 0, Q◦,sat\(Q ⊕ N) and (0, 1). It is
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The canonical wall structure and intrinsic mirror symmetry 1177

straightforward to check that J yields an idealized structure on M(X , τ ′).
Further, the natural morphismM(X , τ ′)→M(X , τ ′) is idealized log étale.

Wu [82, Cor. 2.9] now shows that the map ev :M(X , τ ′)→ X is idealized
log smooth. As this map factors through the idealized log étale strict closed
embedding Xσ → X , we write ev : M(X , τ ′) → Xσ , also idealized log
smooth.

After a base-change, we also obtain

M
ev
(X , τ ′) :=M(X , τ ′)×Xσ Xσ → Xσ

idealized log smooth, with the underlying stack ofM
ev
(X , τ ′) isomorphic to

the underlying stack of

Mev(X , τ ′) =M(X , τ ′)×X σ
Xσ .

Step 5: Proof of the linear equivalence relation (5.8). Continuing with σ ∈
P the minimal cone containing p, denote by σu, σu′ the cones containing u
and u′ respectively. We write Xu, Xu′ for the corresponding zero-dimensional
strata of X , and write Pσ , Pu, Pu′ for the stalks of the ghost sheaf of Xσ , Xu

and Xu′ at their generic points.
Our goal is to construct a rational function ψ onM

ev
(X , τ ′) and determine

its divisor of zeros and poles. We note that as M
ev
(X , τ ′) is idealized log

smooth over Speck, it is isomorphic, locally in the smooth topology, to a
subscheme of a toric variety defined by a monomial ideal, see [5, Prop. B.2].
Further, by the cited proposition and the explicit description of the idealized
structure of M(X , τ ′), hence of M

ev
(X , τ ′), in fact M

ev
(X , τ ′) is smooth

locally isomorphic to a toric stratum of a toric variety, and hence is normal.
Let s̄ ∈ �(Xσ ,Mgp

Xσ
) be defined as follows. Note that giving such a section

is equivalent to giving an integral piecewise linear function on Star(σ ) ⊆ B.
Using the affine structure onStar(σ ) induced by that on B, we take this function
in fact to be linear in this affine structure, primitive, vanishing on p and positive
on u. We may then choose a lift of s̄ to s ∈ �(Xσ ,Mgp

Xσ
). The existence of

a lift is obvious when dim Xσ = 0. When dim Xσ = 1, one needs to check
that the corresponding torsor is trivial. However, using the isomorphism of
Lemma 1.10, we may identify the line bundle associated to the corresponding
torsor with the restriction of a line bundle on X�σ . The line bundle on X�σ

is defined by the linear function s̄ on �σ . However, it is a standard fact of
toric geometry that the line bundle corresponding to a linear (as opposed to
piecewise linear) function is in fact trivial.

Let U ⊆ M
ev
(X , τ ′) be the dense open stratum, i.e., the open substack

whose geometric points are precisely those whose corresponding type is τ ′.
Note that the image of ev#(s) inMgp

M
ev
(X ,τ ′) vanishes onU . Indeed, this follows
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from the fact that hτ ′(τ ′out) ⊆ p and hτ ′ |τ ′out is dual to ēv# : Pσ → Q◦,sat
τ ′ .

Thus, viewing O×
M

ev
(X ,τ ′) as a subsheaf of M

gp

M
ev
(X ,τ ′) via the inverse of the

structure map α, we see that ev#(s) restricts to an invertible function onU , and
hence defines a rational function ψ onM

ev
(X , τ ′). We complete the proof by

determining the divisor of zeros and poles of ψ .
We now use the identification of underlying stacks of M

ev
(X , τ ′) and

Mev(X , τ ′). Since the complement of U is a union of strata ofMev(X , τ ′), it
is enough to check the order of vanishing of ψ along each codimension one
stratum ofMev(X , τ ′). These strata are given byMev

τ (X , τ ′)with φ : τ → τ ′
a contraction morphism with dim τ = n − 1, see [5, Rem. 3.28]. We write
M

ev
τ (X , τ ′) for the corresponding stratum of M

ev
(X , τ ′).

Given such a φ : τ → τ ′, we have several cases:
Case 1: dim hτ (τout) = n − 1. In this case, necessarily s̄ still vanishes on

hτ (τout), so as above, ψ extends as an invertible function acrossMev
τ (X , τ ′).

Case 2: hτ (τout) intersects the interior of u. We adopt the notation from
[5, App. B] that if P is a monoid, K ⊆ P a monoid ideal, then AP,K :=
Speck[P]/K and AP,K := [AP,K /Speck[Pgp]].

Let Q◦,satτ be the stalk of the ghost sheaf of M
ev
(X , τ ′) at a geometric

generic point w̄ ofM
ev
τ (X , τ ′), and let J ⊆ Q◦,satτ be the monoid ideal arising

from the idealized structure. As ev is idealized log smooth, smooth locally in a
neighbourhood of w̄, ev concides with the morphism AQ◦,sat,J → APu,K , by
[5, Prop.B.4].Here K = Pu\χ−1σu (0)whereχσu : Pu → Pσ is the generization
map. In particular, the stratum Xσ ⊆ X , smooth locally in a neighbourhood
of the point Xu, is isomorphic to APu,K .

Let χτ ′τ : Q◦,satτ → Q◦,sat
τ ′ be the generization map, necessarily a localiza-

tion along a face F of Q◦,satτ . As dim τ = dim τ ′ + 1 we see that F ∼= N.
Note that s̄ is non-negative on u. Since hτ (τout) contains u, on which s̄ is non-
negative, and hτ ′(τ ′out) is a face of hτ (τout), on which s̄ vanishes, it follows
that s̄ is non-negative on hτ (τout). Dually, it follows that the stalk of ēv#(s̄) at
w̄ lies in Q◦,satτ ⊆ Q◦,gpτ . Further, the stalk necessarily lies in χ−1

τ ′τ (0) = F .
The order of vanishing of ψ along the stratum determined by τ is then, by
standard toric geometry, equal to the germ of ēv#(s̄) under the identification
of F with N. Dually, since by construction s̄ generates Pgp

u ∩⊥p , this number
is the same as

dτ := | coker(τout/τ ′out → u/p)|.

This is the order of vanishing of ψ along the stratumMτ (X , τ ′).
Note an elementary diagram chase shows that

kτ = dτ | coker(τ ′out → p)tors|.
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Case 3: h(τout) intersects the interior of u′. The same analysis as in Case
2 applies once s̄ is replaced by −s̄. Hence ψ has a pole of order dτ along
Mτ (X , τ ′).

Putting these three cases together, we see that the divisor of zeros and poles
of ψ gives the relation in the Chow group of Mev(X , τ ′):

∑

τ→τ ′
u⊆hτ (τout)

dτ [Mev
τ (X , τ ′)] =

∑

τ→τ ′
u′⊆hτ (τout)

dτ [Mev
τ (X , τ ′)].

If we then multiply both sides by | coker(τ ′out → p)tors|, we get the desired
(5.8). ��

5.2 Consistency from theta functions

Theorem 5.2 Scan is a consistent wall structure.

Proof Consistency as defined in [39, Def. 3.9] involves checking consistency
in codimensions zero, one and two. We check each case in turn.

Consistency in codimension zero Let j be a codimension zero joint,
p1, . . . , pr the walls containing j, taken in cyclic order, with pi contained in
chambers ui and ui+1, with indices taken modulo r . With θpi : Rui → Rui+1
as defined in (5.1), consistency at the joint means [39, Def. 2.13] that

θ := θpr ◦ · · · ◦ θp1 = id (5.9)

as an automorphism of Rσ , where σ ∈P is the cell containing j. Note that for
p ∈ σZ\{0} and x ∈ Int(σ )\|Scan|, ϑp(x) = z p mod mx , where mx is as in
(3.6). Indeed, the trivial broken line with no bends contributes the term z p, and
any other broken line β must have aβ ∈ mx . Since the ideal mx is nilpotent
in Rσ and z p is invertible in Rσ , it follows that ϑp(x) is invertible in Rσ .
Working inductively modulo powers of mx , one then sees that any element of
Rσ may be written as a k[Q]/I -linear combination of ratios ϑp(x)/ϑp′(x) for
p, p′ ∈ σZ. By Theorem 5.1, (2), applied successively for thewalls p1, . . . , pr ,
we obtain θ

(
ϑp(x)

) = ϑp(x), and hence θ is the identity on Rσ .
Consistency in codimension zero follows, as this just means each codimen-

sion zero joint is consistent.
Consistency in codimension one Let j be a codimension one joint, contained

in slabs b1, b2 ⊆ ρ ∈ P [n−1]
int , maximal cones σ, σ ′, and codimension zero

walls p1, . . . , pr ⊆ σ and p′1, . . . , p′s ⊆ σ ′. We order these so that

b1, p1, . . . , pr , b2, p
′
1, . . . , p

′
s

123



1180 M. Gross et al.

are cyclically ordered about j. Then consistency at the joint j is expressed in
[39, Def. 2.14] as follows. We set

θ := θpr ◦ θpr−1 ◦ . . . ◦ θp1 : Rσ → Rσ

θ ′ := θp′1 ◦ θp′2 ◦ . . . ◦ θp′s : Rσ ′ → Rσ ′ .

We use the notation χbi ,σ , χbi ,σ ′ for the localization maps of (5.2). Then con-
sistency is the statement that

(θ × θ ′)
(
(χb1,σ , χb1,σ ′)(Rb1)

) = (χb2,σ , χb2,σ ′)(Rb2).

To show this, let xi ∈ σ be a point in the chamber adjacent tobi , and similarly
x ′i ∈ σ ′. If p ∈ ρZ\{0}, then ϑp(xi ) = z p mod mxi , and similarly for x ′i , as
in the codimension zero case. Thus ϑp(bi ), which exists by Theorem 5.1,
(3), satisfies χbi ,σ (ϑp(bi ) − z p) nilpotent, and the same for χbi ,σ ′ . By the
discussion preceding [39, Def. 2.14], the map (χbi ,σ , χbi ,σ ′) : Rbi → Rσ ×
Rσ ′ is injective. Thus we conclude that ϑp(bi ) − z p is nilpotent in Rbi , and
hence ϑp(bi ) is invertible, as z p is invertible. Further, if p ∈ σZ\{0}, we
may write p = p′ + aξ with a ≥ 0 p′ ∈ ρ , and then ϑp(b1) = z p

′
Za+

mod m, and similarly if p ∈ σ ′
Z
\{0}, p = p′ − aξ , we have ϑp(b1) =

z p
′
Za− mod m. From this we see that any element of Rb1 may be written as

a k[Q]/I -linear combination of Laurent monomials in theta functions of the
form (

∏
ϑpi (b1)

ai )/ϑp(b1) with p ∈ ρZ, pi ∈ σZ ∪ σ ′
Z
. Note here we only

have control over the expressions ϑp(b1) for p ∈ σZ ∪ σ ′
Z
, so we need such

Laurent monomials in order to get all elements of Rb1 .
Now it follows from Theorem 5.1, (2) that for p ∈ B(Z)\{0}

(θ × θ ′)
(
(χb1,σ , χb1,σ ′)(ϑp(b1))

) = (θ × θ ′)
(
ϑp(x1), ϑp(x

′
1)

)

= (
ϑp(x2), ϑp(x

′
2)

) = (χb2,σ × χb2,σ ′)(ϑp(b2)).

Combined with the generation statement of the previous paragraph, we obtain
the desired equality.

This shows consistency at codimension one joints, noting there is no condi-
tion for codimension one joints contained in ∂B. Thus we obtain consistency
in codimension one.

Consistency in codimension two Consistency at codimension two joints is
defined in [39, Sect. 3.2]. If j is a boundary joint, i.e., contained in ∂B, then it
is easy to check thatScan is convex at j in the sense of [39, Def. 3.12]. Indeed,
if ∂B �= ∅, it follows from Propositions 1.15 and 3.7 that if τ is a wall type,
then uτ is tangent to ∂B. Thus by [39, Thm. 3.13], the joint is consistent.

In case j is an interior joint, we refer the reader to [39, Sect. 3.2] for the
definition of a corresponding polyhedral affine manifold (Bj,Pj), with Pj
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consisting of tangent cones to elements of P containing j along j. Further,
Scan induces a wall structure on Bj we denote as Sj. For p ∈ Bj(Z)\{0},
broken lines on Bj then define for general x ∈ Bj theta functions ϑ j

p(x) as
before. Consistency is then the statements (1)–(3) of Theorem 5.1 for Bj and
Sj rather than B and Scan.

We do not prove consistency directly from Theorem 5.1 as it is not clear
what the relationship between theta functions on B and on Bj is. Instead, we
proceed as follows. Write Star(j) for the open star of j with respect to the
polyhedral cone decomposition PB . Then there is a natural embedding of
Star(j) in Bj, identifying a cone of PB containing j and contained in σ ∈P
with a cone in the tangent wedge of σ along j, with vertex at the origin of the
tangent wedge. Note the walls of Sj are in one-to-one correspondence with
the walls of Scan intersecting Star(j).

The tangent space j,R to j acts by translation on Bj and j acts on Bj(Z).
Further, all walls of Sj are invariant under this translation, and translation
takes broken lines to broken lines. In particular, if p ∈ Bj(Z), v ∈ j,R, it is
immediate that

ϑ j
p(x) = ϑ j

p(x + v)

for general x . Further, since the monomials zv for v ∈ j are invariant under
crossing all walls inSj, we in fact have

ϑ j
p+v(x) = zvϑ j

p(x).

Note that the broken lines defining the two theta functions are not precisely
the same; rather, if ai zmi is a monomial attached to a segment of a broken
line contributing to ϑ j

p(x), then the corresponding broken line contributing

to ϑ j
p+v(x) has attached monomial ai zmi+v , and thus the actual maps β are

different as they have different derivatives. However, there is clearly a one-to-
one correspondence between such broken lines. In particular, if items (1)–(3)
of Theorem 5.1 hold for a given choice of p, for the functions ϑ j

p(x) rather
than ϑp(x), they will also hold for p + v for any v ∈ j.

We will now show items (1)–(3) of Theorem 5.1 for the functions ϑ j
p(x)

for arbitrary non-zero p ∈ Bj(Z), which is fixed throughout the following
discussion. Because we may replace p with p + v for any v ∈ j, we may
assume, as we do from now on in this proof, that p ∈ Star(j). Indeed, for any
point x ∈ Bj(Z), there is some v ∈ j ∩ B(Z) such that x + v ∈ Star(j) under
the canonical embedding of Star(j) in Bj.

More generally, it follows easily from this observation that if Z ⊆ Bj is any
compact subset, then there is a v ∈ j ∩ B(Z) such that Z + v ⊆ Star(j).
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Now suppose given an open subset U ⊆ Bj whose closure Z is compact.
For each x ∈ Z not contained in |Sj|, we have a finite set of broken lines
contributing to ϑ j

p(x), and these all have asymptotic direction p contained in
Star(j). Thus if β is a broken line contributing to this theta function, β([t1, 0])
is a compact subset of Bj and we may translate x by some v ∈ j so that
β([t1, 0]) ⊆ Star(j). As the asymptotic direction p necessarily lies in a cone
ofPB containing β(t1), we see also that β((−∞, t1]) ⊆ Star(j). By summing
over the v’s for the finite number of broken lines contributing to ϑ j

p(x)wemay
thus translate x by some v ∈ j to guarantee that all broken lines contributing
to ϑ j

p(x) have image contained in Star(j). Noting that broken lines can be
deformed continuously inside some polyhedron without changing their type
(see [39, Prop. 3.5]), we may further in fact assume that all broken lines
contributing to ϑ j

p(x) for x ∈ Z\|Sj| have image in Star(j).
From the construction ofSj, it is now clear that provided x has been trans-

lated sufficiently, ϑ j
p(x) is the sum of contributions of those broken lines

contributing to ϑp(x) with image wholly contained in Star(j).
Onenowchecks that the proof ofTheorem5.1 applies equallywellwhen p ∈

Star(j) if one restricts attention to endpoints x ∈ Star(j) translated “sufficiently
far” by an element v ∈ j. Indeed, there are two key points of the argument
in the proof of Theorem 5.1 where one needs to control the behaviour of the
broken lines being considered.

First, in Step 2, the proof of (5.3) and (5.4) works for any wall structure (not
necessarily a consistent one) and hence works for Sj.

Second, in Steps 3 and following, we focus on a single degenerate broken
line type τ ′ and the result follows from the relation (5.8). However, if we fix a
point x ∈ hτ ′(τ ′out) and a neighbourhood U of x with compact closure Z , we
then may translate Z by some v ∈ j so that all broken lines with endpoints in
Z\|Sj| lie in Star(j), and thus in (5.8), we only need to consider those types τ
with contraction morphisms τ → τ ′ whose corresponding broken lines with
endpoint in Z lie entirely in Star(j). ��

We end this section with a brief observation in the relative case g : X → S,
following on from Proposition 1.16 and Remarks 1.17,1.18. Assume that the
hypotheses of Proposition 1.16 hold, so that (B ′,P ′) is a polyhedral affine
pseudomanifold. In this case, the canonical wall structureScan induces a wall
structure S ′

can on (B ′,P ′). Indeed, first note that B′ , the local system of
integral tangent vectors on B ′, is a subsheaf of B |B′ consisting of those
tangent vectors v with (gtrop)∗(v) = 0. Using ϕ the MPL function on B given
by Construction 1.14, we obtain also anMPL function ϕ|B′ as in Remark 1.17.
This induces a local system PB′ , and PB′ ⊆ PB |B′ is the subsheaf consisting
of those sections m of PB |B′ such that (gtrop)∗(m̄) = 0.
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Next, given a wall (p, fp) ∈ Scan, we define the index of p to be

ind(p) := | coker(gtrop,∗ : p → Z)|.

We may now define

S ′
can := {(p ∩ B ′, f ind(p)p ) | (p, fp) ∈ Scan},

noting that for any x ∈ B ′\�, fp ∈ k[P+B′,x ] ⊆ k[P+B,x ] by Proposition 3.7
and the construction of the canonical wall structure.

Proposition 5.3 Assuming g : X → S satisfies the hypotheses of Proposi-
tion 3.7, thenS ′

can is a consistent wall structure.

Proof This follows from the definition of consistency and the consistency of
Scan. Indeed, checking consistency of S ′

can in codimensions zero, one and
two involves checking certain properties in rings which are subrings of the
corresponding rings for B. For example, for consistency in codimension zero,
to verify (5.9) in the ring Rσ∩B′ defined using the data (B ′,P ′, ϕ|B′), it is
enough to note that Rσ∩B′ is a subring of Rσ and that the ring automorphismϑp

of Rσ restricts to an automorphism of Rσ∩B′ given by thewall (p∩B ′, f ind(p)p ).
This is straightforward: see the discussion of [39, Sect. 4.2] as towhy the power
of fp is necessary. Indeed, [39, Sect. 4.2] goes the opposite way, from a wall
structure for B ′ to a wall structure for CB ′ = B, see Remark 1.18. Thus there
one must pass to a ind(p)th root rather than power. We leave the remaining
details to the reader. ��

6 Comparison with intrinsic mirror symmetry

We continue with g : X → S in the absolute or relative cases satisfying
Assumptions 1.1 or 1.2. Having now constructed a consistent wall structure
Scan on B, we observe that the data (B,P) andScan are conical in the sense
of [39, Def. 3.20]. Thus this data first specifies a scheme9 X̌◦ flat over k[Q]/I ,
as constructed in [39, Prop. 2.4] by gluing together copies of spectra of rings
Ru and Rb, as well as some additional rings corresponding to n−1 dimensional
cells ofPS contained in ∂B. We refer the reader to the cited result for details.
Most importantly for us, [39, Prop. 3.21] tells us that R := �(X̌◦,O

X̌◦) is
freely generated as a k[Q]/I -module by a basis {ϑp | p ∈ B(Z)}. Further,
X̌ := Spec R contains X̌◦ as a dense open subscheme and is also flat over

9 This scheme is written as X◦ in [39]; we include the check here to indicate it is the mirror to
(X, D).

123



1184 M. Gross et al.

Speck[Q]/I . The theta functions ϑp restrict on standard pieces Spec Ru to
the expressions ϑp(x) for x ∈ Int(u) defined in Definition 4.4.

In the relative case, R is naturally a graded ring via deg(ϑp) = gtrop(p) ∈ N.
Thus to obtain the mirror in the relative case, one considers instead the flat
family Proj R → Speck[Q]/I ; see [39, Sect. 4] and [48, Sect. 1] for more
details on this point of view.

[39, Thm. 3.24] gives a description of the structure constants for R. Write,
for p1, p2 ∈ B(Z)\{0},

ϑp1 · ϑp2 =
∑

r∈B(Z)

α
trop
p1 p2r · ϑr

with α
trop
p1 p2r ∈ k[Q]/I . These structure constants, written as αr (p1, p2) in

[39], are defined tropically as follows. Let u be a chamber of Scan such that
r ∈ u, and let x ∈ u be general. Then

α
trop
p1 p2r =

∑

(β1,β2)

aβ1aβ2 (6.1)

where the sum is over all pairs (β1, β2) of broken lines with asymptotic mono-
mials p1, p2 respectively, with endpoint x , and such that mβ1 + mβ2 = r ,
viewed as an equation in u. We note that the restriction that p1, p2 �= 0 is
not important as ϑ0 was defined as the unit in the ring R.

On the other hand, [48] defines structure constants on the free k[Q]/I -
module with basis {ϑp | p ∈ B(Z)} directly in terms of punctured Gromov–
Witten invariants. Following the notation of [48], we have a potentially
different product rule

ϑp1 · ϑp2 =
∑

r∈B(Z)

α
log
p1 p2r · ϑr .

These structure constants are written simply as αp1 p2r in [48]. They are given
by a formula

α
log
p1 p2r =

∑

A

N A
p1 p2r t

A ∈ k[Q]/I, (6.2)

where the numbers N A
p1 p2r are defined in [48, Def. 3.21] as certain punctured

invariants with contact orders p1, p2 and −r .
In this section, we show that in fact we obtain the same algebra, i.e.,

Theorem 6.1 For all p1, p2 ∈ B(Z)\{0}, r ∈ B(Z),

α
trop
p1 p2r = α

log
p1 p2r .
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Before proving this theorem, let us introduce some additional terminology.

Definition 6.2 A product typewith inputs p1, p2 ∈ B(Z) and output r ∈ B(Z)

is a type τ = (G, σ ,u) of tropical map to �(X) such that:

(1) G is a genus zero graph with L(G) = {L1, L2, Lout} with pi ∈ σ (Li ),
u(Li ) = pi , σ (Lout) ∈P , r ∈ σ (Lout) and u(Lout) = −r .

(2) τ is realizable and balanced.
(3) Let h : �(G, �)→ �(X) be the corresponding universal family of tropical

maps, and let τvout ∈ �(G, �) be the cone corresponding to the vertex vout
of G adjacent to Lout. Then dim τ = dim h(τvout) = n.

A decorated product type is a decorated type τ = (τ,A)with τ a product type.

Identically to Lemmas 3.9 and 3.20, we have

Lemma 6.3 Let τ be a decorated product type. ThenM (X, τ ) is proper over
Speck and carries a virtual fundamental class of dimension zero.

We now define

Nτ := deg[M (X, τ )]virt
|Aut(τ )|

as usual. We also have a map h∗ : τvout
→ σ (vout), necessarily of finite

index, and define

kτ := | coker h∗| = |σ (vout)/h∗(τvout
)|.

We split the proof of Theorem 6.1 into several steps.

Theorem 6.4 Fix p1, p2, r ∈ B(Z), and let u be a chamber ofPB containing
r. Then there exists a top-dimensional subcone u′ ⊆ u containing r such that

α
log
p1 p2r =

∑

τ=(τ,A)

kτ Nτ t
A ∈ k[Q]/I,

where the sum is over all isomorphism classes of decorated product types with
inputs p1, p2, output r , and u′ ⊆ h(τvout). Here A is the total class of A.

Proof Throughout the proof, we assume familiarity with the notation of [48],
and do not review it, giving only references where appropriate.

Step 1: Alternative description of N A
p1 p2r . Fix a curve class A ∈ Q\I , and

let β be the type of punctured map of curve class A, with three punctured
points x1, x2, xout with contact orders given by p1, p2 and −r respectively.
Thus we obtain moduli spaces of punctured maps M (X, β) and Mev(X , β),
where evaluation is at xout only.
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Let σu ∈P be the maximal cell containing u. Let Pu be the stalk ofMX at
the zero-dimensional stratum Xσu . Let R := N

n be generated by e1, . . . , en ,
with dual monoid generated by e∗1, . . . , e∗n . Choose a monoid homomorphism
ψ : Pu → R in such a way that the transpose ψ t : R∨ → P∨u = σu ∩u is
(1) injective; (2) has image contained in u. Further, if r �= 0, we also require
(3) ψ t (e∗1) = r .

If r �= 0, define W as the log stack quotient of Spec(R → k) by the Gm
action which acts on the torsor associated to m ∈ R with weight 〈e∗1,m〉. Put
another way, W = BGm , MW = R, and the torsor associated to m ∈ R is
U⊗〈e∗1,m〉 where U is the universal torsor on BGm . If, on the other hand, r = 0,
we set

W := Spec(R → k)× BG
†
m,

where BG
†
m denotes the log structure on BGm induced by the inclusion as a

divisor BGm ⊆ [A1/Gm].
We may then define a morphism g : W →P(X, r), where the latter stack

is as defined in [48, Sect. 3.1]. Using the notation of [48], write Zr for the
stratum Xσ where σ ∈ P is the minimal cone containing r . Then P(X, r)
may be described as [Zr/Gm], where Gm acts trivially on Zr and acts on the
log structure on Zr as described in [48, Rem. 3.1]. Note that since r ∈ σu,
Xσu ⊆ Zr . There then exists a morphism g′ : Spec(R → k) → Xσu which

is an isomorphism on underlying schemes and such that (g′)# = ψ . We also
denote by g′ the composition with the inclusion into Zr . If r �= 0, then the
action of Gm on Spec(R → k) used to define W is compatible with the
action of Gm on Zr using the fact that ψ t (e∗1) = r and the description of [48,
Rem. 3.1], and hence g′ descends to the desired map g : W → P(X, r). If,
on the other hand, r = 0, P(X, r) = X × BGm , and hence we obtain the
desired morphism g : W →P(X, r) as the product of g′ with the morphism
BG

†
m → BGm which is an isomorphism on underlying stacks.
We have canonical morphisms evX : Mev(X , β) → P(X, r) and evX :

M (X, β)→P(X, r), see [48, Def. 3.5]. We may then define

Mev(X , β)W = W ×fs
P(X,r) M

ev(X , β),

M (X, β)W = W ×fs
P(X,r) M (X, β).

By choosing the image of ψ t to be sufficiently small, we may assume that g
is transverse to evX in the sense of [48, Def. 2.6], see [48, Thm. 2.9] for the
necessary tropical criterion. By [48, Def. 7.9], we then obtain a number

N A,W
p1 p2r = deg[M (X, β)W ]virt

123



The canonical wall structure and intrinsic mirror symmetry 1187

with the virtual fundamental class defined via an obstruction theory for

εW :M (X, β)W →Mev(X, β)W

pulled back from that for M (X, β) → Mev(X, β). By [48, Lem. 7.8],
Mev(X, β)W is pure-dimensional of dimension zero, so that the virtual pull-
backof its fundamental class gives the virtual fundamental class ofM (X, β)W .

The hypotheses of [48, Thm. 7.10] now hold, and we obtain N A,W
p1 p2r =

N A
p1 p2r . Thus by (6.2), to prove the theorem it is sufficient to take u′ := ψ t (R∨

R
)

and show that

N A,W
p1 p2r =

∑

τ

kτ Nτ

where the sum is over all isomorphism classes of decorated product types with
total class A as in the statement of the theorem.

We now make a slight change in the definition of W , Mev(X , β)W and
M (X, β)W in the case that r = 0, to make the remainder of the proof more
uniform. Note that in this case,

Mev(X , β)W = (Spec(R → k)× BG
†
m)×fs

X×BGm
Mev(X , β)

= BG
†
m ×BGm ((Spec(R → k)× BGm)×fs

P(X,r) M
ev(X , β)).

The stackMev(X , β)W then has the same underlying stack as

(Spec(R → k)× BGm)×fs
P(X,r) M

ev(X , β),

but with the ghost sheaf on the former being a sum of the ghost sheaf of
the latter and the constant sheaf N. As we are only concerned about virtual
fundamental classes, which are defined using the underlying morphism of
stacksM (X, β)

W
→Mev(X , β)

W
, we may thus replaceW with Spec(R →

k)× BGm , which also changesMev(X , β)W andM (X, β)W . Note that now
the definition ofW is uniform across the two cases, and whether or not r = 0,
the ghost sheaf of W is R.

Step 2: The structure of Mev(X, β)W . We recall from [48, Lem. 7.8] and
its proof that the projection Mev(X , β)W → W is integral, log smooth and
of fibre dimension and log fibre dimension one. For the latter notion, see the
review of [48, Def. A.5].

Let η̄ be a generic point of an irreducible component Mη̄ of Mev(X , β)W .
We view the former as an integral closed substack of the latter, so that

[Mev(X , β)W ] =
∑

η̄

μη̄[Mη̄]
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in the Chow group ofMev(X , β)W . Here the sum is over all generic points η̄,
and μη̄ is the multiplicity ofMη̄ inMev(X , β)W .

Let Qη̄ be the stalk of the ghost sheaf of Mev(X , β)W at η̄. We then have

rk Qgp
η̄ = rkMgp

W = n; (6.3)

the first equality comes from [48, (A.1)] and the above-mentioned equality of
log fibre dimension and fibre dimension, while the second equality is from the
definition of W , as R = N

n . Let τ = (G, σ ,u) be the type of the punctured
map corresponding to η̄.

Note that ε!W [Mη̄] is a zero-dimensional cycle in the Chow group of
M (X, β)W . Assume that deg ε!W [Mη̄] �= 0. We claim that in this case, τ
is a product type. Definition 6.2, (1) is immediate by the definition of β. For
Condition (2) of the definition, note that τ is necessarily realizable as it is the
type of a punctured map to X . On the other hand, the assumption of non-zero
virtual degree implies that for some decoration τ of τ with total curve class A,
M (X, τ ) is non-empty. In particular, one may find a punctured map C◦ → X
defined over a geometric point whose type is τ ′ with a contraction τ ′ → τ .
Hence by Lemma 2.1, τ ′ is a balanced type, and hence τ is also balanced.

For Condition (3) of the definition of product type, let Qτ be the basic
monoid associated to the type τ , so that Q∨

τ,R
coincides with the cone τ . Note

that in general Qη̄ �= Qτ , as the fibre product construction of Mev(X , β)W
changes the log structure. We wish to show that dim τ = n.

From [4, Prop. 5.2], we have Q∨
η̄,R
= τ ×σu R

∨
R
where the map R∨

R
→ σu is

just the inclusion ψ t and the map τ → σu, induced by the morphism evX , is
given by evaluation at the vertex vout adjacent to Lout, i.e., is h|τvout . See [48,
Lem. 3.23] for this latter statement.

Note the images of the two projections Q∨η̄,R → τ, R∨
R
intersect the interiors

of τ and R∨
R
respectively. This is because these morphisms of cones are dual to

localmorphismsofmonoids, being induced by the twoprojections of log stacks
Mev(X , β)W → Mev(X , β),W . From this we may calculate the dimension
of Q∨η̄,R by computing its tangent space at a point in the interior of Q∨η̄,R
mapping to the interiors of τ and R∨

R
via the two projections. This tangent

space is Q∗
η̄,R

= τ gp ×σ
gp
u

R∗
R
= τ gp as R∗

R
→ σ

gp
u is an isomorphism of

real vector spaces. Thus dim τ = dim Q∨η̄,R = n, the latter equality by (6.3).
Hence dim τ = dim h(τvout) = n, as desired.

Step 3: The multiplicity of Mη̄ inMev(X , β)W . We use the log smoothness
of the projection Mev(X , η)W → W already mentioned in Step 2. Note that
W carries a natural idealized log structure given by the ideal R\{0} ⊆ R. This
ideal pulls back to give an idealized structure onMev(X , β)W , and an idealized
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The canonical wall structure and intrinsic mirror symmetry 1189

strict morphism10 is idealized log smooth if and only if it is log smooth, see
[70, IV,Variant 3.1.22]. ThusMev(X , β)W → W is idealized log smooth, and
hence, smooth locally at η̄, is given as AQη̄,K → AR,R\{0} by [5, Prop. B.4],
where K ⊆ Qη̄ is the monoid ideal generated by the image of R\{0} in Qη̄

under the map R → Qη̄.
The multiplicity μη̄ of the component Mη̄ may now be calculated as the

multiplicity ofAQη̄,K , or equivalently, dimk k[Qη̄]/K . Note that Q∨η̄,R → R∨
R

is surjective, as follows from the integrality of Mev(X , β)W → W and [48,
Prop. 2.4]. Further, Q∨η̄,R and R∨

R
are of the same dimension. It thus follows

that RR → Qη̄,R is an isomorphism of real cones. Identifying Qgp
η̄ with a

super-lattice of Rgp = Z
n , the multiplicity is then the number of points of Qgp

η̄

contained in [0, 1)n ⊆ RR. This may be expressed as

μτ := μη̄ = | coker(Rgp → Qgp
η̄ )|, (6.4)

noting this expression only depends on the type τ .
Step 4: Comparison with the Nτ . Consider the commutative diagram

Mev(X , τ )W
j ′τ

k

Mev
τ (X , β)W

ι′τ
Mev(X , β)W

Mev(X , τ )
jτ

Mev
τ (X , β)

ιτ
Mev(X , β)

where

Mev(X , τ )W = W ×fs
P(X,r) M

ev(X , τ ),

Mev
τ (X , β)W = W ×fs

P(X,r) M
ev
τ (X , β).

In this diagram, all squares are Cartesian in both the log and fs log categories,
as all horizontal morphisms are strict. The morphism ιτ , hence also ι′τ , is a
closed embedding, while jτ , hence also j ′τ , is a finite morphism of degree
|Aut(τ )|. Further, as W →P(X, r) is a finite morphism, so is k.

For a stack M , denote by Mred the reduction. Then

ι′τ,∗[Mev
τ (X , β)W,red] =

∑

η̄

[Mη̄] (6.5)

10 We recall a morphism of idealized log schemes f : (X,MX ,KX ) → (Y,MY ,KY ) is
idealized strict if KX agrees with the monoid ideal generated by f #(KY ).
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where the sum is over all generic points η̄ of Mev(X , β)W whose type is τ .
Indeed, any such generic point η̄ corresponds to a punctured map C◦/η̄ →
X in Mev(X , β) of type τ , hence lies in Mev

τ (X , β). Combining (6.5) with
deg j ′τ = |Aut(τ )| gives

(ι′τ ◦ j ′τ )∗[Mev(X , τ )W,red] = |Aut(τ )|
∑

η̄

[Mη̄]. (6.6)

Let kred : Mev(X , τ )W,red → Mev(X , τ ) be the morphism induced by k.
Bearing in mind thatMev(X , τ ) is reduced, we may now calculate the degree
of the finite morphism kred as follows. We take a (strict) geometric generic
point Spec κ →Mev(X , τ ). The desired degree is the length of the reduction
of the fibre

Spec κ ×Mev(X ,τ ) M
ev(X , τ )W = Spec κ ×Mev(X ,τ ) (M

ev(X , τ )×fs
P (X,r) W )

= Spec(Qτ → κ)×fs
P (X,r) W.

(6.7)

We may replaceP(X, r) with the strict closed substack Z with underlying
closed substack Xσu

× BGm as the morphism Spec κ → P(X, r) factors
through this closed substack. Further, the morphism Spec κ → Z factors
through Xσu as all line bundles on Spec κ are trivial. Thus we may rewrite
(6.7) as

Spec(Qτ → κ)×fs
Xσu

Spec(R → k) (6.8)

= (AQτ ,Qτ \{0} ×fs
APu,Pu\{0} AR,R\{0})×Speck Spec κ,

again following the notation of [5, Sect. B]. By [48, Prop. A.4, (4)], (6.8) may
then be expressed as

AQτ⊕fs
Pu

R,J ×Speck Spec κ

where J is the ideal generated by the image of Qτ\{0} and R\{0}. We pass to
the reduction by replacing J with its radical, which, by the explicit description
of the fs push-out of [48, Prop. A.4, (3)], is the complement of the group of
invertible elements ofQτ⊕fs

Pu
R. Further, this groupof invertible elements is the

torsion part of the cokernel of the map (ϕ1,−ϕ2) : Pgp
u → Qgp

τ ⊕ Rgp, where
ϕ1 : Pgp

u → Qgp
τ andϕ2 : Pgp

u → Rgp are induced byMev(X , τ )→P(X, r)
and W →P(X, r) respectively. Thus we see that the reduced fibre is

Spec κ[coker(Pgp
u → Qgp

τ ⊕ Rgp)tors],

whose length of course is given by the order of this group of invertible elements.
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The canonical wall structure and intrinsic mirror symmetry 1191

In conclusion, we see that

kred,∗[Mev(X , τ )W,red] = | coker(Pgp
u → Qgp

τ ⊕ Rgp)tors|[Mev(X , τ )].
(6.9)

Bearing in mind that Qη̄ = (Qτ ⊕fs
Pu

R)/tors, it again follows from the
explict description of the fs pushout in [48, Prop. A.4, (3)] that

Qgp
η̄ = coker(Pgp

u → Qgp
τ ⊕ Rgp)/tors,

and then a simple diagram chase gives

| coker(Pgp
u → Qgp

τ ⊕ Rgp)tors|| coker(Rgp → Qgp
η̄ )|

= | coker(Pgp
u → Qgp

τ )| = | coker(Q∗τ → P∗u )| = kτ .
(6.10)

We next consider the diagram

∐
τ=(τ,A)M (X, τ )

ετ

∐
τ=(τ,A)M (X, τ )W

ετ,W

k′
M (X, β)W

εW

Mev(X , τ ) Mev(X , τ )Wk ι′τ ◦ j ′τ
Mev(X , β)W

where the disjoint unions are over all decorations of τ with total degree A.
Now observe that

N A,W
p1 p2r = deg[M (X, β)W ]virt = deg ε!W [Mev(X , β)W ]

= deg
∑

η̄

μη̄ε
!
W [Mη̄].

Here we are summing over all generic points η̄ ofMev(X , β)W , but of course
we may restrict the sum to those η̄ such that deg ε!W [Mη̄] �= 0. Thus by (6.4),
(6.6) and Step 2, we may rewrite this equation as

N A,W
p1 p2r = deg

∑

τ

μτ

|Aut(τ )|ε
!
W (ι′τ ◦ j ′τ )∗[Mev(X , τ )W,red]

where, by Step 2, the sum is now over all product types τ with inputs p1, p2,
output r , and u′ ⊆ hτ (τvout). Now using the push-pull formula for virtual pull-
back of [65, Thm. 4.1] for the first and third equality, as well as (6.4), (6.9)
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and (6.10) for the third, we obtain

N A,W
p1 p2r = deg

∑

τ

μτ

|Aut(τ )|ε
!
τ,W [Mev(X , τ )W,red]

= deg
∑

τ

μτ

|Aut(τ )|k
′∗ε!τ,W [Mev(X , τ )W,red]

= deg
∑

τ

kτ
|Aut(τ )|ε

!
τ [Mev(X , τ )]

=
∑

τ=(τ,A)

kτ Nτ ,

as desired. ��
Lemma 6.5 Let τ = (G, σ ,u) be a product type with Nτ �= 0 for some
decoration τ of τ , and let G ′ be the spine of G in the sense of Definition 2.4.
Then vout is the unique trivalent vertex of G ′. Further, vout is also a trivalent
vertex of G, and if vout and Lout are removed from G, then τ splits into two
broken line types τ1, τ2.

Proof Since G ′ has three legs and no univalent vertices, G ′ has a unique triva-
lent vertex. Suppose that vout is not this trivalent vertex. Necessarily σ (vout) is
a maximal cell σ ∈Pmax since dim h(τout) = n, and thus for any punctured
map f : C◦ → X in the non-empty moduli space M (X, τ ), the union of
irreducible components of C◦ corresponding to vout are mapped to the zero-
dimensional stratum Xσ . Hence by stability, vout must be at least trivalent in
G, and thus there is an edge E adjacent to vout which is not contained inG ′. Let
τ̄ = (Ḡ, σ̄ , ū) be the type obtained by cutting G at the edge E and taking the
connected component of the resulting graph not containing L1, L2 and Lout.
Thus E becomes the unique leg of Ḡ. Let h τ̄ be the universal tropical map of
type τ̄ . If τ̄E ∈ �(Ḡ, �̄) is the cone corresponding to E , then by Lemma 2.5,
(1), dim h τ̄ (τ̄E ) ≤ n−1. But since dim h(τvout) = n, we obtain a contradiction.
Thus vout is a trivalent vertex of G ′.

A similar argument applies to show that vout is also trivalent in G: if the
valency is higher than three, with an adjacent edge E not an edge of G ′, we
may again cut at E to obtain a contradiction as above.

Thus by removing vout, Lout from G, we obtain, for i = 1, 2, types τi
with legs Li , Li,out, where L1,out, L2,out arise from the edges (or legs) E1, E2
adjacent to vout other than Lout. We only need to show that τi is a broken line
type.

First consider Condition (1) of Definition 3.19. The only thing to check here
is that σ (Li,out) ∈P and that u(Li,out) �= 0. For the first statement, note that
as σ (vout) = σ and σ (vout) ⊆ σ (Ei ) = σ (Li,out), necessarily σ (Li,out) = σ
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also. For the second statement, note that if u(Li,out) = 0, then we may vary
s ∈ τ by changing only the affine length of the edge Ei of G, so that hs(vout)
remains unchanged. Since dim h(τvout) = n, this would imply that dim τ > n,
a contradiction.

Condition (2) of Definition 3.19 is immediate. Finally, for Condition (3),
it follows from dim h(τvout) = n that dim hτi (τi,out) = n, and in particular
dim τi ≥ n−1. However, if dim τi > n−1 for i = 1 or 2, it then immediately
follows by gluing together tropical maps in the families τ1, τ2 that dim τ > n.
Thus we get dim τi = n − 1, as desired. ��

Lemma 6.6 Let τ be a decorated product type with Nτ �= 0, and let τ 1, τ 2
be the decorated broken line types obtained from splitting τ at vout. Then

kτ Nτ = kτ1kτ2Nτ 1Nτ 2 .

Proof The proof is by a straightforward application of Yixian Wu’s gluing
formula Theorem A.4. We first assume that neither τ1 nor τ2 is a trivial broken
line, that is, has no vertex. Then vout has two adjacent edges E1,E2. Splitting
τ at these two edges leads to, by Lemma 6.5, the decorated broken line types
τ 1, τ 2, and a third decorated type τ 0 = (τ0,A0), τ0 = (G0, σ 0,u0) with
only one vertex vout and three adjacent legs (E1, vout), (E2, vout) and Lout, the
outgoing leg of τ . Moreover, τ0 is a type entirely contained in the maximal
cell σ containing h(τvout), that is, σ 0(vout) = σ . In particular, the curve class
A0(vout) is trivial. Thus any puncturedmap of type τ 0 is constant on underlying
schemes and has domain a P

1 with three punctured points. It then follows as in
[48, Claim 3.22] that there is a unique basic punctured map f : C◦/W → X
of type τ 0 with W = Speck. Since further M (X, τ 0) is unobstructed over
M(X , τ 0), M (X, τ 0) is a reduced point.

It is now clear by stability of the tropical situation under small perturbations,
and can be checked also explicitly, that the tropical gluing map ε

gp
ω in (A.7)

is surjective already for ω = τ . Thus the trivial displacement vector ν = 0
in Definition A.2 is general for τ . Moreover, the dimension formula (A.8) for
ω = τ holds:

dim τ̃0 + dim τ̃1 + dim τ̃2 = (n + 2)+ n + n = (n + 2)+ 2n

= dim τ̃ +
∑

E

rkE .

Thus the set of transverse types �(ν) consist only of the one element τ .
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To compute the splitting multiplicity m(τ ) (Definition A.2, 3) consider the
following commutative diagram with exact rows and columns.

0 0 0

0 τ̃
gp
Z

(̃τ
gp
0 )Z × (̃τ

gp
1 )Z × (̃τ

gp
2 )Z

(ε
gp
τ )Z im(ε

gp
τ )Z 0

0 × Z
2 (× Z

2)×× × 0

0 Z/kτZ Z/kτ1Z× Z/kτ2Z coker(εgpτ )Z 0

0 0 0

Here  = σ
gp
Z
, the first column is the exact sequence defining kτ , along with

a trivial Z2 factor in the first two entries, the middle column the product of the
exact sequences defining kτ1 and kτ2 , and the isomorphism (̃τ

gp
0 )Z → ×Z

2.
The third row now shows

m(τ ) = | coker((εgpτ )Z)| = kτ1kτ2
kτ

.

Applying Theorem A.4 we conclude

deg
[
M (X, τ )

]virt = kτ1kτ2
kτ

· deg [
M (X, τ 1)

]virt · deg [
M (X, τ 2)

]virt
.

The claimed equality kτ Nτ = kτ1kτ2Nτ 1Nτ 2 now follows by the definition of
Nτ , Nτ 1 , Nτ 2 and noting that Aut(τ ) = Aut(τ 1)× Aut(τ 2).
If one of τ1 or τ2 is a trivial broken line, the same analysis omitting the

trivial broken line factor applies to prove the result in this case. If both τ1, τ2
are trivial broken lines the statement is trivially true. ��
Proof of Theorem 6.1 Take x ∈ Int(u) in the definition of αtrop

p1 p2r ; by consis-
tency of Scan, (6.1) is independent of this choice of x . Further, in (6.1), we
may sum over decorated broken lines, rather than broken lines, and get the
same value. Thus by Theorem 4.14, we may instead write

α
trop
p1 p2r =

∑

τ 1=(τ1,A1),τ 2=(τ2,A2)

kτ1kτ2Nτ 1Nτ 2 t
A1+A2
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where now the sum is over admissible decorated broken line types τ 1, τ 2 with
u ⊆ hτ i (τi,out), uτ i (Li,in) = pi , and uτ1 + uτ2 = r . (Note that by definition
of SB, if x ∈ hτ i (τi,out) then u ⊆ hτ i (τi,out).)

For such a pair τ 1, τ 2, we obtain a decorated product type by taking a
vertex vout and gluing G1 and G2 to vout via the legs L1,out, L2,out, and add an
additional leg Lout adjacent to vout with u(Lout) = −r . The data σ ,u,A are
then determined by τ 1, τ 2, with A(vout) = 0.

We see τ is a decorated product type. Indeed, we only need to check condi-
tions (2) and (3) of Definition 6.2. Balancing just needs to be checked at vout,
which follows from r = u1(L1,out)+u2(L2,out) = uτ1+uτ2 . For realizability
and the dimension conditions (3), note that by the corresponding dimension
conditions for broken line types, for each point y ∈ Int(u), there exists a
unique si ∈ τi such that y ∈ hτi ,si (Li,out). Thus by gluing together hτ1,s1 and
hτ2,s2 , we obtain a tropical map realizing τ which takes vout to y. Furthermore,
this map is necessarily the unique such tropical map of type τ , giving both
realizability and the dimension statements of (3).

Conversely, by Lemma 6.5, all product types τ arise in this way. Thus we
obtain using Lemma 6.6 that

α
trop
p1 p2r =

∑

τ=(τ,A)

kτ Nτ t
A,

which coincides with α
log
p1 p2r by Theorem 6.4. ��
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Appendix A: The gluing formula with toric gluing strata

Let B = Spec(QB → k) be a logarithmic point, X a Zariski log scheme and
X → B a logarithmically smooth, integral, projective morphism. We assume
�(X)monodromy-free for simplicity. As before we write X for the Artin fan
of X . Let τ = (τ,A)with τ = (G, σ , ū) be a realizable decorated global type
of a punctured map of genus 0.11 Recall from [5, Def. 3.8] the stacksM (X, τ )
andM(X , τ ) of punctured stable maps to X and to X marked by τ .

For each vertex v ∈ V (G) denote by τ v = (τv,Av), τv = (Gv, σ v, ūv) the
decorated global type with V (Gv) = {v} and E(Gv) = ∅ obtained by splitting
G at all edges.12 Note that each τv is realizable aswell. ThenM(X , τ ) is locally
pure-dimensional, and hence defines a virtual fundamental class forM (X, τ )
by means of the obstruction theory for M (X, τ ) overM(X , τ ).

According to [5, Cor. 5.13, Prop. 5.15], the splitting morphism

δ :M (X, τ ) −→ ∏
v∈V (G)M (X, τ v) (A.1)

is finite and representable.13 The gluing formula expresses δ∗[M (X, τ )]virt in
terms of the virtual fundamental classes of strata of M (X, τ v). A stratum is
given by a τ v-marked decorated global type ωv as the image of the finite map

jωv :M (X,ωv)→M (X, τ v)

defined by changing the marking [5, Rem. 3.28].
We now explain some more notation needed to state the gluing formula.

For each edge E ∈ E(G) we obtain a gluing stratum σE = σ (E) ∈ �(X)
defined by τ . Note that if v, v′ ∈ V (G) are the vertices adjacent to E and
L ∈ L(Gv), L ′ ∈ L(Gv′) are the legs in Gv,Gv′ obtained by splitting E , then
by the definition of τv ,

σ v(L) = σ v′(L
′) = σE .

We write L = (E, v), L ′ = (E, v′) in the following, where the notation
indicates that v ∈ V (Gv) ⊆ V (G) and v′ ∈ V (Gv′) ⊆ V (G) are the vertices
adjacent to E .

11 The restriction to genus 0 is for convenience, since this is the case relevant to us and the
general statement is slightly more complicated.
12 Splitting at only a subset of edges works the same way, with a little more bookkeeping
notation necessary. For simplicity of presentation we only discuss splitting at all edges.
13 We suppress here the log structure which is irrelevant for the formulation of the statement,
although it is central for its proof.
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Now the restriction of a τv-marked basic tropical punctured map, defined
say over ωv ∈ Cones, to the leg (E, v) ∈ L(Gv) defines a map of cones

ωE,v =
{
(h, λ) ∈ ωv × R≥0

∣
∣ λ ≤ �(E, v)(h)

} −→ σ, (A.2)

for some σ ∈ �(X) containing σE = σ v(E, v) as a face. Recall also that
ωv is the basic cone, or real cone with integral points the dual of the basic
monoid [5, Def. 2.36], associated to ωv . We conflate notations for types and
associated basic cones and hence write ωv also for this type unless there is
a danger of confusion. Similarly, τv denotes both a global type and the basic
cone (Qτv )

∨
R
associated to the type. Note also that the marking by τv induces

a face embedding
τv = (Qτv )

∨
R
−→ ωv. (A.3)

of basic cones.
Letting (E, v) in (A.2) run over all the gluing legs, we arrive at the following

enlargement of the cone ωv that records a point on each puncturing leg:

ω̃v =
{
(h, λE,v) ∈ ωv × R

L(Gv)
≥0

∣
∣ λE,v ≤ �(E, v)(h)

}
. (A.4)

For each leg (E, v) ∈ L(Gv), the projection forgetting all λ-components but
λE,v defines a map of cones

ω̃v −→ ωE,v. (A.5)

Similarly, for a τ -marked tropical punctured map defined over ω ∈ Cones,
recording a point on each edge E ∈ E(G) leads to

ω̃ = {
(h, λE ) ∈ ω × R

E(G)
≥0

∣
∣ λE ≤ �(E)(h)

}
. (A.6)

We now add the following assumption:

Assumption A.1 Assume all gluing strata Z E , E ∈ E(G), are complete toric
varieties, withMX |Z E

invariant under the torus action.

Under this assumption there is an embedding of the star of σE ∈ �(X) as
a face-fitting complex of cones in the real vector space associated to a lattice
that we denote E . Moreover, this embedding identifies the integral affine
structures on each cone, and the composition with the quotient by the image
of the real subspace with lattice (σE )

gp
Z
∩E maps the face-fitting complex of

cones to a complete fan. If ZE is strictly embedded as a toric stratum of a toric
variety, E is the lattice underlying the describing fan. We now view each of
the cones σ ∈ �(X) containing σE as embedded in (E )R.

Let ω = (Gω, σω,uω) be a not necessarily realizable global type of punc-
tured map marked by τ . Splitting ω at the edges not contracted by the marking
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leads to a collection (ωv)v∈V (G) of types of tropical punctured maps, with ωv

marked by τv and with a leg (E, v) ∈ L(Gωv ) for each edge E ∈ E(G) adja-
cent to v. For each E ∈ E(G)with v, v′ the adjacent vertices, the composition
of the embeddings σω(E, v), σω(E, v′) → (E )R with the quotient by the
diagonal embedding (E )R → (E )R × (E )R defines a map

εE : σω(E, v)× σω(E, v
′)→ (E )R × (E )R → (E )R.

Explicitly, the arrow on the right can be taken as the difference map (a, b) �→
a − b.

Taking the product over all E ∈ E(G) of the composition of εE with the
maps (A.5) and (A.2) yields the map

εω :∏v∈V (G) ω̃v −→∏
E,v ωE,v −→∏

E (E )R × (E )R −→∏
E (E )R.

(A.7)
Thus εω measures the failure of a collection of tropical punctured maps of
types ωv , together with points on the legs arising from splitting, to patch to a
tropical punctured map of typeω together with a choice of point on each of the
splitted edges. We refer to an element of

∏
E (E )R as a displacement vector.

Definition A.2 (1) We call a displacement vector ν = (νE )E∈E(G) ∈∏
E (E )R general for τ if for each global type ω marked by τ , either εgpω

from (A.7) is surjective or ν /∈ im(ε
gp
ω ).

(2)Letν = (νE )E ∈∏
E E begeneral for τ .Define the set�(ν)of transverse

types for ν as the set of isomorphism classes of global types ω marked by τ

with ν ∈ im(εω), and such that

∑
v dim ω̃v = dim τ̃ +∑

E rkE . (A.8)

The set of decorated global types ω = (ω,A) marked by τ and with ω ∈
�(ν) is denoted by �̂(ν). We confuse a transverse type ω with its splitting
(ωv)v∈V (G), and similarly in the decorated case.
(3) For a general displacement vector ν and ω = (ω,A) ∈ �̂(ν) define the
splitting multiplicity by

m(ω) = m(ω) := [∏
E E : im(ε

gp
ω )Z

]
.

Remark A.3 The set �(ν) has an interpretation in terms of types of “broken”
tropical puncturedmaps, in the sense that thematching condition along an edge
E is replaced by matching translated by νE . Specifically, let ω be a global type
marked by τ and (ωv) the collection of global types marked by τv obtained
by splitting. Then ω ∈ �(ν) iff ω satisfies (A.8) and there exist hv ∈ ωv and
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λv, λv′ ∈ R>0 with

V (hv)+ λv · uE = V ′(hv′)− λv′ · uE + νE , (A.9)

as an equation in (E )R. For the signs we assume E oriented from v to v′.
Here V : ωv → (E )R is the restriction of the map in (A.2) to the face λ = 0,
that is, the image of the vertex v under the tropical punctured map hv , and
analogously for V ′ and v′.

From this description it is also obvious that�(ν) does not change by rescal-
ing ν by a positive constant. Moreover, if τ̃ is defined analogously to ω̃, with
λE recording the position of a point on the edge E , then�(ν) is also unchanged
by adding to ν an element of the image of the map τ̃ →∏

E E evaluating at
all points on the splitting edges.

The dimension formula (A.8) is equivalent to requiring ω = (ωv)v to be a
minimal type of punctured map with ε

gp
ω surjective.

We are now in position to state the gluing formula.

Theorem A.4 [82] Let τ = (τ,A), τ = (G, σ , ū) be a realizable decorated
global type of punctured maps of genus 0 to X, and τ v the associated dec-
orated global type defined at v ∈ V (G) obtained from splitting all edges.
Assume that all gluing strata are toric in the sense of Assumption A.1. Let
ν = (νE )E∈E(G) be a general displacement vector for τ , and �̂(ν) the set of
decorated transverse types for ν (Definition A.2). Denote by δ the splitting
morphism from (A.1).

Then the following equality in the Chow group of
∏

v∈V (G)M (X, τ v)

holds:

δ∗[M (X, τ )]virt =
∑

ω=(ωv)v∈�̂(ν)

m(ω)

|Aut(ω/τ )| · ( jωv )∗
[∏

v M (X,ωv)
]virt

.
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